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We provide the most complete analysis so far of quasinormal modes of rotating black holes in a general
higher-derivative extension of Einstein’s theory. By finding the corrections to the Teukolsky equation and
expressing them in a simple form, we are able to apply a generalized continued fraction method that allows
us to find the quasinormal mode frequencies including overtones. We obtain the leading-order corrections
to the Kerr quasinormal mode frequencies of all the ðl; m; nÞmodes with l ¼ 2, 3, 4, −l ≤ m ≤ l and n ¼ 0,
1, 2 and express them as a function of the black hole spin χ using polynomial fits. We estimate that our
results remain accurate up to spins between χ ∼ 0.7 and χ ∼ 0.95, depending on the mode. We report that
overtones are overall more sensitive to corrections, which is expected from recent literature on this topic.
We also discuss the limit of validity of the linear corrections to the quasinormal mode frequencies by
estimating the size of nonlinear effects in the higher-derivative couplings. All our results are publicly
available in an online repository.
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I. INTRODUCTION

By detecting the gravitational waves (GWs) produced by
compact binary mergers, we can learn about fundamental
physics [1–4]. In particular, black hole binaries allow us to
test vacuum general relativity (GR) in a highly warped and
dynamical regime in which the theory has never been probed
before. This advance in the experimental state of the art
compels us to not only test Einstein’s theory, but also to look
for signatures of new physics, as GW observations may
unveil new effects which would otherwise remain hidden.
One of the purest tests of GR that would reveal the pre-

sence of new physics is black hole spectroscopy [2,3,5–12],

consisting in the identification of the quasinormal modes
(QNMs) of the postmerger black hole during the ringdown
phase.QNMsare damped sinusoidmodeswith characteristic
frequencies and damping times that control the response
of a black hole after it is perturbed. In GR, black holes are
described by theKerr metric, and as a consequence of the no-
hair theorem, the full spectrum of QNMs is univocally
determined by the black hole mass and angular momentum.
Thus, the measurement of more than one mode provides a
test of GR. On the other hand, modifications of GR lead to
deviations with respect to the Kerr QNM spectrum that could
be spotted with ringdown observations.
Motivated by the possibility of placing bounds on

extensions of GR, there has been a growing interest in
the literature in computing the QNMs of black holes in
theories of gravity beyond GR, e.g., [13–29]. However, this
is a very challenging problem, especially for rotating black
holes. Rotation is an important feature, as the postmerger
black hole formed in binary collisions typically has large
angular momentum, with a probability distribution that
peaks around a value of the rotation parameter χ ≡ a=M ∼
0.7 [30]. In GR, the study of perturbations of Kerr black
holes is made possible by the Teukolsky equation [31], a
second order, decoupled and separable equation that arises
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thanks to several special features of the Einstein’s equations
and the Kerr metric (i.e., Petrov type D and existence of a
Killing tensor [32]). The loss of these properties in extensions
of GR makes the study of perturbations of modified Kerr
black holes an extremely challenging problem.
A significant progress has been recently achieved thanks

to the development of generalized Teukolsky equations
[33–36] that hold for arbitrary extensions of Einstein gravity.
This has led to the first computation ever of QNMs of
modified Kerr black holes with substantial angular momen-
tum inRef. [37].Other approaches basedon spectralmethods
are also showing promise in obtaining the QNMs of black
holes with large angular momentum beyondGR [27–29,38].
In this work, we take on the modified Teukolsky

approach to provide the most complete computation yet
of QNMs of rotating black holes beyond GR. We consider a
general effective field theory (EFT) extension of Einstein’s
theory with up to eight-derivative terms [39–41], which we
treat as perturbative corrections to GR. Thus, our analysis is
limited to small deviations, but it has the advantage of being
very general: the EFT captures the most general modifi-
cation of GR as long as there are no additional massless
degrees of freedom besides the graviton. Furthermore, the
assumption of small deviations is well motivated based on
the fact that the current GW observations are consistent
with GR.
Our analysis extends that of [37] in several ways, the

most important one being the computation of overtones. By
combining the modified Teukolsky equation predicted by
the higher-derivative theories together with the continued
fraction method of [42], we obtain for the first time the
corrections to the overtones of rotating black holes. In
addition, [37] only studied the ðl; m; nÞ ¼ ð2; 2; 0Þ and (3,
3, 0) modes, and here, we extend this to all the modes with
l ¼ 2, 3, 4, −l ≤ m ≤ l and n ¼ 0, 1, 2. We also provide a
more detailed analysis on the structure of the modified
Teukolsky equations and on the convergence of the spin
expansion that we utilize to find them. Thanks to including
more terms in this expansion and making a sensible use of
Padé approximants, we manage to obtain results for angular
momentum as high as χ ¼ 0.95 for some modes. Finally,
we also provide an estimation of the validity of the first-
order correction to the QNM frequencies.
The paper is organized as follows. In Sec. II, we review

the EFT extension of GR and its rotating black hole
solutions, expressed as a first-order correction in the
higher-derivative coupling constants and as a series expan-
sion in the angular momentum. In Sec. III, we review the
procedure of [35] to obtain the modified Teukolsky radial
equations, and we reduce them to a simple form in terms of
a potential that depends on four coefficients. We then study
some of their properties and the convergence of the spin
expansion. We obtain the corrections to the Kerr QNMs
from these modified Teukolsky equations in Sec. IV, which
we express as polynomials in the black hole angular
momentum. We discuss several features of our results,

like the convergence of the spin expansion, the growth of
the overtones, and the size of nonlinear effects in the
coupling. We use cubic gravity to illustrate these discus-
sions, but our full results are available in the public
repository [43]. Finally, we conclude in Sec. V, where
we discuss future directions. Throughout the paper, we
work in units with G ¼ c ¼ 1.

II. THE EFT EXTENSION OF GENERAL
RELATIVITY

Following the logic of EFT, the Einstein-Hilbert action is
considered to be simply the leading-order term in an
effective action for the gravitational interaction. In general,
this effective action will contain an infinite tower of higher-
derivative terms, which—if we assume general covariance
—must be built from contractions of the Riemann tensor
and its covariant derivatives. At each order in the higher-
derivative expansion, one should include all possible terms
of that type in order to capture a general effective action.
Thus, one gets an action of the form

SEFT ¼ 1

16π

Z
d4x

ffiffiffiffiffi
jgj

p �
Rþ

X∞
n¼2

l2ðn−1ÞLðnÞ

�
; ð1Þ

where LðnÞ denotes, schematically, a general linear combi-
nation of all the Lagrangian densities with 2n derivatives
of the metric, and l is the length scale that determines the
cutoff of the effective theory.1 However, one is also able to
perform redefinitions of the metric tensor of the form

gμν → gμν þ l2Δð2Þ
μν þ l4Δð4Þ

μν þ…; ð2Þ

where Δð2nÞ
μν are symmetric rank-2 tensors with 2n deriv-

atives. This redefinition changes some terms in the effective
action, allowing one to cancel many of them. In particular,
one can show that any term containing Ricci curvature can
be removed in this form and, hence, the action be reduced
to a sum of Weyl invariants.
Field redefinitions deserve a word of caution. Although

the physics in the original and the transformed frame are
equivalent (in the sense that there is a map between them),
they are not necessarily the same. That is, the trans-
formation of the metric could affect some of the physical
(and observable) properties of the spacetime. However, it
turns out that many properties of black holes actually
remain invariant under metric redefinitions. Among them,
black hole thermodynamic properties [44], multipole
moments [45], and quasinormal mode frequencies [16]
are invariant. Thus, for the purpose of this paper, we can use

1For simplicity in this presentation, we are assuming that all
the corrections appear at the same scale, but it could also happen
that different terms appear at different scales, e.g., because they
arise due to different mechanisms.
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field redefinitions to simplify the effective action and
capture the effects of a very general theory in a minimal
set of parameters.
One finds that, to eight derivatives,2 the most general

EFT extension of GR can always be written in the
form [39,40]

