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Abstract

For abelian surfaces of Picard rank 1, we perform explicit computations of the coho-
mological rank functions of the ideal sheaf of one point, and in particular of the
basepoint-freeness threshold. Our main tool is the relation between cohomological
rank functions and Bridgeland stability. In virtue of recent results of Caucci and Ito,
these computations provide new information on the syzygies of polarized abelian
surfaces.
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1 Introduction

Throughout this note we work over an algebraically closed field K.

Motivated by the continuous rank functions of Barja, Pardini and Stoppino [1], in
their paper [10] Jiang and Pareschi introduced the cohomological rank functions h’F ;
associated to a coherent sheaf (or more generally, a bounded complex of coherent
sheaves) F on a polarized abelian variety (A, [). For x € Q, th ;(x) makes sense of
the i-th (hyper)cohomological rank of F twisted with a (general) representative of the
fractional polarization x/.
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One of the main applications of these functions corresponds to the study of syzygies
of abelian varieties. Jiang and Pareschi already observed in [10, Section 8] that the
functions of the ideal sheaf Z, of a point g € A, and more concretely the basepoint-
[reeness threshold

e1() = inf {x €QIhL ()= 0} ,

encodes interesting positivity properties of the polarization /:

(1) e1(!) < 1, with equality if and only if any line bundle representing / has base
points.

(2) [10, Corollary E] If €1 (1) < %, then any line bundle representing / is projectively
normal.

Shortly after, Caucci generalized (2) to higher syzygies, proving that every line
bundle representing / satisfies the property (N,) as long as €1 (/) < ﬁ ([3, Theorem
1.1]). The reader is referred to [12, Chapter 1.8.D] for a definition of the property
(Np). As a consequence, he obtained a proof of Lazarsfeld’s conjecture (originally
proved in char(K) = 0 by Pareschi [16]) in arbitrary characteristic: if L is an ample
line bundle on an abelian variety, then L™ satisfies (V) for every m > p + 3.

Caucci’s result has received considerable attention as an effective tool to under-
stand the syzygies of abelian varieties endowed with a primitive polarization (i.e. a
polarization which is not a multiple of another one), by means of upper bounds for
the basepoint-freeness threshold (see [5,6,9]). Furthermore, for p > 1 the hypothesis
e1() < ﬁ ensuring (Np) has recently been slightly weakened by Ito ([7, Theo-
rem 1.5]).

In the present note we give explicit expressions for the function h%q’ ;» Which is

enough for determining A IIq , and hence €; (/). We do this for a certain class of polarized

abelian surfaces which includes those with Picard rank 1. More precisely, our main
result is:

Theorem A Let (S, 1) be a (1, d)-polarized abelian surface such that D -1 is a multiple
of I? for every divisor class D, and let q € S be a (closed) point.

(1) Ifd is a perfect square, then the cohomological rank function h%q, | reads

0 X

IA

NN

hg, (0 = (1.1)

dx* -1 x>
In particular, €1(l) = “/TE.
(2) Ifd is not a perfect square, then the cohomological rank function hS- | is either
7,1
(1.1) or

2y
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where (X, y) is a nontrivial positive solution to Pell’s equation x2—4d - y2 =1.
In particular, if (xo, yo) is the minimal positive solution to this equation, then

20
ei(l) < o1

(3) Under the hypothesis of (2), assume also that char(K) divides neither xg nor
xg — 1. Then the expression for h%q’ | IS the one corresponding to either the minimal
solution (xo, yo) or to the second smallest positive solution (x1, y1). In particular,

2 2
) e (2, 2y,

Parts (1) and (2) of this result are proved in Sect. 3. Our main tool is a natural
description of cohomological rank functions on abelian surfaces in terms of certain
stability conditions on the derived category, which has recently been proved by Lahoz
and the author in [13]. Essentially, this description establishes that h%{’ ; 1s determined
by the Harder-Narasimhan filtrations of Z, along the so-called («, B8)-plane of stability
conditions.

The key point of this approach is that the potential destabilizing walls for Z, are
in correspondence with positive solutions to Pell’s equation x> — 4d - y> = 1 (see
Lemma 3.1). The absence of such solutions when d is a perfect square shows (1),
whereas for d not a perfect square one obtains (2).

