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Resum

Aquesta tesi presenta dos temes rellevants dins el camp de la fisica teorica d’altes energies,
les teories de gravetat amb derivades superiors i els models moén-brana, des d’'una perspectiva
holografica.

La Part I de la tesi tracta sobre teories de gravetat amb derivades superiors. En primer
lloc, estudiem teories de curvatura superior en espaitemps de tres dimensions. Presentem les
seves equacions del moviment i n’analitzem l’espectre de pertorbacions lineals en espaitemps
maximament simetrics. També identifiquem totes les teories tridimensionals que satisfan un
teorema-c holografic, aixi com totes les gravetats quasitopologiques generalitzades en tres dimen-
sions. A continuacid, estudiem un cas més general, el de les gravetats amb derivades superiors
arbitraries en espaitemps de qualsevol dimensié. Caracteritzem ’estructura de les seves equa-
cions lineals en espaitemps maximament simetrics i n’analitzem ’espectre lineal en espaitemps
de Minkowski.

A la Part II de la tesi presentem els models mén-brana, en queé una brana de codimensio-
1 talla un espaitemps Anti-de Sitter a prop de la seva frontera. Revisem resultats coneguts
anteriorment sobre la localitzacié la gravetat a la brana, i els ampliem, generalitzant-los a
dimensié arbitraria, per tots tres tipus de branes maximament simetriques. Interpretem els
resultats obtinguts des de dues perspectives diferents, tant des de I’estudi de pertorbacions
gravitatories a l'interior d’Anti-de Sitter, com des de la seva reinterpretacié holografica: a
la brana, hi tenim una teoria efectiva de gravetat amb derivades superiors acoblada a una
teoria quantica de camps efectiva. A continuacid, afegim un terme DGP a I’accié de brana, i
definim quins valors pot prendre la seva constant d’acoblament, més enlla dels quals la teoria
és patologica.

La Part III de la tesi combina els dos temes descrits anteriorment per obtenir nous resultats
sobre les propietats de la teoria de gravetat induida a la brana. En primer lloc, ensenyem com
calcular els termes amb derivades superiors de la teoria induida. Posteriorment, procedim a
estudiar-la per si sola, desacoblant-la de la teoria quantica a la brana. Demostrem que, a cada
ordre en derivades, la teoria compleix un teorema-c holografic. Finalment, n’estudiem ’espectre
de pertorbacions lineals en espaitemps de Minkowski, tenint en compte tota la serie completa
de termes amb derivades superiors. A part del gravité sense massa usual, hi descobrim una
torre infinita de particules fantasma massives de spin-2.

Els nostres resultats permeten entendre millor ’holografia en mons-brana i les seves aplica-
cions com a model de gravetat semiclassica dins del marc de la correspondencia AdS/CFT.






Abstract

This thesis explores and combines, through the lens of the holographic correspondence, two
relevant topics in the field of gravitational high-energy theory: higher-derivative theories of
gravity and brane-world models.

Part I of the thesis deals with higher-derivative gravities. First, we focus on three-dimensional
higher-curvature gravities. We present their equations of motion and study their spectrum when
linearized around maximally symmetric spacetimes. We also identify all three-dimensional
higher-curvature gravities satisfying a holographic c-theorem, and all three-dimensional Gen-
eralized Quasitopological Gravities. Then, we move on to the more general case of studying
arbitrary higher-derivative gravities in spacetimes with any number of dimensions. We uncover
the structure of their linearized equations in maximally symmetric spacetimes and describe their
spectrum of gravitational perturbations in Minkowski space.

In Part II, we introduce Karch-Randall brane-world models, in which a codimension-one
brane sits near the boundary of an AdS bulk. We review and extend previously known results
on the localization of gravity on the brane, both from the study of bulk metric perturbations
and from their reinterpretation through brane-world holography —an induced higher-derivative
theory of gravity coupled to a cut-off CFT on the brane. We then add a DGP term on the
brane action and establish bounds for its coupling constant, beyond which the theory presents
pathologies.

Part III of the thesis draws from both previous topics and combines them to derive new
results describing the properties of the induced gravity theory on the brane. First, we show how
to calculate the higher-derivative terms of the induced theory, and then, we proceed to study it
on its own, decoupling it from the cut-off CF'T on the brane. We prove that, at each curvature
order, the theory satisfies a holographic c-theorem. Finally, we study its linearization around
Minkowski space, taking into account the full series of higher-derivative terms. Besides the
presence of the usual massless graviton, we uncover an infinite tower of massive spin-2 ghosts.

Our findings shed light on brane-world holography and its applications as a model for semi-
classical gravity within AdS/CFT.
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Preface

This is a manuscript-style thesis, mostly based on previously published papers, some parts
of which have been included here almost verbatim. The author names in the publications are
ordered alphabetically. The thesis also contains a substantial amount of unpublished work.

In Part I, Chapter 1 is an adapted version of P. Bueno, P. A. Cano, Q. Llorens, J. Moreno, G.
van der Velde, “Aspects of three-dimensional higher-curvature gravities”, Class. Quant. Grav.
39.12 (2022), p. 125002 [1]; while the results in Chapter 2 were published in S. E. Aguilar-
Gutiérrez, P. Bueno, P. A. Cano, R. A. Hennigar, Q. Llorens, “Aspects of higher-curvature
gravities with covariant derivatives”, Phys. Rev. D 108.12 (2023), p. 124075 [2]. Some results
in which the author did not contribute directly have been removed from both chapters.

Part II of this thesis is unpublished work. Chapter 3 presents an original review on brane-
world models, along with an extension and improvement of known results. Chapter 4 is un-
published, original work done by the author alone, although it has considerably benefited from
conversations with R. Emparan —who proposed this research idea— and D. Neuenfeld.

In Part III, Chapters 5 and 6 are composed mostly of results from P. Bueno, R. Emparan, Q.
Llorens, “Higher-curvature gravities from braneworlds and the holographic c-theorem”, Phys.
Rev. D 106.4 (2022), p. 044012. [3], while Chapter 7 is again mostly based on the last section
of [2].
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Introduction

General Relativity (GR) is one of the most successful theories in the history of physics, both
theoretically and experimentally [4-8]. Yet, we know that it cannot describe gravity at its most
fundamental level, since it does not agree with the principles of quantum mechanics. In GR,
“spacetime tells matter how to move, matter tells spacetime how to curve” [9]. However, in
quantum mechanics, particles do not have a well-defined position in spacetime. Instead, they
are described by a superposition of the many possible positions that the particle could take.
What is the imprint of this superposition onto the geometry of spacetime? Should we also
consider spacetime as being in a superposition of possible geometries?’ And if so, how?

After all, GR is a classical field theory, so we could try to canonically quantize it, just as
one does with electromagnetism. The quantum field theory of gravitons —small fluctuations
of spacetime— on a fixed background is consistent and can be used to make predictions for
low-energy physics [10, 11], but it breaks down at high energies, since the theory can be shown
to be perturbatively non-renormalizable [12].

One could then consider GR to be a low-energy effective field theory (EFT), with the
FEinstein-Hilbert term being the first of an infinite series of operators involving a growing num-
ber of derivatives of the metric [13]. Through dimensional analysis, their couplings would be
controlled, up to O(1) factors, by the cut-off of the theory, perhaps at an energy scale lower
than the Planck scale. From this point of view, it seems relevant to characterise the features
of classical gravity in regimes in which GR is expected to receive higher-derivative corrections
[14, 15].

This is the field of higher-derivative gravity, which we will study in Part I of this thesis. We
will consider diffeomorphism-invariant theories whose action is built from the metric and its
derivatives. A first step might be considering theories whose Lagrangian is built from arbitrary

contractions of the metric and its Riemann tensor,

1
167Gy

Ice = /dD:IJ —9 L(Gabs Rabed) - (L.1)

We will call these theories higher-curvature theories of gravity (HCGs), and we will study them
in detail, for D = 3, in Chapter 1. Since the Riemann tensor is second order in derivatives of
the metric, the equations of motion of these theories are, in general, of quartic order.
However, in the spirit of generality, we can —and from an EFT perspective, we should—
also consider Lagrangians built from general contractions of the metric, its Riemann tensor,

and its Levi-Civita covariant derivative.

1
Iipg = dP 2/~ 9 L(gabs Rabeds Va) - 1.2
HDG 167TGN/ xv/—9 L(gab, Raved, Va) (1.2)
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Introduction

We will call these —more general— theories higher-derivative theories of gravity (HDGs).?
Although their equations of motion can now be of arbitrary order in derivatives, we will still be
able to make some progress, as we will show in Chapter 2 of this thesis. A longer introduction
into the field of general higher-derivative gravities is given at the beginning of this same chapter.

In both chapters of Part I, we will first derive general results, valid for any HCG or HDG
theory, respectively. Then, we will study two particular cases of higher-derivative gravities:
theories satisfying a simple holographic c-theorem [16, 17], and Generalized Quasi-topological
gravities (GQTs) [18-21]. Theories satisfying a holographic c-theorem, also known as Cosmo-
logical Gravities [22], are theories which admit FRLW-like solutions whose equation for the
scale factor is second order in derivatives. GTQs are higher-derivative theories of gravity which
admit static and spherically symmetric metrics solutions characterized by only one function,
gttgrr = —1. In this thesis, we will characterise all three-dimensional theories which fulfil either
requirement, and also those which (trivially) satisfy both requirements.®> We will prove that all
GQTs propagate only the massless spin-2 graviton around maximally symmetric spacetimes,
and we will also show the first known examples of four-dimensional GQT's with explicit covariant
derivatives of the Riemann tensor in the Lagrangian.

In studying these particular sets of higher-derivative theories, we will put the EFT per-
spective on the side and study them mostly for their mathematical significance, rather than
their relevance in our quest for quantum gravity. However, it has been proven that any higher-
curvature gravitational effective action is equivalent, via metric redefinitions, to some GQT
[21, 23]. It is not clear whether that is also true for all higher-derivative gravitational effective
actions, but evidence suggests that this may also be the case.

Although the study of higher-derivative theories of gravity allows us to explore what may
happen at energies somewhat higher than with simply GR, the EFT description must still break
down at —or before— the Planck scale. There, we expect the appearance of new degrees of
freedom which UV-complete the theory. For example, Fermi’s theory of the weak interaction,
which was also perturbatively non-renormalizable, only had predictive power up to some energy
scale, where new physics appeared —in that case, the W* and Z gauge bosons [24].

One possibility could be that the graviton might be composite, and that we should resolve
it into two spin-one gauge bosons. This possibility, however, was ruled out long ago by the
Weinberg-Witten theorem [25] —assuming that the graviton lives in the same spacetime as its
parent gauge bosons [26].

Another route to explore might be considering that gravity is not fundamental and need not
be quantized, but that it emerges as a mean field approximation of a quantum field theory on
an arbitrary background. This is the idea behind induced gravity, put forward by Sakharov in
1967 [27, 28], in which classical GR emerges as the 1-loop effective action of a quantum field
theory on an arbitrary geometry.

There are many other approaches to quantum gravity, but perhaps the most famous and
fruitful one has been the possibility of resolving the graviton and its interactions —as well
as all other particles and fundamental interactions— into extended objects: strings. String
theory was first proposed as a theory for the strong interaction, but it was soon discovered

2This distinction is not widespread within the community, but we will make it in this thesis, since we will be
considering both cases.

3Tt has recently been shown that there exist HCG theories which non-trivially fulfil both the Cosmological
and the GQT requirements for D > 4 and at any order in curvature [22].
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Introduction

that its spectrum contained a massless spin-2 mode, a graviton [29]. The field has massively
evolved since then, and it is now understood that there are other extended objects in the theory,
with different dimensionality, such as D-branes, on which fundamental strings can end [30]. It
has also been shown that there are five consistent string theories containing both bosons and
fermions, superstring theories [29, 31], all regarded to be different limits of a yet unknown theory
called M-theory [32, 33]. Their low-energy effective actions indeed show higher-derivative terms
weighted by powers of the inverse string tension [28, 34, 35].

One of the phenomenological problems of these superstring theories is that, in order for them
not to have quantum anomalies, they must live on ten-dimensional (or eleven-dimensional)
spacetimes [31]. Gravity must necessarily feel all dimensions, since it is a geometric theory.
Therefore, six of the spatial dimensions in superstring theory need to be hidden away in order
to explain a four-dimensional world like ours. One way of doing so is by making the extra
dimensions compact and small. But we could also consider the case in which the Standard Model
particles are confined to a four-dimensional subspace —a brane— within the ten-dimensional
theory. One would then need a mechanism to confine gravity as well. Besides compactification,
it is possible to localize gravity on the brane either thanks to the higher-dimensional geometry,

or by adding an explicit Einstein-Hilbert term on the brane.

The first proposal goes back to Randall and Sundrum (RS) [36]. They considered a four-
dimensional flat brane sitting on a five-dimensional Anti-de Sitter (AdS) bulk, close to its
asymptotic boundary, and realized that, thanks to the bulk warping factor, a bulk graviton
zero-mode localizes on the brane. This is the topic of brane-world models, which we will consider
in Part II of this thesis. The second proposal was put forth by Dvali, Gabadadze, and Porrati
(DGP) [37], and consists in placing a four-dimensional flat brane, with an Einstein-Hilbert term
in its action, in a five-dimensional Minkowski bulk. The RS model reproduces four-dimensional
gravity on the brane at long distances but not at high energies, while the DGP model does the
opposite [38, 39]. In Chapter 3, we will examine RS brane-worlds and their generalization to
(A)dS branes, known as Karch-Randall (KR) brane-worlds [40]. In the subsequent Chapter 4,
instead of reconsidering the original DGP set-up, we will investigate the case of DGP branes
sitting on an AdS bulk, as an extension of the KR framework. In both cases, we will study the
localization of gravity on the brane, and we will use these results to put bounds on the allowed
DGP coupling on KR branes. A more complete introduction to both topics can be found at the

beginning of their respective chapter.

This mismatch between the observed number of dimensions of our Universe and the required
spacetime dimensions of superstring theories is not the only challenge that these theories are
facing. Even though they help clarify some of their qualities, even string theory struggles in
fully describing GR’s most simple and fascinating solutions: black holes (BHs).

The classical laws of BH mechanics [41, 42], when compared to the laws of thermodynamics,
suggest that BHs have an entropy proportional to their area and a temperature proportional
to their surface gravity [43-45]. If BHs have a temperature, they must radiate, which seems
to contradict their classical definition as regions of spacetime from which nothing —not even
light— can escape. Fifty years ago, however, through semiclassically studying quantum fields
around the event horizon of a BH, Hawking showed that this is indeed the case: BH horizons do
radiate, with a perfect black-body spectrum at a temperature T [46, 47]. Moreover, Hawking
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showed that BHs have an entropy and a temperature precisely given by

A

-4 I.
SBH Gy’ (1.3)
K
To = — 1.4
= (L)

where A and x are the area and surface gravity of the event horizon, respectively, Gy is
Newton’s constant, and we are using units in which ¢ = h = kg = 1. A couple of years later,
Gibbons and Hawking rederived these formulas using a semiclassical saddle-point approximation
on the gravitational path integral, in which one considers the path integral of Euclidean metrics
fulfilling the required boundary conditions of the problem [48]. Moreover, they showed that
these formulas also apply to other kinds of horizons in GR, such as cosmological [49]. Indeed,
even acceleration horizons present such a temperature [50]. Therefore, eq. (I.4) is an equation
about QFT in curved spacetime. But eq. (I.3) is our first formula of quantum gravity, and it
has been shaping most of the research in the field ever since, as it raises several fundamental
questions.

One issue that arises from interpreting both equations is that, since BHs radiate, they lose
energy, and so they eventually evaporate and disappear [46]. The laws of quantum mechanics
tell us that no information is lost in unitary time evolution, but the black-body radiation of
a BH can only contain information about its temperature [51]. What happens then to the
information of whatever objects that may have fallen into a BH? This paradox is known as the
Black Hole Information Problem. Nowadays, there is strong evidence that information must
eventually leak out of the evaporating BH [52], as we will explain later. It seems that quantum
entanglement and some form of non-locality play an important role in the physics behind this
process [53], but the precise details of the mechanism which resolves the paradox are still not
known.

Another conceptual problem that stems from these formulas is the fact that, in statistical
mechanics, entropy describes the number of microstates available to a given thermodynamic
macrostate. In classical GR, however, black holes are described by just a handful of parameters,
the famous No-Hair Theorem [54, 55]. From which microscopical degrees of freedom does the
BH entropy come from? What are the possible microstates of a BH? In string theory, it is
possible to account for the microstates of some extremal, supersymmetric BHs [56], but not
of the four-dimensional Kerr BH, for example, which is believed to describe all BHs in our
Universe.* And, most importantly, in most thermodynamic set-ups, the entropy of a system
scales with its volume, and not its area. Do the microscopic degrees of freedom describing a
BH live only on its event horizon, and not its interior? And if so, why?

Now, consider a spherical region in spacetime with area A, within which there are quantum
fields with some energy, and with some entropy greater than A/4G. If we were to collapse all
this energy into a BH, its horizon area would be smaller than the original area A, and so we
would violate the second law of thermodynamics. Thus, the maximum entropy that quantum
fields can have in some region of space is the entropy of a BH of that same size [60, 61].

4Recently, it has been shown that the entropy of many kinds of BHs can be accounted for by an infinite
family of microstates semiclassically described by dust shells in the BH interior. One then finds the correct
dimensionality of the Hilbert space through a Euclidean path integral calculation, which yields the desired result
if one takes into account subleading wormhole saddles [57-59]. These microstates, however, are non-generic, so
there is still much to be understood from this issue.
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Since this bound is proportional to the area of the spacetime region, one may conjecture
that, in fact, any fundamental description in quantum gravity of a region of spacetime must
be encoded in some degrees of freedom at the boundary of the region. This is known as the
holographic principle, pioneered by 't Hooft and Susskind [62-64].

The holographic principle became concrete in 1997, when Maldacena posited the AdS/CFT
correspondence [65], which asserts that quantum gravity —string theory— on a (d+1)-dimensional
AdS spacetime is equivalent to a d-dimensional conformal field theory (CFT) living on a space-
time with no gravity, at the conformal boundary of the AdS bulk. The correspondence provided
the first non-perturbative definition of string theory —previously, there were only definitions of
string theory that were perturbative in the string coupling.

The gauge/gravity duality has grown beyond its initial form within string theory into one of
the most active and fruitful fields within theoretical physics. Nowadays, it is understood that
the duality is more general, and that many non-Abelian quantum field theories, not necessarily
fully conformal, describe gravitational effective field theories in asymptotically AdS spacetimes
[26, 66, 67]. Conversely, one may also think about using, through AdS/CFT, holographic higher-
derivative gravities as toy models of conformal field theories. Indeed, universal properties valid
for completely general CFTs have been discovered through such explorations [68-76].

The duality has many far-reaching consequences. It was suggested by Ryu and Takayanagi
[77, 78], and later proven by Lewkowycz and Maldacena [79], that the entanglement entropy
of boundary subregions of the CFT can be computed by the area of an extremal bulk surface
homologous to the boundary subregion through a formula that has the same form as the entropy
of BHs. This result suggests that spacetime itself may emerge from quantum entanglement.

Another consequence of the AdS/CFT duality is that, a priori, it solves the BH Information
Paradox: since the boundary theory is a perfectly unitary non-gravitating QFT, the BHs in
AdS dual to their thermal states must also evolve unitarily. However, it was not until 2019 that
precise calculations showed how to reproduce a unitary Page curve for evaporating large AdS
black holes [52]. The key was realizing that the correct way of computing entropies in semi-
classical gravity is by using quantum extremal surfaces [80-85], in what has become known as the
island formula, which consists in taking into account additional subleading saddles —spacetime
Fuclidean wormholes— to the Euclidean gravitational path integral.

Many of the clues that led to these recent breakthroughs were inspired [81, 86] by what is
known as brane-world holography. It turns out that one can also apply the holographic duality
to brane-worlds: the AdS;y; bulk ending on an end-of-the-world (EOW) brane is dual to an
effective d-dimensional gravitational theory coupled to a cut-off CFT,; on the brane [87, 88].
Since the brane is at a finite distance from the asymptotic boundary, we can think of brane-world
models as imposing a UV cut-off to the dual CFT. Doing so, we obtain a holographic realization
of Sakharov’s aforementioned induced gravity proposal [27], as the gravitational theory on the
brane is induced by integrating out the CFT degrees of freedom above the cut-off.

As we will explain in detail in Chapters 3 and 5, the induced gravity theory on the brane is
not simply Einstein gravity but a higher-derivative theory of gravity. In Part III of this thesis,
we will use the mathematical tools for higher-derivative theories developed in Part I, and insight
on brane-worlds from Part II, to thoroughly study the higher-derivative theory of gravity on
the brane.

We hope that our results from this thesis will provide insights into the inner workings of
brane-world holography, allowing us to expand and clarify its uses as a model for semi-classical
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gravity within AdS/CFT.

Summary of this thesis. Let us end this introduction with a summary of this thesis. It
consists of three main parts. The first two are disjoint from each other, and can be read in any
order, while the third combines results from both previous parts and should be read at the end.

Part I deals with higher-derivative theories of gravity. In Chapter 1, we present new results
involving general higher-curvature gravities in three dimensions. The most general Lagrangian
of that kind can be written as a function of R,S»,S3, where R is the Ricci scalar, So = Rg ~g,
S3 = RZR%R?, and Ry is the traceless part of the Ricci tensor. First, we provide a general
formula for the exact number of independent order-n densities, #(n). This satisfies the identity
#(n — 6) = #(n) — n. Then, we show that, linearized around a general Einstein solution, a
generic order-n > 2 density can be written as a linear combination of R™, which by itself would
not propagate the generic massive graviton, plus a density which by itself would not propagate
the generic scalar mode, R"—12n(n—1)R"~2S,, plus #(n)—2 densities which contribute trivially
to the linearized equations. Then, we provide a recursive formula as well as a general closed
expression for order-n densities which non-trivially satisfy a holographic c-theorem, clarify their
relation with Born-Infeld gravities and prove that the scalar mode is always absent from their
spectrum. We show that, at each order n > 6, there exist #(n — 6) densities which satisfy
the holographic c-theorem in a trivial way and that all of them are proportional to a single
sextic density Qg) = 6537 — S3. Next, we show that there are also #(n — 6) order-n Generalized
Quasi-topological (GQT) gravities in three dimensions, all of which are “trivial”, since they do
not contribute to the metric function equation. Remarkably, the set of such densities coincides
exactly with the one of theories trivially satisfying the holographic c-theorem. We comment on
the meaning of {)) and its relation to the Segre classification of three-dimensional metrics.

In Chapter 2, we study, in arbitrary dimensions, higher-derivative theories of gravity built
from contractions of the metric, its Riemann tensor, and its Levi-Civita covariant derivative,
E(g“b, Rabed, Vo). We show the structure of the linearized equations of these theories on max-
imally symmetric backgrounds, and we characterise their linearized spectrum on Minkowski
space. Then, we study GQTs involving covariant derivatives of the Riemann tensor. We argue
that they always have second-order linearized equations on maximally symmetric backgrounds,
and that they display an Einsteinian spectrum. Focusing on four spacetime dimensions, we
present the first examples of densities of this type, involving eight and ten derivatives of the
metric.

In Part II, we introduce Karch-Randall brane-world models, in which a d-dimensional brane
sits near the boundary of an AdS;y1 bulk. In Chapter 3, we start by reviewing the localization
of gravity on the brane. We linearly perturb the bulk and show how a bulk zero-mode localizes
on the brane. We extend the known results by presenting them in a new formulation that
allows one to deal with the three different maximally symmetric brane geometries at once, and
by generalizing them to an arbitrary number of dimensions d > 3. For the case of AdS branes,
we improve on the formula of the graviton mass as a function of the brane position, and present
new formulas describing the mass of the higher overtones. Finally, in section 3.4, we reinterpret
these results through brane-world holography. We integrate the bulk to obtain an effective
description of the brane dynamics in terms of brane variables as a higher-derivative theory of
induced gravity coupled to a cut-off CFT on the brane.

In Chapter 4, we then add a DGP term —an explicit Einstein-Hilbert term— on the brane
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action. We extend the results from the previous chapter to study how the localization of gravity
on the brane changes with the presence of this extra term. This allows us to establish bounds for
the DGP coupling constant, beyond which the theory presents pathologies: either the position
of the brane ceases to be well-defined, or its spectrum presents a tachyonic mode. We again
perform brane-world holography to reinterpret these results from the brane perspective.

Part III of the thesis combines results from both previous parts of the thesis to describe the
properties of the higher-derivative theory of induced gravity on the brane. In Chapter 5, we show
how to compute the higher-derivative gravitational densities that are induced from holographic
renormalization in AdSgy;. In the previous brane-world construction, these densities define
the d-dimensional higher-derivative gravitational theory on the brane. Inevitably, there is some
redundancy between Chapters 3 and 5 concerning the definition of the induced gravity theory on
the brane, but we have chosen not to remove it so that each chapter can be read independently.

In Chapter 6, we show that the CFT;_; dual to the d-dimensional induced gravity theory
satisfies a holographic c-theorem in general dimensions, since at every order in derivatives, the
densities in the action satisfy c-theorems on their own. We find that, in these densities, the terms
that affect the monotonicity of the holographic c-function are algebraic in the curvature, and
do not involve covariant derivatives of the Riemann tensor. We examine various other features
of the holographically induced higher-curvature densities, such as the presence of reduced-order
traced equations, and their connection to Born-Infeld-type gravitational Lagrangians.

Finally, in Chapter 7, we study the linearized spectrum on flat space of these induced
brane-world gravities. We show that the effective quadratic action for the full tower of higher-
derivative terms in the induced gravity action can be written explicitly in a closed form in
terms of Bessel functions. We use this result to compute the propagator of metric perturbations
around Minkowski and its pole structure in various dimensions, always finding infinite towers
of ghost modes, as well as tachyons and more exotic modes in some cases.
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Notation

We use units such that ¢ = h = kg = 1, our metric sign convention is (— + - - +).

If we are doing brane-world holography, we use d to denote the number of spacetime di-
mensions of the brane, while the bulk is a (d + 1)-dimensional asymptotically AdS spacetime.
Otherwise, we use D as our number of spacetime dimensions.

We generally use g to denote our spacetime metric. However, if we are doing (brane-world)
holography, we use G as our bulk metric and g as our induced metric on the brane.

We use abstract index notation. Capital Latin indices M, N, ... denote bulk tensor equations,
while early-alphabet indices a, b, ¢, ... denote brane tensor equations, or otherwise general tensor
equations in chapters in which we are not doing brane-world holography. These equations
are valid in any basis. We use Greek indices pu,v, ... to denote bulk tensor components with
respect to some bulk basis, while middle-alphabet indices 1, j, k,... denote brane or general
tensor components with respect to some basis.

BH Black Hole.

GR General Relativity

(A)dS (Anti-)de Sitter spacetime.

Gn Newton’s constant.

g Determinant of the metric gqp.

EOW  End-of-the-world (brane).

RS Randall-Sundrum (brane-world).

KR Karch-Randall (brane-world).

DGP  Dvali-Gabadadze-Porrati (term).

RT Ryu-Takayanagi (holographic entanglement entropy).
GQT  Generalized Quasi-topological (gravity).
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Chapter 1

Three-Dimensional

Higher-Curvature Gravities

1.1 Introduction

Gravity becomes simpler when we go down to three dimensions. Firstly, the Weyl tensor
vanishes identically, implying that all curvatures are Ricci curvatures. This means that all
solutions of three-dimensional Einstein gravity are locally equivalent to maximally symmetric
backgrounds and that no gravitational waves propagate. In spite of this, global differences be-
tween spacetimes do appear and prevent the theory from being “trivial”, even at the classical
level. In particular, in the presence of a cosmological constant, the theory admits black hole
solutions [89, 90] which, despite important differences with their higher-dimensional counter-
parts, do share many of their properties —including the existence of event and Cauchy horizons,
thermodynamic properties, holographic interpretation, etc.

The local equivalence of all classical solutions allows for a characterization of the phase
space of the theory [91]. In addition —up to non-negligible details— three-dimensional Einstein
gravity is classically equivalent to a Chern-Simons gauge theory [92]. From a holographic point
of view [65-67], these qualitative changes with respect to higher dimensions are manifest in the
distinct nature of conformal field theories in two dimensions. In fact, while the observation that
the symmetry algebra of AdSs spaces is generated by two copies of the conformal algebra in two
dimensions [93] is often considered to be a precursor of AdS/CFT, the nature of the putative
holographic theory —or ensemble of theories— dual to pure Einstein gravity is still subject of
debate [94-99).

The above simplifications also affect higher-curvature modifications of Einstein gravity. In
particular, all theories can be constructed exclusively from contractions of the Ricci tensor,
which reduces the number of independent densities drastically. Similarly, the usual arguments
for considering higher-curvature corrections —which involve their appearance in the form of
infinite towers of terms coming from stringy corrections— do not make much sense in three-
dimensions. This is because all non-Riemann curvatures can be removed via field redefinitions,
and hence one is left again with Einstein gravity —plus cosmological constant and a possible
gravitational Chern-Simons term [100]. However, there is a different reason to consider higher-
curvature gravities with non-perturbative couplings in three dimensions. This is the fact that,
as opposed to Einstein gravity, they can give rise to non-trivial local dynamics. This appears
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in the form of a massive graviton and/or a scalar mode —see e.g. [101].

By far, the best known higher-curvature modification of Einstein gravity in three dimen-
sions is the so-called “New Massive Gravity” (NMG) [102]. At the linearized level, the theory
describes a massive graviton with the same dynamics of a Fierz-Pauli theory. In addition,
the theory is distinguished by possessing second-order traced equations [103], by admitting a
holographic c-theorem [16], and by admitting a Chern-Simons description [104]. Unfortunately,
demanding unitarity of the bulk theory spoils the unitarity of the boundary theory and viceversa
[105], a problem which has been argued to be unavoidable for general higher-curvature theories
sharing the spectrum of NMG [106].

Moving from quadratic to higher orders, one can use some of the above criteria to select
special theories. One possibility is to demand that the corresponding theories admit a holo-
graphic c-theorem [16, 17]. Alternatively, one can look for additional theories which admit a
Chern-Simons description [107-109]. A different route involves considering special D — 3 limits
of higher-dimensional theories with special properties [110]. Often, the densities resulting from
these different approaches coincide with each other. Alternative routes include [111-118].

While higher-curvature modifications of three-dimensional Einstein gravity have been stud-
ied extensively by now, most of the results are only valid for the lowest curvature orders or
for particular theories —see e.g. [17, 119, 120] for exceptions. In this chapter, we present a
collection of new results for general-order higher-curvature theories. Without further ado, let

us summarize them.

e In Section 1.2, we obtain a formula for the exact number of independent order-n densities,
#(n). This is given by
#(n) = [g (% +1) +e|, (1.1)
where [x] is the usual ceiling function and € is any positive number such that e < 1. The
function #(n) satisfies the interesting recursive relation #(n — 6) = #(n) —n, which says
that the number of order-n densities minus n equals the number of densities of six orders
less.

e In Section 1.3, we present the equations of motion for a general higher-curvature gravity
and the algebraic equations these reduce to when evaluated for Einstein metrics. We also

make a few comments about single-vacuum theories.

e In Section 1.4, we obtain the linearized equations of a general higher-curvature gravity
around an Einstein spacetime as a function of the effective Planck length and the masses
of the new spin-2 and spin-0 modes generically propagated. Formulas for such physical
parameters are obtained for a general theory. Using these results, we show that the most

general order-n density can be written as
Liny = anR" + Bu[R" — 12n(n — 1)R"?8y) + G, (1.2)

where: the first term is a density which by itself does not propagate the massive spin-2
mode but which does propagate the scalar one (for n > 2), the second term is a density
which by itself does not propagate the scalar mode but which does propagate the spin-2
mode, and the third term, ggj)v ial __which involves #(n)—2 densities— does not contribute
at all to the linearized equations.
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e In Section 1.5, we study higher-curvature theories which satisfy a holographic c-theorem.
First, we provide a recursive formula for densities which satisfy it in a non-trivial fashion

—i.e. they contribute non-trivially to the c-function. This is given by

4(n—1)(n —2)
3n(n — 3)

Cn) = (Co-1Caay = Cn-2C(2)) » (1.3)

which allows one to obtain an order-n density of that kind from the two immediately
lower order ones. Then, we solve the recurrence explicitly and provide a general explicit
formula for C(,). We argue that there are #(n) — (n — 1) densities of order n which
satisfy the holographic c-theorem. Of those, #(n) — n are trivial in the sense of making
no contribution to the c-function. These start appearing for n > 6. We show that all such
“trivial” densities are proportional to the sextic density

Q) =655 — S5, (1.4)

so that the most general order-n density satisfying the holographic c-theorem can be

written as
—th 1
Ly ™ = ooy + Qo) - LGy (15)
where E%Zrieé)a !is the most general linear combination of order-(n—6) densities. In addition,

we show that if a theory satisfies the holographic c-theorem, then it does not include the
scalar mode in its spectrum. Finally, we study the relation of C(,) with the general term
obtained from expanding the Born-Infeld gravity Lagrangian of [121].

e In Section 1.6, we explore the possible existence of Generalized Quasi-topological gravities
in three dimensions. We show that there exist #(n) — n theories of that kind, and that
all of them are “trivial” —in the sense of making no contribution to the equation of the
black hole metric function— and again proportional to the same sextic density (g that
appeared in the previous section.

e In Section 1.7, we make some comments on the relation between ) and the Segre
classification of three-dimensional spacetimes. We explain why the prominent role played
by this density in the identification of “trivial” densities of the types studied in the previous
two sections could have been expected —at least to some extent.

Notation and conventions: Throughout this chapter we consider higher-curvature theories
constructed from contractions of the Ricci tensor and the metric. When referring to generic
Lagrangian densities, we use the notation £ = L(gap, Rap), and we express the gravitational
constant in terms of the Planck length ¢, = 87G . We choose to work always with a neg-
ative cosmological constant, which we denote in terms of the action length scale L, so that
—2A = 2/L?. The Anti-de Sitters (AdSs3) radius is denoted by L, and sometimes we use the no-
tation yo = L?/L2, so that xo = 1 for Einstein gravity. We will often consider Lagrangians which
involve an Einstein gravity plus cosmological constant part, plus a general function of the three
basic densities which span the most general higher-curvature invariants in three-dimensions.
Those three invariants can be alternatively chosen to be {R,Ry = RCRY, R3 = RCR{R®} or
{R,Sy = RZR“,S;; = Rgﬁgﬁcg}, where Rab is the traceless part of the Ricci tensor. Conse-
quently, we will often consider general functions of either set of densities, which we will denote
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respectively by F = F(R,R2,R3) and G = G(R,S2,S3). The different invariants are often
classified attending to their curvature order n, corresponding to the number of Ricci tensors
involved in their definition. Generic order-n densities are denoted L, and the most general
linear combination of order-n densities is denoted E%Zr)leral. We use the notation Gy = 0G/0X,
Oxx = 0?G/0X? and so on to denote partial derivatives. Expressions with a bar denote eval-
uation of the invariants on an Einstein background metric, X = X (R, R2,R3). In the case
of terms which require taking derivatives with respect to some of the arguments, it is under-
stood that the derivatives are taken first, and the resulting expression is then evaluated on the

background. Hence, for instance, Fr = [0F /OR]|5_ RRo=Ro Rs=Rs"

1.2 Counting higher-curvature densities

In this section, we compute the exact number of independent densities of order n constructed
from arbitrary contractions of the Riemann tensor and the metric. The vanishing of the Weyl
tensor in three dimensions reduces the analysis to theories constructed from contractions of
the Ricci tensor and the metric, £ (gqp, Rap). Additionally, the existence of Schouten identities
implies that the most general higher-curvature action can be written as [17, 119]

1 2
S(R) = 2. /dSw\/ ’g’ﬁ(R) , ,C(R) = 72 + R+ F(R,Re,R3) , (1.6)
P
where we chose a negative cosmological constant and we defined
Ry=RRY, Rs= RCRSR®. (1.7)

Often we will assume F (R,R2,R3) to be either an analytic function of its arguments, or a
series of the form
F(R,Rg,Ra) =Y LH2H%D o,y RIRIRE (1.8)
i,k
for some dimensionless coefficients a;jy.

As we just mentioned, the “Schouten identities” drastically reduce the number of indepen-
dent densities of a given order, leaving eq. (1.6) as the most general case. Those identities take
the form [17]

Sl ROV R - Rin =0, for n >3, (1.9)
where 5;11.'_'.'&" is the (totally antisymmetric) generalized Kronecker delta. These identities rely
on the fact that totally antisymmetric tensors with ranks higher than 3 vanish identically in
D = 3. From eq. (1.9), it follows that the cyclic contraction of n > 3 Riccis can be written in

terms of lower-order densities, and hence the generality of eq. (1.6). One finds, for instance

1 4 1
RCRSRIRE = 6R4 + 3 RRs + 5733 — RoR?, (1.10)

1 5
RRSRIRERS = 6R5 +5 (RsRa + RsR? — RoR?) | (1.11)

1 1 1 3 1 1
RCRSRIRSRI RS = ERG + R3R2R + gR3R3 - ZRQR‘l - ZR§R2 + ZR% + gng . (112

It is often convenient to use a basis of invariants involving the traceless part of the Ricci

tensor,
~ 1
Rab = Rab — ggabR- (1.13)
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Then, we can define
- 1 s 2
Sy = RRY =Ry — gR2 , S3=RVRSR® =Rz — RRy + §R3 , (1.14)

and alternatively write the most general theory replacing F (R,R2,R3) by G (R,S2,83) in
eq. (1.6) [119], namely

1 . 2
S(S) = %/d‘sxw/’g’ﬁ(s), 'C(S) = ﬁ—&—R—i—Q(R,Sg,Sg) . (1.15)
We will write the polynomial version of G as
G(R, S5, 83) =y L7430 3, RISISY . (1.16)
ig.k

While eq. (1.6) feels like a more natural choice from a higher-dimensional perspective, it turns
out that many formulas simplify considerably when expressed in terms of Ry instead. We will
try to present most of our results in both bases.

Let us consider the case in which the theory is a power series of the building blocks R, Rs, R3
as in eq. (1.8) (or, alternatively, R, Ss,S3 as in eq. (1.16)). The order n of a certain combination
of scalar invariants is related to the powers of the individual components through n = i+25+3k.
One finds the following possible invariants at the first orders,

R, for n=1,

R*, Ry, for n=2,

R}, RRy,, Ry, for n=3,

R', R?*R,, RR3, R3, for n=4,

R, R’R,, R?R3, RR2, RyRs, for n=5,

RS, R'R,, R3R3, R*R3, RRyR3z, R3, R%, for n=6,

and so on. Then, the function #(n) counting the number of invariants of order n takes the
values #(1) =1, #(2) = 2, #(3) =3, #(4) =4, #(5) =5, #(6) = 7.

In order to find the explicit form of #(n) as a function of n, we can proceed as follows. If
we understand the number of elements constructed from powers of R alone up to order n as the
coefficients of a power series, we can define the generating function f(9) () as

f(R)(x)El1$~1+x+x2+az3+..., (1.23)
i.e. such that the right-hand-side, which is the Maclaurin series of the left-hand-side, has
coefficient 1 for all powers. This is because at every order n there is a single density we can
construct with R alone, namely, R"”. Now, if we want to do the same for Ro, we need to take
into account that the corresponding coeflicients should be 1 when n is even, and 0 otherwise.
We define then

fR)(z) = 0 13;2 ~1 ot b4 (1.24)

Following the same reasoning for R3, we define

1
1—2a3

FR)(2) = ~14ad b 4ad 4 (1.25)
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Now, we can obtain #(n) as the coefficient of the Maclaurin series corresponding to the gen-
erating function which results from the product of the three generating functions previously
defined, namely

1

(R) (R2) (R3) () — - E : n
The result can be written explicitly as
1 n 2nm
#(n) = = [47 +(=1)"9 + 6n(6 + n) + 16 cos (3)} : (1.27)

This gives the exact number of independent three-dimensional order n densities. It is easy to
verify that this yields the same values obtained above for the first n’s. Note that #(n) is not
an analytic function, but it is still easy to see that, for n > 1, it goes as

n/n
#(n) ~ = (6 + 1) . (1.28)
The fact that #(n) scales with ~ n? for large n had been previously observed in [17].

It can be shown that #(n) can be alternatively written exactly (for integer n, which is the

relevant case) as

#(n) = [g (% + 1) + e] , (1.29)

where [z] = min{k € Z |k > z} is the usual ceiling function and e is any positive number such
that e < 1. For instance, at order n = 1729, one has #(1729) = 249985 independent densities,
as one can easily verify both from eq. (1.27) or eq. (1.29).

The function #(n) satisfies several relations which connect its values at different orders. A

particularly suggestive one is the recursive relation

#(n—6) =#(n) —n, (1.30)

which connects the number of densities of a given order with the number of densities of six
orders less. This follows straightforwardly from the general expression of #(n) in eq. (1.29).
We will use this relation in Sections 1.5 and 1.6 to prove a couple of results concerning the
general form of densities which trivially satisfy a holographic c-theorem and of densities which
belong to the Generalized Quasi-topological class.

1.3 Equations of motion and Einstein solutions

The equations of motion of a general higher-curvature theory constructed from arbitrary
contractions of the Ricci scalar and the metric can be written as [122]

1 1 1
Eap = Pchbc - igab[r — V(avcpbc) + 5 U Pupy + igabvcvdPCd =0, (1'31)
where
oL
pab = . 1.32
a (1.32)
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In our three-dimensional case, when written as in eq. (1.6), the explicit form of these equations
reads

1 2
ggf) =+ Rab(l +FR) - anb (R+ ﬁ + f) + (gabEl—VaVb) .FR

3
+ 2FR, RERepy + 3FR, RERRY + gupVeVa <FR2 R+ 5T Rs Re! R;%) (1.33)
3 c c 3 d pc
+d fRzRab + ingRaRcb — 2VCV(G Rb)}—Rg + in)Rde3 = 0,
In the R, S2,S3 basis, the equations of motion read instead [119]

~ 1 1 2 L~ SR
go(tf) = + (Rab + 3gabR> - §gab (R + ﬁ + g> —|‘ 2g52R2Rcb + 3g33R2RCng

~ 1 3 -
+ <gab O-VaVe + Rap + 3gabR) (Gr — Gs5;52) + 9asVeVa <Q$ZSCd + QQSSSCfR‘fc>

+(A3R) (Gsfin + 305, i) ~ 29,5 ( Ri s, + 5 i i, ) =o0.
(1.34)

Solutions of Einstein gravity plus cosmological constant can be easily embedded in the
general higher-curvature theory eq. (1.6) or eq. (1.15). These include, for instance, pure AdSs

and the BTZ black hole. Indeed, consider Einstein metrics of the form

_ 2
Rab = _Egab . (135)

In that case, one has
6 - 12 24

——, Ro=—, Ry3=——
Lz ) 2 Lé ) 3 L6 )

*

R= S,=0, S=0. (1.36)

Hence, eq. (1.35) satisfies the equations of motion eq. (1.33) provided

6 6

— 8 - 24
1 - 2Fp + —Fr, — —
R+ L,% Ro Li

is satisfied. In the alternative formulation in terms of traceless Ricci tensors, the analogous

equation is considerably simpler and reads [119]

6 6

+3 72 [1 - 20r] +3G=0. (1.38)

For Einstein gravity, this simply reduces to L? = L?, which just says that the AdSs3 radius
coincides with the cosmological constant scale. In general, eq. (1.37) and eq. (1.38) are equations
for the quotient xo = L?/L2. If the series form (1.8) is assumed, then eq. (1.37) takes the form

1—xo+ > anxh =0, where a,=(-1)"6""3-2n)% % . (1.39)
n 7.k

Similarly, eq. (1.38) takes the form

1— o+ anxg =0, where b,=(=1)"6""1(3—2n)B00, (1.40)
n

where observe that terms involving Ss and S3 make no contribution to the equation.
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On general grounds, the above polynomial equations will possibly have several positive
solutions for xq, so the corresponding theories will possess several AdS3 vacua. Finding higher-
curvature theories with a single vacuum in three and higher dimensions has been subject of
study of numerous papers —see e.g. [123-125] and references therein. In the present case, a
complete analysis of the conditions which lead to a single vacuum can be easily performed in a
case-by-case basis, but not so much for a completely general theory, so we will not pursue it here.
Let us nonetheless make a couple of comments. First, observe that all extensions of Einstein
gravity with terms involving either Sp and/or Ss will have a single vacuum, since for those, the
Einstein gravity solution yo = 1 will be the only one. A different possibility for single-vacuum
theories would correspond to an order-n degeneration of the solutions of the above polynomial
equations, i.e. to the cases in which these become

Xo\"
( - ;) ~0. (1.41)
Observe that this involves n— 1 conditions for a theory containing densities of order n and lower
and these will necessarily mix couplings of different orders. In particular, for a theory written
in the {R, S2, S3} basis involving densities of order up to n, these read
6i00:<?>7ﬂ(5i—1(1?)—2i)’ i=2,...,n. (1.42)
Hence, a Lagrangian of the form

single vac. __ 7
Ly =7zt R+ ;2 (l) WiG-1(3 = 21) 21.)3 + Soha(R, S2,83) + S3ha(R, S2,83), (1.43)

where hg 3 are any analytic functions of their arguments will have a single AdS3 vacuum.

1.4 Linearized equations

The linearized equations of motion around maximally symmetric backgrounds of higher-
curvature gravities involving general contractions of the Riemann tensor and the metric were
obtained in [126, 127] —see also [128, 129]. The resulting expression was expressed in terms of
four parameters, a, b, ¢ and e, and a simple method for computing such coefficients for a given
theory was also provided, along with the connection between them and the relevant physical
parameters —namely, the effective Newton constant and the masses of the additional modes.
In this section, we apply this method to a general higher-curvature theory in three dimensions
and classify theories according to the content of their linearized spectrum.

Let gap = ap+hap where the background metric is an Einstein spacetime satisfying eq. (1.35)
and hg < 1, Va,b = 0,1,2. Then, restricted to a general three-dimensional higher-curvature
gravity of the form eq. (1.6), the equations of motion of the theory read, at leading order in the
perturbation [127]

1 9 -
— &b = [e +c <l:l + )} G+ (2b + ¢) (gpd — Vo V) R®
P

1
4b gy RY = ~Th
I, 12 +€) Gab 4 abs

a

(1.44)

where we included a putative matter stress-tensor for clarity purposes and where the linearized

1
_fi(

Einstein and Ricci tensors, and Ricci scalar read
L1

2
Goy= R — §§abRL + 73hab (1.45)
*
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- - 1= 1o = 3
RE =V (o Vehlyy — =Ohgy — =VoVph — —hap + hgab, (1.46)
b7 Vel e T g 2 L2 L2
- - 2
RY = VVhy, — Oh + Zh- (1.47)
*
In higher dimensions, there is an additional parameter —denoted “a” in [127]— appearing in

the linearized equations. However, this turns out to be non-zero only for densities which involve
Riemann curvatures, and so we have a = 0 for all three-dimensional theories. For a generic
higher-curvature theory in that case, eq. (1.44) describes three propagating degrees of freedom,
corresponding to a massive ghost-like spin-2 mode plus a spin-0 mode. The parameters e, ¢
and b above can be related to the effective Planck length £¢T and the masses (squared) of such

modes, which we denote mg and m2, as

8
1 e+ =(38b+¢)
g mect min RS =
e c c

In subsection 1.4.3 we explain how to compute these parameters for a general higher-curvature
theory and do this explicitly in our three-dimensional context.
In terms of the physical quantities, the linearized equations read

Ef;ff 9 2 1 m +m — ﬁ L
= = -0 — %3,
EP gab <mg L2 G L2 2(mg — [%) g bR

(1.49)
2 2 4
N (G — TuTy)RE = 2 . T

4(m? — %)

1.4.1 Physical modes

From what we have said so far, it is not obvious that eq. (1.49) describes the aforemen-
tioned modes of masses ms, my. In order to see this, it is convenient to decompose the metric

perturbation as

ViV h 1
e R, (1.50)
( 2 g) 3
S Lz

where (ab) denotes the traceless part, and hap is transverse and traceless, satisfying

hab = iLab +

7hay =0, Vhay = (1.51)

where the second condition is imposed using gauge freedom. Let us note that this decomposition

2

fails in the special case ms; = In that situation, it is not possible to decouple the trace and

L2
traceless parts of hg,. However, from eq. (1.48), it follows that in this case mg = —1/L2 so
the spin-2 mode is a tachyon. Hence, we will assume that m? # % to avoid this problematic
situation.

Then, the trace and the traceless part of the linearized equations become, respectively, [127]

= ([ )k = eI (1.52)

1 (= 2\ /(= 2
— (EI + 2) (EI + 1 m2) hap = eeffT} eff, (1.53)
*



Chapter 1 Three-Dimensional Higher-Curvature Gravities

where T = g“bT(ﬁ) and

_ 1 9
(aby = Hab) T o1
(mg + f%)

Eq. (1.52) describes a spin-0 mode corresponding to the trace of the perturbation. On the other

) v@vaL . (1.54)

hand, eq. (1.53) can be further rewritten by defining

2 _a(m) | 3 (M) cmy _ 1= 2 2] 5 oy _ Ll 2,
hab = h’ab +hab s where hab = _mi‘g |:[:l+ fz —mg:| hab, hab = mig |:D+ fg hab,
(1.55)
as
_ 2\ ~(m
) . .
<1:| + 73~ mj;) byt = T (1.57)
*

These describe two traceless spin-2 modes which couple to matter with opposite signs. However,
as opposed to higher dimensions, only the massive one is propagating in D = 3. The would-be
massless spin-2 mode is pure gauge (whenever TaLb = 0) in this number of dimensions —see
e.g. [130-133].1 Hence, the relevant equations are eq. (1.52) and eq. (1.57), which describe
a maximum of three degrees of freedom —one from the scalar mode and two from the spin-2
one— propagated around Einstein solutions by higher-curvature gravities in the most general
case.

When £¢f > 0, the massive graviton is a ghost and the scalar mode has positive energy, but
since there is no massless graviton, one could also consider ¢ < 0, so that the massive graviton
has positive energy and the scalar is a ghost. As we will see below, there are theories that only
propagate either the scalar mode or the massive spin-2 mode, and these can be made unitary
by taking £ > 0 or /¢ < 0, respectively. An example of the latter is NMG, as introduced in

[43

[102], in which the Ricci scalar appears with the “wrong” sign in the action, hence implying

et < 0.

1.4.2 Identification of physical parameters

Given a higher-curvature theory, one can linearize its equations and deduce the values of
a
expressions. A much faster way of performing this identification was proposed in [127], which

the parameters b, ¢, e (and consequently él‘iﬁ, m?2,m2) by comparing them with the above general
we adapt here to our three-dimensional setup. One starts by replacing all Ricci tensors in the
Lagrangian by
2
B = g+ oz — Dk, (1.55)
*
where x is an arbitrary integer constant and the symmetric tensor k. is defined such that
kS = x and k:gk:g = k{. Then, the parameters can be unambiguously extracted from the general
formulas [127]
OL(RG™)
foJe"

OPL(R)

oar |, = 4a(x — 1)*(c + bx). (1.59)

=2ecx(x—1),

a=0

'Massless and massive gravitons in D dimensions propagate D(D2_3) and (D+1)2<D_2) degrees of freedom,

respectively, which means 0 and 2 degrees of freedom respectively for D = 3.
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It is straightforward to do this for our general three-dimensional actions. When the theory is
expressed in terms of the traceless Ricci tensor as in eq. (1.15), the resulting parameters take a
particularly simple form
1 - 1 [15 g 1 -
= —_— ]_ y b = —_— — —_ = 5 = — 5 160
e 4fp[ + GRl 10, [2QR,R 3932] c MPQSQ (1.60)
where recall that we are using the notation Gy = 0G/0X, Gx x = 829/8)(2 and the bar
means that we are evaluating the resulting expressions on the background geometry, which is
implemented through eq. (1.36). If we assume that the Lagrangian allows for a polynomial
expansion, it is useful to decompose G in the following way,

G(R,S2,83) = f(R) 4 S29(R) + Griv , (1.61)
where
gtriv = ’522h(R7 82) + S3Z(R7 827 83) (162)

includes all terms which do not contribute to the linearized equations around any constant
curvature solution. That is the case of any density involving any power of S» greater or equal
than two and any power of Sz (different from zero). With the Lagrangian expressed in this way,
the background equation, eq. (1.38), reduces to

6 6 - -
— —=[1-2 3f=0 1.63
and using eq. (1.48) we find the physical quantities of the linearized spectrum,
l 1+ f; 1+ frl + 3 frR
= T mz = —L;fR], m? = _ Lf_ : (1.64)
[1+ fr] g 4frr+ 30

When expressed explicitly in terms of the gravitational couplings in an expansion of the form
(1.16) these read

et — te m2 — [1+ 3, Biooi(—6x0) ]
T [+ Biooi(—6x0) YT L2, Biro(—6)" ’
m2 (1=, Biooi(2i — 3)(—6x0)" "]
* o AL2Y (—6x0)"2[(i — 1)iBioo + 3Bit0]

With the above expressions at hand, it is straightforward to classify the different theories

(1.65)

according to the presence or absence of the massive graviton and scalar modes in their spectrum.
Before doing so, let us present in passing the expressions analogous to eq. (1.64) when the
analysis is performed for a theory expressed in the {R, Ro, R3} basis instead. In that case, the
equations become more involved and a decomposition of the form (1.61) is not available. We

have

off lpL} m2 = L1+ Fg) — AL?Fgr, + 12FR,

P Li(l + .7:3) — 4LZ]:R2 + 12Fg, ’ g 6L,2(.7:733 — Ling ’
3 _ _ _ _ _ _

m? =75+ (L2 (1 + Fg) — 5L8FR, — 18L}Fr,] / [BL8FRr, — 18LSFR, + 4L} Fr R
*
_32LE]}R,’R2 + 96[&‘73}3,733 — 384Lz]:-7z2’713 + 4L§]}R,R + 64L3.7}R2’732 + 576]:—713,733} .
(1.66)

The polynomial form is straightforward to obtain from these expressions (and as ugly as one
may anticipate).
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1.4.3 Classification of theories

The decomposition (1.61) and eq. (1.64) make it very simple to classify all theories depending
on the mode content of their linearized spectrum. The three sets of theories we consider are:
theories which are equivalent to Einstein gravity at the linearized level, theories which do not
propagate the massive graviton, and theories which do propagate the scalar mode.

Einstein-like theories

2

¢ — 00, namely, densities in whose

A first group of densities are those for which mg,m
spectrum both the massive graviton and the scalar mode are absent. These are theories which,
at the level of the linearized equations, are identical to Einstein gravity —up to, at most, a
change in the effective Planck length. As we mentioned earlier, a large set of densities do not

contribute whatsoever to the linearized equations. These are given by
g|trivia1 linearized equations — 822h(R7 82) + SSZ(R, 827 SS) . (167)

It is not difficult to see that there are #(n)—2 densities of this kind at order n. Namely, all order-
n densities but those of the forms R™ and Sy R"~2 contribute trivially to the linearized equations.
While there are no “trivial” densities for n = 1,2, they start to proliferate for n > 3, becoming
the vast majority at higher orders. As it turns out, these “trivial” densities are the only
Einstein-like theories which exist beyond Einstein gravity itself. The reason is that removing
both the massive graviton and the scalar from the spectrum amounts at imposing ¢ = b = 0,
which implies g = fR, r = 0. These are on-shell conditions, but if we want to avoid relations
between densities of different orders, we must force them to hold for any value of R. Hence,
the conditions become g(R) = fr r(R) = 0, whose only non-trivial solution besides eq. (1.67)
is Einstein gravity plus a cosmological constant. Hence, most higher-curvature densities have
in fact trivial linearized equations.

It is a remarkable —and exclusively three-dimensional— fact that Einstein gravity is unique
in this sense. Observe that starting in four dimensions and for higher D there are generally
several Einstein-like densities with non-trivial linearized equations at each curvature order.
Examples are Lovelock [134, 135] and some f(Lovelock) densities [136], Einsteinian cubic gravity
[126], Quasi-topological [137-140] and Generalized quasi-topological gravities [14, 18, 19, 141],
among others [125, 142, 143].

Theories without massive graviton

2
g

parameters e, b and ¢, this condition is given by ¢ = 0. From eq. (1.64) it is clear that this set of

Theories for which mZ — oo do not propagate the massive graviton. In terms of our

theories are those with § = g(R) = 0. Again, in order to impose this condition at each curvature
order we must demand g(R) = 0. Hence, the most general (polynomial) density which makes a
non-trivial contribution to the linearized equations and which does not propagate the massive

graviton in three-dimensions is f(R) gravity

g|no massive graviton — f(R) ) (168)

Obviously, at order n there is 1 such density, corresponding to R™. Of course, one can obtain
more complicated densities satisfying the mg — oo condition by combining some of the trivial
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Einstein-like densities with the f(R) ones. Hence, there are actually #(n) — 1 independent
densities which do not propagate the massive graviton at order n.

For comparison, observe that in D > 4 there is a large set of higher-curvature theories
which do not have the massive graviton in their spectrum. This is the case, in particular, of all
f(Lovelock) theories [136] —the set also includes all the Einstein-like theories mentioned in the

last paragraph of the previous subsubsection.

Theories without scalar mode

2
s

3c 4+ 8b = 0, which is satisfied by theories for which 12fR,R 4+ g = 0. From this we learn that
the most general class theories of this kind contributing non-trivially to the linearized equations

The condition for the scalar mode to be absent from the spectrum, m: — oo, reads instead

reads
g|n0 scalar mode — f(R) - 12fR,R(R)S2 ) (fR,R(R) 7& O) . (169)
Again, there is a single order-n density of this kind, corresponding to
g(n) |n0 scalar mode = R" — 12”(” - 1)Rn_252 3 (170)
= [l +4n(n - 1)]R" — 12n(n — 1)R"*R,. (1.71)

For n = 2, the above density is nothing but the New Massive Gravity one [102]. Once again,
we can combine the above order-n densities with the #(n) — 2 “trivial” densities to obtain
additional densities which do not propagate the scalar mode. There are then #(n) — 1 densities
which do not propagate the scalar mode at each order.

Another property of NMG is that it fulfils a holographic c-theorem. In the following section,
we will see that, in D = 3, all higher-curvature theories which fulfil a simple holographic c-
theorem do not propagate the scalar mode.

In higher dimensions, a prototypical example of a theory which satisfies this condition (as
well as trivially satisfying a hologarphic c-theorem) is conformal gravity [127, 144], which can
be thought of as a natural D-dimensional extension of NMG.

In sum, in D = 3, at any order n > 2 we can always decompose the most general linear
combination of higher-curvature densities as a sum of a term which by itself would not propagate
the massive graviton, plus a term which by itself would not propagate the scalar mode, plus

#(n) — 2 densities which do not contribute to the masses of any of them.

1.5 Theories satisfying a holographic c-theorem

Interesting extensions of Einstein and New Massive Gravities to higher orders can be ob-
tained by demanding that the corresponding densities satisfy a simple holographic c-theorem
[16, 17]. This set of theories is defined by the property that they yield second-order equations
when evaluated on the ansatz

ds? = dp? + a(p)?[—dt* + dz?]. (1.72)

Supplementing the action with an appropriate stress-tensor, the metric can be made to interpo-
late between two asymptotic AdSs regions [145, 146] which, from the CFT point of view, would
represent IR and UV fixed points. Intermediate values of the holographic coordinate are then
interpreted as representing the RG flow between both CFTs.
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The idea behind the holographic c-theorem?

involves constructing a function ¢(p) which
decreases monotonously along the RG flow, as we move from the UV to the IR. In the present
holographic context, the fixed points can be chosen to be pyy = +o00 and pig = —o0, so a
function satisfying

d(p) 20 VYp, (1.73)

does the job. Now, the usual holographic c-theorem construction involves considering a function
c(p) such that ¢(p) is proportional to the combination of stress-tensor components 7} — T}.
Then, imposing that the stress-tensor satisfies the null energy condition, such combination has
a sign, namely,

T/ —-TF < 0. (1.74)

Therefore, any c(p) such that ¢/(p) o< —(T} —T4), up to an overall positive-definite constant,
satisfies the requirement.

For theories of the type considered above, it is straightforward to construct an appropriate
c-function such that [71, 145, 149]

a2

¢(p) =~ [T =T, (1.75)

This can be obtained from the Wald-like [150] formula [16, 149]

ma OL

c(p) = ﬁwpmv (1.76)

where the Lagrangian derivative components are evaluated on eq. (1.72). By construction, ¢(p)
coincides with the Virasoro central charges of the fixed-point theories.

As argued in [17], demanding second-order equations for the ansatz eq. (1.72) for a set of
order-n densities amounts at imposing n — 1 conditions. The idea is to consider the on-shell
evaluation of the corresponding Lagrangian densities and impose that neither terms involving
derivatives of a(p) higher than two nor terms involving powers of a”(p) higher than one appear
in the resulting expression. This enforces the corresponding equations of motion to be second-
order and that a simple c-function can be defined from the above formulas.

As we have shown, there are #(n) independent densities at order n, which means that there
are #(n) — (n — 1) independent order-n densities which satisfy a simple holographic c-theorem.
Hence, for n = 1,...,5, there is a single such density at each order, but degeneracies start
to appear at order six. As observed in [17], it is always possible to write the corresponding
linear combination of order-n densities satisfying a simple holographic c-theorem as a single
density which has a non-trivial on-shell action when evaluated on eq. (1.72), plus densities
which simply vanish when evaluated on such ansatz. Hence, we learn that there are #(n) —n
independent order-n densities which are trivial on the eq. (1.72) ansatz. Remarkably, as we
show below, all such densities of arbitrary orders turn out to be proportional to a single sextic
density, which identically vanishes on the metric (1.72). As for the densities which contribute
non-trivially to the holographic c-function we find a new recursive formula which allows for the
construction of the corresponding order-n density from the order-(n — 1), the order-(n — 2), the
Einstein gravity and the NMG densities. The recurrence can be solved explicitly, and so we
are able to provide an explicit formula for a general order density which non-trivially satisfies

2The c-theorem for general 2d CFTs has been proven in [147, 143].
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the holographic c-theorem. Finally, we explore the relation between such general order density
and the one resulting from the expansion of previously proposed Born-Infeld gravities which
also satisfy the holographic c-theorem. Naturally, the relation always involves densities trivially
satisfying the holographic c-theorem.

1.5.1 Recursive formula

As we have mentioned, at each order there is a single possible functional dependence on
a(p) of the on-shell action of theories satisfying the holographic c-theorem. Then, up to terms
which do not contribute when evaluated on eq. (1.72), there is a unique such density at each

curvature order. The on-shell expressions for R, S, S3 read

2(0/2 + 2aa//) 2(a/2 _ aa//)2 2(&’2 _ aa//)S
Rl,=-"—", &, = N PR S|, = B S (1.77)

a
As observed in [17], the on-shell Lagrangian of densities satisfying the holographic c-theorem in

a non-trivial fashion follows the simple pattern

dN\2D [ 3—9n fa\?
C(n){a - (a> ; + m <a> . (178)

With this choice of normalization, the first three densities read

1
Coy=—41 (1.79)
3R R,
RS,
=+ -2, (1.81)
17R® 3RR, 4Rs
Coy=~")x T 9 3 (1.82)
3
4
_ R RS 48 (1.83)

432 6 3
Now, an easy way to prove that instances of non-trivial densities actually exist at arbitrarily
high orders is by finding a recursive relation. Since, essentially, these densities are defined by
the form of their on-shell Lagrangian on the RG-flow metric (1.72), we can try to derive such

recursive relations by using eq. (1.78). We find the particularly simple relation,

4(n—1)(n —2)
3n(n — 3)

Cn) = (Cin-1)C1) = Ctn—2C2)) - (1.84)

This expression allows us to generate holographic c-theorem satisfying densities of arbitrary
orders once we know C(1), C(2) and C(3), which are given above. Since C(4) and C(5) are unique,
this formula should give precisely those densities. This is indeed the case, and we find

41R*  3R2?*R, 2RR3_&§

_ _ 1.
=354 s 3 2 (1.85)
R* RS, 2RS; S
=T36 24 3 20 (1.86)
and
61R> TR>Rs 2R*R3 TRR2 16RsR
Co) = +960 2+ S22 (1.87)

960 12 15 ) 15
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RS R3S, 2R2S; RS 168:Ss
_ _ _ 1.88
25020 | 108 9 73 15 (1.88)

which agree with the results previously reported in [16, 17]. On the other hand, for n > 6, the
recursion produces a single representative non-trivial density. For example, for n = 6 —which
is the order at which degeneracies start to appear due to the existence of densities trivially

satisfying the holographic c-theorem— we find from the recursive formula

1103R°  115R'R, 19R°R3 TIR’R3  8RRyR3 10R3

_ 1.89

(6) 50736 | 283 81 108 9 27 (1.89)
RS 5R*S, 5R3S; BHR2S82 8RS,S; 1083

_— _ 2 5 2 2R 2 (1.90)
186624 2592 81 36 9 27

1.5.2 General formula for order-n densities

Interestingly, it is possible to solve the two-term recurrence relation (1.84) analytically and
obtain an explicit expression for the order-n density non-trivially satisfying the holographic
c-theorem. The result, which takes a simpler form in terms of the {R, S>,S3} set, reads,

Cloy = i(;}l):{ (r+ \/2452)”_1 (R (n-1)v2S,) (1 = \/68‘29/’2>
2

(1.91)

+(R- \/@)”_1 (B+(n—1)y/21S,) (1 + Vé‘g‘??) } .