SEFT ¼ 1

16π

Z
d4x

ffiffiffiffiffi
jgj

p
½Rþ l4ðλevR3 þ λoddR̃

3Þ

þ l6ðϵ1C2 þ ϵ2C̃
2 þ ϵ3CC̃Þ þOðl8Þ�; ð3Þ

with higher-curvature invariants

R3 ¼ Rμν
ρσRρσ

δγRδγ
μν; R̃3 ¼ Rμν

ρσRρσ
δγR̃δγ

μν;

C ¼ RμνρσRμνρσ; C̃ ¼ RμνρσR̃μνρσ;

and where

R̃μνρσ ¼
1

2
ϵμναβRαβ

ρσ ð4Þ

is the dual Riemann tensor. Due to the presence of R̃, the
terms with λodd and ϵ3 violate parity and have interesting
implications for the QNM spectrum. The coefficients
λev;odd, ϵ1;2;3 are dimensionless coupling constants, since
the scale of the corrections is set by the common length
scale l. Otherwise one can absorb l into these coefficients
and work with dimensionful coupling constants. We remark
that this action contains no four-derivative terms since they
are trivial: they can always be expressed as a combination
of R2, RμνRμν—which do not modify the vacuum GR
solutions and can be removed by field redefinitions—and
the Gauss-Bonnet density X4 ¼ RμνρσRμνρσ − 4RμνRμνþ
R2—which is topological and does not affect the equations
of motion.
The modified Einstein’s equations take the form

Gμν þ l4Eð6Þ
μν þ l6Eð8Þ

μν ¼ 0; ð5Þ

where

EðnÞ
μν ¼ PðnÞρσγ

μ Rνρσγ −
1

2
gμνLðnÞ þ 2∇σ∇ρPðnÞ

μσνρ; ð6Þ

and the tensor PðnÞ
μνρσ is the partial derivative of the

corresponding Lagrangian with respect to the Riemann
tensor, which yields3

Pð6Þ
μνρσ ¼ 3λevRμν

αβRαβρσ þ λoddðRμν
αβR̃αβρσ þ Rμν

αβR̃ρσαβ

þ Rρσ
αβR̃μναβÞ; ð7Þ

Pð8Þ
μνρσ ¼ 4ϵ1CRμνρσ þ 2ϵ2C̃ðR̃μνρσ þ R̃ρσμνÞ

þ ϵ3½2C̃Rμνρσ þ CðR̃μνρσ þ R̃ρσμνÞ�: ð8Þ
The magnitude of higher-curvature corrections depends

on the curvature scale of the spacetime. In the case of a
black hole, the curvature scale around the horizon is set by
the black hole massM, and it is thus useful to introduce the
dimensionless couplings

αev ¼
l4λev
M4

; αodd ¼
l4λodd
M4

; αi ¼
l6ϵi
M6

; ð9Þ

which characterize the magnitude of the relative corrections
to GR. In order to be within the regime of validity of the
EFT, we require that these couplings be small jαqj ≪ 1,
where q∈ fev; odd; 1; 2; 3g. Assuming this, we work per-
turbatively at first order in the αq couplings, which should
be an accurate approximation as long as the couplings are
small enough. However, exactly how small these couplings
need to be to ensure the validity of the leading-order
perturbative expansion depends a great of deal on which
quantity one is computing. In the case of QNMs, it has
recently been shown by [26] that the breakdown of the
linear regime happens much earlier for overtones than for
fundamental modes—in fact, for high enough overtone
index, the EFT always breaks down. One expects a similar
phenomenon for eikonal modes. Here, we explore these
questions in the presence of rotation.

A. Rotating black holes

The higher-derivative terms in the effective action (3)
affect the rotating black hole solutions of theory, which are
no longer given by the Kerr metric. In the perturbative
regime, the rotating black hole solutions can be conven-
iently written in the form [40]

ds2 ¼ −
�
1 −

2Mr
Σ

−H1

�
dt2

− ð1þH2Þ
4aMrð1 − x2Þ

Σ
dtdϕ

þ ð1þH3ÞΣ
�
dr2

Δ
þ dx2

1 − x2

�

þ ð1þH4Þ
�
r2 þ a2 þ 2a2Mrð1 − x2Þ

Σ

�

× ð1 − x2Þdϕ2; ð10Þ
where

Δ ¼ r2 − 2Mrþ a2; Σ ¼ r2 þ a2x2; ð11Þ

2For a discussion of the EFT corrections at arbitrary order,
see [41].

3We note that, when evaluated on a Ricci flat spacetime, these
expressions can be simplified by using that R̃μνρσ ¼ R̃ρσμν.
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and x ¼ cos θ. In this way, the four functions Hiðr; xÞ
parametrize the corrections to the Kerr metric expressed
in Boyer-Lindquist coordinates, which we recover when
Hiðr; xÞ ¼ 0. One interesting aspect about this ansatz is
that the location of the horizon remains unchanged in terms
of the radial coordinate r, since it corresponds to the largest
root of Δ,

rþ ¼ M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
: ð12Þ

Furthermore, we impose suitable boundary conditions on
the Hi functions such that the parametersM and a have the
same meaning as in the Kerr solution: the total mass and the
angular momentum per unit mass, respectively.
At leading order in the corrections, the Hi functions

receive a linear contribution from each of the higher-
derivative terms in (3)

Hi ¼
X
q

αqHi;q þOðα2qÞ: ð13Þ

However, determining the Hi;q functions by solving the
corrected Einstein’s equations is a complicated problem,
and so far no exact solutions have been found. One
possibility consists in solving these equations numerically,
as in e.g., [46–48], although this approach has not been
applied so far for the theories in (3). Here, we follow [40]
and find the solution as a series expansion in the dimen-
sionless spin parameter

χ ¼ a=M: ð14Þ

As shown by [40], at each order in the spin expansion, one
can find the solution for the Hi functions analytically, and
in general, the result takes the form

Hi;q ¼
X∞
n¼0

χn
Xn
p¼0

XkmaxðnÞ

k¼0

Hðn;p;kÞ
i;q

�
M
r

�
k
xp; ð15Þ

where each term is a polynomial in x and 1=r with

coefficients Hðn;p;kÞ
i;q that are determined analytically. This

series is convergent in the black hole exterior for χ < 1,
which means that one can, in principle, study any sub-
extremal black hole in this form. However, the convergence
is quite slow, and many terms are needed to obtain an
accurate solution for highly spinning black holes. In this
paper, we use expansions of order χ18, which remain
accurate up to spins χ ∼ 0.8, although the convergence
can be faster depending on the observable [49].
It is worth mentioning that, despite the exact form of the

Hi functions still being unknown, some properties of the
corrected Kerr black holes can actually be obtained

analytically. For instance, some of the multipole moments
[45] as well as thermodynamic quantities [50] such as
entropy, angular velocity, and temperature (surface gravity)
are known analytically. One can use the Taylor expansion
of those exact expressions as a check of the convergence of
the spin expansion.

III. THE MODIFIED TEUKOLSKY EQUATIONS

The study of perturbations of rotating black holes of
arbitrary angular momentum in extensions of GR has only
been made possible thanks to the generalizations of
Teukolsky equations of Refs. [33–35]. Here, we use the
“universal Teukolsky equations” of [35], although all the
proposals should be equivalent. We refer to that work for
details, but let us explain here the basic idea behind these
modified Teukolsky equations.
These are equations for the gravitational perturbations

over the background (10), expressed using Newman-
Penrose (NP) variables. Schematically, at first order in
the higher-derivative couplings, these modified Teukolsky
equations take the form

Oð0Þ
þ2ðδΨ0Þ þ αOð1Þ

þ2ðδΨn; δea; δγabcÞ ¼ 0; ð16Þ

Oð0Þ
−2ðδΨ4Þ þ αOð1Þ

−2ðδΨn; δea; δγabcÞ ¼ 0; ð17Þ

where α denotes one of the couplings in (9) and where δΨn,
δea and δγabc are, respectively, the perturbation of the Weyl

scalars, NP frame, and spin connection. The objects OðnÞ
�2

are linear differential operators, where n ¼ 0 corresponds
to the Teukolsky operator. Thus, when α ¼ 0, these
equations reduce to the usual Teukolsky equations for
the variables δΨ0 and δΨ4. For α ≠ 0, the equations are no
longer decoupled, but one can achieve a decoupled equa-
tion by expressing δΨn, δea, and δγabc in terms of the
Teukolsky variables δΨ0 and δΨ4 by means of a metric
reconstruction. Since we only work at first order in α, it
suffices to use the result of metric reconstruction of Kerr
perturbations in GR [51]. We review this process in the
Appendix, since it contains some details that are relevant to
understand the structure of the resulting equations. An
important aspect of it is that the full problem requires us
to consider not only the variables δΨ0 and δΨ4, but also
their NP conjugates δΨ�

0 and δΨ�
4, that satisfy modified

Teukolsky equations similar (but different) to (16). The
reason for including the NP conjugate variables is that we
work with a complex metric perturbation, and therefore, the
NP conjugates no longer represent complex conjugation,
but new independent variables.
Metric reconstruction allows us to get decoupled equa-

tions which are nevertheless nonseparable. In order to deal
with this, we decompose the Teukolsky variables in spin-
weighted spheroidal harmonics Slms ðx; aωÞ as
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δΨ0 ¼ e−iωtþimϕ
X
l

Rlm
þ2ðrÞSlmþ2ðx; aωÞ;

δΨ4 ¼ e−iωtþimϕ
X
l

ζ−4Rlm
−2ðrÞSlm−2ðx; aωÞ;

δΨ�
0 ¼ e−iωtþimϕ

X
l

R�lm
2 ðrÞSlm−2ðx;aωÞ;

δΨ�
4 ¼ e−iωtþimϕ

X
l

ðζ�Þ−4R�lm
−2 ðrÞSlmþ2ðx; aωÞ; ð18Þ

where ζ ¼ r − iax, and project the equations onto
Sl

0m
s ðx; aωÞ, reducing them to an infinite system of coupled

radial equations. We remark that here all the spin-weighted
spheroidal harmonics are evaluated at the same fre-
quency ω, and thus, one can use the known orthonormality
property

2π

Z
dxSlms ðx; aωÞSl0ms ðx; aωÞ ¼ δll0 : ð19Þ

This is different thanwhenone considers the set of spheroidal
harmonics with each one evaluated on its own QNM fre-
quency ωlmn, since that set is not orthogonal [52].
Then, a key observation is to note that the QNMs will be

composed of a dominant l mode in the sums (18), say
l ¼ l0, while the rest of the terms will be of order α. This is
because when α ¼ 0, QNMs consist of a single term. Thus,
using the orthogonality of the spin-weighted spheroidal
harmonics, one obtains that the equations for the dominant-
mode radial variables Rl0m

�2 , R
�l0m
�2 are decoupled from the

rest of the l modes at first order in α [17,35,53]. By
performing a series expansion in the spin χ, these equations
can be obtained in a fully analytic form. We study
them next.

A. Radial Teukolsky equations

As a result of the computation we just sketched, we get
four equations for the radial variables that read [35]

D2
sRs − α

�
fsRs þ gsΔ

dRs

dr

�
¼ 0;

D2
sR�

s − α

�
f�sR�

s þ g�sΔ
dR�

s

dr

�
¼ 0; ð20Þ

where s ¼ �2, we are removing the lm labels for clarity,
and

D2
s ¼ Δ−sþ1

d
dr

�
Δsþ1

d
dr

�
þ Vs ð21Þ

is the Teukolsky operator with a potential Vs given by

Vs ¼ ðamÞ2 þ ω2ða2 þ r2Þ2 − 4amMrω

þ isð2amðr −MÞ − 2Mωðr2 − a2ÞÞ
þ Δð−a2ω2 þ s − Blm þ 2irsωÞ; ð22Þ

and Blm are the angular separation constants for the usual
spin-weighted spheroidal harmonics, in the conventions of
[35], such that Blmðaω ¼ 0Þ ¼ lðlþ 1Þ − s2. In addition,
fs and gs are functions of r which, in the context of the spin
expansion we are performing, take the form

fsðrÞ ¼ r4
Xnmax

n¼0

χn
XkmaxðnÞ

k¼0

fs;n;k
rk

;

gsðrÞ ¼ r3
Xnmax

n¼0

χn
XkmaxðnÞ

k¼0

gs;n;k
rk

; ð23Þ

for certain coefficients fs;n;k, gs;n;k that we determine
analytically. Analogous expressions hold for f�s, g�s , and
we remark that, in general, f�s ≠ fs, g�s ≠ gs, and that the
star � does not represent complex conjugation.
These coefficients depend on the frequency ω and on a

number of parameters that relate the different radial
functions when α ¼ 0 and that we use to fully decouple
the corrected equations. In the Kerr case, the radial
variables with s ¼ þ2 and s ¼ −2 are related by the
Starobinsky-Teukolsky (ST) identities [54–57], that depend
on two constants C�2 whose product is fixed—see the
Appendix. Thus, one of these constants is arbitrary, and it
turns out to correspond to a gauge choice for the metric
reconstruction. Physics should therefore be independent of
this choice, and we come back to this later. This is a
manifestation of the fact that the s ¼ þ2 and s ¼ −2
variables contain the same information [58]. On the other
hand, when α ¼ 0, the Rs variable and its NP conjugate R�

s
satisfy the same equation and same boundary conditions, so
that it follows that these variables must be proportional,

R�
s ¼ qsRs: ð24Þ

Contrary to the Starobinsky-Teukolsky constants, the qs
parameters are physical as they determine the polarization
of the perturbation. The reason why they do not show up in
the study of Kerr perturbations has to do with isospectrality.
But in theories beyond GR, isospectrality is typically
broken, and hence, the corrections to the Teukolsky
equations depend on the polarization—see [59] for a study
of isospectrality breaking in the Newman-Penrose formal-
ism. We find that the correction of the Teukolsky equation,
captured by the functions (23), depends explicitly on the
ST constants Cs and the polarization parameters qs. The
dependence on these parameters has a particular form that
we address below, after we make a few simplifications in
the corrected Teukolsky equations.
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In order to simplify (20), we can perform a change of
variables of the form

Rs → Rs þ α

�
AsRs þ BsΔ

dRs

dr

�
; ð25Þ

where the functions As and Bs are linear in the higher-
derivative couplings. At first order in α, this has the
following effect on the corrected Teukolsky equation (20):
fs → f̃s, gs → g̃s, where

f̃s ¼ fs − ΔðΔA00
s þ ðsþ 1ÞA0

sΔ0 − 2VsB0
s − BsV 0

sÞ; ð26Þ

g̃s ¼ gs − Δð2A0
s þ ΔB00

s − ðs − 1ÞB0
sΔ0 − 2sBsÞ: ð27Þ

Then, we can choose the functions As and Bs so that the
corrected equation takes a simple form. In particular, we
can fix g̃s ¼ 0, and determine As from this condition. With
this choice, we rewrite Eq. (20) as

Δ−sþ1
d
dr

�
Δsþ1

dRs

dr

�
þ ðVs þ αδVsÞRs ¼ 0; ð28Þ

where the correction to the potential, δVs, reads

δVs ¼ −fs þ
1

2
Δg0s þ sgsΔ0 þ BsΔð−V 0

s þ sð1þ sÞΔ0Þ

þ 1

2
ΔB0

sð−4Vs þ 2ð2s − 1ÞΔþ ðs2 − 1ÞΔ02Þ

−
3

2
Δ2Δ0B00

s −
1

2
Δ3Bð3Þ

s : ð29Þ

We still have a functional freedom in the form of the
potential δVs, corresponding to the choice of BsðrÞ. The
quasinormal mode frequencies and other physical proper-
ties are nevertheless independent of this choice, as long as
the function BsðrÞ is well behaved (e.g., it must decay fast
enough at infinity and be regular at the horizon). For
convenience, let us from now on focus on the case of
s ¼ −2, although the discussion for the s ¼ 2 is analogous.
In the context of the spin expansion and taking into

account the expressions (23), it is also natural to assume a
function B−2 of the form