The corresponding upper bounds for the basepoint-freeness threshold refine those
given by Ito for general complex abelian surfaces [6]. In addition, the expressions of
(1) and (2) reveal the differentiability of h% gat certain rational points; this is relevant
with regard to syzygies, since it enables us to apply Ito’s refined version of Caucci’s
criterion. As a result, we have:

Corollary B Let (S, 1) be a (1, d)-polarized abelian surface which satisfies the hypoth-
esis of Theorem A, and let L be any line bundle representing the polarization .

(1) Ifd =7, then L is projective normal.
(2) Ifd > (p +2)? for p > 1, then L satisfies the property (Np).

For K = C, we point out that Corollary B.(1) recovers a well known result of Iyer
([8], see also [11] for some cases previously covered), and the case p = 1 of Corol-
lary B.(2) recovers a result of Gross and Popescu [4]. For arbitrary p, Corollary B.(2)
improves the bound ensuring the property (Np) that was given recently by Ito in [6,
Corollary 4.4].

In Sect. 4 we deal with the proof of Theorem A.(3). This is the problem of deter-
mining, when d is not a perfect square, which of the potential functions described in
Theorem A.(2) really occur. Modulo certain arithmetic restrictions on char(K), we
prove that only two possibilities may happen: those corresponding to the two smallest
positive solutions of Pell’s equation.

This is guaranteed by the explicit construction of curves containing all the torsion
points of an unexpectedly high order (see Proposition 4.1). For this construction, we
use the classical theory of theta groups developed by Mumford in [15].

It is worth noting that, for all the non-perfect squares d for which we know the exact
value of €1 (1), the equality €;(/) = Xi’f’l holds. In general, this would follow from a
small refinement of Proposition 4.1, that at present we do not know how to prove (see
Remark 4.2.(1) for details).
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2 Preliminaries
2.1 Cohomological rank functions

Let (A,l) be a g-dimensional polarized abelian variety, i.e. [ € NS(A) =
Pic(A)/ PicO(A) is the class of an ample line bundle L. We will denote by

¢r:A—>Pic’(A), p>LRL!

its polarization isogeny, where 7, stands for the translation by p € A.
Let Db(A) be the bounded derived category of A. In the paper [10] (see [3, Section
2] for positive characteristic), a cohomological rank function

hi Q= Qs

is associated to every object F' € DP(A) and every i € Z. If xo = % € Q with
b € Z, then Ay ,(xo) is defined as

. 1 .
hip (x0) := ngh‘(A, WiF QLY ®@a)

for general @ € Pic’(A), where up : A — A is the multiplication-by-b isogeny.
Since puyl = b2l and deg(up) = b2, the number hiF,l(xO) gives a meaning to the
i-th (hyper)cohomological rank of F twisted with a (general) representative of the
fractional polarization xol.

These functions are polynomial in the neighborhood of any fixed xg € Q. More
explicitly, for any sheaf E let xg ; be the Hilbert polynomial of E with respect to /.
Then for every (rational) x in a right neighborhood of x, the following equality holds
([10, Section 2]):

(x — x0)®

1
2 KR py (G FeLY) I (m) . (@D

Wy (x) =
where ®pv denotes the Fourier-Mukai transform with kernel the dual PV of the
Poincaré bundle.

In this note, we concentrate on the functions hin’ ; for a (closed) point g € A; by
independence of ¢, we fix ¢ to be the origin 0 € A. As explained in the introduction,
previous work of Jiang-Pareschi, Caucci and Ito shows that they encode information
about the polarization /:

Theorem 2.1 [3,7,10] Let (A, 1) be a polarized abelian variety, and let L be any ample
line bundle representing the polarization [.

(1) Zo(l) is IT(0) if and only if L is basepoint-free.
2) Iro(%l) is IT(0), then L is projectively normal.
3) Iro(#l) is M-regular for some p > 1, then L satisfies the property (Np).



The basepoint-freeness threshold of a very general... Page50f14 34

The reader is referred to [10, Section 5] for the definitions of a Q-twisted coherent
sheaf F(xol) being IT(0), M-regular or a GV-sheaf. In the particular case F = Zy we
will use the following characterization, which is an immediate consequence of [10,
Proposition 5.3]:

Lemma 2.2 Let xg € Q be a positive rational number.

(1) Zo(xol) is a GV-sheaf if and only ifh]IO,l(xO) =0.

(2) Zo{xol) is M-regular if and only ifh]ZO,l(XO) = 0and h]Io,l is of class C' at xo.

