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ABSTRACT

In this work, we introduce and study a classical free boundary problem known as
the obstacle problem. This problem serves as a foundational example in the broader
theory of free boundary problems, where part of the solution involves determining an
unknown interface or region. We begin by presenting the classical formulation of the
obstacle problem, which arises naturally in various physical and geometric contexts,
such as elasticity, fluid dynamics, and potential theory.

We then explore the key theoretical aspects of the problem, focusing on the exis-
tence, uniqueness, and regularity of solutions. Special attention is given to the struc-
ture and behavior of the free boundary, the interface separating the active and inactive
regions which plays a central role in understanding the qualitative features of the so-
lution.

To analyze the behavior of the solution near the free boundary, we employ the
method of blow-ups, a powerful technique that allows for the study of local proper-
ties by rescaling the problem around singular points. This approach provides deep
insights into the regularity and classification of free boundary points, distinguishing
between regular and singular behavior and leading to a better understanding of the
geometry of the free boundary.

Overall, this work offers a rigorous introduction to the obstacle problem, combin-
ing classical theory with modern analytical tools to examine one of the most important
and illustrative problems in the study of partial differential equations and variational
inequalities.

Keywords: Obstacle Problem, Free boundary Problem, Regularity
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1

INTRODUCTION

« Qualche tempo dopo Stampacchia, partendo sempre dalla sua dise-
quazione variazionale, aperse un nuovo campo di ricerche che si rivelo
importante e fecondo. Si tratta di quello che oggi € chiamato il problema

dell’ostacolo. »!

“Some time after Stampacchin—always starting from his variational inequality—
he opened up a new field of research which proved both important and fruitful. This
is what today is called the obstacle problem.”

— Sandro Faedo

This work focuses on the study of a fundamental problem in the theory of nonlin-
ear elliptic partial differential equations, known as the obstacle problem. This problem
serves as a canonical model within the broader class of free boundary problems, which
naturally arise in situations where both the solution and the domain in which it is

defined must be determined simultaneously.

Free Boundary Problems and the Obstacle Problem

Free boundary problems occur in a variety of physical and engineering contexts where
an interface separates regions with distinct behaviors or phases. Typical examples
include the interface between ice and water, or the edge of a membrane constrained
by a surface. What characterizes these problems is that part of the boundary of the
domain is initially unknown and must be found as part of the solution.

One of the most classical and well studied instances of a free boundary problem is
the obstacle problem, which can be interpreted as finding the equilibrium configura-
tion of an elastic membrane whose boundary is fixed and which is constrained to lie

above a given obstacle.

1 [Fae86, p. 107]
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1.1 The obstacle problem

Physical Motivation: The Elastic Membrane

Consider an elastic membrane such as a thin fabric sheet, rigidly clamped along its
boundary. When the membrane is under uniform tension, gravitational effects are
negligible compared to the stretching forces, so in the absence of any obstacle the
membrane remains flat. If, however, a rigid object is placed beneath the membrane,
the fabric must deform around the obstacle, lifting off the frame to accommodate its
shape. Our goal is to determine the resulting equilibrium profile u of the membrane.

From a mechanical standpoint, the membrane seeks the configuration of least elas-
tic energy. Neglecting bending stiffness and gravity, the dominant contribution is the
surface energy, proportional to the area of the deformed membrane. Let

D c R?
be the fixed domain over which the membrane is stretched, and let
u: D —>R

denote its vertical displacement. Then the exact surface area of the membrane is
Alu] = / 1+ |Vu(x)? dx,
D

since each infinitesimal patch in the base is stretched by the factor 4/1 + [Vu|2. The
membrane’s equilibrium shape minimizes this area subject to the clamped boundary
condition and the requirement that it does not penetrate the obstacle:

min Alu] subjectto u=0ondD, u(x)> ¢(x)VxeD,

where ¢: D — R describes the obstacle’s profile.

Figure 1.1: An elastic membrane deformed by an obstacle [Edq10].
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For small slopes, |Vu| < 1, one may expand the integrand:

A[u]z/\/1+|Vu|2dx ~ |D| + %/lvmzdx.
D D

Ignoring the constant area | D, this leads to the Dirichlet energy

1
o) =3 [ W dx,
2Jp
and the classical variational formulation of the obstacle problem:

miqr<18(u), K={ueHYD)|u=00ndD, u> ¢}.
ue

Mathematical Formulation

Let Q c R" be a bounded domain, and fix boundary data f and obstacle ¢. We set
K:={veH Q) | vlopn=f, v=¢inQ},

and consider the Dirichlet energy

&(v) :z%/gle(x)Fdx.

The classical obstacle problem is the variational problem

min &(0). (1.1)

Its unique minimizer u € K represents the equilibrium configuration of an elastic
membrane clamped to f on d() and constrained to lie above the obstacle ¢ in Q.

Remark. We have not specified any smoothness assumptions on f or ¢ at this stage; the
precise regularity requirements and their impact on the solution will be discussed in
the following chapter devoted to regularity theory.

Variational Inequality Formulation

An equivalent formulation of the obstacle problem is via a variational inequality. Recall
the admissible set

K={ve H(Q)|vlga=f, v=¢inQ}.

A function 1 € K minimizes the Dirichlet energy &(v) = % fQ [Vol|? if and only if

/Vu-V(v—u)dx >0 VveXK.
Q
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Indeed, for any v € K and ¢ € (0, 1), the perturbed u, = u + (v — u) lies in K, and
since it’s a minimum

d
0 < —8(u)

:/Vu-V(v—u)dx.
0t Q

E=

Euler-Lagrange Equations and Complementarity

From the variational inequality one deduces:

(i) Taking v = u —n withn € CZ(Q), and u —n > ¢ wich is equivalent to > 0,
yields

/Vu-VndeO = —/(Au)ndxso = Au < 0in D'(Q).
Q Q

Hence u is superharmonic.

(ii) If w € {u > ¢} is any open set on which 1 — en > ¢ for small € and all € C°(w),
then using both v = u + ¢7 in the variational inequality gives f Vu -Vn =0 for
all n, and thus

Au=0 in{u > ¢}.

That is, u is harmonic in the non—contact region.

In summary, the variational inequality simultaneously enforces
Au <0 inthe whole domain, = Au =0 inthe openset {u > ¢},

while of course u > ¢ everywhere. These three properties form the Euler-Lagrange
conditions for the obstacle problem and will be the starting point for our regularity
analysis in the chapters that follow.

Thus, the minimizer v of the constrained energy problem satisfies the following
Euler-Lagrange system (in the weak sense), together with the boundary condition
vloa = §:

v > ¢, inQ,
Av < 0, inQ, (1.2)
Av = 0, in{v> g@}.

Reformulation via the gap function.

Setting the gap function as
U=v-q,
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the obstacle problem becomes equivalent to finding u € H'(Q) with u > 0 and u|yq =
g — @ such that
u=0, in Q,
Au<f, inQ, (1.3)
Au=f, in{u >0},

where f := —A¢. Equivalently, # minimizes the energy

/(§|w|2 +fu) dx over {u e H(Q): u>0, ulz0 =g - ¢}. (1.4)
Q
In this formulation, the complementarity condition is expressed by

min{-Au+ f, u} =0 inQ,

or equivalently
(Au—-flu=0, Au<f, ux=0.

This gap formulation often simplifies the analysis of the free boundary J{u > 0}.

The Free Boundary and the Contact Set

In the obstacle problem the solution u and the interface on which it detaches from the

obstacle are both unknown. To describe these, we introduce three fundamental sets:

Definition 1.1 (Contact set). The contact set is the region where the membrane touches
the obstacle:
Cu) := {xeQ:u(x)=gp)}.

Definition 1.2 (Non-contact region). The non-contact region is its complement in (),

where the obstacle is inactive and u is harmonic:
N@u) = {xeQ:ulx)> ex)}.

Definition 1.3 (Free boundary). The free boundary is the internal boundary between
contact and non-contact:

F W) := IN@) N Q = ICu) N Q.

Together with u, the set ¥ (1) is part of the solution; this feature is what makes the
obstacle problem a true free boundary problem.

On the non-contact region N (1), the solution satisfies

Au=0 inN(u),
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whereas on the contact set C (¢) one has

u=q.

Jointly with u, the free boundary it’s and unknown for the problem, this is why it’s
categorized as a free boundary problem.

The problem can be rearanged in order to involve the freee boundary as part of the
problem, this is that ther’s v > ¢:

Av =0 1in{v > ¢},
v=¢ on¥, (1.5)
Vu=0 on¥,

Also for the gap formulation (1.3):

Au=f in{u >0},
u=0 on¥, (1.6)
Vu=0 on¥,

Then truns out that the free boundary its part of the solution, so understanding
the structure and regularity of this free boundary is one of the main challenges in the
theory of obstacle problems.

Historical Development of the Theory

The obstacle problem has been central to the development of modern free boundary
theory. The foundational existence and uniqueness results were established in the
1960s through the development of the theory of variational inequalities, with key contri-
butions by Guido Stampacchia and Gaetano Fichera.

In the 1970s, Kinderlehrer and Nirenberg proved that, under certain conditions,
the free boundary is an analytic surface. A major conceptual breakthrough came with
the work of Luis Caffarelli (1977), who introduced the method of blow-up analysis,
allowing for a detailed local study of the free boundary’s geometry.

Since then, powerful analytical tools such as monotonicity formulas (e.g., Alt-
Caffarelli-Friedman, Weiss, Monneau) have enabled a deeper understanding of the
classification of free boundary points into regular and singular types, and the precise
geometric structure of each.

Objectives of This Work

This work is based on the presentation in the book [FRRO22], where the obstacle prob-
lem is treated in the classical constant setting wich is comon in all the literature. Our
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goal is to extend that framework to a more general context, allowing for a nonconstant

source term f under suitable regularity assumptions.

Despite its deceptively simple formulation, the obstacle problem exhibits a rich

mathematical structure and remains a cornerstone of free boundary theory. In this

spirit, the objectives of the present work are:

1.2

To review and expand the classical obstacle problem, in the spirit of [FRRO22].
To develop existence and uniqueness results for solutions when the source term
f is nonconstant but satisfies appropriate growth and continuity conditions.

To analyze the regularity of both the solution and the free boundary in this more
general setting.

To introduce and adapt key techniques blow-up analysis, classification of global
profiles, and monotonicity formulas to handle the variable f case.

Applications

The obstacle and free-boundary problems introduced above arise in a wide variety of

settings. Below we list some of the most important examples:

Fluid filtration and dam problems. In models of groundwater flow through a
porous medium, the free boundary represents the moving interface between the
saturated and unsaturated regions. One obtains a variational inequality for the
hydraulic head that is exactly of obstacle-type, with the obstacle given by the
impermeable bedrock or dam structure.

American option pricing. The early-exercise feature of an American derivative
leads to a free-boundary problem for the option price. Writing the underlying
asset as a diffusion process and the payoff as the obstacle, one arrives at the classi-
cal obstacle problem (a linear complementarity problem) whose solution yields
both the price and the optimal exercise boundary.

The Stefan problem. In phase-change phenomena (e.g. melting ice or solidi-
fication of a liquid), the unknown interface between phases moves according
to latent-heat balance. The temperature solves a heat-equation with a moving
boundary, which can be reformulated as an obstacle-type condition on the en-
thalpy.

Interacting particle systems. In the hydrodynamic limit of certain lattice-gas
models with exclusion or aggregation, one obtains continuum PDEs with density
constraints. These lead to variational inequalities describing crowding effects,
clogging, or congestion, and are closely related to obstacle-type free-boundary
formulations.

Control theory. Stochastic control and differential games yield fully nonlinear
Hamilton-Jacobi-Bellman or Isaacs equations. In particular, optimal stopping
and impulse-control problems give rise to obstacle and double-obstacle prob-
lems for these nonlinear operators, encoding the optimal intervention strategies.
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One of the examples that we will present a little bit deeper is the one related to
probability, for more details on this topic see [FRRO22] and [Eval3].

