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Abstract

This project develops a theoretical framework for the convergence of the Newton method in a sys-
tem with a periodic orbit, proving its existence with an explicit computed error. We adapt the
analytical techniques of KAM theory with a small KAM iterative scheme in the sense of a loss of
part of the analytic domain while finding the periodic orbit.

More explicitly, we present a conceptual background with norm definitions, analytic results and
non-degeneracy results to avoid problems with resonances and to help formulate an iterative lemma
for the Newton method to finally present a Convergence Theorem, proving the existence and unique-
ness of a periodic orbit if the initial error is small enough.

Therefore, we obtain a theoretical result to prove the existence of periodic orbits when the initial
error is small enough. This setup can be applied to Computer Assisted Proof for the existence of
periodic orbits.
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1 Introduction

To analyze periodic orbits and their behavior, the classical approach method is Floquet theory,
which leads to linearization of the system around the periodic orbit to reduce the study of local
stability to a linear system with periodic coefficients. Nevertheless, this local method cannot give
us a global description of the phase map. Moore presented in 2005 [5] an approach using Floquet
theory as a computational tool to construct an efficient Fourier spectral algorithm for approximat-
ing periodic orbits of unknown period.

Another approach to compute periodic orbits was published by J. D. Garcia-Saldana and A. Gasull
in 2012 [4], presenting a heuristic approach for finding truncated Fourier series as an approxima-
tion to the periodic solutions provided by the Harmonic Balance Method. However, the method is
confined to low-order approximations due to complex symbolic operations.

A technique that has thrived is the parametrization method [3], developed to find the exact non-
linear change of variables for the periodic orbit. G. Huguet and R. de la Llave presented in 2013 [2]
a quasi-Newton type method for the computation of the change of variables with an analytic result
in two dimensions for the existence of the periodic orbit without explicit constants.

In this project we develop a theoretical framework for the proof of the existence of a periodic orbit
in an n-dimensional system while also computing explicit constants to control the error of the con-
vergence method. We also follow Moore’s approach to Floquet theory and his strategy presented in
[5] for fixing the phase and extending these ideas to incorporate a normal condition of the periodic
orbit. Finally, we present the Convergence Theorem in (6.1) of the method with explicit error con-
trol that could be applied to computer-assisted proofs for proving the existence of a periodic orbit.



2 Overview of the Problem

We consider a dynamical system
t=X(z) 2z€C"

And denote

o T,={0cC/Z:|Im(0)| < p}

[}
o C¥7T(T,,C™ ™) as the set of real analytic matrix valued maps in T, whose components and
their derivatives up to order r are continuous in T,.

We will consider the formal Floquet theory, which transforms linear, periodic differential equations
into constant coefficient systems. Because our system might be non-linear, we apply Floquet theory
to the linearized system near the periodic orbit. This translates into the study of the change of
variables with linear component K € C*!(T,, C™*!), normal component N € CW’I(TP,(C”X(”_I)),
unknown frequency w € R, and a constant Floquet matrix A € R~ D*(=1) Ty study these objects,
we analyze the behavior of the error of a Newton-type method applied to the associated system:

X(K(0) - Kw=0 (2.1)
DX (K(0))N — N'w— NA =0

Because the period of the periodic orbit is an unknown, we have infinite solutions given that
K(#) = K(0 + c¢) for any constant ¢ (they differ by phase). A similar problem will arise for
N: any linear transformation of the form N(#) = N(6)B where B is a constant invertible matrix,
is also a solution of (2.2) with A = B~1AB.

Following the ideas exposed by Moore in [5] we impose the following conditions for uniqueness:

1 1
JRSOR OB | N0 N 0) = 1
0 0
for fixed functions K., N, that will be introduced afterwards.

Throughout the project we will work with the frame P(§) = (K’ N), which by differentiating
(2.1) allows us to rewrite the system as:

DX(K(0))P — Plw— P (8 2) —0 (2.3)

The main idea is to part from an initial approximation (Ko, wg, No, Ag) with initial invariance error
Ky and Floquet error Ex defined as:

X(Ko) - K(/)(,:JO = EKO
DX(K()) - Né(,c.)() - NoA(] = ENO

Moreover:



And consider a Newton step:

KlzKo—I—AK

Ny = Ny + AN
w1 = wo + Aw
A=Ay + AA

such that the new tuple (K1,wi, N1, A1) will solve the system up to quadratic error :

X(Kl) — K{wl = EK1
DX(Kl)Nl — N{wl — NlAl = EN1

Actually, studying the expression of the new error in terms of the previous one, we can obtain an
explicit formulation of the error.