(3) Zo(xol) is IT(0) if and only if there is € > 0 such that hlIO,l(x) = 0 for all
x € (xo — €, x9).

2.2 The (a, B)-plane of a polarized abelian surface

In this subsection, (S, /) will be a polarized abelian surface. We briefly recall the rela-
tion between cohomological rank functions and stability in the (¢, 8)-plane associated
to /, which appeared recently in [13].
For every (o, B) € R.o x R, there exists a Bridgeland stability condition oy g =
(Coh? (), Zy p) (see [14, Section 6], or [2] for the original treatment), where:
ety
is the slope of a coherent sheaf, complexes F € Cohf(S) are those satisfying:
wi(E) < B for every subsheaf E C H-YF), m(Q) > B for every quotient
HO(F) - Q,and H!(F) = 0fori #0, —1.
e Let Ko(DP(S)) denote the Grothendieck group of DP(S). Then Zyp - Ko(DP(S))
— Cis a group homomorphism with the following properties:

e Coh?(S) is the heart of a bounded t-structure on DP(S). Concretely, if u; =

(1) Zg,p factors through the homomorphism v : Ko(DP(S)) — A = Z> defined
by

W(E) = (12 -cho(E), I - chy (E), chg(E))

(2) For every nonzero E € Coh?(S) the inequality IZy g(E) > 0 holds, and
MZy g (E) < 0 whenever IZy g(E) = 0.

(3) Every objectof Coh”(8) admits a Harder-Narasimhan (HN for short) filtration
with respect to the #ilt slope

—NZ 5(E)

Vo, g(E) 1= { Za s NZap(E) >0
+00

SZyp(E)=0

Itis specially relevant that o, g satisfies the support property (see [14, Section 5.2])
with respect to the following quadratic form in A ® R:

A = (I-chy)* = 2(1* - chg) chy = v} — 2vgv2

This fact, combined with the so-called Bertram’s nested wall theorem, gives an
effective control of wall-crossing in the (o, 8)-plane (see e.g. [13, Theorem 2.8]);
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essentially, the walls where oy, g-semistability varies for objects of a fixed class v € A
are nested semicircles.

For o = 0 and B € Q, the pair o9 g = (Coh?(S), Zy,p) defines a weak stability
condition; Z, g satisfies the properties (1) and (3) listed above, with the difference
that the equality Zo g(E) = 0 holds for certain nonzero objects E € Coh?(5).

As proved in [13], the HN filtrations of any object F € DP(S) with respect to
these weak stability conditions describe the cohomological rank functions h‘F ;- Inthe
simplest situation of an object lying in the heart, this description reads as follows:

Proposition 2.3 [13] Let 8 € Q, and let0 = Fy < F| < --- < F, = F be the HN
filtration with respect to o g of an object I € Coh?(S). Then:

(1) h (=) =0 foreveryi #0, 1.

0 (_By— _ 1 _B)—
@) WL CB=D 0 s o KE o B andhy (<P =)
—XFj/Fi,1(=B).

2.3 The theta group of an ample line bundle

Let (A, I) be a polarized abelian variety, and let L be an ample line bundle representing
1. We give a quick review of the representation of the theta group G(L) on H°(A, L),
explicitly described by Mumford in [15].

Assume that char(K) does not divide #1°(L). This guarantees that the polarization
isogeny ¢; : A — PicO(A) is separable. We will write K (L) := ker(¢g;); for instance,
if L is very ample embedding A in IP’(HO(A, L)Y), then the points p € K (L) are those
for which the translation ¢, on A extends to a projectivity of P(H 0(A, L)Y).

This projective representation comes from the aforementioned representation of
the theta group

GIL) :={(x.@) [x € K(L), ¢:L— 1L}, (y.¥) (x,9) =+ y.1i¥0p)
on HY(A, L). Note that G(L) fits into a short exact sequence
1> K= G(L) — K(L) — 0,

but it is far from being abelian. Indeed, the skew-symmetric pairing e’ : K (L) x
K (L) — K* measuring the noncommutativity of G(L) is non-degenerate (see [15,
Page 293]).