Probabilistic Interpretation of Elliptic PDEs

Below we give a detailed account of how various probabilistic constructions, ranging
from pure Brownian motion to controlled and stopped processes, lead naturally to
(possibly fully nonlinear) elliptic PDEs.

Brownian motion and the Laplace equation

Let Q2 ¢ R" be a bounded domain, and X;" a standard Brownian motion starting at
x € Q. Denote by
T = inf{t>0:X] € dQ}

its first exit time from Q. Given a boundary payoff
g:0Q—R,
one considers the “game”:
Run the Brownian path until it hits 0Q; pay g(X7).

The expected payoff
u(x) = E[g(X7)]
satisfies the classical Dirichlet problem

Au =0, xe€Q,
u=g, x € Q.

This follows from the mean-value property of harmonic functions and the isotropy of
Brownian motion.

Infinitesimal generator and general elliptic operators

More generally, let X; be a Markov process in R" with

e independent, stationary increments,
e continuous paths,
e (optionally) rotational symmetry.

Its infinitesimal generator L acts on smooth u : R” — R by

Elu(x + X;)] — u(x)
; )

Lu(x) = 13%1 (1.7)
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Under mild conditions one shows

Lu) = 3 a5 (o) + 3 i) () + elx) ),
i=1

i,j=1

a second-order elliptic operator. Moreover the fundamental relation

t
Efu(x + X))] = ux) + E[/O Lu(x+ Xs)ds] (1.8)

plays the role of the Fundamental Theorem of Calculus.

Exit-time problems

Applying (1.8) to the expected exit-time function
Ty = E[T | XO:x]

one finds
—-Lt,=1, xe€(,

T, =0, x € JQ),

a Poisson problem giving the mean time to exit €.

Optimal stopping and the obstacle problem

Allow stopping at any 0 > 0 to collect payoff ¢(x + Xg). The value function
u(x) = sng[(p(x + X@)]
satisfies the variational inequality
min{—L U, u— go} =0 inR”",

equivalently
uze,
—Lu>0,
Lu=0 on{u> ¢},

which is the classical obstacle (free-boundary) problem.

Stochastic control and nonlinear PDEs

Finally, if one allows a controller to choose at each time a drift or volatility within a set
of admissible controls, the dynamic programming principle leads to a fully nonlinear
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Hamilton-Jacobi-Bellman equation

sup{L“u(x)} =0,

acA

and in two-player zero-sum games to the Isaacs equation
inf sup{L*Pu} = 0.
B«
These are the prototypical fully nonlinear elliptic PDEs with deep connections to prob-
ability.

In summary, from Brownian motion to stopping and control, each probabilistic “game”
or payoff-maximization problem is encoded by an elliptic (possibly nonlinear) PDE
whose solution precisely captures the optimal expected outcome.



y)

PRELIMINARIES

In this chapter we assemble the fundamental tools and results needed for the obstacle
problem. After recalling key concepts from functional analysis, Sobolev spaces, vari-
ational inequalities, and partial differential equations, we state the classical theorems
without proof when they are standard, and give full proofs only for those results that
play a critical role later. For a more comprehensive treatment and further develop-
ments we refer to [Eva98], [Brell], [Jos12], [Ne¢12], [Tril0], [Grill], and [FRRO22].

Before advancing to the main theory, we begin with several preliminary lemmas
and propositions. These foundational results, though elementary, will be used repeat-
edly throughout the sequel chpaters.

2.1 Function Spaces and Variational Formulation

2.1.1 Sobolev Spaces and Fundamental Results

Let QO C R" be an open set. For 1 < p < oo and integer k > 0, the Sobolev space
WEP(Q) is defined by

WEP(Q) = {u € LP(Q) : D*u € LP(Q) for |al < k},

with norm

lhsniy = (3 1D%ull, )

lal<k

In particular, H*(Q) = W*2(Q) is a Hilbert space.

Theorem 2.1 (Poincaré Inequality). Let O C R" be a bounded Lipschitz domain, and let
p € [1,00). Then, for every u € WLP(Q),

/ |lu —ug|? dx < CQ,p/ [Vul? dx,
Q Q

11
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where uq = ﬁ fQ u dx. Furthermore,

/lulpdngép(/ |Vu|”dx+/ |u|pd0),
Q ’ Q Q

for constants Cq p, C&,p depending only on n, p, and Q.

Theorem 2.2 (Morrey’s Inequality). Let p > n. Then,

_ 1/p
SupM <C ( |V ul? dx) , wherea =1- E,
vry X —yl® R

p

for some constant C depending only on n and p.

In particular, when p > n, any function in W'” is continuous (possibly after being
redefined on a set of measure zero).

Theorem 2.3 (Rellich-Kondrachov Compactness Theorem). Let Q0 ¢ R" be a bounded
Lipschitz domain. Then the embedding

HYQ) — L*(Q)

is compact.

Theorem 2.4 (Trace Theorem). Let Q) be any bounded Lipschitz domain, and 1 < p < oco.
Then, there exists a continuous (and compact for p > 1) trace operator from W1P(Q) to
LP(9Q). For C° functions, this trace operator is simply u v u|gq.

As a result, for any function u € H(Q), we will still denote by u|yq its trace on Q.

2.1.2 Weak Formulation of Elliptic Problems

Consider the Dirichlet problem

—Au=f inQ,
u=0 on 0Q.

Multiplying by a test function v € Hj(Q) and integrating by parts leads to the
bilinear form

a(u,v):‘/QVu-Vvdx, L(v):/vadx.

A function u € H}(Q) is a weak solution if

a(u,v) = L(v) VYo € Hy(Q).
Theorem 2.5 (Lax-Milgram Theorem). Let V be a Hilbert space, let

a:VxV —->R
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be a continuous, coercive bilinear form (i.e. there exist M, a > 0 such that
la(u,0)| < Mllullvllolly, a(v,0) > alloll},

forallu,v € V), and let
L:V—>R

be a continuous linear functional. Then there exists a unique u € V such that

a(u,v)=L(v) VYveV.

2.2 Qualitative Properties

Theorem 2.6 (Weak maximum principle). Assume u € C2(Q) N CY(Q)andc=0in Q.
(i) If p(x, D)u < 0in Q (subsolution), then

maxu = maxiu.
a 20

(it) If p(x, D)u > 0 in Q (supersolution), then

miny = minu.
o 9Q

In particular, for a smooth solution u of p(x, D)u = 0 in 3, we have

max|u| = max|u].
Q 2Q

Theorem 2.7 (Comparison principle). Let Q) C R" be a bounded domain, and let u,v €
C2(Q) N CHQ) satisfy ¢ = 0 in Q. If

p(x,D)u < p(x,D)v inQ,

and
u < v ondQ,

then
u < v throughout Q.

Remark 2.8. Given any function u, define
u* =max{u,0} and u~ = max{-u,0},

so that
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Then, for any u € W1P(Q), we have u*,u~ € WP(Q), and
Vu =Vu*-Vu~ ae. in Q.

In particular, the gradient of Sobolev functions vanishes almost everywhere on
level sets:
Vu(x) =0 fora.e. x € {u =0}.
Theorem 2.9 (Harnack’s Inequality). Let u € H'(B) be a non-negative, harmonic func-

tion in By. Then the infimum and supremum of u over the smaller ball By, are comparable.
That is,

Au =0 in B, .
= supu < Cinfu,
u>0 inB; B2 Bij2

for some constant C > 0 depending only on the dimension n.

Proof. The result follows from the mean value property of harmonic functions. Alter-
natively, it can be derived using the Poisson kernel representation:

(1 x*) u(z)

dz
0B, lx—z|" ’

u(x) =cy

for x € By, where ¢, is a dimensional constant.
For x € By/; and z € dBy, observe that |x — z|" is bounded above and below:

27" < |x—z|" <(3/2)", and <1-|x]><1.

| oo

Thus, since u > 0 in B;, we obtain the bounds

C_lf u(z)dz < u(x) < C/ u(z)dz, forallx € By,
881 aBl

for some constant C > 0 depending only on .
In particular, for any x1, x2 € Byjp, wehave u(x;) < C 21(x2). Taking the supremum
over x1 € By/5 and the infimum over x; € By, yields

supu < C inf u,
B2 B2

for some constant C > 0 depending only on 7, as claimed. O
Lemma 2.10. Let u be any weak solution to

Au=f inQ,
u=g ondQ.

Then,
llull o) < C (I1f I + 181l Leo0)) ,
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for a constant C depending only on the diameter of Q).

Proof. Define the normalized function

u(x)

ii(x) := .
lfll o) + IgllL=(0c)

We aim to show that |ii(x)] < C in Q, for some constant C depending only on the
diameter of Q.

Note that # satisfies

with|f| < 1and |3| < 1.
Choose R large enough so that Bg D Q); after a translation, we may assume R =
% diam(Q2). Consider the function

2 2
R* —x7

2

w(x) := +1

defined in Bg. This function satisfies

Aw=-1 inQ,

w>1 on JQ.

By the comparison principle, we deduce that

and similarly @i > —w, completing the proof. |
Theorem 2.11. Let f € L™(By), and u € H'(By) satisfy

Au=f inB,

u=0 in By.

Then,

supu < C (inf u+ ||f||L°°(Bl)) /
Bysz Buyz

for some constant C depending only on the dimension n.

Proof. We decompose u as u = v + w, where

Av =0 in By, Aw = f in B,
and
v=u ondBy, w=0 on dBj.
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By Theorem 2.9 and Lemma 2.10, we obtain

supv < Cinfo, and |w|r=,) < Cllfllz=,)-
Bijo Byo
Therefore,

supu < supv +supw < C inf v + C|| f||r=(B,)-
Bij2 Byj2 Byj2 Bi2

Finally, noting that infp, RV infp, 1 U, We conclude

supu < C (inf u+ ||f||LN(B1)) ’
By B2

possibly increasing C if needed. |

Thus, as before, we also obtain an oscillation decay estimate, now including an

error term of size || f|| .

Lemma 2.12 (Hopf Lemma). Let QQ C R" be any domain satisfying the interior ball condi-
tion. Let u € C(ﬁ) be any positive harmonic function in Q N By, with u > 0 on dQ N Bo.

Then, u > cod in QN By for some co > 0, where d(x) := dist(x, Q°).

Proof. Since u is positive and continuous in QQ N By, we have that u > ¢; > 0in {d >
po/2} N By for some cq > 0.

Let us consider the solution of Aw = 0in By, \ B, /2, withw = 0 on dB,, and w = 1
on dB,, /2. Such function w is explicit it is simply a truncated and rescaled version of

the fundamental solution @ defined as:

Kn |x|2—n/ nz3,
Kolog—, n=2

x|’
In particular, it is immediate to check that

w > ca(po —|x]) in By,

for some ¢y > 0.
By using the function c;w(xo + x) as a subsolution in any ball B, (x¢) C N By,
we deduce that

u(x) = cyw(xg + x) > cica(po — |x — xo|) = cic2d(x) in By (xo).

Setting co = c1¢2 and using the previous inequality for every ball B, (xo) C QNB3,,
the result follows. o

Theorem 2.13 (Mean Value Property). A function u € C2(Q) is harmonic (Au = 0) if
and only if for every ball B,(x) C Q),
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u(x) = fB .

Theorem 2.14 (Liouville Theorem). Any bounded harmonic function on R" is constant.

2.3 Super-Sub Harmonicity

A locally integrable function u is called

superharmonic, if r fBr *) u(y) dy is monotone nonincreasing,

u is (2.1)

subharmonic,  ifr — fB *) u(y) dy is monotone nondecreasing,

for all 0 < r < dist(x, Q).

2.3.1 Convergence of Monotone Sequences

Lemma 2.15. Let w, be a sequence of uniformly bounded functions on ) satisfying the above
monotonicity condition and converging pointwise to w. Then w also satisfies the same mono-
tonicity.