B−2 ¼
Xnmax

n¼0

Xkmax

k¼−1

χn

rk
bn;k: ð30Þ

Observe that we start the sum over k at k ¼ −1, corre-
sponding to a linear term in r. This is the highest power of r
that preserves the asymptotic structure of the potential
(which goes as r4). On the other hand, this function is
clearly regular at the horizon. With this choice, the potential
(29) also takes the form of a simultaneous expansion in χ
and in 1=r,

δV−2 ¼
Xnmax

n¼0

Xk̃max

k¼−4

χn

rk
vn;k: ð31Þ

However, by tuning the coefficients bn;k, we find that it is
possible to remove almost all of the terms in this potential.
All of the powers 1=rk with k > 2 can be removed. That is,
we can set vn;k ¼ 0 ∀ k ≥ 3; n ≥ 0. Interestingly, the term
with 1=r2 cannot be removed. The remaining freedom in
the bn;k coefficients can be used to impose additional
constraints on the terms with k ¼ −1, 0, 1, 2, 3, 4. We can,
for instance, choose vn;1 ¼ 0, so that there is no 1=r term,
and we can also set vn;−4 ¼ 0, so that the corrections to the
potential are subleading at infinity. Interestingly, this choice
also leads to vn;−3 ¼ 0. Once we have set these conditions,
we find that there is no additional freedom, and the
potential is uniquely reduced to the simple form

δV−2 ¼
A−2

r2
þ A0 þ A1rþ A2r2: ð32Þ

Thus, it is determined by the four coefficients Ak, which are
expressed as a power expansion in the spin,

Ak ¼
Xnmax

n¼0

χnAk;n: ð33Þ

We have checked that for all the theories considered and all
the different l, m modes one can always write the potential
as in (32). In addition, since the potential can always be
brought to this form at any order in the spin expansion, we
expect that (32) may be a general result that applies even
nonperturbatively in the spin.
We have analytically computed the coefficients Ak at

order nmax ¼ 18 for the l ¼ 2, 3, −l ≤ m ≤ l modes and at
order nmax ¼ 14 for l ¼ 4, −l ≤ m ≤ l, for all the theories
in (3). These expressions are too lengthy to be displayed in
the text, but we provide them in the GITHUB repository [43].

B. Properties of the potentials

As we mentioned earlier, corrections to the Teukolsky
equation depend on the Starobinsky-Teukolsky con-
stants Cs, representing a gauge choice in the metric
reconstruction, and on the polarization parameters qs.
The dependence of the correction to the potential δVs
(and of the functions fs, gs we started with) on these
parameters is of the form

δVs ¼
1

Ps
½δVð1Þ

s þ qsδV
ð2Þ
s þ CsδV

ð3Þ
s þ Csq−sδV

ð4Þ
s �;

δV�
s ¼

1

qsP�
s
½δV�ð1Þ

s þ qsδV
�ð2Þ
s þ CsδV

�ð3Þ
s þ q−sCsδV

�ð4Þ
s �;

ð34Þ
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where Ps and P�
s are given by

Ps ¼
1

2
þ is
48Mω

ðD2qs − 2sq−sCsK2Þ;

P�
s ¼

1

2
þ is
48qsMω

ðD2 − 2sCsK2Þ; ð35Þ

D2 is the Starobinsky-Teukolsky of the angular functions
(A9), andK2 ¼ D2

2 þ 144M2ω2. The origin of these Ps, P�
s

constants is explained in the Appendix.
After removing the gauge freedom in the corrected

Teukolsky equation by reducing the potential to its simplest
form (32), this now manifestly exhibits certain important
properties.

1. Parity-preserving corrections

First of all, the quasinormal mode frequencies should not
depend not the ST constants, and at least in the case of parity-
preserving corrections, we can check this analytically. For
those theories, the QNMs have definite parity, and hence,
they are given by the polarization qþ2 ¼ q−2 ¼ �1. When
we use those values of q�2 in (32), using the coefficients Ak
computed for each theory,weobserve that the dependence on
Cs drops off, leaving us with two different potentials δV�

−2—
one for each polarization—that only depend onM, a and ω.
Thus, the result is manifestly independent on the gauge
choice for the metric reconstruction. Furthermore, the con-
jugate potential becomes identical δV��

−2 ¼ δV�
−2, so that the

full equations forR−2 andR�
−2 are identical and have the same

solutions. This ensures the consistency of the construction.
On the other hand, the potentials for s ¼ þ2, that is, δV�

þ2,
also become independent of Cs, and they take a different
form from δV�

−2. However, they give rise to the same QNM
frequencies, as checked in [35]—as remarked earlier the s ¼
þ2 and s ¼ −2 variables contain the same information, so
we can work with either of them.

2. Parity-breaking corrections

In the case of parity-breaking corrections, we also expect
the result to be independent of the choice of the Cs
constants, although in that case the equations have a
more involved structure [37]. The key aspect about parity-
breaking corrections is, however, that one has to determine
the polarization q�2 by solving the different radial equa-
tions simultaneously. Since here we are only considering
the s ¼ −2 equations, we set C−2 ¼ 0, which has the effect
of decoupling these from the s ¼ þ2 ones.
Then, we have to solve the s ¼ −2 equation and its

Newman-Penrose conjugate, which have different correc-
tions to the potential, δV−2 and δV�

−2. Remarkably, we find
that these are given by4

δV−2 ¼
2

1 − iq−2K
δVbreak;

δV�
−2 ¼ −

2

1 − iK=q−2
δVbreak; ð36Þ

for the same δVbreak that is independent of q−2, and where

K ¼ D2

12Mω
: ð37Þ

Now, since we are interested in finding quasinormal mode
solutions, the equations for R−2 and R�

−2 must be satisfied at
the same time for the same QNM frequency. Clearly, this
will only happen if

2

1 − iq−2K
¼ −

2

1 − iK=q−2
; ð38Þ

so that the potentials become identical δV−2 ¼ δV�
−2.

This leads to the following solution for the polarization
parameter:

q�−2 ¼
iK

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 1

p ; ð39Þ

which, remarkably, is theory independent. We also obtain
the associated potentials for each of the polarizations

δV�
−2 ¼ δV��

−2 ¼ � 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K2

p δVbreak: ð40Þ

Thus, the polarizations þ and − have opposite corrections
to the QNM frequencies. This is a known property of
parity-breaking higher-derivative corrections [23,37,60],
and the fact that we can check it analytically provides a
very strong test on the validity of our results.

C. Convergence of the expansion

In order to determine the radius of convergence of the
spin expansion of the Ak coefficients in (33), we must study
how the coefficients Ak;n behave for large n. Although we
do not have a formula for Ak;n for arbitrary n, our explicit
results up to nmax ¼ 18 provide a good intuition. First, let
us note that these coefficients depend on the frequency, so
in order to obtain some numerical values, we can setω to be
close to the frequency of the QNM in which we are
interested. Our results show very clearly that the coeffi-
cients Ak;n grow exponentially with n, as

Ak;n ∼ ckΛn
1; ð41Þ

for some complex number Λ1 which depends on the
frequency. Generically, we find that jΛ1j > 1, and hence,
the radius of convergence is χmax ¼ jΛ1j−1 < 1. However,
this is just a problem of the series expansion, as we expect

4The denominators in these expressions are (up to a factor) the
P−2 and P�

−2 constants (35).
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the full coefficients AkðχÞ to remain finite for every χ.
Indeed, what (41) suggests is that the full expression of Ak
can be written in the form