2
Even though this expression may look odd because it depends in a non-polynomial way on the
densities, it does reduce to a polynomial expression when we evaluate it for any integer n > 1.
One can check this by expanding the (R + \/M) "1 terms using the binomial coefficients. In
particular, note that this formula is even under the exchange 521/ 2 —521/ 2, and therefore 521/ 2
always appears with even powers (i.e., there are no square roots). Explicitly, the result of this

expansion reads

oS e [(4) o (52

k=
. - (1.92)
2
_ kpn—s—2k | (1Y n-l
2888 kzo (24852)"R [<2k+3> (n 1)<2k+2>} },

which is valid whenever n € N.

Interestingly, the density (1.91) can also be applied for non-integer n, since it always yields
the result (1.78) when evaluated on the metric (1.72), and therefore it yields second-order
equations for the RG-flow metric. Hence, these Lagrangians provide a generalization of the
holographic c-theorem-satisfying densities for arbitrary real values of n.

1.5.3 All densities with a trivial c-function emanate from a single sextic
density

For the first five curvature orders, there exists a single density which satisfies the holographic
c-theorem condition. Now, for n = 6, there exists an additional density,

Q) = 655 — Si (1.93)
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1
=3 [RS — 9R'R, + 8R*R3 + 21R*R3 — 36 RR2R3 — 3R + 18R3] , (1.94)

with the property of being identically vanishing when evaluated on the c-theorem metric (1.72)
and which therefore does not contribute to the equations of motion for that ansatz.

An immediate consequence is that any product of {2 with any other density also satisfies
the holographic c-theorem trivially. Therefore, for n > 6 we have, at least, the following set of

densities which satisfy the holographic c-theorem

_ 1
e = o+ 0 L (195
where £5 i5 the general Lagrangian of order n — 6 in the curvature. Remarkably, these are

(n—6)
all the densities of this type that exist.

This can be proven as follows. First, observe that there exist #(n — 6) densities of order

. Egeneral
(n—6)
as observed earlier, there exist #(n) — (n — 1) independent order-n densities which satisfy the

n — 6. Hence, there exists the same number of order-n densities in the set (2 . Now,
holographic c-theorem, one of which does so in a non-trivial fashion. The latter can be chosen to
be C(,) and we are left with #(n)—n independent densities which trivially satisfy the holographic
c-theorem. Now, invoking the result in eq. (1.30), we observe that this number exactly matches

the number of densities in the set Qg - L5,
(6) " ~(n—6)

In sum, E‘E;)theorem as defined above is the most general higher-curvature order-n density

satisfying the holographic c-theorem and all densities satisfying it in a trivial fashion emanate
from the sextic density ). This is a rather intriguing result which suggests that there may
be something more fundamentally special about this density. As a matter of fact, this will not

be the last time we encounter it.

1.5.4 Absence of scalar mode in the spectrum

An immediate consequence of eq. (1.95) is that none of the densities trivially satisfying the

holographic c-theorem contributes to the linearized equations around an Einstein metric. This

general
Eine)

Gltrivial linearized equations s defined in eq. (1.67), since () can be written in terms of only S»

is because all densities involved take the form ) - and therefore belong to the set
and Ss as seen in eq. (1.93).

On the other hand, we can use our previous results to prove that densities which satisfy
the holographic c-theorem in a non-trivial fashion do not incorporate the scalar mode in their
spectrum. This latter property seems to have been observed in certain particular cases [107]
but we have found no general proof in the literature.

We saw in section 1.4 that the condition for the absence of the scalar mode in the linearized

spectrum, m? — oo, was satisfied by theories of the form
G(R,S2,83) = f(R) + S29(R) + Griv (1.96)

for which

12fpr+g=0. (1.97)

For theories where G(R,S2,S3) is a polynomial, as the ones we are considering, this cancel-
lation must occur order by order. At any given order n, the only possible forms of f and g are
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n = A(p, and g, = " ° Tor some constants A, and (). erefore, at any
fn)(R) = AnyR"™ and g(,) (R (myR"2 f A(ny and fi(,). Theref
order n, condition (1.97) reads

12n(n — 1))\(71) + Hn) = 0, (1.98)

where A(;,) = Bnoo is the coefficient in front of the R" term and p(,) = B(;,—2)10 is the coefficient
in front of the S R"~2 term in the series expansion of G(R, Sy, S3) given in eq. (1.16).

Now, it is easy to see that our C(,,) densities fulfil this condition. Expanding eq. (1.92) and
keeping only the terms with £ = 0,1 in the first sum, we see

3(-1)" . o
Comy = 2(, 6n)n {R —12n(n — 1)SR" % +- - } , (1.99)

and so 3(_1) 3(_1)"
Am) = 3 gay s Moy = —12n(n = 15— (1.100)

which clearly fulfil condition (1.98). This proves that all theories satisfying the holographic
c-theorem have a linearized spectrum which does not include the scalar mode.

1.5.5 Born-Infeld gravity

It was proposed in [121] that New Massive Gravity could also be extended through a Born-
Infeld gravity theory with Lagrangian density

A
LrrnmG = \/det (53 + %G’g) - (1 - W) : (1.101)

where Gy, = Rop — %gabR is the Einstein tensor and ¢ = +1. This theory reproduces NMG
when expanded to quadratic order in the curvature. Then, after [16] proved that both NMG
and the cubic order term of eq. (1.101) admitted a holographic c-function, it was soon proven in
[151] that the full theory also satisfied a simple holographic c-theorem of the same kind as the
one described in the previous subsections. The cancellations on the on-shell evaluation of these
theories required by the c-theorem construction occur order by order, and so the theory defined
by eq. (1.101) generates an infinite number of higher-curvature densities which non-trivially
fulfil a holographic c-theorem at any truncated order [152].

Now, in view of our results, it would be interesting to know whether the terms generated
by the expansion of (1.101) order by order, which we shall call B, are the same ones as the
non-trivial densities C(,) generated by the recursive formula (1.84). Following what we have
just learned in the previous section, that should indeed be the case for n =1,...,5. For n > 6
we expect both sets of densities to coincide up to “trivial” densities, and we find that to be the
case.

Let us expand the density (1.101). We set ¢ = 1 and m? = 1 for simplicity, as they can be
easily restored by dimensional analysis. In 3 dimensions the determinant of any matrix can be
computed as

det(A) = % [(Tr(A))? — 3Tx(A) To(A%) + 2Tx(4%)] (1.102)

In our case, we have A = 1 + g~ '@, which gives
1 -1 1 1
det(]l+g G) = 1+7R+17—2+ ﬂ%, (1.103)
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where we have defined
_ p2 L
To=R°— 2Ry = §R — 28, (1.104)

-1
T3 = R3—6RRy +8R3 = 333 + 2RS, + 8S3.. (1.105)

We can now simply Taylor expand the square root, VI +z =3y~ (1”/1 2) 2™, with z = det(1 +
g~ 'G) — 1 and then collect the relevant terms at each order n to build B,y The result is the

(V2 NG R (SN (LY (L
B(”)_Z<z'+j+k) iljlk! (2R> (47-2> 247) (1.106)

following,

where the sum is performed over the indices i, j, k that fulfil the integer partition n = 1+ 25+ 3k.
The lowest order densities given by the formula above are

1 1 1 5
Bay=Cu), By =500, Be=-5C, Bw =150, Be)=—1556, (1.107)

which are indeed proportional to the densities C(,) found previously through the recursion
relation (1.84), as expected. At the next orders, however, eq. (1.106) gives a different non-
trivial density than the one given by the recursion relation (1.84). Following eq. (1.95), we see
that the relationship between the densities B,y and C(,) at orders n > 6 is given by

n (2n—5)I
By = (=1) mcm) + Q) - Lin—s) > (1.108)
for some particular densities £, _g). For example,
7 1
21 R
By = —@Cm - %9(6)7 (1.110)
33 11R? 4 248,

Hence, both C,) and B,) provide sets of order-n densities which non-trivially satisfy the holo-
graphic c-theorem. While the C(,,) are distinguished by the property of satisfying the simple
recurrence relation (1.84), the B, have the property of corresponding to the general term in the
expansion of the Born-Infeld theory (1.101). Both sets are equal up to terms which identically
vanish in the holographic c-theorem ansatz which, as we have seen, are all proportional to the
density (2.

Another Born-Infeld theory has been proposed as a non-minimal extension of NMG [152],
with Lagrangian density

2 1 A
o = oo (3= Zimte Lomere) - (1- ). 1112

where P? = RV — iégR is the Schouten tensor. The full theory also allows for a holographic

c-function. However, when expanded order by order using a similar method as the one de-
scribed above, we see that it does not produce an infinite number of higher-curvature densities
which non-trivially fulfil a holographic c-theorem. At order n = 2 and n = 3 we obtain terms
proportional to C) and C(3), as expected, but the terms with n > 4 all trivialize due to the
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Schouten identities described in section 2. Therefore, the density (1.112) is equivalent to the
much simpler density

2 3 1 (17
L=R-2A+—; (RQ—R2> 4( R3—7RR2+ R3> : (1.113)
m 8

1.6 Generalized Quasitopological gravities

A different classification criterion which has attracted a lot of attention in higher dimensions
entails considering higher-curvature theories which admit generalizations of the D-dimensional
Schwarzschild black hole characterized by a single function, i.e. satisfying g;;g.» = —1. Theories
of this kind have been coined “Generalized quasitopological gravities” (GQTs) [18, 19, 141}, and
include Quasitopological [137-140, 153] and Lovelock gravities [134, 135] as particular cases.

Given a D-dimensional higher-curvature gravity with Lagrangian density £(Rapea, g% ), let
Ly be the effective Lagrangian obtained from the evaluation of \/HE in the ansatz

dr?
ds? = f(r)dt® + o) +dr?dQ7, ) - (1.114)

Then, we say that £ is a GQT gravity if

oL; doL; d? 9Ly

of draf " drZafr

(1.115)

namely, if the Euler-Lagrange equation of f(r) identically vanishes [19]. This is equivalent to

requiring that Ly is a total derivative, i.e.

dFy

Ly="a

for some function Fy = Fy[r, f(r), f'(r)]. (1.116)
Theories satisfying these requirements satisfy a number of interesting properties, such as ad-
mitting non-hairy generalizations of the Schwarzschild AdSp solution characterized by a single
function or possessing a linearized spectrum around maximally symmetric backgrounds iden-
tical to the Einstein gravity one. For a more detailed summary of the properties satisfied by
GQTs see e.g. [23]. In the same reference it has been proven that any gravitational effective
action in D > 4 can be mapped via field redefinitions to a GQT.

Here we are interested in exploring the possible existence of GQTs in three dimensions. In
order to do that, we need to determine the set of densities for which eq. (1.115) holds, if any.
As a first step, we need to evaluate our fundamental building-block densities on such ansatz.
Defining the quantities

" !/

which are the only functional dependences on f(r) appearing in the Riemann tensor, we find

1-f
9

(1.117)

R|,=—-2A+4B, &, A+B A+B) (1.118)

! = Ssl ;=

and

Ro|, = 2(A% — 2AB + 3B?), 2(A® -~ 3A’B + 3AB* +5B%). (1.119)

y
34



Chapter 1 Three-Dimensional Higher-Curvature Gravities

We immediately observe the absence of 1 in these expressions, which means that three-dimensional
on-shell Lagrangians do not depend on the function f(r) explicitly, but only on its first and
second derivatives. Hence, in this case the GQT condition (1.115) becomes simpler, namely,

oLy  d 9Ly

e R T AKS (1.120)
where c is an integration constant.
Evaluating on-shell a general order-n density in the {R, So, S3} basis, we find
_1yn—2j—3k o 17 n—2—3k 11 2j+3k
2D R Gl PV n_ I
L(n),f = r[=" Zkﬁn_%_gk’]’k 736k f + . ; (1.121)
]7
: f/ n—m-—l1
= rL20 37 [} , (1.122)
jakLim :

where L) = /9L )|y and where we used the binomial expansion twice in the second line

and defined the constants

9 3k ; — 25 —3k\ (25 + 3k
Cikim Bn 2j 3k7.77k(_1)n—m2n—2]—3k—l (n J ) < J + > ‘ (1.123)

6J+2k l m

The combination [ + m takes integer values from 0 to n, and hence L, ; can be written as
a linear combination of terms with different powers of f” taking such values. Now, in order
for L) s to be a total derivative as required by eq. (1.116), we need to impose that all terms
involving powers of f” higher than one vanish. This implies imposing n — 1 conditions on the
coefficients 3, _2j_3k jx- Once this is done, we are left with

Liny.s = o1lr, f'(0)] + ga2[r, f'(r)]f" (), (1.124)
where
_ 20N, ] _ 120D N, e
g =rlL > cikoo | e=rl > (¢jrto + ciror) . : (1.125)
Jik gk

However, the fact that L,  is linear in 1" (r) does not guarantee that L), 5 is a total derivative.
In order for this to be the case, we need to impose the additional condition given by eq. (1.120)
which, in terms of g1 and g2 becomes

091 0go
5= o (1.126)

Explicitly, this condition becomes

n Z Cjkoo = (n — 2) Z(Cjklo + ¢jko1) 5 (1.127)
j.k

j7k

which in terms of the original 3;;;, coefficients reads,

Z W2n—2j—3k—1[2 —n+465+9k=0. (1.128)
3k

Adding this to the n—1 conditions imposed earlier, we find a total of n conditions to be imposed
to L(y),s in order for it to be a GQT density. Hence, we have #(n)—n = #(n—6) GQT densities
at order n.
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1.6.1 All GQT densities emanate from the same sextic density

Interestingly, the number of order-n GQT densities exactly coincides with the number of
densities trivially satisfying the holographic c-theorem. More remarkably, the two sets of den-
sities are, in fact, identical: the special sextic density () defined in eq. (1.93) as the source of
all densities trivially satisfying the holographic c-theorem turns out to be also the source of all
GQT densities. Indeed, it is not difficult to see that

Q)| =0, (1.129)

which means that all densities involving 2(g) identically vanish and are therefore “trivial” GQT
densities —in the sense that they make no contribution to the equation of f(r). Since there
are #(n — 6) of such densities, we learn that in fact all GQT densities in three dimensions are
“trivial” and proportional to ),

GQT _ eneral
Loy =N LG 16) (1.130)

where E%Zrieé? !is the most general order-(n — 6) density.

In sum, we learn that, in three dimensions, there exist no non-trivial GQTs. This situation
is very different from higher-dimensions: in D = 4 there exists one independent non-trivial GQT
density for every n > 3 whereas for D > 5 there actually exist n — 1 independent inequivalent
GQT densities for every n —namely, there exist n — 1 densities of order n each of which makes
a functionally different contribution to the equation of f(r) [20]. As a matter of fact, the
triviality of the three-dimensional case unveiled here is not so surprising given that all higher-
curvature theories admit the BTZ solution (since it is locally AdS3) —as opposed to non-trivial
GQTs in higher dimensions, which admit modifications of Schwarzschild as solutions, but not

Schwarzschild itself.

1.7 A “mysteriously” simple sextic density

We have seen that all GQT densities as well as all densities trivially satisfying the holographic
c-theorem emanate from a single sextic density, {2), defined in eq. (1.93). The reason for such
occurrence can be understood as follows. As we saw earlier, when evaluated on-shell on eq. (1.72)
and eq. (1.114) respectively, the densities R, Ss, S5 read?

2(a/2 4 QCLCL”) 2((1,2 _ aa//)2 2((1/2 _ aa//)3

Ro=-——r3—» Sh=""57 " Sh="35 (1.131)
1 1 2 1 3
Riy=——(rf"+2f") . Slp=c50f" 1) Slp=g50/"=f) .  (1.132)

Observe that Sy and S3 have in both cases the same functional dependence on f(r) and a(p),
respectively, up to a power, whereas R has a different dependence from the other two densities
in both cases. Now, for n < 5, there is no way to construct linear combinations of the various

order-n densities such that the resulting expression identically vanishes. This is not the case for

3As a matter of fact, these two ansitze have been previously considered simultaneously before in the four-
dimensional case [15, 154, 155] in a cosmological context. The reason is that the condition for demanding a
simple holographic c-theorem can be alternatively understood as the condition that the equations of motion for
the scale factor in a standard Friedmann-Lemaitre-Robertson-Walker ansatz are second order [156].
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n = 6. In that case, S and S2 have exactly the same functional dependence on f(r) and a(p)
respectively, and a particular linear combination of them can be found such that it identically

vanishes. This combination is precisely ) in both cases,
Q) =655 =83, Qg)l, = Qo) = 0. (1.133)

It is obvious that any density multiplied by €2y will similarly vanish for these two ansétze.
One could wonder what happens for other values of n such as n = 12,18, ..., for which there is
again a match in the functional dependence of the seed densities to the corresponding powers.
It is however easy to see that in those cases the combinations which vanish are precisely the
ones given by powers of ().

It is natural to wonder whether ) may actually vanish identically for general metrics.
This is however not the case. For instance, for a general static black hole ansatz

2 2 o | dr? 27,2
ds® = —=N*(r) f(r)dt* + 7 +rede”, (1.134)
one finds that ) is a complicated function of f(r) and N(r).

As it turns out, the particular linear combination 68% — 83 appearing in Q) 1s, in fact,
connected to the Segre classification of three-dimensional spacetimes [157, 158]. This classi-
fication consists in characterizing the different types of metrics according to the eigenvalues
of the traceless Ricci tensor Rg. There exist three large sets of metrics which are precisely
characterized by the relative values of 655 and S, namely [119, 159, 160]:

Group 1: 682 =85 =0, [Type-O, Type-N, Type-III], (1.135)
Group 2: 6852 =S85 #0, [Type-D,, Type-D,, Type-11], (1.136)
Group 3: 652 #S5, [Type-Ig, Type-I¢] . (1.137)

The first group, which in the —perhaps more familiar— Petrov notation includes Type-O,
Type-N and Type-III spacetimes corresponds to spacetimes such that both S and S vanish.
The second group, which includes Type-D and Type-II spacetimes is the one corresponding to
metrics which have non-vanishing 6832 and S§ but such that they are equal to each other, i.e.
such that €y = 0. Finally, spacetimes of Type-I have a non-vanishing ).

Metrics of the Group 1 have traceless Ricci tensors which can be written as

Rap =0, [Type-O], (1.138)

Rap = Aoy [Type-N] , (1.139)

Rap = 258,y [Type-II1] (1.140)
where

GNXp =0, g% =1, ¢®N& =0, s==+1. (1.141)

On the other hand, for metrics of the Group 2 we have

Rup = (") 3~ 2608 TypeD,),  (1142)
Ry = p(2%) [gab - i&fb] + 5Xap [Type-11] , (1.143)
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where p(z®) are scalar functions and
G0N =0, g6 =0 =21, ¢®N\&E =0, s==1. (1.144)

Finally, metrics of the Group 3 satisfy

Rap = p(2®) [gab — 36a&p] — q(x) [Nao + Val] [Type-Ig] (1.145)

Ry = p(xa) [gab - 35{1&7] - Q(xa)[)\aAb - Val/b] ) [Type-Ic] ’ (1146)
where p(x®) and g(x®) are scalar functions (such that ¢ # +3p for Type-Ig) and where

gab)\a)\b =0, gabéafb =1, gabVaVb =0, gab)‘agb = gab)\aVb =0, gab)\aVb =-1.
(1.147)
For the single-function black hole metric and the holographic c-theorem metric, one finds
that the traceless Ricci tensor satisfies eq. (1.142) with

f'(r) —rf"(r)
6r ’

a’(p)a(p) — d'(p)?

3a(p)? ’

respectively. Hence, both spacetimes are of Type-D; and from eq. (1.136) it follows that Qe =0

p(?“) = §a = T(saqbv and p(p) = §a = 6(17"7 (1'148)

in both cases.

From this we learn that the appearance of {}(g) as a distinguished density was to be expected
for the classes of metrics considered here, and that a similar phenomenon is likely to occur for
all metrics of the Types D and II.* Still, the fact that all densities satisfying the holographic
c-theorem in a trivial fashion and that all GQTs are proportional to this density was far from
obvious in advance.

We believe it would be interesting to further study the properties of {2, understood as
a higher-curvature density. Its equations of motion can be easily computed using expression
(1.34), and read

Q
£ (6) 1 o - .
% = — G ab (652 — S3) — 283 R Rye + 1283 RS Reg S}

. 1 - o
—4 (gabD — VoV + Rap + 3gabR> 5283 — gabVeVa (822RCd - 683RCfR§f>
_ 2 2p PC pc @2 apd pe
O+ 3R 82 Rab 683RaRbc + QVCV(G Rb)52 6Rb) ng . (1149)

These are identically satisfied by all metrics belonging to the Groups 1 and 2, but not for Type-I
metrics. It would be then within such set that non-trivial solutions would arise.

1.8 Final comments

In this chapter, we have presented several new results involving general higher-curvature
gravities in three dimensions. A summary of our findings can be found at the end of Section
1.1. Let us close with a couple of possible directions which would be in the spirit of the results
presented here.

4For various papers classifying and obtaining explicit solutions of the Groups 1 and 2 for three-dimensional
higher-curvature gravities, see [119, 159-165].
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In [110] it was shown that removing the terms involving Weyl tensors of the D-dimensional
Lovelock densities and taking the D — 3 limit in the remainder Ricci parts, one is left with
three-dimensional densities which precisely match the ones satisfying a holographic c-theorem
[16, 17]. The procedure is applied to the n = 2,3,4 densities, for which no “trivial” densities
exist. It would be interesting to explore which particular combination of non-trivial densities is
selected by this procedure for higher-order densities and what their relation is with the densities
C(n) and B, identified here.

In this paper we have shown that no non-trivial GQT gravities exist in three dimensions. The
situation changes when matter fields are included in the game. Following higher-dimensional
inspiration [166], in [167] they found a family of non-trivial theories linear in the Ricci tensor
coupled to a scalar field which becomes a total derivative when evaluated in eq. (1.114) with
a magnetic ansatz for the scalar. These “electromagnetic quasi-topological gravities” possess
solutions which are continuous extensions of the BTZ black hole —some of which describe
regular black holes without any fine-tuning of parameters. In this context, we expect that more
theories of the “electromagnetic generalized quasi-topological” class should exist when terms
involving more Ricci curvatures are considered.

Another venue involves the problem of finding theories with reduced-order traced equations.
As we mentioned in the introduction, this was explored in [103], where it was shown that NMG
is the only quadratic and/or cubic density which has traced equations of second order. Within
the same group of densities, it was shown that Cyp.C%¢, where Cyy. is the Cotton tensor, is
the only one which has third-order traced equations. The condition is essentially related to the
vanishing of the terms involving two explicit covariant derivatives in the field equations (1.31).
For theories involving no explicit covariant derivatives in the action —as in eq. (1.6) — the
trace of the equations (1.33) reads

1 3 3
—§R — Iz 5}" + RFR + 2RoFRr, + 3R3Fr, + VaVbYab =0, (1.150)
where

3 3
Y% = R Fr, + §R“R2FR3 + g% (2]—“R + RFR, + 2R2FR3> : (1.151)

Hence, theories with traced equations of second order would be those for which the rank-two
symmetric tensor Y is conserved. As it turns out, for n = 2 the only theory of this kind is
NMG, precisely because Y oc G*, with G® the Einstein tensor. The question of whether there
is any higher order gravity other than NMG with second order traced equations of motion is that
of whether it is possible to build a conserved tensor Y* at n > 3. A natural candidate would
be the tensor appearing in the equations of motion of the most general theory of order n — 1,
which is automatically conserved. However, the analysis of [103] shows that the only possibility
for n = 3 would be the Cup.C%¢ density, which involves explicit covariant derivatives in the
action and is therefore excluded from the analysis. Since Y itself does not involve explicit
covariant derivatives, the same question in n = 4 would necessarily require the existence of
densities of order n = 3 whose equations of motion are free from explicit covariant derivatives.
The analysis of [103] disproves this possibility and therefore the only chance would be that
some other divergence-free rank-two symmetric tensor cubic in curvatures —not corresponding
to the equations of motion of any covariant density— exists. We believe that such a tensor does
not exist —which would mean that no other theories with reduced-order traced equations exist
among L£(g%, Ry) theories— but we have not found a proof of this fact.
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Chapter 2

D-Dimensional Higher-Derivative

Gravities

2.1 Introduction

Despite the spectacular list of experimental successes of general relativity, there are good rea-
sons to explore alternatives to Einstein’s theory. Firstly, it is expected that the Einstein-Hilbert
action is the first in an infinite series of terms involving an increasing number of derivatives of
the metric [13]. This can be seen explicitly within the string theory framework, where the new
terms appear weighted by powers of the inverse string tension [28, 34, 35]. Additionally, holo-
graphic higher-derivative gravities can be used, through AdS/CFT [65, 67|, as toy models of
conformal field theories (CFTs) which, being inequivalent from their Einsteinian counterparts,
can sometimes be used to unveil new universal properties valid for completely general CFTs
[68-76].

From a different perspective, it is important to characterise the possible existence (or lack
thereof) of universal features of classical gravity in regimes in which the Einsteinian descrip-
tion is expected to receive higher-derivative corrections [14, 15]. In order to do this, it is
often convenient to consider particular classes of higher-derivative gravities displaying certain
special properties. The list includes: quadratic [168, 169], Lovelock [134, 135, 170, 171], Quasi-
topological [137-140, 172] and Generalized Quasi-topological gravities (GQTs) [18-21], among
others [125, 136, 142, 173]. All of these belong to the subset of theories built from contractions
of the Riemann tensor and the metric, which we call higher-curvature gravities. In particular,
GQTs —which are characterised by admitting “single function” static and spherically symmetric
solutions (see Section 2.3) as well as possessing second-order equations on maximally symmetric
backgrounds — have been shown to provide a basis for general gravitational effective actions
built from general contractions of the Riemann tensor and the metric: any £(g%, Rapeq) theory
can be mapped order by order, via a field redefinition, to certain GQTs [23].

Although seemingly less likely, it is also possible that deviations from Einstein gravity are
eventually measured in unexpected situations (e.g. beyond the effective field theory regime) and
it is important to have alternative predictions which can be tested [174]. Along this direction,
there have been numerous attempts at constructing alternatives to general relativity which
are compatible with all current observations and internally consistent. This includes again
quadratic theories [175-177], f(R) models [178], as well as non-local gravities which, by including
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an infinite number of derivatives in the action, can be made free of ghosts [179-186]. Non-
local gravities are particular instances of the general set of theories which will be the subject
of study in the present chapter, namely, diffeomorphism-invariant theories constructed from

general contractions of the Riemann tensor and its covariant derivatives,

1
[ 42V g B Vi) (2.1)
167G N

We call these —more general— theories higher-derivative gravities. As a matter of fact, terms
involving covariant derivatives of the Riemann tensor generically appear in gravitational effective
actions [187, 188]. A scenario in which this is apparent corresponds to the so-called brane-world
gravities [36, 40, 189], which we will study in detail in Part III of this thesis. These are
effective gravitational theories defined on the world volume of codimension-one branes inserted
on higher-dimensional Anti-de Sitter spacetimes. Originally introduced with phenomenological
motivations, they have received a lot of attention recently in the holographic context —see e.g.
[84, 85, 190].

In this chapter, we present the first examples of GQT gravities with covariant derivatives.
Analogously to their “polynomial” counterparts, we show that they have second-order linearized
equations on maximally symmetric backgrounds' and that they admit black hole solutions
characterized by a single function, g:g.~ = —1. Focusing on four dimensions, we find that the
lowest-order instances of GQT densities involve eight derivatives of the metric. However, we
observe that all such theories admit the Schwarzschild metric as a solution, and therefore do
not give rise to new solutions when considered as corrections to general relativity. The first
GQT density with covariant derivatives which does correct the Schwarzschild solution occurs
at tenth order in derivatives of the metric —see eq. (2.100) below for its explicit form.

The analysis of the linearized spectrum of GQTs is performed after obtaining some gen-
eral results on the linearization of general higher-derivative theories with covariant derivatives
around maximally symmetric spacetimes. We present general formulas which allow for the
computation of the linearized equations around flat space of a given general higher-derivative
theory from its effective quadratic action. Using these results, we show that GQTs belong to
the family of theories which do not include scalar modes in their linearized spectrum. Indeed,
in Subsection 2.3.2, we prove a stronger result: GQTs have an Einsteinian spectrum around
maximally symmetric backgrounds. Later, in Chapter 7, we will see that brane-world gravities

do not propagate scalar modes either, but they do propagate massive spin-2 modes.

The structure of the chapter is the following. Section 2.2 contains some comments on
the structure of the linearized equations of general higher-derivative gravities with covariant
derivatives on general maximally symmetric backgrounds, a characterization of the structure
of poles of the metric propagator on Minkowksi spacetime. In Section 2.3 we construct the
first GQTs with covariant derivatives in four spacetime dimensions. We conclude in Section
2.4 with some comments on future directions. Appendix A contains the complete list of the
higher-derivative invariants at each order in derivatives up to eight, as well as a non-exhaustive

set at order ten, which we have used in Section 2.3 of this chapter.

!This provides a counterexample to the conjecture of [191] regarding the absence of theories with covariant
derivatives of the curvature possessing an Einsteinian spectrum.
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2.2 Linearized higher-derivative gravities with covariant deriva-

tives

In this section we analyse the structure of the linearized equations for a general theory of
the form (2.1) in general dimensions. We derive their general form on a maximally symmetric
background and then, focusing on the Minkowski case, we identify the precise relation between
the effective quadratic action and the linearized equations, classifying the different theories
according to the modes propagated. In particular, we identify a set of generalisations of a
particular type of quadratic density involved in the definition of the so-called “critical gravities”
—which have the peculiarity of propagating no scalar modes. This set of theories will include, as
particular instances, both the new GQT's theories, presented in Section 2.3, and the brane-world
theories, as we will show in Chapter 7.

Before starting, let us point out that many of the results presented in this section have
appeared in different forms in previous literature. For example, the linearization on maximally
symmetric backgrounds of general E(g“b, Rabed, V) theories has been studied in-depth for the
four-dimensional case in [192-198].

We are interested in gravity theories of the form (2.1). Sometimes it is convenient to split
the Lagrangian as follows
(D-1)(D-2)

72
where we included an explicit Einstein-Hilbert plus (negative) cosmological constant piece, Lr

L(9™, Rapeds Va) = + R+ LR(9%, Rapea) + L9(9%, Raveds Va) (2.2)

includes terms which do not involve covariant derivatives, and Ly includes terms which contain
at least one covariant derivative of the Riemann tensor. The equations of motion for this theory

can be written as [199]

1
gab = Ta CdeRbcde - igab‘c - 2vCvdT'acdb = 0; (23)
where
oL 0Ly 0Ly
Tabed = —Vaz="m—+ -+ (=1)"V(, .-V, 2.4
8}%abcd ! aval Rabcd * * ( ) (a1 ™) 8v(al B vam)}%abcd ( )
In the case of maximally symmetric backgrounds with metric g,;, the Riemann tensor is
_ 2
Rapea = _Ega[cgd}ba (25)

where ¢2 has dimensions of length? and it is a positive number in the case of an AdSp back-
ground, a negative number in the case of dSp, and infinite for Minkowski. In order for g, to
be a solution of £(g%, Raped, Va), the equations of motion impose the algebraic equation [127]
€2
(D—-1)(D -2)

where x = ¢2/¢2, Lr(x) stands for the on-shell evaluation of the corresponding Lagrangian

Xt £r(0) - 2X£500| =0, (26)

on the maximally symmetric background, and L% (x) = dLr(x)/dx is also evaluated on-shell.
Observe that the piece of the Lagrangian involving covariant derivatives of the Riemann tensor
makes no contribution to this equation, which follows from Vg, = 0. Naturally, for Einstein
gravity, the above equation simply imposes the condition x = 1. For a Lagrangian built from
polynomials of the Riemann tensor involving densities up to order n in the curvature, the
above equation is an order-n algebraic equation for y, which will in general have many possible
solutions, depending on the values of the corresponding higher-derivative couplings.
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2.2.1 Linearized equations

Let us now consider the linearized equations of a general theory of the form given by eq. (2.1)

around a maximally symmetric background. We expand the metric as

Gab = Gab t+ hab 5 (2.7)

where hgp, is a small perturbation. Every relevant object built from the metric can then be
expanded to the desired order in the perturbation as T = T + 71 4+ 7() 1 O(R?).

Given a particular theory, we have two routes to derive its linearized equations. On the one
hand, we can take the full non-linear equations and expand each of the terms to linear order in
the perturbation. Alternatively, we can expand the action to second order in the perturbation
and derive the linearized equations from the first variation. As we have seen, the full non-linear
equations (2.3) of a theory like (2.1) have a rather complicated form. However, it is not difficult
to argue that the most general form of the linearized equations is much simpler. To see this, we
start by characterizing all possible terms that may arise in the linearized equations. Doing this
amounts to classifying all symmetric tensors of 2 indices built from R&Z:d, Gap and V, which are
linear in the metric perturbation.

Let us start with a few observations. First, observe that the linearized Riemann tensor R&l d
is linear in hgp, and therefore all possible terms will have a single Riemann tensor, possibly acted
upon with covariant derivatives and with various indices contracted. Another observation is that
all terms must necessarily contain an even number of covariant derivatives, since V, is the only
available object with an odd number of indices. In addition, note that all Riemann tensors will
actually appear in the form of Ricci tensors. This is because: a) any term involving exclusively
metrics and Riemann tensors reduces to Ricci tensors or vanishes, since at most two of the
indices can remain uncontracted; b) any term involving covariant derivatives and Riemann
tensors reduces to covariant derivatives and Ricci tensors. Indeed, when only two indices are

left uncontracted, a tensor of the form
VaVsRig (2.8)

reduces to one of the following four possibilities: VCVdRSI)db, DRSJ), VoVyRW, 0. In addition,
using the second Bianchi identity it follows that the first possibility can only give rise to a
linear combination of the second and the third, plus higher-order terms in hg. We therefore
conclude that the most general possible term will come from contracting all but two indices in
an expression of the form

c C2m 1
OV, V...V, VR (2.9)

N C2m—1
where ¢; # ¢; Vi # j. Contracting 2m of the indices, we immediately see that the only three
possibilities are in fact
g O'RY . v, v, RO O'RY) (2.10)
We then conclude that the linearized equations of a general £(g®, Rapeq, Va) theory around
maximally symmetric backgrounds will always take the form
gab = ZEW [allle((z})) + /Bl‘le(l)gab + ’7l+1€2|:|l[gab|j - ?a?b]R(l)] =0 ) (211)
=0
for certain dimensionless constants «g, 37, y; which will be related to the gravitational couplings,
and where we rearranged some of the terms for later convenience. Implicitly, we have assumed
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that the theory involves a polynomial dependence on the covariant derivatives. Relaxing this
requirement, would yield the more general form

Ew = [L(CPD)GY) + L(PD)RD gy, + £(020)[gaD0 — VoV RV | = 0, (2.12)

for certain functions fi, fo, f3. The form of the equations can be further constrained by noting
that the tensor &, must be divergence-free, that is, V&, = 0. By commuting V¢ and [, one
can show that the divergence reads

=a ~ D—1 o~ . _ 1
Vi = {f2 (0) + 3 [fs (PO)0-f3 (KQD) (D — @)}
(2.13)
2Dy (o6 20)] Vv, RO
Y, [f1 (°0) — f1 <€ D)} }VbR ,
where Dl b
- @ U=bt—p (2.14)
Therefore, the function fo is not free, but it depends on f1 and f3 by
- D -2 _ _
f(£0) = =D [fl ((*0) — f1 (PO + 2DX)} -
2.15
D-1 - - _ _
+ 5 [fg (¢*0+ 2Dx) (£*0 - xD) — f3 (£*D) 525} ,

where we recall that x = £2/¢2. Observe that in the case of flat space, f» vanishes.

In the case of theories which do not involve covariant derivatives, it is known that the most
general form of the linearized equations is captured by a general quadratic action in the Riemann
tensor. Something similar happens for a general L(g“b, Rapeds V) theory. Indeed, in that case,

the most general quadratic action reads

(D—-1)(D-2)
/2

Leg = A + R+ (PRF((PO)R + Ry R ((PO)R™ + €2Rabch3(€2|j)Rade:| :
(2.16)
for certain functions Fi, F, F3. It is then possible to relate these functions to the fy , fo , f3
of the linearized equations (2.12). Such relations are quite cumbersome in the case of (A)dS
backgrounds, as we illustrate in Subsection 2.2.3 for the simple case of F; o [J. However, they

simplify greatly in the case of Minkowski backgrounds, which we analyse now.

2.2.2 Minkowski background

First, let us note that, if we are considering linearization around flat space, then the term
RObedn R 0 in eq. (2.16) is not independent of the other two quadratic terms. Indeed, inte-
grating by parts and using the Bianchi identities, one can show that the following relation is
true up to a total derivative [191],

Raped0 R =2 4RMORy; — ROR 4+ O(R3,,4) - (2.17)

A similar calculation follows for any number n of box operators, since the remaining 07!
operators simply introduce extra O(Rgbcd) terms upon commutation. Therefore, for all n > 0,

RO"R — 4RO Ry, + R0 Rypeq = Total Derivative + O(R3,.;) - (2.18)
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Since the (’)(Ribcd) terms do not contribute to the linearized equations on Minkowski space,
we could redefine out F3 in Le.g without loss of generality. However, we will not do so, since
given any general Lagrangian £(g®, Ruped, Va), finding its effective quadratic action Leg for
linearized perturbations around flat space will just consist in dropping all terms cubic or higher
in curvature.

The linearized equations around Minkowski space for the quadratic Lagrangian (2.16) read

{1+ EED) + B0y 20 YY)
—02 [2F1(0°0) + F(020) + 2F3(0°0)] [VoVp — gabi]R(l)} =0. (2.19)
where
Gy = —%@hab + VoV hep) — %?th - %gabR“) , (2.20)
RW = vVthy,, — Oh, (2.21)

are the linearized Einstein tensor and Ricci scalar, respectively. These linearized equations
can be obtained immediately using the result found in [127] for theories which do not involve
covariant derivatives of the Riemann tensor. The idea is to use the same relations between the
quadratic action couplings and the constant parameters (a, b, ¢, e) appearing in such equations,
but now promoting the constants to functions of ¢20].

The trace of the equations reads

—2 (D —2) — 20 [4F5(6*0) + DF(£P0) + 4(D - 1) (PD)]] RY =0, (2.22)

and their traceless part is given by

\ ) L
S{ L+ [4B(0) + R(D)] 0] R,

02 [2F(°0) + F(*0) + 2F5(620)] ?(a?b)R(”} =0. (2.23)
Observe now that for theories satisfying the condition
4F3(0*0) + DF(*0) +4(D — 1) (#?0) =0, (2.24)

the trace equation becomes second order and simply reads

—E(D —2)RW =0, (2.25)

which is nothing but the Einstein gravity result. In the case in which F; = ¢; are constants,
this condition (2.24) selects a linear combination of quadratic terms which appear in the so-
called “critical gravities” in general dimensions—see e.g. [102, 144, 200-204]. In particular, the
quadratic action reduces in that case to

(D—-1)(D - 2)
/2

4D -1
ﬁeff = + R + £263X4 + 62(61 - 63) <R2 - ()RabRab>:| N (2.26)

D

where X = R? — 4R, R + Rapea R is the Gauss-Bonnet density, and the second term can
be written as a linear combination of X; and the Weyl tensor squared. For this theory, the
linearized spectrum on a general maximally symmetric background is known to involve the
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usual massless graviton and the massive one, but not the scalar mode. This is also the case for
theories satisfying eq. (2.24) with non-constant functions. As we will see later, both Generalized
Quasi-topological and brane-world gravities belong to that class.

In order to study the physical modes propagated by the metric perturbation, let us now fix
the harmonic gauge, which amounts to setting

_ 1
Vehap = §Vbh. (2.27)
Then, the linearized Einstein tensor and Ricci scalar become
1= 1. = 1_
Gy = —50ha + guCh, RO =—_Oh. (2.28)

For theories satisfying eq. (2.24), the trace equation (2.25) imposes [Jh = 0. Using the residual
gauge freedom hap — hap + V(4&p), with 0, = 0, we can set h = 0. Therefore, the trace of the
perturbation has no dynamics and indeed there are no scalar modes. On the other hand, the
traceless part of the equations becomes

A _ _ =
-5 (14 [4F3(*0) + F(?0)] 20] Ohygpy = 0. (2.29)
By performing the Fourier transform in this expression, which amounts to 0 — —k?, we can

read off the propagator

4
T ONG2[1 — 0212 (4F5(—2K2) + Fy(—02k2))]

P(k) (2.30)
Poles of the propagator inform about the degrees of freedom of the theory. For each pole,
k? = —m? indicates the mass. Thus, imaginary poles correspond to massive modes, while real
poles are tachyonic modes. On the other hand, the residue of each pole tells us about the energy
carried out by the corresponding mode. A positive residue —like the massless graviton one,
k? = 0— corresponds to positive energy, and viceversa for a negative residue. For constant
functions, F; = ¢;, we have the poles

m2=0, mlo——— - (2.31)

’ g (des + 62)52 ’ '

corresponding to the anticipated massless and massive graviton, respectively, and in agreement
with the result of [127, 205]. The next to simplest case corresponds to F;(¢20)) = ¢; + b/*0.
For that, one finds

(co +4eg) £/(co + 4eg)? — 4(by + 4b3)
2(b2 + 4b3)€2 ’

m?> =0, mi=— (2.32)

which correspond, in addition to the usual massless graviton, to two new massive gravitons.
An additional simplification occurs for theories such that, besides eq. (2.24), also satisfy the
condition F3(¢20) = —F»(¢?0)/4. Those two conditions can then be rewritten as

Fi(P0) = B(°0) = —FK,(£*0) /4, (2.33)

and, in that case, the linearized equations reduce to

A

1
50 =0, (2.34)
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namely, to the usual linearized Einstein equation. Hence, for theories whose effective action
satisfies the pair of conditions (2.33), the linearized equations on Minkowski space are identical to
the Einstein gravity ones —or, in other words, the higher-derivative densities do not contribution
at all to the linearized equations. This fact was expected from eq. (2.18) and our discussion
at the beginning of this subsection, but it is good to see that it holds even when the functions
F; cannot be written as a series expansion. Gauss-Bonnet gravity is a particular instance of
this kind of gravities, which corresponds to setting all functions equal to constants, but the
set of higher-derivative theories with this property contains infinitely many densities with an
arbitrarily large number of covariant derivatives. We will see later that Generalized Quasi-
topological gravities fall within this category (not so brane-world gravities).

2.2.3 AdS background

Here we present the explicit linearized equations of motion around an AdS background for
the simplest examples of the theories of the form £(g%, Rapeq, V). We will see that there is no
straightforward relation between the functions F; in the effective quadratic Lagrangian (2.16),
and the functions f; in the linearized equations (2.11).

First, we consider the effective quadratic theory arising from purely polynomial theories,
Loy =A(R—2M) + o) R* + 5(0)RabRab + ’Y(U)RabcdRade . (2.35)

For this theory, the linearized equations were computed in [127] and read

A2 _
& =5 - 72 (DD = Do) + (D = 2B + (D = 3)(D = 4)70)) + o) a')
1
+ [2a0) + By [GabD — Va Vi) R — 2 [2(D — D)oy + Bioy] Gar RV . (2.36)

Now, let us consider the effective action involving one d’Alembertian acting on curvature,
Ly = a@)ROR + f1)RaOR™ + (1) Rapea DR (2.37)

For this theory, we see that the linearized equations of motion take the form

8 _ _
ey = 54’7(1)(1) 3)D + - (ﬂ(n + 291y (5 — D)O + (B + 4y1y) T a')

2(D = 2)(4v) + By

+ (200 + By + 29)) [0 — Va V3] ORD + = V9,9, R
*
(D —1)QRam) +Buy + ) - AD-2)(D-3)
- S e ORY - DP9 pawr®. (238)

Note that the linearized field equations of this six-derivative action involves terms with two,
four, and six derivatives.

Therefore, we see that there is a mixing of orders that prevents us from writing an easy
relation between the coefficients of the effective quadratic action and the coefficients of the
linearized equations. It may be that the linearized equations can be simplified in alternative
gauges, e.g., [198], but we have not pursued this any further.
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2.3 Generalized Quasi-topological gravities

In this section, we present the first examples of (four-dimensional) Generalized Quasi-
topological (GQT) densities involving covariant derivatives of the Riemann tensor. In D = 4,
in the absence of covariant derivatives, it has been shown that there exists a unique non-trivial
GQT density at each curvature order. Here we show that the landscape of GQT theories is
modified considerably by allowing covariant derivatives of the Riemann tensor to appear in the
action. In particular, while we find no new densities at four- and six-derivative(s of the metric)
orders, we obtain four new inequivalent GQTs at eight-derivative order. Of these, only one
possesses an integrated equation for f(r) which is of second order in derivatives, two of them
have third-order equations, and the remaining one has an integrated fourth-order equation for
the metric function. In all cases, we find that the Schwarzschild solution is also a solution of
these theories. As a consequence, coupling Einstein gravity to these theories does not give rise
to new spherically symmetric black hole solutions. Extending the analysis to ten-derivative
order, we find new examples which do not admit Schwarzschild as a solution. For those, the
coupling to Einstein gravity does produce new non-trivial modifications of the Schwarzschild
black hole.

2.3.1 Definition

Let us start by recalling the basic definition and properties of GQTs. Consider a general
static and spherically symmetric (SSS) spacetime parametrized by two functions, N(r) and
f(r),
dr

2
RS R (2.39)

where dQ%D_2) is the (D — 2)-dimensional sphere metric. The following comments extend, with

ds?VJ = —N(T)Qf(r)dt2 +

minor modifications, to the cases in which the horizon is hyperbolic or planar instead. The
expressions below will incorporate those cases through a parameter denoted k which will take
the values +1,0, —1, respectively for the spherical, planar and hyperbolic cases.

For a given higher-derivative invariant of order 2m in derivatives of the metric and involving
p covariant derivatives of the Riemann tensor, R o, ), let Sy f and Ly s be, respectively, the
effective on-shell action and Lagrangian resulting from the evaluation of \/HR(Zm,p) in the
ansatz (2.39), namely,

Lyj= N(T)TDiQ,R(Qm,P)}N,f , SN,f = Q(D72) /dt/d’r’LN’f, (2.40)

where we performed the trivial integral over the angular directions, Q(p_g) = ot /T [%}

We denote by Ly = Ly y and Sy = S ¢ the expressions resulting from setting N = 1 in Ly ;.
Now, solving the full nonlinear equations of motion for a metric of the form (2.39) can be shown
to be equivalent to solving the Euler-Lagrange equations of Sy s associated to N(r) and f(r)
[14, 206—208], namely,

1 48

Nf /gl 09

oSN,y  O0Sny

ab
£ ON 5f

=0
N7f

0. (2.41)
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We say that R, ) is @ GQT density if the Euler-Lagrange equation of f(r) associated to Sy
is identically vanishing, namely, if

5
of

This condition is equivalent to asking Ly to be a total derivative,

=0, Y f(r). (2.42)

Ly =T, (2.43)

for a certain function To(r, f(r), f'(r),..., fPT).

Thus, the variation with respect to f(r) of the on-shell action Sy determines whether a given
density is of the GQT class. When that is the case, the full non-linear equations of R (g, )
reduce to a single equation for f(r) which can be integrated once. This integrated equation can
be obtained from the variation of Ly ; with respect to N(r) as

) =0 <& equation of f(r). (2.44)

Let us see this in more detail. As explained in [19], whenever eq. (2.43) holds, the effective
Lagrangian Ly s takes the form

Lyj=NTy+ N'Ty + N'Ty + --- + NPT, 5 4 O(N"?/N), (2.45)

where T1, Ty, . .., Tpi2 are functions of f(r) and its derivatives (up to fP2)) and O(N'?/N) is
a sum of contributions which are all at least quadratic in derivatives of N(r). Integrating by

parts, one finds

l
p+2

Snf = Q-2 / dt / dr (N T0+Z T(J U +on?/N)| . (2.46)

Therefore, we can write every term involving one power of N(r) or its derivatives as a certain
product of N(r) and a total derivative which depends on f(r) alone. Then, eq. (2.44) equates
this total derivative to zero. Integrating it once, we are left with [19]

p+2 1) M
Prany =Tt ST = 5 (2.47)
J=1 B

where the integration constant was written in terms of the ADM mass of the solution [209-212].

In sum, given some linear combination of GQT densities, the equation satisfied by f(r) can
be obtained from Ly as defined in eq. (2.40) by identifying the functions T;; from eq. (2.45).
The order of the integrated equation FRamp 15 at least two orders less than the one of the

p)
equations determining f(r) and N(r) in the most general case, namely,

fR(2m,p) = ‘FR(2m7p) (T7 f’ f/7 ct f(2p+2)) . (248)

In particular, when p = 0, corresponding to the case without covariant derivatives of the
Riemann tensor, the integrated equation is at most second-order in derivatives of f(r). In that
case, one can see that the integrated equations are either of order 0 in derivatives —these are
called simply “Quasi-topological” theories [137-140, 172], which includes Lovelock theories [134,
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135] as particular cases— or, alternatively, of order 2. As we will see in a moment, the actual
order of the integrated equations that we will find in our new GQT densities with covariant
derivatives will be considerably lower than the 2p 4+ 2 upper bound.

We will say that two GQT densities {7'\’,{2m7p),72{2]m7p)} are “inequivalent” (as far as SSS
solutions are concerned) whenever the quotient of their respective integrated equations is not

constant, namely,
FRI (T)fafla"'uf(2p+2))

(2m,p)
‘FR{é )(T’ f’ f/’ AR f(2p+2)) # ConStant ‘ (2.49)
m,p

Rém’p) inequivalent from RfQIm,p) &
Otherwise we will call them “equivalent”. Two equivalent densities differ by densities which
make no contribution whatsoever to the integrated equation of f(r). Those densities are “trivial”
as far as SSS solutions are concerned.

In the p = 0 case, it has been argued that: there exist no (non-trivial) GQTs in D = 3
[1]; there exists a single inequivalent GQT density at each curvature order m in D = 4 whose
integrated equation is a differential equation of order 2 [21]; there exists a single inequivalent
Quasi-topological density at each curvature order m in D > 5 whose integrated equation is
algebraic [20]; there exist (m — 2) inequivalent GQT densities at each curvature order in D > 5

whose integrated equation is a differential equation of order 2 [20, 21].

2.3.2 Linear spectrum

A remarkable property of all GQTs built from polynomial curvature invariants is that their
linear spectrum on maximally symmetric backgrounds is devoid of ghosts. In fact, the linearized
equations of motion are proportional to those of Einstein gravity on the same background. For
polynomial GQTs, the second-order nature of the linearized equations was first verified explicitly
in case-by-case examples —see e.g. [18, 126, 137, 138, 172]. It was subsequently proven that
the single-metric-function condition that defines GQTs also implies the linearization is second-
order in general [19] —c.f. page 102 of [213] for the most up-to-date version of this proof.
Here, we show that this result in fact holds for all GQTSs, including those that contain covariant
derivatives of the curvature (and hence have equations of motion of order greater than four).

The idea behind the proof consists in considering a metric perturbation within the single-
function static spherically symmetric ansatz. Thus, we start by considering the metric (2.39)
with N(r) = 1. For convenience, let us rewrite this metric as

ds® = —f(r)du® — 2drdu + TQdQ%DQ) , (2.50)

where u = t + r,, with 7. being the tortoise coordinate, defined by dr. = dr/f(r). One can
show that, in this coordinate system, the GQT condition (2.42) is equivalent to the vanishing
of the rr component of the equations of motion, that is,

Em =0, Yf(r). (2.51)

We can then take f(r) to be

7“2

fry=1+ 2 +h(r), h(r)<1, (2.52)
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corresponding to a maximally symmetric vacuum plus a small perturbation h,, given by
how = h(r) . (2.53)

Then, the idea is to impose the condition (2.51) at the level of the linearized equations by using
this perturbation. We know that, in general, the linearized equations are given by (2.11) for
certain coefficients oy, §; and ;. Let us for instance assume that our theory has sixth-order
equations of motion — so that only the coefficients with | < 2 are nonzero — and let us set
D = 4. We get, after a direct evaluation of (2.11) on (2.53),

2R 19 h// (3)
- ) + <_f LU
T T T
32 56 32h/ 16 28 16h3) 4 4

4 " 4

+ agl ( + 4>+T5 +<_7“4_L2r2>h + 73 +(L2+r2>h()
120 80h/ 40 60 40R3) 20 10
(- Ty (—=- B R N

T ( < 76 o L2r4> + 7o + ( r4 L2r2> * L2r + ( L? + 7“2)

6 12r 2
Il B N 65)) _ (6)
+( ’ L2>h +( | L2>h )
(2.54)

Then, the GQT condition (2.51) implies that this expression above must vanish for any choice

of h(r). Clearly, this only happens if a1 = as = 71 = 72 = 0, since all terms are linearly
independent. The same conclusion follows in general dimensions and if the theory has higher-
order equations of motion. In the latter case, eq. (2.54) will include ;- and ~;-terms with higher
[, but these are all linearly independent because they contain different numbers of derivatives
of h and/or different radial dependence.

In conclusion, (2.51) implies the vanishing of all the a; and ~; except for ag, corresponding to
the coefficient of the linearized Einstein tensor. Finally, the relation (2.15) implies the vanishing
of the ) coefficients. Therefore, the linearized equations must be proportional to the linearized
Einstein tensor.

In the next subsection, we will obtain some explicit new GQTs in four dimensions. Following
our results from Subsection 2.2.2, one can easily obtain their effective quadratic Lagrangians by
dropping all but curvature-squared terms. It is then easy to see that they all fulfil conditions
(2.33), thus confirming that they have an Einsteinian spectrum, at least around flat space.

2.3.3 Classification of four-dimensional theories

In this subsection, we will classify all possible GQT Lagrangians in D = 4, based on the
number of derivatives of the metric appearing in the action. In the case of four and six deriva-
tives, the result is in line with previous considerations [18, 19, 137, 138]: nothing new beyond
those theories constructed from the polynomial invariants is found. However, the cases of eight
and ten derivatives reveals new features not seen before.

Let us briefly summarize the methodology. At a given derivative order, we construct the
most general Lagrangian density by performing a linear combination of all higher-derivative

invariants that appear at that order:

(2m.p) 1o (i)
Zc PR o) (2.55)
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Here, 2m refers to the number of derivatives of the metric appearing in the term, while the

c(zm’p)’s are constants. The densities R(i)
(1) (2m,p)

its covariant derivatives. In appendix A we present a generating set of these invariants for up

involve contractions of the Riemann tensor and

to eight derivatives of the metric. The action is then evaluated on a single-function SSS metric
ansatz and we impose eq. (2.42), namely, that the Euler-Lagrange equation for f(r) vanishes.
This leads to constraints on the cg)m P)s such that the resulting theory is of the GQT type.

Let us make a few further comments regarding the densities involving derivatives of the
curvature. In general it is possible to reduce the number of invariants that make non-trivial
contributions to the equations of motion by integrating by parts and utilizing the Bianchi
identities. However, we have not pursued this option here. The reasons are simply because,
at high-order in derivatives, there are so many terms that it would be impractical to do so.
Furthermore, as will be obvious below, it is not necessary to do this to understand the effects of
these terms. Therefore, in constructing our actions at the four, six, and eight-derivative levels,
we include all possible terms at a given order (as listed in the appendix). On the other hand,
in the case of ten-derivative theories our analysis will not be exhaustive.

Two-derivative actions

For completeness, we include here the two-derivative sector, which is simply Einstein gravity,

n _
L)y =R. (2.56)

The integrated equation for the metric function is given by

Flywy =—2r(f = k). (2.57)

Four-derivative actions

There are no non-trivial four-derivative GQT actions in four-dimensions.

Six-derivative actions
There is a single non-trivial six-derivative GQT action in four-dimensions. The action for this
theory may be taken to be that of Einsteinian Cubic Gravity [126]

Ll = F12RR R + RGUR R — 12Rapea R R + SR RERE (2.58)

whose integrated equation for the metric function f(r) reads [214, 215]

r

5 (212 4+ 3rkf' 6 (k— 1) | (2.59)

e Y (A )

Eight-derivative actions

There are five non-trivial eight-derivative GQTG actions in four-dimensions. The first of these
possibilities may be taken to be that given by the standard polynomial invariants —see e.g.
[14]. However, the additional four theories require terms involving covariant derivatives of
the Riemann tensor. Of these, a single combination can be formed such that the integrated
equations are second-order, while the remaining three involve higher-derivatives of the metric
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function. As examples of actions that give rise to each of the new sets of GQTGs, the following
choices may be made:

1

Llay =+ R RS RS Ry — o BV RSB Ry — CRPTR, R R, L,

- %Rqurquts“Rtpw , (2.60)
LRy =+ RMRL Ry — RP R Ry + 2RPT R Ry + RPRR,

— 2R R 'R,y + RP R Ry — RPRYR, — %R?qu’”?stqm

+RMR™ 'R, — %DR”qRTStpRrstq : (2.61)
LR =+ 2UR" Ry — 120RMO Ry — 12R™R™ Rpgyrs + 153RP R Ryyq + 6RO Ry

+ %Rﬁqm;tmpm;w + 6RPIR™ R, — %DquR”tpqu +36RPE R Rygus

177 oo s
+ 183RP R, Ryt — SLRMR®, Rysg =~ RPR™ Rygys — 8LR™ R, Rypay

— 93RPI" R ' Rysry — 60RPT" R " Rypgro + 33RPTSR™ | Rivurss

— 27TRPUSR™ | Rpuvgs — 63RPT R Y Rigusiw + 6RPIOR,, (2.62)
LW = 4 52RPIRTIR g + SRPSTIR L — ADIRPICIR,, — 20RP%" R, % Rygry

- 24qu;TRStpuRstqr;u - 4qu;TRsptuqutr;u + 12quTthuvp;thuvr;s

— 10RPT*R™  Rpuvgs — 20RPT R 7V Riqusw + 2RPIOR,g + 3RP™ Ry

+ T2RP" R, Rytyuzs0 — 8RPIR™  Rygig — 22RP R Ry — 36RP R, Ryt |

(2.63)
LRy =+ TSRPR™ Ryyg + 1TLRP™ Ry — 950 RV Ryg — TORMR™ Ry
— 646 RPT" R ¥ Ryspy — ATSRPT R™ ¥ Rygriu + 228 RPYTR® M Rygyrn
+ 266 RP7 R Riyurss — 209RPT R Riyugis — 494RPT R Riqusia
95 133 s . .
+ o RMOR,, + 7Rm“vmqum;w + 38RPIR™ Ryt + 228 RPE™ R Ryqus
+ 1520 RP"* R Rypyusn — 342RPIR™, Rygq — 646 RP RT Ry
— 64671 R, Ryt . (2.64)

The integrated equations for each of these densities read, respectively,

oy = e |2 20— ) - £ (31? R f)) } L (265)
Flohy = _4;;2&2’ (2.66)
f((s’ll) = —i-;‘fz(f)a? —2raa’ 4+ r2a’?), (2.67)
f((g,)ﬂt) = _27{;204(40‘ —a"r?), (2.68)
]:((85,)4) = "‘137{;2(4(04 —a'r)f+d"r (a+ B)), (2.69)
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where we defined the functions?

a(r)=2(k — f(r) +r2f"(r),  B(r) =20k — f(r)) +2rf'(r) =12 f"(r). (2.70)

From the densities involving covariant derivatives, while the first three exclusively depend on
a(r) and its derivatives, the fourth one also includes a dependence on §(r) —which can not be
expressed in terms of a(r) and its derivatives.

Observe that a(r) and S(r) identically vanish when evaluated for a maximally symmetric
background. Namely, if we set

2
r
F()](ayas = Ttk = a(r)|(ayas = B(r)l(ayas =0, (2.71)
*
and therefore
2 3.4,5
‘F((B,)Q)’(A)ds = ((8,4) )\(A)ds =0, (2.72)

or, in other words, the equations of motion of the new GQT's identically vanish for maximally
symmetric backgrounds. Furthermore, it is easy to see that the usual Schwarzschild-(A)dS
solution satisfies the equations of the new densities. This follows from the fact that

12M

a(r)lsen-(ayas = 0, Br)lsen-(ayas = ——, (2.73)

where )

r 2M
Fr)lsen-(ayas = 75 +hk———. (2.74)
2 r
Since all terms appearing in féi:2’3’4’5) are proportional to «a(r) or its derivatives, it follows
that
2 3,4,5

f((g,)g)\sch—(A)ds = ]'_((8,4) lsen—(Ayas = 0- (2.75)

This implies that if we couple the new densities to Einstein gravity, the Schwarzschild solution
will not receive corrections from such terms.

Ten-derivative actions

To the best of our knowledge, a full classification of higher-derivative invariants at ten-derivative
order has not been undertaken. Therefore, our analysis in this section is necessarily incomplete
but, as we shall see, interesting.

To study ten-derivative actions we do the following. We construct all possible combinations
of ten-derivative actions built from lower-order densities —for example, by multiplying all six-
derivatives densities by the four-derivative ones, and so on. In addition to this, we include
20 additional terms that are explicitly order ten in derivatives. We list the ones used for this
purpose in appendix A. However, it is particularly relevant that our set contains the contraction
of five Weyl tensors and the following density,

CabcdcadeCefrs;ucefm;u . (276)

As discussed in [187, 188], in four space-time dimensions there are four non-trivial parity-
preserving contributions to the effective field theory of gravity at the ten-derivative level. Two

>The functions a(r) and B(r) are directly proportional to the non-trivial components of the traceless Ricci
tensor and Weyl tensor for the single-function static, spherically symmetric background, respectively.
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of them involve the square of a dual Riemann tensor and hence they vanish identically on spher-
ically symmetric spacetimes. We thus are left with two contributions that modify spherically
symmetric solutions. The first contribution can be taken, as usual, to be a contraction of five
Weyl tensors. The density appearing above is a particular choice for the second non-trivial
contribution.

The ten-derivative action is the first instance where more than one non-trivial contribution to
the EFT appears. Moreover, it is the first instance where terms involving covariant derivatives
of the metric play an essential role —i.e. cannot be removed by field redefinitions. For these
reasons, we expected to find novel GQT theories at this order that explicitly modify the solutions
to vacuum Einstein gravity, corresponding to the two possible non-trivial effective field theory
contributions. This expectation will be borne out.