Proof. Let @y u(r) = fB ) wn(y), dy, which is nonincreasing in r. Passing to the limit
and using dominated convergence shows the same for ¢y, (7). |

2.3.2 Lower Semicontinuity

Lemma 2.16. Under the previous monotonicity, the function w is, up to a null set, lower
semicontinuous in ().

Proof. Define wy(x) = lim, |y fB ) w(y), dy. Since the averages are nonincreasing, wg

is lower semicontinuous and equals w almost everywhere. |

Definition 2.17 (Weak Convergence). Let X be a Hilbert space with inner product
(-,)x. A sequence {u;} C X is said to converge weakly to u € X, written uy — u in X, if

(ug,v)x — (u,v)x VoveX.

Theorem 2.18 (Weak Compactness in H'(Q)). Let Q C R" bea bounded C' domain. Then
any bounded sequence {uy} C H(Q) admits a subsequence {ui,} and a limit u € HY(Q) such
that

ug, — u in H(Q), (2.2)

ie.
(ukj,v)Hl(Q) — (4, 9)H1(q) Vo e HY(Q).
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Lemma 2.19 (Weak Lower Semicontinuity of the Dirichlet Energy). Under the same
hypotheses as Theorem 2.18, if ux; — u in H'(Q) then

Lemma 2.20 (Compact Embedding into L?). If Q is as above then the embedding

compact

HY(Q) LX)

is compact. Hence any sequence converging weakly in H'(Q) converges strongly in L*(Q). In
particular, for the subsequence uy; of Theorem 2.18 one has

lukllrz — lullrz@)- (2.4)

By the weak lower semicontinuity of the Dirichlet energy, given by Theorem 2.18,
specifically equations (2.3) and (2.4), it follows that the weak limit u is in fact a mini-
mizer of the energy functional.



3

PROPERTIES OF THE SOLUTIONS

In this chapter, we address key questions related to the obstacle problem, including
the existence of solutions, their regularity, and non-degeneracy properties.

One of the first questions that we will explore regarding the obstacle problem is
the existence of solutions.

Throughout this chapter, ) will denote a bounded Lipschitz domain in R", ¢ a
smooth obstacle, and v € H'(Q) the unique minimizer of

E(v) = %/Q|Vv|2dx subject to v[yn =g, v > @. (3.1)

We will frequently draw on the interplay between variational methods and classi-
cal PDE techniques, relying on some material presented in Chapter 2.

3.1 Existence and uniqueness

This is a straightforward consequence of the convexity of both the functional &(u) and
the set K.

Proposition 3.1 (Existence and uniqueness). Let () C R" be any bounded Lipschitz do-
main, and let ¢ : 9Q — Rand ¢ € H(Q) be such that

K={weHQ):w>¢inQ, wsn=_g}#0.
Then, there exists a unique minimizer of E(v) = % fQ [Vo|? dx among all functions v € K.

Proof. Let
Oy := inf {E(w) : w € C},

and let {vx} € K be a minimizing sequence of the functional, i.e., E(vx) — 6Op.

By the Poincaré inequality (Theorem 2.1), the sequence {vy} is uniformly bounded
in HY(Q), and therefore a subsequence {vk;} will converge to a certain function v
strongly in L%(Q2) and weakly in H(Q). Moreover, by compactness of the trace operator

19
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(Theorem 2.4), we will have vg o0 — v]sq in L?(9Q), so that v|yq = g. Furthermore,
such function v will satisfy

E(v) < lilzn inf E(vg) = O,

By the weak lower semicontinuity of the Dirichlet energy, given by Theorem 2.18, es-
pecifically equations 2.3 and 2.4 it will be a minimizer of the energy functional.

Since vk, > ¢ in Q and vy, — v almost in L?(QQ).Thus, v € C and it achieves the
minimum.

To show uniqueness, Suppose u is any weak solution to (3.1). Then for every v €
H;(Q),

1
8(u+v):%/qu+Vv|2dx:%/|Vu|2dx+/Vu-Vvdx+§/|Vv|2dx.
Q Q Q Q

Since /Q Vu - Vodx = 0. Hence
E(u+v)=8u)+ %/ Vo2 dx > &(u),
Q

with strict inequality whenever v # 0. It follows that no two distinct functions in
u+ Hé(Q) can both minimize &, and therefore u is unique. O

Least Supersolution and Connection to Viscosity Theory

Another elegant approach to establishing the existence of solutions to the obstacle
problem, especially useful in nonlinear or degenerate settings is via the concept of a
least supersolution. This method is closely related to the theory of viscosity solutions
and resembles Perron’s method used in classical potential theory.

We define the function v: {Q — R by

v(x) := inf {w(x) ‘ weCQ), -Aw>0inQ, w> ¢ inQ, w|yo > g} .
In this formulation:

e The inequality —Aw > 0 is understood in the viscosity sense—that is, as a compar-
ison principle holding with respect to smooth test functions from below.

e The set of admissible supersolutions consists of continuous functions that lie
above the obstacle ¢ in (), satisfy a supersolution condition for the Laplace op-
erator, and obey the boundary constraint w > g on JQ.

The infimum over this class of supersolutions is itself a well-defined, upper semi-
continuous function. Under mild assumptions on the data (e.g., continuity of ¢ and
g), one can show that v is actually continuous, satisfies the obstacle condition v > ¢,
and is a supersolution to —Av > 0 in the viscosity sense.
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Moreover, a crucial observation is that v satisfies Av = 0 in the open set {v >
@}. That is, wherever the function is not constrained by the obstacle, it behaves like a
classical harmonic function. This combination of properties implies that v is not only
a viscosity solution but also a weak solution to the variational inequality, and hence
coincides with the minimizer of the energy functional.

In conclusion, we have the equivalence:

{ least supersolution (viscosity) } { unique minimizer of }

with constraints w > @, wlyg > g the Dirichlet energy

For more information about this method we refer to [FRRO22].

Penalization Method

An alternative approach to solving the obstacle problem is to approximate the varia-
tional inequality using a family of penalized functionals. The idea is to replace the
constraint u > ¢ with a penalty term that becomes increasingly singular as the con-

straint is violated. This yields a sequence of smooth unconstrained problems whose
solutions converge to the true solution of the obstacle problem.

Let B¢ : R — R be a family of smooth, convex, non-increasing functions satisfying

0 ift>0,
Be(t) = Polt) := as e — 0.
oo ift <0,

A concrete example is B.(t) = e~!/¢. The role of . is to penalize any violation of the

constraint v > ¢, and the idea is that as ¢ — 0, this penalty enforces the constraint
more strictly.

We consider the functional

Je(v) ::%'/Q|Vv|2dx+/oﬁg(v—(p)dx,

subject to the Dirichlet boundary condition v = f on d(, and define the admissible
class
A:={ve HY(Q)| v = f ondQ}.

Since J, is strictly convex, coercive, and weakly lower semi-continuous on A, the
direct method of the calculus of variations guarantees the existence of a unique min-
imizer v, € A. Moreover, because f. is smooth and the problem is unconstrained,
classical elliptic regularity implies v. € C*(Q) N C(Q).

The minimizer v, satisfies the Euler-Lagrange equation

Av, = B(ve — @) InQ.
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Because f, < 0, and f(t) = 0 when t > 0, we deduce the following properties:

-Av, >0 inQ,
Av, =0  inthe set {v, > ¢}.

Thus, v, is superharmonic in €3, and harmonic in the non-contact region. For more
details and result regarding this method we refer to [PSU12] (Section 1.3) wich results
and derivation are no relevant for the scope of this work.

3.2 Properties of solutions

Let us next prove that any minimizer v of &(u) is actually continuous and solves (3.2).
From now on we will assume the obstacle to be smooth ie. ¢ € C*(Q). Note that
analogous results hold under weaker hypotheses on ¢.

Proposition 3.2. Let Q C R" be a bounded Lipschitz domain, p € C®(Q), and letv € H (Q)
be the minimizer of (1.1) with v|3q = . Then v € C(Q) and satisfies

Av <0, inQ, (3.2)
Av =0, intheopenset{v > @}.

Proof. By the construction of the minimizer, we already have v > ¢ almost everywhere
in Q). Also we have alredy seen that implies —Av > 0 in D’(Q), so v is (weakly) super-
harmonic in Q. Up to modifying v on a set of measure zero, we may also assume v is
lower—semicontinuous. It remains to show that Av = 0in {v > ¢} N Q and that v is
continuous.

First we prove that the non—contact set {v > ¢} N Qis open. Let xg € {v > @} N Q,
s0 v(xg) — @(x0) = & > 0. By lower-semicontinuity of v and continuity of ¢, there
exists 0 > 0 such that

v(x) — p(x) > % for all x € Bs(xo).

Hence Bs(xo) C {v > ¢} N Q, proving openness.
Next, for any xo € {v > @} N Qand any n € CZ(Bs(xo)) with 5] < 1, the functions

v+ en

remain in C for all |¢| < (/2. Since v minimizes &, the usual Taylor expansion argu-

ment gives

/ Vo-Vndx =0 Vne CZ(Bs(xo)),
o

and hence Av = 0 in Bs(xp). As x¢ was arbitrary, Av = 0in {v > ¢} N Q.
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Finally, we show v is continuous across the free boundary. Inside {v > ¢} N Q, v is
harmonic and therefore smooth. On the contact set {v = ¢} N Q, v is superharmonic
and lower-semicontinuous. Let yy € {v = ¢} N Q and suppose to the contrary that v
is not continuous at yg. Then there exists a sequence yx — yo with

v(yr) = v(yo) + €0 = @(yo) + €0

for some ¢y > 0. After passing to a subsequence we may assume yx € {v > ¢}. Let
zi be the projection of yx onto the contact set {v = ¢}, so that zxy — yy. Since v is

superharmonic, the mean—value inequality gives for each k and small radius ry:

v(zk) 2 f v=(1-27") v+ 2‘”f v=1 +1I.
9By (zk) By (2k)\By, y2(zk) By, j2(zk)

For large k, lower-semicontinuity yields v > ¢(yo) — 27" ¢p on B;, (z), so

I 2 (1-27")p(yo) — 27" €0).

Meanwhile, v is harmonic on B, j2(zx) containing vy, so the mean—value property gives

Iy =27"v(yx) = 27" (¢(yo) + €0).

Combining,

v(ze) 2 (1=27")¢(yo) = (1 = 27")27"e0 + 27" p(yo) + 27" €0 > @ (yo),
contradicting v(zx) = ¢(zx) — @(yo). Hence v is continuous at vy, and the proof is
complete. O

We next prove the following result, which says that v can be characterized as the

least supersolution above the obstacle

Proposition 3.3 (Least supersolution). Let QO € R" be a bounded Lipschitz domain, ¢ €
HY(Q), and let v € H(Q) be the minimizer of (1.1) subject to the boundary condition v|yq =
g. Then for any function w satisfying

“Aw>0 inQ, w=2¢p nQ, who>g,

we have w > v in Q. In other words, any supersolution above the obstacle ¢ dominates the
minimizer v.

Proof. Suppose w satisfies —Aw > 0in Q, w > ¢ in Q, and w|yq > g = v|yq. Consider
the open set {v < w} N Q. On this set,

—Aw > 0 and -Av < 0,

so —A(w—v) > 0. Moreover, on the boundary of {v < w}NQ, eitherv =worv = ¢ < w.
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By the weak maximum principle (Proposition 3.4), it follows that w—v > 0 throughout

{v < w} N Q, hence w > v on that set. Since trivially w > v on its complement, the
inequality holds everywhere in Q. m|

Proposition 3.4. Let Q C R" be any bounded open set. Assume that u € H'(Q) satisfies, in

the weak sense,
-Au>0 inQ
u>0 on Q).

Then, u > 0in Q.

