BEURLING-LANDAU’S DENSITY ON COMPACT
MANIFOLDS

JOAQUIM ORTEGA-CERDA AND BHARTI PRIDHNANI

ABSTRACT. Given a compact Riemannian manifold M, we consider the
subspace of L?(M) generated by the eigenfunctions of the Laplacian of
eigenvalue less than L > 1. This space behaves like a space of polyno-
mials and we have an analogy with the Paley-Wiener spaces. We study
the interpolating and Marcienkiewicz-Zygmund (M-Z) families and pro-
vide necessary conditions for sampling and interpolation in terms of the
Beurling-Landau densities. As an application, we prove the equidis-
tribuition of the Fekete arrays on some compact manifolds.

INTRODUCTION

Let (M, g) be a smooth, connected, compact Riemannian manifold with-
out boundary, of dimension m > 2. Let dV and Aj; be the volume element
and the Laplacian on M associated to the metric g, respectively. The Lapla-
cian is given in local coordinates by

1 9 Of
sur= L5 2 (Gl

where |g| = |det(g;;)| and (¢g%);; is the inverse matrix of (g;;)ij. Since M
is compact, g;; and all its derivatives are bounded and we assume that the
metric ¢g is non-singular at each point of M.

By the compactness of M, the spectrum of the Laplacian is discrete and
there is a sequence of eigenvalues

D<A <A< - >

and an orthonormal basis ¢; of smooth real eigenfunctions of the Laplacian
ie. Ayd; = —A2¢;. Thus, L*(M) decomposes into an orthogonal direct
sum of eigenfunctions of the Laplacian.
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We consider the following subspaces of L*(M).

kr
Ep = {f e L*(M) : f= Zﬁi(bi; Ay = =Ny, Ay, < L},
=1

where L > 1 and k;, = dim F;. FEp consists of functions in L?*(M) with
a restriction on the support of its Fourier transform. It is, in a sense, the
Paley-Wiener space on M with bandwidth L. Such spaces have been studied
by I. Z. Pesenson and his co-authors (see [GP11] for a detailed discussion).

The goal of this work is to extend the theory of Beurling-Landau on the
discretization of functions in the Paley-Wiener space on R" to functions in
M. This should be possible because there is already a literature on the
subject in the case M = S™ (see [Mar07] for more details). In the present
work, we study the interpolating and Marcinkiewicz-Zygmund families for
the spaces E;. We prove some basic facts about them and give necessary
conditions in terms of the Beurling-Landau’s density. More precisely, our
main result is:

Theorem 1. Let Z be a triangular family in M. If Z is an L?-M-Z7 family
then there exists a uniformly separated L?>-M-Z family Z C Z such that

D= (2) > 1.
If Z is an L*-interpolating family then it is uniformly separated and
D™ (2) <1,

where DT and D~ are the upper and lower Beurling-Landau’s density (see
Definition |4| for more details), respectively,

We want to point out that there are no good sufficient conditions in terms
of the density for the Paley-Wiener space. Thus, we only obtain necessary
density conditions for a family to be M-Z or interpolating. Nevertheless,
we prove some qualitative sufficient conditions for M-Z and interpolating
families: a family that is sufficiently dense (sparse) is M-Z (interpolating)
(see Theorem (7| and Proposition [2)) but we do not know in a quantitative
manner how dense or sparse a family should be.

In the last section, we study the Fekete families for the spaces Ej. Fekete
points are the points that maximize a Vandermonde-type determinant that
appears in the polynomial Lagrange interpolation formula. We show their
connection with the interpolating and M-Z families and prove the asymp-
totic equidistribution of the Fekete points on some compact manifolds. Our
main result in this direction is:

Theorem 2. Let M be an admissible manifold and Z = {Z(L)}, be any
array such that Z(L) is a set of Fekete points of degree L. Consider the
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Measures iy, = le ZkL 0.,.. Then uy converges in the weak- topology to
the normalized volume measure on M.

For the precise definition of an admissible manifold see Definition [7] The
key idea in proving the above theorem is the necessary condition for the
interpolating and Marcienkiewicz-Zygmund arrays in terms of the Beurling-
Landau densities given by Theorem [I]

In what follows, when we write A < B, A 2 B or A ~ B, we mean that
there are constants depending only on the manifold such that A < CB,
A>CBor C1B < A< (5B, respectively. Also, the value of the constants
appearing during a proof may change but they will be still denoted with
the same letter. A geodesic ball in M and an Euclidean ball in R™ are
represented by B(§,r) and B(z,r), respectively.

1. KERNELS ASSOCIATED TO Ej

Let

Z@ )oi(w) =Y di(2)di(w

<L
This function is the reproducmg kernel of the space Ey, i.e.

Ve EL f(z)=(fKu(z")).

Note that dim(E.) = k, = #{\; < L}. The function K, is also called
the spectral function associated to the Laplacian. Hormander in [Hor68],
proved the following estimates.

(1) Ki(z,2) = 222 L™ + O(L™ ') (uniformly in z € M), where o, =

(27T)nz
2rm/2
mI'(m/2)"
(2) ky = 5L + O(L" ),

In fact, in [Hor68], there are estimates for the spectral function associated
to any elliptic operator of order n > 1 with constants depending only on
the manifold.

So, for L big enough we have k; ~ L™ and
| KL(z, )Hg =Kp(z,2) ~ L™ ~ kp,

with constants independent of L and z.

We will also use the Bochner-Riesz Kernel associated to the Laplacian that

is defined as
kg \, N
SN(z,w) = Z (1 — f) bi(2) s (w).

=1
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Here N € N is the order of the kernel. Using the definition, one has that
for all g € L?*(M), the Bochner-Riesz transform of g is

/SL 2 w)g(w)dV (w) = i(l—%)Nq@(z)eE’L,

=1

where ¢; = (g, ¢;). Observe that ||SY(g)[l2 < [|g]|2-

Note that S%(z,w) = Ki(z,w). The Bochner-Riesz Kernel satisfies the
following estimate.

(1) |57 (2 w)] < ONL™ (14 Ld(z,w)) ",

where Cy is a constant depending on the manifold and the order N. This
estimate has its origins in Hormander’s article [H6r69, Theorem 5.3]. Esti-
mate (1) can be found also in [Sog87, Lemma 2.1].

Note that on the diagonal, S¥(z,2) ~ CyL™. The upper bound is triv-
ial by the definition and the lower bound follows from

N
SN (z,2) > Z (1 — %) ¢i(2)pi(2) > 27N Ky jo(z,2) =~ CnL™.

N<L/2

Similarly we observe that ||S£V(, f)H; ~ CyL™.

We can consider other Bochner-Riesz type kernels. From now on, we fix
an € > 0 and BS will denote a transform from L*(M) to Ey, with kernel

@) By (2 w) = Z@() 2n(w)

1.e.

BN = [ Byl wifw 2&()ﬁmm>

where S, : [0, +00) — [0, 1] is a function of class C* supported in [0, 1] such
that S (x )—1 for x € [0,1 — €] and Be(z) =0if = ¢ [0,1).
A
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Observe that for € = 0, the transform BY is just the orthogonal projection
of the space Ey, i.e. the kernel B?(z,w) = K1(z,w).

We recall now an estimate for the kernel B{(z,w) that is similar to the
Bochner-Riesz kernel estimate (1]).

Lemma 1. Let H : [0, +00) — [0,1] be a function with continuous deriva-
tives up to order N > m with compact support in [0,1]. Then there exists a
constant C'y independent of L such that

Vz,w e M.

kL
) | HOSDO0(w)| < O L™ e

For a proof see [FM10b, Theorem 2.1] and some ideas can be traced back
from [Sog87].