From the entire set of ten-derivative invariants that we construct, there turn out to be 21
independent contributions. This represents notable growth compared to the eight-derivative
case where there were five independent contributions. Of the 21 independent ten-derivative
GQT theories, only two of these are non-trivial when evaluated on the Schwarzschild solution
—corresponding to ]:((11())70) and ]-'((f& 2
the Schwarzschild solution [2]. Of the 21 theories, 5 have second-order integrated equations, 7
have third-order, 6 have forth-order, 2 have fifth-order, and 1 has sixth-order. As we have not

included all possible 10 derivative densities in our starting action, these numbers are likely to be

below— and hence will give raise to deformations of

incomplete. However, we expect that any additional GQTSs, should they exist, will not correct

the solutions of vacuum general relativity. The list of 21 inequivalent integrated equations reads

fgg,o) =+ J:; j: L2 Zrk)fa - zf(fT; uJL ff” (rf'+2(k=1))|. (2.77)
Floa =+ W : (2.78)
Flioa =+ W ) (2.79)
Floa =+ Fo alf _ﬁ) ror =P ) (2.80)
Fipy =+ LN =), (2.81)
J_E((lﬁ())A) . fa+ 6)i 7(m’ — 2a) 7 (2.89)
F =+ fPo(a+B) ﬁ:a’ —ath) (2.83)
Fioa fas (m;f arh) (2.84)
FO) =+ = | 1875 (20 4 20 4 20k~ ) (6 = )f”

+ f(2(65f + 16k) rf + 4 (2k — 65f) (k — f)) <r2, +k— f) P27 — Akt 14

— 3 (3K + 4k f +121f%) r? f" — 2 (2k* + 38k f + 1271 f%) (k — f)r* f”

— 407 f(k 4+ 122f) (k — f)* f' — 3448 f%(k — f)ﬂ , (2.85)
Flow =+ fj 42 (k — f)a” — 2 (4(k — f) + a + B) ad’ — ala+ B)(B - 304)} , (2.86)
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Aoy =+ L [r2 (4(k ~ /) — @~ B) o

—2r ((4(k = )+ B a+ B%) o +3a(a+ B)*| , (2.87)
Flony =+ f: [27«2 20k — f) — @) o —2r (4(k — f) + 38 — a) a (2.88)

+ a (a? + 6a8 — 38%) } , (2.89)
Floy =+ f: [rQ(k — Pla+B)a" —r(a®+aB+4B(k— f))

+ (202~ a4k~ £) -~ 28) +48(k - D) a] (2.90)

Fllo = ‘f?[ (a+B8)(S(k—f)—a—p)a" —dr (6> + F(3(k— f) - 8)) o

+8(8 — o) (4(k — ) — a — ) a] , 2.00)
b f“[ (k= o~ (a+5) (el —a+ )] (2.02)
A =+ [r2 (—a® + (6(k — ) = B)a+28(k — /) o = 2r (o + af + Bk — f)) o

+4(a? =2k~ f) = B)a+26(k—[)) a} : (2.93)
Fllom =+ f:7a [7“2 (4(k = f) —a) o' =4 (ra’ — o+ B) 6} : (2.94)

2
Flio —+f[+16r (3 + 3o+ 4f — 9k) o/

r? (—4r (3a + 38 +4f — 12k) o/ + 4 (3a® + 4fa — 12ka — 3% — 4fB + 4kB3)) o

—2r (470 — aB + 92 fa — 28ka — 483% — 3218 + 32kf) o

+ (5a® — 1788 + 176 for + 464k — 1838% — 6413 + 64k/3) a)] , (2.95)
f((j(% =+ ffj [96 friaa” —32r (—rfo/ + (19f — 9k)a+ B(k — f)) & + 64r* (3k — 2f) o

+ 47 (—163a® + (—148k — 76 f — 1638) o + 328(k — f)) o

—2(=722a” — 2 (358 + 248f + 392k) o + B (64(k — f) + 2918)) a} : (2.96)

.7-"((128’)4) —|—f[6r3f (ra’ —2a) " + 6 frta’”
— 4 (4rfa’ + (18k — 13f) o + 58(k — f)) r*a”
2
(3k—|—14f)r20/2+80<16 + <22?BI€+4216}C+1ﬁ6)a+5(k—f)> ro
70’ 13k 23f 58 36

3/ 1/ . 9a ) "
]:((1237)4):_;;[—3(—afr—2+<4k+2f—2ﬁ>a+5(k—f)>r2a
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r4faa”” 3 B f « " 2} 2
s _ = Jg = 2 _ =24 "2

2
+4<_163a _<77k+21f+1635> 4Bk~ f)>

3 32 8 8 32

da (B'fr  361a? 69k 353 3f 2918
_3< 1 6 _( T8 >a+5(k_4+64>>]' (2:9%)

As we can see, all densities but ]:((13 0) and ]:((1()) 2

portional to either «(r), or 5(r), or their derivatives. Hence, for all those, the Schwarzschild

involve linear combinations of terms pro-

metric solves the corresponding equations of motion. The explicit form of the covariant densi-
ties is rather complicated in general, so we have preferred not to include the full list here. The

corresponding expressions for F, W and FY

(10,0) (10,4) Tead, respectively,

(1)

2 2
L0 =+ 5705 SR +132R (RapR™ )" + 18R (Ruea R™) " = 272R2R, 1R, R ¢

2160 [
+10R* R, R T R ;® — 30R* Ry, R™ — 102RR 15 R Regey R

+552R; RIR, R,/ R.*° — 156 Ry KM R AR, T R ° 4 : (2.99)

9 1113943 bed e fahii
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2168502179

4733520
7605694303

4733520
6886022969

ab cd ef gh ij
5366760 tee Ttas g T By F
237411 388530029
Rab pqrs;t | 20009U02T
“rrrg Ml et~ 360443
4724 | 18024 |
! 35RabcdRadequyerT;q - %0 55RabcdRadequ’rstTQS

43032 57376
1065937721 1535482063 34589843

_ R qursRcdRefRab ap

pars ab e d e T 5000806 631136

2840112
90238183 _ 21168615 . 315857975 . 6185788187

— RPSTR, . RPITStR ) RPIR
prig T 2524544 parsit 1893408 P 17040672

946704
26416471
cdpefpab cd ef ab
VR IR - DU g R ]DR

19309071 cpbR cip elp o

n o 23092199 ;
Rg RchlRedeRghef Rabg - 10758 RgRadbchhde Rcingeghz
2051116779

L
rag00 " Beg™ Roi” Ry, By
176696887
215160

RaupedR"“RP R, +

RngebcRcfdeRhingaghi +

ab cd ef h i
R.."Rs R, R, TR
649013

abed ppg;r
7824 “7saq Tabed U Ry

paq;r
R RPQ?’“

RLR{RY

939340
177507 516384

1612029697 74535679 48934355
" RMRTOR, " "RPIR™R,,. e
1893408 p—tar + 118338 pairs 236676

23734313 35456237 44597992
Pq RTS;qt Pq TSt o
50169 10 0 s+ —guemaq R frstuipe — —por0

619200179 . 315857975 90238183

- = RMRR . — " "RV, V,OR+ ————RPI"Y R
1420056 pras 1893408 aVpitt 473352 =
21168615 293954069 1588811801 .

~ 315568 —raiooq BEY Ryrgs

RPTTSIR RPIOR
prasit T 9810112 re T T pes0224

st u
qu Rp rthus

TS
RPIR™ Rppegs

15025369 1535482063 __. 90238183 _
- PQD TS T T RIPAR. AT Y ppg;Ts )
19723 REOR Rprgs + 11360448 R Ropg + 473352 R Rprigs

26525693 . 34589843 681365365
U RMRTR,, + S RPETSR . — — """ RRPICIR
258192 pitar + 315568 pairs 946704 Pa
34589843 293954069 98790361

pq;T D spgr . pq;T st
315568 RV DRyg + 1420056 R Bpgsr + 473352 RER™ Rarst

o8



Chapter 2 D-Dimensional Higher-Derivative Gravities

_ % RPaT Rps;t Rysrt + % RPaT Rstpu Rutgraa — % RPOT Rsptu Rugtra
% R2OR + % RV R Ry — 2112166% RPTSUR
%RPWSRWUPWRWW;S a %RPWSRZUTWRW“SW
%Rmms&ndﬂ RdcgiRncsi - %RmnrsRmnngdgCiRTsci R. (2.100)

2.4 Conclusions

A summary of the main findings of this chapter can be found in the introduction. Let us
close with some remarks regarding open questions and future work.

In this chapter, we have initiated the study of GQTs with covariant derivatives. Our anal-
ysis has been restricted to four dimensions and to the first few curvature orders. It would be
interesting to pursue a full classification of GQTs with covariant derivatives in general dimen-
sions as well as for arbitrary curvature orders, similar to the one achieved for polynomial GQT's
in [20, 21].

Additionally, it would be interesting to prove that any gravitational effective action can be
mapped to a GQT. This is established for general polynomial densities [23], but the proof for
terms involving covariant derivatives is thus far limited to theories with up to eight derivatives
of the metric and also for theories with any number of Riemann tensors and two covariant
derivatives.

On a different front, it would be interesting to characterise the generalized symmetries of
general linearized higher-derivative gravities with covariant derivatives along the lines of [216],

where such analysis was performed for £(g%, Rapeq) theories.
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Brane-Worlds
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Chapter 3

Gravity on Brane-Worlds

3.1 Introduction

Even though the possibility that we —the Standard Model fields— live in a four-dimensional
subspace of a higher-dimensional spacetime had been around since the eighties [217, 218], it was
not until Randall and Sundrum proposed brane-worlds in an AdS bulk [36, 189] that the field
gained momentum. Before their work, it was widely believed that the only way to obtain
an effective four-dimensional description of our Universe from higher-dimensional theories of
quantum gravity, such as 10-dimensional superstring theories or 11-dimensional M theory, was
by making the extra dimensions compact and sufficiently small [219]. This is because one can
confine matter fields to a lower-dimensional subspace, but gravity is geometry, and so it must
necessarily feel all dimensions.

Indeed, in general, spacetimes with D large non-compact dimensions present a potential
that behaves as 1/7”~3 around point-like masses. By compactifying and shrinking the extra
dimensions to microscopic size, gravity will only feel them at such small scales, thus recovering
the usual Newtonian potential 1/r at large distances.

Following this reasoning, Arkani-Hamed, Dimopoulous, and Dvali had previously proposed
a model [220] in which, by confining the Standard Model fields to a four-dimensional brane,
the compact dimensions could reach the millimetre scale, but that was as big as one could
go to avoid conflicts with known results from high-energy collider experiments. Instead, the
solution proposed by Randall and Sundrum allowed for a large, non-compact, extra dimension.
In particular, it consisted of embedding a four-dimensional brane with flat geometry into a
five-dimensional AdS bulk spacetime.

Due to the curvature of the bulk, a massless graviton mode becomes localized on the brane.
Although there is also a continuum of Kaluza-Klein modes with arbitrarily small mass, their
wave function is suppressed on the brane. Thus, gravity on the brane becomes effectively four-
dimensional at low enough energies, and indeed it displays a Newtonian potential at large scales
[38]. However, at high energies, that is, at distances smaller than the curvature radius of the
AdS bulk, gravity feels the true high-dimensional nature of the bulk.

Through the holographic duality [221], it is possible to reinterpret the effects of this large
extra dimension as CFT radiation on the brane [222-225]. Alternatively, since the brane is at
some finite distance from the asymptotic boundary, we can think of this model as imposing
a UV cut-off to the dual CFT, and then coupling it to dynamical gravity on the brane. This
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-

Figure 3.1: The three possible maximally symmetric brane-world models, in global AdS. The branes are
denoted with a black dashed line in the bulk, or with a dark blue line where they meet the asymptotic
boundary. The part of the bulk spacetime that in lighter blue is removed from the set-up. Left: (Karch-
Randall) AdS brane. Center: Randall-Sundrum flat brane. Right: dS brane.

gravitational theory is induced by integrating out the CFT degrees of freedom above the cut-off,
in the same spirit as in Sakharov’s induced gravity proposal [27].

In order to force the brane to have a flat geometry, Randall and Sundrum had to fine-tune
its tension to a critical value. This requirement was relaxed by Karch and Randall [40] soon
afterwards. A brane tension smaller than the critical value allows the brane to have an AdS
geometry, while the brane gets a dS geometry if its tension is larger than critical. Nevertheless, if
the value of the tension is close enough to criticality, then the brane sits close to the asymptotic
boundary of the AdS bulk and one recovers almost-flat four-dimensional gravity on the brane.

Even though non-flat geometries had already been considered, either in the context of cos-
mology [226, 227] or black hole physics [228], Karch and Randall were the first to show that
gravity still localizes on the brane without the need of a second IR brane or a critical tension.
Moreover, they showed that the effective gravitational theory on AdS branes is not Einstein
gravity but massive gravity.

As in the original Randall-Sundrum model, it is also possible to reinterpret these gen-
eral Karch-Randall brane-world models through the holographic duality, as an effective four-
dimensional gravitational theory coupled to cut-off CFT radiation dual to the five-dimensional
AdS bulk [229]. Again, this effective brane picture is clearest when the brane is close to the
asymptotic boundary, since the cut-off scale of the CFT is related to the distance from the brane
to the boundary. However, we will argue that this interpretation can be extended beyond the
cut-off, since the bulk picture provides a somewhat well-defined UV-completion of the system,
up to the scale of the brane thickness, or the bulk string or Planck scales.

It should also be mentioned here that the effective gravitational theory on the brane is not
simply Einstein gravity, but a higher-derivative theory of gravity [88, 225]. As we will show in
Chapter 5 of this thesis, the terms in the expansion can be computed algorithmically from the
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bulk theory [3], following the same standard procedure that allows one to find the counterterms
for holographic renormalization [225, 230-232]. Again, the expansion parameter that controls
the higher-curvature operators in the gravitational effective action is related to the distance from
the brane to the asymptotic boundary. We will study some properties of this higher-derivative
gravity on the brane in Part III of this thesis.

Brane-world proposals were met with great interest, especially by cosmologists and phe-
nomenologists, since they were not directly ruled out by existing data but nonetheless offered a
way to test novel predictions to general relativity inspired by M theory (see e.g. [233—235] and
references therein). For example, brane-worlds offered new ways of looking at the cosmological
constant problem [236]. Instead of wondering why our Universe seems to have such a small
vacuum energy density on large scales, if we were to live on a Karch-Randall brane-world, we
should ask why the brane tension is fine-tuned to being almost critical.

One should be careful, however, when considering predictions from brane-worlds as robust
outcomes of string theory. Although there exist some top-down constructions (see e.g. [223,
237-240]), most brane-world constructions are bottom-up models in which the brane is infinitely
thin and purely tensional, with no other charges. From an EFT perspective, the brane tension
is only the first term of a series expansion describing the brane action, so we could consider
adding higher-order operators, as we will do in the following chapter.

Our interest in brane-world models, however, does not stem from cosmology or phenomenol-
ogy, but from their relevant applications in holography and black hole physics. As we have
mentioned before, from the brane perspective, brane-worlds describe dynamical gravity coupled
to a cut-off CFT. Moreover, this description is under control, since the effective theory on the
brane is regulated by the distance of the brane to the boundary. Consequently, they can be the
perfect theoretical laboratory in which to study black holes coupled to quantum matter or test
the black hole information paradox.

Recently, brane-worlds have been used to show that one can indeed recover a unitary Page
curve for evaporating large AdS black holes [52]. These models suggest that the correct way
of computing entropies in semi-classical gravity is by using quantum extremal surfaces [80-85],
in what has become known as the island formula. In brane-worlds, this recipe corresponds to
simply using the usual Ryu-Takayanagi prescription [77] in the dual bulk picture, while allowing
the RT surface to end on the brane.

Brane-worlds have also been used to study (quantum) black holes interacting with strongly
coupled CFTs, thanks to the use of the many versions of the C-metric [59, 190, 228, 241-245].

Although the C-metric allows for BHs in flat and even dS brane-worlds, most of these works
rely on the case of AdS Karch-Randall brane-worlds, which are qualitatively different from their
flat or dS counterparts. The main reason behind these dissimilarities is the fact that, for AdS
branes, the brane only cuts off part of the asymptotic boundary, as opposed to the other two
cases, in which the asymptotic boundary is completely removed from the set-up. This is shown
in Figures 3.1, 3.2, 3.3, and 3.4.

In dual terms, this means that AdS brane-worlds are not only dual to a cut-off CFT living
on the dynamically gravitating brane geometry, but that this CFT is also coupled to a CFT
living on the fixed geometry of the asymptotic boundary. Both CFTs are connected through
transparent boundary conditions at the defect where the brane reaches the asymptotic boundary.

That is the main reason why AdS brane-worlds are often used in the context of the BH
information problem: they provide a model of a BH coupled connected to a non-gravitating
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Figure 3.2: The three different perspectives of brane-world holography in d 4+ 1 dimensions with an
AdS, brane. Top pictures are of a horizontal time slice of the system, while the bottom ones are in
Poincaré-like coordinates, zooming in where the brane meets the asymptotic boundary. From left to
right: (a.) Boundary perspective: BCFT,;. A CFTy living on a d-dimensional fixed spacetime (black)
with a boundary (blue dots), where it couples to a CFT;_1. (b.) Brane perspective: It consists of a
CFTy living on the fixed geometry of the asymptotic boundary (black), plus an effective CFT,; with
a UV cut-off coupled to (massive) gravity (with higher-curvature corrections) on the brane geometry
(blue). There are transparent boundary conditions between the two CFTs at the defect where the brane
meets the asymptotic boundary. (c.) Bulk perspective: Einstein gravity in an AdS,4y; spacetime (blue),
containing an AdS,; Karch-Randall brane as an end-of-the-world brane (dotted line).

bath, and so they are useful as models of BH evaporation, since they allow for a clean separation
between the BH and radiation degrees of freedom.

The first consequence of having brane-world models with an AdS brane is that the bulk
graviton mode that localizes on the brane is not massless but massive [40, 246, 247]. From the
bulk perspective, the graviton mode localized on the brane gets a mass because it is a mixture
of a normalizable and a non-normalizable mode! [88], as opposed to the flat and dS brane
cases, in which the brane graviton is massless since it comes from a purely non-normalizable
bulk mode. From the brane perspective, the graviton on the brane acquires a mass due to
its interaction with the CFT radiation, which has transparent boundary conditions at infinity,
where the brane meets the boundary. This is, in fact, a general feature of gravity coupled to
matter in AdS with transparent boundary conditions at infinity. If CFT radiation is allowed
to leak out of an AdS spacetime (the brane, in our case), then the graviton acquires a mass
through a Higgs-like mechanism [248, 249].

Secondly, in the case of AdS brane-worlds, the Kaluza-Klein modes do not form a continuum
as in the flat or dS cases, but a discrete spectrum [40]. This is due to bulk modes being sensitive
both to the Dirichlet boundary conditions on the boundary and the Neumann-like boundary
conditions on the brane, and so they feel as if they were trapped in a potential well.

'Both modes are normalizable, since the brane sits at a finite distance from the boundary. However, if there
were no brane, one of the modes would diverge, while the other would not, and so we still use this distinction.
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Figure 3.3: The different perspectives of brane-world holography with a Minkowski brane. Top pictures
are of a horizontal time slice of the system, while the bottom ones are in Poincaré-like coordinates,
zooming in far from where the brane meets the asymptotic boundary. From left to right: (a.) Boundary
perspective (not seen in the picture, see Fig. 3.1): Unclear. Might be interpreted as a null defect at the
(d — 1)-dimensional null hypersurface where the bulk brane meets the asymptotic boundary, but it is not
known what kind of theory lives on the defect. (b.) Brane perspective: Effective cut-off CFT4 coupled
to gravity (with higher-curvature corrections) on the brane geometry (blue). This view is only valid far
from the boundary null defect. (c.) Bulk perspective: Einstein gravity in a subregion of an AdSg41
spacetime (blue), containing a d-dimensional Randall-Sundrum flat brane as an end-of-the-world brane
(dotted line).

Finally, there is a third unique way to interpret AdS Karch-Randall brane-worlds, obtained
by dualizing the whole bulk, brane included. The fully dual picture is that of a BCFT, that
is, a CFT living on a d-dimensional geometry with a boundary, where it couples to a CFT4_1.
The nature of this third boundary interpretation for flat or dS brane-worlds is not clear. The
BCFT picture for AdS Karch-Randall brane-worlds was already proposed by the original authors
themselves in [250], and later refined by [251]. The fact that the brane graviton is massive
translates, in the BCF'T perspective, to the fact that, even though the stress-tensor of the full
BCFT system is conserved, the stress-energy tensor of the CFT;_1 defect is not, and so it gets
an anomalous dimension [252].

This AdS/BCFT correspondence was later independently proposed by Takayanagi et al.
[253, 254], with a different philosophy, but technically similar methods. Besides proposing
the dictionary between the AdS bulk and the BCFT description, one of the key results of
Takayanagi was proving a holographic g-theorem. As we mentioned before, tuning the brane
tension amounts to moving the position of the brane in the bulk. As we move the brane
deeper into the bulk by decreasing its tension, its curvature also decreases. In CFT terms, this
translates to the fact that flowing to the IR reduces the number of degrees of freedom that are
dual to the brane. Alternatively, the closer the brane is to the boundary, the more degrees of
freedom has its dual CFT.

From this result, one might be tempted to say that the brane, containing gravity plus a cut-
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Figure 3.4: The different perspectives of brane-world holography with a dS brane. Top pictures are of
a horizontal time slice of the system, while the bottom ones are in Poincaré-like coordinates, zooming
in on the brane. From left to right: (a.) Boundary perspective (not seen in the picture, see Fig. 3.1):
Unclear. Might be interpreted as spatial defects at the two (d — 1)-dimensional spacelike hypersurfaces
where the bulk brane meets the asymptotic boundary. The brane is created at some global time T
on one of these defects, and ceases to exist on the other one, some period later, at T + 7 [243]. Tt is
not known what kind of theory lives on the defects, or if the boundary picture corresponds to some
non-local operator insertions at those two instances of time. (b.) Brane perspective: Effective cut-off
CFTg4 coupled to gravity (with higher-curvature corrections) on the brane geometry (blue). (c.) Bulk
perspective: Einstein gravity in a subregion of an AdS411 spacetime (blue), containing an d-dimensional
dS brane as an end-of-the-world brane (dotted line).

off CF'T, in the intermediate picture, is exclusively dual to the defect CFT;_; in the boundary
description. Consequently, AdS Karch-Randall brane-world models have also become known
as doubly-holographic models, since one may naively think that by dualizing once, we can go
from the AdS bulk description to the intermediate brane picture, and then we can dualize again
the AdS brane to get the BCFT picture. But that is not exactly the case, as some top-down
constructions show [239, 240] that we should be careful when making such identifications. The
AdS/BCFT dictionary is well-described [254, 255], as well as an approximate dictionary between
the bulk and the brane pictures [88], but, so far, the dictionary between the intermediate brane
perspective and the BCFT description is far from clear. Even more so, it has been shown that
BCFTs which have a holographic dual with a localized gravitating end-of-the-world brane are,
in fact, not generic [256]. We can put this discussion aside, however, since we will not explore
the BCF'T interpretation in detail anywhere in this thesis.

In this chapter, we will redo and expand the original works of Randall, Sundrum, and Karch
[36, 40]. We will present the computations in a simplified way, generalizing them to any number
of spacetime dimensions, while also dealing simultaneously with all three possible maximally
symmetric brane geometries. We will refine the formula of the graviton mass as a function of the
brane location for the case of AdS branes, and give new expressions for the mass of the higher
harmonics. We will also discuss how to reinterpret these results from the brane perspective [88].

68



Chapter 3 Gravity on Brane-Worlds

Even though we will study all three brane cases, we will only give a detailed discussion of the
AdS Karch-Randall case, since it is the one that is more relevant for holography.

First, we will introduce the basic ingredients of our set-up in section 3.2, namely a d-
dimensional brane with maximally symmetric geometry embedded in a (d+ 1)-dimensional AdS
bulk. Then, in section 3.3, we will linearly perturb the bulk and show how a bulk mode localizes
on the brane, effectively describing d-dimensional gravity on the brane. Finally, in section 3.4,
we will describe the effective brane picture, by integrating the bulk into the aforementioned
CFT radiation. We will comment on the dictionary that relates both perspectives [88], but will
leave a detailed study of the higher-derivative gravitational theory on the brane for following
chapters.

3.2 Set-up
Our starting point is the action
I = Ibulk + Ibrane 5 (31)

consisting simply of Einstein-Hilbert gravity in a (d + 1)-dimensional asymptotically AdS bulk
M which ends on a co-dimension one brane with tension 7,

R [ /M de/ =G (R[G] — 2A) + 2 /

167Gy oM

ddz\/—g K] , (3.2)
Ibrane = _/ dd‘r —gqT, (33)
oMy

where G denotes the bulk metric, g is the induced metric on the brane, G is the bulk Newton’s
constant, and A is the bulk AdS;;; cosmological constant, with curvature radius L. The
boundary of M is M D OMy, where we have included the Gibbons-Hawking-York boundary
term explicitly to correctly get the desired boundary conditions for our set-up.

Since the bulk spacetime ends at the brane, we will sometimes refer to it as an end-of-the-
world (EOW) brane. From now on, when we speak about the boundary, we will generally only
mean the asymptotic boundary at infinity, and not the EOW brane. In the original brane-world
articles [36, 40], as well as in many others, they did not consider the brane to be an EOW
brane and instead imposed bulk Zo symmetry, with the brane being the axis of symmetry. This
symmetry only introduces an extra factor of 2 in some equations that is not relevant to our

discussion.

3.2.1 EOMs and Junction Condition

Varying the action (3.1) with respect to the bulk metric Gy, while imposing Dirichlet
boundary conditions on the boundary and Neumann-like boundary conditions on the brane, we
obtain the usual bulk AdS;,1 Einstein equations,

1
RMN[G] — iGMNR[G] + AGyN =0, (3.4)
plus the Israel junction condition on the brane [257]
Koy — Kgap = —87GNTYap » (35)
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where K is the extrinsic curvature on the brane, defined as the Lie derivative of the metric in
the direction normal to the brane,

1
Kab = iﬁngab- (3'6)

and K = g“bKab is its trace.
Taking the trace with respect to the induced metric g*°, we see that we must place the brane
so that the trace of its extrinsic curvature is constant and proportional to its tension,

K =8nG . 3.7
TGNT 7 (3.7)
Plugging this result back into eq. (3.5), the junction condition now reads
8TGNT
Kab = d _]\i ab - (38)

This greatly restricts the geometry of the brane and its location; the brane is forced to sit on a

totally umbilic hypersurface.

3.2.2 Background Solution

Our ansatz for the bulk metric in Poincaré-like coordinates takes the form

2

d33+1 = G (z, z)dytdy” = 5 [d22 + gij(x)dacidxj] , (3.9)

(f(2))
where the d-dimensional metric g;j(x) is either flat, or an (A)dS; metric with unit curvature
radius. This metric slices the bulk in slices of constant z where the geometry is that of a d-
dimensional maximally symmetric spacetime. See also Appendix B for more information on
this metric and its curvature tensors.

The radial coordinate z starts at the position of the brane at z = 2, (see Fig. 3.5). We
will usually work in the limit of small zp, that is, in the limit in which the brane is close to the
boundary at z = 0. For AdS branes, the z coordinate goes up to z = =, while for dS and flat
branes, the z coordinate goes all the way to the horizon at z = co. In the case of flat branes,
this horizon is the usual Poincaré horizon of the bulk. For dS branes, however, the horizon is
Rindler horizon, present because the brane must be accelerated in order not to fall deep into
the AdS bulk.

The function f(z) is a function which behaves as f(z) ~ z for small values of z, and whose

specific form depends on the brane geometry,

sin(z) for AdS branes,
f(z) = z for flat branes, (3.10)
sinh(z) for dS branes.

It is easy to check that these metrics indeed fulfil the bulk Einstein Equations (3.4).
Notice that the induced metric on constant z slices is

L2
gij(.fl?, Z) = W.@”(.@) . (311)

Therefore, for (A)dS branes, the actual curvature radius of the induced brane geometry is
L2
P=—-. (3.12)
(f (=)
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Figure 3.5: (a.): For AdS branes, the z coordinate goes from z = z, to z = . (b.): For dS and Flat
branes, the z coordinate goes from z = z;, to the horizon at z = co. In both cases, we will work in the
limit where the brane is close to the boundary, 2z, — 0.

Since the metric is block diagonal, the unit normal vector to the brane at z = z, is simply
given by

~ f(®)
On === 0:. (3.13)

where the minus sign comes from the fact that we want to pick our unit normal vector to be
outward directed [85]. In our case, since we’re excising the part of the spacetime behind the
brane, with 0 < z < z,, we need the minus sign so that n points towards decreasing values of z.
The extrinsic curvature for constant z slices is
f'(2)

Kij = =79 (3.14)

where the prime denotes the derivative with respect to the holographic coordinate z.
Now, it is easy to see that the Israel junction condition (3.5) for the brane at z = z, is

fulfilled provided that

T =1.f (), (3.15)
where we have defined g1
= - 1
e SrGNL (3.16)

Since cos(zp) < 1, we must have 7 < 7. for AdS branes, while 7 > 7, corresponds to dS branes,
with cosh(zp) > 1. For flat branes, the tension of the brane becomes critical 7 = 7, and we can
place it on any value of z.

It will be useful for later to rewrite the above metrics in a Fefferman-Graham fashion,

ds? _[id 2 £2~.. L)
a1 = p° + ; Gij(p, x)dz'da? (3.17)
where
9ij(p, ) = F(p)gi;(x) , (3.18)
with

2
(HT’J) for AdS branes,
F(p) = 1 for flat branes, (3.19)
2
(%) for dS branes.

The necessary changes of variables can be found by solving the following ODE

dp _ dz
20 f(2)’
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which gives
tan? (%) for AdS branes,
p = 22 for flat branes, (3.21)
tanh? (g) for dS branes.

Alternatively,
sinz = %ﬁ for AdS branes,
f(z) = z =,/p for flat branes, (3.22)

sinh z = % for dS branes.

Notice that the coordinate p starts at a value pp close to the boundary at p = 0. For the
AdS case, we find the other side of the asymptotic boundary at p = oo corresponding to z = ,
while we find the horizon at p — oo and p = 1 for the flat and dS cases, respectively.

3.3 Locally Localized Gravity - The Bulk Perspective

Now, let us perturb our previous metric (3.9) with a linear axial transverse and traceless
perturbation (3G, = 0, §¥8g;; = 0, V¥6g;; = 0),
2

L
(f(2))*

We are interested in transverse and traceless perturbations since they are the ones that look

ds?lH = [clz2 + (gij(x) + 6Gij(z, 2)) d:rid:vj] , (3.23)

like gravitons from the brane perspective. Moreover, the other modes can be shown to be
non-dynamical [258].

Taking this metric (3.23) and plugging it into the AdS;.; bulk Einstein Equations (3.4),
and using the fact that the brane itself is a d-dimensional maximally symmetric spacetime, one

obtains the following equation

f'(2)
f(2)

92— (d—1) a9, + (ﬂ - 20)} 8gij(x,2) = 0, (3.24)

where [] = VAZ@”, with V being the Levi-Citiva connection of the unperturbed g;; brane metric,
and we have defined
—1 for AdS branes,

o = 0 for flat branes, (3.25)
+1 for dS branes.

We can also substitute our perturbed metric (3.23) into the Israel junction condition (3.5) to

find its boundary condition on the brane, with Kj;; and K being, to linear order in perturbation,

il
21

Lf ..
0Ki; = f];5gz'j -

Then, using the unperturbed junction condition (3.15) to simplify our calculations, we are

59, dK =0. (3.26)

ij

simply left with the Neumann boundary condition
[825@‘]‘(%,2)]2:% =0. (327)
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Notice that indeed the trace of the extrinsic curvature has remained constant, and that the
brane still lies on a totally umbilic hypersurface, as equations (3.7) and (3.8) dictate.
Finally, assuming that the perturbation fulfils the following separation ansatz,

dgij(l‘, Z) = H(Z)hzj(l') s (3.28)

and introducing the constant E?, equation (3.24) above separates into

2 (g f'(z) 2) = —E2H (2
[az (=075 az] H(z) = —E*H(z), (3.29)
(ﬂ - 20) hij(z) = B2hij(x), (3.30)

and the boundary condition (3.27) simply becomes
H'(z)=0. (3.31)

Details for these calculations can be found in Appendix B.

3.3.1 The Brane Equation

Let us first have a look at eq. (3.30). This equation describes the behaviour of 6g;;(z, z) on
the hypersurfaces of constant z. The separation constant E? is an eigenvalue of this Lichnerowicz
operator (ﬁ —20). Now, at z = z;,, we can rescale eq. (3.30) to see that, from the point of view
of the induced brane metric, this equation is

<D _ 2;) iy () = mPh; () (3.32)

where now O = V;V¢, with V being the Levi-Citiva connection of the unperturbed induced
metric on the brane g;;, the radius [ is the actual curvature radius of the induced brane geometry
defined at eq. (3.66), and

2 _ (f(zb))zEQ ) (3.33)

As we saw in Part I of this thesis —see e.g. eq. (1.57)—, equation (3.32) describes a spin-
2 massive mode in an empty maximally symmetric spacetime of radius [. Therefore, from
the perspective of the brane metric, indeed these h;;(x) perturbations look like massive spin-2
gravitons with mass m?. We will be able to find the allowed masses m? by studying the radial
equation (3.29).

3.3.2 The Radial Equation

Let us now study the radial equation (3.29) with boundary condition (3.31) on the brane.
This equation describes the behaviour of §g;;(z, 2) along the holographic direction z.
We will further impose Dirichlet boundary conditions on the asymptotic boundary on the
other side of the spacetime
H(z=m)=0, (3.34)

for AdS branes, and regularity at the horizon at z — oo for dS and flat branes.
There are many ways to solve this equation. We shall illustrate a couple of them here, and
leave the rest for Appendix C.
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The Volcano Potential

To gain some intuition before crunching the numbers, let us have a look at the original way
[36, 40] of solving equation (3.29). It consists in redefining the radial function H(z) as

6= (5 )d;lm) (3.35)
zZ) = z s .
f(2)

to obtain a classical time-independent Schrodinger equation

(02 +V(2)| H(z) = E*H(z), (3.36)
with potential

-1 1 d—1)>
V(z) = 5 + O'( ) :
1 (f(») 4
V(12 +2p)

V(z)
10+

10

Figure 3.6: Left: Flat-brane potential V(z) for d = 3 and 2, = 1/2. Right: Zy symmetric flat-brane
potential V(z) for the same values.
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Figure 3.7: Left: dS-brane potential V(z) for d = 3 and z, = 1/2. Right: Zs symmetric dS-brane
potential V(z) for the same values.

Borrowing insight from undergraduate quantum mechanics, it is easy to see from the shape
of the potentials V'(z) that the spectrum of eigenvalues will be continuous in the case of flat and
dS branes, since their potentials fall off at infinity (Figures 3.6 and 3.7). On the other hand,
the spectrum will be discrete in the case of AdS branes, since the potential looks like a well
(Figure 3.8).
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Figure 3.8: Left: AdS potential V(z) for d = 3 and z, = 7w/8. Right: Same potential with Zs
symmetry, to illustrate the name “volcano potential”. Notice how the potentials diverge as we approach
the asymptotic boundary.

Moreover, after this redefinition, the boundary condition on the brane has become

d—1f"(z) =~ .
5 i) Bl =0, (3.37)

which acts as a delta function pointing downwards on the potential at z = z,. This ensures that

fI’(zb) +

there exists a lowest-lying mode whose wavefunction is localized on the brane.

For flat and dS branes, the lowest-lying eigenvalue is exactly massless, that is, there exists
a solution to equation (3.36) with E? = 0. We will show this explicitly, as well as the localized
radial profile of these modes, in the next subsection. Moreover, we can see that the potential
falls off to zero at infinity, V(2 — oo) — 0, for flat branes, while V(z — o0) — (d — 1)?/4
for dS branes. That means that there’s no mass gap between the lowest-lying eigenvalue and
the continuum modes for flat branes, but that there’s a mass gap for dS branes, since the first
excited state needs a minimum energy of Egap = (d —1)?/4. In any case, we will see that all
these excited modes are not localized on the brane.

For AdS branes, one can find the solutions to the Schrodinger equation (3.36) using standard
techniques from quantum mechanics. The lowest-lying mode is almost massless [40, 88, 246,
247], with its mass going to zero as the brane gets closer to the boundary as

, =2 T(d) sy
D2 (/2

We will provide the details on how to compute the whole spectrum analytically and numerically

(3.38)

in the next subsection, where we solve the original equation (3.29) directly.

Solving It Directly

Now that we have a flavour of the problem at hand, let us try to solve it directly. We will
first study the case of flat and dS branes, and leave the (more interesting) AdS case for later.

First, we will look for the massless mode on flat and dS branes. Solving the radial equation
(3.29) for H(z) while imposing E3 = 0 and the boundary condition (3.31) gives a constant value
for H(z), both for the dS and flat brane cases. Notice however, from our definitions of the bulk
perturbations, that once we take the warp factor into account, the actual radial profile of the

bulk modes is

P(z) = H(z). (3.39)
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Therefore, the radial profile of the zero mode goes as 1o(z) ~ L?/z% for flat branes, and as
o(2) ~ L?/sinh 22 for dS branes, and so indeed the massless modes are localized on the brane
(see Fig. 3.9).
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Figure 3.9: Left: Normalized radial profile for the massless mode on a flat brane at z, = 1/2, with
d = 3. Right: Normalized radial profile for the massless mode on a dS brane at z, = 1/2, with d = 3.

For the flat brane case, we can solve equation (3.29) for the excited states of energy E? to
find
H(z) = clzd/2Jd/2(Ez) + CQZd/2Yd/2(EZ) , (3.40)

where the functions J and Y are the usual Bessel functions of the first and second kind, respec-
tively, and ¢; and co are arbitrary constants.

For the dS brane case, equation (3.29) can be similarly solved, to find that the radial function
of the excited states can be written as a linear combination of two hypergeometric functions

which have the hyperbolic tangent as their argument,

. d

H(z) = (C(()Ssllrll(hz<)§)1)+,,+ 2 F1 <1 +2V+ 1+ %; 1+ Z;tanh%z)) (3.41)
. d

((:E)Ssllzl(hz(;)lll" oF1 (1—1-21/_7 1+ %; 1-— Z;tanh2(z)> . (3.42)

where again ¢; and ¢y are some arbitrary complex numbers, and vy are defined as

_dd—1+4/(d—1)2 —4E? (3.43)
= . . .

In both flat and dS cases, imposing the boundary condition (3.31) on the brane fixes the

Vy

ratio of the constants c;/ce as a function of the position of the brane z,, i.e. the boundary
condition simply chooses a specific combination of the two independent solutions.
The solution to equation (3.29) for AdS branes is

H(z) = c1(sin z)%Plfl/Q(cos z) + co(sin z)%QZ/Q (cos z), (3.44)
where Plfl /2 and Q,C,l/ % are associated Legendre polynomials, v is defined as

_ —1+\/(d;1)2+4E2, 5.45)

and c¢; and ¢y are complex arbitrary constants [88]. Imposing the Dirichlet boundary condition

14

at the asymptotic boundary, H(z = 7) = 0, we find that the ratio between ¢; and ¢y must be

Cc2 2 s
2 _ 2ot ( —) , 3.46
P cot (v + 5 (3.46)
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Figure 3.10: Left: Normalized radial profiles on a flat brane at z, = 1/2, with d = 3, for E? = 0,
E? = 1, and E? = 4. Right: Normalized radial profiles on a dS brane at z;, = 1/2, with d = 3, for
E?=0,E%?=1, and E? =4.

SO we can write

H(z) = (sin z)%

P42 (cos z) + 2 cot (771/ + E) Q%2 (cos z)} . (3.47)
s 2

Further imposing the boundary condition (3.31) on the brane discretizes the spectrum. This
can be done numerically, or analytically in the limit z; — 0. In any case, it is easier to do so
after switching from the coordinate z to the Fefferman-Graham p, using the change of variables
(3.22) from the previous subsection. In these coordinates, the boundary condition on the brane
also reads

0,H(p)],p, = 0. (3.49)

For convenience, we will study the eigenvalues E? as a function of the position of the brane py,
and not its tension 7 < 7.. Recall that both quantities are directly related to one another by
eq.(3.15), and that tuning the tension close to its critical value, 7. — 7, brings the brane closer
to the boundary, p, — 0.

Analytically, in the limit p, — 0, we find

F(n—i—d— 1) d/2—1

1
E? =~ — 1)+ =(d—2)(2 —1 4
(nay = n(n+d )+2(d )(2n +d )I‘(n+1)(I‘(d/2))2pb : (3.49)
where n = 0,1,2,... . We can see that as the brane is sent to the boundary, that is, as p, — 0,
we recover the usual eigenvalues for the graviton modes of global AdSgy1,
El,ay(pp=0)=n(n+d—1). (3.50)

This is due to the brane becoming stiffer as it is sent to the boundary, so the Neumann-like
boundary condition (3.31) for the radial equation becomes a Dirichlet boundary condition at
infinity. Physically, we can think of it this way: the brane is allowed to fluctuate, but as we
send it to the boundary by increasing its tension, it becomes stiffer, and so it’s harder to wiggle
it around. In the limit where the brane is sent all the way to the boundary, it is as if the
brane were infinitely stiff, and so we recover the usual Dirichlet boundary conditions used in
standard AdS/CFT. Mathematically, this is due to the way (3.47) behaves close to z = 0 with
(half-)integer v, since

d
V(pb:O):§+n—l, (3.51)
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and imposing both H(7w) = 0 and 0.H(0) = 0 also implies H(0) = 0, since then, Pg/Q(cos z)
goes to zero while the cotangent multiplying Qcyl/ 2(cos z) also vanishes, or vice versa, depending
on the parity of the number of brane dimension d. Notice also that equation (3.50) is only valid
for n = 1,2,..., and not n = 0. Having Dirichlet boundary conditions on both sides of the
spacetime kills this zero-mode, since it is now non-normalizable.

To find the analytical expansion (3.49) above, we derived H(p), and then we expanded it in
terms of u = \/p around u = 0 to (d — 2) order. Afterwards, we expanded the expression again,
now in terms of E(Qn a) around n(n + d — 1) to linear order, and only then did we impose the
boundary condition (3.48) to find an analytic approximation for E(Qn d)

With this method, we have been able to find a better approximation for the d = 3 eigenvalues,

namely
2 _n(n+2)m + (0 +2n +4)\/pp (3.52)
(n,d=3) — T — 3\/P7b : .

We have also constructed similar expressions for d = 5 and d = 7 case by case in n, but we have

not been able to find an improved general formula for all (n,d). These results can be found in
Appendix C.
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Figure 3.11: Lowest-lying eigenvalues E2 for d = 3 as a function of the position of the brane p,. The
red dots are numerical results, the blue line corresponds to the analytical approximation shown in (3.52),
while the gray dashed line corresponds to (3.49). Top-left: almost-massless mode, with n = 0. Top-right:
first excited mode, with n = 1. Bottom-left: second excited mode, with n = 2. Bottom-right: third
excited mode, with n = 3.

Now, in the limit p, — 0, following (3.22), we have 2,/py =~ 2. Therefore, as seen from the

brane, the graviton masses (3.33) are

2 (d-2)2n+d—-1) Tn+d-1) =z
2" 201 T(n+ 1)(T(d/2))2 L2

m%n,d) ~n(n+d—1) (3.53)
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In particular, the mass of the lowest-lying mode, with n = 0, is

L, d-2) T@)
(0.d) = T2d=T (T(d/2))2 L2’

(3.54)

which agrees with the results found in [88].

Again, one can easily check that the lowest-lying mode is localized on the brane, since its
radial behaviour goes mainly as vg(z) ~ 1/sin?(z) for |z — 2| < 1 and when the brane is
close to the boundary, z, < 1 (see Fig. 3.12). This is due to the mode being a mixture of a
non-normalizable —would-be divergent if there were no brane— mode, behaving as 13V (z) ~
1/sin?(z) for z close to the brane, and a normalizable mode, behaving as ¢§™ (z) ~ sin?~2(2).
When d is odd, the non-normalizable term wgi"(z) corresponds to the one proportional to the
Legendre polynomial P,fl/ 2((:os z) in equation (3.47), and the normalizable term ¢j°™(z) is
proportional to Qg/ 2<COS z). As the brane is sent to the boundary, z, — 0, the lowest-lying
eigenvalue goes to zero, and so the ratio between cp and ¢; goes to zero following (3.46) and
we are left with the non-normalizable term 3" (z) dominating the almost-massless mode. An
analogous discussion follows for the case of even d, where now the divergent polynomial is
Qf,l/ 2(Cos z), while P2 (cos z) is perfectly normalizable. This discussion will become relevant in

the following Section 3.4, in which we will reinterpret these results from the dual brane picture.

V@) V(@)
25 25
20+ 20k
1.5 1.5
1.0 1.0
0.5 0.5

z

Figure 3.12: Left: Normalized radial profile for the almost-massless mode on an AdS brane at z, = 7/8,
with d = 3. Right: Normalized radial profiles on an AdS brane at z, = 7/8, with d = 3, for n = 0,
n=1,and n = 2.

3.3.3 Gravity on the Brane

So far, we have shown that we can recover an effective d-dimensional description of linearized
gravity on the brane. But one needs to do some more work to show that indeed we recover d-
dimensional gravity on the brane at the non-linear level. A first step is reproducing the desired
Newtonian potential in non-relativistic scenarios, by studying the behaviour of the graviton
modes on the brane.

For the flat brane case and d = 4, Randall and Sundrum already showed that the con-
tribution of the massless mode to the gravitational potential, Viy ~ hgy/2, gave the correct
four-dimensional result Vy(r) oc 71, at a distance 7 on the brane away from a point-like mass.

Then, taking the effect of the continuum of Kaluza-Klein modes into account, Garriga
and Tanaka [38] proved that indeed, on four-dimensional Randall-Sundrum brane-worlds, these
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models reproduce a Newtonian potential at a distance r around a point-like mass M of the form

_ Gy e M ( 2L2>

V(r) 1+

= (3.55)

for r > L, and where
2
GNeff = ZGN : (3.56)

Again, the factor of 2 missing between their definition of G g and ours is simply because we
are not orbifolding our space-time along the brane with a Zo symmetry.

Therefore, at sufficiently low energies, gravity on the brane becomes four-dimensional, ex-
hibiting the desired Newtonian potential at large scales. However, gravity experiences the
higher-dimensional character of the bulk at high energies, i.e. at distances shorter than the
AdS bulk’s curvature radius L.

Later on, by rearranging the bulk five-dimensional Einstein Equations, Shiromizu, Maeda,
and Sasaki [259] proved that one can covariantly obtain the full four-dimensional Einstein
Equations on the brane. Their approach, however, might be misleading if not interpreted
with care. There is a term that appears on the matter side of the four-dimensional Einstein
Equations, which corresponds to a projection of the bulk Weyl tensor on the brane and cannot
be neglected. It captures the corrections from the effects of five-dimensional gravity, and it is
the non-linear generalisation of the Kaluza-Klein modes we have found in our linearized study.
From the perspective of an observer on the brane, these KK effects are non-local, since they
come from the full five-dimensional bulk, and therefore cannot be determined purely from data
on the brane.

Using the holographic duality, we will reinterpret these non-local terms on the matter side
of the four-dimensional Einstein Equations as the CFT radiation dual to the AdS bulk.

Finally, let us just add that these results can be easily generalized to any number of spacetime
dimensions, now taking

GN et = %GN ; (3.57)
and to the case of AdS and dS branes, provided that they sit close enough to the asymptotic
boundary. The generalization to (A)dS branes relies on the fact that the behaviour of the linear
graviton modes is dominated by the warp factor 1/ (f(z))? for z < 1, and that f(z) behaves as
f(2) ~ z for small values of z regardless of the brane geometry.

3.4 Induced Gravity on the Brane - The Brane Perspective

Up to this point, we have been exploring brane-worlds from the bulk perspective. We will
now make use of the holographic duality to get an understanding of the brane physics solely
in terms of brane quantities. However, as we learned in the previous subsection, we will have
to give up locality if we only want to use brane variables [259]; from the point of view of the
brane, bulk effects are non-local.

We will use the holographic duality to encode the bulk as the stress-energy tensor of a
strongly coupled CFT [87]. As in standard AdS/CFT, this quantity is proportional to a par-
ticular coefficient of the bulk metric written in a Fefferman-Graham expansion [88]. Therefore,
we will only be able to compute it directly if the bulk metric is known. Alternatively, given a
metric on the brane, we can define the CFT stress-energy tensor as the right-hand-side of the
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Einstein’s Equations on the brane. But this can only be made consistently if one then solves the
bulk boundary problem to show that indeed there is a bulk metric fulfilling the bulk Einstein
Equations with the required boundary conditions on the brane. Realistically, this can only be
done if the bulk metric is known beforehand, as it is done in the C-metric papers describing
quantum black holes on branes (see e.g. [59, 190, 243-245]).

3.4.1 The Brane Effective Action

Let us now proceed with this reinterpretation. As we will explain in detail in Chapter 5, we
can integrate the bulk following a “finite” holographic renormalization prescription [3, 88, 225,
231] to obtain an effective description of the brane dynamics written purely in brane variables.
The result is the following effective action on the brane,

Ief‘f = Ibgrav + Igg‘/’]j . (358)

On the one hand, the term ICUIE“/T describes a holographic CFT with a UV cut-off, and it is the
dual of the AdS4; bulk. The fact that this holographic CFT has a UV cut-off is directly related
to the fact that the bulk ends at the EOW brane, at some finite distance from the boundary.
On the other hand, the term Iyg,, is an effective higher-derivative theory of gravity on the

brane,
Thpray = 1/dda:\/— R —2Ag + L—2(R“bR — LRQ) +
P = 167Gy ot g T4 —4)(d—2) b4 d—1) ’
(3.59)
where all curvature tensors are built from the induced metric on the brane, and
d—2 (d—1)(d-2) T
= — Ag=—"—"-—"(1—-——]. .
GN.eff 7 Gn, off 72 - (3.60)

Notice how indeed the effective Newton’s constant Gy g on the brane coincides with the one
that appears in equation (3.55) for the brane Newtonian potential [38].

This term Ipgray is generated when the bulk Einstein equations are solved in the near-
boundary region excluded by the EOW brane. In dual terms, this translates to the fact that
integrating out the ultraviolet degrees of freedom of the CFT above the cut-off induces gravi-
tational dynamics on the brane.

Let’s make this statement more precise. How does the full effective action (3.58) arise? To
answer this question, we need to review the standard holographic renormalization procedure,
with no EOW brane present. In Chapter 5, we will present it explicitly, but for now, we only
need a qualitative understanding of it.

In conventional AdS/CFT, the bulk partition function diverges, since the AdS;y1 asymp-
totics dictate that bulk distances and volumes diverge near the boundary. These divergences
are long-distance (IR) divergences from the perspective of the bulk, but they correspond to UV
divergences on the CFT side of the duality. In order to remove these divergences and obtain a
useful, finite, partition function which we can equate to the CFT partition function, one must
add counterterms,

Iglrlllk = Ipuk + Let - (3.61)

These counterterms can be written in terms of local curvature tensors of the boundary metric
[87, 230-232], and we will show how to compute them in detail in Chapter 5.
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Now, since our spacetime ends on the brane at some finite distance z; from the boundary, the
on-shell action no longer diverges.? If the brane is sufficiently close to the boundary, however,
the dependence of I, with z; has the same structure as the counterterms I, since they are
just a reflection of the AdS asymptotics. We collect these structured finite “counterterms” under
I7r. The terms at order n < d in derivatives of the metric would diverge as the brane is sent to
the boundary, while the terms at order n > d in derivatives would vanish as z; — 0. The term
at order n = d would give rise to the trace anomaly in standard AdS/CFT [260] for spacetimes
with an even number of dimensions. However, since the brane sits at a finite distance from the
boundary, all terms are finite, so I{ contains an infinite tower of higher-derivative terms. It is
then useful to add and subtract these finite “counterterms” I, to write our initial action (3.1)
as [88]

Touix + Ibrane = (Tbuik + I57) + (Torane — Iot) - (3.62)

We can now identify the first term as ICU}YT,
16w = Tou + 127 (3.63)

a CFT with a UV cut-off given by the distance of the brane to the boundary. Indeed, if we
were to push the brane all the way to the boundary, this first term would become Igﬁlk, as seen
in eq. (3.61), which we would translate into the CFT partition function using the holographic
dictionary.

The remaining term then becomes the effective gravitational action for the brane dynamics,

Ibgrav = Iprane — Icztb ) (364)

with its explicit expression given in (3.59) above. I? contains the full tower of higher-derivative
operators seen in eq. (3.59), which have the structure of the standard counterterms, while Ipane
is simply the tension on the brane (3.3), which tunes the cosmological constant Ag to the value
shown in eq. (3.60). Notice that Ipgay is large when z, is small, since it is mostly —I7, whose
first terms would diverge as z, — 0. This shows the strong localization of gravity on the brane.

If 7 < 7., the cosmological constant on the effective action is negative, so we will have AdS
asymptotics on the brane, while if 7 > 7., then the effective cosmological constant is positive,
and so the brane will have dS asymptotics. As excepted, the cosmological constant becomes
zero when 7 = 7.. This is in accordance with our results from the previous section.

We can rewrite the brane effective cosmological constant given in eq. (3.60) as

(d-1)(d-2)
202 ’

where o again denotes the sign of the cosmological constant, and we have defined the effective

A =0 (3.65)

curvature radius ¢ as

L2 -t
r="11-T (3.66)
2 Te
For (A)dS branes, in the limit 7 — 7, if we define the small parameter € as
1 T
=—1-— 3.67
c=3[-Z]. (367

2In the case of AdS branes, the bulk reaches the asymptotic boundary on the side of the spacetime far from
the brane, at z = w. There the on-shell action diverges, and we must add the usual counterterms.
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we have )
L T
= _—91 - =
2 ‘ T,

= 4e. (3.68)

This makes it clearer that indeed the action (3.58) is an effective action, with each higher-
curvature term parametrically smaller than the previous one [190, 243].

Although ¢ looks very similar to the brane curvature radius [ defined in the previous sections,
they only match to linear order in €. Indeed, for (A)dS branes, we can use eq. (3.15) and the
Pythagorean trigonometric identity for f(z), to write the curvature radius [ defined in eq. (3.12)
as

L2
I? = (— (3.69)
- (7)
Te
which in the limit 7 — 7. exactly reads
L2
= =de+4€2. (3.70)

2

Making use of equations (3.15) and (3.22), it is easy to see that the position of the brane is
also controlled by this same parameter . In Poincaré-like coordinates (3.9), it is

2= (f)" (1)) 22V +0O(e), (3.71)
while in Fefferman-Graham coordinates (3.17), we have
Te—T 9
Pb TC+T‘ e +0(%) (3.72)

3.4.2 Graviton Mass from the Brane Perspective

We will now reinterpret our results from the previous section from the brane perspective. In
particular, we will explain in detail the brane graviton on AdS branes acquires its mass, which
may not be clear from the point of view of the effective action on the brane (3.58). One might
be tempted to say that the mass of the graviton, and similarly, the mass of all the Kaluza-Klein
modes, comes from the higher-derivative operators on the brane. After all, we saw in Part I
how higher-derivative terms induce massive modes in the spectrum, when linearizing around
a maximally symmetric spacetime. Moreover, the first higher-curvature correction in equation
(3.58), at quadratic order, is precisely a term known for generating theories of massive gravity;
in d = 3, it precisely coincides with the term in “New Massive Gravity” [102, 105].

We will now see, however, that the mass of the lowest-lying graviton on AdS branes does
not come from the higher-derivative terms, but from the interaction between the gravity and
CFT on the brane. To do so, we will linearize the equations of motion of the full effective action
on the brane (3.58), and then relate each side of the equations to bulk quantities, to make use
of our results from the previous section 3.3. That is, we will not find a new way to compute
the mass of the graviton, but a way to reinterpret the bulk results from the brane perspective.
We will closely follow [88] in this subsection.

Varying the brane effective action (3.58), we obtain
1
Rab - iRgab + Aeff Gab 4= SWGN,eﬂTg)FT 5 (373)
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where T aCbFT is the stress-energy tensor obtained from varying I(%/T with respect to the induced
brane metric gqp, and the ellipses denote the equations of motion of the higher-derivative terms
in Ihgray-

Since we know that IcUlffT is given by equation (3.63), we can adapt our knowledge of standard
AdS/CFT to this new set-up to argue that, to leading order, the CFT stress-energy tensor on

the brane is [88]
dL
TCFTy _ _d/2—1 7@ o x () {~(0)] 3.74
(0) (d)
ij iJ
Graham expansion of the bulk metric on the brane,

d/2

where §;.” and §;;’ are the terms that appear, respectively, at order p° and p%? in the Fefferman-

L? /. _ i -
Gislp ) = = (35 @) + 35 @+ -+ @)™ + 1P (@) 0g(p) + O(HH))

ij ij
(3.75)
The term Xi(;l) in eq. (3.74) and the coefficient Bg;i) (x) above only appear when d is even [261].
(0)

]
). Again, we will give more details on this computation in Chapter 5.

Through the bulk Einstein Equations, they are fixed in terms of g
T-C-FT
ij

, and give raise to the trace
anomaly of (

In the limit 7 — 7, one can check that the brane Einstein Equations (3.73), including the
first few order-n curvature terms, are solved by a vacuum AdS; metric with curvature radius [

up to order "1

, even though we saw that the curvature radii ¢ and [ only coincide to order €.
Upon perturbing the brane metric g;; — ¢;; + dg;; about this AdS; spacetime of radius [,

we obtain

2
(D +Et > 8gij = —167G o 0T . (3.76)

But this CFT stress-energy tensor is not an arbitrary stress-energy tensor, but the one that
comes from integrating out the bulk, as explained before. In particular, it is proportional to the

gﬁ) coefficient of the bulk metric expressed in Fefferman-Graham coordinates. Similarly, the

induced metric on the brane, to leading order, is proportional to the gi(f) term of the bulk metric
in the FG expansion. Therefore, we can relate dg;; and 5TgFT, making use of the expansion
(3.75) and the following expressions for the brane metric perturbations

L2
3ii(x) = 0Gi(pn,2) = —=H{pp)hij (), (377)
to write [88],
~(d)
9ij (x) Lg j(x) — gz(;l)(x) ~ %f&gij(l‘), (3.78)
6gij(z) = - Aohij(x) + O(ps) ‘

where By is the coefficient of the term o« p%2 and Ag is the coefficient of the term o p° of
H(p) when expanded close to p — 0. Finally, substituting all these results into eq. (3.76), and
relating again the bulk and brane Newton’s constant through eq. (3.60), we obtain [88]

2 Bo €d/ 2
<D+l2+"'>(5gij:—d(d—2)140pégi]"f‘“’ . (3.79)
Ignoring the higher-curvature terms, we see that this equation above is an equation for a
massive graviton, and is, in fact, a rescaled version of equation (3.32), if we identify

BO Ed/2
mé = —d(d — 2>foﬁ . (3.80)
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Therefore, we will be able to find the mass of the graviton on AdS branes if we can expand the
bulk metric a la Fefferman-Graham and find the coefficients Ay and By.

Indeed, in the previous section, we found that the radial profile of bulk perturbations 1(p)
could be written as a superposition of associated Legendre polynomials,

W(p) =Y —Hu(p). (3.81)

In the FG coordinates given in eq. (3.17), near the brane at ¢ — 0, these Legendre polynomials
can be expanded into [262],

+ - for odd d,

d=1 7cos(vm msin(vm)T(v4+d/2+1
—21/2 [(_1) 2 2F(1—(d/2)) + 2F(d/(2+z)lg(u—cé/2+z)pd/2

H,(p) ~

_51115777”’)2d/2 [F(d/2) + (_1)d/2 cos(vm) F(d/Q—Flzzll;éf_l(f)+V+1)pd/2} + ... for even d,
(3.82)
where v is defined in eq. (3.45). Notice how the terms related to the trace anomaly play no
role at the linearized level, so their absence from eq. (3.79).
We can now read Ag and By from this equation (3.82). We see,

d—1 T'(d/2—)T(d/2+v+1
By _ (—=1)"z sin(vm) (ll(d/zgrgdﬁﬂl) ) for odd d, (3.83)
An (—1)4/? cos(wr)F(dr/i;/;g?gzgf{;rl) , for even d,
where we have used the relation
T
MNw)l'(l —w) = Sin(rw) (3.84)

Now, since the lowest-lying eigenvalue behaves as E(z) — 0 as € — 0, we have, from equation

(3.45), that v — % — 1, and so we see that, regardless of the parity of our number of brane

dimensions d,

By _ 2 T(d)

— . 3.85
PR T C)E 359
Plugging this into equation (3.80) for m3, we finally obtain
2(d — 2)I'(d) e¥/?
mg = 2= e (3.86)

@2

which coincides with our results from the previous section, as seen in equation (3.54) with
2,/zp ~ €. This argument is not perfect but slightly circular, since we are assuming that Eg
is small and goes to zero as the brane is sent to the boundary to expand the quotient (3.85)
around v ~ % — 1+ O(E?), and then finding that this is indeed the case. However, we may
argue that we already knew that Eg went to zero with € from our numerical studies, and then
this approximation is justified in order to get an analytical formula.

Finally, a word on why the graviton of the flat and dS brane cases is massless. Recall that
the zero mode for the flat and dS branes had constant H(z), and so it had radial profile,

1 1
~H(p) ~ - (3.87)
P p’
which means that the zero mode contains only a non-normalizable piece. Therefore, it does
not contribute to the brane CFT stress-energy tensor, agreeing with the fact that it is massless

following a discussion along the same lines as the one above for the AdS case.
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3.5 Conclusions

In this chapter, we have reviewed and generalized the original brane-world constructions of
Randall, Sundrum and Karch [36, 40]. We have presented detailed calculations showing the
localization of (linearized) gravity on the brane from the bulk perspective. In particular, we
have shown how to compute all eigenvalues for bulk graviton modes, both analytically and
numerically, and shown their radial profile.

We have then used the holographic duality to reinterpret brane-world models from the brane
perspective. We have shown how the bulk can be dualized into a UV-cut-off CFT, and how
the mass of the AdS brane graviton can be understood as coming from the interaction between
gravity and CFT on the brane. It would be interesting to see if one can also reinterpret the
mass of the excited Kaluza-Klein modes from the brane perspective.

In the following chapter, we will redo and expand the analysis on this chapter, but now with

an explicit Einstein-Hilbert term on the brane.
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Chapter 4

Brane-Worlds with DGP Terms

In this chapter, we will study Karch-Randall brane-worlds with a DGP term —an explicit
Einstein-Hilbert term on the brane action—, constraining the allowed range of the DGP cou-
pling. It is based entirely on new, unpublished results.

4.1 Introduction

Soon after the original brane-world papers, Dvali, Gabadadze and Porrati [37] presented an
alternative way to obtain a four-dimensional description of gravity on a brane lying in a five-
dimensional spacetime. They wanted to recover 4-dimensional gravity from a 5-dimensional
flat and infinite bulk, so instead of considering a purely tensional brane in an AdS bulk, they
considered a flat brane with an explicit Einstein-Hilbert term sitting on a Minkowski bulk,

! (/d%@ RG] + A/d%\/fg R) : (4.1)

167G N

Ingp =

where ) is some length scale.

Unlike the original Randall-Sundrum and Karch-Randall models, however, their work recov-
ers four-dimensional gravity at short scales but not at distances larger than the scale A [263]. In
fact, gravity leaks off the brane into the bulk at large scales. Then, generalizing DGP models to
allow for a FLRW geometry on the brane [264], this weakening of gravity at low energies induces
an accelerated expansion of the four-dimensional brane [233]. This attracted much attention
from cosmologists, since supernovae observations had just reported an accelerated expansion of
our Universe [265, 266, and this model offered an alternative to the cosmological constant.

However, as cosmological measurements improved, along with a deeper understanding of
DGP models, it soon became clear that observations were in tension with the model’s predictions
[233]. To make things worse, [267, 268] later discovered that the model is theoretically unstable,
since the scalar sector of gravitational perturbations contains an infrared ghost. It seems unlikely
that an infrared issue can be resolved by a UV completion of these models within string theory,
so the original DGP construction was ruled out as a model for our Universe [233]. Nevertheless,
DGP brane-worlds have remained a useful playground for testing modified gravity models, and
we will draw inspiration from them to study the physics of new brane-world models.

Again, however, we are interested in holography, not cosmology or phenomenology, so we
will consider DGP Karch-Randall branes sitting on an AdS bulk and not Minkowski space.
From an EFT point of view, after the brane tension, the DGP term is the next natural term in
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Chapter 4 Brane-Worlds with DGP

an effective expansion of the brane action, and so this model is a logical generalisation of the
brane-world models studied in the previous chapter. Nevertheless, we will depart from an EFT
perspective, sometimes considering unnaturally large DGP couplings in order to characterise
their possible effects.

Set-ups similar to this one have already been studied, but with an emphasis on other topics.
For example, [39] explored how to recover a four-dimensional Newtonian potential around static,
spherically symmetric masses on the brane. Their model allowed for a non-zero cosmological
constant in the bulk, but the brane tension was tuned to the critical value, fixing the brane
geometry to be flat. Indeed, they showed that at very large scales, the model presented a
four-dimensional Newtonian potential due to the Randall-Sundrum mechanism, while it also
displayed four-dimensional gravity at short scales due to the DGP term. At intermediate scales,
however, gravity remained five-dimensional.