Proof. Notice that —Au > 0 in Q if and only if
/ Vu-Vodx >0 forallv >0, ve Hy(Q). (3.3)
0

Let us consider u~ := max{—u, 0} and u™ := max{u, 0}, so thatu = u* —u~. By 2.8
we have that u* € H'(QQ) whenever u € H'(QQ), and thus we can choose v = u~ > 0 in
(3.3). Namely, using that u*u~ = 0 and Vu = Vu* - Vu~, we get

OS/Vu-Vu_dx:—/IVu_lzdx.
Q Q

Since u~|yq = 0, this implies u~ = 0in Q, thatis, u > 0in Q.

Optimal Regularity of Solutions

Thanks to Proposition 3.2, we know that any minimizer of the Dirichlet energy func-
tional (1.1) is continuous and satisfies the Euler-Lagrange system (1.5). To investigate
finer properties of the solution, we now localize the problem and study its regularity
in a standard setting.

Without loss of generality, we consider the localized formulation on the unit ball
B c Q), where the solution v satisfies:

Z)Z(P, il’lBl,
Av < 0, in B1, (34)
Av=0, in{v>¢}nNB;.

Remarks. The obstacle problem leads to a PDE that behaves differently in two distinct

regions:

e In the non-contact set {v > ¢}, the solution is harmonic: Av = 0.
e In the contact set {v = ¢}, we have v = ¢, and formally Av = Ap holds wherever
p € C2
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As a consequence, the Laplacian Av generally exhibits a discontinuity across the
free boundary d{v > ¢}. This implies that the second derivatives of v may not be
continuous across the interface, and thus we cannot expect the solution to belong to
C?(B1) in general. In fact, C"! is the optimal regularity one can hope for in the general

case.

Theorem 3.5 (Optimal regularity). Let ¢ € C™(By) and let v solve (3.4). Then v €
CU1(By2) and satisfies

lvllcri@, ) < Cllellcris,) + 1olli=s,)),
where C depends only on the dimension n.

The key ingredient is the following quadratic growth estimate near the free bound-
ary.

Lemma 3.6 (Quadratic growth). Assume ¢ € CY1(By) and let v solve (3.4). For any point
xo € Bijo N{v = @} and any radius r € (0,1/4], one has

0 < sup(v—¢) < Cr?
Br(xo)

where C depends only on n and || ¢||c11(s,).

Proof. We begin by normalizing the function ¢. Since we are only concerned with
upper bounds on v — ¢, we may divide v by a constant if necessary to assume:

lollcra,) < 1.

Let #(x) := ¢(x0)+V(xp)-(x—x0) be the first-order Taylor expansion (i.e., the affine
approximation) of ¢ at the point xo. Fix a small radius r € (0, 1). The C"! regularity
of ¢ ensures that for all x € B,(x(), we have:

0(x) —r* < p(x).
Moreover, we are assuming that v(x) > ¢(x), so we also have:
0(x) —r* < p(x) < v(x).

Our goal is to show that v does not grow much faster than ¢ within the small ball
B,(x0). More precisely, we aim to prove:

v(x) < 0(x) + Cr? in B,(x).
To do this, define an auxiliary function w as:

w(x) = o(x) - [€(x) - r?].
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This function measures how far v is above the “shifted” affine function ¢(x)—r?, which
lies below ¢. Note that w(x) > 0 in B,(xo), since v(x) > @(x) > €(x) — r2.
Observe that:
—Aw = —-Av > 0 in B,(xo),

so w is subharmonic.
To estimate w, we split it into two parts:
w =w1 + wsy,
where

e w; is the harmonic replacement of w in B,(xy), defined by

Au)l = O/ in Bi’(x(])/

w1 =w, ondB,(xp).

e Wy :=w — w1, so that
—Aws > 0, in B,(xg),

we =0, on dB,(xg).
Both w; and wy are nonnegative in B, (xo):
0 < w £ w, 0 < wy < w.

Since w; is harmonic and non-negative, we apply the Harnack inequality in the
smaller ball B, 2(xo):

w1l LB, jn(x0)) < Cwr(x0).

But we know:
w1(x0) < w(xo) = v(xg) — [£(x0) — r?] =17,

so we conclude:
2
lwillL=B, 5(x0)) < Cr°.

Next, observe that:
Aws = Av  in B, (xg).
In the region where v > ¢, we know that v is a solution of the equation, so Aw, =
Av = 0 there.
Hence, ws is subharmonic, vanishes on the boundary, and attains its maximum
inside the set {v = @}.

In this set, we estimate:

wy=w-w=v-—-1)—wi=p—-{-r})—w; < p-{-71>.
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Since ¢(x) < {(x) + r* by C! regularity, we find:
wy < (L+71%) = (0 —1?) =2r2 < Cr2.

Thus:
|wall 1B, (xg) < Cr2.

Putting the bounds together:
1wl Lo (8, a(xo)) < NW1ll (B, (x0)) + 1102l Lo(B, (x)) < Cr2.
Recalling that w(x) = v(x) — ({(x) — r?), this implies:
v(x) < (x)+Cr? in B, j2(x0),

which proves the desired upper bound.

This proves the claimed quadratic separation from the obstacle:

At every free boundary point x, the solution v separates from @ at most quadrat-
ically.

As we will see next, this is a key step toward establishing the optimal C!! regularity
of solutions.

Proof of Theorem 3.5. To simplify constants, we may normalize v and ¢ so that

[0ll=y) +[lllcrap,) < 1.
We begin by recalling known regularity properties:

e Since v is harmonic in the set {v > ¢}, it follows that
veC®({v>¢}).

e Inside the contact set {v = ¢}, v inherits regularity from ¢, which is assumed to
be smooth, so
v € C*(int{v = @}).

The critical behavior occurs near the free boundary I' := d{v > ¢}, where the so-
lution transitions from being strictly above the obstacle to coinciding with it. From
previous results (specifically Lemma 3.5), we have the quadratic growth estimate at any
point xg € I™:

sup (v — @) < Cr,

Br(xﬂ)
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Our goal is to use this growth estimate to establish that v € C'!(By ), i.e., that D?v is
bounded.

Let us fixa point x; € {v > @}N By /3, and let xq € I' be a closest free boundary point
to x1. Define p := |x1 — xo| so that B,(x1) lies inside the non-contact region {v > ¢}.

Since v is harmonic in {v > ¢}, we have:
Av =0 in By(x1).

Let {(x) be the linear approximation of ¢ at xy, i.e., the first-order Taylor polynomial
of ¢ at xo:
t(x) := p(xo) + Vo(xo) - (x = x0).

Because { is affine, we also have A(v — {) = 0 in B,(x1).

Now, applying standart interior estimates for harmonic functions, we obtain:

C
ID?0l| L8, (1)) = ID?*(@ = O)ll LB, 5 x1)) < EHU = Ul LB, (x1))-

To estimate ||v — £|| L(By(x1)), W€ use the quadratic growth near the free boundary.
Since xo € I'and x1 € B,(xg), Lemma 3.5 gives:

lo = €l L8, (x1)) < Cp*.

Plugging this into our estimate above, we find:

C
ID?0]| (8, 1)) < ;ﬁ =C.

In particular, this gives [D?v(x1)] < C. Since x; € {v > @} N B2 was arbitrary,
this bound holds throughout the non-contact region inside By/,. On the other hand,
on d{v > @}, the quadratic growth from Lemma 3.5 ensures that v approaches ¢ with
the correct second-order rate. Hence, the second derivatives of v are bounded up to
the free boundary.

We conclude that:

lollcras,,,) < C,

as desired.

3.2.1 Nondegeneracy

We now show that at every free boundary point xg € d{v > ¢}, the solution separates
from the obstacle at least quadratically. Specifically, there exist constants ¢, C > 0 such
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that for all sufficiently small r > 0,

0<cr?’< sup (v-g)<Cri (3.5)
Br(x(])
This nondegeneracy estimate is crucial for the finer analysis of the free boundary in
later chapters.

Remark 3.7. Since —Av > 0 everywhere in Q, if xy € d{v > ¢} is a free boundary point,
then necessarily
—Ap(x0) 2 0,

for otherwise we would have —A¢(xp) < 0, which would contradict —Av(xg) > 0 as v
touches ¢ from above at xo.

Moreover, one can show that if A¢ and VAg do not vanish simultaneously, then in
fact
-Ap >0

in a neighborhood of every free boundary point. This motivates the following struc-
tural assumption on the obstacle:

—A(P >co>0 in Bj.

This lower bound on the Laplacian is not restrictive. As discussed in Remark 3.7, it
can typically be ensured, possibly after shrinking the domain.

This nondegeneracy condition is both natural and essential. Without it, esti-
mate (3.5) fails, and the behavior of the solution near the free boundary may become
irregular. In fact, if the condition is violated, one can construct examples where the free
boundary lacks regularity and may even exhibit fractal behavior with infinite perime-
ter.

Example 3.8 (Fractal Boundary Example). Consider the obstacle problem in the unit
disk B c R?, take C c [-1, 1] be the Cantor set, and define

v, y) =x2-y%,  ox,y) = vey) rec (x,y) € By,
‘P(x/y)_fz x¢C,

with some fixed ¢ > 0.
We claim in fact that the problem

Av <0, in By, (3.6)
Av=0, in{v>¢}NBy,

has the unique solution

v(x,y) == P(x,y).
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Verification of (3.6):

(i) Obstacle constraint. If x € C,then ¢ =1, sov =9 =¢@. If x ¢ C,then ¢ =1 — ¢,
sov =1 > —¢e=¢. Thusv > ¢ throughout B;.
(ii) Subharmonicity. Since

Av = AP = (dux + Iyy)(x* —y*) =2-2=0,

we have Av = 0 < 0 in all of B;.
(iii) Harmonicity off the contact set. On the non-contact region {v > ¢} we still have
Av = 0, verifying the third line.

Finally, observe that

0, xeC,
Ap(x,y) =
0, x¢C,
so =A@ = 0 in By. Hence the usual non-degeneracy condition —A¢g > ¢¢ > 0 fails in
this example. And finally we have that ¢y = ¢ in C.

To complement the upper quadratic growth established above, we next show that
under a uniform nondegeneracy assumption on the obstacle, the solution must also
detach at least quadratically from the obstacle near every free boundary point:

Proposition 3.9 (Nondegeneracy). Let ¢ € C°°(B_1), and let v solve the obstacle prob-
lem (3.4). Assume further that —Aqp > co > 0 in By. Then for every free boundary point
xg € {v > @} N Byjgand forall v € (0,1/4],

0<cr?< sup (v-g)<Cr?
By (x0)

where ¢ > 0 depends only on n and co, and C depends on || || c11(p,).

Proof. Let x1 € {v > @} N By, be a point arbitrarily close to the free boundary point
xp € d{v > @}. We let x; — x at the end of the proof.
Define the auxiliary function

C

w(x) :=v(x) — p(x) - ﬁlx —x)%

We analyze this function in the region {v > ¢} N B,(x;) for a small r > 0. By
assumption, Av = 0in {v > @}, and —Ag > ¢¢ > 0 in B;. Hence,

Aw =Av—-Ap —co=—-Ap —co >0,

so w is subharmonic in {v > @} N B,(x1).
Note that:

o w(x1)=70v(x1) - @(x1) > 0since x; € {v > @},
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e w < 0 on the free boundary part of d{v > ¢}, because v = ¢ there and the
quadratic term is negative,

e w satisfies the maximum principle, so it attains its maximum on dB,(x1).

Therefore,

c c
sup (v—¢@)> sup w+ U2y 20,2

9By (x1) 9B, (x1) 2n 2n

Letting x; — xo, we deduce that for any free boundary point xg € d{v > @} N By o,

sup (v — @) > cr?,
B,(Xo)

for some constant ¢ > 0 depending only on ¢y and 7. |
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3.3 Regularity of free boundaries

In this sectionn, we focus on the study of the obstacle problem in the following form:

ue Cl,l(Bl)/
u=>0 in Bl, (37)
Au=f inu>0,

we impose the following conditions on the obstacle function f:

feC®By) and f=c_ 0>0. (3.8)

These assumptions ensure that the problem is well-posed enought and to extrat
some results. Notice that on the free boundary we have that

u=0 on¥, Vu=0 on¥.