2. DEFINITIONS AND NOTATIONS

Given L > 1 and my € N, we consider a triangular family of points in
M, Z={Z(L)},, denoted as

Z(L)={zr; €M : 1<j<mp},L>1,
and we assume that m; — oo as L increases.

Definition 1. A triangular family of points Z in M is uniformly sepa-
rated if there exists a positive € such that for all L > 1

€ .
dM(ZLjasz) > z7 J # k?
where € is called the separation constant of Z.

Remark 1. The natural separation is of order 1/L in view of Proposition
(see below) that shows that a necessary condition for interpolation is that
the family should be uniformly separated with this order of separation. The
key idea is Bernstein’s inequality:

(4) IViilleo S Lllfelle, VL € EL.

This estimate has been proved recently in [FM10b, Theorem 2.2]. Thus, on
balls of radius 1/L, a bounded function of E}, oscillates little.

Definition 2. Let Z = {Z(L)},., be a triangular family in M with my >
kr for all L. Then Z is a L?*-Marcinkiewicz-Zygmund (M-Z) family, if
there exists a constant C' > 0 such that for all L > 1 and f;, € E|,

—1 L mr,
%Z |fr (2 < /M |fol?dV < %; | fr(zr)]?.

j=1
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Remark 2. The condition of being M-Z can be expressed in terms of the
reproducing kernel of Fp: a family Z is M-Z if and only if the normalized
reproducing kernels form a frame with uniform bounds in L, i.e.

mr,
> e Kz DI~ £,
=1
with constants independent of L, where Ky (z,w) = |KL(Z’w)

KL (2 )2

Definition 3. Let Z = {Z(L)},., be a triangular family in M with mz, <
kr for all L. Then Z is a L?-interpolating family if for all family of values

c={c(L)}rs, o(L) = {crj}t<jcpn, sSuch that

1
sup — Z lezi|® < o0,

L>1 kL —
7j=1

there exists a sequence of functions f;, € E;, with

sup || frlly < o0
L>1

and fr(zr;) =crj (1 <j<myp). Thatis, fr(Z(L)) =c(L) for all L > 1.

Remark 3. Equivalently, a family is interpolating if the normalized repro-
ducing kernels form a Riesz sequence, i.e.

1 ~
DI DI ACHE]
J J

with constants independent of L, whenever ¢ = {cy,; }j ; is a family satisfying

1 o2, o
s%p . ; ler|” < oo.
Intuitively, a M-Z family should be dense in order to recover the L?-norm
of functions of the space E, and an interpolating family should be sparse.
We recall a result that is a Plancherel-Pdlya type inequality. For a proof,
see [OCP11], Theorem 4.6].

Theorem 3 (Plancherel-Pélya Theorem). Let Z be a triangular family of

.....

of uniformly separated families, if and only if there exists a constant C > 0
such that for all L > 1 and f; € Ey,

) e MIICHILt ey WTAGIG]
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Remark 4. The above result is interesting because the inequality means
that the sequence of normalized reproducing kernels is a Bessel sequence for
EL; i.e.

mr

Y UAELCz) P S Al Y € B,

j=1
where {[E’ L(~,zLj)}‘ are the normalized reproducing kernels. Note that
. j
\Kp (-, 205) 2 =~ |KL(-,2;)|?k; . That’s the reason why the quantity &,
appears in the inequality (5)) and in Definitions [2] and [3|
3. INTERPOLATING AND M-Z FAMILIES

In this section we will present some qualitative results about the interpo-
lating and M-Z families.

3.1. Interpolating families. The following result shows that the interpo-
lation can be done in a stable way.

Lemma 2. Let Z be a triangular family in M. Assume Z is interpolating.
Then the interpolation can be done by functions f;, € Er, such that

C &
1205 < . > 1zl
j=1

where C' is independent of L.

The proof follows from the Closed Graph’s Theorem (check the basic
ideas in [You80, Proposition 2, Page 129]).
Now, we provide a necessary condition for an interpolating family.

Proposition 1. Let Z be an L?-interpolating triangular family in M. Then
Z is uniformly separated.

Proof. Fix Ly > 1 and 1 < jo < mp,. Using Lemma , there exist functions
fro € Er, such that fr,(z5.;) = 0;5, and || fr, |53 < C/kz, (C independent
of L). Applying [OCP11l Proposition 3.4], we get the following.

1= |fL0(ZL0j0) - fLo(ZLoj>’ < vaLOHoodM(ZLOJb?ZLOj)
1
SJ V kLoLU HfLo”Q dM(ZLojm ZLOj) S Lo V kLo \/k—dM<zL0jov ZLOj)
Lo

>~ Lodnr(2Lojos 2Loj)-
Thus,
1 . )
dri(ZLojos ZLoj) 2 I VLo > 1, j # jo,
0

where the constant does not depend on Ly and 7. O
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Theorem 4. Let Z and Z' be two triangular families in M. Assume that
Z is an L*-interpolating family. Then there exists &g > 0 such that for all
0<6<0dy, Z'"is also L*-interpolating provided
dy(2p;, 205) <O0/L, ¥Yj=1,--- mp; L > 1.
The proof follows by a perturbation argument and some gradient esti-
mates proved in [OCPII]. The next proposition gives us a sufficient con-

dition for interpolation. It says, essentially, that a sparse family should be
interpolating.

Proposition 2. Let Z = {Z(L)}, = {zLJ}LN] 1oy C M be atriangular
family of points with mp < kr. Assume Z is sepamted enough, i.e. there
exists R > 0 (big enough) such that
R
d(ZLj,ZLk) Z z, \V/] 7é k’, \V/L
Then Z is an interpolating family.

Proof. In the following, we consider the Banach spaces:

A= {U ={ur}, = {ULj}?:Ll Dol = sup Z or,|* < OO}

and F :={f = (fr)r; fr € Er} endowed with the norm
IFI1% = SngfLHg'

Let R : E — A be the evaluating operator, i.e. if v := R(f) for some
f € E, then vy; = fr(z;). This operator is linear and continuous by the
Plancherel-Pélya type inequality (Theorem . Now, consider the operator
S : A — FE defined as follows: if v € A, then S(v) =: f with

ZUL]S ZLW )

ZL]7 ZL])

where SY(z,w) is the Bochner-Riesz Kernel of order N associated to the
Laplacian (see Section [I| for the definition). The order N will be chosen
later. Note that the functions f; belong to EL and

The operator S is well defined. Indeed, let v € A and f := S(v). We need
to prove that f € E. Using Cauchy-Schwarz inequality, we obtain:

S (ZL ,');g>
1fll, = sup [(fr.9)| = sup ULL—]
’ llgllo=1 llgll,=1 ]Zl ’ L (ZLja ZL])

S vl sup [1S7gll2 < [lv]la,
llgll2=1
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where we have applied Theorem [3[to S¥ (g). Therefore, ||f||z < ||v]|a < oco.
This proves that § is well defined and continuous. Obviously this operator
is linear.