From a more modern perspective, Karch-Randall brane-world models with an explicit DGP
term have been used to explore the black hole information problem [84]. From the bulk perspec-
tive, the DGP term on the brane simply alters the boundary conditions for the bulk equations.
When using the bulk Ryu-Takayanagi presctiption to compute the generalized holographic en-
tanglement entropy of brane subregions, this change in the boundary conditions translates into
changes in the way RT surfaces attach to the brane. In the standard case, RT surfaces attach
to the brane at a ninety-degrees angle, as they are extremal. Adding a DGP term on the brane
changes this angle [269]. Moreover, imposing well-known properties of holographic entangle-
ment entropies, it is possible to constrain the allowed value of the DGP coupling, as was done
in [270]. Their results qualitatively match ours, although they may not directly apply to our
set-up; they considered a model of wedge holography [271], with two AdS branes cutting out
the entirety of the bulk asymptotic boundary.

In this chapter, we will consider an AdS bulk containing a Karch-Randall brane with a DGP
term, in addition to the brane tension. We will allow for all three possible brane maximally
symmetric geometries, and study the brane location as a function of the DGP coupling. Then,
we will follow the steps of the previous chapter to explore how the localization of gravity on
the brane changes due to the presence of the DGP term.! In particular, we will look for the
presence of inconsistencies or pathologies in the theory, which will put a bound on the allowed
values for the DGP coupling. We will see that positive values for the DGP coupling are always
allowed, as well as a small enough negative coupling. However, we cannot have large negative
DGP couplings, or the whole construction breaks down. In Section 3.4 we will again reinterpret
these results from the perspective of the dual brane picture. Throughout the whole chapter, our
emphasis will be on the AdS brane case, since it is the one most relevant for holographic studies.
We will end this chapter peeking into the possibility of adding the next natural higher-derivative

operators on the brane.

4.2 Set-up

Our set-up is the same as in the previous chapter, namely, a (d + 1)-dimensional AdS bulk
with radius L ending on a co-dimension one brane, as described in the action (3.2), except that

'Recently, [272] explored the issue of localized gravity on AdS Karch-Randall brane-worlds, as we will do
in this chapter. However, their procedure and results are unclear to us, and so we will proceed independently,

without comparing our results to theirs.
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Chapter 4 Brane-Worlds with DGP

we now add an explicit Einstein-Hilbert term on the brane. The brane action reads

L
Torane = d¢m/—(—¢4-AR>, 4.2
b léwu g 871Gy (d — 2) (42)

where R is the Ricci scalar built from the brane induced metric gq5, and we have chosen to
normalize the DGP coupling constant A in this way for simplicity in future calculations.
Since the DGP term is only present on the brane, the bulk Einstein equations (3.4) remain

unchanged. However, the Israel junction condition on the brane now reads

L
Kab — Kgab = —87TGNTgab -+ Aﬁ (Rgab — 2Rab) s (43)

where all tensors are built from the induced metric on the brane ggup.

Again, our ansatz for the background solution is an AdS;y; metric written in slicing coor-
dinates, as in eq. (3.9). We can substitute into eq. (4.3) our results from Appendix B to find
that the Israel junction condition now reads

d—1 (d-1)

_Tf,(zb) = —87GnNT +0A (f(Zb))2 ) (4.4)

where again o denotes the sign of our spacetime, as defined in eq. (3.25). Therefore, the position
of the brane will now depend not only on the brane tension 7 but also on the value of the DGP
coupling A. Notice how the brane position is unaffected in the flat case, where ¢ =0, s0o 7 = 7,
and the position of the brane remains free.

For the (A)dS cases, we can relate f’(z;) and f(zp) through

(&) =0 ((f'(z)* = 1), (4.5)

since the functions f(z) are trigonometric functions. Substituting this Pythagorean relation
into (4.4), we can write the following equation, which explicitly relates the position of the brane
zp with its tension and the DGP coupling A,

AP ) + f () — (A T j) 0. (4.6)

C

Solving for f/(zp), we find

—14+/1+4A(A+1/7.)

f,(zb) = 24 )

(4.7)

where we must choose the plus sign in the quadratic formula, since we want z, to be close to
the asymptotic boundary at z = 0 for 7 — 7. and small values of A, in order to match with our

results from the previous chapter. Expanding for small values of A, we obtain

/ g 72 2
fiz) =+ (1-=])A+0(4%). (4.8)
Te 5
From this equation, we can see that turning on a positive DGP coupling will bring the brane
closer to the boundary, both for the AdS and dS cases, as shown in Fig. (4.1). This behaviour
remains true for larger values of A, since one can easily see that the full equation (4.7) is
monotonous in A. Physically, this is due to the brane having a maximally symmetric geometry,
and so the Ricci scalar R is constant and acts as an extra tension term on the brane.
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Figure 4.1: Brane position z, as a function of A, for positive values of A. This shows that a positive
DGP coupling always moves the brane closer to the boundary. Left: z, for an AdS brane with /7. = 0.9
(blue dashed), 7/7. = 0.99 (black), 7/7, = 0.999 (red dashed). Right: z;, for a dS brane with 7/7. = 1.1
(blue dashed), 7/7. = 1.01 (black), 7/7. = 1.001 (red dashed).

If we choose a negative DGP coupling, however, things can change drastically. For a small
negative DGP coupling, the brane simply moves slightly away from the boundary, up to ap-
proximately A ~ —1/2. This behaviour is true for both (A)dS cases, as shown in Fig. 4.2.

Now, what happens at larger negatives values of A7 For AdS branes with fixed 7, the
position of the brane as a function of A is continuous, from z, — 7 as A — —o0, to 2, — 0 as
A — 4o00. For values of 7 close to 7., the brane remains close to the boundary up to some value
Anin 2 —1/2, when it rapidly jumps to the other side of the bulk spacetime, with z, > /2.
For dS branes, there is a limit on how negative A can get before the position of the brane turns

1(7 72 1
R (A I -
/4nun 2 ( 1) iy 2 (4 9)

Therefore, it makes no sense to consider DGP couplings with A < —1/2 in either case, since

complex,

then, the position of the brane is either far from the asymptotic boundary at z = 0 or not even
well-defined.

1./t=1.01
----- 7./t =1.001

~
~
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Figure 4.2: Brane position z; as a function of A, for negative values of A. The vertical line corresponds
to A = —1/2 on both graphs. Left: 2, for an AdS brane with 7/7. = 0.9 (blue dashed), 7/7. = 0.99
(black), 7/7. = 0.999 (red dashed). Notice how the brane moves to the other side of the spacetime at
A ~ —1/2. Right: z, for a dS brane with 7/7. = 1.1 (blue dashed), 7/7. = 1.01 (black), 7/7. = 1.001
(red dashed). The brane position has no solution for A < —1/2.
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In the following section, however, we will usually work with the position of the brane z;, and
the DGP coupling A as free parameters, and instead tune the brane tension to be

=1 | () + oA (F(z))?] . (4.10)

As seen in Figure 4.3, it is possible to have AdS (dS) branes close to the asymptotic boundary
with A < —1/2 if we allow for a supercritical (subcritical) brane tension. Nevertheless, in the
following section, we will see that these branes will also show pathological behaviour.

te T/1¢

Figure 4.3: Normalized brane tension 7/7. as a function of the brane position zy, following eq. (4.10),
for four different values of A. The horizontal line corresponds to the critical tension 7 = 7. on both
graphs. Left: 7/7, for an AdS brane with A = —1 (blue dashed), A = —1/2 (cyan dashed), A =0
(black), and A =1 (red dashed). Notice how we need supercritical tensions to have AdS branes close to
the boundary with A < —1/2. Right: 7/7, for a dS brane with A = —1 (blue dashed), A = —1/2 (cyan
dashed), A = 0 (black), and A = 1 (red dashed). Notice how we need subcritical tensions to have dS
branes close to the boundary with A < —1/2.

4.3 Locally Localized Gravity with DGP

Let us now perturb the bulk metric with axial transverse and traceless perturbations, as
defined in (3.23), following the same procedure as in the previous chapter. Again, we will
assume that the perturbed equations (3.24) separate through some separation constant E? by
writing 6g;;(x, 2) = H(z)hgj(x).

Since the bulk Einstein equations are unchanged, we obviously obtain the same equations
for hi;(x) and H(z) as before, egs. (3.30) and (3.29), respectively. Now, however, the boundary
condition on the brane will have changed.

Substituting our results from Appendix B for the perturbed metric (3.23) into the new Israel
junction condition (4.3), we find

H’(zb)hij(x) + 213{(;())1{(2’1,) <|j + 20) hw(.%') =0. (4.11)

We can now factor out h;j(x) using the brane equation (3.30), to trade the Lichnerowicz operator
for the eigenvalue E2. Then, the boundary condition for the radial equation reads

H' () + 2‘;‘{%%21{(%) =0. (4.12)

How will the spectrum of the eigenvalues E? change after this change of boundary conditions?
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On the one hand, the spectrum will not change much for flat and dS branes. First, notice
that the massless mode remains totally unchanged in both cases, since we recover the previous
H'(2,) = 0 boundary condition for E? = 0.

Then, one could easily argue, following the volcano potential argument in Subsection 3.3.2,
that the continuum of excited eigenvalues will qualitatively have the same properties as if the
DGP term were not there. That is, there will be no mass gap for flat branes, while there will
be a mass gap of Egap = (d —1)?/4 for dS branes.

Moreover, since bulk equations remain unchanged, the solutions to (3.29) are still the same
linear combination of Bessel functions (3.40) for the case of flat branes, and the same linear
combination of hypergeometric functions (3.41) for dS branes. Upon imposing the new boundary
condition (4.12), the only thing that will change is the ratio between the two constants c¢;/co
appearing in the solutions, which now not only depends on the position of the brane z,, but
also on the DGP coupling A.

On the other hand, for AdS branes, the discrete spectrum of eigenvalues E(2n ) changes. As
advertised before, we will study it as a function of the DGP parameter A and the position of
the brane z, (or equivalently pp, given by the change of variables in eq. (3.22)), and not the
tension 7, which we will assume to be given by eq. (4.10).

First, it is easy to see that the solution to equation (3.29) for AdS branes still must be (3.44).
We are still imposing Dirichlet boundary conditions on the asymptotic boundary H(z = 7) = 0,
which fixes the linear combination of the two independent solutions to be the one shown in (3.47).
Further imposing the boundary condition (4.12) on the brane discretizes the spectrum, but this
discretization now depends on the DGP coupling.

Analytically, following the same procedure as in the previous chapter, in the limit p, — 0,
we find

n _ d/2—1
B}, (A) =n(n+d—1)+ %(d —2)2n+d—1) (F(Fd(m;;?(nll 5 (f’; 7 (4.13)
d/2—1

Notice how the only change comes from a (1 + 2A) factor on the denominator of the p,
term. We were also able to find an improved expression for the case of d = 3,

n(n+2)(1+2A4)w + (n® + 2n+4)/pp

2 N
E(’n,d:3) (A) - (1 + 2A)7T —3 /7pB

(4.14)
As shown in Fig. 4.4, we see that for positive values of A, the term proportional to pg/ 21
becomes smaller, so E(Qn ) moves closer to n(n + d — 1), while we get the opposite effect for
negative values of A up to A ~ —1/2, when the expression blows up. Numerically, we observe
this same behaviour. Moreover, we can see that for A < —1/2, the eigenvalues E(2n ) jump from
being slightly larger than n(n+ d — 1) to approaching the next level (n+ 1)(n + d) from below,
as shown in Fig. 4.5.

These results match our previous findings, even though we are now tuning the tension as
we change A to keep the position of the brane fixed. Turning on a positive DGP coupling, the
eigenvalues E(2n d) become closer to the ones of empty global AdS. One can also check that the
almost-zero mode becomes more strongly localized on the brane as we turn up A, while the
opposite is true for the higher overtones.

Turning on a small, negative DGP coupling has a small effect on the eigenvalues, moving
them a bit further away from the ones of empty global AdS. Therefore, we see that a positive

92



Chapter 4 Brane-Worlds with DGP

E2
0.7

0.6F
0.5F
04F
0.3F

0.00 0.02 0.04 0.06 0.08 0.10

Pb

. . . . . . . . . L p
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10 b

Figure 4.4: Lowest-lying eigenvalues E2 for d = 3 as a function of the position of the brane py, for
different values of A. The dots show the numerical results, and the lines correspond to the improved
approximation shown in equation 4.14. Green colour corresponds to A = —0.3, while the value of A for
the other colours is shown next to the corresponding data. Notice how A has more effect on the excited
eigenvalues than on the almost-massless mode. Top-left: almost-massless mode, with n = 0. Top-right:
first excited mode, with n = 1. Bottom-left: second excited mode, with n = 2. Bottom-right: third
excited mode, with n = 3.

or small enough negative DGP couplings are allowed, and we still obtain d-dimensional gravity
localized on the brane.

However, if the negative DGP is large enough, A < —1/2, eigenvalues jump away from their
value close to n(n +d — 1) and we lose the almost-massless mode. Therefore, gravity no longer
localizes on the brane for large negative DGP couplings.

Moreover, numerically and for negative values of the DGP coupling A, we have found a mode
with negative mass E? < 0 in the spectrum. For small values of negative A, this eigenvalue is
complex, with a large (negative) mass and a tiny imaginary part. From an EFT perspective, it
is way beyond the energy scale at which one should trust the theory, and so we . But again,
for A < —1/2, the mass of this tachyonic mode becomes real and of O(1), signalling at an
instability of the theory, which agrees with all our previous discussions.

4.4 Induced Gravity on the Brane with DGP

Let us now dualize the bulk to reinterpret these results from the brane perspective. Following
the same procedure for “finite” holographic renormalization described in 3.4, the brane effective

action now reads
1

Lo /ddxﬁ [~2Au+ (1+ 24) R+ -] + I4¥p, (4.15)
167TGN7eff
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Figure 4.5: Numerical results in log-scale of the lowest-lying eigenvalues E2 for d = 3 as a function of
the position of the brane py, for different values of A. The value of A is shown next to the corresponding
data. Notice how A has more effect on the excited eigenvalues than on the almost-massless mode. Notice
how for A < —1/2 the value of the n-th eigenvalue jumps closer to the next one, (n + 1)(n + 3), from
below. Top-left: almost-massless mode, with n = 0. Top-right: first excited mode, with n = 1. Bottom-
left: second excited mode, with n = 2. Bottom-right: third excited mode, with n = 3.

where, as before,

GNeft = %GN, Aot = _d-vd-2 (1 — T> . (4.16)

The only change with respect to the effective action written in eq. (3.58) is the coefficient
in front of the Einstein-Hilbert term.

It is interesting to see how for A < —1/2 the Einstein-Hilbert term picks up a minus sign,
which again signals to an instability of the theory, since, upon linearization, the graviton picks
up the wrong kinetic sign and becomes a ghost. This once more agrees with our discussion in
previous sections, where we saw that for A < —1/2 the brane moves far away from the boundary
at z = 0 for the AdS case, while it simply ceases to have a well-defined position for the dS case.

4.5 Conclusions

In this chapter, we have studied Karch-Randall branes with a DGP term, exploring all three
possible maximally symmetric brane geometries.

We have investigated how the existence of the DGP term affects the localization of gravity
on the brane, searching for pathologies or inconsistencies of the theory. This has allowed us
to put bounds on the values of the DGP coupling on the brane. Positive couplings are always
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Figure 4.6: Tachyon mode mass, in d = 3, as a function of p; for different values of A, labelled next
to the respective data. These results have been computed numerically. Left: Linear plot. Right: Log
scale on the vertical axis. Notice how we have flipped the signs of both axes, to avoid problems with the
logarithm.

permitted, and sufficiently small negative couplings are allowed too. Nevertheless, we have
discovered that the model is unstable for large negative DGP couplings.

If we keep the brane tension fixed while we change A, we have observed that, as the DGP
coupling A becomes more negative than —1/2, the position of the brane ceases to be well-
defined. For AdS branes, it jumps to the other side of the bulk spacetime, close to z = w. For
dS branes, its position turns complex, meaning that there cannot be dS branes with A < —1/2,
since we cannot find a totally umbilic hypersurface in the AdS bulk which can support them.

If instead we keep the position of the brane fixed while changing A, we have found that
gravity no longer localizes on the brane for AdS branes with A < —1/2. The almost-zero mode

is lost, and instead we get a tachyon in the spectrum with a negative small mass of O(1).

These results are consistent with the effective action of the dual brane picture, in which the
Einstein-Hilbert term picks up the wrong sign if A < —1/2.

We have also been exploring whether one can use these brane-world models with a DGP
term to study models of holography with dynamical gravity at the boundary [273-275]. The
idea would consist in sending the DGP Karch-Randall brane to the boundary while rescaling
its tension and DGP coupling so that these operators remain finite at the boundary. Now,
however, since we are going all the way to the boundary, we need to add counterterms so that
Icrr does not diverge. Usually, counterterms are added on a regulating hypersurface at some
finite € distance from the boundary, and then the limit € — 0 is taken. It seems natural, then,
to add these counterterms on the brane, which is itself a regulating surface at some distance
pp — 0. The problem is that, seen as operators on the brane, the first few counterterms are
precisely a critical tension 7. and a DGP term with coupling with A = —1/2, where we saw that
the DGP Karch-Randall construction breaks down. This could either mean that holographic
models with dynamical boundary are pathological, or that DGP Karch-Randall brane-worlds
cannot be used as a way to study them, or simply that we have not been able to take the limit
zp — 0 properly. Therefore, we have been unable to find conclusive results on this topic, and
we have thus decided not to include it in this thesis.
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4.6 Going Further

From an EFT point of view, the brane tension and the DGP term are only the first of a series
expansion of the brane action. The next natural terms would be terms quadratic in curvature.
Let us now consider a Karch-Randall model with bulk action (3.2), and brane action

L

1
Dorane = dd -9 | A R
b /aM,, v g[ TGN —2) " " 8aGy

(81 R + B R R + ﬁgRabcdRabcd)} .

(4.17)
Varying it, we find the usual AdS bulk Einstein Equations, and that the Israel junction condition

on the brane now reads

L
Kay = Kgap = —87CxTg0 + A5 (Rga — 2Rw) + B1Ey) + aBy) + faEy ,  (4.18)

where the EC(LIZ) are simply the equations of motion of these curvature-squared terms, times (-2),

Eézl,) = g R* — 4R R + 4V, VR — 49,,0R, (4.19)

B = guyReaR® — 4R Rycha + 2V Vo R — 20Ry — guIR (4.20)

EY) = gayRedes R — AR,*% Ryce — 8R“ Rycha + 8Ro Roe + 4V, VyR — 40Ry.  (4.21)

Again, considering a maximally symmetric ansatz written in slicing coordinates (3.9), the
junction condition becomes

-1 -1
def’(zb) =—81GNT + O'A(d )

(f(z))°

= 1B + (- 1) +25,) T

Through the Pythagorean identity (4.5), this would become an algebraic equation of fourth

(f(z0))" - (4.22)

order for f’(z;). Out of the four possible solutions, we would need to choose the one that
coincides with eq. (4.7) when 8 — 0 for all £k = 1,2, 3.

One might be worried that upon linearization, due to the complicated appearance of the
E (k)ab, we cannot longer factor out h;j(x) from the boundary condition on the brane. However,
since we are only considering axial transverse traceless perturbations, the linearized junction
condition can be all written in terms of powers of the box operator acting on h;;(x). Therefore,
we can still use the brane equation (3.30) to get a boundary condition for the bulk radial
equation that only depends on H(z) and its first derivative, evaluated on the brane. The

resulting boundary condition for eq. (3.29) is

H'(z) + %EQH(%)
4 [BOHED + 0o + aCa(E) L) —0, (azw)
where
Ci(E*) =d(d—1) (4+d(d-5) — E?), (4.24)
Cy(E?) = (d—4)(d—1)?> —2(d — 1) — 2E* + E*, (4.25)
C3(E*) =2((d—1)(d—4) +2(d — 4)E* + 2E*) . (4.26)

We postpone the exploration of the allowed values of these couplings for future work.
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Chapter 5

Computing Counterterms

5.1 Introduction

The quantum fluctuations of a field in a curved spacetime give rise to ultraviolet divergences
that take the form of invariants of the metric and curvature in the quantum effective action.
For holographic conformal field theories dual to Anti-de Sitter spacetime in d + 1 dimensions
with radius L, the form of this action is [87, 232, 276]

B L 2(d —1)(d — 2)
—MM/WO‘%M[B”
L2 ab d 2
+<d—2><ol—4>(RabR 4<d—1>R>+“l' >

Here g, is the metric induced near the AdS boundary M, and the divergences arise because

I div

gab grows infinitely large as the asymptotic boundary is approached. After regularization,
counterterms are added with the same structure as (5.1) in order to renormalize the theory.

The effective action expansion in (5.1) can be systematically derived from the bulk Einstein
equations in asymptotically AdS spacetimes [230, 277-280]. In this chapter, we will review this
procedure, known as holographic renormalization, for asymptotically AdS spacetimes with no
matter content. We will present two different ways to perform this computation: the original
one devised by Skenderis et al. [87, 231, 260], based on the Fefferman-Graham expansion of the
bulk metric [261], and the algorithm of Kraus, Larsen, and Siebelink [230], based on iteratively
integrating the Gauss constraint on radial hypersurfaces. Both methods are conceptually very
similar, and have in fact be shown to be equivalent [277-279]. We will expand their work, and
give the explicit curvature invariants of (5.1) up to quintic order for general dimension d, and
to sextic order for d = 3.

The coefficients of each of the individual curvature invariants reflect the ultraviolet structure
of holographic CFTs,! and although they have been known for many years, their specific form
appears to have received little attention. In the following chapters we will investigate some of
their properties from a point of view that directly connects them to (i) higher-derivative theories
of gravity, and (ii) holographic c-theorems.

For this purpose, we will introduce a brane near the boundary of the AdS bulk [36, 40], as
explained in Chapter 3. The brane effectively acts as a cut-off that renders the action (5.1) finite,

'Even though it is not known whether non-trivial CFTs exist in arbitrary d, holography suggests that their

leading planar limit exists (at least for generalized free fields).
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Einstein AdS; 44

Higher curvature AdS,

Figure 5.1: Brane-world gravity and holography. The bulk is described by Einstein-AdSg, ;1 gravity.
The black region is excluded by the introduction of a brane, where a gravitational theory with higher-
derivative terms is induced. When the brane geometry is asymptotically AdSy (as in the figure), this
higher-derivative gravitational theory can be dualized to a CFT,_; at its boundary (red dots). This
leads to a doubly-holographic construction of boundary CFT, but this view will not be prominent in our
article, where we regard the higher-derivative theory (and its dual CFT4_1) on its own, regardless of its
coupling to a CFT, dual to the AdS441 bulk.

and furthermore, it makes the metric gq, dynamical. Then, (5.1) is interpreted as the effective
action of the gravitational theory that is induced on the d-dimensional brane, with a Newton’s
constant Gy e = (d—2)Gn /L, and with the brane tension adding to the cosmological constant
term [225].2 In effect, the Einstein-Hilbert term and all the higher-derivative operators in the
effective action are generated when the bulk Einstein equations are solved in the region near the
boundary excluded by the introduction of the brane. In dual terms, gravitational dynamics is
induced from the integration of the ultraviolet degrees of freedom of the CFT above the cut-off.
As a result, we obtain a holographic realization of ‘induced gravity’ (figure 5.1).

In this manner, we can view the brane-world construction as a means of generating a specific
theory of higher-derivative gravity, which we will denote as Ijgray. This d-dimensional action
must be regarded as an effective theory with an infinite series of terms, each naturally smaller
than the previous one. Since the (d + 1)-dimensional Einstein bulk theory is well-defined, we
expect that this good behaviour is inherited by the d-dimensional effective theory—at least for
the entire series. However, one may also attempt to truncate the expansion at a finite order, and
hope that the higher-derivative gravitational theory that results is, if not completely well-defined
by itself, at least special in some respects. That is, we are proposing the holographic brane-
world perspective as an appealing rationale motivating a class of higher-derivative theories with
distinctive properties, which we shall investigate in the following chapters.

In this chapter, we will focus on showing how this induced higher-derivative theory of gravity
on the brane originates. First, we will show how to compute the divergent action (5.1) a la
Skenderis et al. [231]. Then, we will argue that we can push this computation beyond the
divergent terms, to obtain the full gravitational effective action on branes at a finite distance
from the boundary Iygray, whose properties we will study in the following chapters. Finally, we
will present the KLS algorithm [230] to compute the terms in Igray and give the explicit results
up to fifth order in curvature for general d, and up to sixth order for d = 3.

2See Section 3.4 or e.g. [85, 88] for more details. If we consider the brane to be two-sided, then (5.1) will
contribute twice to the effective action. Since we are only interested in the structure of the curvature terms, these
considerations will be immaterial for us.
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5.2 Holographic Renormalization and Induced Gravity

5.2.1 Review of Holographic Renormalization

We begin with a sketch of how the action (5.1) arises, following [231]. The starting point is
the gravitational bulk action for a (d 4+ 1)-dimensional asymptotically AdS spacetime,

[ /M S W (R[G]+d<dL;1>> Ly /W o FQK] .

Near the asymptotic boundary at p = 0, we can write the bulk metric in a Fefferman-Graham

1
167Gy

TIhuk =

expansion as [261]
2

v L2 2 L ~ 7 )
G (p, x)dytdy” = mdp + jgij(p, x)dz'dz? (5.3)
where
} _ N _(d = (d
Gii(px) = 33 (@) + 33 (@)p+ -+ 5D (@)™ + 1D (2) 07 log(p) + O(p¥*H1) . (5.4)
(@

]
In this metric, the Einstein Equations read

The term containing R is only present when d is even.

). o (20— 208" + MG + Ry — (- 23, - My =0, (55)

(ip) : "Vigy — V¥ =0, (5.6)
P D

(pp) : g — 3 Ik1Gim ™" G = 0, (5.7)

where the prime now denotes the partial derivative with respect to p, V is the Levi-Civita
covariant derivative of §;;(, p), and R;; is its Ricci tensor.
We then solve the Einstein equations, order by order in p, in terms of the ‘renormalized

metric’ gg’) and its derivatives [87]. The coefficients gg?) with n < d, as well as BE?)

Z(]Q) and its derivatives. In particular, one can show that
all terms with odd n < d identically vanish. That is why we did not even include them in eq.
(d
(]
value of its trace §(?, but they do not determine it entirely.

(n) (0)
ij ij
they are non-vanishing both for even and odd n. Two tensors are needed because the Einstein
Equations are second order. The tensor f]([.))

ij
ggj) is proportional to the dual CFT stress-energy tensor.

for even

d, can all be rewritten in terms of g

(5.4). The equations also force g ) to be symmetric and covariantly conserved, and also fix the

~(d)

The following terms g,.” with n > d can then be entirely determined by g;.” and 9ij and

corresponds to the metric at the boundary, while

This series solution is then plugged into the bulk on-shell action, and, after introducing a
cut-off at p = ¢, the bulk coordinate p is integrated between ¢ and a finite value of p > €. The
result is a series expansion where the first terms diverge as € — 0 in the form

L d ~ —d/2 p -1, A 0
Ly = T67Cn /d zy/ =g (8 PLoy+- -+ Ligym-1) — 10g(€)£(d/2)> +0(”). (5.8)

Here the E(i) are invariants of fJZ(]Q) and its intrinsic curvature, but do not depend on ggl).

The logarithmic term is present only in even d, due to the holographic Weyl anomaly [260].

This means any given d only the terms that diverge as ¢ — 0 are uniquely determined by the
boundary metric. In dual terms, they are fixed by the definition of the theory in the ultraviolet,
and are independent of the state of the CFTj.
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We can rewrite these divergent invariants in terms of the (physical) metric induced at p = ¢,
L2
gij(z,€) = ?gz‘j(%@, (5.9)
which gives a divergent action of the form3

B 1
871Gy

Laiv /ddxs/—gﬁ, where L = £(0) +---+ E([d/?]—l) — log(e)ﬁ(d/g) , (5.10)

and where again the logarithmic term is present only in even d (more about it below). The
first three terms of I4;, were presented in (5.1), and a few following ones will be computed in
Section 5.3.

Then, holographic renormalization is performed by adding a counterterm action Iy = —Igiy

to (5.2) in order to render the action finite when ¢ — 0. The action that results is the quantum
(0)
ij

generates the expectation value of the renormalized stress tensor of the CFT,;. Adding to

effective action of the CFTy, and its variation with respect to the renormalized metric g

the action higher curvature terms that are finite when ¢ — 0 corresponds to changing the
renormalization scheme.

5.2.2 “Finite” Renormalization on the Brane

Our framework will, however, be different than that of holographic renormalization. Instead
of regarding p = ¢ as a regularization device to be eventually removed, we will keep it finite
and non-zero, taking it to correspond to the location of a physical brane, and, as in Chapter 3,
adding to the action (5.2) a purely tensional term for the brane,

Thrane o< —7'/ d%zy/—g. (5.11)
p=¢

Since the action is finite when & # 0, no counterterms need to be added, and our theory will
be completely well-defined by (5.2) and (5.11), without any other boundary terms.*

Neglecting §(®ii, the expansion (5.10) can then be continued to arbitrarily high orders,
producing additional densities L(,) which only depend on the metric on the brane g;; and its
curvature. This expansion now includes terms that would not diverge when € — 0. Such
terms are necessary in order to correctly reproduce the dynamics of the brane in the bulk,
which is determined by the Israel junction conditions [257] derived from the brane action (5.11)
[225]. The infinite series of these terms constitute an effective gravitational action Ipgay in d
dimensions, and the fact that the action (5.10) is large for small € reflects the strong localization
of gravity on the brane.

In practice, one obtains all the gravitational terms L) in Ipgray in a unique manner by
deriving them as terms of Iy, for arbitrary d, without regard to whether they are finite or
divergent in any specific dimension d, as we will do in the next section.

Now the entire action, when evaluated on a generic bulk solution, will be

Ibulk + Ibrane = Ibgrav + Ig]i“/T . (512)

3Notice that we have absorbed a factor of L/2 in £, in order to match the conventions in [230], which we will
follow in the next subsection.

4This is the case for de Sitter or Minkowski branes, but in Karch-Randall models infinite renormalization
must still be performed at the asymptotic boundary not removed by the brane. It will become clear that, for our
purposes, we need not concern ourselves with this.
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We can think of ICU}‘{T as the finite-¢ counterpart of the bulk contribution that is not entirely
(d)
ij -
of the CFT,; on the brane, but some care must be exercised. The left-hand side of (5.12) is
the action of a finite gravitational system with Einstein-Hilbert dynamics, plus a brane, in

determined by the boundary metric, but depends on g Thus, IglffT accounts for the state

d+ 1 dimensions. The right-hand side recasts it in the form of a higher-derivative gravitational
theory in d dimensions, coupled to a cut-off CF'Ty. This CFTy backreacts on the metric g;;,
so once the cut-off is introduced and the gravitational theory I.g is defined, there is no more
‘renormalization scheme dependence’ of the CFTy.

Note that the effective action Igray is unambiguously determined (up to total derivatives)
by the exact theory that it is derived from. This is not typically the case with effective theories,
which can be subject to field redefinitions that change their form. For instance, the metric in
an effective gravitational theory may be redefined as g;; — gij + eaR;; + O(g?), with some
arbitrary coefficient o.> However, in our case the metric gij(x,€) is exactly determined for finite
e by its bulk definition (5.9), and moreover its dynamics is also exactly specified by the Israel
junction conditions in the bulk. So the effective gravitational theory for g;;(x,¢) is free from
such ambiguities. A minor subtlety remains in even d for the anomaly term L4/), which we
will discuss in the next subsection.

Then, in (5.12), the terms Ipyik, Ibrane and Ihgray are well-defined, but the action of the CFTy
is only specified through (5.12).6 That is, the value of the CFTy action I(%%/T, and of any other
magnitude derived from it (stress tensor, entropy, etc), is obtained as the difference between
the bulk action Iy + Ibrane and the d-dimensional action Ipgray, When these are evaluated on
any solution of the theory.

All of these considerations simply set the stage for our statement that, in the following two
chapters, we will not be concerned with ICU%/T, but only with the gravitational action Ibgrav.7 It
is interpreted as the effective action of the gravity theory that is induced on the brane through
the integration of the bulk degrees of freedom in the region 0 < p < e. In dual terms, we
integrate the ultraviolet degrees of freedom of the CFTy at energy scales above the cut-off.
Once we have obtained it this way, we will later study the effective gravitational theory on its

OwW1l.

5.3 Algorithm for Counterterms

The method of computing the effective action described in the previous section is cumber-
some, but there exist iterative algorithms that greatly simplify the calculations [230, 277, 280)].
Here we will follow [230].

Let us define II,, as the stress-energy tensor associated to the full effective action Ipgray,

with Lagrangian £ = L) + L)+,

2 4
vV =9 6gab

SField redefinitions that involve the conformal fields reduce to the previous ones by using the lower-order

Hab

/ddx\/?gc, (5.13)

effective equations of motion.

5That is, unless we work in some specific version of AdS/CFT where the CFT is independently defined. We
will not be assuming this.

"This is in contrast with our viewpoint in Chapters 3 and 4 of this thesis, where we need Iggr to properly
describe the physics from the dual brane picture.
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and II as its trace, IT = g%,
The Gauss-Codazzi equations starting at the boundary are equivalent to the bulk Einstein
equations in a Fefferman-Graham expansion. The Gauss scalar constraint is

1
T = T =

d(d—1)

o TR (5.14)

where R is the scalar curvature of the boundary metric g,,. We will solve this equation order
by order in the curvature, and then integrate (5.13) to find the corresponding order-n effective
Lagrangian, L,).
Two key observations were made in [230]. First, that we can start by taking
d—1

Mgy = ——9 (5.15)

since at the leading order the terms that are proportional to the curvature can be neglected,
implying that H‘(lg) must be proportional to the metric. Second, by studying the behaviour of
the counterterms under Weyl rescalings, [230] found that the integration of (5.13) must simply

be
1

= 11
d—2on ™

up to total derivatives. This procedure then generates the corresponding order-n term in the

Ln) (5.16)

effective Lagrangian, and it can be iterated to compute the counterterms.
The final algorithm is the following. We start from
d—1

ab
Hgy=-—7-9" o=

d(d—1) d—1
= Lo="f (5.17)

and then we follow these steps iteratively:

1. Knowing all II(;) and H?Z.b) of order less than n, solve for Il using (5.14).

2. Compute L, using (5.16).

3. Vary L, to find H‘(IZ).

In step 1, it is important to notice that at each order n, equation (5.14) involves terms of the
form I, IL(, ;) and Hsgﬂ‘(lgii), with ¢ < n. Since H‘(lé’) is proportional to ¢?°, the term HEL(I)))H?S)
is proportional to II(,), and so indeed we find an equation for Il(,). Moreover, for all orders
n > 2, there are no other terms on the right-hand side of (5.14), so we can directly solve for

H(n) to find

L~ 1 () qab
Mz) = —5 > [d—lH(i)H(”_i) LI QLT (5.18)
i=1

Notice that when d is even, the algorithm seems to break down for n = d/2 due to the
divergence in (5.16). The reason for this is the following. Even if, in our context, for € # 0
the action Iyyk + Ihrane is finite, when we expand it in powers of €, there appears a logarithmic
term. It reflects the fact that the integration of conformal degrees of freedom produces non-local
terms, and in the effective theory it shows up as the trace anomaly [260]. In the algorithmic
approaches to the computation of counterterms, it was shown in [277] that one must effectively
replace 1/(d — 2n) — loge. Therefore, in a brane-world construction where ¢ is finite, the
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apparent divergence in Lg/9) for even d is an artifact. A similar argument would also work for
the divergences appearing in L, for n > d/2.

For our purposes in this final Part III of the thesis, we will not concern ourselves with these
effects. On the one hand, the overall coefficients of each of the L, terms will not play a role
in our discussion in Chapter 6, except in Sec. 6.5.2 of the following chapter, where we consider
them in d = 3 where there is no anomaly. On the other hand, in Chapter 7, we will be able
to resum the whole tower of L) to quadratic order in perturbation around flat space, and the
resulting expression will show no such problems.

The iterative procedure explained above gives for the first terms, already presented in [230],

the result
L) = d%l, (5.19)
Lo =g = 57 (5.20)
Lo =50 2§§(d —4) [R“”Rab - 4(dd— 1)R2] ’ (5:21)
5
R T ey ?Z+%Raﬂwb£$ti;m
— 2R® R, g R + 2~ 1)R“bV oVyR — R®0R,, + 2(611_1)RDR . (5.22)

Since we are computing the brane effective action and not its counterterms, our results differ
from those in [230] by an overall minus sign.

Using the Mathematica packages xAct [281, 282], we have been able to extend these results
to quartic and quintic order for general dimension d, and to sextic order for d = 3. For general
dimension, the quartic term reads

L?
(d—2)4(d—4)(d—6)(d—8)
13d% — 38d — 80 —15d? + 18d? + 192d + 64
Ra RabRC Rcd
8(d—1)(d—4) T T d— ) (d—1)?
d(5d> + 10d? — 112d — 128) _, N 5d* — 16d — 24
128(d — 4)(d — 1)3 (d—1)(d—4)
— 12R,*R®R% Rygee + SRR Ry Rpgey — SRR R, ! Ryeay
2(d = 6) ap ped e f d? +4d — 36
— ———RYR“Ry Ree -
i—4 " Meedf 5 (d—4)(d 0
—7d* +22d+ 32 b d+8
R ‘R 7RC aRpe V'R — —— = RV,RV*R
+ Hd—4)d—17 VoV +d— Vo Ry V Hd=1) VRV

3d—8 . od d(d —6)
+ ——— RV ,R“VR.q + (d—4)(d—1)2

d—l
b a (d_4)(d+2) a b d—4 c byva
+—d_ RVV'Va V'R~ S = RuV RY R + 4 Ra RV VR

5d3 — 38d% + 64d + 16 3d% — 20d + 28
o A(d-4)(d-1)? (d—>u—4>
(d—6)(d—2)

d—
. byra
8(d—4)(d—)VVRVVR+d—

Ly =~

RabRabR2

Rab Rcd R Racbd

Rp.R¥*V,V®R

V.V'RV,V°R

Ry RVPVeR + RR,aVPVeR

RbCV“RV eRap — 8R®V . RyepaVER™
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5d% — 6d — 64 _,, (d—2)(d—6) _,
e RWRV. VR, + - GPYORY VR,
T d-D@d-13) VeV b+2(d—1)(d—4)vv VeV Hay
d—2 5
+ ( . 1) RV .V°VVOR + 1 1RVCRabVCR“b + 12R® RN )V, R
11d — 6 d—6
+ ﬁR“bRcdvdchab — mvcvcmbvdvd}zab — 2R®Y VIV .VRup

2(5d — 22)

— 4RV, RoaVIR,C + ARV Ry VIR, + o

R®R,aVeVeR“|.  (5.23)

The quintic and sextic terms are too large to present here, and so we include them in Appendix
D.

To finish, let us mention that the algorithm of [230] was improved in [277] into the dilatation
operator method using a Hamiltonian formulation. This allowed to include matter fields, prove
the equivalence of these algorithmic techniques to the holographic renormalization method of
[87], and rigorously recover the trace anomaly. The method has been further explored [278,
279], and a practical implementation that circumvents the Hamiltonian framework has been
presented in [280].

5.4 Conclusions

In this chapter, we have reviewed holographic renormalization and its reinterpretation for
brane-world holography, and we have also implemented the algorithm of [230] in Mathematica
to obtain the quartic and quintic counterterms for pure AdS;y; gravity.

It would be interesting to see if the methods of [277, 280] allow for an easier computation of
the higher-order counterterms, or if the calculations can be simplified by writing the algorithm
in a different basis of curvature invariants.

The theory of gravity Iperay that is induced on the brane may admit solutions that are
asymptotically AdS, and indeed, this can always be achieved with a brane tension 7 below a
critical value. In this case, the theory may be thought of as putatively dual to a CFT;_; (at
least at planar level). A necessary condition for this theory to be well-defined is that it satisfies
a c-theorem. The goal of our next chapter will be to show that, not only the CFT;_; dual to
the theory Iy satisfies this condition, but also that all the higher-derivative terms in this

effective action separately do so.
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Brane-World Gravities and the
Holographic c-Theorem

6.1 Introduction

Brane-worlds can have, as we have seen in Chapter 3, an induced cosmological constant
on the brane theory that can be positive, negative or zero [40]. The three cases give valid
higher-derivative effective theories Iigray, as shown in eq. (3.59) and explained in the previous
chapter. However, when the cosmological constant is negative, and the geometry on the brane
is asymptotically AdS,;, we can perform one more holographic dualization. Namely, we can
envisage that the gravitational theory on the brane is itself dual to a CF'T;_; at its boundary.

The usual interpretation of this doubly-holographic setup is in terms of a duality to a
boundary CFT (BCFT), that is, a CF T, in a space with a boundary where a CFT;_; lives [40,
253]. However, we will not adopt this view in this chapter. Now that we have obtained the
gravitational theory Ipgray, we will be considering it on its own, without regard to its possible
coupling to the holographic cut-off CF'T; on the brane. If the theory is on AdSy, then it may
be thought of as putatively dual to a CFT;_; (at least at planar level). This CFT4_1 to which
our gravitational theory is dual will be different from the one that resides at the boundary of
the CFTy in doubly-holographic setups. In other words, for us, the holographic construction is
simply a means of generating a specific class of higher-derivative gravitational theories which
are plausibly dual to conformal field theories, but these are not necessarily coupled to any other
system.

In this chapter, we will prove that these holographic CFT;_; possess a basic property of well-
defined conformal theories, namely, they satisfy c-theorems. Holographic theories incorporate
renormalization group flows as bulk solutions that interpolate between two asymptotically AdS
regions [145, 146]. These act as the UV and IR fixed points, while the bulk radial coordinate
parametrizes the flow. Holographically, one expects that the c-function should be a rough
measure of the curvature radius of the geometry, such that it monotonously decreases along the
flow from the boundary into the bulk.

We will actually find a stronger result: the higher-derivative theories that are defined by
the Lagrangian densities at each order in the expansion (5.1) separately satisfy holographic
c-theorems. Although this might not be unexpected given the good behaviour of the “parent
theory” that gives rise to them, it is not a direct consequence of the c-theorem of the holographic
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CFT,. Neither is it the same as the g-theorem for holographic boundary CFTs in [254] since,
as we mentioned above and will discuss later in more detail, our CFT;_; are differently defined,
and our method of proof and bulk interpretation of the result are also very different.

The proof of these holographic c-theorems relies on particularities of the d-dimensional order-
n densities, but not in a very detailed way. Further examination of their structure, up to the
highest order we have computed them, reveals finer features. In particular, we can decompose
each order-n density L, appearing in the brane effective action Ipgay into a linear combination
of a term &,,, which gives a non-trivial c-function, and a term 7T, that does not contribute to
it, since it identically vanishes on the renormalization group flow geometry. We find evidence
that this decomposition can always be made in such a way that all the S, are algebraic in the
Riemann tensor, with no derivatives of it. That is,

[’(n) x Sp {Rabcd] + Ty [Rabcd, va] . (61)

We have proven that this is possible for all n in d = 3, and strong evidence suggests that it
should hold for all n and d.

Using the decomposition (6.1), we have then looked for other special properties of these
densities. In most cases, we do not have proofs that apply to all orders and dimensions, but
instead we have identified particular features by direct inspection of the terms that we have
explicitly generated.

A first observation follows directly from the form of the first three orders in the effective

action, shown in (5.1). In any dimension d, we have
To=T =Ty =0. (6.2)

In particular, in d = 3 the only quadratic order term is, up to an overall factor,

3
ZR? 6.3
gl (6.3)

which, as noted in [190], is the same density as in the New Massive Gravity (NMG) of [102].
At the next, cubic order, the T, make appearance in every d (see eq. (5.22) in the previous

Sz = RapR™ —

chapter). In d = 3, up to an overall factor, we find

17 9
S3 = R°R{RY + — R® — ZRR, R, (6.4)
64 8
and )
T3 = 5 abcCabca (65)

where Cy. is the Cotton tensor. Both these densities have featured in earlier literature: S3 was
proposed in [16] as a cubic generalization of NMG that satisfies a holographic c-theorem, and
T3 defines the only cubic theory whose equations of motion have a third-order trace [103].

The appearance of (6.3) and (6.4) might point to a stronger link between the three-dimensional
massive gravity theories of Karch-Randall brane-worlds and the generalized higher-curvature
theories that satisfy holographic c-theorems [17]. Remember, however, that the origin of the
graviton mass in Karch-Randall brane-worlds is tightly linked to its coupling to the dual CFT

[88], as we saw in Section 3.4, which is in general absent in NMG and its generalizations.

!Note also that the coefficient of the Einstein-Hilbert term in NMG is negative [102], opposite to the ‘normal’
sign it has in the brane-world, as seen in (3.59).
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For general higher dimensions, the cubic densities S and T3 are also special in similar ways.
We find that S3 can be identified with a linear combination of the cubic Quasi-topological
gravity density [103, 283, 284], which has second-order traced equations, plus a density which
contributes trivially to the c-theorem. On the other hand, T3 turns out to be given by an-
other previously identified combination [103], distinguished, just like in three dimensions, by
possessing third-order traced equations.

The reduced-order property of the traced equations is a rather stringent feature, but in
holographically induced gravities it does not seem to generally hold beyond cubic terms. Indeed,
the quartic term Ty already does not satisfy it in d = 3.

Finally, also in three dimensions, we have found an intriguing connection between the full
tower of counterterms and the Born-Infeld-like extension of NMG presented in [121]. At present,
we do not know whether this finding is fortuitous, or instead it has a deeper meaning.

The remainder of this chapter proceeds as follows. First, we review the holographic c-
theorem construction for general higher-derivative gravities, and also present a few new obser-
vations on the topic. Then, in section 6.4, we prove that all the terms in the effective action
separately fulfil a holographic c-theorem. In sections 6.5 and 6.6 we study the structure of
each order-n density in (5.1), in d = 3 and in general dimensions, respectively. We end with
comments on possible future directions.

6.2 RG Flow Geometry and c-Function

In this chapter, we review the holographic proof of the c-theorem, and the characterization of
higher-derivative gravities which satisfy it. Most of the content here is a compilation of previous
results, but we also make a few observations which do not seem to have appeared explicitly in
the literature before.

The holographic c-theorem involves a domain-wall type ansatz

ds® = ) [—dt? + dx?] + dr?, (6.6)

which, in the presence of a matter stress-energy tensor Ty satisfying the null energy condition
(NEC), produces a profile for A(r) which makes the solution interpolate between two asymp-
totically AdSy regions [145, 146]. From the dual CFT perspective, these correspond to UV and
IR fixed points, where the metric function is asked to behave as

r

A(r — 4o0) = , A(r — —o0) = (6.7)

Ladasyy Ladsy
where Laqsyy, Ladsy characterize the AdS curvature radii at each end of the geometry. Since
the central charge of a holographic CFT is in general proportional to a power of the AdS
curvature radius measured in Planck units, these geometries appear to adequately represent
holographic RG flows when going from r — +o00 to r — —o0.

The idea of the holographic c-theorem? is then to construct a function ¢(r)—the RG mono-
tone or ‘c-function’—which monotonously decreases along the flow. A weak version of the
theorem would require that cyy > ¢, whereas a strong one (which we will aim for) demands
monotonicity along the entire flow,

dr)y>0 vr. (6.8)

2Here we will use the term ‘c-theorem’ to refer to monotonicity theorems in general dimensions, often called
the ‘c-theorem’, ‘F-theorem’ and ‘a-theorem’ in two-, three- and four-dimensional CFTs [147, 148, 285, 286].
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A natural way of constructing a candidate ¢(r) is to find an expression for ¢/(r) that is
proportional to the combination T} — T". Then, if the matter stress-tensor satisfies the NEC,
this combination is negative semidefinite,

T -1 <0, (6.9)
and hence any /(r) o —(T} — T') with a non-negative proportionality constant does the job.
In this chapter, we will always assume that matter is minimally coupled to gravity, and so the
NEC does not involve any curvature terms.

If we denote the equations of motion of a given higher-derivative theory with Lagrangian

L (gaba Rapea, V a) by ) 5
Eap = — /ddzn —g L, 6.10
’ vV —9 5gab g ( )

then the combination & — & evaluated on (6.6) will in general be a complicated combina-

tion of terms involving A(r) and its higher-order derivatives, making the identification of ¢(r)
cumbersome (or directly impossible).

An important simplification occurs for theories with equations of motion that become
second-order in derivatives of A(r) and are at most linear in A”(r) when evaluated on eq. (6.6).
This condition can be most easily implemented, for general families of higher-derivative theories,
at the level of the action [17]. Indeed, let

I[A] = / ddz/—gL [A] (6.11)

be the on-shell action from the evaluation of the corresponding higher-derivative action on the
metric eq. (6.6). It is easy to show that the Euler-Lagrange equation of A(r) is proportional to
the ¢t component of the field equations evaluated on (6.6), namely,

SI[A]

il Sl R _ (d—1)A(r) et
SA 2(d—1)e &

|, - (6.12)

Thus, whenever I[A] is second-order in derivatives of A(r) and linear in A”(r), so is &.

The additional independent equation, corresponding to £, is related to &£ by the Bianchi

T

identity
O E 4+ (d=1)A(r) &4 = (d—1)A'(r) SﬂA . (6.13)

This immediately implies that £ does not contain terms involving derivatives of A(r) higher
than one (since it is the scalar constraint?) and that the combination & — &7 is second-order in
derivatives and linear in A”(r). Throughout the paper, when speaking about theories satisfying
the holographic c-theorem, we will be referring to theories that satisfy these reduced-order
properties.*

For this kind of theories, it is straightforward to construct a function ¢(r) such that [71, 145,
149]
T T -1y

‘) =5 (452 Gy A'(r)d=t

(6.14)

= N

3The explicit form of the equation £7 can be obtained from the on-shell action of ds? = 24" [—dt2 + dxz] +
N(r)2dr? by varying with respect to the lapse function N(r) [15].

4These requirements are identical to the ones satisfied by higher-curvature gravities which produce generalized
Friedman equations of second order for the scale factor when evaluated on a Friedmann-Lemaitre-Robertson-
Walker ansatz with flat spatial slices—see e.g. [15, 22, 154-156, 287].
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where, as required, the right-hand side is positive semidefinite, including for even d [149]. As
observed in [16, 149], ¢(r) can be obtained for these theories from the Wald-like [150] formula

7 oL
TG0

c(r) = (6.15)
where the Lagrangian derivative components are evaluated on eq. (6.6). By construction, ¢(r)
coincides at the fixed points with the holographic central charges c.

6.3 Constraints on Theories

When trying to construct theories that satisfy simple holographic c-theorems, Lovelock
gravities [134, 135, 171] are natural candidates, as they have second-order equations on general
backgrounds. The n-th order Lovelock density is

E(”)

Loveloc

2n)! azn_1a
L = Aoy = )l st gt s gl Rz gL (6.16)

n
on “aiaz azn ban—1b2n

When d is even, the density with n = d/2 is a topological invariant. All the higher order
densities (with n > (d—1)/2 when d is odd, and with n > d/2 when d is even) vanish identically.
Hence, Lovelock theories are too restricted to provide a non-trivial family of order-n densities
in arbitrary dimensions.

A different set can be obtained using the Schouten tensor

1 1
Sab=———= |Rab — =9 R 6.17
s A TP (6-17)
as a building block. The general relation
Rabed = Cabed — 2(ga[c5d}b + gb[dsc]a) ) (618)

and the fact that the Weyl tensor vanishes on the RG flow ansatz eq. (6.6), since it is a
conformally flat metric, suggests considering the family [112]

pn) — 55711 522 . .52:1] St Spm (6.19)

This vanishes for n > d because the totally antisymmetric product of Kronecker deltas is
identically zero in that case, but it has been shown that a simple limiting procedure® can be
applied to P, which gives non-trivial densities for additional orders and dimensions [110] (see
also [109, 288]).

One may also systematically consider all the densities of a given curvature order for fixed d,
with arbitrary relative coefficients, and identify the combinations that satisfy the aforementioned
conditions. At quadratic order, this selects the Gauss-Bonnet density

Xy = R — 4Ry R® 4 Rypeq R, (6.20)

and the Weyl-squared term Clp.qC%°?, which identically vanishes on eq. (6.6). The cubic case
was studied in [149] for general d. At that order, there exist eight independent densities (there

>The idea involves computing P™ for some d greater than the dimension of interest d, dividing by (d—d)
and then taking the limit d — d of the resulting expression.
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are fewer for low enough d), and the holographic c-theorem imposes two constraints on them,
leaving six independent densities that satisfy all the requirements.

Hence, in general, for fixed d and n there will be several independent densities satisfying the
holographic c-theorem. However, it is natural to expect that the functional on-shell dependence
on A(r) for fixed d and n is unique—in particular, given j order-n densities satisfying the

c-theorem, ; oL, we would have

Ela—&ll,= (Z cjaj> CFn(A A AT, (6.21)
J
where the dependence on the gravitational couplings fully factorizes. This always allows us to
change the basis of densities so that a single one of them contributes non-trivially to £/ — &, while
all the others produce a vanishing contribution—e.g. the Weyl-squared density at quadratic
order.
As for the explicit form of &, £7 and F,,(A, A’, A”) when evaluated on eq. (6.6) for individual
non-trivial densities, a quick inspection of various cases strongly suggests that these are always
given by

&l o A2V [(d = 1A' (r)? + 204" ()], El|4 o< (d— 1A (r)™", (6.22)
up to an overall factor, and

Fp(A, A A"y = 2n A (r) 2D A" (1) (6.23)

for general n and d. The functional dependence of the c-function is then c(r) oc A’(r)*"—¢.

Indeed, we proved in Section 1.5 of Chapter 1 that this sort of ‘uniqueness’ holds for general
curvature orders in d = 3, as initially hinted by [17].

Several other properties have been observed to hold for gravities in three dimensions that
satisfy a c-theorem, as discussed in depth in Section 1.5. At quadratic order, the resulting
theory is the New Massive Gravity of [102]—more on this below. At higher curvature orders,
theories of this kind arise from an order-by-order expansion [1, 121, 151] of a Born-Infeld-type
gravity [121], which in turn satisfies the holographic c-theorem by itself [151, 152]. In addition,
it has been found that certain theories that satisfy the holographic c-theorem—some of which
involve explicit covariant derivatives—are equivalent to Chern-Simons gravities [107]. More
recently, theories of this kind have been related to truncations of certain infinite-dimensional
Lie algebras [109]. Finally, recall that we saw that theories of this kind never propagate the
scalar mode that is present in the linearized spectrum of generic higher-derivative theories [1].
This feature is likely valid for general d.

6.4 Holographic c-Theorem for Induced Gravity

We will now prove one of our main results of this chapter: all the densities in the action of
holographically induced gravity, at arbitrary order n and in general dimension d, belong to the
class of theories whose dual CFT's satisfy a holographic c-theorem.

Before we proceed, let us emphasize that this is not the same as the monotonicity theorem—
the g-theorem—for the theory that is dual to the brane in the doubly-holographic construction.
The latter is dual to the entire system of the induced gravity on the brane plus the cut-off CF T,
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coupled to it. The holographic g-theorem proven for this system in [254] amounts to showing
that, as the brane moves deeper into the bulk, its curvature decreases—in CF'T terms, flowing
to the IR reduces the number of degrees of freedom that are dual to the brane. This is not what
we are doing. After deriving the induced gravitational action Ijgray, we take this theory on its
own and disregard its coupling to the CFT4. Then, our proof of a c-theorem for the putative
dual CFT4_4 is no longer related to the properties of the brane moving in the bulk.

To prove the c-theorem we shall assume that our gravitational theory is coupled to a matter
sector that satisfies the NEC and that this condition can be readily translated, via the field
equations, into a condition on the curvature terms as shown in the previous section. For this
purpose, we assume that matter is minimally coupled to gravity, so that no curvature terms enter
the NEC. This assumption is consistent but technically unnatural, and it could be interesting
to investigate if it can be relaxed.

That the entire theory Ijgray might satisfy a holographic c-theorem might not be unexpected,
given its origin in a ‘good’ theory (Einstein-AdS in d+ 1 dimensions, plus a brane) but it is less
obvious that the separate order-n densities should also do it.

We will give two proofs of this result, the first one applying an induction method to the algo-
rithm described in Sec. 5.2, and the second one using the counterterms adapted for conformally
flat boundaries obtained in [289].

6.4.1 Inductive algorithm proof.

An examination of the terms L,y obtained in Section 5.2, evaluated on the RG-flow metric

(6.6), suggests that the following expression may be valid for general orders and dimensions,

d—1
d—2n

n2(n—1) N2 " _ 72n-1 (2n = 3)!!
(AN =D [d(A)? +2nA"] , where Cp =1L @

Lin)]y=—Cn (6.24)
Remarkably, this expression, if correct, directly implies that each and all of the L, satisfy a

holographic c-theorem. Recall that if £ is second-order in derivatives of A(r) and linear

o
in A"(r), so is & |4 — Er] 4, and then we can easily build a monotonous c-function, as shown in
the previous section. We will now prove that (6.24) is indeed correct.

We proceed by induction. We assume that (6.24) is true for all orders k < n, and then we
perform the KLS algorithm described in Section 5.2 to see that it is also valid for order n.

From (5.16), the induction hypothesis implies that, for all £ < n, we have
M|, = —Crld — 1)(A)*F7V [d(A)? + 2kA"] (6.25)

Then, following equations (6.12) and (6.13), with &, = I14;/2, we obtain

MMy |4 = —Cre24(AN2 D [(d = 1)(A)? + 20A"] = —TIG] 4, (6.26)
thy |4 = Ci(d —1)(4")*". (6.27)
Now, using equations (5.16) and (5.18) we can compute L(n)‘A. The result reads
Ly = d anH(”)’A (6.28)
n—1
= _2(d fj 2n) kZ:l {di 1H(k)H(n—k) - Hi’i)ﬂ?ﬁ_m y (6.29)
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n—1
d—1 \2(n—1) 12 m L
=—9= 2n(A ) [d(A")? + 2nA"] 5 ;_1 CrCrk - (6.30)
Finally, using the identity
n—1 n—1
L Lt (2k — 3)1(2(n — k) — 3)!! (2n — 3)!
=N CpChp = =i o, 6.31
2 D CiCuc 2 (2k)1(2(n — k) 2n)ll - (631)
k=1 k=1

it follows that E(n)‘ A
Lagrangians appearing in the effective action I.g satisfy holographic c-theorems.

indeed reduces to the form eq. (6.24), which means that all the order-n

It would appear that the proof breaks down at n = d/2 for even d, but as discussed in
Sec. 5.3, these divergences are easily avoided artifacts.

6.4.2 Proof with conformally flat counterterms.

As we have seen in Section 6.2, the proof of the holographic c-theorem relies on the evaluation
of each density L,y on the conformally flat metric (6.6) on the brane. Instead of computing
the general brane effective action, and then evaluating it on the conformally flat metric (6.6),
we may choose to compute the effective action directly for a conformally flat brane. For this,
we can use (minus) the counterterms for an AdSgi; bulk with a conformally flat boundary,
recently obtained in [289].5 For n < d/2 these are

(2n — 3)!11(d — n)! (n)
(d—2)!(d—2n)

Linle.siar = (=1)"L*"! , (6.32)

where P is the product of Schouten tensors defined in (6.19), along with the necessary
dimensional regularization prescription for the n = d/2 term.
Since we have seen in the previous section that the P(™ satisfy the holographic c-theorem,

(6.32) directly proves our result. Indeed, when evaluated on the metric (6.6), the expression

above coincides with (6.24), since

(=)™ (d—1)!
2n)!! (d—n)!

P, = (A2 =D [d(A")? 4 2nA"] . (6.33)

For n > d/2, the limiting procedure of [110], described in the previous section, gives non-
trivial densities when applied to P(™. When we evaluate these densities on (6.6), they also
match our results above.

6.5 Counterterm Densities in Three Dimensions

Now we have a closer look at the explicit structure of the densities L, for n > 2 that
appear on the brane effective action Ijg.q,. Recall that the explicit expressions for the densities
Ly with n < 4 can be found in egs. (5.21)—(5.23) of the previous chapter. We shall first
study them for d = 3, making use of the results obtained in Chapter 1, and then, in the next
section, we will move to d > 4.

SWe are grateful to I. Papadimitriou for bringing these results to our attention.
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6.5.1 Structure of Counterterm Densities, Order by Order

As argued in e.g. [1, 17, 119] and in our first chapter, in d = 3 the most general higher-
curvature density constructed from contractions of the metric and the Riemann tensor is a
function of the three densities”

R=g"Ras, Ro=RuR™, Rz=RiR{R:. (6.34)

This follows from the fact that all Riemann curvatures are Ricci curvatures due to the vanishing
of the Weyl tensor, along with the existence of Schouten identities which relate terms involving
higher-order contractions of the Ricci tensor to the ones above. In three dimensions, conformal

flatness is equivalent to the vanishing of the Cotton tensor,
1
Cabe = 2V [ Ropp + §V[b‘Rga‘c] . (6.35)

Then, the metric eq. (6.6) used for holographic RG flows has Cgp. = 0.

Quadratic Order

As mentioned in the introduction of this chapter, in d = 3 the density L, coincides, up to
an overall factor, with the quadratic term in the New Massive Gravity [102]. This is given by

3 e , (6.36)

Ly = RapR™ = 2

where the overbar in £ simply indicates that we remove the overall factors containing L from
the expressions in (5.21)—(5.23). NMG is known to satisfy a holographic c-theorem [16]. An
additional property of Ly is that, when linearized around maximally symmetric backgrounds,
it propagates no scalar mode. Moreover, the equations of motion of £ have second-order trace
[103].

Cubic Order

To cubic order, and up to an overall factor, (5.22) gives

L1 15 1 1
Ly =g RRy - 6—4R3 — 2R“RY R peq + ZRabvava — RypOR™ + JFOR. (6.37)

Integrating by parts and substituting the three-dimensional Riemann tensor in terms of Ricci

tensors, this can be rewritten as

2 4
—§9RR2 +4R3 + 6—2}%3 + %RDR — RypOR™Y (6.38)

where we have introduced the notation

1<

L3

v equal up to total derivatives. (6.39)

If we use that

CopeC ¥ 2R, OR™ + %RDR +6R3 — 5RRy + R®, (6.40)

"In [17], the notation Ro, R is used for the same contractions as in eq. (6.34) but with the Ricci tensor

replaced by its traceless part.
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then (6.38) can be further rewritten as

L3 2 S3[Rap) + T5[Cabe -+, Val, (6.41)
where
S3[Rap) = R3 + g _ gRRQ, (6.42)
64 8
and
Ty{Cune Vil = 5 Cunc ™. (6.43)

On the one hand, S5 is the cubic generalization of NMG identified in [16] as the most general
density of that order —not involving covariant derivatives of the Ricci tensor— which satisfies a
holographic c-theorem. On the other hand, T3 involves explicit covariant derivatives of the Ricci
tensor. However, since it is proportional to the Cotton tensor, which identically vanishes on
(6.6), it has no effect on the holographic RG flow. Then, L3 satisfies a holographic c-theorem.

As it turns out, this density has interesting additional properties. On the one hand, as
observed in [107], the criterion that cubic extensions of NMG do not propagate a scalar mode
usually present in the spectrum of higher-curvature gravities, and that they admit a Chern-
Simons formulation, restricts them to a general linear combination of S3 and T3. Hence, L3
satisfies these two requirements—the first one is in fact implied when the holographic c-theorem
is required, as shown in Section 1.5.

On the other hand, T3 had been previously singled out in [103] using yet a different criterion:
it is the cubic density with the lowest-order traced field equations in three dimensions. Indeed,
it is the only cubic theory whose equations of motion have a trace which only contains terms
involving up to three derivatives of the metric.®

Quartic Order

At quartic order, evaluating (5.23) for d = 3 gives
- 83 1155 3635

e » [ » Y _ OYYY 4
L4 = 16732 17RR5 + n R’R5 102453
1
- SZRQDR + %R2DR — 10R"V Ry VR + %RVGRVQR

1 9 1 5

+ 5Ra”va}zcdvb}zcd + 3—2DRDR + §RD2R + TGRabVaRVbR
11 61 3

- 5RacRchbVaR + ERavabvaR — ﬁv,,vavavaz-z

1 47 3 1
— §RbCVGRVCRab — Z1~2a*’1~2vcv0Rab + vavaRDRab + §RabDVbV“R

11 27
— ?RVCRCJ,VCR‘“’ +12R™® RN,V Rue — ERabRcdvdeRab

3
— §DR“bDRab + 28R,*R™0Ry. — 2R Ry — 4RV RqVIR,©
+ 4RV Ry VIR, + 16 RV 4Ry .VIR,° . (6.44)

Again, when we decompose it as

L4 < S4[Rap) + Tu[Cape -+, Val, (6.45)

8Note that Ss does not have equations of motion with a reduced-order trace, which means that the c-theorem
property and the reduced-order trace one are not directly connected, even though there are cases in which they
do coincide, such as NMG itself and the T3 density.
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where
15

5 ) 205
TRaR— o RS~

4
532722 + ——R*, (6.46)

Sa[Ra) 64 1024

and

11 23
Ta[Cape -+, Va] = +RCapC — ?Rg‘Cae ot ¢ ZR“CRdeaCbcd
17

11
—~ ?RebRivaCb“ + gRRbcvacbac — ZcbcdRacvaRbd - ?RﬁCb“CVGRbe. (6.47)

Similarly to the cubic case, we find that S4 is the quartic generalization of NMG—algebraic
in the curvature—which non-trivially satisfies a holographic c-theorem [16, 17]. On the other
hand, we see that T} is a linear combination of terms which always involve at least one Cotton
tensor and therefore identically vanish when evaluated on the RG-flow metric (6.6). Again, this
makes evident that £4 satisfies a holographic c-theorem.