AkðχÞ ¼
ÃkðχÞ
1 − Λ1χ

: ð42Þ

Here, the series expansion of the denominator precisely
gives rise to the behavior (41), but it does not introduce any
divergence since Λ1 is complex and χ is real. On the other
hand, the series expansion of the numerator ÃkðχÞ should
now have a much better convergence than the original
AkðχÞ, because we have absorbed the terms that spoiled the
convergence in the denominator.
Now, the way to do this in practice is to transform our

series expansion (33) into a Padé approximant with a
denominator of order 1,

APadéð1Þ
k ¼ 1

1 − Λ̃1χ

Xnmax−1

n¼0

χnÃð1Þ
k;n: ð43Þ

Remarkably, the value of Λ̃1 obtained from the Padé
approximant coincides very well with the value of Λ1

estimated from the asymptotic behavior of the coefficients.
Thus, the Padé approximant is very powerful in identifying
the complex pole in (42). The new series expansion in the
numerator of (43) always has a better convergence than the
original series (33), and there are two possibilities. If the

coefficients Að1Þ
k;n remain bounded or grow slow enough for

n → ∞, then the Padé approximant (43) has a radius of
convergence of χmax ¼ 1, and therefore, it is convergent for
all subextremal values of the spin. Thus, taking nmax to be
large enough, we should be able to consider arbitrarily high
spins. The second possibility is that the new coefficients

still grow exponentially, Að1Þ
k;n ∼ Λn

2 , with 1 < jΛ2j < jΛ1j.
In that case, the Padé approximant has a bigger radius of
convergence than the original series, but it still diverges for
high enough spin χmax ¼ jΛ2j−1. Thus, to improve the
convergence, we proceed in the same way and apply a Padé
approximant with order 1 denominator to the numerator of
(43). Then, we end up with an order-2 Padé approximant,

APadéð2Þ
k ¼ 1

ð1 − Λ̃1χÞð1 − Λ̃2χÞ
Xnmax−2

n¼0

χnÃð2Þ
k;n; ð44Þ

where Λ̃2 ≈ Λ2 is again complex, and hence, the full
expression is finite. We can then analyze the convergence

of the new series expansion with coefficients Ãð2Þ
k;n and

proceed in the same way. If the new series converges for all
values of the spin, then we are done, and otherwise, we
consider a Padé approximant of one more order.
In general, we get a Padé approximant with an order-N

denominator

APadéðNÞ
k ¼

Pnmax−N
n¼0 χnÃðNÞ

k;nQ
N
n¼1 ð1 − Λ̃nχÞ

; ð45Þ

and we consider the minimum value of N for which the
numerator behaves as a convergent series ∀ jχj < 1.
The Λ̃n are always complex, and hence, this expression
is regular for real values of χ. We note that increasing the
value of N beyond the minimum value required to achieve
convergence does not always result in a faster convergence,
and it could, in turn, introduce spurious poles.
We have explored this strategy explicitly for the theories

(3) using an expansion of order nmax ¼ 18 for the l ¼ 2, 3
modes and of order nmax ¼ 14 and for the l ¼ 4 ones. We
have found that the order of the denominator of the Padé
approximant that we should use typically increases with the
magnitude of the angular numbers l and jmj. In practice, we
used N ¼ 0 for the l ¼ 2, 3, m ¼ 0 modes, N ¼ 1 for
l ¼ 2, m ≠ 0, and N ¼ 2 for l ¼ 3, m ≠ 0 and all the l ¼ 4
modes. Presumably, one needs to keep increasing the value
of N as l and jmj grow, but we do not have conclusive
evidence of this. We illustrate the convergence of the Padé
approximant in Fig. 1, where we show the coefficients

A−2;n and Ãð1Þ
−2;n of the l ¼ m ¼ 2, qs ¼ −1 mode of the

quartic theory C2. Although these results are only based on
numerical evidence, they strongly indicate that the Padé

FIG. 1. Absolute value of the coefficients A−2;n of the series
expansion (33) and Ã−2;n of the Padé approximant (43) as a func-
tion of n. We show the values corresponding to the l ¼ m ¼ 2

mode with qs ¼ −1 of the quartic Lagrangian C2, and we set
M ¼ 1 and ω ¼ 0.533 − 0.081, corresponding to the (2, 2, 0)
QNM frequency of Kerr black holes with χ ¼ 0.7. A fit reveals
that the coefficients of the series expansion grow exponentially as
in (41) with jΛ1j ∼ 2.1547. Thus, the radius of convergence is
χmax ¼ jΛ1j−1 ∼ 0.46. On the other hand, the coefficients of the
Padé approximant are bounded, indicating that the series in (43)
converges for all values of the spin jχj < 1. The numerator of the
Padé approximant gives Λ̃1 ¼ 0.2969þ 2.134i, whose absolute
agrees perfectly with jΛ1j.
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approximant yields a convergent result. Therefore, this
method allows us to study black holes of arbitrary spins as
long as we include enough terms in the spin expansion.

IV. QUASINORMAL MODES

Summarizing the results of the previous section, in
order to study the quasinormal modes of the rotating black
holes in the theory (3), it suffices to consider Eq. (28)
with either s ¼ þ2 or s ¼ −2, since both are equivalent.
We focus on the s ¼ −2 case, so we have to solve the
equation

Δ3
d
dr

�
Δ−1 dR−2

dr

�
þ ðV−2 þ αδV−2ÞR−2 ¼ 0; ð46Þ

where δV−2 is given by the simple expression (32). This
equation belongs to the class of parametrized modified
Teukolsky equations analyzed in Ref. [42], which obtains
the corrections to the QNM frequencies using a continued
fraction method. Thus, the results of that work are directly
applicable to study the QNMs of (46), and we refer to
that paper for details. We note that a public PYTHON code
for the computation of QNM frequencies is available on
GITHUB [61].
Reference [42] considers potentials of the form (32) with

free coefficients Ak (allowing for more values of k), but in
our case, these coefficients are not free but determined by
the theory. Furthermore, they depend on the frequency ω
that one is trying to determine. However, at first order in the
higher-derivative couplings, it suffices to evaluate those
coefficients on the corresponding Kerr QNM frequency
whose corrections we want to obtain. Thus, for each value
of harmonic numbers ðl; mÞ, overtone index n, polarization
�, and angular momentum χ, each of the higher-derivative
theories provides a numeric value for the coefficients Ak.
Combining those values with the shift in the QNM
frequencies associated to each individual Ak, computed
in [42], we obtain the full shift in the QNM frequencies due
to higher-derivative corrections.
For each of the higher-derivative corrections, with

couplings αq defined in (9), we write

ω�
lmn ¼ ωKerr

lmn þ αq
M

δωq;�
lmn þOðα2qÞ: ð47Þ

Thus, we define δωq to be the coefficients of the linear-
order corrections to the QNM frequencies. We note that
these quantities are defined in a way such that they are
dimensionless, and they only depend on the dimensionless
spin, δωq ¼ δωqðχÞ. Our perturbative analysis of higher-
derivative terms only allows us to compute these linear
coefficients, but it is also interesting to look at the nonlinear
terms in (47) in order to determine the regime of validity of
the linear corrections. We come back to this later.

We note that these frequencies exhibit the same sym-
metries as in Kerr, and in particular, considering negative
values of χ is equivalent to the exchange m → −m,

δωq;�
lmnð−χÞ ¼ δωq;�

l−mnðχÞ: ð48Þ

By using the results of [42], we have obtained numeri-
cally the values of δωq;�

lmn for all the higher-derivative
theories in (3), for l ¼ 2, 3, 4, m∈ ½−l; l�, n ¼ 0, 1, 2,
and 0 ≤ χ ≤ 0.95 in the case of l ¼ 2, 3 and 0 ≤ χ ≤ 0.75
for l ¼ 4. Due to the large amount of data, we provide these
results in the form of .txt files in the GITHUB repository [43].
These files contain, for a list of values of the spin, the real
and imaginary part of δωq for the corresponding mode and
theory. They also contain the error in both the real and
imaginary parts, estimated from the convergence of the spin
expansion. Namely, the error is the difference between the
predictions with spin expansions of order nmax and of order
nmax − 1. In this case, nmax ¼ 18 for the l ¼ 2, 3 modes and
nmax ¼ 14 for the l ¼ 4 ones.
We observe that the convergence of the spin expansions

depends a great deal on the value ofm. Typically, them ¼ l
modes have the slowest convergence, and we get reliable
results up to χ ∼ 0.7–0.8. For smaller values of m, includ-
ing negative values, the convergence is much faster, and for
some modes, we get an accurate result up to the maximum
value of the spin that we computed, χ ∼ 0.95. As an
example, in Fig. 2, we offer a visualization of the δωq

coefficients of the ðl; m; nÞ ¼ ð2; m; 0Þ modes of the even-
parity cubic theory.
As a test of our results, we have compared themwith those

of [37] for the ðl; m; nÞ ¼ ð2; 2; 0Þ; ð3; 3; 0Þ modes, which
were obtained using an eigenvalue perturbation approach to
solve the modified Teukolsky equation [34,62]. We find that
the two results agree quite well, with a relative difference in
δωq that increases approximately linearly with χ, and which
is smaller than 9% for χ < 0.7. However, we found that the
eigenvalue perturbation method that was employed in [37]
was incomplete, as it did not take into account thevariation in
the angular separation constants Blm due to the correction to
the frequency. This explains the small difference between our
results here and those in [37]. In fact, we have repeated the
eigenvalue perturbation computation of δωq including this
effect, finding that the relative difference between that
method and Leaver’s method for jχj ≤ 0.4 is ≲10−6 if l ¼
2 and≲10−5 if l ¼ 3.We have checked that this is the case as
well for overtones, which were not computed in [37]. This
impressive agreement serves as a consistency test of the
methods and results we obtain here.