The central mathematical challenge in the obstacle problem is to understand the
geometry /reqularity of the free boundary F .

It is important to note that, despite knowing the optimal regularity of the solution
u (namely, u € C!1), this alone gives us no information about the nature of the free
boundary ¥ . In principle, F could exhibit highly irregular behavior, it may even be a
fractal set with infinite perimeter.

However, as we will soon establish, the natural condition f > c¢¢ > 0 ensures that
the free boundary possesses significant regularity: it is smooth in a large portion of the
domain, except possibly on a small singular set where irregularities may concentrate.

Blow-up Analysis and the Structure of the Free Boundary

e In this chapter, we investigate the quadratic behavior of solutions near the free
boundary, a key ingredient in understanding its fine structure.

e The free boundary # admits a fundamental decomposition into two disjoint
classes:

— Regular points, where the free boundary is smooth,
- Singular points, where smoothness breaks down.

e The set of regular points forms an open subset of the free boundary. Moreover,
in a neighborhood of any regular point, the free boundary ¥ is C*.

e Singular points are those at which the contact set {u = 0} has zero density. Al-
though they mark a breakdown in regularity, singular points are not pathologi-
cal: if they occur, they are contained in a (n — 1)-dimensional C! manifold.
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To analyze the behavior of solutions near #, we adopt the method of blow-up anal-
ysis. This technique allows us to zoom in on the solution at a small scale near a given
free boundary point and identify limiting profiles that characterize the local geometry

of .

Let xo € ¥ be a point on the free boundary. We define the rescaled family of

functions:

u(xg + rx)

o , r > 0. (3.9)

up(x) :=

This particular scaling reflects the known quadratic growth of the solution near
the free boundary:

cr? < sup u < Cr2.
Br(xo)

As such, u, captures the geometry of the solution at the scale r, and the prefactor

r~2 ensures a nontrivial limit as r — 0.

We say that a function u is a blow-up limit of u at x if
u, — gy locally uniformly in R”,

The key result of the blow-up analysis is the classification of all possible blow-up
limits. Any blow-up ug at a free boundary point xo € ¥ must fall into one of two

canonical types:

e Regular blow-ups: There exists a unit vector e € S"~! such that

up(x) = @ x-e).

These correspond to regular points of the free boundary. In this case, the free

boundary is smooth in a neighborhood of x(, and the solution resembles a half-
space solution near the contact.

e Singular blow-ups: There exists a symmetric, positive semi-definite matrix A €

R™" with tr A = 1, such that

ug(x) = @xTAx.

These blow-ups characterize singular points, where the geometry of the free

boundary is more degenerate.

This dichotomy is central to the modern theory of free boundaries. The regularity
theory of ¥ ultimately hinges on classifying and understanding the behavior of such
blow-up solutions, which in turn dictate the smoothness or singularity of the bound-

ary at different scales.



34 3. Properties of the solutions

3.3.1 Homogeneity of Blow-ups

We will see that the Blow-ups are homogenuous with the following proof, due to
Spruck [Spr83].

Proposition 3.10 (Homogenety of Blow-ups). Let u be any solution of (3.7) where 0 it’s
a free boundary point. Then, any blow-up of u at 0 is homogenius of degree 2.

Proof. Spruck’s homogeneity: Let ug be a blow-up given by the limit along a sequence
Tk l 0,
up(x) := k]im r,:Qu(rkx).

By taking polar coordinates (g, ) € [0, +o0) X S"~1 with x = g0, and by denoting
iip(0, 0) = up(00) = up(x), we will prove that

uo(x) = p%io(1, 6) = |x|?uo(x /| x]).
Let us define 7 := —logp, fi(0, 0) := u(x), and ¢ = (7, 0) as
(7, 0) := 0 %, 0) = e* u(e™70)

fort > 0.

We observe that, since ||u|| ~5,) < Cr?, ¢ is bounded. Moreover,
Y € CH((0,0)x S" )N C* ({y > 0})

from the regularity of u; and d.¢ and V1) are not only continuous, but also uniformly
bounded in [0, c0) x S*~L.
Indeed,
Voy(r,0)| < e"[Vu(e " 0)| < C,

since ||V u|| =,y < Cr by C!'! regularity and the fact that Vu(0) = 0.

For the same reason we also obtain
|dz(T, 0)] < 2U(T,0) + e |Vu(e " 0)| < C.
Observe that, by assumption, if we denote 7y := —log %,

¥(tx, 0) — iip(1,0) uniformly on S"™!, as k — co. (3.10)

Let us now write an equation for 1. In order to do that, since we know that Au =

X{u>0y and x(u>0) = X{y>0}, We have

A(0*P(=1log o, 0)) = x(y>0} f(00).
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By expanding the Laplacian in polar coordinates,
n— 1 -2
A= 900 + Tap +0 Agn—l

(where Agn-1 denotes the spherical Laplacian, i.e., the Laplace-Beltrami operator on
S"=1), we obtain

2nyY — (n +2)0:Y + o) + Agn1 = f(e770) X (y>0)- (3.11)

We multiply the previous equality by 9.1 and integrate in [0, 7] X S""1. We can
consider the terms separately, integrating in 7 first:

on /S’H/()Tv,baﬂ’b =n/8n_1 (V*(z,0) — *(0,0)) dO

and

' _ L 2r O)— (9.2
/SH /0 dup Oy = 3 /S  (@)(r, 0) = (9:9)*(0,0)) dO

and then integrating by parts in 0 first, to integrate in 7 afterward:

T 1 T 1
-/0 ./s Agrap ey = =3 /0 L rVerl® =5 /S ~(IVoul*(0,0) = IV oyl*(z, 0) do.

Finally, since d;) = 0 whenever ¢ = 0, we have x{y>0,dr}) = dr) and taking
/S /O FleOxy>0pdxy = /S /0 FeT70)0c + (F(0) = F(0)ctp =

/Snl /o (f(e™"0) = f(0))dp + /Snl /o £(0)dp (3.12)
Using that f € C** ie. |f(e™"0) - f(0)] < Cse™™*, we can obtain

/S /0 (FTO) - FO)arp < Cae™® / /U o = Coe /S (¥, 0) = $(0,0)) d6

S

wich implies that (3.12) is below

(Cee™ + £(0)) /s"—l (¥(t,0) —¥(0,0)) do

By plugging back in (3.11) the previous expressions, and using that d-1 and Vgy
are uniformly bounded in [0, o) x $"1, we deduce that

[ [ o= [ 1awite, < c < (313)
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To finish, now observe that for any |s| < C. fixed and for a sufficiently large k (such
that 7x +s > 0),

I (Tk +s, ) —iio(1, ) L2(sn-1) < [P (T +5, ) =P (Th, N 21y H Y (Tk, ) = Go(1, )l L2(5n-1)-

The last term goes to zero, by (3.10). On the other hand, for the first term and by
Holder’s inequality

2
” w(Tk"'S/ ')_Eb(Tkr )“ 32(8”‘1) <

S Ti+S
[ awaread e [T 10l o
0 Tk

LQ(Sn—l)
as k — oo, where we are using (3.13). Hence, ¢(tx +s,-) — fip(1,-) in L2(S" 1) as

k — oo, for any fixed s € R.
On the other hand,

(e +5,0) = e*r2ueri0) — e*ug(e*0) = e*iig(e%, 0).
That is, forany p = e™° > 0,
17[0(]., ) = P_2ﬂU(P; ')/

as we wanted to see. O

3.3.2 Convexity of Blow-Ups

Using the fact that blow-ups are 2-homogeneous, we now provide a proof that they
are also convex. More precisely, we will show that any global 2-homogeneous solution
to the obstacle problem is convex. In particular, by Proposition 3.10, this implies that
blow-ups are convex.
Let’s state some general result that we will need in the followings. We consider the
operator
Lo = -div(A(x)Vo), (3.14)

where A(x) is a uniformly elliptic matrix with ellipticity constants 0 < A < A.

Lemma 3.11. Let L be the operator defined in (3.14), and let v € H'(By) satisfy Lv < 0 in
B1. Then L(v4) < 0 in the weak sense.

Proof. We proceed by approximation. Let F € C*(R) be a smooth, non-decreasing,
convex function with globally bounded first derivatives. Our goal is to show that
L(F(v)) < 0in B;.

Since v € W2(B,), it follows that F(v) € W%2(B;). Given that Lv < 0, we have:

/ Vn-AVodx <0 forallne H(By), n> 0.
By
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Now, for any 1 € H}(B1) with 7 > 0, we compute:

/ Vn-AVF(v)dx = / F'(v)Vn - AVodx

By B

= / V(F'(v)n) - AVoudx — / nF”(v)Vo - AVo dx.
Bl Bl

The first term is non-positive since F'(v) € Hy(B;) and F’(v) > 0, making it an
admissible test function. The second term is also non-positive because nF”(v) > 0 and
Vv - AVo > 0 due to ellipticity. Moreover, the integral is well-defined since nF”(v) can

be assumed bounded, and /B1 Vo - AVo < A||Vo|| Therefore,

2
L2(B1)"

/ Vn-AVF(v)dx < 0.
By

To conclude, we take a family of smooth approximations F, converging uniformly
on compact sets to the function F(x) = max{x,0}. These approximations can be con-
structed so that || F¢(v)||w12,) < C, for some constant C independent of ¢ > 0, which
yields the desired result. |

Lemma 3.12. Let A C By be a closed set, and suppose that w € H(By) satisfies w > 0 on A,
and that w is superharmonic in the weak sense in By \ A. Then min{w, 0} is superharmonic
in the weak sense in B.

Proof. We first assume that w is continuous. In this case, define w, := min{w, —¢} €
H'(B;). In a neighborhood of the set {w = —¢}, w is superharmonic. Applying Lemma
3.11to v = —w — ¢, we conclude that w, is superharmonic in the weak sense.

Furthermore, the functions w, are uniformly bounded in H 1 so (up to a subse-
quence) they converge weakly to min{w, 0}. Since the weak limit of weakly superhar-
monic functions is superharmonic, we obtain the desired conclusion.

To remove the continuity assumption, we repeat the argument as in Lemma 3.11.
The only point to verify is that F'(v)n € H}(B;1 \ A), which holds because the function
belongs to H!(B;) and vanishes on A. The proof of that fact can be found on [AH96]
(Theorem 9.13) O

Theorem 3.13. Let ug € C1! be any 2-homogeneous global solution to

ug =0 in R"
Aug = £(0) in {ug > 0}
0 is a free boundary point.

Then, uq is convex.

Proof. Fix any direction e € " and set

wo(x) := min{de.uo(x), 0}.



38 3. Properties of the solutions

We will show wy is superharmonic in R” in the weak sense, which will force wg = 0
and hence d,.1g > 0.

For t > 0 define the second difference

ug(x + te) + ug(x — te) — 2up(x)

62ug(x) = 2

Since Aug = fo X{uy>0}, ONe computes in the weak sense

X{uo(-+te)>0} + X{ug(-—te)>0} — 2

N(67uo) = £(0) 3

< 0 in{ug > 0}.
On the other hand 671y > 0 on {1y = 0} and 67uy € C*'. By Lemma 3.12 the function
wi(x) := min{67up(x), 0}

is weakly superharmonic and hence satisfies (2.1). Moreover, since 11y € C%! the family
{6210} is uniformly bounded and converges pointwise to wg as ¢ | 0. By Lemma 2.15
it follows that w is superharmonic in the weak sense .

Finally, up to a set of measure zero wy is lower semi-continuous (Lemma 2.16)
and 0-homogeneous, so it attains its minimum on B;. But the average fBr wy is
non-increasing in r, forcing wy = constant. Since wg vanishes on the free boundary,
wo = 0. As this holds for every e € S"~1 we conclude d,.up > 0 everywhere, i.e. ug is

convex. O

3.3.3 Classification of blow-ups

We next want to classify all possible blow-ups for solutions to the obstacle prob-
lem (3.7) (again considering 0 € ¥ ), in the case where the equation becomes Au =

f(x).