Motivated by the cubic case, we have tried to express T as one of the theories identified in
[107] by the criterion that they admit a Chern-Simons description, but we have not succeeded
in doing so. It seems that such identification only works for the quadratic and cubic terms.
Similarly, while T3 had the property of possessing a reduced order for the trace of its equations
of motion, this is no longer the case for Ty, whose traced equations are of order six.

Higher Orders

It seems, then, that of all the special properties that we identified for S3 and T3 in d = 3, only
those that refer to the holographic c-theorem extend to higher orders. Of course we have already
given a general proof that all the L, satisfy this theorem, but we can aim at distinguishing a
finer structure of how this happens.

We decompose the £,, into terms S,, and T}, such that the S,, contain all of the non-vanishing
contribution to the c-function, and the 7}, vanish identically on the RG-flow metric (6.6). For
the lowest orders we have seen that this separation can be performed in such a way that S, is
algebraic in the curvature, that is,

Ly,

1<

Sn [Rab] + T [Vaa Rab] . (6'48)

In fact, in d = 3 this decomposition can be performed in all n. This follows from the results in
Section 1.5, which show that, at every n, there always exists a density C,[R4p] which non-trivially
satisfies the c-theorem.

For the cubic and quartic terms, we have found that the T,, are proportional to the Cotton
tensor. It is unclear whether this is the case also for the quintic term, since the expressions are
exceedingly complicated. On the other hand, the structure of S,,[Rgp] is uniquely constrained
not only in n = 3,4, as we have seen, but also in n = 5. Up to that order, there is a single
order-n algebraic density C,, which non-trivially satisfies the holographic c-theorem [17], and so
Sn[Rap] must be proportional to it. The proportionality constant can be found by evaluating
both £,, and C,, on the RG-flow metric (6.6). For the quintic case, we obtain S5 = %C%, where

_61R°  TRR, N 2R*R3 N TRR; 16R2R3

C
>~ 7960 12 15 5 15

(6.49)

However, degeneracies start to appear at order 6. From that order on, there exist densities
that are algebraic in the Ricci tensor and which trivially satisfy the holographic c-theorem [17].
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These have been characterized in a precise manner. As shown in Sections 1.5 and 1.7 of our
first chapter, there is a unique sextic density of this type,’

1
Qe = 3 [RS — 9R*Ry + 8R*R3 + 21R*R3 — 36RRyR3 — 3R + 18R3] , (6.50)

with the important property that, at any order n > 6, all the densities algebraic in curvature
that vanish on the RG flow geometry are proportional to (). Then, by taking L;gle_ngral to be
the most general density that is algebraic in the curvature, we have that Lf’fflgral - Q) is the
most general density of that type at order n that vanishes on RG flows.

This implies that the characterization of the terms in eq. (6.48) is ambiguous for n > 6,

since we can redefine
57/1 =S, + L, ¢, T;L =T, — L, 60, (651)

where L, _g is an arbitrary order-(n — 6) density algebraic in the curvature. Still, it is possible
that a particular separation exists such that 7,>¢ does not involve any (¢ and vanishes exclu-
sively due to the presence of Cotton tensors in all its terms. If that is the case, one can use this
criterion to give a unique definition for S,,>¢.

As far as we know, there are two different proposals for special order-n densities that non-
trivially satisfy the holographic c-theorem. The first results from the expansion of the Born-
Infeld-like extension of NMG presented in [121], and in the following subsection we find hints that
this may indeed coincide with S,,>¢ as defined by the above criterion. The second corresponds
to a basis of densities selected by the fact that they satisfy a simple recursive formula which
relates the order-n representative to the order-(n—1) and order-(n—2) ones described in Section
1.5.

6.5.2 Born-Infeld Gravities and Counterterms

An interesting generalization of NMG with a Born-Infeld-type Lagrangian was proposed in

LBLNMG = a\/det ((53 -+ BGZ) R (652)

where G is the Einstein tensor and «, 8 are constants. This theory satisfies the holographic c-

[121]. The Lagrangian is

theorem [151], and when expanded at low curvatures it also generates higher-derivative densities
which non-trivially satisfy it at any truncated order [152]. As we have seen, this property is
shared by the effective gravitational action induced on the brane-world.

Following our results in Chapter 1, we can expand Lpr.nmg order by order, to find higher-
curvature densities B(,,) which, on the RG flow metric (6.6), give

n (2n—5)N

@n)l (A)2(=1) [3(A")2 + 2nA"] . (6.53)

Bwyle, B]] , = o (=B)

Remarkably, if we take o = 2/L and 8 = —L?, then this result coincides, for all n, with the RG
flow of the order-n brane-world density (6.24) in d = 3, namely

Liwy| 4 = Bwl2/L,—L?)] . (6.54)

9This is more easily written in terms of contractions of the traceless Ricci tensor Ro=RE Rz‘f, Rs =R RﬁRZ ,
where f%ab = Rap — %gabR, namely, Q) = 67i§ — 7@‘;’
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This result is highly non-trivial, since the coincidence occurs also for the relative factors between
the different order-n Lagrangians, and not only for the functional dependence in A and its
derivatives, which might have been expected. It is then natural to conjecture that the d = 3

counterterm Lagrangian may be resummed as

2
L= f\/det (60 — L2G%) + T[Cape- -, Val, (6.55)

where again
T(Cabe -+ Val| , = 0. (6.56)

An even stronger conjecture would be that the whole tower of counterterms (including 7°) could
be written as a Born-Infeld-like action. The idea that Born-Infeld type actions may act as
suitable AdS counterterms has been considered before in [290-292].

6.6 Structure of Counterterm Densities in Higher Dimensions

Let us now move to d > 4. The expressions become considerably more involved than in three
dimensions, but we can still infer a similar general structure based on the lowest orders. For
the following discussion, it will be useful to keep in mind that the Weyl tensor Cy,p.q identically
vanishes on the RG-flow geometry eq. (6.6).

Quadratic Order
Up to an overall factor, the quadratic term reads

d

o ab

R?, (6.57)
which is the d-dimensional generalization of NMG. Since it can be rewritten as a linear combi-
nation of the Weyl tensor squared and the quadratic Lovelock density, namely,

- d—2

Ly=——2_ [C cobed _ x| | 6.58
it is easy to see why it also fulfils a holographic c-theorem. Similar to the d = 3 case, Lo
propagates no scalar mode when linearized around maximally symmetric backgrounds [127,
144]. Moreover, Lo also belongs to the set of quadratic theories which have the property of
possessing equations of motion whose trace is second-order, since for d > 4, that set is given by
an arbitrary linear combination of CypqC?¢ and the quadratic Lovelock density X [103, 131,
283].

Cubic Order

The cubic density was written in eq. (5.22) above. Observe first that integrating by parts
this can be rewritten as

5 V 3d +2 b dld+2) 5 b d
= _ a ab AT 7 —2 a acl C
Lo Lo+ gy PRl = (g B = 2R Rt
d a c pab
~ =y Ve RV R+ VRV Ray. (6.59)
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Now, following inspiration from the three-dimensional case, we can try to rewrite £3 as a linear
combination of densities with special properties. We find that, indeed, £3 can be written for

general d > 4 as
d—2

~ 16(d - 3)
where Ny, 2 and A are distinguished for different reasons. On the one hand, Ng, which is
defined as

L3 Ne+E+A, (6.60)

aoc [ 3 d + 2 QA0Ct 24d aoc
Ns = — 24R®R 4. RE — (d_l)RR bed R bed — R bed R o Rpa (6.61)
16d(d —1) _. 12(d® — 2d* +6d — 8)
— —— _R®Ry.R¢ RR™R,
(@—2)2 e T T o) '
A= 3d° 1047 4 4d - 24

(d—2)2(d—1)?

is the cubic Quasi-topological density [103, 283, 284]. This satisfies a number of interesting
properties. Firstly, it can be written as

N6 = ;Zi:i [4W1 + 8Wy — Xﬁ] s (662)
where W71 = C“deCCdefCef abs Wa = CupeaCecf Co efd and Xg is the cubic Lovelock density.
This expression makes manifest that Ng satisfies the holographic c-theorem [149]. Ny identically
vanishes in d = 4 but it is non-trivial for d > 5. It is in fact the term involving Ny (actually
Xs) the one which makes £3 be non-trivial when evaluated on eq. (6.6) for d > 5 (d > 6). In
addition, Nj is one of the few cubic densities which possess second-order traced equations for
general d > 5 [283].10 Finally, N only propagates the usual massless graviton when linearized
around maximally symmetric backgrounds and it admits particularly simple black hole solutions
[283, 284].

On the other hand, = is the piece which contains the terms involving explicit covariant

derivatives. It is explicitly given by

 (d—2)? 2(d — 3)
= 4(d—3)(d—6) {E 3(d — 2)2@] ’ (6.63)

(1]

where ¥ and © were previously identified again in [103] as the two only densities which possess
field equations whose trace is third-order in derivatives for d > 4. They are given, respectively,
byll

3d — 2 8d 4d
¥ = SRR Ry + S RUGRGGRY + 5 R RacRia (6.65)
Md—4) ., °d ., dd-3)
N pap o pe— 20 gy N—5) g pyep
T velle = sa= 12 T @m g1 v

OFor d = 5,6 there are two independent densities which possess second-order traced equations whereas for
d > 7 there exist three.

HSimilarly to the case of N in d = 5, the combination inside the brackets in eq. (6.63) vanishes identically in
d = 6, and then one finds

2 4 1
Elazs =+ §RadeRcdefRZ{: - SR“MRGCRM - g1%“““1~szs',l,d + goR“bRbcRZ (6.64)
1 3 3 a a pbe
+ 50— 1 Ve RV R+ Vel VIR
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4(d — 3) a pbe
+ = VaR VR,
and

O =+ 2(d* — )R R s RS — 4(d* — H)RLREERY — 12(d — 2)R™™ Ryc Ry (6.66)

d?—d+2 6d
+ R+

ab c a a pbe
— 16 R Ry R, + d—1)7 q_ 1VGRV R — 24V Ry . VR .

Both ¥ and © non-trivially fulfil the holographic c-theorem when evaluated on eq. (6.6). How-
ever, the combination appearing in the density = trivially satisfies the holographic c-theorem
for general d, as it becomes a total derivative when evaluated on eq. (6.6).

Finally, A is a density which does not involve explicit covariant derivatives, which is trivial
when evaluated on the holographic c-theorem ansatz for general d and which does not satisfy
any additional special property involving a reduced order for its traced equations. It is given
by

A= i ; (- 124@ — 2)RabcdRcdefR§{ +
3(d—2)
2

11d — 16
G

36 — d(10 + 7d)

A(d—2)(d—1)

3(d—2)(d+2) - ubed d+8
16(d — 1) RE™ Raped + 5

2(d — 2) —28 + d(21d — 16) _,
3 24(d — 2)(d — 1)2

RRYR,, (6.67)

R™Regye R + R RacRyq

+

R Ry, RS + RURSRY +
As mentioned earlier, the general set of cubic theories constructed from arbitrary contractions of
the metric and the Riemann tensor satisfying the holographic c-theorem property was obtained
in [149]. A is one of the 5 independent densities which contribute trivially to the c-function.
In view of the three-dimensional case, it is natural to wonder whether all terms appearing
in 2 and A may be rewritten in a simplified way in terms of the Weyl tensor—so that the fact
that they vanish when evaluated on eq. (6.6) becomes manifest.
An alternative decomposition of L3, found in [289], is
- 1
L3 =S <st + “vcvd> Cotd 4 3(d — 4)P®), (6.68)
Since the Weyl tensor and P3) are explicit in this form, it makes manifest that £3 satisfies the
holographic c-theorem.

Higher Orders

Going to higher orders complicates the expressions considerably. We presented the result
for the general-d quartic density in eq. (5.23). We have verified that, analogously to the d = 3
case, it is also possible to write £4 as a sum of a term which does not involve explicit covariant
derivatives and which non-trivially satisfies the c-theorem, plus another one which does contain
covariant derivatives and is trivial when evaluated on eq. (6.6). It is then natural to expect that

the n-th order density in d dimensions can always be written as
Zn = Sn [Rabcd] + Tn [Rabcda va] ) (669)

where Sy, [Rapea] is linear in A”(r) when evaluated on eq. (6.6) and does not involve higher-
derivative terms, and where T,,[Ruped, Vo] vanishes (or it is a total derivative) for the same
ansatz.
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6.7 Conclusions and Outlook

In this chapter, we have proven that the higher-derivative densities L, that are induced
from a brane-world construction fulfil a simple holographic c-theorem, and we have explored
some of their other properties at low-enough order-n.

Let us close with a few observations and possible future directions.

Structure of Counterterms. We have just seen that some properties of the invariants £,
are more easily seen if they are written in terms of Weyl and Schouten tensors since, in particular,
the Weyl tensor vanishes for the c-theorem ansatz (6.6). Formulating the algorithm described
in the previous Chapter 5 on a basis of Weyl and Schouten tensors will perhaps allow us to

push it to higher orders, or it may also reveal finer structures in the counterterms.

Higher-curvature gravities in the bulk. We have seen that starting from Einstein gravity
in the (d+1)-dimensional bulk, the effective d-dimensional higher-derivative theories induced on
the brane satisfy holographic c-theorems. What would happen if the bulk gravitational theory
were itself a higher-curvature theory? It seems likely that the c-theorem we have proven is an
imprint of the healthy dynamics of bulk Einstein gravity: good parents raise good children. In
that case, we would expect it to fail for a general higher-curvature bulk theory. Natural excep-
tions to be expected are Lovelock gravities [134, 135], which also have second order equations.
In fact, it has been suggested in [293] that in that case the counterterm at a given order is a
linear combination of the same Einstein gravity-induced counterterm plus a new piece propor-
tional to the d-dimensional Lovelock density of the corresponding order. Hence, for instance,
L3 would be a linear combination of eq. (5.22) plus the cubic Lovelock density X, and so on. It
would then follow that these modified brane actions also satisfy holographic c-theorems, since
the Lovelock terms satisfy the required conditions—mnamely, second-order on-shell action and

linearity in A”(r) when evaluated on the eq. (6.6) ansatz.

Counterterms as Born-Infeld gravities in higher-dimensions? In Section 6.5.2, we
showed that the order-n counterterm Lagrangian L, coincides, when evaluated on the holo-
graphic c-theorem metric ansatz eq. (6.6), with the general term resulting from the expansion of
the Born-Infeld-type generalization of NMG [121]. This suggests that the full three-dimensional
counterterms Lagrangian might be rewritten in such a Born-Infeld form plus a possible term
which would vanish when evaluated on the RG-ansatz metric eq. (6.6). A possible d-dimensional
generalization of these observations is far from obvious at the moment, but a quick inspection
of some low-dimensional cases suggests that the modified Born-Infeld-like Lagrangian

L9 = o [det (53 + ﬁc;g)} a (6.70)

also fulfils a simple holographic c-theorem. Moreover, when eq. (6.70) is evaluated on-shell
(on eq. (6.6)) and expanded order by order, we find densities B(,)|a with the same functional
dependence on A as in the on-shell counterterm Lagrangians (6.24). We have found, however,
no straightforward way to define o and 8 such that the relative (overall) coefficients match our
findings in equation (6.24). It would be interesting to analyse this possibility in more detail
and, more generally, to study the properties of the Lagrangian defined by eq. (6.70).
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Holographic c-theorem gravities and scalar modes. We have seen that the counterterm
Lagrangians of the lowest orders often satisfy additional properties besides the holographic
c-theorem. One of them is the absence of the scalar mode that generically appears in the
linearized spectrum around maximally symmetric backgrounds of higher-derivative theories—
see e.g. [127]. Many higher-curvature theories which satisfy the holographic c-theorem also
seem to share this property. In fact, we have proven in Section 1.5 that, in d = 3, all the higher-
curvature theories that satisfy a holographic c-theorem propagate no scalar mode. It would
be interesting to prove or disprove this for d > 4. Observe that the class of theories which
do not propagate the scalar mode is larger than the class of theories that admit a holographic
c-theorem, so the question is whether the latter class is fully contained within the former.

In the case considered in this work, it seems natural that the higher-derivative gravities
holographically induced on the brane should propagate no scalar mode when linearized around
maximally symmetric backgrounds. This fact is true in d = 3 to all orders, as we have just said,
and in general d at least for n = 2. After all, these theories are induced from Einstein gravity
in AdSg41. And from the bulk perspective and to linear order, it was shown already in [40]
that one can choose an axial TT gauge for the (massless spin-2) d + 1-dimensional graviton to
induce an almost massless spin-2 d-dimensional graviton on the brane, plus an infinite tower of
massive spin-2 modes. We will prove that this is indeed the case in the following chapter, at

least when Ijgray is linearized around flat space.
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Chapter 7

The Spectrum of Brane-World

Gravities

In this chapter, we will study the linearization of the induced gravity on the brane Ijgray
around flat space, making use of our results from Chapter 2. We will first obtain its effective
quadratic action to all orders in derivatives, which we will be able to resum into a compact
expression. we will then obtain the linearized equations of motion. Finally, we will characterize

the pole structure of the metric propagator in various dimensions.

7.1 Introduction

Recall that the effective gravitational action induced on the brane world volume is given by
[1, 3, 230, 232, 276-278, 280, 289]

1 d L? ab d
o = Tzt | oV [ g (R mgn) 4| o

where L is the AdSg4; radius of the ambient spacetime. Notice that we have chosen Aeg = 0,
since we will be interested in studying the linearization of Ijgray in flat space. Starting at sixth
order in derivatives, all the higher-derivative densities involve terms with covariant derivatives
of the Riemann tensor, as seen in eq. (5.22) and eq. (5.23) of Chapter 5, and so they fall into
the kind of higher-derivative theories that we have studied in Chapter 2.

In this chapter, we will show that the effective curvature-squared action of the full brane-
world gravity —including the infinite tower of terms with covariant derivatives—, which fully

specifies the linearized theory around flat space, can be written as

@ -1 / A%/ —g [R+ L?R*F, (1°D) (Rab - 4(dd_1)gabR>] , (7.2)

bgrav 167TGN,eﬂ“

where

dd—2) 1 (d=2)Vae (Lx/ﬁ)
L2 120 sy, (L\/i) ’
2

Fy(L*0) = (7.3)

and Y}, are Bessel functions of the second kind. Using this expression, we will study the linearized
spectrum of the theory on Minkowski spacetime in various dimensions. Generically, the metric
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perturbations propagator includes poles of the form

1
LK%

Py(L?k?) ~ Py(L*E?) ~ (7.4)

(d—2)L2[k% + mJQ] ’
where the first is the usual Einstein gravity massless spin-2 mode, and the second corresponds
to infinite towers of massive spin-2 modes (labelled by j) which always have negative kinetic
energy. Depending on the dimension, some of those modes have positive squared masses, some
of them have negative squared masses and some of them have imaginary squared masses. In
our case, we will prove that brane-world gravities do not propagate a scalar mode, since their
effective quadratic action fulfils condition (2.24). Moreover, we will see that they always present,
besides the usual massless graviton, an infinite tower of spin-2 ghosts.

Recall that in Chapter 5 we saw how to compute Ipgray algorithmically, by integrating the
Gauss radial constraint. Since we are interested in studying the spectrum of I,y around flat
space, we can fix the brane tension to be critical so that the theory has a vanishing cosmological
constant. The radial constraint reads, in this case,

L 1
M= = T, — ——T1%| . :
9 |:R + ab d—1 :| (7 5)
Again, assuming that the Lagrangian allows for a derivative expansion of the form

L=) L 'Ly, (7.6)
n=1

the new algorithm that solves eq. (7.5) is

R
Iy = 3 (7.7)
13- ! 1,11 > 2
(n) 5 ZZ; (2) U«b (n i) ﬁ OHHwm=i)| » N4, (78)
along with [230]
) = (d — 2n)Ly,) + total derivative. (7.9)

Since the total derivatives are irrelevant for the Lagrangian, this allows us to get L, from the
trace of the equation of motion Il(,). Thus, we get

R

Q”:2w—m’

1_I(l) ab — d 2Gab (710)

In a similar fashion, this process allows us to generate all the Lagrangian densities L.

Observe that all of these Lagrangians can be written in the form,

L = L(Rap, VeRap, VeVaRap, - ..), (7.11)

since Riemann curvature appears nowhere in the process.!

!Obviously, the same thing is true for our the general algorithm in Chapter 5. There, however, we chose to
commute some covariant derivatives to simplify expressions and match with known results in the literature.
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7.2 Quadratic Action

We are interested in studying the linearized equations of these theories around the Minkowski
vacuum. As we saw in Chapter 2, the only higher-derivative terms that contribute to the
linearized equations are those quadratic in the curvature (but with an arbitrary number of
covariant derivatives) and, therefore, the only possible quadratic Lagrangians are R[J"R and
R®0"R,,. Thus, at order 2n in derivatives, we will necessarily have

Ly = anRO" 2R+ B, RO Ry, + O(RY). (7.12)

Our goal is to determine the coefficients «,, and f3,,, for which we will use eq. (7.8). First of all,
in order to evaluate the left-hand-side of eq. (7.8), we use eq. (7.9), so that we get

I(n) = (d—2n) (anRD"’2R + BnRabD"*QRab) +... (7.13)

Now we must evaluate the right-hand-side. The case n = 2 must be considered independently,
and it yields

1

1 ab 2 1
o) = 5 [ayall) — H(l)} =

8(d—1)(d—2)2"" " 2(d—2)?

ab
5 . R®Ry,,  (7.14)

so that we identify

d B 1
8(d—1)(d—2)2(d—4)’ Pz = 2(d—2)2(d—4)

(7.15)

g = —

Now, for n > 3 we have

n—2

1 1« 1
ab § : ab
H(n) = H(l) abH(n—l) - r — 1]._.[ 1 + 5 |: 7, (sz - d-lH(Z)H(n_l)]
RabH RIL,. 1 n—2 1
(n—1) (n—1)
- 5 II e — 10— | - 1
i—2 ‘taa—1na-2 2 [ @ - = 7= <n—z>] (7.16)

1=

In order to evaluate this expression we need the equations of motion Il,). Notice that we
will compare the resulting expression with eq. (7.13), which is quadratic in the curvature. Now,
eq. (7.16) is already quadratic in the equations of motion, and this means that, in order to
obtain the terms that are quadratic in the curvature we only need to obtain the terms in the
equations of motion that are linear in the curvature. Fortunately, all of these come from the

term
—4VVPahe C Unyap, where Pagpe = 5;%. (7.17)
For a theory that only depends on Ricci curvatures this can be expressed as
Hinyap = —29abVV Pee — 20Pg + 4V ( Py + ..., where Py = % . (7.18)
Thus, for the Lagrangians (7.12) we get
() ap = — (4o + Bn) g 'R+ 2200 + Bn)Va Ve *R — 28,0 'Ry + ..., (7.19)
O, = — (4(d — Vo +dB,) 0" 'R+ . .. (7.20)
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Then, we can use these expressions to evaluate eq. (7.16), and after some simplifications we find

() =2 <— 4 pop2p + R“bD”_2Rab)

TERSY ) (7.21)

(d

Bo1 =

where the ellipsis also contain total derivatives that arise when rearranging the derivatives.
Therefore, comparing with eq. (7.13), we conclude that

d
n=———Ln, .22
“ -0’ (7.22)
while (,, satisfies the recursive relation
2 /Bn 1
n = iPn—i| - 7.23
g w—zm[ +§;5B ] (7.23)

We can transform this recursive relation into a differential equation by introducing the gener-
ating function

= a7 (7.24)
n=2
By taking the derivative and using the recursive relation for 3,>3, we have
f’(:c):Z(Qn—d)ﬁ 2n—d—1 (4 d 3 d+22[/6n 1+Zﬁz/8n z] x2n d—1
n=2 (725)

= (- d)fpr® = e f () - 200 ()

Now, the action can in fact we written in terms of this function. The full action (at quadratic
order) reads

(2) 1 d 2n—1 abn—2 d n—2
'Y = _—— V= L O ————— R[]
of " 16mGgy /d ) 2(d - )R—I_ZB <R fa 4(d—1)R R>
d
= Loy/— L*R™F (L*0) Ry — ———— L*RF (L*0 2
167er/dx Q[RJF ROF(L°0) Rop = g PRE(LD) R (7.26)
where -
F(L*D)=2(d—2) Y . (£°0)" 7, (7.27)
n=2
and Gg = 2(d — 2)G441/L. We see that this F' is related to f in eq. (7.24) by
R S R pap
f($)_2(d—2)x F(z*). (7.28)
Thus, F(x) satisfies the equation
oy g E@) = FO) 1 >
F'(x) = (d—4) o ) (2F(z) + 2F (z)?) , (7.29)
where )
F0)=2(d—2)8: = .
(0) =2(d — 2)52 R (7.30)
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Remarkably, this differential equation allows for a general solution in terms of Bessel functions.
We find that the appropriate solution, that corresponds to the summation of the series eq. (7.27),

is given by (4= DYz (V5)
Fy(z) = d(dxg” _ % _ xB/ZYd—QE\/E) , (7.31)

where Y}, are the Bessel functions of the second kind. Inserting Fyy(L20) in eq. (7.26) we obtain

our final expression for the quadratic action of the brane-world theory in general dimensions.
Despite the singular appearance of this function at x = 0, it is actually analytic around

that point for odd d. In fact, for odd d, F,; can actually be written in terms of trigonometric

functions. We have

B sin (1/7) N 2z Tx? 3423
Fg(x)__msin(\/i)—i—\/icos(\/;f)N_1+§_175+ﬁ+”" (732)
B cos (1/1) 1 2z a? 228
Fs(w) = (3 —2)cos (vz) + 3y/xsin (Vz) §_§+277+F05+'” ’ (7.33)
Folz) = — Ve sin () + cos (1) 1 27‘7}_131‘2_’_ 2223 N
T T C15)asin (V) + 3(2x — 5)cos (vz) 15 | 75 1125 ' 16875
(7.34)

where we included the first terms in the expansions around x = 0. On the other hand, in even
d > 4, the expansion around x = 0 contains logarithmic divergences, which are the counterpart
of the 1/(d — 2n) divergences in the definition of these theories. For instance, for d = 4 one
finds

8 1 2Y3(\/x 1
Fie) =5 -5~ xs/fié}(/)a 1!

Q

9 — log(x/4)] + % 1+ 75 + log(/4)] o+ ..., (7.35)

where v is the Euler-Mascheroni constant. Finally, the d = 2 case is a bit different, as it simply
yields
1

Fy(z) = 5 (7.36)

which means that the corresponding quadratic action is proportional to the Polyakov induced-
gravity action [294] —see also [85].

7.3 Linearized Equations and Modes

It is obvious from eq. (7.26) that the brane-world theory belongs to the class of theories which
satisfy the no-scalar condition (2.24), as in this case we have F} = F', F, = —d/(4(d — 1))F,
F3 = 0. As a consequence, the linearized equations of the theory impose the condition (2.25),

namely,
(d—2) ) _
e RY =0, (7.37)
so the trace of the equation has no dynamics and we are left with
L nyreroraet) =o. (7.38)
321G ab

By going to the Lorentz gauge as in Section 2.2.2, one finds

— g L+ F (L?0) L*0)] Dhyapy » (7.39)
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and the corresponding propagator is given by

, . -1
Using this we can analyze the pole structure in v;rious dimensions.
Three dimensions
In d = 3 the propagator becomes
Ps(k) 1 Lk tanh(Lk) (7.41)

64rGy  L2k*  L2k?
Studying its pole structure we find a massless mode as well as an infinite tower of massive
gravitons. The massless mode is the same as the one appearing in the pure Einstein gravity
spectrum and it is pure gauge in three dimensions. On the other hand, the massive gravitons

have masses

-
2L
and all of them have negative kinetic energy. This can be seen by expanding the propagator

my, 2n-1), n=12,..., (7.42)
around each of the poles and comparing the overall sign with the one of the positive-energy

would-be massless mode. For this, one has
P3(k‘2 — 0) 1

oinc; ke oW (7.43)
For the new modes one finds, instead,
Pg(k‘2 — —TTL2) 2
= — 1). .44
647G3 L2[k2 4+ m2] +00) (7.44)

Hence, all the new modes are ghosts.

Four dimensions

In d = 4, the analysis of the propagator becomes more cumbersome. To begin with, there
is no simplified way to write down the propagator in terms of trigonometric functions. Instead,

are left with o
Py(k)  iYa(iLk)

647Gy 2LkY1(iLk) "

Again, we find the Einstein-like massless graviton and an infinite tower of massive ghost gravi-

(7.45)

tons, with masses
My & %(0.69937, 1.72832,2.73619, 3.73987,4.742,5.74339, 6.74437,7.7451, .. . ) . (7.46)

In this case, the masses are not equispaced, but the difference between pairs of modes tends to
n/L as n — oo. Indeed, the m,, tend to T (n —1/4) as n — co. Moreover, we now find a tower

of modes with complex squared masses which are conjugate of each other,

Mt ~ %(i0.1790 +1.2204, £0.1762 + 2.2334, £0.1755 + 3.2384, - - ). (7.47)
These tend to 7(£0.17485 + (n + 1/4)i) as n — oo. Again we find that all massive modes,
including the complex ones, have negative kinetic energy, namely,
P4(k‘2 — —m?) 1
= — o1 7.48
64r Gy e g 00 (7.48)

Vj € {n,+} so again they are all ghosts.
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Five dimensions

In d = 5 one finds
Ps(k) 1 1

647Gs  L2k%2 3 — 3Lktanh(Lk)’

(7.49)

In addition to the Einstein-like massless graviton, we again find an infinite tower of massive

gravitons with masses

My, ~ %(0.89075, 1.9485, 2.9660, 3.9746, 4.9797, 5.9831, 6.9855, . . . ) . (7.50)

Now, however, there is only one tachyonic mode with imaginary mass

1.43923
2
MmN -y (7.51)
Once again, we find that all the massive modes have negative kinetic energy, namely,
P5(]€2 — —m?) 2
=— o), 7.52
647G 3L2[k% + m?] +o) (7.52)
Vj € {n,t}, so they are all ghosts.
Six dimensions
The case of d = 6 is similar to the four-dimensional case. The propagator reads
Ps(k Y3 (i Lk
b(k) _ _i¥5(iLk) (7.53)

647G ALkY»(iLk)’

and again, we find the Einstein-like massless graviton, an infinite tower of massive ghost gravi-

tons, with masses

(1.077,2.163,3.191,4.205, 5.214, 6.220,7.224, .. . ), (7.54)

my, ~

&=

which tend to 7 (n + 1/4) as n — oo; and a tower of modes with complex squared masses which

are conjugate of each other,
My 4+ R %(:I:O.3382+0.4711i, +0.1877+1.6367, £0.1795+42.6807, £0.177343.699i, - - - ) . (7.55)
These tend to T(£0.17485 + (n — 1/4)i) as n — oco. Moreover, we find an extra conjugate pair,
Mo+ ~ % +0.4716 — 0.15034 . (7.56)

As before, all massive modes are ghosts, including the complex ones, since

Polk” = —mj) ! o(1 7.57
6inGo  ~ arefE r ) T OW (7.57)

Vj € {n,+}, so they all have negative kinetic energy.
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Seven dimensions
Finally, in d = 7, one finds

P 1 1 Lk
647G7; 15 L2k?  15(3 + L2k2 — 3Lk tanh(Lk))

Again, we find the Einstein-like massless graviton, and an infinite tower of massive ghost gravi-

tons with masses
My, & %(1.2604, 2.3719,3.4109,4.4314, 5.4442,6.4529,7.4593, . .. ), (7.59)

with the difference between pairs of modes tending to /L as n — oo. Now, there are only two
extra modes with complex squared masses which are conjugate of each other, namely,

2.01933 £+ 3.195124
— = )

(7.60)

mi ~

Once more, we find that all the massive modes, including the ones with complex squared-masses,
have negative kinetic energy, namely,
2 2
Pr(k* — —mj3) 2

S 1 61
64w Gr 5L2[k? +m3] +o), (7.61)

Vj € {n,+} so they are all ghosts.

7.4 Conclusions

We have found that, regardless of the number of dimensions, there are always pathological
modes appearing in the linearized spectrum of these brane-world gravities, with squared masses
of order ~ 1/L2. Since the bulk theory is Einstein gravity, which is perfectly well-defined, the
appearance of these pathological modes on the gravitational effective theory induced on the
brane might seem worrisome at first. The bulk, however, is dual to this induced theory on the
brane plus a cut-off CFT, which we have neglected in this analysis. The CF'T cut-off is precisely
~ 1/L?, and so it is not surprising that pathologies might appear at this order.

Indeed, when one takes the coupling between this cut-off CFT and the induced gravity on
the brane into account, the observed pathologies disappear, as we saw in Chapter 3 from the
perspective of the bulk. In a sense, coupling the induced action to the cut-off CF'T allows one
to “UV-complete” the theory by making it dual to the perfectly defined Einstein gravity in the
bulk. It would be interesting, however, to perform this computation directly, without having to
explain it through the dual bulk picture.
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Conclusions

A detailed summary of the results in this thesis can be found at the end of each chapter, so
let us just highlight the most important ones, and the connections between them.

In Chapter 1, we presented the equations of motion for general higher-curvature gravities
in three-dimensional spacetimes, and we fully characterized their linear spectrum on maximally
symmetric spacetimes. We also identified all three-dimensional higher-curvature gravities which
satisfy a holographic c-theorem. Then, in Chapter 2, we studied the structure of the linearized
equations of general higher-derivative gravities on maximally symmetric spacetimes of arbitrary
dimension, and described the spectrum of gravitational perturbations around flat space.

In Chapter 3, we gave a review on brane-worlds, and generalized and expanded the previously
known results, both from the bulk perspective and the dual brane perspective. In Chapter 4,
we then added a DGP term on the brane, and put bounds on the values of its coupling.

In Chapter 5, we explicitly computed the first few terms of the higher-derivative theory
of gravity that is induced on the brane, which we then studied in detail in the following two
chapters, neglecting its coupling to the cut-off CFT on the brane. In Chapter 6, we proved
that, at each curvature order, the terms of this theory fulfil a holographic c-theorem. Lastly, in
Chapter 7, we studied the linearization of the induced gravity theory around flat space, while
accounting for the full tower of higher-derivative terms. Besides the usual massless graviton,
we found that there is always a tower of massive spin-2 ghosts.

Throughout this thesis, combining the study of higher-derivative theories of gravity with
that of brane-world models, we have investigated the properties of the theory of gravity that is
induced on the brane, which in turn reflect the UV structure of holographic CFTs. Although
the theory inherits some good properties from the well-defined Einstein bulk, such as fulfill-
ing a holographic c-theorem, we have seen that it is not fully free of pathologies, presenting
ghosts in the spectrum of linearized metric perturbations around flat space. Therefore, we have
shown that brane-world holography is an interesting way of generating an appealing class of
higher-derivative theories, but that one should be careful when considering them on their own,
disregarding their coupling to the brane CF'T and holographic origin. Moreover, the results in
this thesis allow us to better understand brane-world holography, and we hope that it will help
expand and clarify their use as models for semiclassical gravity within AdS/CFT.






Future Directions

As it is often the case with scientific research, this thesis brings more questions than an-
swers. A first, natural question to ask is whether the induced brane-world gravity theory fulfils
any other remarkable qualities, which could tell us more about the properties of brane-world
holography. Perhaps a rewriting of the algorithm generating the higher-derivative terms in the
induced action, in terms of the Schouten tensor, could reveal new, undiscovered, structures. For
example, saw that all theories that fulfil a holographic c-theorem in three-dimensions propagate
no scalar mode when perturbed around maximally symmetric spacetimes, and we showed that
the theory of induced gravity on the brane fulfils a holographic c-theorem and does not propagate
a scalar mode when linearized around flat space. An obvious next step would be proving that
indeed the induced gravity on the brane propagates no scalar mode on all maximally symmetric
spacetimes. It would be even more interesting to prove that all higher-derivative theories which
fulfil a holographic c-theorem have no scalar mode in their spectrum on maximally symmetric
spacetimes.

On another front, one can think of extending the brane-world constructions in different
directions. One possibility would consist on studying brane-world holography with higher order
operators on the brane beyond the DGP term, as we started doing at the end of Chapter 4.
But one could also consider brane-world holographic models in which the bulk theory is not
Einstein gravity but a higher-curvature theory of gravity. A different route would be considering
alternative boundary conditions on the brane, such as conformal boundary conditions. Lastly,
we still intend to further study brane-world models with a DGP term in the limit in which
the brane is sent to the boundary, in order to understand models of AdS/CFT with dynamical
boundary.

Finally, it would be interesting to extend the original holographic renormalization compu-
tation including the terms that do not diverge as the cut-off is removed. Then, keeping the
cut-off finite, we would clearly understand the separation between matter and geometric de-
grees of freedom in brane-world holographic models, and we would have an expression for the
cut-off CFT on the brane in terms of the bulk metric in Fefferman-Graham coordinates. These
results could then be used to double-check the known properties of C-metric brane black holes
interacting with strongly coupled CFTs.

137






Appendices

139






Appendix A

Basis of higher-derivative invariants

We present here a complete list of the curvature invariants at each order in derivatives. The

same list can be found in [295]. Our ordering also follows [295]: The invariants are ordered

by the number of covariant derivatives acting on individual curvature tensors. We begin with

those invariants that involve the largest number of derivatives acting on curvature, and end with

the polynomial curvature invariants (those built exclusively from contractions of the Riemann

tensor).

Four derivatives

There are four possible terms involving four derivatives of the metric:

RY =0Or, RP =R, RY =RMR,,, R =RM"R,,.,.

Six derivatives

There are 17 terms involving six derivatives of the metric:

Ry =0OR?, RY =ROR, R =R™R,,, R =RMOR,, RY =R R,
Ry = RPR,, R{ =R\"R,.,, RS =RR,.,, R =RTR., R{” =R
R$Y = RRPR,,, RY? = RMRR,, RYY = RMR™Ry,q, R = RRP"* R,

RYY = RMR™ Ry, RS = RFR "R, REY =RPR Ry (A.2)
Eight derivatives
There are 92 terms involving eight derivatives of the metric:
Ry =R, RY =R’R, RY =R, OR™, R =RNDPR,, RY =RYC™R,..
6) _ s (D) _ prasr (8) _ ppasr 9) _ prasr
RY = R*OR,,, R =R'"R,. ., RY =RM'OR,,,, RS =R\COR,,,.
10 rs 11 12 ; 13) ;
RYY = rravstg o RV = @R, R{"® =R™R,, R{Y =R"OR,
14 s 16 TS 17 irs
R{Y = ORMOR,,, RV =RrR, .. RV =ROSR,. . R{D =ROR,
RYY = grarstur oo REY = ROR, REY = RRPR,,, RYY =ORRYIR,,,
RYY = RRPMOR,,, R{Y = RPR) Ry, REY = RPROR,, REY = RMR™ Ry,
REY = RPIR™Ryps, RED = RPIR™Rypgs, REY = RRPSR,,.., REY = RMOR™ R,
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Ré?)o) _ RPqur;sthSTt , Rgﬂ) — quRrs;qtRprst , Régz) =ORRP"*Rygrs Ré33) _ R;qurSthrstp )
R(34) — ORI RSt Rrstq7 R(35) _ qu;mRmpTqus7 Ré%) — R;pqrsRtputhmS7

RED = R RYY Rigue, REY = RMR™ Ryaupg, RS = RP R Ryppusan

RUD — prwRr,, ROV — prRaR,,. RUD — RRPR,,.. RYD — RRPVR,,.,,

REY = RPRY Rypy, REY = RPRT Ryger . REY = RPRRypsy, RED = RPR Rysr

REY = RPGR™ Rrgq, RY” = RPR™ Ry, REY = RPRT Ry,

Rém) _ qu;ers;thTst’ Ré 2) _ qu,ers,thsrt, R§53) _ Rqr;pRst;quST.t,

REY = R R* R, RYY = RMR™ Rypger, REY = RPIR™ Rypopg

R(57) RPRYS' Ry 1.y, Rg’)S) = RRP"S'R gt R(59) = quRmt";pRrstu;q )

R(GO) quR”t" pFrstqu s Rém) = RPY R Y Rytpgiu R(62 qu;TRStpuRSW?“ ’

Rgﬁ‘?’) — qu’TRSptuqutr;u ) R(G4) = qurthw sqPuvrss R(65) = qurthwp;TRt“”q?s )

REO) — RPUSRY VR, RED = R, R (68) _ = R2RMR,,, RS = RRMR R, ,

R = (R™R,,)" , RYY = RMRRSRey, RYY = RRMR ™Ry, RYY = RMRR, Ryoqt |
REY R Ry R RIS, Ry, R = BBy

R(77) _ quR r pstu Rstur; Rgs) _ quRrthuertuqsy R(79) _ quRrth u Rtms’

R(BO) RPIRTS Rt " Rigus R(81) _ RRpsrstqtuRrstu : R(82) RqumR t U Ryteu

R(83) RPIR" thuv Ryes R(84 quRrstuRmvatwq 7 R(85) RPIRTstuR v o Revug

RED = (RP7* Rygrs)? . RED = RP™R, ™R, " Rrgow, REY = RPR, ™Ry, Ry »

,RéSQ) _ qurstqtuthvasuvw ’ Ré%) _ qumeqtuRrvtszuuw 7 Ré91) _ qursttruRtvuwqusw 7
RO _ Rpars R)'URY Y Ry (A.3)

Ten derivatives

The number of independent invariants grows rapidly with an increasing number of derivatives. To
the best of our knowledge, a complete classification of terms involving more than eight-derivatives of the
metric has not been completed. However, for example, at ten-derivative order it is known that there
are 668 invariants. The set of ten-derivative invariants we have used consists of 180 = 20 +92 4+ 4 x 17
elements, and so it is necessarily very incomplete. Out of the 180 densities that we use, only 20 are not
built from products of lower-order densities. These are

1 abe efgh;i
Rg()) = Cabch ’ dc Tahi Cefgh;i
Rg%)) = RbaRgR;RagdeRcefg ’ Rg%) = RZRZR?chdeRaefg ) Ry(l)) = RngRaeCngthRdfgh ’
Rgg())) - RgRgRedeRghefRath ’ Rg%) = RgRgRSQCdRathRdfgh ’ R§70) = RgRlc)lRadeRghefReth

R = RERSR, R, R, ", RY) = RIRLR, R, R, R =RRYR,,“R,, 7R,
R(H) RaRbRadeRghebedgh , R(12 RgRadbchhdeRcingeghi 7 R(13) RZRdebcRcfdeRhingaghi ’
R(14)*RGR bcR deR ng hi R(15)*RaR bcR deR fQR hi R(lﬁ)*RaR bcR deR fQR hi

10 — “Wrudf ac hi eg 10 — fWwilgf ah el cg 10 — fWwiigf gh el ac
17 a c ef h 7 18 a c e h 1]
Rgo ) = Rcd bReg dRai fRfjg Rbh ! ’ R(IO ) = Rce bRaf ngi bejg Rdh ’ )

19 b d h ij 20 b d h ij
Rgo ) = Rcea ]%agc RbiefRfjg Rdhm ’ R(lo ) = Rcea fifgc RhiefRajg Rbdlj '

142

(A4)



Appendix B

AdS Slicing Metric

This appendix includes some explicit results necessary to follow Chapter 3. We start by

writing our AdSy1 spacetime in slicing Poincaré-like coordinates,
ds2,y = Gz, 2)datda” = 4@ [d2? + gij(x)da'dz’] | (B.1)

where the d-dimensional metric g;; is either flat, or an (A)dS; metric with unit curvature radius.

To match with the expressions in Chapter 3, we will simply take

A _ L
o (B.2)

where L is the bulk AdS radius. In the following, primes will denote z derivatives, tensors with
no hats will be built from the bulk metric G, and tensors with hats from the metric g;;(x).

Background Tensors

Metric components:

2A ~ 2A
Gij:e 9ij 5 Gzzze )

GY = e 4G G* =, (B.3)

Christoffel Symbols:

Iy =17, Iz, =A,
Is=—-Ag;, rk =o,
Ik = A6, I =0. (B.4)

Ricci Tensor:

Rij=Rij — ((d—1)(A)*+ A") g5,
R,, = —dA". (B.5)

Background Einstein Equations
The bulk AdSg44; Einstein Equations are

2
Ry = 7—=AGuy, (B.6)

d —
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where the bulk cosmological constant is

d(d—1)

A=—
212

(B.7)

Substituting in the results from the previous section, we find that the background equations are

2

Rij - ((d—=1)(A)? + A") gij = >\ gij., (B.8)

d—1
2
—dAI/ = ECZAA. (Bg)

Recall that the brane is a maximally symmetric spacetime with unit curvature radius, so

. 2 .
Rij = mAgija (B.lO)
with d— 1M d—9
A U()2(> 7 (B.11)
where

—1 for AdS branes,
o = 0 for flat branes, (B.12)
+1 for dS branes.

It is now easy to see that the bulk Einstein Equations are fulfilled, using (B.2) and

sin(z) for AdS branes,
f(z) = z  for flat branes, (B.13)
sinh(z) for dS branes.

Notice also that we can factor out the metric g;; from equation (B.8) to get the following
relation, which will be useful later,

= A (- 1)(A)2 4 A7) =

2A
TN B.14
73 e (B.14)

Brane Hypersurface

If we now put a brane at z = z, and excise the part of the spacetime with 0 < z < 2z, the
induced metric on the brane is
gij = € ij , (B.15)

evaluated at z = 2. Since the metric is block diagonal, the outward-directed unit normal metric
to the brane is

O = —e~ 10, . (B.16)
Then, the extrinsic curvature metric on the brane is

1 1 _ . . _
Kij = 50n9ij = —5¢ 40, (249iy) = —Alet gy = —Ale gy, (B.17)

and its trace,

K =—dAe . (B.18)
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Linear Perturbations
We now perturb the metric in the following way,
dsi, | = e?A) [sz + (Gij(x) + 6Gi5(x, 2)) d:nid:cj] , (B.19)

that is, we have chosen an axial gauge with 6G,. = 0. We raise and lower indices using the
unperturbed brane metric g;;, and denote its Levi-Civita covariant derivative as V.

Metric components:

5Gij = 62A(z)5§ij($, Z) , 0G,, = 0,
0GY = —6_2‘4(2)5@’7(:& z), 0G** =0. (B.20)

Christoffel Symbols:

1, I . SN
5Ffj = §gkl {V,ﬁglj +V,;6ga — vlégij] ) oI, =0,
1
ory; = — [Aléﬁij + 25%} : or%, =0,
1.
5Tk — 5591416 oz, =0. (B.21)

Ricci Tensor:

1rere oo Apa Apa L Aa
(5Rij = B [V’“Viégkj + Vkvjégik — Vkvkégij — viv]'(;g}
1 A1l d—1 Isal " N2\ s 1 Igala
— gdgij—i-?A 6Gi; + (A7 + (d — 1)(A") )03Gi; + 2A 89 Gij| -
1r. .
5Riz = 5 [Vkégik - Vﬁﬁ’] )
SR.. = [5”’ + A'6¢] . (B.22)

Linearized Einstein Equations

The linearized Einstein Equations are

2
5R/ﬂ, - ﬁA(SGuV’ (B23)
therefore,
ORij = 5 [v’fv 601 + VIV 3801k — VEV iG55 — ViV
) N
|: N + 7‘4/591] (A” + (d - 1)(14,)2)59@']' + 2A,69,g’ij:|
2A
_ . B.24
d —1¢ 9% (B.24)
ORi: = [v’%gzk Vidg'| = 0. (B.25)
ORw:=—1 [59” +A'55'] =0 <= (e?6§)) =0. (B.26)

145



Appendix B AdS Slicing Metric

Using the relation (B.14), we can rewrite the (ij) equation (B.24) as

5 (VFVi8015 + V3000 — VEVr3Gi; — ViV;64]

1 d—1 1 2
- [2557;; + = Al + 2A’5§/§m] — =5 hdg; = 0. (B.27)

Furthermore, using the Ricci identity and the fact that the background metric g;; on the slice

is a maximally symmetric metric with unit curvature radius, we can write
VEVidak; = ViVFegr; + 0ddg; — 0§:;69, (B.28)

and similarly the term with ¢ <> j. Substituting these into (B.27), trading A for o, and

regrouping, we obtain
Ll Shos S ks Sk A & & s
B [VN 5gkj + Vjv 0Gi — V V;ﬁgij — ViVj(Sg}
d—1 ,

1. R 1 ., . e
- [2591,‘/3‘ + TAlégij + 2A/gij59,] + 00gij — 0§ij09 = 0. (B.29)

From equations (B.25) and (B.26) one can argue that the only dynamical degrees of freedom
are the transverse and traceless perturbations [40, 258], i.e. perturbations fulfilling

5577 = gij5g£T —0, @i(;gz?;.T =0. (B.30)

Then, the (iz) and (zz) Einstein equations (B.25) and (B.26) vanish identically, and equation
(B.29) becomes, after multiplying by a (-2) factor,

92+ (d—1)A'9, + (ﬂ - 20)] 5g5T =0, (B.31)

where [J = @kﬁk

Linear Perturbations on the Brane Hypersurface
On the brane at z = zp, the perturbation on the induced metric is
(5gij = €2A5gij . (B.32)
Then, the perturbation on the extrinsic curvature reads
1 A 1 Agal
(5Kij =—-Ae (591‘3‘ - 56 (5gij . (B33)
Notice that its trace it zero for transverse and traceless perturbations,

SKTT = 0. (B.34)
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Brane-World Graviton Modes

Here is an extended list of our results from Chapters 3 and 4.

AdS Brane

We write our background bulk metric as
2

dé?i—&-l = G,ul/(za SU)dy“dy” = [dZ2 + gij (x)dl‘ldxj] ,

sin?(z)

and perturb it with a separable linear perturbation
GIW(:I;? Z) = L2X(2)hMV($) )

that is transverse and traceless, and where we have chosen an axial gauge,

hu =0, Vihi; =0, G7hij =0,

(C.3)

where g;;(x) is the background brane metric, which is an AdSy spacetime with unit curvature

radius, and V is its covariant derivative.
After imposing the bulk Einstein Equations, we find the following.

Brane equation

(O + 2)hyj(x) = E®hyj(x).

Radial equation

There are many ways to write down the radial function,

d—>5

2 sinz) 2 -~ 2
P = oG = () T ) = ).

sin“ z

The resulting radial equations are

—E?x(z) = [02 — (d — 5) cot(2)0; + (2(d — 3) — 2(d — 2) esc?(2))] x(2) »
—E?H(z) [82

2 (d— 1) cot()0] H(z).
B [a <d2_1 TR . D )}ﬁ[(z),
o=

~BH() = [+ P03+ (14 ) (2 - 0+ 2+ D)0, | H(p).
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Junction conditions

Imposing the Israel junction condition on the brane relates the position of the brane and

the brane tension as
d—1

"7 8rGL
and fixes the brane boundary condition for the radial equations to be

cos(zp) ,

0=x"(2p) + 2cot(2)x(2p),

0= H,(Zb) )
0= B'(z) + 2L cot(zn) H (=)
0=H'(pp).

Junction conditions with DGP
When we add a DGP term on the brane, the brane tension is given by

o d-1 (d—2)
T= Al cos(zp) — @ 7

Sing(zb) )
while the boundary conditions for the radial equation become
, 20 o .
0= x'(25) + 2 cot(zp)x(2) + —~E"sin(zp)x(2),
2
0:H%@+§E%M@H%L

1 2 .
cot(zp)H (2p) + faEQ sin(zp) H (23) ,

5 d—
0=H'(z)+

4o
0=(1+pp)H (pp) + — E*H(pp) -

Eigenvalues

For small values of p, and A, we find

T(n+d—1) pi*!

El, g =nn+d- 1)—|—%(d—2)(2n+d— 1)

where
a(d—2)
N L '

(I'(d/2))’I'(n+1) (14+24)°

(C.10)

(C.15)

(C.16)
(C.17)
(C.18)

(C.19)

(C.20)

(C.21)

In odd dimensions, we were able to find improved expressions. For d = 3 we found a general

expression, even with the presence of the DGP term, while for d = 5 and d = 7 we were only

able to find them case-by-case in the case with no DGP term.

d=3
22— n(n +2)(1 +24)7 + (n? + 2n +4)/p5
no (1+2A)7 —3/pB '
4./pB 4
E§~0 ~0+ ————/pB
0= T Ay —3yms Ty oA VB
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o 3(1+24)m+7/pp

16

~ ~3+——./pB, C.24
N sy ey R (O e (C.24)
8(1+2A)m+12,/pB 36
2 ~ ( ) ~8+ —« /PR, (C.25)
(1+2A)7 —3/pB (1+24)w
15(1 +2A)m + 19, /pB 64
E3 ~ ~15+ ————\/pB. C.26
3 (1+2A)r —3/pB * (1+24)r PB ( )
d=5(A=0)
3/2
192 64
E2~0+4 B0+, (C.27)
3m + 127pp — 100pz
5 70 — 16 384
Jor P p;‘? ~ 54+ 2 pi? (C.28)
T+ ldmpp — 80py ™
3/2
36 1008 — 1392 1280
for P T 0 3/’; ~ 124 32 (C.29)
37+ 84mpp — 436py n
3/2
63 2898 — 4848 3200
B2 o 220 1 20008 PE o914 225552 (C.30)
3m 4+ 138mpp — 688p ™
d=T7(A=0)
5/2
7680 512
E2~0+ P s~ 0+ g (C.31)
157 + 20mpp + 2957 p% — 313605 m
dS Brane
We write our background bulk metric as
dsii, = Gu(z,z)dy"dy” = L72 [dz2 + gij(x)dxidxj] , (C.32)
sinh?(2)
and perturb it with a separable linear perturbation
Gz, 2) = sz(z)hw(x) , (C.33)
that is transverse and traceless, and where we have chosen an axial gauge,
hu:=0,  V'hyy=0,  §9h; =0, (C.34)

where g;;(x) is the background brane metric, which is an dSy spacetime with unit curvature

radius, and V is its covariant derivative.

After imposing the bulk Einstein Equations, we find the following.

Brane equation

(D — Q)hij(x) = E2hij(a;) .
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Radial equation

There are many ways to write down the radial function,

2 sinh z < ~ 2
() = o) = (TF) T ) =), (C.36)

The resulting radial equations are

—E?x(z) = [02 — (d — 5) coth(2)0, — (2(d — 3) + 2(d — 2) esch?(2))] x(2) , (C.37)

—E?H(z) = [0? — (d — 1) coth(2)0,] H(2), (C.38)
N 2 _ 2N

B2 () = [az _ <d L osch?(z) + @ 41) )] ), (C.39)

—E*H(p) = [P(P —1)%0; + %(p —1)(d =2+ (d+2)p) 5p] H(p). (C.40)

Junction conditions

Imposing the Israel junction conditions relates the position of the brane and the brane

tension as
d—1

"= ’GL

and gives the following boundary condition on the brane for the radial equations

cosh(zp) , (C.41)

0= x'(2p) + 2 coth(zp)x(2p) , (C.42)
0=H'(z), (C.43)
0= H'(z) + —— coth(z)H(z), (C.44)
0= H'(p) . (C.45)
Junction conditions with DGP
When we add a DGP term on the brane, the brane tension is given by

T= 5T cosh(zp) + sinh*(zp)| , (C.46)

while the boundary conditions for the radial equation become

2
0= X'(2p) + 2coth(zp)x(2) + faE2 sinh(zp)x(2s) , (C.A47)
2
0= H'(z)+ f"‘E2 sinh(z)H(z,) , (C.48)
ity d - 1 ~ 2a 2 . ~
0=H'(z) + coth(zp) H (2p) + TE sinh(zp) H (23) , (C.49)
da

0=(1—pp)H (pp) + —E*H(pp). (C.50)

L
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Flat Brane

We write our background bulk metric as

L? .
d831 = G (2, 0)dydy” = —5 [d2* + s (2)da'da’] |

and perturb it with a separable linear perturbation
Gu(@,2) = Lx(2) (@) ,
that is transverse and traceless, and where we have chosen an axial gauge,

th:O, 8ihij:0, nijhz-j:O,

where 7;;(x) is the background flat brane metric, 0 is its (covariant) derivative.

After imposing the bulk Einstein Equations, we find the following.

Brane equation

O*ORhij(x) = E*hij(x) .

Radial equation

There are many ways to write down the radial function,

L? 2\ T - L?
Dx(z) = H() = (3) * ()= H(p).

The resulting radial equations are

~EP() = [02 = (4510 + 20 - ) x(a).
_EH(x) = | 0% — (d— 1)}%] H(z),
i) = [z - C M e,

—E*H(p) = [4p0; — 2(d — 2)9,] H(p) -

Junction condition

(C.51)

(C.52)

(C.53)

(C.54)

(C.55)

(C.56)
(C.57)

(C.58)

(C.59)

Imposing the Israel junction condition on the brane we see that the brane tension must be

fixed at
d—1

"7 8rGL”
and that the boundary condition on the brane for the radial equations is

2
0=x"(z)+ —x(2)
2
0= H/(Zb) ,

~ d
O:H/(Zb)+ 5 H(Zb),

2
0=H'(pp).
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Appendix C Brane-World Graviton Modes

Junction condition with DGP

When we add a DGP term on the brane, this does not affect the brane tension, which

remains at
d—1

"7 8aGL”
but the boundary conditions on the brane change, becoming

2 2a
0=x(z) + —x(2) + —E*2x(2),
Zh L

2
0=H'(z)+ TO‘E%H(%) :

- d—1 2 ~
0=H'(z)+ cot(z) H () + %E%H(zb) ,

0= (1= p")H'(py) + 45 E*H(ps).