A. Polynomial fits

Although we provided numerical results for the shifts in
the QNM frequencies, it is most useful to express those
results in terms of a fitting function that captures the
dependence on the angular momentum. Here, we follow a
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strategy similar to that of [37] and write our results in terms
of polynomial functions using a weighted fit.
We consider the data set fðχi; δωiÞ; i ¼ 1;…; imaxg,

where δωi are the numerically computed values of δωq;�
lmn

(we are dropping the labels for clarity) for χ ¼ χi,
and we include both positive and negative values of
χi ∈ ½−χmax; χmax�, with χmax ¼ 0.95 for l ¼ 2, 3, and
χmax ¼ 0.75 for l ¼ 4. We perform independent fitting
procedures for the real and imaginary parts of the fre-
quency, but in order to avoid introducing more notation let
us imagine that δωi denotes either the real or the imagi-
nary part.
The data points δωi have two sources of error. On the one

hand, there is an error coming from the tolerance of the
numerical method employed for the computation of QNM
frequencies, which is around εnum ∼ 10−7 [42]. On the other
hand, there is an error due to the convergence of the spin
expansion, and we estimate it as the difference of the results
using spin expansions of order nmax and of order nmax − 1,
as we mentioned above. Let us denote this error by εspin;i,
which indeed depends on the spin, and it is different for

each data point. We only include data points for which
εspin;i is less than 10% of the maximum value of jδωij ∀ i.
Thus, the total error is

εtotal;i ¼ εnum þ εspin;i: ð49Þ

For small χ, the spin expansion is very accurate, and we
have εspin;i ≪ εnum, so the error from the numerical method
is the bottleneck. For large spins, the error from the spin
expansion dominates, with the transition happening at
some critical value χc which becomes larger as we increase
the order of the expansion.
Then, we wish to fit our data points to an Nth-degree

polynomial,

δωN
fitðχÞ ¼

XN
j¼0

cjχj: ð50Þ

In order to take the different accuracy of each data point
into account, the fits are obtained by minimizing the
weighted sum of squared residuals,

FIG. 2. Shifts in the QNM frequencies of the l ¼ 2 fundamental modes due to the even-parity cubic curvature corrections. The dots
represent data points, and the error bars are estimated by looking at the convergence of the spin expansion—they correspond to the
difference with respect to the prediction obtained with one less order. The lines and shaded regions correspond to the fitting polynomials
of order N0 − 1, N0 and N0 þ 1, where N0 is the optimum order.
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ΣN ¼
Ximax

i¼1

1

ε2total;i
jδωi − δωN

fitðχiÞj2; ð51Þ

where each weight is the inverse of the estimated variance
of the corresponding data point. In order to determine the
optimum degree of the fitting polynomial, we compute the
two-step ratios of the minimized error functions,

dN ¼ Σmin
Nþ1

Σmin
N−1

; ð52Þ

with N ¼ 1; 2;…. For the first few values of N, we
typically have dN ≪ 1, indicating that increasing the
degree of the polynomial results in a large increase of
the goodness of the fit. For large enough N, we find that dN
saturates and approaches one, so increasing N does not
significantly improve the fit. Thus, in order to avoid
overfitting the data, we choose a value of N such that
dN is about to saturate. This is the maximum degree of the
polynomial that guarantees that the fit is reliable and that
we do not introduce spurious behavior due to overfitting.
For definiteness, we defined this optimum degree N0 to be
the lowest value of N ≥ 2

5 for which dN0
> 0.2.

We find that N0 varies a lot: depending on the mode and
the theory, we can have 6 ≤ N0 ≤ 18. The reason for this is
not only the different accuracy of the results in each case,
but it also has to do with the variability of δω as a function
of the spin. For some modes, δωðχÞ has a mild dependence
on χ, and a low-order polynomial can fit it with very high
accuracy. For others, it has a great variability (e.g., it grows
very fast, or shows several maxima and minima), so that a
higher-degree polynomial is needed. We remark, in par-
ticular, that the order of the polynomial need not coincide
with the order of the spin expansion, since the fitting
polynomials are not the same as a Taylor expansion. We
provide the coefficients of the optimum fitting polynomials
in the GITHUB repository [43].
We expect that these fitting polynomials provide a

reliable estimation for δω even beyond the fitting range
of χ. We show a test of this in Fig. 2. Along with the
numerical data points, this figure shows the corresponding
polynomial fits of degree N0 and N0 � 1. The shaded
regions represent the area spanned by these three different
polynomials, and they serve as a measure of the uncer-
tainty in their prediction. We see that, even for the most
problematic, l ¼ m ¼ 2 modes, the three fits agree very
well, even beyond the fitting range. Thus, it is conceivable
that the prediction from these fits is relatively accurate for
spins as high as χ ∼ 0.9. For the other modes, where we
have a better convergence of the spin expansion, the result

is even more robust. It would be very interesting to check
the validity of these results at high spins, but the method-
ology to compute the QNMs of highly spinning black holes
in beyond-GR theories has not net been developed yet—the
results of [63] may provide a promising direction for this
though.
In the fitting region, all these polynomials are virtually

indistinguishable from the data points, except when the
error bars become large. In some cases, the fit departs from
those data points, but this is the way in which the fit tells us
that those points are not credible.

B. Overtones

Our results include, for the first time, the corrections to
the overtones of rotating black holes. Thus, we take the
chance to discuss some of the properties of these overtones.
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FIG. 3. Relative correction to the potential for the first few
overtones of modes with l ¼ m ¼ 2 and “þ” polarization for a
black hole of spin χ ¼ 0.3. The top plot corresponds to the even-
parity cubic theory and the bottom plot to the quartic theory
labelled by the parameter ϵ1.

5The reason to start at N ¼ 2 is that, in rare cases, the value of
dN is not small for the first few values of N, but it does decrease
after that.
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As noticed long ago [64,65], and recently revived by
[66,67], the spectrum of quasinormal modes of a black hole
is unstable under small changes of the non-Hermitian
operator that defines the problem. The overtones are
especially sensitive to this instability, and even a small
deformation of the equations governing black hole pertur-
bations can lead to a total disruption of the spectrum of
overtones. Thus, the corrections to the overtones are
expected to be much larger than the corrections to the
fundamental modes.6 This effect has already been observed
in some specific cases, see [26,69–71].
In the case of higher-derivative corrections, there is yet

another mechanism that will cause the corrections to the
overtones to grow: the breakdown of the EFT at large
frequencies. Indeed, for overtones of Schwarzschild and
Kerr black holes, the nth-overtone frequency ωn grows
linearly with n in the imaginary direction [7]. Now, when
jωj → ∞, the potential Vs in the Teukolsky equation grows
as Vs ∼ ω2, but the correction to the potential δVs can
typically grow with a higher power of ω, hence producing
larger corrections for higher overtones [26]. However, a
direct comparison of δVs with Vs is subtle (especially in the
rotating case) since the powers of ω appear multiplying