The first step is to establish the existence and basic properties of blow-up limits.
The next proposition guarantees that any blow-up limit of a solution at the origin sat-
isfies strong regularity properties, solves a constant-coefficient obstacle problem, and
exhibits both convexity and homogeneity. This justifies focusing our classification on
a restricted family of functions.

Proposition 3.14. Let u be any solution to (3.7) and consider the function u, as defined in
(3.9). Then, for any sequence ri — O there is a subsequence ri; — 0 such that
(R™)

Al
Up, = o  in Cloc
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as kj — oo, for some function ug satisfying

o € Cp'(R™)
up >0 inB;
Aug = f(0) in {upg > 0}
0 is a free boundary point

Ug is convex

ug is homogeneous of degree 2

Proof. By C!! regularity of u, and by nondegeneracy, we have that

1
— <supu, <C
c =Pt

for some C > 0. Moreover, again by C"! regularity of u, we have
||D2uT||L°°(Bl/(2,,)) S C

Since the sequence {u, }, for rrx — 0, is uniformly bounded in C L1(K) for each

compact set K C R, there is a subsequence ry; — 0 such that

U, — Uy in ClL (R").

for some 1 € C!(K). Moreover, such function u satisfies || D?ug|| =) < C, with
C independent of K, and clearly 1y > 0 in K.

To verify that Aug = f(0) in {ug > 0} N K, observe that for any smooth function
n € CZ({uo > 0} N K), we have that for large k;, Ur,, > 0 on the support of n. Then:

/ Viu,, -Vndx = —/ f(rk],x)n(x) dx.
R ] R~

As ri; — 0, we have f (rk/.x) — £(0) uniformly on compact sets. Hence,

/ Vug - Vndx = — F(O)n(x) dx.
n R?I

This shows that Aug = £(0) in {ug > 0}.

That 0 is a free boundary point for 1, follows by passing to the limit in the blow-
up sequence. Since u, (x) = % and u(0) = 0, it follows that u, (0) = 0 for all k.
In addition, by the nondegenerakcy of u, we have the uniform estimate [[uy, || L~(5,) ~
p? for every p € (0,1), independent of k. Passing to the limit, we obtain u((0) = 0
and supg Uy ~ p?, which implies that uy, > 0 in every neighborhood of the origin.
Therefore, 0 € d{up > 0}, and the origin is a free boundary point for uy.

Finally, the homogeneity and convexity of 1, follow from general structural results.
Proposition 3.10 states that any blow-up limit at a free boundary point is homogeneous
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of degree two, meaning uy(Ax) = A%ug(x) for all A > 0, a consequence of the scale
invariance of the equation under the quadratic rescaling. Moreover, Theorem 3.13
ensures that such blow-up limits are convex functions, reflecting the geometric and
regularity properties of the original solution near the free boundary.

o

Having established these structural properties, we now ask: what are all the pos-
sible forms such a blow-up limit 1 can take? Despite the flexibility in the original
problem, the answer is remarkably rigid. As we now show, all blow-up limits fall
into one of two explicit classes, either a half-space quadratic profile or a full quadratic
form with positive semidefinite matrix structure. This dichotomy is fundamental in
distinguishing regular and singular free boundary points.

Theorem 3.15 (Classification of Blow-Ups). Let u be any solution to (3.7), and let uq be
a blow-up of u at the origin. Then, exactly one of the following holds:

(a) There exists e € S"! such that

(0) 5

w0 = L2 o2,
(b) There exists a symmetric matrix A > 0 with tr(A) = 1 such that

up(x) = @xTAx.

Remark. A priori, different subsequences may yield different blow-up limits uy.

To establish Theorem 3.15, we will rely on several auxiliary results. These lemmas
help reduce the classification to a small family of explicit profiles by exploiting some
properties of the solutions.

Lemma 3.16. Let ©. C R" be a closed convex cone with nonempty interior and vertex at the
origin. Suppose w € C(R") satisfies

Aw =0 inXt, w>0 inXxf w=0 ink,

and assume that w is homogeneous of degree 1. Then, ¥. must be a half-space.

Proof. By the convexity of ¥, there exists a half-space H = {x - ¢ > 0}, with e € $"7!,
such that H C Z°.

Define v(x) = (x - e)+, which is harmonic and positive in H, and vanishes in H¢. By
the Hopf Lemma 2.12), there exists ¢y > 0 such that

w > cody in X° N By,

where dy(x) := dist(x,X). Since both w and dy are homogeneous of degree 1, the
inequality extends to all of X¢.



3.3. Regqularity of free boundaries 41

Moreover, since dy > dyc = v, we conclude that
w > cov  in X°.
We now consider scaling v up until it “touches” w. Define
c.:=sup{c>0:w > cvin }.

Note that c. > ¢ > 0. Consider the function w — c,v > 0. If w — c.v is not identically
zero, then it is harmonic in H and strictly positive by the strong maximum principle:

w—-cov>0 inH.
Applying the Hopf Lemma again, we find
W — .0 > codye = cU,

so that
w —(c. +cg)v = 0,

which contradicts the definition of c.. Therefore, w = c,v in X°.
This implies that w is a multiple of the function v = (x - ¢),, so the positivity set of
w is the half-space H, and thus © = H®. O

Lemma 3.17. Assume that Au = ¢ in R" \ dH and c € R where 0H is a hyperplane, and that
f e CR"). Ifu € CHR™), then Au = c in all of R™.

Proof. Assume without loss of generality that JH = {x; = 0}. Let Bx C R" be a ball.
Define w as the solution to

Aw =cin Bg, w = u on dBg,
and let v = u —w. Then, v € C'(BR), and satisfies
Av =0 inBg\JdH, ©v=0ondBg.

We aim to show that v = 0 in Bg, which would imply Au = c in all of Bg, and hence
in R" by the arbitrariness of the ball.

Since v is bounded and continuous in Bgr, we can use the barrier function ¢(x) =
k(2R —|x1]), which is harmonic in Bg \ dH. Then, for sufficiently large x > 0,

v(x) < k(2R —|x1|) in Bg.

Define
k" :=inf {x > 0: v(x) < k(2R —|x1|) in Br}.
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Suppose k* > 0. Since v and 2R — |x;| are continuous, and v = 0 on JdBg, there
exists a point p € Bg such that

o(p) =" 2R = |p1l).

As in the standard touching argument, this implies p ¢ dH, since 2R — |x;| has a
corner along dH, while v € C'. But then v and the barrier touch tangentially at an
interior point where both are harmonic, contradicting the strong maximum principle.
Hence, k* = 0,and so v < 0 in Bg.

Applying the same argument to —v, we deduce v = 0 in Bg, sou = w and Au = ¢
in Bg. Since Bg was arbitrary, we conclude that Au = ¢ in all of R". O

Lemma 3.18. Let u : R" — R be a convex function such that the set {u = 0} contains the
entire line {te’ : t € R}, for some direction e’ € S"1. Then,

u(x +te’) =u(x) forallx e R" andall t € R.

Proof. Without loss of generality, we may assume (after a rotation) thate’ = e,,. Writing
x = (x',x,) € R xR, we are given that u(0, x,) = 0 for all x, € R, and we aim to
prove that

u(x’, x,) =u(x’,0) forallx’ e R"!, x, eR.

By convexity, for any ¢ > 0 and any M € R, we have the inequality
(1= e)u(x’,xy) + eu(0,x, + M) > u((1 - €)x’, x,, + eM).
Since u(0, x, + M) = 0 by hypothesis, the inequality simplifies to
1 -e)u(x’,x,) > u(l-e)x’,x, + eM).
Now, choosing M = A/¢ for some fixed A € R and letting ¢ — 0, we obtain
u(x’, xy) = u(x’, x, + A).

Applying the same argument with A replaced by —A yields the reverse inequality,
so we conclude that

u(x’,x,) =u(x’,x, +A) forall A € R.

In particular, taking A = —x,, shows that u(x’, x,) = u(x’, 0), and the proof is com-
plete. O

With all these preparatory results in place, we can now give the proof of Theo-
rem 3.15.
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Proof of Theorem 3.15. Let ug be any blow—up of u at 0. By the same scaling argument
as before, one shows that
Aug = f(O) in {Mo > O},

and that ug is convex and 2-homogeneous. We again split into two cases.

Case 1. {up = 0} has nonempty interior. Then X := {ug = 0} is a closed convex cone with
interior. Pick any direction 7 € S"~! with —7 € L. By the same “one-sided” convexity
argument, duy > 0 everywhere, and for at least one such 7 it is not identically zero.
Set

w := deug > 0.

Since A(d:ug) = d-(Aug) = . f(0) = 01in X, w is harmonic there and 1-homogeneous.
Lemma 3.16 then forces X to be a half-space. By convexity of 1y and Lemma 3.18, ug
is one dimensional,

up(x) = U(x - e),

with U € C*!, U” = £(0) on (0, ) and U = 0 on (—o0, 0]. Hence

u =10,

and

w0 = L2 o2

Case 2. Assume {up = 0} has empty interior. Convexity then forces {uy = 0} to lie in
a hyperplane dH. We have Aug = f(0) in R"” \ dH and ug € C*!. By Lemma 3.17 this
extends across dH, so Aug = f(0) in all of R". But then each second derivative d;;u is
global harmonic and bounded, hence constant. Therefore u is a quadratic form,

up(x) = @ xTAx,

with A > 0and tr A =1, and u((0) = 0, Vuy(0) = 0 force no lower—order terms. O
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3.3.4 Regularity of the free boundary
If u is any solution of (3.7) satisfying

. [{u =0} nB,|
limsup ————

, 3.15
r—0 |Br| ( )

that is, if the contact set has positive density at the origin, then the free boundary
d{u > 0} is of class C* in a neighborhood of the origin.

To this end, we will leverage the blow-up classification from the previous section
together with key results from Ros-Oton and Torres-Labore’s work [ROTL21]. We
begin by recalling several definitions and stating the principal theorems whose proofs
appear in the original article that extend the boundary Harnack inequality to the more

general right-hand sides under consideration here.

In those results L for one of two uniformly elliptic operators:

Lu = Tr(A(x)D?*u). A e L®(By;;R™"), AI < A(x) < Al (3.16)

a non-divergence-form operator with bounded measurable coefficients, or

Lu = div(A(x)Vu), Ae COB;;R™™), Al < A(x) < Al (3.17)

a divergence-form operator with continuous coefficients.

Definition 3.19 ( Lipschitz domain). We say Q is a Lipschitz domain with Lipschitz
constant L if Q is of the form

Q = {(x’, xy) € By xR: x, > g(x’)},
where g: Bi — R s a Lipschitz function satisfying
g(0) =0, lgllcors;) = L.

Additionally, we recall the Alexandroff-Bakelman—Pucci (ABP) estimate, a corner-
stone of regularity theory. A proof can be found in Theorem 3.2 of [CC95] and in
Proposition 3.3 of [CCKn96].

Theorem 3.20 (ABP estimate). Assume that (3 C R" is a bounded domain. Let L be a
non-divergence—form operator as in (3.16), and let

ueC(Q)

satisfy

Lu > f inthe L"—viscosity sense,
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with f € L"(Q)). Assume also that u is bounded on dQ). Then

supu < supu + Cdiam(Q) || f|lrr(q),

Q 2Q

where the constant C depends only on the dimension n and the ellipticity constants A, A.

With this notation in hand, we can now state our boundary Harnack and compari-
son theorems (Theorem 3.21 and Corollary 3.22).