152

(C.65)

(C.66)
(C.67)

(C.68)

(C.69)



Appendix D

Counterterm Results

The first terms in the gravitational effective action on the brane, which were already known
in the literature before this work [87, 230, 232], read

d—1
Lioy=—5 (D.1)

Ly = R, (D.2)

[RabRab — 4(dd_ 1)R2] , (D.3)

3d + 2 )
RRg, R — ST
A(d—1) 16(d — 1)2

2(d — 2)2(d — 4)
L5
T (d—2)3(d—4)(d—6)

d—
_9 ab cd % & pab ab‘:‘ 0 ) D.4
R RychaR +2(d_1)R VaVelt = RYORy + 5o ROR (D.4)

The quartic term, first computed by the author in [3], is
L7
(d—2)4(d — 4)(d — 6)(d — 8)
13d? — 38d — 80 —15d + 18d* + 192d + 64
Ra RabRc Rcd
8(d—1)(d—4) A T A=) d =172
d(5d> + 10d? — 112d — 128) _, N 5d% — 16d — 24
128(d — 4)(d — 1)3 (d—1)(d—4)
— 12R,*R™R% Rygee + SRR Ry Rpger — SRR R, Ryeay
2(d — 6) d? 4 4d — 36
d—4 (d —4)(d —1)
—7d% +22d+32 , b d+8
R ‘R4 2 _pbe «RpV'R — ————-RV,RV°R
D 1) VoV R + ——— R*Va RV (d_1>2v v
3d—8 d(d — 6)

Rab Rcd Rc
+d—1 Vo RV Req + S(d—4)(d—1)7

b a (d_4)(d+2) a b d—4 c ba
+—d_ RV, VV, VR — STCESVE R VeRV R+—d_1Ra Ry V*V°R
5d® — 38d* + 64d + 16 boar  3d% —20d + 28
T - g eV ==
(d—6)(d —2)2 d—

_ byra
8(d—4)(d—1 )VVRVVR+d_

Ly =~

RabRabR2

RabRCdRRacbd

R®RR, ! Recar + Ry.R*V,V“R

V.V*RV, VR

RR,aVPV*R

RbCV“RV cRap — 8R®V . Ryepa VR
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Appendix D Counterterms

5d> — 6d — 64 (d—2)(d—6) _,
— —  — _RYRV.V°Ry + -——————V’V'RV VR,
T —na—a VeV b+2(d—1)(d—4)vv VeV Hap
d—2
+ (d_l)RavavcvbvaR + %RVCRM,VCR“Z’ + 12RP RV ;V Ry
11d — 6 d—6
o ———R™R“N 4V Ry — 5 4)v VR®V VIR, — 2RV VIV VR,

2(5d — 22)

— 4RV, R.gVIR,E + ARV Ry VR, + ]

R®R,aVeVeR™|.  (D.5)

The quintic term is too large, so we have decided to reduce the font size. It reads,

lQ
L5 =
° ((D —2)5(D — 4)(D — 6)(D — 8)(D — 10))
(—80 — 38D + 13D?)R,, R’ R.* R R, ( 352 4 3772D — 880D2 + 129D3 — 24D* + D)R,, R*’R.4R°“R
4—5D + D2 16(—4 + D)(—1 + D)2

(64 + 192D + 18D? — 15D3)R,“R*® Ry, R? N (—384 — 1920D — 1044D? + 84D% 4 35D*)R,, R**R®

4(—4 4 D)(—1+ D)2 32(—4 + D)(—1+ D)3
N D(768 + 1248D + 252D2% — 56D3 — 7D*)R® (72 + 108D + 7D? — 5D3)R*’ R R2R,, .p4
256(—4 + D)(—1 + D)4 (—4+ D)(—=1+ D)2
N 6(—48 — 22D + TD?)R,“R*’RY“ RRy 4. . (96 + 24D — 8D?)RR°YRRoc®f Ryge s
(—4+4 D)(—1+ D) 4—5D + D2
8(—12 — 3D + D2)R**R°?RR,® ./ Ryc s b d
— 24R,°R“* R f R R + °df _ 79R,°RR,*R°T R
a d becf (41 D) (—1+ D) a b cedf
2(—88 — 24D + TD?)R,, R**R°“R*/ R, .qy ~ (—68 — 44D + 7TD?)R**R°‘RR,°,/ Rocuy ¢ nabpde o fg
+ 45D+ D2 + i sD1D? +64R, R R Rpg’ " Reegy
P O T 24(~8 + D)R®R°IR*T Ry 0,9 Rye g _16(=6+ D)R°R™R™ R, ¥ IRy,
@ cfeg —4+D —4+D
L 168+ D)R®R™Ray Rec?" Raggn _ 16(=8 + D)R*R*IRa“y/ R Ragyn
—4+D —44D
(=8 + D)(—6 + D)(—4 + D)(—2 4+ D)R(Rgp)%(R%")? ( 104 — 6D + 7TD?)Ry*RP“ R gV, V* R
16(—1 4 D)2 4—5D + D2
(1488 +1012D + 368D2% — 199D3 + 13D*)Ry RP*RV,V®R (1216 + 896D + 1204D? + 76 D3 — 153D* + 15D°)R3V,V*R
8(—4 + D)(—1+ D)2 32(—4+ D)(—1+ D)3
N 2(—58 — 24D + 7TD?)R’*RY“ R} ;.. Vo VR _ (=64 D)(-2+ D)2R.4R%4V,V,VPVeR
4—5D + D2 2(—4 + D)(—1 + D)2
N (16 + 6D — 3D?)R?>V,V,V*V*R N (=24 D)(—14 + 3D)RV 4V, V.V V Ve R N (=132 — 76D + 23D?)RP° Rpgoe Vo R VR
8(—1+ D)2 4(—4+ D)(—1+ D) 4 —5D + D2
(=2 + D)(—14 4+ 3D)Ry R.g Vo VEVP VR N (=124 112D — 61D? 4 8D3)Ry RV, V VPV R
2(—4 + D)(—1+ D) 4(—4+ D)(—1+ D)2
_ (=24 D)(—14 + 3D)Rpg Vo ViV . VVPVeR . 2(—58 + 13D)R*® RRyq. Vo VE R

+16R* R Ry g Vo Ve RS

2(—4+ D)(—1+ D)
N (688 + 748D + 542D2 — 270D% + 23D*)RP* RV, R, . VO R N 2(—24 — 16D + 5D?)R, IRV, R4V R

—4+4D

4(—4 4 D)(—1+ D)2 4 —5D + D2
(60 + 56D + 7D? — 5D3)Ry . RP“V,RV®R (832 — 64D + 1096D2 + 128D3 — 153D* 4+ 15D%)R2V,RV*R
(—4+ D)(—1+ D)2 16(—4 + D)(—1 + D)3
( 68 — 84D + 23D?)R**R°V 4 Rygee VO R (224 +1228D — 410D? + 22D% + DY)RV,V,V?RV*R
4—5D + D2 8(—4 + D)(—1+ D)2
( 80 — 52D + 65D2 — 32D3 4+ 5D*)RV,V .V, R°V*R N (=44 D)RY“V,V .V 4Ry*V*R
2(—4 + D)(—1+ D)2 -1+ D
(56 — 156D + 74D? — 9D3)Rp, V4 VE VPRV R N (—68 — 84D + 23D?)RYV,V VIR, VR
4(—4 + D)(—1+ D)2 2(4 — 5D + D?2)
( 144 + 848D +208D? — 157D% + 15D)R’*V* RV, Ra” (176 + 92D + 234D> — 116D° + 13D*)R*’ RV R°/V, Reg
4(—4+ D)(—1+ D)2 2(—4 + D)(—1+ D)2
(28 — 20D 4 3D?)R¢?v,VbV® vaRcd (—88 — 102D — 98D? + 29D3)R,P R4V RV Rqg
4 —5D + D2 (=4 + D)(—1+ D)2
(96 + 64D — 20D?)RY“ R, 4.. V* RV, R%¢ (184 — 44D)R* R, 45 Vo RV, RS
4—5D + D2 4—5D + D2
(168 + 156D — 44D?)R RV, R“fvacedf 4(—2+ D)(—14 + 3D)R**V VI VRV, R a5
4—5D + D2 (=44 D)(—1+ D)

( 64 4 1088D + 64D? — 138D3 + 15D*)R3V, vV, R*® _ 4(14 59D + 10D2)R* R R4V, Vo RS
16(—4 + D)(—1 + D)2 4 —5D + D2
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N (=56 — 428D + 342D2 — 81D3 + 6D4)RV“RVbVU,VbR (28 — 20D 4+ 3D?)R.q RV, V,V*VeR

8(—4 + D)(—1 + D)2 4—5D + D2
N (64 — 368D + 270D? — 65D% + 5D*)R?V,V,VPV®R (1124 34D — 35D2 + 5D3)R?>V,V, V.V R
8(—4 + D)(—1+ D)2 2(4 — 5D + D?2)
_ (24 D)(42-23D + 3D2)RVbVaVCVCVbVaR (112 — 256D + 280D2 — 100D + 11D*)R** RV, V,V 4V . R°?
4(—4+ D)(—1+ D) 2(—4 + D)(—1+ D)2
—28 420D — 3D?)R*®V,V,V V.V VR
4+ ¢ 415D +”D; d¥c¥e +(~11+4 3D)RV, V4V VIV VR
(—56 + 40D — 6D2)RabRcedebVanVeRCd (=256 — 844D + 1624D? — 369D + 4D* + 2D®)RV,V*RV, V'R
4—5D + D2 16(—4 4+ D)(—1 + D)3
_ D(—64+ D?)V,RV®RV,V’R (328 + 52D + 126D2 — 57D> + 5D*)RV* RV, V’V,R
8(—4+ D)(—1+ D)3 8(—4+ D)(—1+ D)2
N (168 — 180D 4 7D3)R g RV, VPV, V*R N (288 + 640D — 242D? 4+ 19D3)R?V, VPV, VR
2(—4 + D)(—1+ D)2 8(—4 + D)(—1+ D)2
N (4 — 36D +8D?)R°4V 4 R.qV, VP VR N (—16 — 84D + 21D?)R*®R2V, V. R,¢ (62 + 68D — 40D? + 5D3)RV*RV, V.V R,"
4 —5D + D2 4 —5D + D2 4 —5D + D2
N (34 — 7TD)R*® RV, V.V VIR, (14 +23D — 15D? + 2D3)R4.V*RV,V°V R ( 60 + 36D — 5D%)Ry%R.qV, VEVPVER
—4+ D (=4 + D)(—1+ D)2 2(4 — 5D + D?2)
—44 4+ 160D — 79D? + 10D3) R4 RV, VCVP Ve R 5(—4 4+ D)DRV 4 R**V}, V4V . R?
+ ( 4(—4+ D)( 115)2 ’ +O6R* RV, VYo VR + - : D —
— — —14
(16 + 64D — 38D2 4+ 5D3)R,* VRV, V4V R , ,
+ (74+D)<71“+D)2 b¥d¥e® (20— 6D)R*P RV, Vg VeVaR — 4R RV, V, V. VIR, ®
A4+ D)R*®V RV, V VR 4 8RR,V Ve Ve Ra® — (=2 + D)(—14 4+ 3D)RoqV, VIV, VeV VR
—1+D crenae 2(—4 + D)(—1+ D)
_ 4(—40+5D + D2)R*V, VRV, V. Ry 44+ D)R*V,V.R“V, V. Ry
(=44 D)(—1+ D) —1+D
N (252 — 42D — 4D*)R** VRV, VeV Rey  8(=2+ D)(—14 + 3D)R*V,V RV, V Reea’
4 —5D + D2 (—4+ D)(—1+ D)
_4(-2+D)(-14+ 3D)RV LRV, V VRS N 24(—8 + D)R® R4 R4y V;, VI Ry ©
(—4+ D)(—1+ D) —44D
8(—6 + D)R4°R*®R 4. sV, VIR (=56 — 64D — 22D? + 9D3)R,°Ry,.V*RV R
_ f + be
-4+ D (=4+ D)(~1+ D)2
N (544 — 288D + 320D2 + 540D3 — 204D* + 15D°)R,, RV*RV’R _(-8+ D)2+ D)R“*R,.pqV*RV'R
8(—4 + D)(—1+ D)3 2(—1+ D)2
N (-8 + D)(—2+ D)(2 + D)VavaVaRVbR (=104 — 6D + 7TD%)R°¥V R,y VPV, VR (so +16D — 8D?)R,“Ry?R.q VP Ve R
8(—1+ D)3 4—-5D + D2 4 —5D + D2
N D(—464 — 54D 4 39D?)R,, R, R°*VP VR N (=168 + 62D — 115D2 + 26 D3)R,“ Ry RV VR
4(=4 + D)(=1+ D)2 (—4+ D)(—1+ D)2
N (640 — 224D + 648D2 + 910D3 — 377D* + 30D5)RabR2VbV”R (=176 + 104D — 194D? + 87D3 — 10D*)R°®RR,.pq VP VR
16(—4 + D)(—1 + D)3 2(—4 4+ D)(—=1+ D)2
N 4(—2+ D)(—19 4+ 3D)R.*R°* Ry 41, VPV R N 8(15 — 8D + D?)Ry,° R R, 4.. VPV R N (96 4+ 64D — 20D?)R, R4 Ryyg.e VP VAR
(=4 + D)(—1+ D) (=4 + D)(—-1+ D) 4 —5D + D2
_ 4(-8+D)(—2+ D)R®Rq¢cf Rypeqs VP VAR N 8(—8 + D)(—2 + D)R°‘Ro®.F Ry 4. VP VR
(=44 D)(-1+ D) (=4+ D)(-1+ D)
N 4(—8+ D)(—2+ D)R°*Ro®, ' Recqs VPV R N (=120 — 60D 4 72D? — 16D3 + D*)RV,V,RV’VeR
(=4 + D)(—-1+ D) 8(—4 + D)(—1+ D)2
N (=44 4+ 36D — 15D? + 2D3)RV 4V Ry VPV R (=24 D)(—14 + 3D)R°4V 4V 4Ry VPV R
4(—4+ D)(—1+ D) 2(—4+ D)(—1+ D)
_2(6-6D + D?)R,°V4V4RAVPVeR _ (=8+D)(=2+D)(-8+ 3D)V 4RV, R.4VPVeR
(=4 + D)(—1+ D) 2(—4+ D)(—1+ D)2
N (72 492D — 158D2 + 29D3)R°*V V, Req VP Ve R N (—1056 + 632D + 120D? + 244D3 — 111D* + 10D®)RV,V,RV’V°R
2(—4+ D)(—1+ D)2 16(—4 + D)(—1 + D)3
N (=372 + 368D — 119D? — 53D3 + 16D4)RVbVCRaCVbVaR (=2 + D)(—40 4+ 4D + D?)R,cV, VCRVP Ve R
4(—4 + D)(—1 + D)2 4(—4 + D)(—1 + D)2
N (—188 + 124D — 13D2)RcdvbvdRacvbvaR (=60 4+ 36D — 5D2)R,“V V4 R.4VPVER
2(4 — 5D + D2) 4—5D + D2
N (—320 + 188D — 268D? + 57D3)RP*RV* RV Ry, ( 184 + 252D — 114D? + 3D3 + 3D*) RV, VPV RV . R, ¢
2(—4 + D)(—1+ D)2 2(—4+ D)(—1+ D)2
N 2(—6 4+ 11D)R*V V.V 4R¥*V R, ° — 52RRY, Ry VLR ( 16 — 84D + 21D2)R2V R’V R},
—1+D eVeRa® 4 —5D + D2
N (40 — 32D + 5D?)RV, VP V2RV . R} ( 88 4+ 194D — 265D2 + 53D3) R, RV® RV . R},
8 — 10D + 2D? (—4+ D)(—1+ D)2
N (=496 + 132D + 21D? — 6D3)RV VYV VRV . R,°© 44+ D)R*V,V4VeRy¢V R4 2R,V Rt TR
2(4 — 5D + D2) —1+D e e

2(—22 + 5D)R®V, V.V R, 4V .R¢
—44D

+ 8ROV Ve VaR VR — 16R°V, V.V R * VR +
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L Ho1s 5D)R®® Ryeqp Va RV RS 4 (668 +180D + 77D* — 20D%)RV'V*RV:VaR,® AR,V ROV T RO
—4+D 4(—4+ D)(—1+ D)
N 4(—62 + 15D)R* R°? Ry, 4y Vo Vo RS N (=4 + D)(—3 + D)RV®RV .V, VR _ (64 +192D + 18D% — 15D3)RP R2V .V, R, ¢
—44 D 2(—1+ D) 4(—4+ D)(—1+ D)2
8(—7 + D)(—6 + D)R,R**V, RV . Ry, (196 — 156D + 43D? — 4D3)RV VRV .V, R, °
* (—4+ D)(—1+ D) + 4(4 — 5D + D2)
(240 — 396D + 118D? — 9D3)RV VRV .V, R?®  4(79 — 19D)DR,“R** R4V .V, Rge 5(—8 + D?)RV®RV .V, V,R%¢
- 2(=4+ D)(=1+ D)2 - (=4+ D)(=1+ D) B 2(—1+ D)
(12 — 7D + D?)RV®RV.V,V°R.? 4(—4+ 16D — 8D? 4+ D3)RP°VORV .V, V4R.% (70 + 5D — 5D?)R*°RV .V, V4VIR,°
* 22D + (=44 D)(—1+ D)2 + 4—5D + D2
2(—6 4 11D)Re“R¥®V .V V. V4R  2(—22+5D)R?®V .V, V.V V4 VIR,®
+ —1+4D + —44D
(1088 4 1528D + 142D% — 195D3 + 20D*)R*®R2V .V R,;, (—8+ D)(2+ D)V*RVPRV.V R,
+ 8(—4+ D)(—1+ D)2 B 4(—1 1+ D)2
(—256 + 268D — 304D? + 84D3 — 5D*)RV*V*RV .V R,, (—6+ D)(—3+ D)(—2+ D)2RV.V°V,V,V°VeR
* W—41 D)1+ D)2 * W—41 D)1+ D)2
2(—16 4+ 11D — 2D? — 4D% + D*)RV®*RV.V°V,R,? (—96 — 28D + 56D? — 31D% 4+ 5D*)R?V . V°V,V, R
+ (=4 + D)(—1+ D)2 + 4(—4+ D)(—1+ D)2
(-84 D)(—2+ D)2VPVeRV .V°V,V,R (-84 D)DV,V*RV.V°V,V’R
B 2(—4+ D)(—1 + D)2 2(—4 + D)(—1 + D)2
(=40 + 60D — 16D? + D®)RV .V V,V*V,VR (=24 D)(9 — 7D + D?)R,, V*RV.V°V’R
B 2(—4 + D)(—1 + D)2 + (—4+ D)(—1 + D)2
4(11 — 7D 4+ D*)R4%Rpg Ve VEVPVER (=256 + 104D — 16D? — 21D3 + 6D*)R,, RV.V°VPV*R
+ 4—-5D + D2 + 4(—4 + D)(—1 + D)2
5(—6 + D)(—2 + D)RY¥ Ry 3, Ve VEVPVPR  8(—4 + 16D — 8D? 4+ D3)R,°VP V2RV .V R, %
* (—4+ D)(—1+ D) * (—1t D)1+ D)2
2(16 — 66D + 15D2)R,“R* RV .V Rp¢ (=4 + D)RYV VRV .V 4Ry? (—4+ D)Ro°V VRV .V R,?
B 4 —5D + D2 + —14+D + —14+D
2 2
. (28 — 20D +;’,Lj Efjjviz‘;lzvcvdRacbd SRRV VIRLC + (48 + 32D — 1(;[1 ;ﬁbiV;fVCVdVdRab
N (48 — mD)RYZT;VCVdVdeC N (20 + 52D — 19;D_2)51;aivD‘12vavdvdec 4 6RY RY .V VIV R
(6 — 11D)R2iilizczjvdVCRab N 4(—6 + D)Racfz&iVDCVdVGVERbd +56R™Y, Ve Ry Ve VLR,

2(—6 4+ 11D)R*P VR, °V .V .V 4R

+32R,“R®RYV .V .Ryy + 56 R**V, VIR,V V. Ry® + D

N (28 — 6D)R*RRaape Ve VER  8(—6 + D)Ra“R* RV V ; Ryqe’

— 8(—4 + D)R*®RR,°¥°V .V R,
41D 47D ( ) a ViR de

N (12 — 22D)R%*V V. V4R VR,

— 16R** R Ry, ; V. VI R.® — 16 R R°I Ry s Ve VI Ro© —5

+ 8(—4 4+ D)RV,VaV4RAVeRY 4 2RV, V.V R, VR — 18(—4 + D)RV, V4V, RV R

N (184 4 226D + 24D? — 40D3 + 5D*)R?V . R,, VCR*®

dge pab d ¢ pab
+4(=2 4 D)RVy VgV R "V R + 2RV, V VIR, VR
( JRVVaVeRa bVa ac 247 D) (11 D)2

(144 + 26D — 35D2 + 5D3)RRyqpe Ve R VR (246D + 4D?)RV .V, V4 R.4 VR
- 4-5D+ D2 + 1-D
(336 4 154D — 105D? + 12D3)RV .V 4V % R4, VC R
2(4 — 5D + D2)

4+ (=38 + 6D)RV V4V, R VR —

2(—2 + D)(42 — 23D 4+ 3D?)RV .V .V R,%,¢V° R
(=44 D)(-1+ D)
2(4 + D 4+ D?)RV.V4R,*V°V,R® (104 + 220D — 62D? + D3)R, .V’ V* RV V,R

+ (42 — 12D)RV, V4R V° V4 R

-1+ D 4(—4 4+ D)(—1+ D)2
N (16 + 64D — 38D2 + 5D3)R, . V*RV°V, V'R N (=2 + D)(—14 4+ 3D)Ry . RV°V,V’V*R
4(—4+ D)(—1+ D)2 4(—4+ D)(—1+ D)

(14 + 23D — 15D2 + 2D3)R VP VP*RVEV, R (—160 — 146D + 43D2)Rq.V* RV V, V'R
+ (=4 + D)(—1+ D)2 + 2(—4 + D)(—1 + D)2

(124 — 100D + 25D2 — 2D3)R4.RV°V,VPV®R (248 + 212D — 90D? + 5D3)R}, .V, V*RV°V’R
+ 4(4 — 5D + D2) B 4(—4+ D)(—1 + D)2

2(—=8 4+ D)(—2 4 D)V4aRp. V*RVEVPR (=8 + D)(—2 + D)VORV.R,, VEVPR
B (—4+ D)(—1+ D)2 B 2(—1 + D)2

(=112 — 128D + 14D? 4+ 3D3) Ry, VO RV VPV, R (104 + 6D — 7TD?)Ry* R4V VPV, Ve R
* 4(—4 + D)(—1+ D)2 + 4 —5D + D2

(320 — 732D + 112D2 + 39D3 — 7TD*)Ry, . RV VV,VR  5(—8 + D?)RV,Rp,.V°V VR
+ 4(—4+ D)(—1 + D)2 B 2(—1+ D)

(28 — 20D + 3D?)R.IV 4 RpgVEVPVER (20 + 52D — 13D?)R, 4V, R.qVEVPVeR
+ 8 — 10D + 2D2 + 4 —5D + D2
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Appendix D Counterterms

N (20 — 9D + D?)RV,Rq.VEVP VR N (=4 — 4D + D?>)R.*V Ry qVEVP VR

2—2D 2(—4 4+ D)(—1+ D)
(=28 +20D — 3D?)R,*V RqVEVPVER  (—288 4 284D — 146D2 — 21D + 11D*)RV R, V° VPV R
+ 4 —5D + D2 + 4(—4 + D)(—1+ D)2
N (=4 + D)Ry4V R4V VPVeR N (56 — 40D + 6D?)R¥*V . Ry 4, VEVP VR
—1+D 4—5D + D2
(=44 80D — 41D? 4+ 5D3)R.4V VP V*RV 4Ry, (80 + 16D — 8D?)Ry*RP*V* RV 4 Rac
(=4 + D)(—1+ D)2 + 4 —5D + D2
(=24 D)(—14 + 3D)R4V,V*V* RV Rec (=6 + D)2R,3VE VPV RV 4 Rac
B 2(—4 1 D)(—1+ D) B 2(—4+ D)(—1+ D)
(96 — 72D — 61D? + 17D3)Ry R’V RV 4R,* (28 + 32D — 23D? 4+ 3D®)Rp .V VPV RV R,
+ (=4 + D)(—1+ D)2 + 2(—4 4+ D)(—=1+ D)2

(=2 + D)(—14 4+ 3D)R°?V, VP V2RV 4 Ry, N (48 4+ 32D — 10D?)R,P RV RV 4 Ry,

2(—4 + D)(—1+ D) 4— 5D+ D2
N (104 4+ 6D — 7D?)R4VPV Ve RV 4Ry, N (28 — 20D + 3D?)R, ¢V VP VARV 4 Ry,
4 —5D + D2 8 — 10D + 2D?2
2(16 — 66D + 15D?)R*’ RV . Rq°V4Rp¢ (=2 + D)(—14 4+ 3D)RacVEVP VARV 4Ry % b ed .
_ _ —16R“° RV .R,*V 4 Rpe
4—5D + D2 2(—4 + D)(—1+ D)
2(6 — 6D + D?)R,°V,VPV RV R4 N (32 + 96D — 24D?)R,P R,V RV 4 R.? N 2(46 — 11D)DR** RV, R, °V 4R ?
(—4+ D)(—1+ D) 4 —5D + D2 4 —5D 4 D2
4(11 — 7D 4+ D?)Ro°V, VPV RV 4R ¢ N (104 4+ 6D — 7TD?)R,° VPV VERV R4
(—4+ D)(—1+ D) 4— 5D+ D2
(248 +322D — 143D2? 4 13D3)R** RV R4, V4 R4 N (72 — 48D + TD?)R4, VE VP VYRV 4 R4
4 —5D 4 D2 4 —5D 4 D2
R ROY, R €Ty Rus — 8(—6 + D)R R, VR4V RS N (140 + 128D — 79D? + 10D3)RP* RV RV 4 Rype?
bita Vdftee 44D 4_5D + D2
2(112 + 34D — 35D% + 5D3)R?V RV R, ¢ N (28 — 20D 4+ 3D?)RV°VP VPRV 4Ry @
4— 5D+ D2 22D
28 — 20D 4 3D?)RVCVPV*RV R, % 8(—46 + 11D)R** RV, R TV R
44 +3D%) aBa’be 16 41 DYRR, I VERW g Ryeus + (—=46 +11D) a dRpecy
2 - 2D —4+4 D
48 + 32D — 10D?)RVPV*RV V4 Rpe 48 + 32D — 10D?)Rp° VP VARV Vo R.?  14(—16 — 2D + D2)R*’R°*RV ;V, Rae
+ +
4—5D 4+ D2 4 —5D + D2 4 —5D + D2
4 - D)R°IVPV®RV, VLR ) X
4 ) o d¥Ybac 4 (60 — 16D)RV 4 VRV VyRe® + (=94 + 26D)RV V4 RV ;v R ©

+18(—4 4 D)RV RV 1V, VaRe? — 6(—3 + D)R*®® RV 1V, V. V.R? — 8(—5 + D)RV RV 4V, V. R, ¢

(=4 + D)R.*V*RV 4V, VR
—1+D

+4(=3+ D)R®RV 1V, V.VIR.® — 12R*P RV V VeV R, ® — 2(—7 + D)RVCR YV, V, VIR,

—12(—4 4+ D)RV 4RV, V, V. R + —2(=6 + D)R*® RV 4V, V.V 4R

2(—22 + 5D)R*P R4V 4V, V. V°R
—24R®V RV 1V, Ve Ry — 4RV, RV 4V, VR — 16R* RV 3V, V. V.R.® + ( ) d¥b¥e ac

—4+D
N (304 — 392D — 472D2 + 174D3 — 13D*)R*’ R RV 4V . Ry N (—64 + 144D — 67D? + 7TD3)R*VPV* RV V. Ryp
2(—4 + D)(—1+ D)2 (=4 + D)(—1+ D)2
(=64 D)2Ry°VPV*RV4V.R,? (1044 6D — 7TD?)R**V,V*RV 4V .Rp?
2(—4 + D)(—1+ D) 4 —5D + D2

N (28 — 20D + 3D?)Rq VP VPRV V. Rp?
8 — 10D + 2D2
N (336 — 40D — 562D2 + 185D% — 13D*)R,, R*"’ RV 4V .R°® (=6 + D)(—4 + D)RV,V,R**V VR

+ 4RV, VRV V. Ry ? +2(=2 4 D)RV V4RV V Ry ¢

4(—4+ D)(—1+ D)2 2(—1+ D)
N (=72 + 208D — 102D2 + 13D3)R,, VP VO RV 4V R4 (112 + 34D — 35D2 + 5D3)R*PR2V V. R, ¢
2(—4 + D)(—1+ D)2 4 — 5D + D2

N (84 — 88D +29D? — 3D3)RVPVORV 4V R, %% N (48 + 32D — 10D?)RP°V* RV 4V V4 Rp? N (4 — D)RP*V*RV 4V .V, Re ¢
8 — 10D + 2D2 4 —5D + D2 —14+D
—6(—3+ D)RV R®V, V.VyRa® +6(—4+ D)RV4R?V V.V R + 14(—4 + D)R® RV V.V, Vo R

2(—4 + D)R* RV V.V, VR, ® . (4 — D)RP*V®RV4V.VeR,,

—8(—3+ D)R*®RV, V.V, VIR,®
( ) dVeVb a 14D 14D

N (=44 D)(1 + 4D)RVCR*®V V.V Ry,

D +2(=5+ D)RV4 RV, V.V?R,® — 6(—3 + D)R®° RV V. VeV, Re°

18 — 39D + 11D%)R*® RV V. VIV R, 92 4+ 20D — 9D?)R*’ R4V V.V . V°R
n ( + ) aVe ab _ 15paby, ROV VoYL Ry 4+ (92 + ) dVeVe ab
2(—1+ D) 4—5D + D2
44 — 10D)R, RV 4V .V .V R, % 16 — 6D 4+ D?)Ryp R*°V 4V .V VR
+( )Ra 4+Dd Ve b +( 4) (;z;DJrD: cVe 4 (6 4 DYR™RY Ve VeV Ro <y
N (=56 + 40D — 6D2) R R4V V.V Ve Ra %, (2924 288D — 137D? 4+ 14D3)RV .V R*®V VIR,
4 —5D 4 D2 4(4 — 5D + D?2)
(=84 D)(—2+4 D)V .V V’V RV, ;V9R,, (28 — 20D + 3D?)Ry,°V*V*RV VIR, b . P
(—4+ D)(—1 + D) + 8 — 10D + 2D? T ARV VeRe VaV i Ra
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N (8 — 102D + 24D?)R,“R** RV VIR, N (220 — 206D — 70D? + 21D3)RP*V, VRV 4V Ry,

4—5D + D2 2(—4 + D)(—1 + D)2
N (126 — 55D 4+ 6D?)RV VRV VIR, N 4(—8 + D)V4RP*V RV VI Ry,
—4+D (=4 + D)(—1+ D)
N (132 4 60D — 21D?)R, VPV RV VI Ry, N (=8 4+ D)V*RV R,V VIR, N (2+ 9D + 10D? — 3D3)RVEV,R*°V, VIR,
8 — 10D + 2D2 14D 4— 5D+ D2

(=24 — 16D + 5D?)RP°*V*RV VIV, Ry, (84 — 88D +29D? — 3D3)RV VIV, V, V.V R

+ (16 — 6D)RV°R*V VeIV  Rae +

4 —5D + D2 8 — 10D + 2D2
—24 7D + D?)R**RV VIV, VR, ® —4+4 D)RY*VeRV, VeV, R
(=24 + D<) m d bVella® (=4 + D) 1+Dd cfab _10pe Ry, viv.v, Re®
N (=464 + 268D — 68D? + 7TD3)RV°R®V, VeV .R,, 24+ D+ D2)RV4R**V, VIV R,
2(4 — 5D + D2) 14D
N (4 — D)RoPVP*RV4VIV.R,® (3204 76D — 54D2 + 5D3)R*® RV, VIV .V R,y N (=8 + D)(—2+ D)VPV*RV 4 VIV .V R,
-1+ D 2(4 — 5D + D2) (—4+ D)(—1+ D)
28 — 20D 4 3D?)R,, V4 V4V .VEVPVER 16 — 22D) Ry, R*® RV 3 V. R.©
+( )RabVa _ c +48RaCRabRbdvdveRce+( ) Rab dVeRe
8 — 10D + 2D -1+ D

6(—2+ D)R®V, VRV V. R.© 52 — 10D)R*® R RV 3V Ry ©

_ 6(=2+D) vVa aVeRe® paby, iR, v, v, R + ( ) aVeRach
—14 D —4+4 D

4(—6 + D)RV R4V V. Ve R, N (44 — 10D)R*’V, R4V V. V¢ Ry,

—4+D —4+4D

N 4(—6 + D)R®V R,V V.V R, N 2(=22 4+ 5D)R* VR °Vy VeV Re?  4(=6 4+ D)R*V R, V4V VOR?
—44 D —44 D —44D

N (—64 — 84D + 22D?)R*® RV, R.g VIR,
4 —5D + D2

+ 8RO VLRV V.V, R

— 16R*®V, RV V VR, —

+2(=6 + D)RV RV V.V Ry ? — 16Ra“R™ Ryery V4 VI R

56 — 12D)R R 4s V, R*T VIR,
+ & ) cedf Yb & 12RV, V.V Ry VIR, — 16R*V, V.V Ry VIR, + 8RRV, V.V R.“ VIR,

—4+4D
N (44 — 10D)R*®V, V.V R4 VIR, ¢ N 2(—=8 + D)(—2 4 D)V R.q VPV RV?R, ¢ N (96 + 44D — 14D?)R*’ RV . Ry V4R, ©
—4+D (=4 + D)(—1+ D) 4—5D + D2
2(—8 + D)(—2+ D)V VeRV . Ry VIR, N 8(—6 + D)R Ryoq; V. R®F VIR, ®
(—4+D)(-1+ D) —4+D

4(—6 + D)R™®V .V, VR, VIR,
—44+ D

32RabR v RerdR c 4Rabv V,V.R evdR c ab e—d c ab eod c

- becf Vd a = dVbVeltc a +24R""V3VeVeR, V'R, —16R""V3VeVyR: "V 'Rq

+56RV Vy Ve R VIR — 16RV VeV Ry VIR + + 28R RV Ry VIR, ©

140 4 128D — 79D? + 10D3)RR gV RVIR?®  5(—8 + D)DV,V* RV 4Ry, V*Rb®
43RV VeV R, VR + (140 + + )JRRapcd ( )DVq aRbe
4 - 5D + D2 2(—4 + D)(—1+ D)2
—12R®V VR ° VIV, Ra® + 8RV V. RCVIVRe® — 24RV, VR ® VIV R + 24RPV Ve Ry * VIV R, ©
(112 4 34D — 35D2 + 5D3)R2 Ry pg VEVE R
4—5D + D2

+8(—4+ D)RRa®cf Rypeds VEVER™ +2(—6 + D)RR.p 7 Reoqy VIVOR® + 4(—4 + D)RV, V4 Rq VIV R

— 56R**V V. R.°VIV R, — — 8(—4 4 D)RRac! Rypge; VIVeR™

26 — 9D + 3D?)RV .V R, VIV R
+ dftab

+ 16RV,VeRaqVIVERY + (6 — 2D)RV, VyRae VIVERY? 4 (10 — 6D)RV 4V Rae VIVE R

2—2D

(=440 + 218D — 57D2? + TD3)RV 3V Rap VEVER  4(—2 4+ D)(42 — 23D + 3D2)RV Ve Raep € VEIVERY
+ 2(4 — 5D + D2) B (—4+ D)(—1 + D)

(=8 + D)(=2+ D)2 Ry pq VPVORVIVCR (=6 + D)(—2 + D)?R.4ViVeV,V,VPVeR
- (=4 + D)(~1+ D)2 i 2(=4 + D)(~1 + D)?

(=32 446D — 9D?)R 4 VIV VYV, VPV,V*R (=60 + 36D — 5D?)R, 4Ry VIV VPVeR
+ 2(—4 4+ D)(—1+ D)2 + 2(4 — 5D + D2)

(=24 D)(—14 + 3D)RqcRpgVEVEVP VPR (=44 + 112D — 55D2 + 7TD3)Ryp Reg VEVEVPVER
- 241 D)(-1+D) * (—4+ D)(—1+ D)2

(84 — 88D + 29D? — 3D3)RR,pq VEVEVPVPR (28 — 20D + 3D2)RR 4y VEVEVPVER
* 8 — 10D + 2D2 * 8 — 10D + 2D2

(=28 420D — 3D?)R.®Ryuqpe VIVEVPVIR (=28 + 20D — 3D?)R.®Ruepg VIVEVP VAR
+ 4—5D + D2 + 45D + D2

4(59 — 14D)DR*® R4V Ry, Ve Ry ©

+ 48Ra°R®V R,V Ro® + 8RRV, Ry Ve Ry +
a dftp elte bitac Vellg (—4+D)(—1+D)

N (16 — 22D)R,, R**V . R°IV . R,®

+ 48R, RV R,V . Ry — 72R,°R*® VIR, VR,

14D
N (248 — 60D)R® Ry qf Va R°1V e RS 6RO R o pedy. gel _ A2+ D)R® RV Ry ; Ve RS
- adbf Ve e -
—4+4D —4+ D
4(—24 — 16D + 5D2)RP* RV RV . Ryped
+64R™ Rpye VIR Ve R — 32R Ry ;.q VIR, VR + d
bdef a Ve bfed a Ve T_sD+ D7

N (=28 + 20D — 3D?)R4“V VP VO RV Rycpg  2(—2 + D)(42 — 23D + 3D?)RV 4 VIVR®V Ry ©

4— 5D+ D2 (—4+ D)(—1+ D)
N (—28 + 20D — 3D%)R4*“V°V V2RV . Ry ape N 4(76 — 30D + 3D?)R** RV .R°?V R, 43¢

4 —5D + D2 —44+ D
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—28 + 20D — 3D?)R. A VeV VRV Ry qp® )
+( )Re eadb | (_88 4+ 20D)RVIV.V RV, Ryu°

4—5D + D2
N (=28 420D — 3D?)R. IV VP VPRV R, hg _ 4(=6+D)(5 - 15D +3D2)R*®RV 4RV Ryeq®
4—5D + D2 (=4 + D)(—1+ D)
2(—20 — 52D + 13D?)Ra* R°IVO RV . Ry q®
n ( + )Ra cFbed” | 4(_8 4+ 3D)RRYIR, V. Rygs®
45D+ D2

4(=2+ D)RR Ry g Ve Va RS

+32R®R.FIV, RV Rygy + 4(—8 + 3D)RPRVIR,°V Ry g — s

76 — 18D)R**V VIR,V V R.€
+ ¢ ) 4d+D @ Ye¥be | 8ROV, .VLROV.VLR, — 16RPV. VIR, V.V, Ry®
abw—d c e ab cd e abw—d c e ab cd e
—12R®VIV RO VeV Ry® — ARV RV .V Va RS — 40R?®P VIR, V.V Ve Ry + 56 RV RV .V VyRa
5(2 + D)R**V 4RIV .V, Ve Ry
—1+D
+12R*® VIR,V V Ve Ry + T2Ra R RV V Rpy — 40RPV VIR, V.V Ry® — 16R*° VIV, R °V Vo Ry ®

— 24RV RV eV VR + 56 R RV V, V VeRe® — 4RV RV .V, Ve R,y +

+32R®VIVER,, Ve Ve Ry + (=88 + 20D)RVIVERV Vo Roap® — 12RaC RV VoV VR — 16RP VIR, V.V .V Ry ®

— 12R®V RV Ve VR — 16Ra RV V.V VR + 8RRV .V .V Ve Ry¢ — 72R, R RI°V .V 1 Rype

80 4+ 38D — 13D?)R,, R*’ R4V .V R.©
—16RachVdRa°VeVdeE+16RacRabRdeeVdRcﬁ+( + )Rap e Ydte

45D + D2
. 12 — 22D)R° R R}, V.V 4R%®
+12R®V, VRV, VR + SR VIV, R,V VR + ¢ )Ba b be¥e¥d
SR, VR C VeV R | 2(—6 4+ 11D)R*V .V, R, ©V .V 4R N (=36 + 64D — 13D?)R*®V . V°R,}, V.V 4R
- c a e
14D 4 —5D + D2
N 2(—66 + 199D — 69D2 + 6D3)R*PRCRV V4 Ryep© N (—28 + 20D — 3D2)R4VOVIRV V4 Rueb©
(=4+ D)(-1+ D) 4-5D+ D2
(=924 172D — 65D + TD?)RV VRV V4Ra%,® | (—28+420D —3D*)R°!VOVO RV VaRa®be . ab redp efg
+ 4—5D + D2 + 4—5D+ D2 S2RTRTRa Ve Valtyeg

+ (=16 + 6D)Ra R RV V Rp% ¢ — 16R%° V4RIV .V VRS — 16R*P RV V V VR, ©
— 16R* RV .V V Ve Rae + 56 RV 4 ROV .V VR — 16RP VL Ry V.V VR

+16R*®VCR,, VeV VR + (—44 + 10D)RVC RV .V VRa %) — 12RP RV V V.V Ra ©

—6 4+ 11D)R** RV .V, V. VR , .
+ ¢ ) crdve? Tab 16ROV, RV V4VERye + 8ROV, Ry C VeV VER, S

—1+D
—6 4+ 11D)R* RV, V 4VEV.R 4(—6 + D)R*® RV, V4V VI Ry ©
2R RY Y, VOV, Rae + (=6 + ) eVa cFap | (=6+ D) eVaVy ach
—1+D —44D
N 4(—22 4 5D)R*®V VPR,V .V°Rpq N 4(—8 4+ D)V 4 R4V RV Ve Ryy A8+ D)V R*V?R,.V.V¢Rpg
—44+ D —4+ D -4+ D

(=784 — 22D + 35D2)R,, R4 R4V VE Rpy
2(4 — 5D 4 D2)
(—8 + D)(—8+3D)V°R®VIR,, V.V Rq

+12R*®VIVRa VeV Ry + 8Ra“R*P Ry VeV Rog +

8(6 — 21D 4+ 4D?)R**V, VR4V . V°R,
_ ( ) bVa e Ld+24R“bevdRaCVeV€Rcd+

(=4+ D)(~1+ D) (=4 + D)(-1+ D)
N (=204 + 38D)R*P VIV, Ry €V VE Rey N (=108 + 176D — 33D2)R*VIVE R, Ve VE Ry
—44D 4—5D + D2
(356 + 126 D — 60D? + 5D3)R*®RR,1,q V. Ve R 6RO R. F9p v veged 8DRRo! IRy 44V VR
_ i 5D D2 + ac bdfg Ve - "4+ D
_16(—8+ D)R™Ra’ c9 Ry Ve VER? _ 4(-38+ 5D)RRoT IR qg Ve VER N 6(—8 + D)(—2 + D)Ryepg VO VE RV, VE RC?
—44D —44D (=44 D)(—1+ D)
_ (484144D — 57D2 4+ 5D3)R*’ R RV .V Ry cpa N (28 — 20D + 3D2)R4VPVP RV V¢ Ry cpa
4—5D + D2 4—5D + D2
_2(=30+27D — 9D2 + D3)RVIVeR™®V . V°Rycpq (=22 4+ 17D)R**V RV .V°V, Roy

+ 4RV RV .V V,Roy +
45D+ D2 ¢ © bitad “1+D

—12R** VIR,V VOV Reg + 40R* VIR, "V VOV Ry + 12Ra RV VOV Vg Ry — 28R*P V. RIV.V VR,

— 24RV, RV VOV Ry + 24RPVRa°V VeV Ry ? + 4RV Ry SV VeV RS — 28R VER,, Ve VOV R

2(—2+ D)(42 — 23D + 3D?)RV R®V VeV Ry ® 34 — 39D)R*’ R4V V¢V 4V .R
_2(=2+ D)( + ) e aRach” | ygpab pedy voy v, Rae + ( ) e aVeRap
(—4+ D)(—1+ D) —1+D
(6 — 11D)R4, RO’V VeV, V. R? N (84 — 88D +29D? — 3D3)R*®RV.V°V VR, ¢
14D 4— 5D+ D2
_2(=8+ D)V .V°RWV V¢V VIR, N (44 — 10D)R4° R’V V¢V VIR, N (22 — BD)R*V V¢V VIV.V Ry,
—44D —44D —44D
N (84 — 88D + 29D? — 3D3)RR ;g Ve VEVIVERY
4— 5D+ D2
46+ D)R*V,RV .V VI Ry.q® _ 8(=6+ D)R®R?Ry,.4s V. VI Ry © N 6(8 4+ 36D — 9D2)R*’ R4V ;R.oe VE Ry
—4+ D —4+4D 4—5D + D2
(—184 — 26D 4+ 15D?)R*® R°IV R, 4 V° Ry
4— 5D+ D2
N 2(—8 4 D)R*®Rygee VO RV R, ?
—1+D

+8R, RV, VeV, VR +

+8(—4+ D)R"RR,°¥*VeV ; Rpey” — 16R.“R*PRIV .V Ryg.”

+80R* RV Ry .V Rae — 8RRV RyyV® Rac

+ (=16 4+ 6D)RRpege VERVE R, + (16 — 6D)RRpecq VERP Ve R, ?
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— 56Ra“R™®V Ry VR, + 40R, RV jRee Ve Ry + 24R0 RV R.g Ve Ry? +12(—4 + D)RR gy VE R VE R ?
4(92 — 34D + 3D?)RRycqe Vo RAP Ve R N 2(—20 — 52D + 13D?) R, Ryoge VE RV R4
—4+ D 4—5D + D2
4(—62 4 135D — 41D? + 3D3)R*® RV, Ry oq. VE R ab fo e ca  8(—=6+D)RWR.T 9V R, 0, VER?
- - +32R* Ree 79V, Ryap g VR +
4—-5D+ D —4+4+ D
8(—6 + D)R*’Ro .9V, R4,V R?
—4+ D
N (184 — 70D 4 7D?)R**V, V4 Vo Roq VERC? _ 4(-2+D)(-14+ 3D)R*V, VoV Reeq! VER
4—5D + D2 (=4 + D)(—1 + D)
N (=64 11D)R® V|, V.V 4 R.qVE R
1+ D

+32R*RcF IV, Ry gap VER® +

+32R* RacTIVy Ry ;g VER? + 32RP Ry 9V, Ryyo f VO RO

— 12R**V, V4V Ree VER

— 16R®V,VVaRee VER®? + 56 RV V Ve Rae VER®? — 16R** YV, V Vo Re o VE R?

4(—6 + D)R*®V,V VIR veRrR°® 8DR°’R V.RefveRd
2RV, V.V Rae VER — (=6+ D) bV acde B adbfVeRe
—4+ D —4+ D

+ (=64 +12D)R*® RV 4Ry ope VER® + 12ROV 1V Vo Ree VER®? — 40RV yV, Ve Rae VE R?

4(—66 4+ 8D + D?)Ry, R**V o R,q V¢ R?
(=44 D)(-1+ D)
(336 4 338D — 157D? + 15D3)R*’ RV Ry pq VER?  4(—8 + D)(—2 + D)VPVe RV Ryepq VER?
B 4-5D + D2 + (—4+ D)(—1 + D)
8(—6 + D)RWRS 49V Ry 1y VO RS?
-4+ D
8(—22 4+ 3D)R* R, ¥ ,9IV R, 4, VER
—4+4D

+ 16R™®V V. VoRe, VER + — 24R“ Ry qp5 Ve R VER?

4+ 64RRac’ IV Rygp g VER® — 64RRo’ IV Ry 54y VER?

— 28RV VYV, Ve RegVER + 36R®V V} Vg Rae Ve R

4(=6 + D)R**V .V VI R, 0pq Ve R
—4+4D
N (68 — 318D + 122D? — 12D3)R*® RRy, 4. V¢ V4 R? N 8(—6 + D)RRyT IR 54,V VaR?
4—5D + D2 —44 D
N 5(2 4+ D)R*®V, Ve R.qVeV 4R
—14+ D
(=22 + 17TD)R*®V V, R.q VeV, R4 N 2(126 — 55D + 6D2)R*®RR 4 4pe VEV . R4
14D —4+4+D
+ (=16 + 6D)R*®RRyyee VEVIRGC + (=16 + 6D)RCRRy g VEVIR,® — 40RP VYV V Ry Ve VIR, ©

+32R*®V YV Vy Rae VER — 56 RV V Ve Ry VERY —

+32R™ Ry TIR ;g VOV R + 32R"P R, T IRy VOV RO?

— 16R*®V Vy Ree VeV, RY +

+12R® YV, Ve RoqVEVLIR,® + 56 RV V Ry VEVIR,® — 16 RV V1 Rpe VE VIR, ©
— 16R™V  Vy Ree VEVIRL® — 36 RV VR Ve VIR, + 40RPV  V Ry Ve VIR, ©
+ (=44 + 10D)RRqgpe VEVEIV.VE R 4 (=44 + 10D)RV ¢ Rggpe VE VIV R
2(—2+ D)(42 — 23D + 3D?)RV Ry g VEVEVERY  8(—6 + D)RP RV RV Ry pa
- (4 +D)(—1 1 D) - S
4(~14 4+ 3D)R* RV RV Ryge  8(—22+ 5D)RPV 4V VRV ; Ryeq”
—44 D —44+ D

— 4(=6 + D)RR."F VRV ; Ry gpe +

8(—6 + D)R®P RV Ra°V  Ryeq?’
—4+D
— 8RRV R,V Rpgef — 16(—4 + D)RR.?.*V RV Rypgo’ + 32R.°R**V RV Ry,

—8(—4+ D)R*®RV4Ra“*“V Ry’ — 16(~4 + D)RR.YI VRV ; Rygee

—88R™RV.R.°V Ry 4o — 8(—4 + D)R*’RV.R.“**V Ry 4. — 16(—=4 + D)RRac"V° RV R, 4.

N 4(=2+ D)Rq°R*V, RV R 4.7 4(=30 + 7TD)R**R°IV R ®V ; Reoq”

—4(—6 + D)RRa*,° VRV ;Reg.” +

—4+D —44D
4(=2+ D)(—14 + 3D)R*® VYV V,V R4V ;R .y  8(—6+ D)R*RIVeR,,V;R.caf e abee - d ;
- - —32Ra“R*V R,V Reeq
(-4 + D)(—1+ D) —44D
4(16 — 6D 4+ D?)Ryp, R*°VE RV (Ryoq’
et )Rab SPeed” | 4(—6 4+ D)R®RV®R,%,%V +Rupy! — 32R.CR*PVERL OV +R.T 4.
4-5D+ D? f f
_ 8(—22+45D)R V. VRV VyRyea!  8(=22+5D)R* VRV V, Ve Ryca’ N (72 — 20D)Ra* R RV ; V Ry g
—44+D —44D —44D
4(—14 + 3D)R*R°IRFV ;V Rycp
b d J C. b d
— 8(—4 4 D)R*®RR°*V V. Ry 4. + T f 4b¢ 4 2(—6 + D)R®RR°*FV ;V Ry cpe
4(—6 + D)R*R R, 1,qV s Ve RS 24 + 60D — 14D?)R*R°IR*fV ;V R, )
_ A ) 4+;°”d sV R : )5D+D2 freTachd | g(—4+ D)R*RR. IV Vo Rycal
8(—22 4 5D)R*V VORIV sV Rpeq’ .
_8( ) 4a+ > fVelbea’ 72RacRadeerveRbdcf _ IGRQLRabRdefveRcedf
2(16 — 6D + D?)R,p R*P R4V VR 4f —56 + 40D — 6 D2)R*V, V4 R4V ;V.R.®4f
+ ( 4) ;bD+D2 [ s Jr2(*6+D)RabRRadeVfVGRCedf+< 4) 5D+bD; et
+ 48RPRRy 4.V VI RL + (392 — 80D)Ra“R* Rygee Vy VI R 8(=8 + D)Ryape Ve VRV v/ R
bede V f a 4+ D 4+ D
_8(=8+ D)VcRgape VERV ;v RY® N (100 — 22D)R*®V VR4V VI R, pa 46+ D)R**VeV,RV VI Ryqe
—44D —44D —44 D
_8(=21+ 5D)Rq°R’ RV VI Rygee N (88 — 20D)R** VRV VIV Ry cpa _24(=5+ D)R™R,.pqV VIV VR
—4+D —4+D —44 D

160



Appendix D Counterterms

_2(—6+ D)R* RV VIV VR, pa N (88 — 20D)R*V R, pqV ; VI VERCE . 4(—18 + 5D)R** R4V R, gy VI R,
—4+4+D —4+4+D —4+4D
8(—6 + D)R RV Ry gy VI Ro ®
—44 D
N 2(—8 + D)(=8 + 3D)R® R0, VER®VI R 4
(—4+ D)(—1+ D)

+96R™RV  Rypqe VI Ra®

— 8RRV Ryee; VI Ro® — 8RRV Ry VIR —

—16R"Re4e ; V' Ra°VI Ry® + 16R™ R, 4.V Ra“ V7 Ry °

8(—8 + D)R®R VeR“VI R, ) )
_ 8 ) adbf % 24R*Ry4.; Vo RV R.® — 24R Ry qs Va RV R ©

—4+4D
b d.
—32RY Ryee VIRV Ry® 4 64R™ Ry oo VARGV Rye = N0 TDIRY Redef Vo Ra® VI RYC
ecf fee 44+ D

8(—6 + D)R*®R, VeRa°VI R  4(—30+ 7TD)R,“R%*V.R v/ R  8(—6+ D)RR, VR, VI R

_ bde f _ bde f + cde f ab
—4+D —4+ D —4+4D
368 — 88D) R “R*®V Ry VI R®
+32R.“ RV Ryge s VI R + ( )Ra P Df bdce — 8(—4 + D)R®RV Ry 54, V! Ry %
8(—22 4+ 5D)R*® Ry g VIV, V. VR
1 8(—4 + D)RW RV, Ry v Ryede - S22 4 SDIRT Rbeas V  VaVe
—4+4D
8(—22 + 5D)R*V Ryoqp VI Vo Ve R N 4(—30 + 7TD)R* R R . 4; VIV Ra®
—44D —44D

4(—14 4+ 3D)R,°R R, viv,Rrde

n ( )Ra - Dcdef b 4 8RR Ry VI Vo Ra® + 16RW R Ryo ;v VR,

8(—22 + 5D)R®V Ry cqp VI V. Ve R
—4+D
_8(—22+ 5D)RV t Ryepa VI Ve VER N (8 + 72D — 10D?)R* R R4y VI Ve R
—4+D 4—5D + D2
2(16 — 6D + D?)Rq, R R gy VI VERC?
4—5D + D2
N (=56 + 40D — 6D*)R**V, Vo Reeqs VI VOR!  8(—22 + 5D)R*’V}, Ve Ryeqy VI VO R
4—5D + D2 —44D
8(—22+ 5D)R¥®V Ve Ryepa VI VER®  8(—6+ D)RWR. 3T V4RIV Ry 9
—44 D —4+ D
8(—6 + D)RWR,TIVo RV R cqp  8(—6+ D)R®RIV R, I VR ;9
—4+ D —4 + D
—32R"R,° IV, RV Ry — 32RP RV, R. T Vg Ryp o7 + 32R R, *T Vo ROV Ry

—88R™R Ry ;4. VI VeRa® + 48Ra R Ryee; VI VR —

— 16Ra“R®Reeas VI Ve R,? — 16R.° R R ;4. VI VR, +

b cd
— 32R*R.TIV, RV Ry pge —

8(—6 + D)RW R R,*T9IV 4V, Reoay
—4+ D

+32RR*V Rac TV Ry o5 — —32R"™RR,*TIV V Ryecs

. 8(—6 + D)R*RR, ¢, fV,VRees?
—32R%RR,°FV V Ryes? — 32RPRR.TV VR .y — ( ) a b’ Yg¥dTeef

—4+ D
8(—6 + D)R*®R°?R,°,fV,VIR
1+ 82R% RO R, TV VI Rygey — 82RY ROR, TV VI Ry — ) PR R
. , 8(—6 + D)RRV  R.o s, VIR,
— 82R* RV Ryge VI Rae® + 32RC RV ( Rygo s VIRG T — ( ) 4+‘1D cefg ab

_ 8(=6+ D)R™RIV  Reeqp VIRa 7
—4+D

—32R™RV Ry, VIR f — 32R RV Ry VIR, F

Finally, we have also been able to compute the sextic term in d = 3,

£g=3 _ l11 62331 RaCRabRbdRCERdeef _ 7i§89 RabRabRceRCdefRef 4 3231401 RacRabRbCRdedeRef

+ 8719951 RabRabRcdRcdRefRef _ 9?25 RacRabRbdRCeRdeR + 23476 RabRabRCeRcdeeR

181440 189
+ %RacRabRbdRcdRQ _ lzllié(l)gggl RabRabRcdRCdR2 _ %RacRabRbcR?’
+ IS8T, ROORY — TSRS 4 M8 Ry R R Ru. VoV R
— LT Ry R*Rge RV VR — 1310507 R ARYC R RV, VO R + 20250587 o) . RP“R®*V,V*R
— 18T RV, VR + B9 RIR?V R, V* R — 1887081 R, P RY RV, R V* R
+ 299 R IR RV a R4 VR — 8L R, RPCRICV,Ry VR — 1128381 p dpbe RV, RV*R
+ 387839 B . R**RV,RV°R — 32222 B3V, RV R+ IR, R.qVaV VPRV R
— 839 Ry RVaVVPRVR + I8 R RV, V.V Ry VR — S8 R RV, V.V Ry VR

_ 12?533 RabR2 vaRCdvacd _ 4421333 RabRCdea RVyReq + 23807254207 Rcdvavava RVyReq
+ 659161 RabRceRCdvavaRde _ 1193 RbcvaVCRdevavaRde + 235829 RcdRCdVaVaRVbeR

7560 7560 51840
_ 3966974668103 RZVaVa vava + 11229956101 RCdVaRchaRVbeR _ 1234411992907 RvaRva vava
+ 3482707 RCdRcdvavavbvaR _ 5660158707 R2 VO'RVbeVER _ 3653003 RceRCdee vbvbvavuR
+ 1116887 RCdRcdebvbvavaR _ 165752107 R3 vbvbvavaR + 533092145 RCdRVa RcdvbvbvaR

161



Appendix D Counterterms

— B RERV R4V VIVIR — S8 Ry V,VIVeRV,VPVOR + 39T RV, V.V RgV, VPV R

_ 11353122601 RacRbdRcdva vaR _ 52057912409 RabRcdRCdva vaR _ 1265221 RacRbCRvavaR

+ S Ry R°V RV R + 22809 R, .V, V RV*RV R + 3371V, R°“V* RV, Rca V'R

98l Vo RV*RV,RV'R + 293383 pedy e RV, V, Ry VP R — SBT3 RV* RV, V,RV R

+ 14154316507 Rcdva vavdRacva _ 8725261 RacRbdRceRdevbvaR + 7673003 RabRceRcdeevbvaR

_ 446503867 RacRbCRdeRdevbvuR + 3742009 RacRbdRcdebvaR _ 12104116303 RabRcdRcdebvaR

+ 22153962209 RacRbcRQ vaaR _ iggégg RabR3 vbvaR + 13703274907 RvaRcdvacdvbvaR

_ 3217303 RcdvaRcevadevbvaR 4 215638007 RCdRVbVaRCdVbV"R _ 119236703 RCERCdvaaRdevbvaR

423289 d b 4274441 p2 b 103 d b
+ 428289 RCIV, YV, RVPVOR — 2L R2y, ¢ RYPVIR — B RV, V, VIV RVPVER

— LT R, “RI*V, Ve Rg VPV R + L4267 R R 4V, VRV VR + 229 R, RV, V°RV"V“R

+ M9 RCARVLVaRac VIVIR + 5155 VaReg Vo VAVERVP VAR — 3298 R ¢RIV, V. Rag VPV R

— 28 R.° RV, Ve Reg VPV R + 19399509 RY R2V* RV Ry, + 142388 R* R RV, R4 Ve R

— 3T RIVaRg VP VRV R + 188 R, PR, RV RV . Rge + 3 Ry“R* RV, RV Ry,

4207 Ry, VRV, RV e Rge — LVa RV RV, RYVeRye — 2L R, RV, VOV RV Ry,

_ %Racvade vaaRvCRde _ 919286701 RaCRadeevadecRef + 174546503 RacRadee RVVyRge

— 8B RV, RV RV .V Rye + 23848151 R RIV VO Rap — £238L RV RV RV .V Ry

— 22T R2VPV IRV V Ry, — 225 VoV RV, VPRV VR + 2008 R, V*RVP RV .V°R

a b c a b c b a c
— 3V RV, VPRV .V VR — §5V*RV VRV .V°V,R — 39 RV'V,V*RV . V°V, R

— 5255 V'RVPRV . V°V, Vo R — S8 RVPV* RV, V°V, Vo R — 220l RV, V*RV.V°V, V'R

— 75 VaRV*RV.V°V, V'R — 2RV*RV.V°V,V'VoR + 2B R4 RV VYV, V'V, VR

— S RV VeV, VPVaV R + 322 RV, R4V VeV, VP VIR — 38 R, Ryy VRV .V°V'R

+ 28 R, RV RV V°V R — 2BL R, Ry R4 Ve VOVP VR + 19528 R Ry RV VOVP Ve R

+ 3109 Ry Rya RV VeV VO R — 18208 R, R?V . V°V VR + LV,R*V, R4V .V°V'V*R

+ B0 RV, VaRge Ve VOVPVIR — WS RV, Ve Ryq Ve VOVPV R + 88T R, CR¥ VPV RV .V Ryq

+ %VavaRdechdevCRab + 2193557 R3vaacchab + lg(;gl R3VCRachRab

+ gL VARVPRV Rap VR + 15 VPVP RV VRV Vo R + 92367 R, R 4V V'RV VPR

— 306787 Rpe RV VRV VPR — LTI RV, Ry V*RVCV R + B34 R, IV, Rea VO RVVP R

— B8 Ry VaRV*RV VPR — ARV RV.Ry, V°V R + 3218 R, IV RV RV V'R

8985 Ra*V* RV RyqgVV’R — 2ILV,V*RV.V,RV°V R + 2LV RV.V,V,RV°V’R

B R4 RV Rap VeV VR — 3300 R?V Ry VVP VR + LB R YRV Ryy VeV VR

— B RIRIV Ry VEVIVIR — B R, R, Ve Ry VVP VIR + 23 Ry, RV Rge VEVPVIR

802 R4V .V, VaRge VEVPVIR — 883 RV V, Vo RVEVPVIR + 235 R.aV .V, VIRVVP VR

— ER¥ V.V, VeRaVOVPVIR + 105 RV V. VR VVP VR + L RV Ve Ve Ry VEVP Ve R

— BBU R AR RV RV g Rac + ZAZ RV RV, VPRV 4 Rac + 2L R RV, VP V* RV 4 Rac

— £V, VIVeRV VIRV jRac + 2808 R 9V RV VP RV 4 Rae — 8L R,P RV RV RV 4Ry

219 RV VPRV RV 4 Rye + 24T Ra IV RV VPRV 4Ry + 3031 R, Y RVCV VRV 4 Ry

199389 R R RV Ro*VaRpe — S5 R“IVOV* RV Ra®V g Roe — 238812 R, R* RV . R, sV 4 Ry’

— LT R RRV, Ra®V g Ree + 3580 RV, Ra® VPV RV g Ree + 8T R R RV . R0y VqRe s

+ %RacRabRbdchef VdRef + 215531125 RabRabRcdchef vdRef + 52227698707 RabRcdRQ Vdvaac

_ 411;28 RabVaRCdeRefvdvaef + 1934956 RabRCchvaRerdVbRef _ 2148010444901 RabRcdRZVdchab

+ 2297 ReAV IRV RV 4 Ve Rap + 25T R RVPVI RV Ve Rap + 322 Ra°R* Ry RV 4V Rey

+ BB RYRAV, VR Vg VeRey + S8 R RIV, RV VVy Rey + 83551 R2V VRV VI Ry

+ 55 VERV VV RV VI Ry, — 2833 RV VOV VRV VI Ry, — 5505 VPV RVV, RV 4V Ry

_ 61184518 RacRabR2 Vdvdec + 42521618309 RbchavaRvdvdeC + 6556571 RvaRbcva Rvdvdec

+ B R Vo RV RV gV Rye + 3555 Ra“V* RV RV 4V Ry + 225 R, CRVPV* RV 4V Ry

+ 88089 RV RV R, "VaV* Ry — 205V VRV VPRV VI Ry — L5V RVV VRV VI Ry,

+ 42229 Rbe RV RV VIV Rye — 4o VO RV VPRV VIV Rye — £25 Ry VARV VIV, VOV R

+ 286 R2VC RV VIV Rac — 15555 Rac VIV RV VIV, VR + LS8 R RV RV V4V Ry,

+ BT RPVOR®V VIV Rap + 5 VPRV VPRV VIV Rap — 2o RVCVPVP RV VIV Ry
+ 55V VP VaV*RVGVIVVL R + S232I R RV VIV V Ry + 515 VYRV RV VIV VR,

+
+

+
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— 2 RVPVIRVVIVVORapy — 515V VPV VERVVIVLVER — 283 R, VIV* RV VIV . VR

+++

+
+
+
+

2835 5670

3155 VI VARV VIV VYV, Vo R — =15V, VRV VIV VeV, VPR — IRV VIV VYV, VPV, VR
225 Ry VRV VIV VOV R + 355 R. Ry Va VIV VOVP VR — 12511721ORavadvdvcv VPVeR
3089 Rac Vy VI VPRV VIVR + 53: Vi Rac VPV RV VIVR — 3.V VRV Ry, Vq VIV R

39555 Bbe Va VRV VIVEVP R — 38V, Ry VO RV VIVEV® R+ VGRVC RapVaVIVeV R
L RVcRwVaVIVEVPVIR + 28 R,V Ry VaVIVEVIVIR + AV R VRV R VI Ry,

126 945
82 R* R*Vy Rea VIR — 353V RV, Reg VPRV R, + 121 vaRcdvbvaRvdRac
53507 R R2V . Rog VP Ra® + 1595 VARV RV Ryg VIR + S233 RVV* RV . Rpg VI R,

1074536306*5RabR2VdechRa — ﬁvavaRVdecvdRa 4937RV VRV g RV Ra*
8L paby 7, R, VR VIR, — 2812 Reby RSV, Y, R, VI R,© — 4998 RabY, REFV,V R, s VIR,°

3 RVaV*RV Ry VIR — 22V ,RV RV Ryg VIR + B8 RV RV .V 4 Ryq VI R

828 RV RV .V, Raa VIR + 29529 RV .V RV 4 Ry VIR + 331V, RV* RV g Ry, V R

T2 RV RV Va Ry VIR + LRV RV Ve Ray VAR + 153 R*V, Va Reg VIV R

502 R*V 4V Rac VIVOR™ + 1235 R*V Ve Rap VIV R™ — B8 Roc Ry VPV RVIVR
21208 Rab Rea VPV RVVOR 4 [ VPV RV 1V, Rac VIVOR — ZLEVPV RV, Ve Ry VIVER
4 Rap ReaVORVIVOVPR — 13V, VRV Ry VIVV R + 233 R, Rye Rea VIVEVP VIR
P Ray Rea RVIVOVP VIR — {8 RV V Ry VIVOVP VIR + SL R,V V Ry VIVOVIVE R

3= Ra“VaV Ry VIVVIVIR — 49838 RO RARI Y Ry s Ve Rac + 831 Ry " R R.*V* RV e Rag
L8577 Ry R RV RV e Ragq + 325 R ROV, VPV RV  Rog — 35 R4V .V°V, VPV RV Roq

8 Ra I RsVOVIVO RV e Rye — 35 Ra“VaVIVEVP VRV Ry + 22238 R,Y ReC ROV RV . Ry

__ 63059 RabRbCRdeV‘ZRVERCd 4901 RacRdevbvbvaRv Req — 1859 Rcdv RaeVbV“RVeRcd

+
+

+
+
+

+

+

+++

+

+

1260 3780 756

S Ry Ry VOV VRV Rea + 195 Rap R¥VOVPV* RV Rog — 3823 R, “ R RY*V 4R,/ V. R
U837 Ru R RV Ry Ve Rgp — §5SL R*V* RV, RV Vo Reg — 353 RV R¥V°R™V .V} Raa
+ I8 RV RV, RV Ve Rag — 822 R, R R RV V. Rpq + 1232 R RV, V* RV V. Ryq
ST RP VRV RV Ve Ryg — S8 RERIVPVIRV Vi Rap + oot RV VeV VRV V4 Ry

LT RV RIVe RV V4 Rap — 280 RVVO RV, R*V Vg Rae + BB R, RO R RV .V 4Ry
25408 R RI°V VRV VaRy. + 223 R**V,R¥V*RV V4R + }ggl Ra®R¥*VPV*RV VR

+ 3B R RV RV VVeRap + 2890 Req RIVOIVI RV V Rap — 555 VaV4Ve VOV VPRV V Ry

15120 540
8159 RPVIRV Ry VeV Rog — 1233 RP VRV R, VeV Rog — 2L R RV ;3 VIR,V VE Ry
+ $5VPVERV VR Ve VO Rye + §Va VARV VIRV VO Ry — 39328 R, RV V* RV V Ryg
3319 R.IV VeVP VIRV VE Ryg — S8L RV, RAVE RV Ve Ryg — S RV R,V RV V° Ryq
118809203 vaRabvdRacv veRbd + 9609 RacRabRbde VeRcd 10930775279R RabRCdRV VeR
188253 Ry R**V o V* RV .V Req — 625266487RchaRde“RVeVeRcd — PRV RV, R VeV Reg
L R,PVIRV, RV V Ry + BHL R RV, VRV VO Reg + 1L ROV, VOV, VRV .V Rey
BVRV, VPV RV eV Reg — —fngRaCR VYRV eV Rea + B5T Rap ROV RV eV Reg
B VVaROVP VRV V Reg + 5V Ra*VVPVP RV Ve Reg — 21897 RPVRVY R4, Ve Ve Req

828 RV R™VI Ry Ve Ve Req — 51410V°V”V“RvdR bVeVOReg — 2V VIV RVIR,“V Ve Reg

L R."VRVIR, VeV Reg + S R RVIV R, VeV Red — 255V VRV VR VeV Reg
SISLR™RVIV R, VeV Rea + g5 VIV RVIV Ry, VeV Reg — 1955 Rap VIVeV VARV V°Reg
BIVIRV VIRV VY Ry — B2 R, YRV RV V VaReq — $52 RVIV .V RV .V VYV, Rog
2L R™RVaRV VeV Reg — 3R, RV RV VeV Reg + 5 Va REVPVI RV VeV, Reg
T RWPRVI R, Ve VeV Reg — ZVPVIRVIR, Ve VOV, Reg + 2B REVIVERV VOV, VaReg
B RVIVERV .V V,VaReq — 55 REVPVIRV VOV, VRae — 53 VRV VIRV VV Ry
O RWPRVIR. Ve VOV e Rya + 12z VI VIRV RV VOV Ryg — 2V, V*RVIR*V .V VY Ryg
28 RVIV.V RV VO VRa, — 252 Ry R*V*RV . VV g Rac — $a55 RV VPV RV VV 4 Rac
8619 R RV RV VEV 4 Rpe + 25 Ra"RV RV VYV Rye — $VaR“VP VARV VYV 4Ry

2 RaVEVPVERV VOV Ry — LTHEE RW RVIR, “V VOV Ry + 32 VPV RVIR,“V VOV g Rye

183VaV*RVI RV VYV 4Ry + mR“bR“le VVaVRac — 22 RVIVERV VYV 4V} Rac
S R™R“RV .V VYV Ry + 5055 ROVPVIRV .V V4V Rap + B3 RVIVC RV VYV Ry

T RV VeRYV VOV VR — 3423 Ra“ R RV VOV VI Ry + 338 RV VRV VOV VI Ry
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+

BVaR*VORV . VV VI Ry + 38 R,CVP VARV VOV VI Ry — $VRVCR" Ve VEV VI Ry,

— VOV VaV RV VOV VI Ry + 1352 RV RV .V V VIV, Ry — 45 RVERYV .V V VIV, R
2O RP VRV VYV 4VIV Ry + 1924357RV°R“bV VeV aViVeRay + g?;gR“”RveV V4ViVVeRy,
555 VIVARV VOV VIV eV Rap — 1555 Rab Ve VOV VIVVOVPIVAR — L Rop Rea Ve VEVIVEVIVER
229603 R RRV 4 Ree VE Rapy — 2291 RVPVI RV 4 Ree VE Rap — MR“bRCdRVeRCdVERab
ST RIVPVIRV e Req Ve Rap — 9o RV, R VOV RV Ry + 828557 R* RURV 4y Ry VE Rac
229 RVPV RV 4 Rpe VE Rae + 18375 R* R RV Rpg Ve Rac — 250 RV V* RV RyqV° Rac
S RYVYRV VR VeRa® — 2V Rae Ve VOVPVERVOR,? — BT RV RV 1V Ree VE Ro

+ o+

++

2239 T R*V RV 4V Rye VERa® + B2 RV RV V. Ry VERa® + 5 V.V VPV RV Ryg VR

L1089 RPCV IRV Ve Ry Ve Ra® — 432 RVCRV Ve Rpq Ve Ra® — 213 R*V* RV V Ry VERa®

3008 RVCR®V VqRy Ve Ra® — Y59 RPV VR VO RV Ry — 3L RP°V Vg Ree VARV Ry?

1%83 RbcvaveRcdvaRveRbd + 510409 RacRavacRdeveRbd _ 10439 Rbcv VaRVCRdeveRbd

S8VaR*V*RV:Rq.V Ry + gg},RacvbvavaRdeVGRb - —V“RVCRdEVCRabVERb
32337RacRavadRceveRbd - 136718501 R*VaV®*RVqRee Ve Ry! — ER‘JCV V*RVaRceV* Ry
198 R VIRV Ve Rae VE Ry + 328319 R C R RV R.qVE Ry — 10007 RY7 V2RV R, V° R}, ?