different powers of r. By exploring a few cases, we have
found that the relative correction jδVsj=jVsj indeed tends to
grow for large enough n, although it does not necessarily
show a monotonic behavior for the first few values of n,
since the growth of jωnj with n is relatively slow. We
illustrate this in Fig. 3, where we see that for the first few
values of n the correction to the potential actually
decreases, although it eventually grows again. The growth
appears to be faster in the quartic theory than in the cubic
theory. On the other hand, the maximum of jδVsj=jVsj
tends to be closer to the horizon for higher overtones,
although this behavior does not seem to be universal.
Let us then show the corrections to the QNM frequen-

cies. For definiteness, we discuss the case of the even-parity
cubic theory, but our full results are available in the GITHUB

repository [43]. Figure 4 shows the relative corrections to
the QNM frequencies of the fundamental mode and three
first overtones with l ¼ m ¼ 2 and for each of the two
polarizations. The third column in that figure shows the
relative correction in absolute value, and it reveals that,
quite consistently, higher overtones receive larger correc-
tions. We recall from Fig. 3 that the corrections to the
potential for these low overtones is not necessarily bigger
than the correction to the potential of the fundamental
mode. Thus, this growth is probably related to the own
unstable nature of the overtone spectrum. Although we
have not computed higher overtones, we expect that these
receive even larger corrections. The left and middle
columns Fig. 4 also offer interesting information: the
corrections to the real and imaginary parts of overtones
vary a lot depending on the angular momentum of the black

FIG. 4. Corrections to the fundamental QNM frequency and to the first three overtones of l ¼ m ¼ 2 modes in the even-parity cubic
curvature theory. The top and bottom row correspond to þ and − polarization, respectively. The first column shows the relative
corrections to the real part of the frequency, the middle column the relative corrections to the imaginary part, and the last column, the
absolute value of the relative correction.

6Here, we are excluding “artificial” modifications of the
perturbation equations, such as those involving adding an extra
small bump to the potential at a large radius [68], which are
known to disrupt the full spectrum of QNMs. The modifications
due to higher-derivative corrections preserve the qualitative form
of the potential and hence do not cause such a dramatic effect on
the QNMs.
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hole, with the curves becoming more nonlinear as we
increase the overtone index. It would be interesting to
understand how these overtones behave for angular
momentum close to extremality, but a rigorous analysis
of this limit is not possible with our current methods. In
fact, we observe that the spin expansion converges more
slowly as we increase the overtone index. The analysis of
highly damped modes of rotating black holes thus requires
an independent analysis. Our results with n ¼ 1, 2 are
nevertheless still accurate in the vicinity of χ ∼ 0.7 and
beyond depending on the case.

C. Regime of validity of the linear approximation

As we mentioned earlier, our analysis of the higher-
derivative corrections is limited to first order in the
coupling constants, which remains valid as long as these
couplings are small enough. However, it is important to
estimate exactly how small these couplings need to be. On
the one hand, the modified Teukolsky equation receives
corrections with higher powers of the αq couplings, but
these are out of reach for now. On the other hand, even if we
just consider the linearly modified Teukolsky equation, the
QNM frequencies are in general nonlinearly corrected.
Here, we explore these nonlinear corrections to the QNM
frequencies in order to estimate the regime of validity of the
linear expansion, although we remark that this analysis is
incomplete as we are missing the nonlinear corrections to
the Teukolsky equation.
In our previous work [42], we assessed the reliability of

the linear approximation for single Ak modifications in the
potential of the Teukolsky equation. Here, we perform a
similar analysis for the specific case of higher-derivative
gravity, namely, considering the potential modification of
Eq. (32). We want to compare the prediction obtained
with the linearized framework with the one from the full
continued fraction method. In order to do so, we consider
the following notion of error,

Δδω≡
���� ωnl − ωlin

ωlin − ωKerr

����; ð53Þ

where ωlin is the frequency (47) truncated at first order in
αq, and ωnl represents the exact nonlinear result obtained
from the continued fraction method, whose details of
implementation can be found in [42]. This definition can
be viewed as a relative error on the correction δω to the GR
quasinormal frequencies. We remark that this is different
from the relative error on the full frequency, as δω is itself
small. Thus, the linear approximation remains valid as long
as Δδω ≪ 1.
In Fig. 5, we show the results for the 220, 330, and 221

modes of the even-parity cubic theory at different values of
the spin parameter for a range of dimensionless couplings
αev ¼ l4λev=M4. As we naturally expect, these plots show
that the error of the linear approximation grows as the value

of coupling increases. In Fig. 6, we report the value of the
coupling α�ev for which Δδω ¼ 5% for a given mode at a
given spin. We see that for 220 this happens for
αev ∼ 0.1–1, which are actually very large values of the
coupling. For reference, at αev ∼ 0.1, the Kerr QNM
frequencies receive corrections of the order of 20%, and
realistically, we do not expect the EFT corrections to be
valid beyond that. Thus, the linear approximation seems to

FIG. 5. The relative error on the linear frequency correction
versus dimensionless coupling in the cubic even theory for the
220 (upper panel), 330 (middle panel), and 221 (lower panel)
modes at different spin parameters. The circles correspond to plus
polarization, and the squares correspond to minus polarization.
The thresholds at which the error reaches 1% and 100% values
are indicated with dashed lines.
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perform better than expected. For the first overtone 221, the
breakdown of the linear approximation occurs for some-
what smaller (but still fairly large) couplings, which is
consistent with the fact that overtones receive larger
corrections and with the observations of [26].
On the other hand, we observe that for the 330 modes the

linear approximation breaks down at much smaller cou-
plings, especially for small spin. In this case, we suspect
that this is an artifact of the missing nonlinear terms in the
Teukolsky equation. Let us explain why. In the modified
Teukolsky equation (46), the correction to the potential is
only defined up to terms that do not modify the frequencies
at linear order in the coupling. Let us denote such kind of
term by δV trivial. Thus, if one makes δV → δV þ CδV trivial,
where C is a constant, this has no effect at linear level in the
coupling. However, δV trivial will, in general, affect the
frequencies nonlinearly in the coupling, and this effect
can be arbitrarily large if we take C to be large. This is what
seems to be happening for the 330 modes. We observe that
for these modes the Ak coefficients in the Teukolsky
equation are two orders of magnitude larger than for the
220 and 221 modes, but the linear correction to the
frequency is of the same order of magnitude for all these
cases. Thus, the potential for the 330 mode likely contains a
large “trivial” piece δV trivial, which was probably intro-
duced by all the manipulations we did to rewrite the
potential in the form (32). This ambiguous term can only
be fixed by computing the corrections to the Teukolsky
equation at higher orders in the coupling. The conclusion is
that our results should only be taken as a preliminary
exploration, as the missing terms in the Teukolsky equation
are crucial.
In any case, our results do confirm that a linear correction

to the Teukolsky equation does imply a linear correction to
the frequencies within a reasonable range of couplings.

Another interesting observation that follows from Fig. 6 is
that, contrarily to what one could naively expect, increasing
the rotation does not seem to imply an earlier breakdown of
the linear regime.

V. CONCLUSIONS

We have provided the most complete calculation up to
date of the corrections to the QNMs of Kerr black holes in a
general EFT extension of GR. All our results can be found
in the repository [43] that contains the analytically com-
puted corrections to the potential (32), the numerical values
of the shift in the QNM frequencies as defined in (47), and
the coefficients of the polynomial fits (50). We computed
these shifts for all the modes ðl; m; nÞ with l ¼ 2, 3, 4,
−l ≤ m ≤ l, n ¼ 0, 1, 2 of both polarizations � for all
the theories in (3) and for a large range of the black hole
spin χ. The maximum spin that we can accurately capture
depends on the mode, and it ranges between χmax ∼ 0.7 and
χmax ∼ 0.95. We also performed a preliminary analysis of
nonlinear corrections to the QNM frequencies, finding that
the first-order correction is accurate within a reasonable
range of coupling constant values. Thus, these results
should allow us to perform complete black hole spectros-
copy tests of higher-derivative gravity with ringdown
observations.
Although our results capture the modes and black hole

solutions that are most relevant for astrophysical observa-
tions, there are still many unanswered questions about the
QNM spectrum of rotating black holes beyond GR. For
instance, our analysis does not include yet highly damped
modes or eikonal modes, since they require a separate
treatment. Eikonal modes are especially interesting due to
their correspondence with unstable null geodesics in GR
[72,73], which must have a generalization in the case of
higher-derivative gravity [22,74].
More importantly, theQNMsof highly rotating (i.e., near-

extremal) black holes cannot be accessed with our current
methods based on a series expansion in the spin. The case of
near-extremal black holes is particularly interesting since
new phenomena appears close to extremality [75], and a
possible amplification of higher-derivative effects could take
place [48,76,77]. Newmethods will be required to study the
QNM spectrum of these black holes. The analysis of
perturbations in the near-horizon region recently reported
by [63] may provide a promising starting point.
In addition, our analysis of the nonlinear behavior in the

coupling was incomplete as we are missing the second-
order corrections to the Teukolsky equation. Doing this
would require being able to reconstruct the metric pertur-
bation at first order in the coupling, which is challenging.
As a more accessible case, one could consider static or
slowly rotating black holes, whose perturbations can be
studied explicitly in terms of the metric [15,23,24,78], or
with the new approach of [79]. In those cases, it would be
possible to find the corrections to the Regge-Wheeler and