Theorem 3.21 (Boundary Harnack principle). Let g > n and L be as in (3.16) or (3.17).
There exist constants co > 0 and Lo > 0 such that the following holds. Let Q) be a Lipschitz
domain as in Definition 3.19, with Lipschitz constant L < L. Let u,v > 0 be solutions of

Lu=f, inQNBy, Lv=g, inQNBy,
a
u=0, on 0Q N By, v =0, on dQ N By,

in the L"—viscosity or weak sense, with

I fllcasy) < co, I8llLas,) < co- (3.18)

Additionally, assume that
v(en/2) > 1 andeither (u>0and u(e,/2)<1) or |ullpm,)<1

for some p > 0. Then there is a constant C > 0 and an exponent o € (0, 1) such that

u

%

_ <C.
COa(QNBy2)

u<Co inBl/Q,

The constants C, co, Lo, a depend only on n, q, A, A, and when applicable on p and o. In
the case u, v > 0 throughout Q) N By, this recovers the classical symmetric formulation of the
boundary Harnack inequality.

Corollary 3.22 (Normalized Boundary Harnack). Let ¢ > n and L be as in (3.16) or
(3.17). There exist small constants co > 0 and Loy > 0 such that the following holds. Let QO
be a Lipschitz domain as in Definition 3.19, with Lipschitz constant L < Lo. Let u,v > 0 be
solutions of

Lu=f, inQNBy, Lv=g, inQNB,
u=0, on d0Q N By, v =0, on dQQ N By,

in the L"—viscosity or weak sense, with f and g satisfying (3.18). Assume u and v are nor-
malized so that

ue,/2) = v(e,/2) = 1.

Then there is a constant C > 0 and exponent a € (0, 1) such that

c! < % < C inByp,
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and
< C.

(%

The constants C, co, Lo, a depend only on the dimension n, the exponent q, the ellipticity con-

CO,(X (6031/2)
stants A, A, and when applicable the parameter o.

With all this we can continue with the C1'* regularity of the free boundary. The first
step is to translate the density condition (3.15) into information on a blow-up limit uy.
More precisely, one shows that any nontrivial blow-up at the origin satisfies a uniform
flatness estimate, which in turn yields C1“ regularity of d{u > 0} near 0.

We next show that the density condition (3.15) forces the blow-up to have a
nonempty interior in its contact set.

Lemma 3.23. Let u be any solution of (3.7), and assume that (3.15) holds. Then there exists
a blow-up ug of u at the origin such that { up = 0} has nonempty interior.

Proof. By (3.15) there is a sequence ryx — 0 along which

u=0}NB
Hu=00B] | 5.
k—o0 |Bi‘k|

By Proposition 3.14 we may extract a subsequence (still denoted r¢) so that

u(rex
Uy (x) = (r]; ) — up(x) uniformly on compact sets,

k

and ug is convex.
Suppose for contradiction that {19 = 0} has empty interior. Convexity implies that
is contained in a hiperplane, lets take

{uo =0} c {x1 =0}.
Since uy > 0 on {x; # 0} and is continuous, for each 6 > 0 there is ¢ > 0 such that
ug(x) = ¢ on{|x1| > 6}nN By.

Uniform convergence implies that for all large k,

™

l/lrk(X) > 5 on {|x1| > 6} N By.

Hence
{Mrk :0}0 B C {|x1| < 6}0B1,

and therefore

|{urk =0}N B1| - |{|x1| < orN B1|
| B1| B | B1] a
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Rescaling back to u gives

[{u=0ynBy|  |[{un, =0}n B

= Cé.
|Brl | Bl

Since 0 > 0 was arbitrary, this contradicts the lower bound 6 > 0. Thus {1y = 0} must
have nonempty interior. o

Combining Lemma 3.23 with the blow-up classification of Theorem 3.15, we imme-
diately obtain:

Corollary 3.24. Let u be any solution of (3.7), and assume that (3.15) holds. Then there is
at least one blow-up of u at 0 of the form
f(0)

up(x) = — e)?, ee S

Proof. The result follows immediately from Lemma 3.23 and Theorem 3.15. O

We now want to use this information to show that the free boundary is smooth in
a neighborhood of 0. For this, we begin with:

Proposition 3.25. Let u be any solution of (3.7), and assume that (3.15) holds. Fix any
e > 0. Then there exist a direction e € S"~' and a radius ro > 0 such that

|Mr0(x)—@(x-e)3_| < ¢ in By,

and, for every T € S"71,

|0c1try(x) = f(O)(x-e)s(T-e)| < & inBy.

Proof. By Corollary 3.24 and Proposition 3.14, we know that there is a subsequence
r; — 0 for which

f(0)

Uy, — T(x-e)?r in CL_(R"),

loc

for some e € S""L. In particular, for every T € S"~! we have

f(0) f(0)

Uy, — T(x-e)i, delty; — 91[7(36'6)3] uniformly in B;.

Thus given ¢ > 0, there exists jy such that

£0)
2

f(0)

x-e)i|<e and |8Turj0(x)—31[7(x~e)i]|s€ in Bj.

| urio (x) -

Since

@ (x-e)i] = fO)x-e)s(T-e),

the proposition follows. o

o |
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Note that if (7 - e) > 0, then
dritg(x) = f(O)(x-e)s(T-e)

is nonnegative and strictly positive in the set {x - e > 0} .
We now want to transfer this information to u,,, and prove that d;u,, > 0 in B; for
all T € S"! satisfying 7 - ¢ > 1. For this, we need the following.

Proposition 3.26. Let u be a solution of (3.7), with f € WY and f > to > 0. Assume that
0 is a regular free boundary point. Then, for every Ly > O there exists r > 0 such that the free
boundary in B, is the graph of a Lipschitz function with Lipschitz constant L < L.

To prove that the free boundary is Lipschitz, we will use the interior and exterior
cone conditions, and for this we must show

dyu, >0 wheneverv-e > c(L),

where c(L) is the positive constant for which the cone {x € R" : x-e = |x|c(L)} has
Lipschitz constant L. We achieve this via a suitable positivity lemma.

Lemma 3.27. Let u solve (3.7) with f € WY (By). For r > 0 set

uy(x) = o Q=A{u, >0}, w(x)=7du(x),
where v is a fixed unit direction. Then w satisfies
Aw =g, w=00ndQ, g(x)=rd, f(rx).
If there exist 6 > 0 and constants ¢, M > 0 so that
Ngs ={x € By : dist(x,dQ) < 6}, w >-¢cinNgs, w > MinQ\ Ns, (3.19)

then for ¢, r, and 6 sufficiently small one has w > 0 in QN By s.

Proof. First, itis clear thatw > 0in Q\ Ns. Suppose there exists xg € B; 2NN such that
w(xp) < 0. We will arrive at a contradiction using the maximum principle, combined
with the ABP estimate 3.20, with the function

f(x(]) |.7C _ x0|2).

v(x) = w(x) = (1, (v) -

Consider the set Q2 N By /4(x0). On dQ, u, = 0, hence v > 0. On dBy4(x0) N N,

N
> —¢— —
v(x) = —e=nolulen + o

On 9By 4(x0) N (Q\ N;),
v(x) > M —=nllucr.
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Notice that ||u||c1 is uniformly bounded as r — 0. Hence, choosing n small enough,
the second inequality implies v > M /2. For the first inequality, choosing ¢ and 6 small

enough, we obtain

This function satisfies
Av(x) = g(x) = n(f(x) - f(x0),
hence by the ABP 3.20 estimate,

o(ro) = min{%, gEb - Cf|g() - n(f(rx) - frxo))

L7 (By/a(x0))”

We estimate ¢ and f — f(xo) separately. Using the scaling of the L"-norm and letting

r— 0,

”g”L”(Bl/4(xo)) = ||8Vf L"(B,a(rx))

On the other hand, by the Poincaré inequality,

Il f = fxo)llLn(B, 4 (x0)
s

| f(rx) = f(rxo)llLes, o)) = < CIV flln, urxoy — 0.

Hence, choosing r small enough, we get

which contradicts v(xg) < 0.

Using the lemma, we then prove that there is an arbitrarily wide cone of directions

in which d,u, > 0, for all sufficiently small » > 0.

Proof of Proposition 3.26. We only need to check that, for any v € S"~! with v-e > ¢(L),
the hypotheses of the lemma are satisfied. By construction, it suffices to verify that
(3.19) holds for all sufficiently small r > 0.

Set
o = &lfs,

By the blow-up argument, there exists r > 0 such that
|ur(x) - %(x . e)i| < g, |0Vur(x) - y(x-e)(x- v)| < ¢

for all x in the domain under consideration. Hence, if ¢ > 0 is chosen sufficiently small,
then on the set {x - ¢ > 6} we have

ur(x) > g(xwz)_% -
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Moreover, we claim
u(x) =0 forx-e < -5

Indeed, if there were a point y with y-e < —6% and u,(y) > 0, this would contradict the
nondegeneracy estimate and the fact that u, vanishes to second order near the contact
set.

See, supposing u,(y) > 0 we have:

sup u, > cot = c51/2,

Bé? (y)

but since Bs2(y) C {x - e < 0} we have u, < ¢, which is impossible for ¢ small. Hence
the free boundary is contained in the strip {|x - ¢| < 6%}.
Now let v € §"71 satisfy v - e > ¢(L). In the inner region Nj, the blow-up conver-
gence gives
oy > ye(l)(x-e)y — e =2 —e.

On the other hand, if z € Q) \ N, then the free boundary lies within distance 52 of the
hyperplane {x - e = 0},s0z - ¢ > 6 — 6%. Therefore

dur(z) > yeL)(z-e)y — e > pe(L)(0-06%) — ¢ = ye(L) (V8 =Mt — e == M,

where M > 0 for ¢ sufficiently small.

Since r and ¢ (hence 0) were chosen independently of v, we may apply Lemma 3.27:
for every unit v with v - e > ¢(L) we have d,u, > 0, equivalently d,u > 0 in B,. Now
if xo € B, is a free boundary point, then u(xo) = 0, and along the ray xo — tv € B, we
have u(xg — tv) < 0, hence u(xo — tv) = 0. It follows that

u=0 in By N{(x—xp)-e <—c(l)|x]},

which is the interior cone condition.
To obtain the exterior cone, suppose by contradiction that there is another free
boundary point
x1€B,N{xg+tv:v-e>c(L), t >0}

Then applying the interior cone condition at x; shows xy cannot be free, a contradiction.
Hence in B, the free boundary is a Lipschitz graph in direction e with constant L.
O

Now we can use the modified Boundary Harnack inequality 3.21 to prove the C*¢
regularity of the free boundary at regular points 4 la Caffarelli. To this end, we assume
that the right-hand side f belongs to the Sobolev space W14(Q2) with

q>n,

a hypothesis which is slightly more restrictive than before and in particular implies
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that f is Holder continuous.

Corollary 3.28. Let u be a solution of (3.7) with
f > Cco > 0 in Wl’q(Bl),

where q > n, and assume that the origin is a regular free boundary point in the sense of
Definition 1.5. Then the free boundary

T = d{u>0)

is, in a neighborhood of the origin, a C1* graph.

Proof. As is customary in this kind of argument, we apply the boundary Harnack in-
equality to the derivatives of u,. Set

Lo(g,n,1,1
| - Lo(g,n ),
2
where L is as in Corollary 3.22. By Proposition 3.26 there exists r > 0 such that the
free boundary in B, is a Lipschitz graph of constant L < 1, which we may assume
without loss of generality is oriented in the ¢,,—direction.

Fori=1,...,n—1define
wl = aiur, w2 = 8nur.

Then each wj satisfies
Aw]- = g jr

where

§1(x) =rdif(rx),  ga(x) =1 f(rx).

Moreover ws > 0 in the positivity set of u,, so to apply the boundary Harnack we must
show the right-hand sides g; are small. Indeed, as r — 0,

1-2

Igills@y < [lr VAo, =277 IV flliaw,) — 0.