W2V, RV RV Rea VR, — 424 R, VPV RV RegVe Ry + BV RV°R."V R g Ve Ry

SRV RV VeR.aVe Ry — 38O RV RV V4 Rac Ve Ry — 803 R,V Ry VPV RV R, ?

a c bye d 661 c pabyye d 1709 c pab e d
ﬁV RV, R4V R"VeR" — 55 RV VaRge VIRV R — 1560 RVERYV 4V Rae Ve R

3008 RV RV Vy Raa VR + ZLRV RV .V R, VR + 122V, VoV Ree VPV RV R

725 VeVaVeRegVPVERVER — 2.V, VV Rae VPVE RV R — 383 ROY, YV, Ry V RS VR
59089 Rap R* RV 4 Ree VER™ — 2V, VPV, VIRV R VER™ + HET R, VPV RV 4R VE R

A RV RV 4V, Ree VER — 12T R* RV 4V, Vo Ree VER® + 1381 R,"V* RV 4V o Ry VE R

2O RPRV VeV Rae VER™ — SHOL R, R* RV Rea VR + 12V, VPV, VRV Req VE R

28 R VPV RV RqVeR + U2 R0V, YV, Ry Ve RS Ve R — 18383 p bYa RV V) Ry VR

L RPRV .V VaRgVER™ — 283 R ,PV RV .V Ry VR + 382 RY RV .V 4V, R VE R

7560
268 R RV VgV eRap VER™ — 2. VPV RV V VR, V© RCd + éggéR“vadvawv VaR™

2= VPVORV 1V Ree VOV R — 18T R RV YV Req VeV R + 51 VOV RV V Req VeV o RO
B RYPRV VR4V VIR — (2= V'V RV .V, Ra VEVIR,© — 188 R RV .V, RV VIR, *

B VPVIRV .V ReaVEVIRE — BT3RO RV V. RygV VIR, + 12 VPV RV .V RygV VI R, *
G2 R RV VR VEVI R, + £V VRV eV Ry VEVI R, — 135 VaV* RV YV Ry VEVI R
135v VeRVVeRygVEVIRY + BV, VIRV VR, VEVEIR + 8L RV .V, Vu R gV VIV R

B RV VaVpRaVEVIVeR™Y + 18 RV V4V Ry VEVIVORY® — LRV R4VeVIVVPVIR

135 189
30713 RabRcdRefv Racvabd + 5841126 RabRcdRefvaanfRde 4 13676879 RabRcdRefv Rabvade

81249207RaCRadeechbfvade 292 RV R/ VRV 4V Ry — 82 RV R VRV 1V Ry

1B RV 4RI VIR,V Vi Ree — 125 RV RV RV iV, Rye — HZ RV R VIR,V V}, Rye

1890
T R.CR™ Ry R¥V iV Rye + 222 RV 4RI VIR,V Ve Rye — 31T RV, RET VIR,V ;V  Rye
B4 ROV RS VORIV Vg Rapy + 22 ROV RS VORIV 1V Ry + B3ROV, ROV RV (V4 Ry
U RV . RY VIR,V VR — BRa“R* Ry RV ;VyRee + 332 Ry R R RV sV 4 Ree
1033 RV, R VIR,V i Vg Ree — 32 R RV RVt V3V Ree + 55 R RV o RV s V3V Rye

1245 R, R Ryf RIV (Ve Rye — 58 ROV REIVIR,V Ve Rye + LI RV, ROV RV Ve Ry

169 RabchefvdRa VfVERbd _ 65537 RaCRabR dRefva Rcd 4 180017R RabRcdRefva Rcd

630 1890 22680
191 Rabv Rcdvaefva Req + 659 RabvaefvdRacva Req — 4387RabRcdv Refva Vi Red
%RabRCdVQREfoVeVdeC - RabRCdRerfV VaViRac + 3 R RORIV VeV Ve Rap

3407 RV g Ree VRV s VI Ry, — 330728107 RV ReqVe RV VI Ry, + BEL R RV .V RacV VY Ryg

18V VRV VRV VI Ryg — 2L RV, ROV 4RV VI Rye — LBIL R RV V Ra®V VI Ry

L0 RV Ry VIRV VI Rye + H2E ROV 4 REVIRV y VT Rye + 52 R*Vo RV RV y VI Ry

838 R VIRV ReqV s VI Rye — 28 R RV VR,V VI Reg + BT R, RV VR,V VI Reg

— 3498 Ry RV VRV VI Reg + S RV, R4V RaV VI Ree + 2B RV Ry VIR,V V/ Ree

+

7560 315 135
+ BT RYVIR,VRygV s VI Ree — B R, R R, RV VI Rye + 3889 R, R R.°R°V VI Ry,

22()91 RaCRabRb RdevafRde 453509 RabVaRcdvacevafRde + 9;28 RabvaacchdevafRde
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+ +

2R RV VyRa“V VI Rge — SE R,CRV VRV VI Ry — L4838 ROY RV R,V ; V7 Ry

84 RV, RV RaV VI Rye + 28T RUVIR, VO Ry VsV Rye — 282 RV, Ro“V RV VI Ry
ZLR®V R,V RV VI Ry — 3928 R* R°IVV, RacV s VY Rae + 12 Ve VRV VR,V sV Ry,
1621 Rab RedV eV Ry V s VI Rye — B RCR™OV VRV VI Rye — 25V .V R™VVIR,,V VI Ry.
1B R R™VVI R,V VI Rye + 15 VeV Va Ry VERYV VI R + (8 VRV .V, Vo RqV VI R
BV RV ViV RacV VIR + 2 VRV V4VcRwV VIR + 2VR®V VRV VIV, Roa
EEVeRYV VRV VIV, Reg — 2L RV VOV RV VIV Req + 1 RV V VIRV y VIV Ree
LI R RV RV s VI VyRge — 2L RV VRV VIV, VoReq — LBV RV VR,V VIV Riq
2Z RV VIRV VIV Ry — BH R, ROV RV VIV Rye + 322 R, RV R,V ; VIV . Rye
B RV VIV R,V VIV Rye + T R R R¥V VIV .V, Ry + 135 R“bvevd RaV VIV .V Ry
ALVER™V VR AV VIV Ry, + £VERY V. VRV VIV Ry + 3L R RV  Ro®V VI Vg Rye
B3 R RV RacV s VIV Rye — 82 RPRV,RaV VIV Ree + 23 R RV Ry, V i VI V4 Ree
BB R RYVR, IV VIV Ree — B8 R,y R VRV VIV Ree — 15 RYPVV, Vo RV VIV R
18RIV VRV VIV 1V Rae — 22 R™PVEV RV VIV VyRee — £ RPVER“V VIV V, Vi Ree
23 ROV VRV VIV V Rapy + £ RVEVL RV VIV Ve Rye + £ RVRY VIV YV V) Rae

592 RVEV VIR,V y VI Ve Rye + 2 R RV R,V 1 VI Ve Ryg + 2928 R RIVE R,V VI Ve Ryq
7904552 RabRCdvaaevafveRcd + 2503 RacRabvadeva'fveRcd _ 33329 RabRcdveRabvafv Rcd

945 18 0
13818 Ry RV Ry IV i VI Ve Reg — 32 Repy RV RV § VI Ve Reg — S5 R*VV, Vo ROV VI Ve Req
BE RWOVVIVLRV VI VeReg + ERPVVIV R,V VIV Ry — 3 R*PVEV RV VIV, Reg
@R“bvevdR °VVIVeVyReq — %R “RYRYV VIV VR — 22R™VVIR,V VIV VR
D R.“R™ RV VIV VR + 924Rabv VoRY VIV V 4Ry — 4964752 R®VEVIR,V VIV .V Ry,
S RUVORY VIV VgV Rae + 5 RUVERV VIV ViV eRay + & VaViV VRV VIV VO R,

2 RV VIRV VIV VO Ry — 15V R IVOR®V VIV V Ryg + £ VOR VIRV VI VeV Ryg
92 Ry R RV 4 VIV VO Ry — 22L R, R RV y VIV VO Req — ;gg RV, VaR“V VIV Ve Rey
AVeRPVIRWV VIV VO Ry + 02 R*PVIV, R,V VIV VR — 15 R*VIVER,V VI VeV Rey
S RV RV VIV Reg + 28 RWOVIR, Vi VIV VOV, Req — 22 RVIR,V VIV VOV Rig
135Rabv RV VIV VeV Ry — 332 ROVIR,V VIV VOV Rye + 25 R RV y VIV VOV 4V Rae

8RRV VIV VOV VeRapy + 10 Ve VRV VIV VOV VIR, — 8RRV VIV VOV VI Ry

1890 135 189
ROV VIVVOV VIV VR, — S22 R RV V Vy Ry VI R — 28 R RV .V V, Rep VI Ry

S R™RV.V Ve Ry VI R + 2R RV iV VyRee VI Ry + L2L RO RV 1V gV Ry VI Ry
3TRWRIV VeV ReaVI Ra® — YRRV iV VRV Ro® — 1391 R, R RV . Ryp V' Ry

2?;;13 Ra cRadee vf Rdevf Rbe _ 5168293 RacRadee VCRerf Rbd _ 718246609 RacRadee VeRijf Rbd

55 Ra RO RV  Ree VI Rya + §VOR™VaRep VI Rae VI Ry + G RV Ra VeV aRep VI Ry
32YV.R."VR®V s Ry VI Ry — 32V R™VIR0V s Rge VI Ry® + L3E RVIR,“V iV Ree VI Ry
L83 ROVIRG OV Ve Rea VT Ry — S RV, Vo Ref VORIV Reg + ‘”JR“”VERcdvabRaevacd

136798009 R*™VeR“Y VRV Reg + 8B RV, Va Ry VERV Ree + 2 R*V Vi Rap VERVI Ree

111809707 RabveRcdvabR dvace _ %RabveRcdvadR bv Ree — 410266001 RaCRabRbdvdRefvac
383 Rab R RV 4Ry VI R + BB RV, RV 4V Rey VI R — 2V°R®V Ry VI Ry, VI R.C

1854 RV 4V Re VI Ra“V/ R —6144609RacRabRdeeRdef Re® + 24 R, R R°V . Ryy V' R.*

— 254 RV, RV Vy Ry VI R + 28 R1VIR, VeV, Ry VI Re® — 49 RV, RV V4 Ry VI R,

+
+
+
+
+
+

0 RUVIR, Ve VaRyf VIR — 8T R, R R,V Rg VI R + 830 R, R* R*IV s Ry V7 R

3VeR™PVIRWYV f Rae VI RE + L2997 ROV, RV ;Vy Rg VI Re® — 22 ROVIR,“V yVy Rae VI R,
3 RV RV Vg Ry VI R© + 22188 RabvdRacvadeevace + mR“bVGRCdeV RyaVI R.*

180 RtV IR,V § Ve Ry VY Re® + VI Ry*
3197 pabyd g ey, Ry VY Ry + %RadeRaCVchRbfoRd + %R“deRaCVbeRwVfRde
448 RAVGIR OV 1V Ry VI Ry® + 88382 ROVIR, OV 1V Ry VI Ry + 3% Ry R Ry Ve Ryp VI R

S VyRac VRV Ry VIR + 38V R, VRV Ry VI R + 3T RV, R,V V. Rgy VI R
L2 RV Ray Ve Ve Ry VI R + 499 R,C RV .V V, Ry VI R — T3 RV, R,V VRV R
LRV R Ve VR y VI RY + L Ry RV VgV e Ry VI R + 3908 R °R* R,V § R VI R

301V Rup VER™V ; Ry VI R + 28338 Roby, R, °V V. Ry VI R — 2831 ROV R,,V ;V Ry V/ R
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+

3337 Ra® RV y VeV Rg VI R — 28839 Rob7, R,V Ve Reg VI R + BT RVC R4,V Ve Rea V/ R

338 Ra® RV Ve Ve RypaVI R — 2818 R CRV V.V Ry VI R — 8-V .V RV .V, Ry VIV, R
— 12 VeVOR®V VR VIV R — B3 R RV VR VIV, R, — S8 RO RV .V Ry VIV, R,
8L RoP RV $V g Ree VIV Ra® + YO R, RV V Ry VIV, R — 9881 R c RV VR4, VIV, RO

— ML RO RV VR y VIV LR, — BT R RV .V, Ry VIV Ra® + 82 R RV .V 4Ry VI VR, *

+
+
+
+
+
+

68T R RV y Vy Rge VI Ve Ra® + 2O RO RV 1V g Ry VIV Ro© — I8 R RV VR VI VO Ry,

35462;)09 RabRcdvadRcevaeRab _ 12325618801 RabRcdvaeRcdvaeRa _ %RabRcdvdvaefvaeRac

8426 RAP REAY ¢V 4Ry VIV Rae + 222 R RV iV RypaVI VO Rac + 155 VeV RV Vy Re VI VR,

BV VRV VyRe VI VER. — 28V VRV VR, VIVE R, — 128V VRV V. Ry VI Ve R, *

28 Ry RV Ve ReyVIVR,? + 383 R, C RV V Ry VI VR, + 8B R, RV VR VI VE R,

945
U836 R,C RV 1 Ve RegVI VR + 220 R, RV Ve Ry VI VER — 89 RV V.V Vo Ry VI VER
899L Ray RV V4 Ree VI VR + AL RV 1V Vy Vo Ree VIVER + B RV V4V Vi Rae VI VE RO
gggg Ry RV §VeRqVI VR — JL RV V.V VaReaVIVER + SRV V. V4V Rac VI VR
DRV [V Vg VR VI VER — (8- ROV V.V, Ry VIVEV R + LRV VgV Ree VI VeV, R
LRV ¢V eVyRegVI VeV R + 8- RV V.V, Rae VIVEVIR,E + £ ROV V.V, ReqVIVEVIR,©

28 RV 4V Ve Ry VI VOVIR, — 28RV 1V VR, VI VVIR, + RV, RV, RV ;VRee

166



Bibliography

[10]

[11]

[12]

Pablo Bueno, Pablo A. Cano, Quim Llorens, Javier Moreno, and Guido van der Velde.
“Aspects of three-dimensional higher-curvature gravities”. In: Class. Quant. Grav. 39.12
(2022), p. 125002. pOI: 10.1088/1361-6382/ac6cbf. arXiv: 2201.07266 [gr-qc].

Sergio E. Aguilar-Gutierrez, Pablo Bueno, Pablo A. Cano, Robie A. Hennigar, and Quim
Llorens. “Aspects of higher-curvature gravities with covariant derivatives”. In: Phys. Reuv.
D 108.12 (2023), p. 124075. pOI: 10.1103/PhysRevD. 108.124075. arXiv: 2310.09333
[hep-th].

Pablo Bueno, Roberto Emparan, and Quim Llorens. “Higher-curvature gravities from
braneworlds and the holographic c-theorem”. In: Phys. Rev. D 106.4 (2022), p. 044012.
DOI: 10.1103/PhysRevD.106.044012. arXiv: 2204.13421 [hep-th].

Leor Barack et al. “Black holes, gravitational waves and fundamental physics: a roadmap”.
In: (2018). arXiv: 1806.05195 [gr-qc].

Clifford M. Will. “Was Einstein right?: testing relativity at the centenary”. In: Annalen
Phys. 15 (2005). Ed. by Abhay Ashtekar, pp. 19-33. DOI: 10.1002/andp .200510170.
arXiv: gr-qc/0504086.

Clifford M. Will. “The Confrontation between General Relativity and Experiment”. In:
Living Rev. Rel. 17 (2014), p. 4. DOI: 10.12942/1rr-2014-4. arXiv: 1403.7377 [gr-qc].

B. P. Abbott et al. “Tests of general relativity with GW150914”. In: Phys. Rev. Lett.
116.22 (2016). [Erratum: Phys.Rev.Lett. 121, 129902 (2018)], p. 221101. por: 10.1103/
PhysRevLett.116.221101. arXiv: 1602.03841 [gr-qc].

B. P. Abbott et al. “Tests of General Relativity with GW170817”. In: Phys. Rev. Lett.
123.1 (2019), p. 011102. por: 10.1103/PhysRevLett.123.011102. arXiv: 1811.00364
[gr-qc].

J.A. Wheeler and K. Ford. Geons, Black Holes, and Quantum Foam: A Life in Physics.

W. W. Norton, 2010. 1SBN: 9780393079487. URL: https://books.google.es/books?
1d=zGFkK2tTXPsC.

John F. Donoghue. “Introduction to the effective field theory description of gravity”. In:
Advanced School on Effective Theories. June 1995. arXiv: gr-qc/9512024.

C. P. Burgess. “Quantum gravity in everyday life: General relativity as an effective field
theory”. In: Living Rev. Rel. 7 (2004), pp. 5-56. DOI: 10.12942/1rr-2004-5. arXiv:
gr-qc/0311082.

Richard P. Feynman, Fernando B. Morinigo, William G. Wagner, David Pines, and Brian
F. Hatfield, eds. Lectures on Gravitation. 1995.

167


https://doi.org/10.1088/1361-6382/ac6cbf
https://arxiv.org/abs/2201.07266
https://doi.org/10.1103/PhysRevD.108.124075
https://arxiv.org/abs/2310.09333
https://arxiv.org/abs/2310.09333
https://doi.org/10.1103/PhysRevD.106.044012
https://arxiv.org/abs/2204.13421
https://arxiv.org/abs/1806.05195
https://doi.org/10.1002/andp.200510170
https://arxiv.org/abs/gr-qc/0504086
https://doi.org/10.12942/lrr-2014-4
https://arxiv.org/abs/1403.7377
https://doi.org/10.1103/PhysRevLett.116.221101
https://doi.org/10.1103/PhysRevLett.116.221101
https://arxiv.org/abs/1602.03841
https://doi.org/10.1103/PhysRevLett.123.011102
https://arxiv.org/abs/1811.00364
https://arxiv.org/abs/1811.00364
https://books.google.es/books?id=zGFkK2tTXPsC
https://books.google.es/books?id=zGFkK2tTXPsC
https://arxiv.org/abs/gr-qc/9512024
https://doi.org/10.12942/lrr-2004-5
https://arxiv.org/abs/gr-qc/0311082

[13]

[14]

[21]

[22]

23]

Solomon Endlich, Victor Gorbenko, Junwu Huang, and Leonardo Senatore. “An effective
formalism for testing extensions to General Relativity with gravitational waves”. In:
JHEP 09 (2017), p. 122. DOI: 10.1007/JHEP09 (2017)122. arXiv: 1704.01590 [gr-qcl.

Pablo Bueno and Pablo A. Cano. “Universal black hole stability in four dimensions”.
In: Phys. Rev. D 96.2 (2017), p. 024034. DOI: 10.1103/PhysRevD. 96 .024034. arXiv:
1704.02967 [hep-th].

Gustavo Arciniega et al. “Geometric Inflation”. In: Phys. Lett. B 802 (2020), p. 135242.
DOI: 10.1016/3.physletb.2020.135242. arXiv: 1812.11187 [hep-th].

Aninda Sinha. “On the new massive gravity and AdS/CFT”. In: JHEP 06 (2010), p. 061.
DOI: 10.1007/JHEP06(2010)061. arXiv: 1003.0683 [hep-th].

Miguel F. Paulos. “New massive gravity extended with an arbitrary number of curvature
corrections”. In: Phys. Rev. D 82 (2010), p. 084042. DOI: 10.1103/PhysRevD.82.084042.
arXiv: 1005.1646 [hep-th].

Robie A. Hennigar, David Kubiznédk, and Robert B. Mann. “Generalized quasitopological
gravity”. In: Phys. Rev. D 95.10 (2017), p. 104042. DOI: 10.1103/PhysRevD.95.104042.
arXiv: 1703.01631 [hep-th].

Pablo Bueno and Pablo A. Cano. “On black holes in higher-derivative gravities”. In:
Class. Quant. Grav. 34.17 (2017), p. 175008. DOI: 10.1088/1361-6382/2a8056. arXiv:
1703.04625 [hep-th].

Pablo Bueno, Pablo A. Cano, Robie A. Hennigar, Mengqi Lu, and Javier Moreno. “Gen-
eralized quasi-topological gravities: the whole shebang”. In: Class. Quant. Grav. 40.1
(2023), p. 015004. DOI: 10.1088/1361-6382/aca236. arXiv: 2203.05589 [hep-th].

Javier Moreno and Angel J. Murcia. “Classification of generalized quasitopological grav-
ities”. In: Phys. Rev. D 108.4 (2023), p. 044016. pDO1: 10.1103/PhysRevD. 108.044016.
arXiv: 2304.08510 [gr-qc].

Javier Moreno and Angel J. Murcia. “Cosmological higher-curvature gravities”. In: (Nov.
2023). arXiv: 2311.12104 [gr-qc].

Pablo Bueno, Pablo A. Cano, Javier Moreno, and Angel Murcia. “All higher-curvature
gravities as Generalized quasi-topological gravities”. In: JHEP 11 (2019), p. 062. DOTI:
10.1007/JHEP11(2019)062. arXiv: 1906.00987 [hep-th].

Michael E. Peskin and Daniel V. Schroeder. An Introduction to quantum field theory.
Reading, USA: Addison-Wesley, 1995. 1SBN: 978-0-201-50397-5.

Steven Weinberg and Edward Witten. “Limits on Massless Particles”. In: Phys. Lett. B
96 (1980), pp. 59-62. DOI: 10.1016/0370-2693(80)90212-9.

Gary T. Horowitz and Joseph Polchinski. “Gauge/gravity duality”. In: (Feb. 2006),
pp- 169-186. arXiv: gr-qc/0602037.

A. D. Sakharov. “Vacuum quantum fluctuations in curved space and the theory of grav-
itation”. In: Dokl. Akad. Nauk Ser. Fiz. 177 (1967). Ed. by Yu. A. Trutnev, pp. 70-71.
DOI: 10.1070/PU1991v034n05ABEH002498.

168


https://doi.org/10.1007/JHEP09(2017)122
https://arxiv.org/abs/1704.01590
https://doi.org/10.1103/PhysRevD.96.024034
https://arxiv.org/abs/1704.02967
https://doi.org/10.1016/j.physletb.2020.135242
https://arxiv.org/abs/1812.11187
https://doi.org/10.1007/JHEP06(2010)061
https://arxiv.org/abs/1003.0683
https://doi.org/10.1103/PhysRevD.82.084042
https://arxiv.org/abs/1005.1646
https://doi.org/10.1103/PhysRevD.95.104042
https://arxiv.org/abs/1703.01631
https://doi.org/10.1088/1361-6382/aa8056
https://arxiv.org/abs/1703.04625
https://doi.org/10.1088/1361-6382/aca236
https://arxiv.org/abs/2203.05589
https://doi.org/10.1103/PhysRevD.108.044016
https://arxiv.org/abs/2304.08510
https://arxiv.org/abs/2311.12104
https://doi.org/10.1007/JHEP11(2019)062
https://arxiv.org/abs/1906.00987
https://doi.org/10.1016/0370-2693(80)90212-9
https://arxiv.org/abs/gr-qc/0602037
https://doi.org/10.1070/PU1991v034n05ABEH002498

[28]

[41]

[42]

[43]

Sergey Frolov, Igor R. Klebanov, and Arkady A. Tseytlin. “String corrections to the
holographic RG flow of supersymmetric SU(N) x SU(N + M) gauge theory”. In: Nucl.
Phys. B620 (2002), pp. 84-108. DOI: 10.1016/80550-3213(01) 00554-5. arXiv: hep-
th/0108106 [hep-th].

Michael B. Green, J. H. Schwarz, and Edward Witten. SUPERSTRING THEORY. VOL.
2: LOOP AMPLITUDES, ANOMALIES AND PHENOMENOLOGY. July 1988. ISBN:
978-0-521-35753-1.

Joseph Polchinski. “Tasi lectures on D-branes”. In: Theoretical Advanced Study Insti-
tute in Elementary Particle Physics (TASI 96): Fields, Strings, and Duality. Nov. 1996,
pp- 293-356. arXiv: hep-th/9611050.

Michael B. Green, J. H. Schwarz, and Edward Witten. SUPERSTRING THEORY. VOL.
1: INTRODUCTION. Cambridge Monographs on Mathematical Physics. July 1988.
ISBN: 978-0-521-35752-4.

Edward Witten. “String theory dynamics in various dimensions”. In: Nucl. Phys. B 443
(1995), pp. 85-126. DOI: 10.1016/0550-3213(95)00158-0. arXiv: hep-th/9503124.

Edward Witten. “Some comments on string dynamics”. In: STRINGS 95: Future Per-
spectives in String Theory. July 1995, pp. 501-523. arXiv: hep-th/9507121.

David J. Gross and John H. Sloan. “The Quartic Effective Action for the Heterotic
String”. In: Nucl. Phys. B291 (1987), pp. 41-89. DOI: 10.1016/0550-3213(87)90465-2.

Michael B. Green and Michael Gutperle. “Effects of D instantons”. In: Nucl. Phys. B 498
(1997), pp. 195-227. pOI: 10.1016/50550-3213(97)00269-1. arXiv: hep-th/9701093.

Lisa Randall and Raman Sundrum. “An Alternative to compactification”. In: Phys.
Rev. Lett. 83 (1999), pp. 4690-4693. DOI: 10 . 1103 /PhysRevLett . 83 . 4690. arXiv:
hep-th/9906064.

G. R. Dvali, Gregory Gabadadze, and Massimo Porrati. “4-D gravity on a brane in 5-D
Minkowski space”. In: Phys. Lett. B 485 (2000), pp. 208-214. por: 10.1016/S0370~
2693(00)00669-9. arXiv: hep-th/0005016.

Jaume Garriga and Takahiro Tanaka. “Gravity in the brane world”. In: Phys. Rev.
Lett. 84 (2000), pp. 2778-2781. DOI: 10.1103/PhysRevLett .84 .2778. arXiv: hep-
th/9911055.

Takahiro Tanaka. “Weak gravity in DGP brane world model”. In: Phys. Rev. D 69 (2004),
p. 024001. DOI: 10.1103/PhysRevD.69.024001. arXiv: gr-qc/0305031

Andreas Karch and Lisa Randall. “Locally localized gravity”. In: JHEP 05 (2001). Ed.
by Michael J. Duff, J. T. Liu, and J. Lu, p. 008. DOI: 10.1088/1126-6708/2001/05/008.
arXiv: hep-th/0011156.

S. W. Hawking. “Black holes in general relativity”. In: Commun. Math. Phys. 25 (1972),
pp- 152-166. DoI: 10.1007/BF01877517.

James M. Bardeen, B. Carter, and S. W. Hawking. “The Four laws of black hole me-
chanics”. In: Commun. Math. Phys. 31 (1973), pp. 161-170. DOI: 10.1007/BF01645742.

J. D. Bekenstein. “Black holes and the second law”. In: Lett. Nuovo Cim. 4 (1972),
pp. 737-740. DOI: 10.1007/BF02757029.

169


https://doi.org/10.1016/S0550-3213(01)00554-5
https://arxiv.org/abs/hep-th/0108106
https://arxiv.org/abs/hep-th/0108106
https://arxiv.org/abs/hep-th/9611050
https://doi.org/10.1016/0550-3213(95)00158-O
https://arxiv.org/abs/hep-th/9503124
https://arxiv.org/abs/hep-th/9507121
https://doi.org/10.1016/0550-3213(87)90465-2
https://doi.org/10.1016/S0550-3213(97)00269-1
https://arxiv.org/abs/hep-th/9701093
https://doi.org/10.1103/PhysRevLett.83.4690
https://arxiv.org/abs/hep-th/9906064
https://doi.org/10.1016/S0370-2693(00)00669-9
https://doi.org/10.1016/S0370-2693(00)00669-9
https://arxiv.org/abs/hep-th/0005016
https://doi.org/10.1103/PhysRevLett.84.2778
https://arxiv.org/abs/hep-th/9911055
https://arxiv.org/abs/hep-th/9911055
https://doi.org/10.1103/PhysRevD.69.024001
https://arxiv.org/abs/gr-qc/0305031
https://doi.org/10.1088/1126-6708/2001/05/008
https://arxiv.org/abs/hep-th/0011156
https://doi.org/10.1007/BF01877517
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/BF02757029

[58]

[59]

Jacob D. Bekenstein. “Black holes and entropy”. In: Phys. Rev. D 7 (1973), pp. 2333—
2346. por: 10.1103/PhysRevD.7.2333.

Jacob D. Bekenstein. “Generalized second law of thermodynamics in black hole physics”.
In: Phys. Rev. D 9 (1974), pp. 3292-3300. DOI: 10.1103/PhysRevD.9.3292.

S. W. Hawking. “Particle Creation by Black Holes”. In: Commun. Math. Phys. 43 (1975).
[,167(1975)], pp. 199-220. DOL: 10.1007/BF02345020.

S. W. Hawking. “Particle Creation by Black Holes”. In: Commun. Math. Phys. 43 (1975).
Ed. by G. W. Gibbons and S. W. Hawking. [Erratum: Commun.Math.Phys. 46, 206
(1976)], pp. 199-220. pOI: 10.1007/BF02345020.

G. W. Gibbons and S. W. Hawking. “Action Integrals and Partition Functions in Quan-
tum Gravity”. In: Phys. Rev. D 15 (1977), pp. 2752-2756. DOI: 10.1103/PhysRevD.15.
2752.

G. W. Gibbons and S. W. Hawking. “Cosmological Event Horizons, Thermodynamics,
and Particle Creation”. In: Phys. Rev. D 15 (1977), pp. 2738-2751. pO1: 10. 1103/
PhysRevD.15.2738.

W. G. Unruh. “Notes on black hole evaporation”. In: Phys. Rev. D 14 (1976), p. 870.
DOI: 10.1103/PhysRevD. 14.870.

S. W. Hawking. “Breakdown of Predictability in Gravitational Collapse”. In: Phys. Rev.
D 14 (1976), pp. 2460-2473. DOI: 10.1103/PhysRevD. 14.2460.

Ahmed Almheiri, Thomas Hartman, Juan Maldacena, Edgar Shaghoulian, and Amirhos-
sein Tajdini. “The entropy of Hawking radiation”. In: Rev. Mod. Phys. 93.3 (2021),
p- 035002. por: 10.1103/RevModPhys.93.035002. arXiv: 2006.06872 [hep-th].

Steven B. Giddings. “The deepest problem: some perspectives on quantum gravity”. In:
(Feb. 2022). arXiv: 2202.08292 [hep-th].

Werner Israel. “Event horizons in static vacuum space-times”. In: Phys. Rev. 164 (1967),
pp. 1776-1779. DOI: 10.1103/PhysRev.164.1776.

Werner Israel. “Event horizons in static electrovac space-times”. In: Commun. Math.
Phys. 8 (1968), pp. 245-260. DOI: 10.1007/BF01645859.

Andrew Strominger and Cumrun Vafa. “Microscopic origin of the Bekenstein-Hawking
entropy”. In: Phys. Lett. B 379 (1996), pp. 99-104. DOI: 10.1016/0370-2693(96) 00345~
0. arXiv: hep-th/9601029.

Vijay Balasubramanian, Albion Lawrence, Javier M. Magan, and Martin Sasieta. “Mi-
croscopic Origin of the Entropy of Black Holes in General Relativity”. In: Phys. Rewv.
X 14.1 (2024), p. 011024. po1: 10.1103/PhysRevX. 14.011024. arXiv: 2212 . 02447
[hep-th].

Vijay Balasubramanian, Albion Lawrence, Javier M. Magan, and Martin Sasieta. “Mi-
croscopic Origin of the Entropy of Astrophysical Black Holes”. In: Phys. Rev. Lett.
132.14 (2024), p. 141501. DoI1: 10.1103/PhysRevLett.132.141501. arXiv: 2212.08623
[hep-th].

Ana Climent, Roberto Emparan, and Robie A. Hennigar. “Chemical Potential and
Charge in Quantum Black Holes”. In: (Apr. 2024). arXiv: 2404.15148 [hep-th].

170


https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.9.3292
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2738
https://doi.org/10.1103/PhysRevD.15.2738
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.2460
https://doi.org/10.1103/RevModPhys.93.035002
https://arxiv.org/abs/2006.06872
https://arxiv.org/abs/2202.08292
https://doi.org/10.1103/PhysRev.164.1776
https://doi.org/10.1007/BF01645859
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/0370-2693(96)00345-0
https://arxiv.org/abs/hep-th/9601029
https://doi.org/10.1103/PhysRevX.14.011024
https://arxiv.org/abs/2212.02447
https://arxiv.org/abs/2212.02447
https://doi.org/10.1103/PhysRevLett.132.141501
https://arxiv.org/abs/2212.08623
https://arxiv.org/abs/2212.08623
https://arxiv.org/abs/2404.15148

[60]

[61]

[67]

[68]

[73]

[74]

Jacob D. Bekenstein. “A Universal Upper Bound on the Entropy to Energy Ratio for
Bounded Systems”. In: Phys. Rev. D 23 (1981), p. 287. DOI: 10.1103/PhysRevD.23.287.

H. Casini. “Relative entropy and the Bekenstein bound”. In: Class. Quant. Grav. 25
(2008), p. 205021. por: 10 . 1088 /0264 - 9381 /25 /20 /205021. arXiv: 0804 . 2182
[hep-th].

Gerard 't Hooft. “Dimensional reduction in quantum gravity”. In: Conf. Proc. C' 930308
(1993), pp. 284-296. arXiv: gr-qc/9310026.

Leonard Susskind. “The World as a hologram”. In: J. Math. Phys. 36 (1995), pp. 6377—
6396. DOI: 10.1063/1.531249. arXiv: hep-th/9409089.

Raphael Bousso. “The Holographic principle”. In: Rev. Mod. Phys. 74 (2002), pp. 825
874. DOI: 10.1103/RevModPhys.74.825. arXiv: hep-th/0203101.

Juan Martin Maldacena. “The Large N limit of superconformal field theories and su-
pergravity”. In: Int. J. Theor. Phys. 38 (1999). [Adv. Theor. Math. Phys.2,231(1998)],
pp. 1113-1133. DOI: 10.1023/A:1026654312961. arXiv: hep-th/9711200 [hep-th].

S. S. Gubser, Igor R. Klebanov, and Alexander M. Polyakov. “Gauge theory correlators
from noncritical string theory”. In: Phys. Lett. B428 (1998), pp. 105-114. por: 10.1016/
S0370-2693(98)00377-3. arXiv: hep-th/9802109 [hep-th].

Edward Witten. “Anti-de Sitter space and holography”. In: Adv. Theor. Math. Phys. 2
(1998), pp. 253-291. arXiv: hep-th/9802150 [hep-th].

Yevgeny Kats and Pavel Petrov. “Effect of curvature squared corrections in AdS on the
viscosity of the dual gauge theory”. In: JHEP 01 (2009), p. 044. DOI: 10.1088/1126~-
6708/2009/01/044. arXiv: 0712.0743 [hep-th].

Mauro Brigante, Hong Liu, Robert C. Myers, Stephen Shenker, and Sho Yaida. “Viscosity
Bound Violation in Higher Derivative Gravity”. In: Phys. Rev. D 77 (2008), p. 126006.
DOI: 10.1103/PhysRevD.77.126006. arXiv: 0712.0805 [hep-th].

Alex Buchel, Robert C. Myers, Miguel F. Paulos, and Aninda Sinha. “Universal holo-
graphic hydrodynamics at finite coupling”. In: Phys. Lett. B669 (2008), pp. 364-370.
DOI: 10.1016/j.physletb.2008.10.003. arXiv: 0808.1837 [hep-th].

Robert C. Myers and Aninda Sinha. “Seeing a c-theorem with holography”. In: Phys.
Rev. D 82 (2010), p. 046006. DOI: 10.1103/PhysRevD.82.046006. arXiv: 1006 .1263
[hep-th].

Xian O. Camanho, Jose D. Edelstein, and Miguel F. Paulos. “Lovelock theories, holog-
raphy and the fate of the viscosity bound”. In: JHEP 05 (2011), p. 127. po1: 10.1007/
JHEP05(2011)127. arXiv: 1010.1682 [hep-th].

Mark Mezei. “Entanglement entropy across a deformed sphere”. In: Phys. Rev. D 91.4
(2015), p. 045038. DOI: 10.1103/PhysRevD.91.045038. arXiv: 1411.7011 [hep-th].

Pablo Bueno, Robert C. Myers, and William Witczak-Krempa. “Universality of corner
entanglement in conformal field theories”. In: Phys. Rev. Lett. 115 (2015), p. 021602.
DOI: 10.1103/PhysRevLlett.115.021602. arXiv: 1505.04804 [hep-th].

171


https://doi.org/10.1103/PhysRevD.23.287
https://doi.org/10.1088/0264-9381/25/20/205021
https://arxiv.org/abs/0804.2182
https://arxiv.org/abs/0804.2182
https://arxiv.org/abs/gr-qc/9310026
https://doi.org/10.1063/1.531249
https://arxiv.org/abs/hep-th/9409089
https://doi.org/10.1103/RevModPhys.74.825
https://arxiv.org/abs/hep-th/0203101
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://arxiv.org/abs/hep-th/9802109
https://arxiv.org/abs/hep-th/9802150
https://doi.org/10.1088/1126-6708/2009/01/044
https://doi.org/10.1088/1126-6708/2009/01/044
https://arxiv.org/abs/0712.0743
https://doi.org/10.1103/PhysRevD.77.126006
https://arxiv.org/abs/0712.0805
https://doi.org/10.1016/j.physletb.2008.10.003
https://arxiv.org/abs/0808.1837
https://doi.org/10.1103/PhysRevD.82.046006
https://arxiv.org/abs/1006.1263
https://arxiv.org/abs/1006.1263
https://doi.org/10.1007/JHEP05(2011)127
https://doi.org/10.1007/JHEP05(2011)127
https://arxiv.org/abs/1010.1682
https://doi.org/10.1103/PhysRevD.91.045038
https://arxiv.org/abs/1411.7011
https://doi.org/10.1103/PhysRevLett.115.021602
https://arxiv.org/abs/1505.04804

[82]

[83]

[36]

[87]

[38]

Pablo Bueno, Pablo A. Cano, Robie A. Hennigar, and Robert B. Mann. “Universality
of Squashed-Sphere Partition Functions”. In: Phys. Rev. Lett. 122.7 (2019), p. 071602.
DOI: 10.1103/PhysRevLett.122.071602. arXiv: 1808.02052 [hep-th].

Pablo Bueno, Pablo A. Cano, Angel Murcia, and Alberto Rivadulla Sanchez. “Universal
Feature of Charged Entanglement Entropy”. In: Phys. Rev. Lett. 129.2 (2022), p. 021601.
DOI: 10.1103/PhysRevLett.129.021601. arXiv: 2203.04325 [hep-th].

Shinsei Ryu and Tadashi Takayanagi. “Holographic derivation of entanglement entropy
from AdS/CFT”. In: Phys. Rev. Lett. 96 (2006), p. 181602. pDOI: 10.1103/PhysRevLett.
96.181602. arXiv: hep-th/0603001 [hep-th].

Shinsei Ryu and Tadashi Takayanagi. “Aspects of Holographic Entanglement Entropy”.
In: JHEP 08 (2006), p. 045. pOI: 10.1088/1126-6708/2006/08/045. arXiv: hep-
th/0605073 [hep-th].

Aitor Lewkowycz and Juan Maldacena. “Generalized gravitational entropy”. In: JHEP
08 (2013), p. 090. poI: 10.1007/JHEP08(2013)090. arXiv: 1304.4926 [hep-th].

Geoffrey Penington. “Entanglement Wedge Reconstruction and the Information Para-
dox”. In: JHEP 09 (2020), p. 002. por: 10.1007/JHEP09(2020)002. arXiv: 1905.08255
[hep-th].

Ahmed Almheiri, Raghu Mahajan, Juan Maldacena, and Ying Zhao. “The Page curve
of Hawking radiation from semiclassical geometry”. In: JHEP 03 (2020), p. 149. DOTI:
10.1007/JHEP03(2020) 149. arXiv: 1908.10996 [hep-th].

Ahmed Almheiri, Raghu Mahajan, and Juan Maldacena. “Islands outside the horizon”.
In: (Oct. 2019). arXiv: 1910.11077 [hep-th].

Moshe Rozali, James Sully, Mark Van Raamsdonk, Christopher Waddell, and David
Wakeham. “Information radiation in BCFT models of black holes”. In: JHEP 05 (2020),
p- 004. DOI: 10.1007/JHEPO5 (2020) 004. arXiv: 1910.12836 [hep-th].

Hong Zhe Chen, Robert C. Myers, Dominik Neuenfeld, Ignacio A. Reyes, and Joshua
Sandor. “Quantum Extremal Islands Made Easy, Part II: Black Holes on the Brane”. In:
JHEP 12 (2020), p- 025. DOI: 10.1007/JHEP12(2020)025. arXiv: 2010.00018 [hep-th].

Hong Zhe Chen, Robert C. Myers, Dominik Neuenfeld, Ignacio A. Reyes, and Joshua
Sandor. “Quantum Extremal Islands Made Easy, Part [: Entanglement on the Brane”. In:
JHEP 10 (2020), p. 166. DOI: 10.1007/JHEP10(2020) 166. arXiv: 2006.04851 [hep-th].

Hao Geng and Andreas Karch. “Massive islands”. In: JHEP 09 (2020), p. 121. por:
10.1007/JHEP09(2020) 121. arXiv: 2006.02438 [hep-th].

Sebastian de Haro, Sergey N. Solodukhin, and Kostas Skenderis. “Holographic recon-
struction of space-time and renormalization in the AdS / CFT correspondence”. In:
Commun. Math. Phys. 217 (2001), pp. 595-622. DOI: 10.1007/s002200100381. arXiv:
hep-th/0002230.

Dominik Neuenfeld. “The Dictionary for Double Holography and Graviton Masses in d
Dimensions”. In: (Apr. 2021). arXiv: 2104.02801 [hep-th].

172


https://doi.org/10.1103/PhysRevLett.122.071602
https://arxiv.org/abs/1808.02052
https://doi.org/10.1103/PhysRevLett.129.021601
https://arxiv.org/abs/2203.04325
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://arxiv.org/abs/hep-th/0603001
https://doi.org/10.1088/1126-6708/2006/08/045
https://arxiv.org/abs/hep-th/0605073
https://arxiv.org/abs/hep-th/0605073
https://doi.org/10.1007/JHEP08(2013)090
https://arxiv.org/abs/1304.4926
https://doi.org/10.1007/JHEP09(2020)002
https://arxiv.org/abs/1905.08255
https://arxiv.org/abs/1905.08255
https://doi.org/10.1007/JHEP03(2020)149
https://arxiv.org/abs/1908.10996
https://arxiv.org/abs/1910.11077
https://doi.org/10.1007/JHEP05(2020)004
https://arxiv.org/abs/1910.12836
https://doi.org/10.1007/JHEP12(2020)025
https://arxiv.org/abs/2010.00018
https://doi.org/10.1007/JHEP10(2020)166
https://arxiv.org/abs/2006.04851
https://doi.org/10.1007/JHEP09(2020)121
https://arxiv.org/abs/2006.02438
https://doi.org/10.1007/s002200100381
https://arxiv.org/abs/hep-th/0002230
https://arxiv.org/abs/2104.02801

[93]

[94]

[100]

[101]

[102]

Maximo Banados, Claudio Teitelboim, and Jorge Zanelli. “The Black hole in three-
dimensional space-time”. In: Phys. Rev. Lett. 69 (1992), pp. 1849-1851. por: 10.1103/
PhysRevLett.69.1849. arXiv: hep-th/9204099 [hep-th].

Maximo Banados, Marc Henneaux, Claudio Teitelboim, and Jorge Zanelli. “Geometry
of the (2+1) black hole”. In: Phys. Rev. D 48 (1993). [Erratum: Phys.Rev.D 88, 069902
(2013)], pp. 1506-1525. DOI: 10.1103/PhysRevD.48.1506. arXiv: gr-qc/9302012.

Edward Witten. “(241)-Dimensional Gravity as an Exactly Soluble System”. In: Nucl.
Phys. B 311 (1988), p. 46. DOI: 10.1016/0550-3213(88)90143-5.

A. Achucarro and P. K. Townsend. “A Chern-Simons Action for Three-Dimensional anti-
De Sitter Supergravity Theories”. In: Phys. Lett. B 180 (1986). Ed. by A. Salam and
E. Sezgin, p. 89. DOI: 10.1016/0370-2693(86)90140-1.

J. David Brown and M. Henneaux. “Central Charges in the Canonical Realization of
Asymptotic Symmetries: An Example from Three-Dimensional Gravity”. In: Commun.
Math. Phys. 104 (1986), pp. 207-226. DOI: 10.1007/BF01211590.

Alexander Maloney and Edward Witten. “Quantum Gravity Partition Functions in Three
Dimensions”. In: JHEP 02 (2010), p. 029. por: 10 . 1007 / JHEP02(2010) 029. arXiv:
0712.0155 [hep-th].

Christoph A. Keller and Alexander Maloney. “Poincare Series, 3D Gravity and CFT
Spectroscopy”. In: JHEP 02 (2015), p. 080. DOI: 10.1007 / JHEP02(2015) 080. arXiv:
1407.6008 [hep-th].

Nathan Benjamin, Hirosi Ooguri, Shu-Heng Shao, and Yifan Wang. “Light-cone modular
bootstrap and pure gravity”. In: Phys. Rev. D 100.6 (2019), p. 066029. por: 10.1103/
PhysRevD.100.066029. arXiv: 1906.04184 [hep-th].

Luis F. Alday and Jin-Beom Bae. “Rademacher Expansions and the Spectrum of 2d
CFT”. In: JHEP 11 (2020), p- 134. por: 10.1007/JHEP11(2020) 134. arXiv: 2001.00022
[hep-th].

Jordan Cotler and Kristan Jensen. “AdSs gravity and random CFT”. In: JHEP 04
(2021), p. 033. DOL: 10.1007/JHEP04 (2021)033. arXiv: 2006.08648 [hep-th].

Henry Maxfield and Gustavo J. Turiaci. “The path integral of 3D gravity near extremal-
ity; or, JT gravity with defects as a matrix integral”. In: JHEP 01 (2021), p. 118. DOI:
10.1007/JHEP01(2021)118. arXiv: 2006.11317 [hep-th].

Rajesh Kumar Gupta and Ashoke Sen. “Consistent Truncation to Three Dimensional
(Super-)gravity”. In: JHEP 03 (2008), p. 015. poI: 10.1088/1126-6708/2008/03/015.
arXiv: 0710.4177 [hep-th].

Ibrahim Gullu, Tahsin Cagri Sisman, and Bayram Tekin. “Canonical Structure of Higher
Derivative Gravity in 3D”. In: Phys. Rev. D 81 (2010), p. 104017. po1: 10 . 1103/
PhysRevD.81.104017. arXiv: 1002.3778 [hep-th].

Eric A. Bergshoeff, Olaf Hohm, and Paul K. Townsend. “Massive Gravity in Three
Dimensions”. In: Phys. Rev. Lett. 102 (2009), p. 201301. por: 10.1103/PhysRevLett.
102.201301. arXiv: 0901.1766 [hep-th].

173


https://doi.org/10.1103/PhysRevLett.69.1849
https://doi.org/10.1103/PhysRevLett.69.1849
https://arxiv.org/abs/hep-th/9204099
https://doi.org/10.1103/PhysRevD.48.1506
https://arxiv.org/abs/gr-qc/9302012
https://doi.org/10.1016/0550-3213(88)90143-5
https://doi.org/10.1016/0370-2693(86)90140-1
https://doi.org/10.1007/BF01211590
https://doi.org/10.1007/JHEP02(2010)029
https://arxiv.org/abs/0712.0155
https://doi.org/10.1007/JHEP02(2015)080
https://arxiv.org/abs/1407.6008
https://doi.org/10.1103/PhysRevD.100.066029
https://doi.org/10.1103/PhysRevD.100.066029
https://arxiv.org/abs/1906.04184
https://doi.org/10.1007/JHEP11(2020)134
https://arxiv.org/abs/2001.00022
https://arxiv.org/abs/2001.00022
https://doi.org/10.1007/JHEP04(2021)033
https://arxiv.org/abs/2006.08648
https://doi.org/10.1007/JHEP01(2021)118
https://arxiv.org/abs/2006.11317
https://doi.org/10.1088/1126-6708/2008/03/015
https://arxiv.org/abs/0710.4177
https://doi.org/10.1103/PhysRevD.81.104017
https://doi.org/10.1103/PhysRevD.81.104017
https://arxiv.org/abs/1002.3778
https://doi.org/10.1103/PhysRevLett.102.201301
https://doi.org/10.1103/PhysRevLett.102.201301
https://arxiv.org/abs/0901.1766

[103]

[104]

[105]

106

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

Julio Oliva and Sourya Ray. “Classification of Six Derivative Lagrangians of Gravity
and Static Spherically Symmetric Solutions”. In: Phys. Rev. D 82 (2010), p. 124030.
DOI: 10.1103/PhysRevD.82.124030. arXiv: 1004.0737 [gr-qc].

Olaf Hohm, Alasdair Routh, Paul K. Townsend, and Baocheng Zhang. “On the Hamil-
tonian form of 3D massive gravity”. In: Phys. Rev. D 86 (2012), p. 084035. DOI: 10.
1103/PhysRevD.86.084035. arXiv: 1208.0038 [hep-th].

Eric A. Bergshoeff, Olaf Hohm, and Paul K. Townsend. “More on Massive 3D Gravity”.
In: Phys. Rev. D 79 (2009), p. 124042. pOI: 10.1103/PhysRevD.79.124042. arXiv:
0905.1259 [hep-th].

Ibrahim Gullu, Tahsin Cagri Sisman, and Bayram Tekin. “All Bulk and Boundary Uni-
tary Cubic Curvature Theories in Three Dimensions”. In: Phys. Rev. D 83 (2011),
p- 024033. por: 10.1103/PhysRevD.83.024033. arXiv: 1011.2419 [hep-th].

Hamid R. Afshar, Eric A. Bergshoeff, and Wout Merbis. “Extended massive gravity in
three dimensions”. In: JHEP 08 (2014), p. 115. DoI: 10.1007/JHEP08(2014) 115. arXiv:
1405.6213 [hep-th].

Eric A. Bergshoeff, Olaf Hohm, Wout Merbis, Alasdair J. Routh, and Paul K. Townsend.
“Chern-Simons-like Gravity Theories”. In: Lect. Notes Phys. 892 (2015). Ed. by Eleft-
herios Papantonopoulos, pp. 181-201. Do1: 10.1007/978-3-319-10070-8_7. arXiv:
1402.1688 [hep-th].

Eric A. Bergshoeff, Mehmet Ozkan, and Mustafa Salih Zog. “The holographic c-theorem
and infinite-dimensional Lie algebras”. In: JHEP 01 (2022), p. 010. por: 10 . 1007/
JHEP01(2022)010. arXiv: 2110.09542 [hep-th].

Gokhan Alkag and Deniz Olgu Devecioglu. “Three dimensional modified gravities as
holographic limits of Lancsoz-Lovelock theories”. In: Phys. Lett. B 807 (2020), p. 135597.
DOI: 10.1016/7j.physletb.2020.135597. arXiv: 2004 .12839 [hep-th].

Maximo Banados and Stefan Theisen. “Three-dimensional massive gravity and the bi-
gravity black hole”. In: JHEP 11 (2009), p. 033. DOI: 10.1088/1126-6708/2009/11/033.
arXiv: 0909.1163 [hep-th].

Miguel F. Paulos and Andrew J. Tolley. “Massive Gravity Theories and limits of Ghost-
free Bigravity models”. In: JHEP 09 (2012), p. 002. po1: 10.1007/JHEP09(2012) 002.
arXiv: 1203.4268 [hep-th].

Eric A. Bergshoeff, Sjoerd de Haan, Olaf Hohm, Wout Merbis, and Paul K. Townsend.
“Zwei-Dreibein Gravity: A Two-Frame-Field Model of 3D Massive Gravity”. In: Phys.
Rev. Lett. 111.11 (2013). [Erratum: Phys.Rev.Lett. 111, 259902 (2013)], p. 111102. poOI:
10.1103/PhysRevLlett.111.111102. arXiv: 1307.2774 [hep-th].

FEric Bergshoeff, Olaf Hohm, Wout Merbis, Alasdair J. Routh, and Paul K. Townsend.
“Minimal Massive 3D Gravity”. In: Class. Quant. Grav. 31 (2014), p. 145008. DOI: 10.
1088/0264-9381/31/14/145008. arXiv: 1404.2867 [hep-th].

Gokhan Alkac, Luca Basanisi, Ercan Kilicarslan, and Bayram Tekin. “Unitarity Problems
in 3D Gravity Theories”. In: Phys. Rev. D 96.2 (2017), p. 024010. por: 10. 1103/
PhysRevD.96.024010. arXiv: 1703.03630 [hep-th].

174


https://doi.org/10.1103/PhysRevD.82.124030
https://arxiv.org/abs/1004.0737
https://doi.org/10.1103/PhysRevD.86.084035
https://doi.org/10.1103/PhysRevD.86.084035
https://arxiv.org/abs/1208.0038
https://doi.org/10.1103/PhysRevD.79.124042
https://arxiv.org/abs/0905.1259
https://doi.org/10.1103/PhysRevD.83.024033
https://arxiv.org/abs/1011.2419
https://doi.org/10.1007/JHEP08(2014)115
https://arxiv.org/abs/1405.6213
https://doi.org/10.1007/978-3-319-10070-8_7
https://arxiv.org/abs/1402.1688
https://doi.org/10.1007/JHEP01(2022)010
https://doi.org/10.1007/JHEP01(2022)010
https://arxiv.org/abs/2110.09542
https://doi.org/10.1016/j.physletb.2020.135597
https://arxiv.org/abs/2004.12839
https://doi.org/10.1088/1126-6708/2009/11/033
https://arxiv.org/abs/0909.1163
https://doi.org/10.1007/JHEP09(2012)002
https://arxiv.org/abs/1203.4268
https://doi.org/10.1103/PhysRevLett.111.111102
https://arxiv.org/abs/1307.2774
https://doi.org/10.1088/0264-9381/31/14/145008
https://doi.org/10.1088/0264-9381/31/14/145008
https://arxiv.org/abs/1404.2867
https://doi.org/10.1103/PhysRevD.96.024010
https://doi.org/10.1103/PhysRevD.96.024010
https://arxiv.org/abs/1703.03630

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

Gokhan Alkag, Mustafa Tek, and Bayram Tekin. “Bachian Gravity in Three Dimen-
sions”. In: Phys. Rev. D 98.10 (2018), p. 104021. pO1: 10.1103/PhysRevD.98.104021.
arXiv: 1810.03504 [hep-th].

Mehmet Ozkan, Yi Pang, and Paul K. Townsend. “Exotic Massive 3D Gravity”. In: JHEP
08 (2018), p. 035. DOL: 10.1007/JHEPO8(2018)035. arXiv: 1806.04179 [hep-th].

Hamid Reza Afshar and Nihat Sadik Deger. “Exotic massive 3D gravities from trunca-
tion”. In: JHEP 11 (2019), p. 145. DOI: 10.1007/JHEP11(2019) 145. arXiv: 1909.06305
[hep-th].

Metin Gurses, Tahsin Cagri Sisman, and Bayram Tekin. “Some exact solutions of all
f(Ry) theories in three dimensions”. In: Phys. Rev. D 86 (2012), p. 024001. poI: 10.
1103/PhysRevD.86.024001. arXiv: 1112.6346 [hep-th].

Metin Gurses, Tahsin Cagri Sisman, and Bayram Tekin. “Gravity Waves in Three Di-
mensions”. In: Phys. Rev. D 92.8 (2015), p. 084016. DOI: 10.1103/PhysRevD.92.084016.
arXiv: 1509.03167 [hep-th].

Ibrahim Gullu, Tahsin Cagri Sisman, and Bayram Tekin. “Born-Infeld extension of new
massive gravity”. In: Class. Quant. Grav. 27 (2010), p. 162001. poI: 10.1088/0264~
9381/27/16/162001. arXiv: 1003.3935 [hep-th].

T. Padmanabhan. “Some aspects of field equations in generalised theories of gravity”.
In: Phys. Rev. D 84 (2011), p. 124041. pOI: 10.1103/PhysRevD . 84 .124041. arXiv:
1109.3846 [gr-qcl.

Juan Crisostomo, Ricardo Troncoso, and Jorge Zanelli. “Black hole scan”. In: Phys. Rev.
D 62 (2000), p. 084013. por: 10.1103/PhysRevD.62.084013. arXiv: hep-th/0003271.

Ibrahim Giillii, Tahsin Cagri Sisman, and Bayram Tekin. “Born-Infeld Gravity with a
Unique Vacuum and a Massless Graviton”. In: Phys. Rev. D 92.10 (2015), p. 104014.
DOI: 10.1103/PhysRevD.92.104014. arXiv: 1510.01184 [hep-th].

Atalay Karasu, Esin Kenar, and Bayram Tekin. “Minimal extension of Einstein’s theory:
The quartic gravity”. In: Phys. Rev. D 93.8 (2016), p. 084040. pOI: 10.1103/PhysRevD.
93.084040. arXiv: 1602.02567 [hep-th].

Pablo Bueno and Pablo A. Cano. “Einsteinian cubic gravity”. In: Phys. Rev. D 94.10
(2016), p. 104005. DOI: 10.1103/PhysRevD.94.104005. arXiv: 1607.06463 [hep-th].

Pablo Bueno, Pablo A. Cano, Vincent S. Min, and Manus R. Visser. “Aspects of gen-
eral higher-order gravities”. In: Phys. Rev. D 95.4 (2017), p. 044010. por: 10.1103/
PhysRevD.95.044010. arXiv: 1610.08519 [hep-th].

Bayram Tekin. “Particle Content of Quadratic and f(R,.s,) Theories in (A)dS”. In:
Phys. Rev. D 93.10 (2016), p. 101502. po1: 10.1103/PhysRevD . 93.101502. arXiv:
1604.00891 [hep-th].

Tahsin Cagri Sisman, Ibrahim Gullu, and Bayram Tekin. “All unitary cubic curvature
gravities in D dimensions”. In: Class. Quant. Grav. 28 (2011), p. 195004. pOI: 10.1088/
0264-9381/28/19/195004. arXiv: 1103.2307 [hep-th].

175


https://doi.org/10.1103/PhysRevD.98.104021
https://arxiv.org/abs/1810.03504
https://doi.org/10.1007/JHEP08(2018)035
https://arxiv.org/abs/1806.04179
https://doi.org/10.1007/JHEP11(2019)145
https://arxiv.org/abs/1909.06305
https://arxiv.org/abs/1909.06305
https://doi.org/10.1103/PhysRevD.86.024001
https://doi.org/10.1103/PhysRevD.86.024001
https://arxiv.org/abs/1112.6346
https://doi.org/10.1103/PhysRevD.92.084016
https://arxiv.org/abs/1509.03167
https://doi.org/10.1088/0264-9381/27/16/162001
https://doi.org/10.1088/0264-9381/27/16/162001
https://arxiv.org/abs/1003.3935
https://doi.org/10.1103/PhysRevD.84.124041
https://arxiv.org/abs/1109.3846
https://doi.org/10.1103/PhysRevD.62.084013
https://arxiv.org/abs/hep-th/0003271
https://doi.org/10.1103/PhysRevD.92.104014
https://arxiv.org/abs/1510.01184
https://doi.org/10.1103/PhysRevD.93.084040
https://doi.org/10.1103/PhysRevD.93.084040
https://arxiv.org/abs/1602.02567
https://doi.org/10.1103/PhysRevD.94.104005
https://arxiv.org/abs/1607.06463
https://doi.org/10.1103/PhysRevD.95.044010
https://doi.org/10.1103/PhysRevD.95.044010
https://arxiv.org/abs/1610.08519
https://doi.org/10.1103/PhysRevD.93.101502
https://arxiv.org/abs/1604.00891
https://doi.org/10.1088/0264-9381/28/19/195004
https://doi.org/10.1088/0264-9381/28/19/195004
https://arxiv.org/abs/1103.2307

[130]

[131]

[132]

133

[134]

[135]

[136]

[137]

[138]

[139)]

[140]

[141]

[142]

[143]

Stanley Deser, R. Jackiw, and Gerard 't Hooft. “Three-Dimensional Einstein Gravity:
Dynamics of Flat Space”. In: Annals Phys. 152 (1984), p. 220. po1: 10.1016/0003-
4916(84)90085-X.

Masashi Nakasone and Ichiro Oda. “On Unitarity of Massive Gravity in Three Dimen-
sions”. In: Prog. Theor. Phys. 121 (2009), pp. 1389-1397. poI: 10.1143/PTP.121.1389.
arXiv: 0902.3531 [hep-th].

Yun Soo Myung, Yong-Wan Kim, Taeyoon Moon, and Young-Jai Park. “Classical sta-
bility of BTZ black hole in new massive gravity”. In: Phys. Rev. D 84 (2011), p. 024044.
DOI: 10.1103/PhysRevD.84.024044. arXiv: 1105.4205 [hep-th].

Nathan Moynihan. “Scattering Amplitudes and the Double Copy in Topologically Mas-
sive Theories”. In: JHEP 12 (2020), p. 163. DOI: 10.1007/JHEP12(2020) 163. arXiv:
2006.15957 [hep-th].