If |[RoS —1Id|| <1, then R is invertible. Furthermore, R is exhaustive
and as a consequence the family Z is interpolating. We only need to check
that [[R oS — Id|| < 1. We claim that

(6) >

J#k

SY (215, zLk)

<<1
SY (2L, 215) ’

uniformly in L for R big enough, provided N + 1 > m. Thus,

IRoS—1Id|* = sup [R(Sw))—vli= sup [wl

veA;|lv]| a=1 veA;|lvf| a=1

where w = {wrk };,., with

Z S (2L, ZLk)

Wrk = Vi .
- MSN (21, 215)

itk
Using the claim @, we get a control of the L*-norm of w:

SL ZLjysz)

<<,
SN(ZLW zL;)

o il < sup Y
L

for all v = {vy;},, such that sup, vr;| = 1. Moreover, using again (©), we
have the same control of the L'-norm of w:

SN (zpk, 2
Sup k Z |ka| < Sup _ "ULJ‘ Z ’ L \#Lk; LJ
_] 1

<< 1
SN ZLkasz ’

for all v = {vy;},,, such that sup, é >_jlvrjl = 1. Thus, interpolating
between the L'-norm and L®-norm, we get the same result for the L?-norm
of w and the proof is complete. Now we proceed in order to prove the claim

(6). Let

1
(1 + LdM(Z, ZLk>)N+1

and B; := B(zp;,1/L). It is easy to check that

gr(2) ==

) 1
%f gk (2) > ng(ZLj)-
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Using the fact that Z is separated enough, we know that B; are pairwise
disjoint and U, B; C M \ B(zpx, (R — 1)/L). Therefore, applying (1)),

> <Oy Y alen) <OxL Y [ a)av(e)

J#k ik ik’ B

Siv (ZLj7 ZLk)
ST (25, 215)

m 1
= Ok /M (Ldn(z sz))NHXM\B(sz’(R_l)/L)(Z)dV'

Consider for any ¢ > 0, the following set A;.

R—1 t—l/(N—l—l)
7 dM(Z,ZLk) < T} .

Using the distribution function, one can compute that

2

i#k

Ay = {z eM: dy(zzk) >

Sjjj,V(ZLja ZLk)

(R—1)~(N+1)
<C Lm/ vol(A;)dt
SP (214, 215) R (4,

1
(R — 1)(N+D)—m’
provided N 4+ 1 > m. Taking R big enough we get the desired claim. U

S Cn

3.2. Marcinkiewicz-Zygmund families. In what follows, we present some
qualitative results concerning the M-Z families. The proof of these results
follows from standard techniques and the ideas in [MarQ7, Theorem 4.7],
replacing the corresponding gradient estimates obtained in [OCP11].

The following theorem allows us to assume, without loss of generality, that
a M-Z familiy is uniformly separated.

Theorem 5. Let Z C M be an L?-M-Z family. Then there exists a uni-
formly separated family Z C Z which is also an L*-M-Z family.

The next result shows us that a small perturbation of a M-Z family is
still a M-Z family.

Theorem 6. Let Z be an L*-M-Z family. There exists eg > 0 such that if
Z' is a uniformly separated family with

du (25, 21) < T

for some € < €y, then the family of points Z' is L?>-M-Z.

Now we provide a sufficient condition for a family to be L?-M-Z. Intu-
itively, a family should be dense in order to be M-Z.

Theorem 7. There exists €g > 0 such that if Z is an e-dense family (not
necessarily uniformly separated), i.e. for all L > 1

sup dyy (€. 2(L)) < 7. (€ < ).
EeM
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then there exists a uniformly separated subfamily which is é-dense and is an
L?-M-7 family provided that € < €.

Remark 5. Theorem [7] has been also proved by F. Fibir and H.N. Mhaskar
using other techniques (see [FM10a, Theorem 5.1}).

4. BEURLING-LANDAU DENSITY

In this section, we provide necessary conditions for a family to be inter-
polating or M-Z in terms of the following Beurling-Landau type densities.

Definition 4. Let Z be a triangular family of points in M. We define the
upper and lower Beurling-Landau density, respectively, as

E#(Z(L)N B(§,R/L
D*(Z) = limsup (limsup (?éf}\?(h ( M / )))>>7

R—o0 L—o0

vol(M)
1
wH#(Z(L)N B(, R/L))
_ ERT . . : ] kL
D (2)= h}gi&}f (hLIri)loglf <£g\:5[1 ( w :

Remark 6. Let py be the normalized counting measure, i.e.

1
==Y,
ILLL kL ; Lj

and o the normalized volume measure, i.e. do = dV/vol(M). Then the
densities defined above can be viewed as the asymptotic behaviour of the

quantity
pL(B(E, R/L))
o(B(& R/L))

Our main result is:

Theorem 8. Let M be an arbitrary smooth compact Riemannian manifold
without boundary of dimension m > 2 and Z a triangular family in M.
If Z is an L?-M-7 family then there exists a uniformly separated L?-M-Z7.
family Z C Z such that )
D= (2) > 1.
If Z is an L*-interpolating family then it is uniformly separated and
Dt(Z)<1.

This result was proved in the particular case when M = §™ in [Mar(7].
Following the ideas of [Mar(7], we prove Theorem [§in the general case of a
manifold. In [Mar07], the key idea to prove this result was the comparision
of the trace of the concentration operator and its square with an estimate
of the eigenvalues of this operator. In general, the main difference from the
case of the Sphere is that we lack of an explicit expression of the reproducing
kernel. Thus, in the general setting, we need to work with a “modified”
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concentration operator. Before we proceed, we shall introduce the concept
of the classical and modified concentration operator.

4.1. Classical Concentration Operator.

Definition 5. The classical concentration operator K%, over a set A C M,
is defined for f;, € Ey, as

(7) Kk 12 /?szfaaﬂda

This operator is the composition of the restriction operator to A with the
orthogonal projection of Fy, i.e. Ki(f1) = Pg, (xafr) for all f;, € Er. The
operator K% is self-adjoint. Indeed, if fr, g, € Ey then:

(K% fr90) = (P, (Xa - fr),91) = (Xa - fr, Pe,(92)) = (xa - fr,90)
= (fr,xa-9L) = (Pey fr, xa - g1) = (£, K5(9)).
Alternatively, we can view the action of the concentration operator as a

Ty

of a function f;, € E (with respect to the orthonormal basis {¢;}). If we
denote by Dy, := (di;)i*

i3-1, where

4= [ 60,

A

then KC5(fz) = Dr(B).

Using the spectral theorem, we know that the eigenvalues of K are all real
and E; has an orthonormal basis of eigenvectors of K4. The trace of Kf is

tr(K%) :Zdii: /A Ki(z,2)dV(2).

Similarly, we can compute the trace of K4 o K.

tr(K4 o KY) = Z dijdy; = / |K 7 (z,w)]2dV (w)dV (2).
ij=1 AxA
We will choose A as B(&, R/L) for some fixed point £ € M (note that all
the constants in the estimates will not depend on the fixed point £ € M).
Taking into account that
Rm

vol(B(E, R/L)) = 7
and using Hormander’s estimates for the reproducing kernel and kj (see
Section |1]), we get

L vol(B(&, R/L o(L™
(8) K sen/m) = ke (vo(lg(M)/ D (Lm>'
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4.2. Modified Concentration Operator. From now on, we fix an € > 0
and consider the transform Bj defined in Section [I| associated with the
kernel

By (zw) = ZBE() i)

ie. for all f € L*(M),

BUNE) = [ Byl Z@( ) (. 6)0n(2).

M

Definition 6. The modified concentration operator Ty 4, over aset A C M,
is defined for f;, € Ep, as:

Tj afu(2) = Bi(xa - BL(f1))(2) =/MBE(%w)XA(w)BE(fL)(w)dV(%U)-

Observe that for € = 0, the modified concentration operator is just the
classical concentration operator defined previously.

An advantage of T} , in contrast of K% is that we have a nice estimate
of its kernel: using Lemma [I| we know that for any N > m, there exists a
constant C'y independent of L such that

1

BY < Lm M.
‘ L(Z7w)| e — CN (1 + Ld(Z,’LU))N’ VZ7w 6

The operator T} , is self-adjoint and by the spectral theorem its eigenval-
ues are all real and E'7, has an orthonormal basis of eigenvectors of T} 4. In
fact, the main reason to do the first smooth projection in 77 4 is to ensure
the self-adjointness of the operator (but the calculations work even if we
consider only B¢ (xa-)).