2.1 Error for One Step of the Newton Method

e For the linear equation we have:

EK1 :X(Kl) — K{wl = X(KO + AK) — (KO + AK),(Q)O + Aw)

= X (Ko) |+ DX (Ko)AK + /1(1 — 5)D?*X (Ko + sAK)[AK, AK] ds
0

Ik

—K{wo | — AK'wy — KjAw — AK'Aw

=Fg + DX(K())AK — AK’WO — K(’)Aw — AK'Aw + Ix

We now consider a change of basis to the frame P where we know the system has a more diagonal
behavior:

AK = Py¢X  where ¢5 = (gﬁ;)

Remark: Notice we will denote as ¥ the functions multiplying the linear part of the frame, K,
to not overload the notation with %"

Ek, =Fk, + DX(Ko)Pot® — (Pye%)wo — KjAw — AK'Aw + Ig
=FEx, + DX (Ko)Pot™ — P{eR wy — Polewo — KjAw — AK'Aw + I
=FEk, + [DX(Ko)Py — Pjwo] & — Po&jwo — KpAw — AK'Aw + I
Because that KjAw = P (é) Aw, we have:

Aw

Ex, = Ex, + Ep,&X + PAoeE — Pothewy — Py ( 0

> —AK/AW+IK



K,L
We define —n = Py ' Ex, where nf€ = <:77K’N> and write:

0 0 A
Obtaining the cohomological equations:
0 0 Aw
77K:< )fK—(fK)/wo—(0><:>
oL (KL Aw
= wo — =
(o) =5 0) (660) = () o= ()
ot = —Aw — (fK’L)' - wo (2.4)
N — Aoé-K,N _ (gK,N)/ - Wy (25)
Finding the functions %% ¢V that solve this equations (notice the average <£K’L > is a free

term that will be linked to the phase condition) we will have the new error in terms of the initial
approximation:

Er, = Ep &% — AK'Aw + [ (1 — $)D>X (Ko + sAK)[AK, AK] ds (2.6)

e For the normal equation we do the equivalent computations:

EN1 :DX(Kl)Nl - N{wl - N1A1
:DX(KO + AK)(NO + AN) — (No + AN)/((UO + Aw) — (No + AN)(AO + AA)

=DX (Ko + AK)Ny + DX (Ko + AK) AN — Njwy — NjAw — AN"wy — AN Aw
— NoAg — NgAA — ANAg — ANAA

1
:DX(K())N() +/ D2X(K0+SAK)[AK,N0] ds
0

In,

1
+ DX (Ko)AN + / D?X (Ko + sAK)[AK, AN]ds
0

In,

—Njwo | — NjAw — AN'wy — ANAw|—NoAg | — NoAA — ANAg — ANAA

—Ey + DX (Ko)AN — N}Aw — AN"wy — ANAw — NgAA — ANAg — ANAA
+In, + In,

We consider again a change of basis for the increment:
é’N,L
AN = PyeY  where &V = ( 5NW)

4



Having;:
En, =En, + DX (Ky) - Py - €Y — NjAw — (PN )Y wy — AN'Aw
— NoAA — PyeN Ay — ANAA + Iy, + Iy,

=En, + DX (Ko) Pyt — NjAw — PieNwo — Py(En) wo
— AN'Aw — NgAA — PyeNAg — ANAA + Iny + Iy,

= En, + [DX (Ko) Py — Pjwo] €Y — NjAw — Py(€n) wo
— NoAA — PpeNAg — AN'Aw — ANAA + Iy, + Iy,

Notice that: NgAA = P, (2) AA therefore:

0
En, =Eny + PoAo&YN + Epy &N — NjAw — Py(én) wo — Py <AA)
— PtV Ay — AN'Aw — ANAA + Iy, + Iy,

Defining:
- = Pyt (En, — NjAw + Iy,)

We have:
0
EN1 :ERogN + Ry |:_77N + A0§N - (fN)/WO - (AA) - 5NAO:|

— AN'Aw — ANAA + Iy,

And obtain the cohomological equations:

n™ = A& — (V) wo — (AOA> — NNy =

N,L N,L N,L\/ N,L
(o) = (@ a) () = () o= () = (6v) 0 =
77N,L — _(gN’L)/WO . fN’LAO (27)

VN = Mg (eNNY g AN — N (2.8)

Finding the solutions £¢V'* and ¢V (notice the average <§N N > is also a free term that will be
fixed by the normal condition), we obtain the expression for the Floquet error in terms of the
previous error:

En, = Eryén — AN'Aw — ANAA + [} DX (Ko + sAK)[AK, AN] ds (2.9)



3 Conceptual Background

In this section we will introduce the mathematical concepts and tools used in this project along
with some results that will be useful later on.