The representation of G(L) on H O(A, L) is defined as follows: every (x, ¢) € G(L)
induces

Ux.p) : HY(A, L) — HY(A, L), s> 1% (p(s))

Theorem 2.4 [15] With the notations above, the following statements hold:

(1) K(L) = A(L)® B(L), where A(L), B(L) C K (L) are maximal totally isotropic
subgroups with respect to e’. Moreover, if L is of type 8 = (dj, . .., dg), then
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AL) = %0, @ - @ “a, and B(L) = A(L) = Homy(A(L), K*) via the pairing
L
e,
(2) Asagroup, G(L) is isomorphic to G(8) := K* x A(L) x A(L) with the operation

(a,t,D) -, t',1)=(ad - I'(t),t +1,1-1")

(3) The representation of G(L) on H(A, L) is isomorphic to the representation of

G(é) on
V(8) = {K-valued functions on A(L) = %/a, @ - - - ® %/a,}
given, for (a, t,1) € G(8) and f € V (8), as follows:
(e, 2,D) - f)(x) = - 1(x) - f(z+x)

(4) Assume that char(K) # 2 and L is totally symmetric: namely, there exists an
isomorphism L = i*L, acting as +1 simultaneously on all the fibers L(p) of
2-torsion points p € Aj. Then the inversion map i : A — A extends to a pro-
jectivity of P(HY(A, L)V); under the isomorphism H°(A, L) = V (8) of (3), this
projectivity is obtained from

V() — V(5), (i-f) (x) = f(=x)

The main advantage of this description is the existence of a canonical basis for
V (8), which allows an explicit treatment of the endomorphisms Uy ) in coordinates.
We will use this approach in the proof of Proposition 4.1.

3 Upper bounds for €1 (/)

Throughout this section, (S, /) will be a polarized abelian surface satisfying the hypoth-
esis of Theorem A, namely: [ is of type (1, d), and for every divisor class D we have
I?|D-1.

Since Zy is a slope-semistable sheaf, it follows from the very definition that Zp €
Coh?(S) for every B < 0. Hence we may apply Proposition 2.3 to describe the
cohomological rank functions of Z for x > 0.

Moreover, since I is a Gieseker semistable sheaf, Zy is o, g-semistable for every
B < 0and @ > 0 ([2, Proposition 14.2]). Thus our problem is reduced to understand
how the HN filtration of Zy with respect to o, g varies, as o decreases.

To this end, observe that A (Zp) = 2/%(= 4d, by Riemann-Roch) takes the minimum
possible positive value; indeed, by our assumptions on (S, /) we have 4d|A(v(E)) for
every E € DP(S). Interms of wall-crossing this is a strong constraint, which guarantees
one of the following conditions (see [13, Subsection 7.2]):
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(1) Either Zj is 0y, g-semistable for every 8 < 0 and o > 0, in which case h%o_ ; reads

Jd
h%o [ () = 0 rET
’ Xoa () =dx?—1 x> ¥4

In particular, the functions hiIO ; (i =0, 1) are not of class Clat */707.
(2) Or Iy destabilizes along a semicircular wall W defined by a short exact sequence

. Vi - —
0— E — Ty — Q — 0in Coh™7 (8), with A(E) = 0 = A(Q). If pp < p
are the intersection points of this semicircle with the line ¢ = 0, then

0 X < —pE
h, ,(x) = XE1(X) —pE <X < —pg
X1 (x) =dx*—1 x> —pg

In particular, the cohomological rank functions hiIO / (i=0,1)areC! at— pE and
—PQ-

Lemma3.1 Let0 — E — Zp — Q — 0 be a destabilizing short exact sequence
as in (2). Thenv(E) = (d(X + 1), —2dY, ’%1) and v(Q) = ((1 —X)d, 2dy, — XH)

where (X, y) is a positive nontrivial solution to Pell’s equation x2—4d . y2 =1.

Proof By the assumption [2|D - [ for every divisor class D, we may write v(E) =
(2dr,2dc, x) and v(Q) = (2d(1 —r), =2dc, =1 = X) for certain integers r, ¢ and

x . The condition A(E ) = A(Q) is easily checked toreadasr = x + 1.

Imposing now A(E) = 0 gives x (x + 1) —dc? = 0 which after multiplying by 4
and adding 1 at both sides, becomes (2 + 1?2 —4d - c* = 1. Therefore, (2 x+1,c)is
a solution to the equation x> — 4d - y> = 1. Note that this solution must be non-trivial:
otherwise, either £ or Q would have class v = (0, 0, —1), which is impossible.

Finally, we have to determine the signs of the solution (2x + 1, ¢) to Pell’s equation.