As before, we can compute the trace of T} 4 and T} 4 o T7 4 that will be
used later on.

tr(T5 4) = 252( )/¢2 )dV (2 /BE(Z 2)dV (2),

where B (z,w) is a kernel defined as

kL

Bileu) = Yo (7 ) oantw),

=1

with a(z) := 32(x). Note that the function a has the same properties as 3
and therefore we know that B¢ (z,w) has the estimate (3)).
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Similarly we can compute the trace of T} 4 o T} 4.

(T 40 TS ,) = / (B (2, w) 2V (2)dV (w).

AxA

Since the modified concentration operator is a small perturbation of K%,
one can estimate tr(7} 4) in terms of tr(K%). Indeed, using the definition

of Be(x),
(k") < (T ) < (k).
Applying this computation to A = A, := B(§, R/L) and using (§)), we get
the following.
vol(B(¢,12/L))

tr (17 e ry)) S kra-o—voiin—  o(L™(1 —€)™) 1
vol(B(§,R/L)) — vol(B(¢,R/L)) m(1 —_ £\m vol(B(¢,R/L)) *
kLW kLW L (1 6) kLW

Since vol(B(&, R/L)) ~ R™/L™, the second term tends to 0 when L — oc.
Thus, using the expression for kj, (see Section , we get:

- tr(T} 4,) m
(9) hlI/Ii)lorolf m Z (]_ — E) N Ve > 0.
L™ Sol(M)

The upper bound for this quantity is trivial since tr(T} 4,) < tr(K%,) and
has been computed previously. Hence, using we have
tr(T7 4,)
(10) limsup ———=—7 < 1.
L—o0 kL—l(\i(lf}\?)/L))
Similarly, if p > 0 is a fixed number, then
(7% (14 p),a,)

vol(B(¢,R/L))
kL vol(M)

(11) lim sup < (I4p)™.

4.3. Proof of the main result. In the spirit of the original work of Lan-
dau, the proof of Theorem |8 relies on a trace estimate of 77 4, and two
technical lemmas (Lemma (3| and 4| below) that estimate the number of big
eigenvalues of the modified concentration operator. First we state these
technical results and show the proof of the main result and in Sections [{4.4]
and we present a proof of them.

The following result is an estimate of the difference of the trace of T 4,
and 17 4, o T} 4, . It will show us, later on, that most of the eigenvalues are
either close to 1 or to 0.

Proposition 3. Let A, = B(§,R/L). Then
limsup (tx(T5,,) = tr(T5 4, 0 T5.0,)) < Ca(l = (1 — /™) R™ + CaR™

L—o0
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where Cy (independent of €) and Cy are constants independent of L and R.
Similarly, if p > 0 then

limsup (tr(Tf 1y p) a,) = (T4, © Tiaypa,))

L—oo
<Cy(14p)™(1 = (1 — )™ R™ + CoR™ 1,

where Cy (independent of € and p) and Cy are constants independent of L
and R.

Given L > 1and R > 0, let Ay, AT = A} (t) and A; = A7 () be the balls
centered at a fixed point £ € M and radius R/L, (R+1t)/L and (R —1)/L,
respectively, where t is a parameter such that s <<t << R << L and s
is the separation constant of the family Z. The value of ¢ will be chosen
later on. We denote the eigenvalues of the modified concentration operator
17 4, as

1>Af > > A0 >0
Lemma 3. Let Z be an s-uniformly separated L?>-M-Z family. Then there

exist ty = to(M,s) > 0 and a constant 0 < v < 1 (independent of ¢, R and
L) such that for all t > to,

L
A]\/L+1 S e
where

Np = Ni(t) = #(2(L) N A}) = #(Z(L) N B(&, (R+1)/L)).
Remark 7. In the conditions of Lemma [3]
#{NF > 9} < Ny = #(2(L) N A}) < #(Z(L) 0 Ar) + O(R™), R — oo,
where the constant in O(R™~1) does not depend on L.

Proof of Remark[7. The first inequality is trivial by Lemma [3] and the sec-
ond inequality follows using the separation of the family Z. Moreover,
N L S R™ / s, O

Lemma 4. Let Z be an L2-interpolating family with separation constant s
and p > 0. Then there exist t; = t,(M,s) > 0 and a constant 0 < § < 1
independent of R and L such that for allt > ty,

1
1+p > _ 2
pim08(11).

where )\ﬁ(lﬂ’) are the eigenvalues associated to T7
of p and € and

nr =nr(t) = #(Z(L) N Ap) = #(2(L) N B(§, (R —t)/L)).
Remark 8. In the conditions of Lemma [4] we have

#(E(L) N AL) = O(R™™) S = #(Z(L) N A7) < # {A1 2 61 +1,
where the constant in O(R™~1) does not depend on L.

14p).4, C s independent
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Proof of Remark[§ The second inequality is trivial by Lemma [ and the
first inequality follows using the separation of Z. O

In what follows, we pick the parameter ¢ in the range max(to,t;) <t <<
R, where to and ¢; are the values given by Lemmas 3] and [

Now we have all the tools in order to prove the main result concerning
the notion of densities.

Proof of Theorem[§, Assume Z is an L*-M-Z family. Without loss of gen-
erality, we may assume that Z is uniformly separated (see Theorem .
Consider the following measures:

kr
j=1

Note that

1 1
tr(T7 4,) = / wdpr(x), tr(Tp a4, 0T]4,) = / w?dp ().
0 0

Let v be given by Lemma [3] We have

1

#08> b= [ du@ > [ et - = [ 20 -

€ 1 € € €
= t1"(TL,AL) -1 V(tr(TL,AL) - tr<TL,AL © TL,AL))v

1
Using the remark following Lemma [3| and @, we have

#(Z(L)NAL) + O(R™1)

lim inf

100 ky SUEERD)
> limn inf tr(77 4,) 1 tr(Tf 4,) —tr(Tf 4, 015 4,)
= pos vol(B(¢,R/L)) _ vol(B(&,R/L))

b= kL vol(M) 1= kL vol(M)

tr(T¢ —tr(7T¢ , oT¢
>(1—e)™— 1 lim sup Tin,) vol(B((fzleL)) L)
7 Lo kL=
Observe that
(B¢, R/L

vol(M)
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Applying and Proposition , we have
#(Z(L)NAL) +O(R™ 1)

lim inf
o0 vol(B(§,R/L))
b= kL vol(M)
> (1= — C lim supL_mo(tr(TiAL) - tr(TiAL o TIGMAL))
N 1—7 Rm
C 1 O(R™")
>1—-e" ——@1—-(1—¢)™) — .
> (-0 - (- (-0 - T
Taking inferior limits when R — oo in the last estimate, we get that
C
D (Z) > (1—e)m——1 (I1-(1—-¢™) Ve>D0,
-7

where C' and ~ are independent of €. Therefore, letting ¢ — 0 we get the
claimed result:

D (2) > 1.

Assume now that Z is an L2-interpolating family, in particular it is uni-
formly separated by Proposition [I} Fix p > 0. Let § > 0 be the value given
by Lemma

I s T CRENG
- j = =75 r( L(1+p), AL © L(1+p),AL> + 5 r( L(1+p),AL)

€ 1 € € €
= tr(T}(14p),a,) + g(tr(TL(Hp),AL) — (T a1p),a, © Tiisp),a,))-
Using the remark following Lemma , , and Proposition 3| we have
#(Z(L)NAL) — O(R™)

vol(B(¢,R/L))
kL vol(M)

tr(T£(1+p),AL )
vol(B(¢,R/L))
vol(M)

< lim sup
L—oo

lim sup
L—oo
1 tr(7’s —tr(77} oT¥ C

+ ~ limsup ( L(1+P)7AL) ( L(1+p), AL L(1+p)7AL) 1

vol(B(¢,R/L)) m
Y L—oo ]CL —vol(M) R

C(1+p)m™ 1LO(R™Y)

——(1-(1—-e") 4+ =—— 4+ —.
A R B T

Taking superior limits in R — oo in the last estimate and using the expres-

sion for §, we get

<(1+p™+

C(1+p)™

(i)

where C' is independent of € > 0 and p. Thus, taking limits in ¢ — 0 and
then in p — 0, we get the claimed result:

DY(Z)<1.