Finally, by the blow-up convergence we have

wjlen/2) > 5 —e> L, wi(en/2) < 5 +e<y.
Hence we may normalize each w; by dividing by w;(e,/2), and the right-hand side
still tends to zero in L.
Let O, = {u, > 0}. By the boundary Harnack inequality with right-hand side
(Theorem 3.21),

w1

— € Co’a(Bl/QﬂQr) = %
2

€ COB,/rNQ,).
anur ( 1/2 7’)
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The unit normal vector to the level set {1, = t}, t > 0, is given componentwise by

ﬁi— 81‘”1’ _ 8iur/anur

= = € CO*(BypNQY).
Vil \/1 + Z;‘q:_f(aj”r/anur)g

Since this expression is C%® up to the boundary, it follows that the normal vector to
the free boundary is C 0.2 and therefore the free boundary itself is C La,

For now we have seen that:

Ug = @(x -e)? is C1'* near 0

{u = 0} has positive | ay blow-up is . free boundary
density at the origin

Higher-order regularity

We now upgrade our C1** regularity result to full smoothness. To this end, we invoke
the following higher-order boundary Harnack estimate (stated without proof):

Theorem 3.29 (Higher-order Boundary Harnack, [Kuk21, Thm. 1.2]). Let QQ c R" be
a C; domain in Q1, and let
Lu = div(AVu) + b-Vu

be as in (3.16)—(3.17), with A € C(Q) uniformly elliptic and b € L®(Q). Suppose uy, 1z > 0
solve
Lui=f; inQNQq,

with f; € L*(Q N Q). Assume moreover that

uy > cod inQNQy, | f2ll L= @ngy) + T2l Lo @ngy) < Ca,

for some constants ca > 0, Co < oo. Then for any e € (0, 1) there exists C > 0, depending
onlyonn, e, ca, Ca, Q, the modulus of continuity of A, and the ellipticity constants, such that
Uy

|1 aros) < C(||f1||L°°(QﬁQ1) + ||u1||L°°(QmQ1))-

Where Cg is the parabolic Holder space defined in the text. This result is even more
general than the case we are treating here, also, in the original text the smothness of

free boundary is proven for the parabolic case.

Corollary 3.30 ([Kuk21, Cor. 1.4]). Let v: Q1 — R solve the parabolic obstacle problem
min{d;v — Av — f(x), v} =0 inQ,

with f > co > 0and f € C9By) for some O > 1. Assume that (0,0) € {v > 0} and that
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dyv > 0 is of class Ct@,;cl in Q1. Then the free boundary d{v > 0} is CO*! in a neighborhood of
(0,0).

In particular, if f € C*(By) then the free boundary is C* near the origin in both space and
time.

The key point is that the same ratio-argument used to obtain the C1** regularity
is applied inductively. Concretely, once you know the normal vector is C;‘S (9Qn
Q,2) you have that the free boundary is Cg‘f, iterating the same argument we get the
smoothnes.

3.4 Singular points

We finally study the behavior of the free boundary at singular points, i.e. those x¢ for
which

lim |{u =0} N B, (xo)| _

lim T (3.20)

As a first consequence of the results in the previous section, we obtain the following
dichotomy:

Theorem 3.31 (Classification Dichotomy). Let u be any solution of (3.7) at the origin.
Then exactly one of the following occurs:

(a) Either the density condition (3.15) holds and all blow-ups of u at 0 are of the form

f(0)

up(x) = = (x-e)?, eeS" L

(b) Or the vanishing density condition (3.20) holds and all blow-ups of u at 0 are of the
form

0
ug(x) = J% xTAx, A>0, trA = 1.
Points in case (a) where alredy estudied, while now we wil focus on points in case
(b), called singular points, wich happens to have 0 density.
To prove this, we begin with the following lemma.

Lemma 3.32. Let u be a solution of (3.7), and assume (3.20) holds. Then every blow-up u
of u at 0 satisfies [{ ug = 0} = 0.

1

Proof. Letu, (x) := %, and suppose u,, — 1 in Cp_

(R™) for some blow-up 1. Each
u,, satisfies, in the weak sense,

Auy, = f(rex)Xqu, >0y in Bu.

In weak form:

/ Vu”k ' VT] = / f(rkx))({u,k>0} n \7/77 € CEO(Bl) (321)
Bl Bl
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Since f € CY(By), we have f(rxx) — f(0) uniformly on compact subsets. Also,
X{ur, >0} = X{uo>0} almost everywhere, and is uniformly bounded. So, by dominated

convergence,
/Bf(rkx)X{u,k>0}n—>f(0)/B X{uo>0}1-
1 1

Passing to the limit in (3.21) gives

/ Vug -V = f(O)/ X{up>0}1], (3.22)
Bl Bl

SO

Aug = f(0)X{uo>0y in the weak sense .

Moreover, by assumption (3.20), we have |{ur =0}nN B1| — 0 and thus, taking
limits rx — 01in (3.22), we deduce that

Aug = f(0) in By.
Since we know that ug is convex, nonnegative, and homogeneous, this implies

[{uo = 0}| = 0.

With this being said, we can now state the proof of the theorem

Proof of Theorem 3.31. By the blow-up classification (Theorem 3.15), any blow-up at 0
is either of the half-space form or the full quadratic form. If (3.15) holds for at least
one blow-up, then by regularity of the free boundary it holds for all blow-ups, and

Corollary 3.24 gives
£(0) 9

uo(x):T x-e):,

with uniqueness of the blow-up. Otherwise (3.20) must hold, and then Lemma 3.32
shows that any blow-up has |{ 1y = 0}| = 0, forcing the form

0
ug(x) = J% xTAx, A>0, trA=1,

as in case (b). O

The next question we will address is the uniqueness of these convergence polynomials.

Lemma 3.33 (Local non-degeneracy and C! and regularity estimates). Let u be the
solution of (3.7) here is a universal constant C such that for all r € (0, %),

r* < Csupu, |lullpsp,) < Cr®, |Dullp~@,) < Cr, |ID*ulli~@p,) < C. (3.23)

B,
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See [Caf98][ (Theorem 2, Lemma 5) for the derivation.
Also we will define the following functionals: For w € Cllo’i(Bl) and r € (0,1),
define the rescaled function
wy(x) = r2w(rx),

and the following dimensionless energy-type functionals:

D(r,w) := rz_”/ |Vw|2=/ [Vw,|?,
B, B1
H(r,w) := rl_”/ w2=/ w2,
B, 9B,

Now we show that the blow-ups are unique using Weiss’s monotonicity formula for

(3.24)

the adjusted energy (see [Wei99]). We set for any v € Cllo’i(B 1) and any homogeneity
parameter A € R, define the Weiss functional

Wi(r,v) = r_QA{D(r,v) - /\H(r,v)},

where D and H are as in (3.24).
Let
P = {P(X) € R[xy,...,x,]: degp =2, Ap = 1}_

In other words,
P = {p(x):%xTAx+€-x+c:AeSymn, trA=1, £ €R", ceR}.
We are now able to state the following lemmas.

Lemma 3.34 (A.2). Let u solve the obstacle problem in By and suppose 0 € X(u). Fix any
sequence ri | 0. Then, up to a subsequence,

rlu(re:) — fO)pa in CUL(RY),

loc

where po is a nonnegative, 2-homogeneous polynomial satisfying Aps = 1. We denote by P
the family of all such polynomials.

Proof. Set
ve(x) = 7122 u(rx) € C*(Byyy,).

By the uniform C'!-bounds on u (Lemma 3.33) the family {vx} is equi-bounded in
CU1(Bg) for every fixed R > 0. Hence, by weak*~compactness, a subsequence con-
verges in

Clléi(R”) tosome v e CULRM).

Moreover v > 0, v(0) = 0, and

2 s 2 2
V=0l po@ny < Iminf|[V-ok|lL=p, 0, ) < 1D ullL=p,,) < C.
k—o0 k
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Since 0 € X(u), one also has

f(re) Xqop=0p — f(0) in Lj, (R").

In the limit Av = f(0) throughout R". By Liouville’s theorem for entire functions with
bounded Hessian, v must be a quadratic polynomial of the form f(0) p2 with py € P.
This completes the proof. |

Lemma 3.35. There is a universal constant C such that forall p € P and all r € (0, 1),

Do (r,u - f0)p) =~ (3:25)

Proof. Setv :=u — f(0)p. A direct computation gives

d 2
$W2(r,v) > r_5/31 (2vr —x-er)Avr.

Since
|Av, + 7% £, X(o=0y| < 7* S};pv - f(0)],

we estimate

(20, — x - Vo,) Av, > —72/ (20, —x-Vo,) fy — C/ |2v, —x - Vo,|r?*
B1 B1n{u=0} B1
> rQ/ (2p, —x-Vp,) f, = Cr*® > —Cr*¥.
Bin{u=0} —— o —
=0
Plugging back into the derivative of W, yields (3.25). |

Lemma 3.36. For every p € P one has

Wo (0%, u — f(0)p) = 0, %(V“LH(r,u —f(O)p)) > —Cr>t forre(0,1),

with C universal. In particular, at any singular point the blow-up is unique, and there exists
a universal modulus of continuity w : (0,1) = R, @(0%) = 0, such that

1’_4H(r,u - f(0)p2) < w(r) forallre(0,1),

provided ps is the blow-up.

Proof. Choose a subsequence rx | 0 and p € £ with r,:zurk — p. Then by Lemmas 3.35
and 3.34,

W (0%, u=f(0)p) = lim Wa(ri, u=f(0)q) = lim | D (1,720, ~f(0)9) -2 H (1, 72~ £(0)q) |.
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Since p, g are 2-homogeneous with Ap = Ag = 1, one checks

_ 2 _ 2:
/Blw P2 /331(’7 272 = 0,

and hence Wy(0*, u — f(0)p) = 0.
Integrating equation (3.25) we get Wa(r,v) > —C r?, so by a direct computation:

%(r—‘iH(r,u - f(0)p)) = %{Wg(r,v) + %4/ v, Avr}

By

r

2 5
> —{—Cr5 + /Bm{urzo}f(O)pf(r-) - Cr‘s} > —Croh,

This immediately gives uniqueness of the blow-ups. Let us prove existence of a
universal rate of convergence of u to such blow-ups. Arguing by contradiction one
finds ¢ > 0 and a sequence uj such that

ritH (i uk = f(O)pax) = e

Setting vy := r %ux(r) and arguing as in Lemma 3.34 one finds g € % such that

vx — f(0)g in Clloc(R”). Now we get a contradiction using Monneau’s monotonicity

on uy and g:

e < H(1, vk — f(0)pax) S H(L, vk = f(0)q) +H(1, f(0)g — f(O)pak)
< H(1,vx — f(0)q) + rl:4H(rk,uk — f(0)q) + Crlf
<2H(1,vc - f(0)q) + Cr,‘? — 0, k— oo.

Hence, uniqueness is established.
Summary. We have seen that at a free-boundary point xy exactly one of two scenarios

occurs:

(i) The contact set {u = 0} has positive density at x, in which case all blow-ups are
half-space quadratics @(x -¢)? and d{u > 0} is C™ near xq.

(ii) The contact set has zero density at x(, in which case the unique blow-up is a full
quadratic f(xo) p(x) with Ap = 1, and {u = 0} remains “thin” at x.

With these dichotomy and uniqueness results in hand, we are ready to state the main
theorem of this section.

Theorem 3.37 (Dichotomy at the origin). Let u be any solution of the obstacle problem
ueCY(By), u>0, Au=f(x)in{u >0},

and assume f € C°(By), f(0) > 0. Then exactly one of the following two alternatives holds:
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1. Regular blow-up. Every blow-up at 0,

u(rix
urk( ): (1",; )/ k»le/
k
converges (up to a subsequence) to
(0)
ug(x) = f2 (x-e)?

for some unit vector e € S""L. In this case the free boundary d{u > 0} is C* ina

neighborhood of the origin.

2. Singular blow-up. There exists a single quadratic polynomial

px)eP, p=>0, Ap=1,

such that
il = £l = 0.
equivalently

=72 f0) p(r~ s,y = 0(r?) asr — 0,

In particular,
[{u=0}nB
1 _ =
r—0 |Br|
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