Since E is a subobject of the torsion-free sheaf Zy in the category Coh_§(S), it
follows that E is a sheaf with » = chg(E) > 0 (hence 2y + 1 > 0). Moreover, since
A(E) = 0, the right intersection point pr of W with the f-axis equals u;(E) = =
(see e.g. [13, Theorem 2.8]). W being a wall for Zy, it lies entirely in the region with
B < 0; this gives ¢ < 0, which finishes the proof. |

Combining this characterization of the walls with the previous description of the
function hI > one concludes the proof of Theorem A:
Proof of Theorem A.(1)—(2). If d is a perfect square (equivalently, 4d is a perfect
square), then Pell’s equation involved in Lemma 3.1 admits only trivial solutions, so
Ty is 04, pg-semistable along the whole region § < 0. In this case, h ol admits the
expression given in (1).

Now assume that d is not a perfect square. If Z( destabilizes (equivalently, h ol is
not the function given in (1)), then by Lemma 3.1 the destabilizing wall corresponds to
a positive nontrivial solution (X, ¥) of x> —4d - y> = 1, for which the classes v(E) and
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Fig. 1 Possible walls for Z( parametrized by solutions to Pell’s equation

v(Q) are known. Combining these classes with (2), we obtain the explicit expression
0
of hIO, I
Finally, observe that in the same way as the quotients By? converge to “2/—5, the walls

accumulate towards the point —‘/73 in the B-axis (Fig. 1).
Hence the largest possible wall is associated to the minimal solution (xo, yo), and
the inequality € (/) < % follows. O

Remark 3.2 Upper bounds for €7 (/) have been given by Ito for general abelian surfaces
over C, using completely different techniques (see [6, Proposition 4.4]). When d is a

perfect square, he already obtained the equality €1 (/) = “/TE (and thus the expression
for hg ).

On the other hand, for d not a perfect square our upper bound refines the one
given by Ito. Indeed, both bounds coincide for several values of d, but in general the
inequality €1 (]) < 2y_°1 is stronger (e.g. d = 7,11, 13,19, 21, 22,23, ...).

X0
One of the advantages of our approach is that it also controls the differentiability of

the functions, which is meaningful in terms of M-regularity. Indeed, as a consequence
of Theorem A and Lemma 2.2 we obtain:

Corollary 3.3 Let (S,1) be a polarized abelian surface satisfying the hypothesis of
Theorem A.

(1) Ifd is a perfect square, then Io(*/T‘?l) is a GV-sheaf which is not M-regular.

(2) Ifd is not a perfect square, then Lo 2}’01 1) is M-regular.

X0—

In particular, for m € Z~ Io(%l) is M-regular if and only if m < Jd (i.e. m? < d).
Proof Only the last assertion is not directly deduced from Theorem A and Lemma 2.2,
as it also requires the following property: if d is not a perfect square and (xg, o) is

.. .. . 2 2 _ AY 1 :
the minimal positive solution to x* — 4d - y~ = 1, then xofl < ,, for every integer

m < +/d. For the sake of clarity, we outline a proof of this inequality.

It suffices to check the case m = |+/d]. To this end, we write d = m? + k for
some k € {1, ...,2m} (which is possible since m> < d < (m + 1)?). The inequality
;f)}_;()l < % is equivalent to xg > (2myo + 1)%, and hence to kyy > m (after using

x§=4d - yi+1andd = m*> +k).
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Since yp is a positive integer, the fulfillment of kyy > m is clear for k €
{m,...,2m}. Hence we may assume k € {l,...,m — 1}. For k in this range,
one observes that yp = 1 cannot happen; indeed, y9 = 1 would imply that
4d - yg +1 =4d + 1 = 2m)?> + 4k + 1 is a perfect square, in contradiction to
the inequalities

2m)* < @m)> +4k+1 < 2m)> +4m — 3 < 2m + 1)?

Therefore, yg > 2 forall k € {1, ..., m — 1}. In particular, the inequality kyg > m
holds for all k € {LmTHJ, ...,m — 1}, so we may assume k € {1, ..., mT*IJ}.

For & in this range, yg = 2 cannot happen; otherwise, 4d - yg +1 = (4m)>+16k+1
would be a perfect square, contradicting

(4m)> < (4m)> + 16k + 1 < (4m)> +8m — 7 < (4m + 1)?