DY(Z) < (1+p)"+ (1=(1=€e™), Yep>0,
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4.4. Trace estimate. In this section, we prove Proposition [3] For this
purpose, we need the following computation.

Lemma 5. Let H : [0,00) — [0, 1] be a function of class C* with compact
support in [0,1]. Let B(§, R/L) be a ball in M. Then
ZH Ai/ L)¢i(2)¢i(w)

—/B R[/I\/[B R/L
(€.R/L) J M\B(&,R/L)

where C' is independent of L and R.

2

dV(w)dV(z)

The proof follows by using Lemma |1 and working in local coordinates.

Proof of Proposition[3, Let A = B({,R/L). Recall the definition of the
kernels B (z,w) and B{(z,w):

B (2, w) Zﬁe() Joi(w),

kr,

~. i
Bilew) =Yoo () e ZB( o)
i=1
First, we will compute the trace of T} 4 o T7 4.

(TS 4 0 T ) = / (B (2, w) PV (w)dV (=)
AxXA

-/ Za (3)eever = [ [ e

Thus, we have

kr
; c : Ai Ai
n(r ) —aTaeTi) = [ 3 | ()~ (7) | doae
+ / / |BS (2, w) [2dV (w)dV (2) =: I + L.
aJm\a
By Lemmal] I, = O(R™!) with constants independent of L (the constant

may depend on €). Now we need to estimate I;. Note that a(x) = 1 for
0 <0< 1—¢€ Hence,

L= ((Z y {a (3) - (3)|#eave

/A (2)dV(z) = / (K1 (2,2) = Kpo(z2))dV (2).

Ai€(L(1—e)
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Using the expression of the reproducing kernel (see Section , we obtain:
Kp(z,2) = Kpa—o(2,2) = e L™(1 = (1 —€)™) + O(L™ (1 — (1 —¢)™ ).
Thus,

L <c,(1—(1—¢€¢)™Lmvol(B( R/L)) + O(fm) (1—(1—e™™h

Lm
<o -@-gmrn+ A0 1o,
where C' is independent of L, R and e. Therefore,
lim ; <C(1—(1—¢™R™
L—oo

If p > 0 then a similar computation, working with L(1 + p) instead of L,
shows the second claim of Proposition [3] Il

4.5. Technical results. In this section, we present a proof of Lemma
and [d] First, we shall prove a localization type property of the functions fj,
of the space Ey.

Lemma 6. Let Z be a s-separated family. Gien fr, € Er, and n > 0, there
exists ty = to(n) such that for all t > to,

e X lntkzaf

2L AL (1) M4
where A} = Af(t) = B(&,(R+t)/L), Cy and Cy are constants depending
only on the manifold M and the separation constant s of Z.
Proof. Let f;, € Ep. Consider the kernel
Bop(z,w) := Béf(z,w),

where B§(z,w) is defined in (2). Note that the transform Boy|g, is the
identity transform, by construction. Thus,

(13) fr(z) = Bar(fr)(2) = / Bor(z,w) fr(w)dV (w), Vze M.

M

By Lemmal ], for any N > m, there exists a constant Cy such that
1

(1+2Ld(z,w))N"

\fol® + 0277/A | fl?,

(14) |Bor(z,w)| < CnL™
We will choose N later on.

In order to prove the claimed result, we will show that
(1) Given n > 0 there exists to = to(n) such that for all ¢ > ¢,

1
(15) — |fr(zr5)] < Ch |fr| + Can |fLls
k

Ny M\AL Ap

where C; are uniform constants.
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(2) Given n > 0 there exists tg = to(n) such that for all ¢ > t,
(16) max_ |fr(zL;)| < Cullfellpe@na) + Conll follooe(ar),

FLiRAL
where C; are uniform constants.

Hence, by interpolating between the L!'-norm and L®-norm, we will have
the claimed result for the L?-norm. Let’s prove first that this is true in the
L*>-norm.

Observe that the set of points z7; ¢ Af is contained in M\ B(¢, (R+1t)/L).
Thus,

max, | fr(z5)] < HfLHLOO(M\B(g,(Rth)/L)) < [ fellzeean e rrry)-

ZLiFAL

Hence, is trivially true.

Now we just need to prove ((15)). Let
1
0<h; = <1
<) = S dt,w)” =

Using and , we obtain:
1
— fr(zr; SCN{/ —l—/ }fL hy(
ki 2 Mile) M\B(.R/L) JBER/L) | 2

zngéAf zLJ¢A+

=. [1 + ]2.
Observe that for all w € M,

Lm dV(z)
hw) S o [ |
]( ) s B(zrj,s/L) (1 + 2Ld<zaw))N
Note that B(zy;,s/L) are pairwise disjoint and for w € B(§, R/L),
s R+t—s t—s
g B(zLj,z) CM\B({,T) CM\B(w, - )
2L €AY
Therefore, if w € B(§, R/L),
Lm dV(Z) CN
2 h"(w)ssm/ 1+2Ld S s =
— M\B(w,72) (1+ (z,w)N ™ sm(t = s)
ZL]¢AL

for all ¢ > tg(n, N), provided N > m. This implies that

I < 0277/ | frl.
B(¢,R/L)

The only thing left is to bound the integral ;. Given w, let
#J:=4#{j: B(w,2s/L) N B(zr;,s/L) # 0}.
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Then there exists a uniform constant C(s) (depending only on s) such that
#J < C(s). Hence,

Y hiw)= Y hilw)+ Y hi(w) < Cs) + ) hy(w).

2L EAT zng;xz ZLJ;AE j¢J
je i¢J

Note that for any w € M,
UjesB(215,8/L) C M\ B(w,s/L).

Hence,

S s [ WE)__ <o,

PPy M\B(w,s/L) (1 +2Ld(z, w))N ™~

provided N > m. So we have that

I < (C(s) + Cun) / fuldV
M\B(¢,R/L)

and the claim is proved. Il

Lemma 7. Let Z be a s-separated family. Given fr, € Er andn > 0, there
exists t1 = t1(n) such that for all t > t;

1 2 / 2 / 2
— E zpi)lFP < C + C! )
kL \fL( L])‘ = 0q " ’fL’ 27 A ’fL’

zp; €AL (1)

where Ay = A7 (t) = B(§,(R—1t)/L), Cy and Cy are constants depending

only on the manifold M and the separation constant s of Z.

The proof of Lemma [7] is similar to the proof of Lemma [6]

Now we prove Lemma [3]
Proof of Lemma[3. Given Fy, € Ey, assume that
FL(ZLj>:O, VZLj EAZ_:B<£, (R—i-t)/L)
Then, using the fact that Z is L>-M-Z and Lemma @, we have
1 & 1
IFL]3 < EZ |Fr(2n))” = W > L)
j=1

sa/‘ Wﬁ+am/|ﬂfsa/ Fo? + Conll F1 12
M\AL AL M\AL

Picking n > 0 small enough (note that it is independent of €, L and R), we
get a to(n) given by Lemma [6] so that for all ¢ > ¢,

(17) |mm§@/ Fy V.
M\Ay
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where F;, € Ey is any function vanishing at the points z7; that are con-
tained in A}. Observe that C3 > 1.