FIG. 6. Threshold value of α�ev, for which the error between
linear and nonlinear approximation becomes larger than 5% as a
function of the spin. We report α�ev for the (2, 2, 0), (2, 2, 1), and
(3, 3, 0) modes (respectively, circle, square, and diamonds) for the
“þ” (solid lines) and “−” (dashed lines) polarizations of the even-
parity cubic curvature theory.
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Zerilli equations at second order in the coupling, and this
would allow us to rigorously estimate the regime of validity
of the linear corrections to the QNM frequencies.
Finally, it would be interesting to extend our analysis to

the case of theories with scalar fields such as dynamical
Chern-Simons gravity [80,81], scalar-Gauss-Bonnet gravity
[82], and string gravity [83]. The modified Teukolsky
formalism is also applicable to those cases [33,34], yielding
coupled equations for scalar and gravitational perturbations.
However, these equations have so far only been obtained to
first order in the angular momentum for dynamical Chern-
Simons gravity [36], so a more general analysis would be
required. In the case of dilaton-Gauss-Bonnet gravity, the
results from the Teukolsky analysis could then be contrasted
with recent computations fromspectralmethods [27–29].We
leave all these questions for future work.
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APPENDIX: METRIC RECONSTRUCTION

We follow the analysis of [35], which at the same time
made use of results from [84]. The perturbations to the
rotating black hole solutions are described in terms of the
four perturbed Teukolsky invariants fδΨ0; δΨ4; δΨ�

0; δΨ�
4g

(where � denotes the Newman-Penrose conjugate) or equiv-
alently, in terms of four Hertz potentials fψ0;ψ4;ψ�

0;ψ
�
4g.

The interplay between these variables is needed in order to
evaluate the universal Teukolsky equation and reduced it to a
decoupled radial equation. In the case of the Kerr solution in
Einstein gravity, all these variables satisfy the Teukolsky
equations of either spin s ¼ 2 (for the variables labeled with

a 0) or spin s ¼ −2 (for those labeled with a 4). Thus, we
proceed to perform a mode expansion, and we can write the
Hertz potentials as

ψ0 ¼ e−iωtþimϕR2ðrÞS2ðxÞ;
ψ�
0 ¼ e−iωtþimϕR�

2ðrÞS−2ðxÞ;
ψ4 ¼ e−iωtþimϕζ−4R−2ðrÞS−2ðxÞ;
ψ�
4 ¼ e−iωtþimϕðζ�Þ−4R�

−2ðrÞS2ðxÞ; ðA1Þ

and analogous expressions but with different radial functions
hold for the Teukolsky variables. Here, ζ ¼ r − iax and
SsðxÞ are the spin-weighted spheroidal harmonics, satisfying

d
dx

�
ð1 − x2Þ dSs

dx

�
þ
�
ðaωÞ2x2 − 2saωxþ Blm

−
ðmþ sxÞ2
1 − x2

�
Ss ¼ 0; ðA2Þ

where Blm are the angular separation constants. We define
Blm in a way that they are the same for s ¼ þ2 and for
s ¼ −2. The variables Rs and R�

s each satisfy the Teukolsky
equation of spin s,

D2
sRs ¼ 0; D2

sR�
s ¼ 0; ðA3Þ

where D2
s was defined in (21).

On account of Eq. (A3), the radial variables are not
independent. First, Rs and R�

s satisfy the same equation, so
they must be proportional to each other,

R�
þ2ðrÞ ¼ qþ2Rþ2ðrÞ; R�

−2ðrÞ ¼ q−2R−2ðrÞ: ðA4Þ

To conclude this, one must bear in mind that they satisfy the
same boundary conditions. The constants qs turn out to
represent the polarization of the wave. On the other hand,
radial functions of different spin weight are related by the
Starobinsky-Teukolsky (ST) identities,

R−2 ¼ Cþ2Δ2ðD0Þ4ðΔ2Rþ2Þ;
Rþ2 ¼ C−2ðD†

0Þ4R−2; ðA5Þ

where D0 and D†
0 are the operators

D0 ¼ ∂r þ
iðωðr2 þ a2Þ −maÞ

Δ
;

D†
0 ¼ ∂r −

iðωðr2 þ a2Þ −maÞ
Δ

: ðA6Þ

The two proportionality constants C�2 satisfy

Cþ2C−2 ¼
1

K2
; ðA7Þ
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where

K2 ¼ D2
2 þ 144M2ω2; ðA8Þ

and D2 is the ST constant for the angular functions, given by

D2 ¼ ½ð8þ 6Blm þ B2
lmÞ2 − 8ð−8þ B2

lmð4þ BlmÞÞmγ þ 4ð8 − 2Blm − B2
lm þ B3

lm

þ 2ð−2þ BlmÞð4þ 3BlmÞm2Þγ2 − 8mð8 − 12Blm þ 3B2
lm þ 4ð−2þ BlmÞm2Þγ3

þ 2ð42 − 22Blm þ 3B2
lm þ 8ð−11þ 3BlmÞm2 þ 8m4Þγ4

− 8mð3Blm þ 4ð−4þm2ÞÞγ5 þ 4ð−7þ Blm þ 6m2Þγ6 − 8mγ7 þ γ8�1=2; ðA9Þ

with γ ¼ aω. Finally, using all these relations one can show
that the Teukolsky variables resulting from these Hertz
potentials are given by

δΨ2−s ¼ Psψ2−s; δΨ�
2−s ¼ P�

sψ
�
2−s; ðA10Þ

where the proportionality constants Ps, P�
s read

Ps ¼
1

2
þ is
48Mω

ðD2qs − 2sq−sCsK2Þ; ðA11Þ

P�
s ¼

1

2
þ is
48qsMω

ðD2 − 2sCsK2Þ; ðA12Þ

with s ¼ �2. All of the relationships (A4), (A5), and (A10)
allow us to express any of these variables in terms of any of
the other. In fact, since the metric perturbation is deter-
mined by the Hertz potentials, we can write any perturbed
quantity—frame, spin connection, Riemann curvature—
in terms of any of the radial functions and the constants qs
and Cs.

Now, these relationships no longer hold in the case of
higher-derivative gravity, since all of them will undergo
perturbative corrections. However, it suffices to know them
in the case ofGR, sincewe only need to use them in the terms
of the universal Teukolsky equations that are proportional to
the higher-derivative corrections, so that the corrections to
(A4), (A5), and (A10) would be a second-order effect. Using
these results, one can proceed to evaluate the universal
Teukolsky equations linearized over the background of a
rotating black hole and express the result in terms of the radial
functions Rs and R�

s . The resulting equation however is
nonseparable, and thus, one has to do a mode expansion
including all the different l modes. The equation is then
projected onto the spheroidal harmonics, giving an infinite
system radial equations that couple different l modes.
However, the equation for the dominant mode in the
expansion is decoupled and determines the QNM frequency.
We explained this in the text around Eq. (18).
During the process, terms with more than two derivatives

of the radial functions can be reduced by using the zeroth-
order Teukolsky equation.
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