It follows that yo > 3 for all k € {1,..., L’”T_IJ}, which in particular proves
kyo > m forall k € {LmTHJ, cee LmTflj }. Repeating this process (proving yo > 4 for
allk e {1, ..., L’"T_lj }, and so on) one obtains the desired inequality for all possible
values of k. O

We point out that Corollary 3.3 gives an affirmative answer, in the case of abelian
surfaces, to a question posed by Ito ([7, Remark 6.4]). By means of it, we prove
Corollary B:

Proof of Corollary B Under the assumptions of Theorem A, Io(%l) is 1T (0) for every
d > 7, as an immediate application of Lemma 2.2.(3) and the upper bounds for €7 (/).
Thus the first assertion follows from Theorem 2.1.(2).

Ifd > (p+2)° forsome p > 1, then Io(#l ) is M-regular by the last assertion of
Corollary 3.3. Hence Theorem 2.1.(3) guarantees the property (V) for representatives
of [. O

4 Lower bounds for €1 (/)

Let d be a positive integer which is not a perfect square, and let (xg, yo) be the minimal
positive solution to x> —4d - y> = 1. In the sequel, we will assume that char (K) divides
neither x% nor xé — 1 (in particular, char(K) # 2).

This section is devoted to prove Theorem A.(3), which in particular gives lower
bounds for €1 (). Our approach is based on the following result (valid without the
hypothesis of Theorem A):

Proposition 4.1 If (S,!) is a (1, d)-polarized abelian surface and L is a symmetric
representative of 1, then h° (S, wi, Zo® L2¥0)0) > xé. In other words, the linear system
of curves |L?*0Y0| has at least x% independent elements that contain all the xo-torsion
points of S.
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Proof Since the subgroup T = (%/x,)* of xo-torsion points is contained in
K(sz()yo) = (Z/2x0y0 ® Z/zdxoyo) X (Z/onyo &) Z/deOYO),

we will use the representation of the theta group G(L>*020) on H°(S, L?%00) to under-
stand how translation by points of 7" acts on the linear system |L2%030|,

We consider the isomorphism of Theorem 2.4.(3), which in particular identi-
fies G(L20¥0) with K* x K (L) (with a noncommutative group operation), and
HO(S, L¥00) with

V (2xpy0, 2dxgyo) = {K-valued functions on Z/2x,y, @ Z/2dxoy0}-

Denote by {§; x | (j, k) € /25y ®%/2axx} the canonical basis of V (2x0yo, 2dx0yo),
thatis: 8; x (I, m) = 1if (j, k) = (I, m), and §; x (I, m) = O otherwise.
Moreover, let {ay, az, az, a4} be the following basis of T inside K (L2x0y0):
e a1 = (2yo, 0), ax = (0, 2dyp) in Z/axyy0 D Z/2dx0y0.
e a3, as € Homgz(%/2x0y0 @ Z/2dxone, K*) are the homomorphisms given by

a3(1,0) =&, a3(0, 1) =1, a4(1,0) =1, a4(0, 1) = §,

where £ is a primitive xo-th root of 1.

Consider the lifts (1, a;) € G(L?0%) of a; (fori = 1,2, 3, 4) to the theta group.
According to the representation described in Theorem 2.4.(3), they induce the endo-
morphisms

51 . 5‘,]( [ 8'_2 0.k > 52 . 5‘,]( [ 8',](_2[1 03
J J—=2Y J J Al

~ . j ~ . k
a3.8j,kr—>$]8j,k, a4.5j,k|—>§ 3]"/{

on HO(S, L?%00) Recall that the projectivization of @; on the linear system |L2%0Y0]
corresponds to (the dual of) the projectivity ,, : P(H(S,L)") — P(H’(S,L)")
extending 74, : § — S.

Observe that a3, a4 are diagonalizable endomorphisms that commute (as corre-
sponds to a3, a4 generating a totally isotropic subgroup of K (L>%00)). This implies
that every eigenspace of @3 is an invariant subspace for a4, and conversely.

Therefore, we can find a decomposition

HYS. L2 = @ Eqm.
1,me{0,...,.xo—1}

where E( ) is a subspace of eigenvectors for both @3 and @4 (of eigenvalue &l for as,
and eigenvalue £™ for a4). Explicitly, we have

Eqmy = (k| j=1land k =m (mod x¢)),

so every subspace E(,,) has dimension 2y - 2dyy = 4dy; = x5 — 1.
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The projectivization of E( ,, represents a (xg — 2)-dimensional linear system
Ly C |L?0¥], formed by curves which remain invariant under translation by points
of the subgroup (a3, a4) C T.In particular, any curve of £; ,, containing (a1, a2) C T
automatically contains all of T'.