Now, we consider an orthonormal basis of eigenvectors G]L corresponding to
the eigenvalues AJL of the modified concentration operator. Let

Np+1

fr(z) = Z C]LG]L € Ep.
j=1
Note that f;, € Ep since Ny < CR™ < ki for L big enough, in view of
the separation of Z. Consider now Fj := B{(fr) € EL. We will apply
inequality to Fr. We pick ¢} such that Fy(zz;) = 0 for all z; € A7.
Observe that
Np+1

S AR = (T dufi) = [ B (),
j=1 AL

Now, using inequality (17)),

NL+1 NL+1

P < A%“:{/—/ }Bffz%zv
NLHZH ;J!j! v g, g BRI

<(1-g) s < (1- g ) k= (1- )%fMQ

where the constant C5 comes from ((17)) (independent of €, L and R). Hence,

1

g

Now we are going to prove the technical lemma corresponding to the
interpolating case.

Proof of Lemmal[]] Let Z = {j; 2L € AZ} and p > 0 fixed.
Recall that, by Lemma [2] if Z is an interpolating sequence, then for each
sequence {cy;}; ; such that

sup ™ Z\CL]\ < 00,

we can construct functions f € e(L) with supy || foll2 < oo and fr(z;) =
cr;, where

e(L) == {fL € By fely S k—lLZ |fL(ZLj)|2} :
j=1
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In fact, these functions f7, are the solution of the interpolation problem with
minimal norm.

Since we have an interpolating family, we can construct for each z;; € Z(L)
a function f; € e(L) such that

filzLr) = dj5-
Clearly these functions f; are linearly independent. Since Bz(l n p)| B, 18
bijective, for each j there exists a function h; € Er such that

fj = Bz(1+p)hj'
Let
F:=span{hj; zr;€A;}.
Note that F' has dimension ny. Let fr € F an arbitrary function and
gL, = BE(H-,))fL' Since f; € F', we know that

fL = Z thj'
jezT
Hence,
91 = Bl fr =D ¢;Biaphs =Y _cify € e(L),
jez jez
where we have used that each f; € e(L) and so this g, is the function

of minimal norm that solves the interpolation problem with data c;d;;.

Therefore,
mp,

1
el S - D lonGu),

j=1
where the constant do not depend on ¢ and L.

Note that, by construction, f; vanishes in the points zr; with j # j'.
Therefore, for each j € 7 fixed, we have that f;(zr,) = 0 for all k& ¢ T.
Thus,

gr(zLk) = chfj<ZLk) =0, Vk¢TZ.
jezT
This shows that g, = 0 for 2z, ¢ A;. Hence, applying Lemma m to g, =
BE(I+p)fL7 we get

. 1 o= 1
||BL(1+p)fL||g S kL Z |9L(ZLj)|2 = kL Z |9L(3Lj)|2
j=1

jET

<c / 1By o2V + Co / B 1y o2V
Ap M\AL

<o / IBS 1 Ful2dV + Conl| By o2
L
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Picking 7 small enough (note that it is independent of p, €, L and R because
all the constants appearing in the above computation are independent of
these parameters), we get from Lemma (7] a value ¢; = ¢;(n) such that for
all t > 1,

(18) 1Ban fol < Oy / 1B 1y fr 2V,
L

Thus, using this last estimate ([18]), we get the following.

1 & A
o (1 ) 1l < 308 (s ) s
i=1

kLa+p)
Ai
= 3 2 (g ) 1000 = B full
i=1

<c /A By 2P AV = C(Thr sy a0 fr f2).
L

We have proved that for all f; € F,

(T7(11py.a, J0o IL) ._ 2(#)
Ui 20T,

where C' does not depend on L, p, € and f;. Now, applying Weyl-Courant
Lemma (see [DS67, Part 2, p. 908]), we know

nf <T£(1+p)7ALgag>
- 9€ELap)NE (9,9)

for each subspace E C Epn4,) with dim(E) = k. Take E := F C E, C
Er14p) defined previously. Note that dim(E) =dim(F) = n; and hence,

using

(19)

L(1+
)\k£1 p) >

N+ S 1 (TTip),a,fLs fL) -
nr—1 = fLEF <fL7fL> =
Note that 0 < § = CB2(1/(1+ p)) < 1. 0

5. FEKETE FAMILIES

Throughout this section only, we assume that M is an admissible manifold
(at the end of this section we provide some examples of such manifolds).
The precise definition of admissibility is the following.

Definition 7. We say that a manifold is admissible if it satisfies the
following product property: there exists a constant C' > 0 such that for all
O<e<land L >1:

(20) Er - E C Erayce-

Thus, we are assuming that we may multiply two functions of our spaces
and still obtain a function which is in some bigger space E.
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Definition 8. Let {¢f,...,¢f } be any basis in E;. The points Z(L) =
{z11,. .., 2Lk, } maximizing the determinant

Az, )| = |det(67 (25))s,]
are called a set of Fekete points of degree L for M.

A natural problem is to find the limiting distribution of points as L. — oo.

In [MOCIO0], J. Marzo and J. Ortega-Cerda proved that as L — oo, the
number of Fekete points of degree L for S™ in a spherical cap B(z, R) gets
closer to kp6(B(z,R)), where & is the normalized Lebesgue measure on
S™. They emphasize the connection of the Fekete points with the M-Z and
interpolating arrays. In [BB0O§|, Berman and Boucksom have found the
limiting distribution in the context of line bundles over complex manifolds.
The proof is based on a careful study of the weighted transfinite diameter
and its differentiability.
Following the approach in [MOCI0], we study the distribution of a set of
Fekete points associated to the spaces Ep as L — oco. The main difficulty
in relating the Fekete points with the M-Z and interpolating families is to
construct a weighted interpolation formula for E; where the weight has a
fast decay off the diagonal. That is the reason why, we restrict our attention
to manifolds that satisfy the product property . Under this hypothesis,
we are able to prove the equidistribution of the Fekete points.

5.1. Relation with interpolating and M-Z arrays. The following two
results give the relation of the Fekete points with the interpolating and M-Z
arrays. Intuitively, Fekete families are almost interpolating and M-Z.

Theorem 9. Given € >0, let L. = [(1+ €)L] and
Z(L) = Z2(Le) = [zLa1, -+ 2Lakr )

where Z(L) is a set of Fekete points of degree L. Then Z. = {Z.(L)}, is a
M-Z array.

Proof. Assume that Z is a Fekete family. We will prove that they are
uniformly separated. Consider the Lagrange polynomial defined as

lLi<Z) — A(ZLla sy ZL(i—1)y By FL(i4+1)y - - - >ZLkL)

A(ZLl, Ce 7ZLI<:L)

Note that
o ||iLilloo = 1.
[} lLi(ZLj) = (5”
o [, € Ey.
Thus, using the Bernstein inequality for the space Ey, (see (4)), we have for
all j # 1,
1= |lpi(zei) — lei(zey) | < |Viilloodn (24, 215)

S Llzilloodn (214, 215) = Lda (214, 215)-



BEURLING-LANDAU’S DENSITY 26

Therefore,

dn(2Li, 205) > T
i.e. Z is uniformly separated. This implies that Z, is also uniformly sepa-
rated because

dyv(ZLeis 2L0.5) >

Using Theorem [3| we get for any f; € Ep,

kr.

1
el 5 [ 1y
ijzl|L(LJ)| M|L|

In order to prove that Z,. is M-Z, we only need to prove the converse in-
equality, i.e.
kL,

1
. > 1z 2 1 fLll3.
=1

Consider the Lagrange interpolation operator defined in C(M) as

AL(f)(z) = Zf(ZLj)le(Z)-

Note that
IAL(F) oo < kLl floo-

This estimate isn’t enough. In order to have better control on the norms,
we will make use of a weighted interpolation formula. Fix a point z € M
and let p(z,-) be a function in the space E¢y such that p(z,z) = 1, where
C' is the constant appearing in . Then given f;, € Ey, one has

R(w) = fr(w)p(z,w) € EL,.