3.1 Vector and Matrix Norms

e For a constant vector v € C'™, we consider the supremum norm:

|v| = max |v;]
1<i<m

C™*™ we will consider its supremum norm as

Al = sup D iyl

SIS gin

e For a constant matrix A €

This norm is compatible with the vector supremum norm and have the following properties:

— For Ae C"™*" v e C"
[Av| < [Al[v]

— For A € C™*" B ¢ C™¥P
|AB| < |A||B|

Moreover, to bound inverse matrices we will use:

Neumann series: If a matriz A € C"™*™ holds |A| < 1, then

1
1[4

|(1d— A)71| <

Lemma 1. Giwen an invertible matriz A, € C™*™ with known inverse A*_1 and a matrix
A € C™*™ such that
|A— Al <1y < (|A;1’)_1

Then, A is invertible and
A7

-1 -
‘A } < (Cy-1:= T ‘A;l‘ ”

Proof. We can write
|A’ < ’A*‘ -+ ‘A — A*’ <rg+ ‘A*’ < Cy-1

And the norm of A is bounded. Also,notice:
AN A=A < AT 1A — A < A ra < 1
Therefore, we can write:
A=A+ (A-A)=A(Id+ A]1 (A - A))
And by the previous inequality, we can apply Neumann series:
A A
—1 < -1
1— A A=A 1—]A7 ra

|A7Y < JASY|(Td + ATH (A - A) 7Y < = Oy



o We will also work with the operator Vec(A) : C"*" — C™" as:

a1
a21

Vec(A) = | am
ai2

Amn
Because Vec(A) has the structure of a vector, we have:

[Vec(A)| =  sup |ai
1<i<m,1<j<n

And the following result:

Proposition 1. For a matriz A € C™*"™:

[Vec(A)| <|A] < n|Vec(A)]

Proof.
n
|A| = sup Z laij| = sup (Jait| + ... + |ain|) < sup |ai| + ... +sup |ap]
1<i<m {7 1<i<m
= Z sup la;;| <n sup laij| = n|Vec(A)|

1552 1<ism 1<i<m,1<j<n

Moreover
[Vec(A) = sup  lag| < sup Y ay| <|A]

1<i<m,1<j<n 1<ism 22,

O]

e Additionally, we will consider Kronecker product presented along its properties and some
important results in (pg 24) [1].

®: CMxn x CPX4 —y mp)x(nq)
a11B a12B alnB
ang aggB agnB
A®B — . .
amiB amaB ... amnB

A specific result we will be using is (Lemma 3.2.10) [1] which states that for X,C € C™*"™:
Vee(XC —CX) = (CT @1, — I, ® C)Vec(X) (3.1)

Moreover, as a bound we will use:



Proposition 2. For C € C™*™
|ICT & I,| < m|C]
| I;, @ C| < |C|
Proof.
}C’T ® Im’ < m‘Vec(CT ® Im)} =m|Vec(C)| <m|C|
c 0
0o C ..
In@Cl<|| . e

3.2 Extension to Matrix-Valued Functions

e When having a function f € C“”O(’]I‘p, C), its supremum norm is defined as

HfH,,ZGSél%) 1£(0)]

e For a function A € C¥9(T,, C"™*"), we will consider its supremum norm as:

IAll, = sup > [lAijll, where |[|A;ll, = sup |Ai;(6)]
1<i<m 1<j<n 0€T,
With the property:
— For A € C¥%(T,,C™ "), and B € C*%(T,,C"*P)
1AB], < [l All,[IBl],

Obs 1. Lemma (1) can be also applied for matriz-valued functions by considering the inequality
pointwise for all fized 6 € T,.

e To bound derivatives of functions in the imaginary band while loosing some radius we will
work with the following main result:

Cauchy inequality: For any f € C*}(T,,C™*"):

1
1 N5 < 51171,



3.3 Previous Lemmas

Having defined the norms we will work with, in this part we see Russmann Lemma for bounding
a specific sum with Fourier coefficients by the norm of the function. The one-dimensional case is
first presented to develop a matrix-valued function result afterwards. These Lemmas will be useful
to bound the norms of the solutions to the cohomological equations.