Moreover, since ged(xg, 2dyg) = 1, it follows from the above description of a1, a»
that the subgroup ((1, ay), (1, a2)) = (Z/xu)2 C G(L%0¥0) acts transitively on the set
{E@,m)}- Thus for our purposes it suffices to find a curve C € Lo containing the x(%
points of (aj, az) C T. Indeed, the set of x% curves will be formed by one curve in
each £ ,,, obtained from C by translation with the corresponding point of (a1, az).

Since L% is totally symmetric, we may consider the involution of HO(S, L>00)

P:8j > 8- ks

whose projectivization extends the inversion i : § — S to a projectivity of
P(HO(S, L¥0Y0)V),

__ The subspace E(q,0) is clearly invariant by this endomorphism, and the restriction
I|E,, satisfies:

e The subspace E (10 0) € E(.0) of eigenvectors of eigenvalue 1 has dimension

2
xp—1

2d yg + 2 = =5— + 2. Explicitly, a basis of £ (10,0) is given by

8sxg.1x0 + 8(2)’O—S)x0v(2dy0—f)x0

fors € {0,...,y0},andt € {0,...,2dyy — 1} (if s # 0, yp) or ¢t € {0, ..., dyo}
(ifs =0, yp).

e The eigenspace E(B}O) C E(,0) of eigenvalue —1 has dimension 2dy§ — 2, with
basis

8sx0,1x0 — 8(2y0—5)x0,2dyo—1)x0

fors € {0, ..., yo},andt € {0, ..., 2dyo—1} (ifs £ 0, yp)ort € {1, ...,dyo—1}
(ifs =0, yp).

2_
The projectivization of E (10 0) definesa (XO2 ! +1)-dimensional linear system L(l) 0 C

Lo.0, formed by symmetric curves that remain invariant under translation by points of
(az,a4) C T.
Since xg is odd, the only 2-torsion point of (ay, a2) = (%/x)? is the origin of S;

. . . -1 . .\
accordingly, points of (ap, a;) impose at most x02 + 1 independent conditions on

ﬁ(]),()' Itis thus possible to find a curve of [,(1)’0 containing all the points of (aj, a2) C T,
which finishes the proof. O

Proof of Theorem A.(3). Proposition 4.1 shows (via Serre duality and cohomology
and base change) that the sheaf R?>®pv (ko ® L2030}V is nonzero. In virtue of
the explicit expression for h%o’ ; given in (2.1), this implies that h%o’ ;(x) is positive for

2y0

x>x0
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On the other hand, since x| = x3 +4dy} and y; = 2x0y0, the equality =0 2’ 0 — )%

holds.
Therefore, by Theorem A we conclude that only two expressions for h%o , are
possible (those corresponding to the solutions (xg, yp) and (x1, y1)). In particular,

2 2
el) € (325, 2245 ) O
Remark 4.2

(1) It follows, at least when char(K) = 0, that € (/) is rational under the assumptions
of Theorem A. It would be interesting to know whether this holds true for every
polarized abelian surface (or more generally, for every polarized abelian variety).

(2) There are several examples of non-perfect squares d where €1 (/) is known for a
general (1, d)-polarized (complex) abelian surface (S, /) (see [6, Example 5.11]);
for all of them, there is an equality €;(/) = reasonable to
expect this for every non-perfect square d.

Assume the equality €;(l) = 2 7 holds. According to the expression for hI 1

given by Theorem A, for every x> 21 ~7 small enough we have

d(x; + 1) xi—1 2y0'\*
h%o,l(x) =——x7— 5 < Y )

> Zdyl-x—l—T:de x—x—o

and then an elementary manipulation of (2. 1) shows that chbpv((ujolo ®

L?*0Y0)V) is a O-dimensional sheaf of length xO

But note that Proposition 4.1 precisely shows that, if RZ®pv (13, Zo® L¥030)V)
is 0-dimensional, then 1t has length > xo Hence a slightly stronger version of
Proposition 4.1 (with xo + 1 independent curves on |L?*0X0|, or with a curve in a

translated linear system |L2*0Y0 ® | containing also 7') would yield a contradic-

tion, leading to a proof of €| (/) = z)fl .
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