David Lovelock. “Divergence-free tensorial concomitants”. In: aequationes mathematicae
4.1 (1970), pp. 127-138. 1SSN: 1420-8903. DOI: 10.1007/BF01817753. URL: http://dx.
doi.org/10.1007/BF01817753.

D. Lovelock. “The Einstein tensor and its generalizations”. In: J. Math. Phys. 12 (1971),
pp. 498-501. DOI: 10.1063/1.1665613.

Pablo Bueno, Pablo A. Cano, A. Oscar Lasso, and Pedro F. Ramirez. “f(Lovelock) the-
ories of gravity”. In: JHEP 04 (2016), p. 028. DOI: 10.1007/JHEP04(2016)028. arXiv:
1602.07310 [hep-th].

Julio Oliva and Sourya Ray. “A new cubic theory of gravity in five dimensions: Black
hole, Birkhoff’s theorem and C-function”. In: Class. Quant. Grav. 27 (2010), p. 225002.
DOI: 10.1088/0264-9381/27/22/225002. arXiv: 1003.4773 [gr-qc].

Robert C. Myers and Brandon Robinson. “Black Holes in Quasi-topological Gravity”. In:
JHEP 08 (2010), p. 067. DOI: 10.1007/JHEP0S(2010)067. arXiv: 1003.5357 [gr-qcl.

M. H. Dehghani et al. “Black Holes in Quartic Quasitopological Gravity”. In: Phys.
Rev. D 85 (2012), p. 104009. poI: 10.1103/PhysRevD.85.104009. arXiv: 1109.4708
[hep-th].

Adolfo Cisterna, Luis Guajardo, Mokhtar Hassaine, and Julio Oliva. “Quintic quasi-
topological gravity”. In: JHEP 04 (2017), p. 066. DO1: 10 . 1007 / JHEP04 (2017 ) 066.
arXiv: 1702.04676 [hep-th].

Pablo Bueno, Pablo A. Cano, and Robie A. Hennigar. “(Generalized) quasi-topological
gravities at all orders”. In: Class. Quant. Grav. 37.1 (2020), p. 015002. DOI: 10.1088/
1361-6382/ab5410. arXiv: 1909.07983 [hep-th].

Yue-Zhou Li, Hai-Shan Liu, and H. Lu. “Quasi-Topological Ricci Polynomial Gravities”.
In: JHEP 02 (2018), p. 166. poI: 10 . 1007 / JHEP02(2018) 166. arXiv: 1708 . 07198
[hep-th].

Yue-Zhou Li, H. Lu, and Jun-Bao Wu. “Causality and a-theorem Constraints on Ricci
Polynomial and Riemann Cubic Gravities”. In: Phys. Rev. D 97.2 (2018), p. 024023. DOL:
10.1103/PhysRevD.97.024023. arXiv: 1711.03650 [hep-th].

176


https://doi.org/10.1016/0003-4916(84)90085-X
https://doi.org/10.1016/0003-4916(84)90085-X
https://doi.org/10.1143/PTP.121.1389
https://arxiv.org/abs/0902.3531
https://doi.org/10.1103/PhysRevD.84.024044
https://arxiv.org/abs/1105.4205
https://doi.org/10.1007/JHEP12(2020)163
https://arxiv.org/abs/2006.15957
https://doi.org/10.1007/BF01817753
http://dx.doi.org/10.1007/BF01817753
http://dx.doi.org/10.1007/BF01817753
https://doi.org/10.1063/1.1665613
https://doi.org/10.1007/JHEP04(2016)028
https://arxiv.org/abs/1602.07310
https://doi.org/10.1088/0264-9381/27/22/225002
https://arxiv.org/abs/1003.4773
https://doi.org/10.1007/JHEP08(2010)067
https://arxiv.org/abs/1003.5357
https://doi.org/10.1103/PhysRevD.85.104009
https://arxiv.org/abs/1109.4708
https://arxiv.org/abs/1109.4708
https://doi.org/10.1007/JHEP04(2017)066
https://arxiv.org/abs/1702.04676
https://doi.org/10.1088/1361-6382/ab5410
https://doi.org/10.1088/1361-6382/ab5410
https://arxiv.org/abs/1909.07983
https://doi.org/10.1007/JHEP02(2018)166
https://arxiv.org/abs/1708.07198
https://arxiv.org/abs/1708.07198
https://doi.org/10.1103/PhysRevD.97.024023
https://arxiv.org/abs/1711.03650

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

Sayed Fawad Hassan, Angnis Schmidt-May, and Mikael von Strauss. “Higher Derivative
Gravity and Conformal Gravity From Bimetric and Partially Massless Bimetric Theory”.
In: Universe 1.2 (2015), pp. 92-122. DOI: 10.3390/universe1020092. arXiv: 1303.6940
[hep-th].

D. Z. Freedman, S. S. Gubser, K. Pilch, and N. P. Warner. “Renormalization group
flows from holography supersymmetry and a ¢ theorem”. In: Adv. Theor. Math. Phys. 3
(1999), pp. 363-417. DOI: 10.4310/ATMP.1999.v3.n2.a7. arXiv: hep-th/9904017.

L. Girardello, M. Petrini, M. Porrati, and A. Zaffaroni. “Novel local CFT and exact
results on perturbations of N=4 superYang Mills from AdS dynamics”. In: JHEP 12
(1998), p. 022. DOI: 10.1088/1126-6708/1998/12/022. arXiv: hep-th/9810126.

A. B. Zamolodchikov. “Irreversibility of the Flux of the Renormalization Group in a 2D
Field Theory”. In: JETP Lett. 43 (1986), pp. 730-732.

Horacio Casini, Eduardo Testé, and Gonzalo Torroba. “Markov Property of the Con-
formal Field Theory Vacuum and the a Theorem”. In: Phys. Rev. Lett. 118.26 (2017),
p. 261602. DOI: 10.1103/PhysRevLlett.118.261602. arXiv: 1704.01870 [hep-th].

Robert C. Myers and Aninda Sinha. “Holographic c-theorems in arbitrary dimensions”.
In: JHEP 01 (2011), p. 125. por: 10 . 1007 / JHEP01(2011) 125. arXiv: 1011 . 5819
[hep-th].

Robert M. Wald. “Black hole entropy is the Noether charge”. In: Phys. Rev. D 48.8
(1993), R3427-R3431. pOI: 10.1103/PhysRevD.48.R3427. arXiv: gr-qc/9307038.

Ibrahim Gullu, Tahsin Cagri Sisman, and Bayram Tekin. “c-functions in the Born-Infeld
extended New Massive Gravity”. In: Phys. Rev. D 82 (2010), p. 024032. pDo1: 10.1103/
PhysRevD.82.024032. arXiv: 1005.3214 [hep-th].

Gokhan Alkag and Bayram Tekin. “Holographic c-theorem and Born-Infeld Gravity The-
ories”. In: Phys. Rev. D 98.4 (2018), p. 046013. DOI: 10.1103/PhysRevD.98.046013.
arXiv: 1805.07963 [hep-th].

Robert C. Myers, Miguel F. Paulos, and Aninda Sinha. “Holographic studies of quasi-
topological gravity”. In: JHEP 08 (2010), p. 035. por: 10 . 1007/ JHEP08(2010) 035.
arXiv: 1004.2055 [hep-th].

Gustavo Arciniega, Jose D. Edelstein, and Luisa G. Jaime. “Towards geometric inflation:
the cubic case”. In: Phys. Lett. B 802 (2020), p. 135272. DOI: 10.1016/j .physletb.
2020.135272. arXiv: 1810.08166 [gr-qc].

Adolfo Cisterna, Nicolas Grandi, and Julio Oliva. “On four-dimensional Einsteinian grav-
ity, quasitopological gravity, cosmology and black holes”. In: Phys. Lett. B 805 (2020),
p- 135435. DOI: 10.1016/j .physletb.2020.135435. arXiv: 1811.06523 [hep-th].

Aninda Sinha. “On higher derivative gravity, c-theorems and cosmology”. In: Class.
Quant. Grav. 28 (2011), p. 085002. DOI: 10.1088/0264-9381/28/8/085002. arXiv:
1008.4315 [hep-th].

G. S. Hall, T. Morgan, and Z. Perjés. “Three-dimensional space-times”. In: General
Relativity and Gravitation 19.11 (1987), pp. 1137-1147. po1: 10 . 1007 /BF00759150.
URL: https://doi.org/10.1007/BF00759150.

177


https://doi.org/10.3390/universe1020092
https://arxiv.org/abs/1303.6940
https://arxiv.org/abs/1303.6940
https://doi.org/10.4310/ATMP.1999.v3.n2.a7
https://arxiv.org/abs/hep-th/9904017
https://doi.org/10.1088/1126-6708/1998/12/022
https://arxiv.org/abs/hep-th/9810126
https://doi.org/10.1103/PhysRevLett.118.261602
https://arxiv.org/abs/1704.01870
https://doi.org/10.1007/JHEP01(2011)125
https://arxiv.org/abs/1011.5819
https://arxiv.org/abs/1011.5819
https://doi.org/10.1103/PhysRevD.48.R3427
https://arxiv.org/abs/gr-qc/9307038
https://doi.org/10.1103/PhysRevD.82.024032
https://doi.org/10.1103/PhysRevD.82.024032
https://arxiv.org/abs/1005.3214
https://doi.org/10.1103/PhysRevD.98.046013
https://arxiv.org/abs/1805.07963
https://doi.org/10.1007/JHEP08(2010)035
https://arxiv.org/abs/1004.2055
https://doi.org/10.1016/j.physletb.2020.135272
https://doi.org/10.1016/j.physletb.2020.135272
https://arxiv.org/abs/1810.08166
https://doi.org/10.1016/j.physletb.2020.135435
https://arxiv.org/abs/1811.06523
https://doi.org/10.1088/0264-9381/28/8/085002
https://arxiv.org/abs/1008.4315
https://doi.org/10.1007/BF00759150
https://doi.org/10.1007/BF00759150

[158]

[159]

[160]

[161]

[162]

163

[164]

[165]

[166]

167]

[168]

[169]

[170]

[171]

F. C. Sousa, J. B. Fonseca, and C. Romero. “Equivalence of three-dimensional space-
times”. In: Class. Quant. Grav. 25 (2008), p. 035007. DOI: 10.1088/0264-9381/25/3/
035007. arXiv: 0705.0758 [gr-qc].

David D. K. Chow, C. N. Pope, and Ergin Sezgin. “Classification of solutions in topologi-
cally massive gravity”. In: Class. Quant. Grav. 27 (2010), p. 105001. DOI: 10.1088/0264~
9381/27/10/105001. arXiv: 0906.3559 [hep-th].

David D. K. Chow, C. N. Pope, and Ergin Sezgin. “Kundt spacetimes as solutions of
topologically massive gravity”. In: Class. Quant. Grav. 27 (2010), p. 105002. DOI: 10.
1088/0264-9381/27/10/105002. arXiv: 0912.3438 [hep-th].

Haji Ahmedov and Alikram N. Aliev. “The General Type N Solution of New Massive
Gravity”. In: Phys. Lett. B 694 (2011), pp. 143-148. DOI: 10.1016/j .physletb.2010.
09.044. arXiv: 1008.0303 [hep-th].

Haji Ahmedov and Alikram N. Aliev. “Type D Solutions of 3D New Massive Gravity”.
In: Phys. Rev. D 83 (2011), p. 084032. DOI: 10.1103/PhysRevD . 83.084032. arXiv:
1103.1086 [hep-th].

Haji Ahmedov and Alikram N. Aliev. “Type N Spacetimes as Solutions of Extended
New Massive Gravity”. In: Phys. Lett. B 711 (2012), pp. 117-121. por: 10.1016/j .
physletb.2012.03.061. arXiv: 1201.5724 [hep-th].

Gokhan Alkag, Ercan Kilicarslan, and Bayram Tekin. “Asymptotically flat black holes
in 2+1 dimensions”. In: Phys. Rev. D 93.8 (2016), p. 084003. DOI: 10.1103/PhysRevD.
93.084003. arXiv: 1601.06696 [hep-th].

Gokhan Alkac. “Supersymmetry, black holes and holography in three dimensions”. PhD
thesis. Groningen U., 2017.

Pablo A. Cano and Angel Murcia. “Electromagnetic Quasitopological Gravities”. In:
JHEP 10 (2020), p- 125. DOI: 10.1007/JHEP10(2020) 125. arXiv: 2007 .04331 [hep-th].

Pablo Bueno, Pablo A. Cano, Javier Moreno, and Guido van der Velde. “Regular black
holes in three dimensions”. In: Phys. Rev. D 104.2 (2021), p. L021501. po1: 10.1103/
PhysRevD.104.L021501. arXiv: 2104.10172 [gr-qc].

Luis Alvarez-Gaume, Alex Kehagias, Costas Kounnas, Dieter Liist, and Antonio Riotto.
“Aspects of Quadratic Gravity”. In: Fortsch. Phys. 64.2-3 (2016), pp. 176-189. DOI:
10.1002/prop.201500100. arXiv: 1505.07657 [hep-th].

H. Lu, A. Perkins, C. N. Pope, and K. S. Stelle. “Black Holes in Higher-Derivative
Gravity”. In: Phys. Rev. Lett. 114.17 (2015), p. 171601. po1: 10.1103/PhysRevLett .
114.171601. arXiv: 1502.01028 [hep-th].

David G. Boulware and Stanley Deser. “String Generated Gravity Models”. In: Phys.
Rev. Lett. 55 (1985), p. 2656. DOI: 10.1103/PhysRevLett.55.2656.

T. Padmanabhan and D. Kothawala. “Lanczos-Lovelock models of gravity”. In: Phys.
Rept. 531 (2013), pp. 115-171. DOI: 10.1016/j.physrep.2013.05.007. arXiv: 1302.
2151 [gr-qcl.

178


https://doi.org/10.1088/0264-9381/25/3/035007
https://doi.org/10.1088/0264-9381/25/3/035007
https://arxiv.org/abs/0705.0758
https://doi.org/10.1088/0264-9381/27/10/105001
https://doi.org/10.1088/0264-9381/27/10/105001
https://arxiv.org/abs/0906.3559
https://doi.org/10.1088/0264-9381/27/10/105002
https://doi.org/10.1088/0264-9381/27/10/105002
https://arxiv.org/abs/0912.3438
https://doi.org/10.1016/j.physletb.2010.09.044
https://doi.org/10.1016/j.physletb.2010.09.044
https://arxiv.org/abs/1008.0303
https://doi.org/10.1103/PhysRevD.83.084032
https://arxiv.org/abs/1103.1086
https://doi.org/10.1016/j.physletb.2012.03.061
https://doi.org/10.1016/j.physletb.2012.03.061
https://arxiv.org/abs/1201.5724
https://doi.org/10.1103/PhysRevD.93.084003
https://doi.org/10.1103/PhysRevD.93.084003
https://arxiv.org/abs/1601.06696
https://doi.org/10.1007/JHEP10(2020)125
https://arxiv.org/abs/2007.04331
https://doi.org/10.1103/PhysRevD.104.L021501
https://doi.org/10.1103/PhysRevD.104.L021501
https://arxiv.org/abs/2104.10172
https://doi.org/10.1002/prop.201500100
https://arxiv.org/abs/1505.07657
https://doi.org/10.1103/PhysRevLett.114.171601
https://doi.org/10.1103/PhysRevLett.114.171601
https://arxiv.org/abs/1502.01028
https://doi.org/10.1103/PhysRevLett.55.2656
https://doi.org/10.1016/j.physrep.2013.05.007
https://arxiv.org/abs/1302.2151
https://arxiv.org/abs/1302.2151

[172]

[173]

[174]

175

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

Jamil Ahmed, Robie A. Hennigar, Robert B. Mann, and Mozhgan Mir. “Quintessen-
tial Quartic Quasi-topological Quartet”. In: JHEP 05 (2017), p. 134. po1: 10. 1007/
JHEP05(2017)134. arXiv: 1703.11007 [hep-th].

H. Lu and C. N. Pope. “Critical Gravity in Four Dimensions”. In: Phys. Rev. Lett.
106 (2011), p. 181302. poI: 10.1103/PhysRevLett . 106 .181302. arXiv: 1101 . 1971
[hep-th].

Ramiro Cayuso, Pau Figueras, Tiago Franca, and Luis Lehner. “Self-Consistent Modeling
of Gravitational Theories beyond General Relativity”. In: Phys. Rev. Lett. 131.11 (2023),
p. 111403. po1: 10.1103/PhysRevLlett.131.111403.

K. S. Stelle. “Renormalization of Higher Derivative Quantum Gravity”. In: Phys. Rewv.
D 16 (1977), pp. 953-969. DOI: 10.1103/PhysRevD.16.953.

Alberto Salvio. “Quadratic Gravity”. In: Front. in Phys. 6 (2018), p. 77. DOI: 10.3389/
fphy.2018.00077. arXiv: 1804.09944 [hep-th].

Alberto Salvio. “Metastability in Quadratic Gravity”. In: Phys. Rev. D 99.10 (2019),
p. 103507. po1: 10.1103/PhysRevD.99.103507. arXiv: 1902.09557 [gr-qc].

Thomas P. Sotiriou and Valerio Faraoni. “f(R) Theories Of Gravity”. In: Rev. Mod. Phys.
82 (2010), pp. 451-497. poI: 10.1103/RevModPhys.82.451. arXiv: 0805.1726 [gr-qc].

E. T. Tomboulis. “Superrenormalizable gauge and gravitational theories”. In: (Feb.
1997). arXiv: hep-th/9702146.

Tirthabir Biswas, Anupam Mazumdar, and Warren Siegel. “Bouncing universes in string-
inspired gravity”. In: JCAP 03 (2006), p. 009. DOI: 10.1088/1475-7516/2006/03/009.
arXiv: hep-th/0508194.

Tirthabir Biswas, Tomi Koivisto, and Anupam Mazumdar. “Towards a resolution of the
cosmological singularity in non-local higher derivative theories of gravity”. In: JCAP 11
(2010), p. 008. por: 10.1088/1475-7516/2010/11/008. arXiv: 1005.0590 [hep-th].

Tirthabir Biswas, Erik Gerwick, Tomi Koivisto, and Anupam Mazumdar. “Towards sin-
gularity and ghost free theories of gravity”. In: Phys. Rev. Lett. 108 (2012), p. 031101.
DOI: 10.1103/PhysRevLett.108.031101. arXiv: 1110.5249 [gr-qc].

Leonardo Modesto. “Super-renormalizable Quantum Gravity”. In: Phys. Rev. D 86
(2012), p. 044005. DOI: 10.1103/PhysRevD.86.044005. arXiv: 1107.2403 [hep-th].

Tirthabir Biswas, Aindritd Conroy, Alexey S. Koshelev, and Anupam Mazumdar. “Gen-
eralized ghost-free quadratic curvature gravity”. In: Class. Quant. Grav. 31 (2014). [Er-
ratum: Class.Quant.Grav. 31, 159501 (2014)], p. 015022. por: 10.1088/0264-9381/31/
1/015022. arXiv: 1308.2319 [hep-th].

Leonardo Modesto and Leslaw Rachwal. “Super-renormalizable and finite gravitational
theories”. In: Nucl. Phys. B 889 (2014), pp. 228-248. DOI: 10.1016/j.nuclphysb.2014.
10.015. arXiv: 1407.8036 [hep-th].

Valeri P. Frolov. “Mass-gap for black hole formation in higher derivative and ghost free
gravity”. In: Phys. Rev. Lett. 115.5 (2015), p. 051102. DOI: 10.1103/PhysRevLett.115.
051102. arXiv: 1505.00492 [hep-th].

179


https://doi.org/10.1007/JHEP05(2017)134
https://doi.org/10.1007/JHEP05(2017)134
https://arxiv.org/abs/1703.11007
https://doi.org/10.1103/PhysRevLett.106.181302
https://arxiv.org/abs/1101.1971
https://arxiv.org/abs/1101.1971
https://doi.org/10.1103/PhysRevLett.131.111403
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.3389/fphy.2018.00077
https://doi.org/10.3389/fphy.2018.00077
https://arxiv.org/abs/1804.09944
https://doi.org/10.1103/PhysRevD.99.103507
https://arxiv.org/abs/1902.09557
https://doi.org/10.1103/RevModPhys.82.451
https://arxiv.org/abs/0805.1726
https://arxiv.org/abs/hep-th/9702146
https://doi.org/10.1088/1475-7516/2006/03/009
https://arxiv.org/abs/hep-th/0508194
https://doi.org/10.1088/1475-7516/2010/11/008
https://arxiv.org/abs/1005.0590
https://doi.org/10.1103/PhysRevLett.108.031101
https://arxiv.org/abs/1110.5249
https://doi.org/10.1103/PhysRevD.86.044005
https://arxiv.org/abs/1107.2403
https://doi.org/10.1088/0264-9381/31/1/015022
https://doi.org/10.1088/0264-9381/31/1/015022
https://arxiv.org/abs/1308.2319
https://doi.org/10.1016/j.nuclphysb.2014.10.015
https://doi.org/10.1016/j.nuclphysb.2014.10.015
https://arxiv.org/abs/1407.8036
https://doi.org/10.1103/PhysRevLett.115.051102
https://doi.org/10.1103/PhysRevLett.115.051102
https://arxiv.org/abs/1505.00492

[187]

[188]

[189)]

[190]

[191]

[192]

[193]

[194]

[195]

[196]

[197]

[198]

[199]

Maximilian Ruhdorfer, Javi Serra, and Andreas Weiler. “Effective Field Theory of Grav-
ity to All Orders”. In: JHEP 05 (2020), p. 083. DOI: 10.1007/JHEP05(2020) 083. arXiv:
1908.08050 [hep-phl.

Hao-Lin Li, Zhe Ren, Ming-Lei Xiao, Jiang-Hao Yu, and Yu-Hui Zheng. “On-shell Op-
erator Construction in the Effective Field Theory of Gravity”. In: (May 2023). arXiv:
2305.10481 [gr-qcl.

Lisa Randall and Raman Sundrum. “A Large mass hierarchy from a small extra dimen-
sion”. In: Phys. Rev. Lett. 83 (1999), pp. 3370-3373. DOI: 10.1103/PhysRevLett.83.
3370. arXiv: hep-ph/9905221.

Roberto Emparan, Antonia Micol Frassino, and Benson Way. “Quantum BTZ black
hole”. In: JHEP 11 (2020), p. 137. pOI: 10.1007/JHEP11(2020) 137. arXiv: 2007 .15999
[hep-th].

Jose D. Edelstein, Alberto Sanchez Rivadulla, and David Vazquez Rodriguez. “Are there
Finsteinian gravities involving covariant derivatives of the Riemann tensor?” In: JHEP
11 (2022), p. 077. pOI: 10.1007/JHEP11(2022)077. arXiv: 2204.13567 [hep-th].

Tirthabir Biswas, Tomi Koivisto, and Anupam Mazumdar. “Nonlocal theories of gravity:
the flat space propagator”. In: Barcelona Postgrad Encounters on Fundamental Physics.
2013, pp. 13-24. arXiv: 1302.0532 [gr—qc].

Aindriu Conroy, Tomi Koivisto, Anupam Mazumdar, and Ali Teimouri. “Generalized
quadratic curvature, non-local infrared modifications of gravity and Newtonian poten-
tials”. In: Class. Quant. Grav. 32.1 (2015), p. 015024. po1: 10.1088/0264-9381/32/1/
015024. arXiv: 1406.4998 [hep-th].

Tirthabir Biswas, Alexey S. Koshelev, and Anupam Mazumdar. “Gravitational theories
with stable (anti-)de Sitter backgrounds”. In: Fundam. Theor. Phys. 183 (2016), pp. 97—
114. por: 10.1007/978-3-319-31299-6_5. arXiv: 1602.08475 [hep-th].

James Edholm. “Revealing infinite derivative gravity’s true potential: The weak-field
limit around de Sitter backgrounds”. In: Phys. Rev. D 97.6 (2018), p. 064011. DOI:
10.1103/PhysRevD.97.064011. arXiv: 1801.00834 [gr-qc].

Tirthabir Biswas, Alexey S. Koshelev, and Anupam Mazumdar. “Consistent higher
derivative gravitational theories with stable de Sitter and anti-de Sitter backgrounds”.
In: Phys. Rev. D 95.4 (2017), p. 043533. DOI: 10.1103/PhysRevD.95.043533. arXiv:
1606.01250 [gr-qcl.

Suat Dengiz, Ercan Kilicarslan, Ivan Kolaf, and Anupam Mazumdar. “Impulsive waves
in ghost free infinite derivative gravity in anti-de Sitter spacetime”. In: Phys. Rev. D
102.4 (2020), p- 044016. poI: 10.1103/PhysRevD . 102 . 044016. arXiv: 2006 . 07650
[gr-qc].

Ivan Koldf and Toméa$§ Malek. “Graviton propagators in AdS beyond GR: heat kernel
approach”. In: (July 2023). arXiv: 2307.13056 [gr-qc].

Vivek Iyer and Robert M. Wald. “Some properties of Noether charge and a proposal for
dynamical black hole entropy”. In: Phys. Rev. D 50 (1994), pp. 846-864. poI: 10.1103/
PhysRevD.50.846. arXiv: gr-qc/9403028 [gr-qcl].

180


https://doi.org/10.1007/JHEP05(2020)083
https://arxiv.org/abs/1908.08050
https://arxiv.org/abs/2305.10481
https://doi.org/10.1103/PhysRevLett.83.3370
https://doi.org/10.1103/PhysRevLett.83.3370
https://arxiv.org/abs/hep-ph/9905221
https://doi.org/10.1007/JHEP11(2020)137
https://arxiv.org/abs/2007.15999
https://arxiv.org/abs/2007.15999
https://doi.org/10.1007/JHEP11(2022)077
https://arxiv.org/abs/2204.13567
https://arxiv.org/abs/1302.0532
https://doi.org/10.1088/0264-9381/32/1/015024
https://doi.org/10.1088/0264-9381/32/1/015024
https://arxiv.org/abs/1406.4998
https://doi.org/10.1007/978-3-319-31299-6_5
https://arxiv.org/abs/1602.08475
https://doi.org/10.1103/PhysRevD.97.064011
https://arxiv.org/abs/1801.00834
https://doi.org/10.1103/PhysRevD.95.043533
https://arxiv.org/abs/1606.01250
https://doi.org/10.1103/PhysRevD.102.044016
https://arxiv.org/abs/2006.07650
https://arxiv.org/abs/2006.07650
https://arxiv.org/abs/2307.13056
https://doi.org/10.1103/PhysRevD.50.846
https://doi.org/10.1103/PhysRevD.50.846
https://arxiv.org/abs/gr-qc/9403028

200]

[201]

[202]

203

[204]

[205]

206]

207]

[208]

209

[210]

[211]

[212]

[213]

H. Lu and C. N. Pope. “Critical Gravity in Four Dimensions”. In: Phys. Rev. Lett.
106 (2011), p. 181302. por: 10.1103/PhysRevLett . 106 .181302. arXiv: 1101 .1971
[hep-th].

Juan Maldacena. “Einstein Gravity from Conformal Gravity”. In: (2011). arXiv: 1105.
5632 [hep-th].

Julio Oliva and Sourya Ray. “Birkhoff’s Theorem in Higher Derivative Theories of Grav-
ity”. In: Class. Quant. Grav. 28 (2011), p. 175007. po1: 10.1088/0264-9381/28/17/
175007. arXiv: 1104.1205 [gr-qc].

Nahomi Kan, Koichiro Kobayashi, and Kiyoshi Shiraishi. “Critical Higher Order Grav-
ities in Higher Dimensions”. In: Phys. Rev. D 88 (2013), p. 044035. por: 10. 1103/
PhysRevD.88.044035. arXiv: 1306.5059 [hep-th].

Giorgos Anastasiou and Rodrigo Olea. “From conformal to Einstein Gravity”. In: Phys.
Rev. D 94.8 (2016), p. 086008. DOI: 10.1103/PhysRevD.94.086008. arXiv: 1608.07826
[hep-th].

Tahsin Cagri Sisman, Ibrahim Gullu, and Bayram Tekin. “All unitary cubic curvature
gravities in D dimensions”. In: Class. Quant. Grav. 28 (2011), p. 195004. poI: 10.1088/
0264-9381/28/19/195004. arXiv: 1103.2307 [hep-th].

Richard S. Palais. “The principle of symmetric criticality”. In: Commun. Math. Phys.
69.1 (1979), pp. 19-30. DOI: 10.1007/BF01941322.

Mark E. Fels and Charles G. Torre. “The Principle of symmetric criticality in general
relativity”. In: Class. Quant. Grav. 19 (2002), pp. 641-676. DOI: 10.1088/0264-9381/
19/4/303. arXiv: gr-qc/0108033.

Stanley Deser and Bayram Tekin. “Shortcuts to high symmetry solutions in gravitational
theories”. In: Class. Quant. Grav. 20 (2003), pp. 4877-4884. DOI: 10.1088/0264-9381/
20/22/011. arXiv: gr-qc/0306114 [gr-qc].

Richard L. Arnowitt, Stanley Deser, and Charles W. Misner. “Canonical variables for
general relativity”. In: Phys. Rev. 117 (1960), pp. 1595-1602. por1: 10.1103/PhysRev .
117.1595.

R. Arnowitt, S. Deser, and C. W. Misner. “Energy and the Criteria for Radiation in
General Relativity”. In: Phys. Rev. 118 (1960), pp. 1100-1104. po1: 10.1103/PhysRev.
118.1100.

Richard L. Arnowitt, Stanley Deser, and Charles W. Misner. “Coordinate invariance
and energy expressions in general relativity”. In: Phys. Rev. 122 (1961), p. 997. por:
10.1103/PhysRev.122.997.

Stanley Deser and Bayram Tekin. “Energy in generic higher curvature gravity theories”.
In: Phys. Rev. D 67 (2003), p. 084009. DOI: 10.1103/PhysRevD . 67 . 084009. arXiv:
hep-th/0212292 [hep-th].

Pablo A. Cano. “Higher-Curvature Gravity, Black Holes and Holography”. PhD thesis.
Madrid, Autonoma U., 2019. arXiv: 1912.07035 [hep-th].

181


https://doi.org/10.1103/PhysRevLett.106.181302
https://arxiv.org/abs/1101.1971
https://arxiv.org/abs/1101.1971
https://arxiv.org/abs/1105.5632
https://arxiv.org/abs/1105.5632
https://doi.org/10.1088/0264-9381/28/17/175007
https://doi.org/10.1088/0264-9381/28/17/175007
https://arxiv.org/abs/1104.1205
https://doi.org/10.1103/PhysRevD.88.044035
https://doi.org/10.1103/PhysRevD.88.044035
https://arxiv.org/abs/1306.5059
https://doi.org/10.1103/PhysRevD.94.086008
https://arxiv.org/abs/1608.07826
https://arxiv.org/abs/1608.07826
https://doi.org/10.1088/0264-9381/28/19/195004
https://doi.org/10.1088/0264-9381/28/19/195004
https://arxiv.org/abs/1103.2307
https://doi.org/10.1007/BF01941322
https://doi.org/10.1088/0264-9381/19/4/303
https://doi.org/10.1088/0264-9381/19/4/303
https://arxiv.org/abs/gr-qc/0108033
https://doi.org/10.1088/0264-9381/20/22/011
https://doi.org/10.1088/0264-9381/20/22/011
https://arxiv.org/abs/gr-qc/0306114
https://doi.org/10.1103/PhysRev.117.1595
https://doi.org/10.1103/PhysRev.117.1595
https://doi.org/10.1103/PhysRev.118.1100
https://doi.org/10.1103/PhysRev.118.1100
https://doi.org/10.1103/PhysRev.122.997
https://doi.org/10.1103/PhysRevD.67.084009
https://arxiv.org/abs/hep-th/0212292
https://arxiv.org/abs/1912.07035

[214]

[215]

[216]

[217]

[218]

[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

Robie A. Hennigar and Robert B. Mann. “Black holes in Einsteinian cubic gravity”.
In: Phys. Rev. D 95.6 (2017), p. 064055. DOI: 10.1103/PhysRevD. 95 .064055. arXiv:
1610.06675 [hep-th].

Pablo Bueno and Pablo A. Cano. “Four-dimensional black holes in Einsteinian cubic
gravity”. In: Phys. Rev. D 94.12 (2016), p. 124051. DOI: 10.1103/PhysRevD.94.124051.
arXiv: 1610.08019 [hep-th].

Valentin Benedetti, Pablo Bueno, and Javier M. Magan. “Generalized Symmetries for
Generalized Gravitons”. In: Phys. Rev. Lett. 131.11 (2023), p. 111603. po1: 10.1103/
PhysRevLett.131.111603. arXiv: 2305.13361 [hep-th].

V. A. Rubakov and M. E. Shaposhnikov. “Do We Live Inside a Domain Wall?” In: Phys.
Lett. B 125 (1983), pp. 136-138. DOI: 10.1016/0370-2693(83)91253-4.

Andre Lukas, Burt A. Ovrut, K. S. Stelle, and Daniel Waldram. “The Universe as a
domain wall”. In: Phys. Rev. D 59 (1999), p. 086001. pDO1: 10.1103/PhysRevD.59.
086001. arXiv: hep-th/9803235.

Ignatios Antoniadis. “A Possible new dimension at a few TeV”. In: Phys. Lett. B 246
(1990), pp. 377-384. DOI: 10.1016/0370-2693(90)90617-F.

Nima Arkani-Hamed, Savas Dimopoulos, and G. R. Dvali. “The Hierarchy problem and
new dimensions at a millimeter”. In: Phys. Lett. B 429 (1998), pp. 263-272. poI: 10.
1016/S0370-2693(98)00466-3. arXiv: hep-ph/9803315.

Juan Martin Maldacena. “The Large N limit of superconformal field theories and super-
gravity”. In: Adv. Theor. Math. Phys. 2 (1998), pp. 231-252. DOI: 10.4310/ATMP. 1998.
v2.n2.al. arXiv: hep-th/9711200.

Steven S. Gubser. “AdS / CFT and gravity”. In: Phys. Rev. D 63 (2001), p. 084017.
DOI: 10.1103/PhysRevD.63.084017. arXiv: hep-th/9912001.

Herman L. Verlinde. “Holography and compactification”. In: Nucl. Phys. B 580 (2000),
pp- 264-274. DOI: 10.1016/S0550-3213(00) 00224-8. arXiv: hep-th/9906182.

S. W. Hawking, T. Hertog, and H. S. Reall. “Brane new world”. In: Phys. Rev. D 62
(2000), p. 043501. poI1: 10.1103/PhysRevD.62.043501. arXiv: hep-th/0003052.

Sebastian de Haro, Kostas Skenderis, and Sergey N. Solodukhin. “Gravity in warped
compactifications and the holographic stress tensor”. In: Class. Quant. Grav. 18 (2001).
Ed. by A. Semikhatov, M. Vasilev, and V. Zaikin, pp. 3171-3180. DOI: 10.1088/0264-
9381/18/16/307. arXiv: hep-th/0011230.

Daisuke Ida. “Brane world cosmology”. In: JHEP 09 (2000), p. 014. boI: 10.1088/1126~
6708/2000/09/014. arXiv: gr-qc/9912002.

Nemanja Kaloper. “Bent domain walls as brane worlds”. In: Phys. Rev. D 60 (1999),
p- 123506. DoI: 10.1103/PhysRevD.60.123506. arXiv: hep-th/9905210.

Roberto Emparan, Gary T. Horowitz, and Robert C. Myers. “Exact description of black
holes on branes. 2. Comparison with BTZ black holes and black strings”. In: JHEP 01
(2000), p. 021. DOI: 10.1088/1126-6708/2000/01/021. arXiv: hep-th/9912135.

182


https://doi.org/10.1103/PhysRevD.95.064055
https://arxiv.org/abs/1610.06675
https://doi.org/10.1103/PhysRevD.94.124051
https://arxiv.org/abs/1610.08019
https://doi.org/10.1103/PhysRevLett.131.111603
https://doi.org/10.1103/PhysRevLett.131.111603
https://arxiv.org/abs/2305.13361
https://doi.org/10.1016/0370-2693(83)91253-4
https://doi.org/10.1103/PhysRevD.59.086001
https://doi.org/10.1103/PhysRevD.59.086001
https://arxiv.org/abs/hep-th/9803235
https://doi.org/10.1016/0370-2693(90)90617-F
https://doi.org/10.1016/S0370-2693(98)00466-3
https://doi.org/10.1016/S0370-2693(98)00466-3
https://arxiv.org/abs/hep-ph/9803315
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.1103/PhysRevD.63.084017
https://arxiv.org/abs/hep-th/9912001
https://doi.org/10.1016/S0550-3213(00)00224-8
https://arxiv.org/abs/hep-th/9906182
https://doi.org/10.1103/PhysRevD.62.043501
https://arxiv.org/abs/hep-th/0003052
https://doi.org/10.1088/0264-9381/18/16/307
https://doi.org/10.1088/0264-9381/18/16/307
https://arxiv.org/abs/hep-th/0011230
https://doi.org/10.1088/1126-6708/2000/09/014
https://doi.org/10.1088/1126-6708/2000/09/014
https://arxiv.org/abs/gr-qc/9912002
https://doi.org/10.1103/PhysRevD.60.123506
https://arxiv.org/abs/hep-th/9905210
https://doi.org/10.1088/1126-6708/2000/01/021
https://arxiv.org/abs/hep-th/9912135

[229]

230]

[231]

[232]

233]

[234]

[235]

236]

237]

238

[239]

[240]

[241]

[242]

[243]

Massimo Porrati. “Mass and gauge invariance 4. Holography for the Karch-Randall
model”. In: Phys. Rev. D 65 (2002), p. 044015. pOI: 10.1103/PhysRevD. 65 .044015.
arXiv: hep-th/0109017.

Per Kraus, Finn Larsen, and Ruud Siebelink. “The gravitational action in asymptotically
AdS and flat space-times”. In: Nucl. Phys. B 563 (1999), pp. 259-278. po1: 10.1016/
S0550-3213(99)00549-0. arXiv: hep-th/9906127.

Kostas Skenderis. “Lecture notes on holographic renormalization”. In: Class. Quant.
Grav. 19 (2002). Ed. by B. de Wit and S. Vandoren, pp. 5849-5876. DO1: 10.1088/0264~
9381/19/22/306. arXiv: hep-th/0209067.

Roberto Emparan, Clifford V. Johnson, and Robert C. Myers. “Surface terms as coun-
terterms in the AdS / CFT correspondence”. In: Phys. Rev. D 60 (1999), p. 104001. por:
10.1103/PhysRevD.60.104001. arXiv: hep-th/9903238.

Roy Maartens and Kazuya Koyama. “Brane-World Gravity”. In: Living Rev. Rel. 13
(2010), p. 5. DOI: 10.12942/1rr-2010-5. arXiv: 1004.3962 [hep-th].

Philippe Brax and Carsten van de Bruck. “Cosmology and brane worlds: A Review”. In:
Class. Quant. Grav. 20 (2003), R201-R232. poI: 10.1088/0264-9381/20/9/202. arXiv:
hep-th/0303095.

Yuri A. Kubyshin. “Models with extra dimensions and their phenomenology”. In: 11th
International School on Particles and Cosmology. Nov. 2001. arXiv: hep-ph/0111027.

Nima Arkani-Hamed, Savas Dimopoulos, Nemanja Kaloper, and Raman Sundrum. “A
Small cosmological constant from a large extra dimension”. In: Phys. Lett. B 480 (2000),
pp- 193-199. po1: 10.1016/S0370-2693(00) 00359-2. arXiv: hep-th/0001197.

Marco Chiodaroli, Eric D’Hoker, and Michael Gutperle. “Holographic duals of Boundary
CFTs”. In: JHEP 07 (2012), p. 177. DOI: 10.1007/JHEPO7 (2012)177. arXiv: 1205.5303
[hep-th].

Michael Gutperle and Christoph F. Uhlemann. “Janus on the Brane”. In: JHEP 07
(2020), p. 243. DOL: 10.1007/JHEPO7 (2020)243. arXiv: 2003.12080 [hep-th].

Christoph F. Uhlemann. “Islands and Page curves in 4d from Type IIB”. In: JHEP 08
(2021), p. 104. por: 10.1007/JHEP08(2021) 104. arXiv: 2105.00008 [hep-th].

Andreas Karch, Haoyu Sun, and Christoph F. Uhlemann. “Double holography in string
theory”. In: JHEP 10 (2022), p. 012. por: 10.1007/JHEP10(2022) 012. arXiv: 2206 .
11292 [hep-th].

Roberto Emparan, Gary T. Horowitz, and Robert C. Myers. “Exact description of black
holes on branes”. In: JHEP 01 (2000), p. 007. bor: 10.1088/1126-6708/2000/01/007.
arXiv: hep-th/9911043.

Roberto Emparan, Gary T. Horowitz, and Robert C. Myers. “Black holes radiate mainly
on the brane”. In: Phys. Rev. Lett. 85 (2000), pp. 499-502. DOI: 10.1103/PhysRevLett.
85.499. arXiv: hep-th/0003118.

Roberto Emparan, Juan F. Pedraza, Andrew Svesko, Marija Tomagevié¢, and Manus R.
Visser. “Black holes in dS3”. In: JHEP 11 (2022), p. 073. DOI: 10.1007/JHEP11(2022)
073. arXiv: 2207.03302 [hep-th].

183


https://doi.org/10.1103/PhysRevD.65.044015
https://arxiv.org/abs/hep-th/0109017
https://doi.org/10.1016/S0550-3213(99)00549-0
https://doi.org/10.1016/S0550-3213(99)00549-0
https://arxiv.org/abs/hep-th/9906127
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/19/22/306
https://arxiv.org/abs/hep-th/0209067
https://doi.org/10.1103/PhysRevD.60.104001
https://arxiv.org/abs/hep-th/9903238
https://doi.org/10.12942/lrr-2010-5
https://arxiv.org/abs/1004.3962
https://doi.org/10.1088/0264-9381/20/9/202
https://arxiv.org/abs/hep-th/0303095
https://arxiv.org/abs/hep-ph/0111027
https://doi.org/10.1016/S0370-2693(00)00359-2
https://arxiv.org/abs/hep-th/0001197
https://doi.org/10.1007/JHEP07(2012)177
https://arxiv.org/abs/1205.5303
https://arxiv.org/abs/1205.5303
https://doi.org/10.1007/JHEP07(2020)243
https://arxiv.org/abs/2003.12080
https://doi.org/10.1007/JHEP08(2021)104
https://arxiv.org/abs/2105.00008
https://doi.org/10.1007/JHEP10(2022)012
https://arxiv.org/abs/2206.11292
https://arxiv.org/abs/2206.11292
https://doi.org/10.1088/1126-6708/2000/01/007
https://arxiv.org/abs/hep-th/9911043
https://doi.org/10.1103/PhysRevLett.85.499
https://doi.org/10.1103/PhysRevLett.85.499
https://arxiv.org/abs/hep-th/0003118
https://doi.org/10.1007/JHEP11(2022)073
https://doi.org/10.1007/JHEP11(2022)073
https://arxiv.org/abs/2207.03302

[244]

[245]

[246]

[247]

[248]

[249]

[250]

[251]

[252]

[253]

[254]

[255]

[256]

[257]

[258]

259]

260

Roberto Emparan, Raimon Luna, Ryotaku Suzuki, Marija Tomasevi¢, and Benson Way.
“Holographic duals of evaporating black holes”. In: JHEP 05 (2023), p. 182. por: 10.
1007/JHEP05(2023) 182. arXiv: 2301.02587 [hep-th].

Yiji Feng, Hao Ma, Robert B. Mann, Yesheng Xue, and Ming Zhang. “Quantum Charged
Black Holes”. In: (Apr. 2024). arXiv: 2404.07192 [hep-th].

Andre Miemiec. “A Power law for the lowest eigenvalue in localized massive gravity”. In:
Fortsch. Phys. 49 (2001), pp. 747-755. DOI: 10.1002/1521-3978(200107)49:7<747: :
ATD-PROP747>3.0.C0;2-T. arXiv: hep-th/0011160.

Matthew D. Schwartz. “The Emergence of localized gravity”. In: Phys. Lett. B 502
(2001), pp. 223-228. pOI: 10.1016/80370-2693(01)00152-6. arXiv: hep-th/0011177.

M. Porrati. “Higgs phenomenon for 4-D gravity in anti-de Sitter space”. In: JHEP 04
(2002), p. 058. DOI: 10.1088/1126-6708/2002/04/058. arXiv: hep-th/0112166.

M. Porrati. “Higgs phenomenon for the graviton in ADS space”. In: Mod. Phys. Lett. A
18 (2003), pp. 1793-1802. DOI: 10.1142/80217732303011745. arXiv: hep-th/0306253.

Andreas Karch and Lisa Randall. “Open and closed string interpretation of SUSY CFT’s
on branes with boundaries”. In: JHEP 06 (2001), p. 063. poI: 10.1088/1126-6708/
2001/06/063. arXiv: hep-th/0105132.

Oliver DeWolfe, Daniel Z. Freedman, and Hirosi Ooguri. “Holography and defect con-
formal field theories”. In: Phys. Rev. D 66 (2002), p. 025009. DOI: 10.1103/PhysRevD.
66.025009. arXiv: hep-th/0111135.

Ofer Aharony, Oliver DeWolfe, Daniel Z. Freedman, and Andreas Karch. “Defect con-
formal field theory and locally localized gravity”. In: JHEP 07 (2003), p. 030. DO
10.1088/1126-6708/2003/07/030. arXiv: hep-th/0303249.

Tadashi Takayanagi. “Holographic Dual of BCFT”. In: Phys. Rev. Lett. 107 (2011),
p. 101602. DOI: 10.1103/PhysRevLett.107.101602. arXiv: 1105.5165 [hep-th].

Mitsutoshi Fujita, Tadashi Takayanagi, and Erik Tonni. “Aspects of AdS/BCFT”. In:
JHEP 11 (2011), p. 043. DOI: 10.1007/JHEP11(2011)043. arXiv: 1108.5152 [hep-th].

Chanyong Park. “Correlation functions of boundary conformal field theory”. In: (May
2024). arXiv: 2405.15108 [hep-th].

Wyatt Reeves et al. “Looking for (and not finding) a bulk brane”. In: JHEP 12 (2021),
p. 002. pOI: 10.1007/JHEP12(2021)002. arXiv: 2108.10345 [hep-th].

W. Israel. “Singular hypersurfaces and thin shells in general relativity”. In: Nuovo Cim. B
44510 (1966). [Erratum: Nuovo Cim.B 48, 463 (1967)], p. 1. bo1: 10.1007/BF02710419.

Andreas Karch, Emanuel Katz, and Lisa Randall. “Absence of a VVDZ discontinuity
in AdS(AdS)”. In: JHEP 12 (2001), p. 016. DOI: 10.1088/1126-6708/2001/12/016.
arXiv: hep-th/0106261.

Tetsuya Shiromizu, Kei-ichi Maeda, and Misao Sasaki. “The Einstein equation on the
3-brane world”. In: Phys. Rev. D 62 (2000), p. 024012. po1: 10.1103/PhysRevD.62.
024012. arXiv: gr-qc/9910076.

M. Henningson and K. Skenderis. “The Holographic Weyl anomaly”. In: JHEP 07 (1998),
p- 023. DOI: 10.1088/1126-6708/1998/07/023. arXiv: hep-th/9806087.

184


https://doi.org/10.1007/JHEP05(2023)182
https://doi.org/10.1007/JHEP05(2023)182
https://arxiv.org/abs/2301.02587
https://arxiv.org/abs/2404.07192
https://doi.org/10.1002/1521-3978(200107)49:7<747::AID-PROP747>3.0.CO;2-T
https://doi.org/10.1002/1521-3978(200107)49:7<747::AID-PROP747>3.0.CO;2-T
https://arxiv.org/abs/hep-th/0011160
https://doi.org/10.1016/S0370-2693(01)00152-6
https://arxiv.org/abs/hep-th/0011177
https://doi.org/10.1088/1126-6708/2002/04/058
https://arxiv.org/abs/hep-th/0112166
https://doi.org/10.1142/S0217732303011745
https://arxiv.org/abs/hep-th/0306253
https://doi.org/10.1088/1126-6708/2001/06/063
https://doi.org/10.1088/1126-6708/2001/06/063
https://arxiv.org/abs/hep-th/0105132
https://doi.org/10.1103/PhysRevD.66.025009
https://doi.org/10.1103/PhysRevD.66.025009
https://arxiv.org/abs/hep-th/0111135
https://doi.org/10.1088/1126-6708/2003/07/030
https://arxiv.org/abs/hep-th/0303249
https://doi.org/10.1103/PhysRevLett.107.101602
https://arxiv.org/abs/1105.5165
https://doi.org/10.1007/JHEP11(2011)043
https://arxiv.org/abs/1108.5152
https://arxiv.org/abs/2405.15108
https://doi.org/10.1007/JHEP12(2021)002
https://arxiv.org/abs/2108.10345
https://doi.org/10.1007/BF02710419
https://doi.org/10.1088/1126-6708/2001/12/016
https://arxiv.org/abs/hep-th/0106261
https://doi.org/10.1103/PhysRevD.62.024012
https://doi.org/10.1103/PhysRevD.62.024012
https://arxiv.org/abs/gr-qc/9910076
https://doi.org/10.1088/1126-6708/1998/07/023
https://arxiv.org/abs/hep-th/9806087

[261]

[262]

263]

[264]

265]

266

[267]

268

269]

270]

[271]

[272]

273]

[274]

[275]

Charles Fefferman and C. Robin Graham. “The ambient metric”. In: Ann. Math. Stud.
178 (2011), pp. 1-128. arXiv: 0710.0919 [math.DG].

NIST Digital Library of Mathematical Functions. https://dlmf .nist.gov/, Release
1.2.0 of 2024-03-15. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider,
R. F. Boisvert, C. W. Clark, B. R. Miller, B. V. Saunders, H. S. Cohl, and M. A. McClain,
eds. URL: https://dlmf.nist.gov/.

Markus A. Luty, Massimo Porrati, and Riccardo Rattazzi. “Strong interactions and
stability in the DGP model”. In: JHEP 09 (2003), p. 029. por: 10.1088/1126-6708/
2003/09/029. arXiv: hep-th/0303116.

Cedric Deffayet. “Cosmology on a brane in Minkowski bulk”. In: Phys. Lett. B 502
(2001), pp. 199-208. por: 10.1016/50370-2693(01)00160-5. arXiv: hep-th/0010186.

S. Perlmutter et al. “Measurements of 2 and A from 42 High Redshift Supernovae”. In:
Astrophys. J. 517 (1999), pp. 565-586. DOI: 10.1086/307221. arXiv: astro-ph/9812133.

Adam G. Riess et al. “Observational evidence from supernovae for an accelerating uni-
verse and a cosmological constant”. In: Astron. J. 116 (1998), pp. 1009-1038. pOI: 10.
1086/300499. arXiv: astro-ph/9805201.

Christos Charmousis, Ruth Gregory, Nemanja Kaloper, and Antonio Padilla. “DGP
Specteroscopy”. In: JHEP 10 (2006), p. 066. DOI: 10.1088/1126-6708/2006/10/066.
arXiv: hep-th/0604086.

Kazuya Koyama. “Ghosts in the self-accelerating universe”. In: Class. Quant. Grav. 24.24
(2007), R231-R253. DOI: 10.1088/0264-9381/24/24/R01. arXiv: 0709.2399 [hep-th].

Carlos Perez-Pardavila. “Entropy of radiation with dynamical gravity”. In: JHEP 05
(2023), p. 038. DOI: 10.1007/JHEP05(2023)038. arXiv: 2302.04279 [hep-th].

Hao Geng et al. “Constraining braneworlds with entanglement entropy”. In: SciPost
Phys. 15.5 (2023), p. 199. DOI: 10.21468/SciPostPhys.15.5.199. arXiv: 2306.15672
[hep-th].

Ibrahim Akal, Yuya Kusuki, Tadashi Takayanagi, and Zixia Wei. “Codimension two
holography for wedges”. In: Phys. Rev. D 102.12 (2020), p. 126007. por: 10.1103/
PhysRevD.102.126007. arXiv: 2007.06800 [hep-th].

Rong-Xin Miao. “Ghost Problem, Spectrum Identities and Various Constraints on Brane-
localized Higher Derivative Gravity”. In: (Oct. 2023). arXiv: 2310.16297 [hep-th].

Geoffrey Compere and Donald Marolf. “Setting the boundary free in AdS/CFT”. In:
Class. Quant. Grav. 25 (2008), p. 195014. por: 10.1088/0264-9381/25/19/195014.
arXiv: 0805.1902 [hep-th].

Akihiro Ishibashi, Kengo Maeda, and Takashi Okamura. “Semiclassical Einstein equa-
tions from holography and boundary dynamics”. In: (Jan. 2023). arXiv: 2301 . 12170
(hep-th].

Jewel K. Ghosh, Elias Kiritsis, Francesco Nitti, and Valentin Nourry. “Quantum (in)stability
of maximally symmetric space-times”. In: (Mar. 2023). arXiv: 2303.11091 [gr-qc].

185


https://arxiv.org/abs/0710.0919
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://doi.org/10.1088/1126-6708/2003/09/029
https://doi.org/10.1088/1126-6708/2003/09/029
https://arxiv.org/abs/hep-th/0303116
https://doi.org/10.1016/S0370-2693(01)00160-5
https://arxiv.org/abs/hep-th/0010186
https://doi.org/10.1086/307221
https://arxiv.org/abs/astro-ph/9812133
https://doi.org/10.1086/300499
https://doi.org/10.1086/300499
https://arxiv.org/abs/astro-ph/9805201
https://doi.org/10.1088/1126-6708/2006/10/066
https://arxiv.org/abs/hep-th/0604086
https://doi.org/10.1088/0264-9381/24/24/R01
https://arxiv.org/abs/0709.2399
https://doi.org/10.1007/JHEP05(2023)038
https://arxiv.org/abs/2302.04279
https://doi.org/10.21468/SciPostPhys.15.5.199
https://arxiv.org/abs/2306.15672
https://arxiv.org/abs/2306.15672
https://doi.org/10.1103/PhysRevD.102.126007
https://doi.org/10.1103/PhysRevD.102.126007
https://arxiv.org/abs/2007.06800
https://arxiv.org/abs/2310.16297
https://doi.org/10.1088/0264-9381/25/19/195014
https://arxiv.org/abs/0805.1902
https://arxiv.org/abs/2301.12170
https://arxiv.org/abs/2301.12170
https://arxiv.org/abs/2303.11091

[276]

277]

278]

279

[280]

[281]

[282]

[283]

[284]

[285]

[286]

[287]

[288]

[289)]

Vijay Balasubramanian and Per Kraus. “A Stress tensor for Anti-de Sitter gravity”. In:
Commun. Math. Phys. 208 (1999), pp. 413-428. por: 10.1007/s002200050764. arXiv:
hep-th/9902121.

Ioannis Papadimitriou and Kostas Skenderis. “AdS / CFT correspondence and geome-
try”. In: IRMA Lect. Math. Theor. Phys. 8 (2005). Ed. by O. Biquard, pp. 73-101. DOTI:
10.4171/013-1/4. arXiv: hep-th/0404176.

Toannis Papadimitriou. “Holographic renormalization as a canonical transformation”. In:
JHEP 11 (2010), p. 014. pOoI: 10.1007/JHEP11(2010)014. arXiv: 1007.4592 [hep-th].

Toannis Papadimitriou. “Lectures on Holographic Renormalization”. In: Springer Proc.
Phys. 176 (2016). Ed. by Renata Kallosh and Emanuele Orazi, pp. 131-181. por: 10.
1007/978-3-319-31352-8_4.

Henriette Elvang and Marios Hadjiantonis. “A Practical Approach to the Hamilton-
Jacobi Formulation of Holographic Renormalization”. In: JHEP 06 (2016), p. 046. DOI:
10.1007/JHEP06(2016)046. arXiv: 1603.04485 [hep-th].

José M. Martin-Garcia. “xPerm: Fast index canonicalization for tensor computer alge-
bra”. In: Computer Physics Commaunications 179.8 (2008), pp. 597-603. 1sSN: 0010-4655.
DOI: 10.1016/j.cpc.2008.05.009. URL: http://dx.doi.org/10.1016/j.cpc.2008.
05.009.

Teake Nutma. “xTras : A field-theory inspired xAct package for mathematica”. In: Com-
put. Phys. Commaun. 185 (2014), pp. 1719-1738. DOI: 10.1016/j.cpc.2014.02.006.
arXiv: 1308.3493 [cs.SC].

Julio Oliva and Sourya Ray. “A new cubic theory of gravity in five dimensions: Black
hole, Birkhoff’s theorem and C-function”. In: Class. Quant. Grav. 27 (2010), p. 225002.
DOI: 10.1088/0264-9381/27/22/225002. arXiv: 1003.4773 [gr-qc].

Robert C. Myers and Brandon Robinson. “Black Holes in Quasi-topological Gravity”. In:
JHEP 08 (2010), p. 067. pOI: 10.1007/JHEP08(2010)067. arXiv: 1003.5357 [gr-qc].

H. Casini and Marina Huerta. “On the RG running of the entanglement entropy of a
circle”. In: Phys. Rev. D 85 (2012), p. 125016. pOI: 10.1103/PhysRevD . 85 . 125016.
arXiv: 1202.5650 [hep-th].

Zohar Komargodski and Adam Schwimmer. “On Renormalization Group Flows in Four
Dimensions”. In: JHEP 12 (2011), p. 099. por: 10. 1007 / JHEP12(2011) 099. arXiv:
1107.3987 [hep-th].

Bayram Tekin. “Inflation in pure gravity with only massless spin-2 fields”. In: (Feb.
2016). arXiv: 1602.08949 [gr-qcl.

Gregory Gabadadze and Giorgi Tukhashvili. “Conformal/Poincaré Coset, cosmology,
and descendants of Lovelock terms”. In: Phys. Rev. D 102.2 (2020), p. 024054. poOI:
10.1103/PhysRevD.102.024054. arXiv: 2005.01729 [hep-th].

Giorgos Anastasiou, Olivera Miskovic, Rodrigo Olea, and Ioannis Papadimitriou. “Coun-
terterms, Kounterterms, and the variational problem in AdS gravity”. In: JHEP 08
(2020), p. 061. DOL: 10.1007/JHEPOS (2020)061. arXiv: 2003.06425 [hep-th].

186


https://doi.org/10.1007/s002200050764
https://arxiv.org/abs/hep-th/9902121
https://doi.org/10.4171/013-1/4
https://arxiv.org/abs/hep-th/0404176
https://doi.org/10.1007/JHEP11(2010)014
https://arxiv.org/abs/1007.4592
https://doi.org/10.1007/978-3-319-31352-8_4
https://doi.org/10.1007/978-3-319-31352-8_4
https://doi.org/10.1007/JHEP06(2016)046
https://arxiv.org/abs/1603.04485
https://doi.org/10.1016/j.cpc.2008.05.009
http://dx.doi.org/10.1016/j.cpc.2008.05.009
http://dx.doi.org/10.1016/j.cpc.2008.05.009
https://doi.org/10.1016/j.cpc.2014.02.006
https://arxiv.org/abs/1308.3493
https://doi.org/10.1088/0264-9381/27/22/225002
https://arxiv.org/abs/1003.4773
https://doi.org/10.1007/JHEP08(2010)067
https://arxiv.org/abs/1003.5357
https://doi.org/10.1103/PhysRevD.85.125016
https://arxiv.org/abs/1202.5650
https://doi.org/10.1007/JHEP12(2011)099
https://arxiv.org/abs/1107.3987
https://arxiv.org/abs/1602.08949
https://doi.org/10.1103/PhysRevD.102.024054
https://arxiv.org/abs/2005.01729
https://doi.org/10.1007/JHEP08(2020)061
https://arxiv.org/abs/2003.06425

290]

[291]

[292]

293

[294]

[295]

Robert B. Mann. “Entropy of rotating Misner string space-times”. In: Phys. Rev. D 61
(2000), p. 084013. DOI: 10.1103/PhysRevD.61.084013. arXiv: hep-th/9904148.

Dileep P. Jatkar and Aninda Sinha. “New Massive Gravity and AdSy counterterms”. In:
Phys. Rev. Lett. 106 (2011), p. 171601. DOI: 10.1103/PhysRevLett.106.171601. arXiv:
1101.4746 [hep-th].

Kallol Sen, Aninda Sinha, and Nemani V. Suryanarayana. “Counterterms, critical gravity
and holography”. In: Phys. Rev. D 85 (2012), p. 124017. por: 10.1103/PhysRevD. 85.
124017. arXiv: 1201.1288 [hep-th].

Yves Brihaye and Eugen Radu. “Black objects in the Einstein-Gauss-Bonnet theory with
negative cosmological constant and the boundary counterterm method”. In: JHEP (09
(2008), p. 006. DOI: 10.1088/1126-6708/2008/09/006. arXiv: 0806.1396 [gr-qcl.

Alexander M. Polyakov. “Quantum Gravity in Two-Dimensions”. In: Mod. Phys. Lett.
A 2 (1987), p. 893. DOI: 10.1142/50217732387001130.

S. A. Fulling, Ronald C. King, B. G. Wybourne, and C. J. Cummins. “Normal forms for
tensor polynomials. 1: The Riemann tensor”. In: Class. Quant. Grav. 9 (1992), pp. 1151
1197. po1: 10.1088/0264-9381/9/5/003.

187


https://doi.org/10.1103/PhysRevD.61.084013
https://arxiv.org/abs/hep-th/9904148
https://doi.org/10.1103/PhysRevLett.106.171601
https://arxiv.org/abs/1101.4746
https://doi.org/10.1103/PhysRevD.85.124017
https://doi.org/10.1103/PhysRevD.85.124017
https://arxiv.org/abs/1201.1288
https://doi.org/10.1088/1126-6708/2008/09/006
https://arxiv.org/abs/0806.1396
https://doi.org/10.1142/S0217732387001130
https://doi.org/10.1088/0264-9381/9/5/003

	QLG_COVER
	9. Tesi
	Introduction
	I Higher-Derivative Gravities
	Three-Dimensional Higher-Curvature Gravities
	Introduction
	Counting higher-curvature densities
	Equations of motion and Einstein solutions
	Linearized equations
	Physical modes
	Identification of physical parameters
	Classification of theories

	Theories satisfying a holographic c-theorem
	Recursive formula
	General formula for order-n densities
	All densities with a trivial c-function emanate from a single sextic density 
	Absence of scalar mode in the spectrum
	Born-Infeld gravity 

	Generalized Quasitopological gravities
	All GQT densities emanate from the same sextic density 

	A ``mysteriously'' simple sextic density
	Final comments

	D-Dimensional Higher-Derivative Gravities
	Introduction
	Linearized higher-derivative gravities with covariant derivatives
	Linearized equations
	Minkowski background
	AdS background

	Generalized Quasi-topological gravities
	Definition
	Linear spectrum
	Classification of four-dimensional theories

	Conclusions


	II Brane-Worlds
	Gravity on Brane-Worlds
	Introduction
	Set-up
	EOMs and Junction Condition
	Background Solution

	Locally Localized Gravity - The Bulk Perspective
	The Brane Equation
	The Radial Equation
	Gravity on the Brane

	Induced Gravity on the Brane - The Brane Perspective
	The Brane Effective Action
	Graviton Mass from the Brane Perspective

	Conclusions

	Brane-Worlds with DGP Terms
	Introduction
	Set-up
	Locally Localized Gravity with DGP
	Induced Gravity on the Brane with DGP
	Conclusions
	Going Further


	III Higher-Derivative Gravities from Brane-Worlds
	Computing Counterterms
	Introduction
	Holographic Renormalization and Induced Gravity
	Review of Holographic Renormalization
	``Finite'' Renormalization on the Brane

	Algorithm for Counterterms
	Conclusions

	Brane-World Gravities and the Holographic c-Theorem
	Introduction
	RG Flow Geometry and c-Function
	Constraints on Theories
	Holographic c-Theorem for Induced Gravity
	Inductive algorithm proof.
	Proof with conformally flat counterterms.

	Counterterm Densities in Three Dimensions
	Structure of Counterterm Densities, Order by Order
	Born-Infeld Gravities and Counterterms

	Structure of Counterterm Densities in Higher Dimensions
	Conclusions and Outlook

	The Spectrum of Brane-World Gravities
	Introduction
	Quadratic Action
	Linearized Equations and Modes
	Conclusions


	IV Final Remarks
	Conclusions
	Future Directions

	Appendices
	Appendix Basis of higher-derivative invariants
	Appendix AdS Slicing Metric
	Appendix Brane-World Graviton Modes
	Appendix Counterterm Results

	Bibliography