Note that R(z) = fr(2)p(z, z) = fr(2). Thus, we have a weigthed represen-

tation formula
kL,

fu(2) =D p(z 205 folzr)ls (2).

j=1
We define the operator @, from CFze — E;, as

kr.

Qrlv](z) = Zvjp<zazL€j>lL€j(Z), Vo € Ckre.

j=1
We want to prove that

kr.

1) JCAC O S
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with constant independent of L. Once we have proved this estimate, choos-
ing v; = fr(zr.;) we will have

kr.

Qrl(fL(zL.4)); ZfL 213)P(%, 205 (2)

kLE

= Z R(z5)lr.j(2) = R(z) = fr(2).

Hence, applying the claimed inequality (21]) we will obtain

kr.

1f2ll3 < /TZ o (ze) ),
and thus Z, is M-Z.

In order to prove , we need to choose the weight p with care. We shall
construct p € Er./c with a fast decay off the diagonal.

Let 6 > 0 and consider the kernels By (z,w) := BS(z,w) defined in Sec-
tion [Il Let

Bre(z,w
p(z,w) = =< € Ere
BLé Z,2
Observe that
o p(z,2) =1.
[ ]
eV ) = B ()

<1
~ kL

where we have used ||Br(z,-)|1 < 1 (see [FMI10b, Equation (2.11),
Theorem 2.1] for a proof).

Now we are ready to prove . Note that

kLE
/M QLi)()|aV () / Zmnpwm iz ()dV(2)

k’Le kLe

< Z\%\Hp vzra)lh S Z!vm!

On the other hand,

kr.

Qlv](2)] < Sup [0 Y 1p(2, 22.5)].

J=1
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Let s be the separation constant of Z;_ and

1
h = <1
) = A T e =
Note that,
inf h > Csh(z,zp.4).
wEB(zI?Ej,s/Le) (Z7w) - (Z ZLe])
Therefore,
kL, ] kL,
Ip(2, 2L.5)| = |Brs (21, 2)]
j; ! Bre (21, 2L.5) ; o
kL,
r§ € 1 N
L
S h(z, w)dV (w)
s™ UfiiB(ZLejaS/Le)
_LE

a /}c h(z,w)dV (w)
S UjLi B(zr.j,8/Le)NB(2,2s/Le)

Lm
+ 6/ h(z,w)dV (w)
™ Jultep

k
=1 (ZLej:S/Le)mB(Z:QS/Le)C

< Cse + CSL’E”/ h(z,w)dV(w) <1,
M\B(z,2s/Le)
where we have used that
1

h(z,w)dV (w) < .
[M\B(Z,T/LE) L (1 + r)N=m

This computation follows by integrating h(z,w) using the distribution func-
tion.
Hence, we have proved that

1QL[v]lloo S sup fuvj-
J

The claimed estimate follows by the Riesz-Thorin interpolation theo-
rem. ]

The following result relates the Fekete points with the interpolating families.

Theorem 10. Given € > 0, let L_. = [(1 — €)L] and let

Z—e(L) = Z(L—e) = {ZL_ela ‘e >ZL_EkL7€} )

where Z(L) is a set of Fekete points of degree L. Then the array Z_. =
{Z_(L)}, is an interpolating family.
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. k .
Proof. Given any array of values {vaej }jff, we consider

ki
R[o)(z) = > vr_p(z,20_5)lu_(2) € By,
j=1
where p(-,2) € Er¢c defined in the proof of the previous Theorem. Note

that
ki,

Rp[vl(zr_k) = Z UL,Ejp(ZL,Ek, ZL,Ej)lL,ej(ZL,ek)
j=1
= UL,Ekp(ZL,ek’ ZL,ek) = VUL_ k-

Also, as in the proof of the previous theorem we have

L_e

Do lp(z )l S 1
j=1

and .
[ btz v S £

Thus, as before we have that

ki,
|Relv](2)] < SuP|UL G Ip(z 2 )] <Su10|UL o
7j=1
Hence
| RL[v]]|oo S sup fvr_l-
j
Also,
kr_,
[RL[v]llx < Z lvr_jllpCze_g)lh S Z [vr_jl-
7j=1

By the Riesz-Thorin interpolation theorem we get

kL

—€

1
(GRS o > lvr

Jj=1

2

g

5.2. Equidistribuition of the Fekete families. Now we are ready to
prove the equidistribuition of the Fekete points. Since the Fekete families
are, essentially, interpolating and M-Z, we will make use of the density
result, proved in the previous section, that gives a necessary condition for
interpolation and M-Z. In what follows, o will denote the normalized volume
measure, i.e. do = dV/vol(M). Our main result is:
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Theorem 11. Let Z = {Z(L)};, be any array such that Z(L) is a set of

Fekete points of degree L and p;, = é Zfil 0z, Then py, converges in the

weak-x topology to the normalized volume measure on M.

Proof. We know that for any e > 0 the array Z. = {Z.(L)},-, is M-Z, so
if we use the density results (see Theorem , we get for any € > 0, a large
R = R(e) and L(R(e)) such that for all L > L(R(¢)) and £ € M,
EHEDOBER/L)

o(B(¢ R/L)) - '
Similarly, since Z_. is interpolating (because Z is a family of Fekete) we

know that there exist R = R(€) and L(R(¢)) such that for all L > L(R(e))
and £ € M,

(22)

 #(Z2(L)N B¢ R/L))
o(B(¢, R/L))

(23) < (1+e).

Note that ]
ue(B(& B/L)) = 1= #(Z(L) N B, R/L)).
Thus, for any € > 0 there is a large R such that for any L big enough and
£eM,
(24) (1=€)o(B(& ) < pr(B(€, L) < (1 +€)a(B(&,71)),
where 7, = R/L. Hence, we have that

lim pr(B(z, 1))

=1 0
L—oo o(B(z,71)) LY

(25)

uniformly in z € M. This is enough to prove the equidistribuition of the
Fekete points. We proceed now with the details. Let f € C(M). We will
use the notation

Wﬂ:Aﬁ@w@,

where v is a measure and f, will denote the mean of f over a ball B(z,7)
with respect to the volume measure, i.e.

1
ﬁ@zaaawéwﬂwww-

We want to show that ur(f) — o(f), when L — oo, for all f € C(M).

1 (f) = o () < [z = o) (f = fr )l + (e — o) (fr,))]
< (pe(M) + o (M)IIf = frolloo + (e — o) (fr)]
<2\ = Frolloo + (e = o) (fr)].
We will estimate the second term using [Bli90, Lemma 2| that says
o(B(z,1))

(26) sup B0, cr)

zeM

— 1’ = 0(r?),
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uniformly in z € M, where ¢ is a constant depending only on the manifold

and | - | denotes the Euclidean volume. Similarly, one has
(0, cr)] ‘ 2
927 sup |- g — o),

because, by the compactness of M,

(28) ¢y < % < Cy,
thus,
(0, ) _1‘ [ Toar| O
o(B(z,1)) B | <G
Similarly,
m [

Using Fubini, we obtain:

(i — 0) ()] < /M 1 (w)

dup(z) —do(z)
i do(w)

o(B(z,rr))

Now we deal with the second integral.

/ dpur(z) — ()_/ dur(2) —do(2) o(B(w, 7))
B(w,rr) ( (Z TL)) B(w,rr) ))

B dun(z) —do(z) | [ dps(z) —do(2) (o(Blw,rs)
‘/BM o(Blw,r1) +/B<W o(Blw, 1) (a<B<z,m>> 1)

Thus,

dur(z) —do(z) 1
/B(w,rL) o(B(z,rL)) S o(B(w, ) \pr(B(w,ry)) — o(B(w,rr))]
1 U(B(u),rL)) B ) :
+/B(w,m) o(B(w,ry)) | o(B(z,7L)) 1| (dpr(z) + do(z))

Hence, using ,
ML(B(’IU rL))

|<uL—a><er>|<331pw R L
e ey L (i +) o
<Uh (o a1 (32;; e 1)
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Briefly, we have obtained

e (f) — oDl <20f = frollo

11 (o gy 0 o iy )

Letting L. — oo and using , we obtain the desired result:
ui(f) = o(f), L o0, ¥f €C(M).

g

5.3. Examples of manifolds. The basic examples are the compact two-
point homogeneous spaces. These spaces, essentially are S™, the projective
spaces over the field K = R, C, H and the Cayley Plane. In these spaces we
can multiply two functions of the spaces E;, and obtain another function of
some bigger space Ep. Indeed, in the case of the Sphere, E}, represents the
spherical harmonics of degree less than L, usually denoted by II;. In such
spaces, we know that

7, = spanlI Iy,
(see [MarO8 Lemma 4.5]). Moreover, in S,

Iz -1l C o).

Thus, the product property holds trivially in S™.
Projective Spaces.

The case of the Projective spaces is similar to the Sphere. In [Sha0ll Sec-
tions 3.2 and 3.3], there is a description and an orthogonal decomposition
of the harmonic polynomials on the projective spaces.

Let K be the field of R, C or H. Consider the sphere S™~! C K™ ~ R%™,
where d = dimgK. We define the projective space KP™~! over the field K
(of dimension m — 1) as the quotient

K]P)m—l _ Sm—l/ ~,

where z ~ y if and only if y = va with v € K and |y| = 1. Consider the
space of homogeneous polynomials of degree less than L on the projective
spaces:

Poly = {p(z)|sn-1; z € R deg(p) < L,p(vx) = |y|"p(z),Vy € K}.

It is immediate that Pol; verify the product property . We will show
that the spaces E}, associated to KP™~! are identified with the spaces Pol;.
This proves that the projective spaces are admissible. It is observed in
[Sha01l, Section 3.2], that Pol;, coincide with its subspace of harmonic poly-
nomials of degree less than L:

Pol;, = Harm;, = {p € Poly; Agamp =0}
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and an orthogonal decomposition holds:
Harm; = Harm(0) @ Harm(2) @ ... @& Harm(2[L/2]),

where Harm(2k) is the subspace of Pol, of harmonics of degree 2k. We claim
that the spaces Ep, associated to the projective spaces are identified with the
spaces Harmy. Thus, we need to show that Harm(2k) are the eigenspaces
of Agpm-1. For this purpose, it is sufficient to prove that its reproducing
kernel, f(z,y), is an eigenfunction because then for any Y € Harm(2k),

AKpm—1Y((L’) = AK]P’T"*1<Y77 f(l‘a )> = <Y7 A]KIP’mflf(xa )>
==Y, f(,)) = =\Y (2).
Let hgy, be the dimension of Harm(2k) and (s;)"2 be an orthonormal basis
in Harm(2k). Its kernel, can be expressed as the function

hag

flz,y) = Zski(ﬂf)skzi(y), z,y € S™L
=1

It is proved, in [ShaOll Section 3.3], that f(x,y) is a function of |(z, y)|?,
f(@y) = al|{z,9)]%),

where gy, is a function [0, 1] — C. Moreover, in [Sha0ll Section 3.3|, we can
find an explicit form of this function:

hop
> sei(@)siily) = BEPEP 2l ) P — 1) = 0P (cos(V2p(x, 1)),
=1

where p is the geodesic distance, b¢ is a constant of normalization and

dm—d—2 d—2

« 5 y ﬁ = T, d= dlmRK

Note that, since the reproducing kernel f(x,y) depends only on |{x,y)|?, we
only need to take account of the radial part of the Laplacian, i.e.

(30 e (A5 ).

where A(r) = ¢ sin®™= 2 (r/v/2) sin?*(v/2r) (see [Rag7l], p. 168]). Since
we want to calculate the radial part of the Laplacian of functions of the
form f(cos(v/2r)), we will make a change of variable t = cos(v/2r) in (B0).
We proceed with the details taking into account these basic identities:

sin(6/2) = £ I_CTOS(Q), sin(arccos(x)) = V1 — 22.
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A(r) = ¢ sin¥2 (v/2r /2) sin?H (V2r)
=d(1- cos(\/_r))d(%%) sin®! (arccos(t))
-1 - )T =1 -)T (L)

Now the radial part of the Laplacian can be written also in the variable ¢
and it turns out to be:

=d(1-1)"
Thus, defining

SR
SIS
\_/

(1+t)d§ ((1 e el

dim—1) -2 d—2
a:%, g=2"=

we get that the radial part of the Laplacian is of the form

T

It is well known (see [Sze39]) that the precise eigenfunctions of this operator
are the Jacobi polynomials P(®#)(t) with eigenvalues —k(k +a + g+ 1) =
—k(k+dm/2 —1).

Observe that since the polynomials are dense in L?(KP™™1),

KP™™ 1 @Harm (21),

>0

For further details check |[Rag72, Page 87]. Therefore, we know that all
the eigenvalues of Agpm-1 are of the form —k(k 4+ dm/2 — 1). A simple
calculation shows that the spaces E, in the projective spaces are identified
with the space of spherical harmonics (of the projective spaces) with degree
less than L. More precisely,

(L*/2]

E; = Harm;- = @ Harm(2[) = Pol«,

where L* = \/(dm/2 — 1)2+4L* — (dm/2 — 1) > 0 for L > 0 (note that
% — 1, as L — o00). Therefore, F| satisfies the product property
because the spaces Poly« verify it. As a consequence, the projective spaces

KP™ ! are admissible.
Other examples.

Another example with a different nature is the Torus, represented as the
unit rectangle [0,1] x [0, 1] with the identification (z,y) ~ (z,y + 1) and
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(z,y) ~ (x+1,y).

The eigenfunctions of the Laplacian are of the form e*™(m*+™) with m,n €
N. Now we are ready to prove the product property. Let f, € Ep, i.e. fiis
a linear combination of eigenvectors of eigenvalues less than L?, i.e. we are
taking pairs (n, m) such that

472 (n2 + m2) < L2
and let fs be a linear combination of eigenvectors of eigenvalue less than
e2L? (0 < e < 1), i.e. we are taking pairs (k,[) such that

472 (k:2 + l2) < €12,
We can compute the product of f; and fs:

Fi(zy) fola,y) = Z Cn’mdkl€i27r((n+k)y+x(m+l))'
n,m.k,l
Thus, we have eigenvalues
V2 i=dn® ((n+k)* + (m+1)%).
We will estimate V' by computing (a + b)? and using the fact that
n,m < %

k<<
Vitr<1l+z/2, VYr>0

Then we get that V? < L?(14€+4¢) < L?(1+5¢). Hence, V < Ly/1 + 5e <
L(1+5/2¢). Therefore, a Torus is admissible.

Similar computations show that the Klein bottle is also admissible.
Product of admissible manifolds.

More examples can be constructed by taking products of manifolds that
satisfy the product assumption because if f; and fy are functions defined
on two manifolds M and N, respectively, then

Anxn(fi- f2) = Amfi + iln(fa).
More precisely, let M and N be admissible manifolds, i.e.

EY.EM ¢ E%wle),

and
EN.-EY C Eliicy0
where
EM = ({¢5; Amdi= Mgy \ < L}),
and

El = <{¢z’§ AN = —p3y, i < L}>
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Thus, if we consider the product manifold M x N, then
BN = (o N+ <L),
It is a straightforward computation that M x N satisfies the condition of
admissibility:
BN BN C E%Xivce)
with C' = 2max(Cy, Cy).

Remark 9. Note that the example of the torus can be reduced to this later
case because it is the product of two S'.
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