Lemma 2 (Russmann). We consider a function f € C*°(T,,C). Then

> I felPet e <2 712

kEZ

Proof. We define V]a| < p, the analytic function

fa(0) = f(0 + ia)

Notice it is continue in T Therefore, we consider the Fourier transform:

p—lal-
—_— 1

(fo)p = / f(6 4 ia)e™ > *qg
0

Considering Bessel’s inequality we have:

T 12 ! 2 2
ST < [ 116+ ia)Pas < |11
keZ 0
If we now consider

— 1 A ‘
g(a) — (fa)ke%rk:a — /0 f(9 + Z'a)e—ka(9+za)d9

By Cauchy integral form, g(a) = , meaning g(a) si not depending on a, and:

—_

(fa)k = ﬁe—%ka

By Bessel’s inequality:

—~ |2 —~ 2 —~ 12
S| Far| = 0| Fe2 o = S| e e <2 Vial <0

kEZ keZ kEZ

And finally, applying this result

~ 12 ~ 12 ~ 12 —~ |2 2
S|f etmir <SR[ et + S| etrte < 3 e <21
keZ k<0 k>0 kEZ

e—47rk:p + Z‘fk
keZ



Lemma 3 (Russmann generalized). We consider a function A € C*0(T,,C™*™) and its supremum
norm. Then

S APt e < 2nm| A2
keZ

Proof. By Lemma 2, we have
—~\ 12 Ax|k 2
> Il e'mlkle < 2[ai

k€EZ
We write:
2

DG =3 (max I | Y < B mo | M@ D0 et
keZ keZ ! j o5 keZ

—Zmax nZ’ aij k| eArlklp <nZZZ’ 2 eAmlklp

kEZ keZ 1 j
TS < 203 Sl
tJ kez i g

Lemma(2)
2

< 2n E max E ||ai7j||12) <2n g max § llaillp
- 7 - - ? -
i J v J

2 2
<20y |IAll} < 2nml|A|l7 < 2nml|A|l7
%

10



4 Framework

To avoid ressonances with the eigenvalues of the Floquet matrix and be able to solve the cohomo-
logical equations (2.4), (2.5), (2.7), (2.8) we must introduce definitions for a non-degenerate tuple
to work on.
4.1 Definitions of Non-Degeneracy
Definition 1. We consider
o K € C¥(T,,C"*1)
e N € C¥!(T,,Cnx(n—1)
e PeC¥T,,C™") as P= (K N)
Then, we say the tuple (K, N) is non-degenerate in T, if
o P(0) is invertible for any 0 € T,
Definition 2. We consider
e weR
o A e R(n—1x(n-1)
Then, we say the tuple (w,A) is non-degenerate in T, if
o Erists A1

o w#0

° \/Zkez*’(A — 2mikw I—1)~Y* is finite

¢ \/Zkez*

Definition 3. The tuple (K,w, N, A) is non-degenerate if (K, N) and (w, A) are non-degenerate.

12
(In,l QAN-—AT®I, 1 —2mikw I(n—1)2) 1‘ is finite

Proposition 3. If the eigenvalues of A and I,_1 @ A — AT ® I,_1 are different from 2mikw for all
k€Z,w+#0 and evists A=t then (Aw) is non-degenerate with bounds:

> (A = 2mikw I-1)'* < Cin(w, A)
keZ*

Z ‘(In_l & A— AT X In—l — 2mikw I(nfl)Q)_l‘Q S 0272((4&],/\)

keZ*
where:
C so(ws A) = O (o, A)— Cr(w, A) = s ( Ay >_1
W, = W, w, = su . - in—
LE ! 2\/§\w| ! kezp* 2mikw !
B 1 _ I, 1A —AT"® 1, -
Cas(w. ) = O N Cafior ) = sup | (P ET St g,

11



Proof.

, , A ! 1
Z |(A — 2mkwln_1)—1]2 < Z ](2m/~cw)_1]2‘ <2m‘kzw — In—1> < Ci(w,A) Z FRCYER)
kezZ* keZ* keZ*
Recall Y32, 7 = %2 and:
1 w2 1
A = 2mikwI, 1)~ < Cy(w, A)y) —5—52— = Ci(w, A
Similarly, we have:
_1]2 1
S ‘(LH @A — AT @ I,y — 2mikw Iy 1‘ < Cy(w,A)——=— = Cyx(w, A)
kezr 2v/3|w|
O

Remark: The conditions of non-resonance for proposition (3) are equivalent to satisfying a finite
number of conditions. That is because there exists |k| < ko for which the eigenvalues will be differ-
ent enough.

For example, conditions
|(A = 2mikwl,—1) 7| < Cy—
k

for |k| < ko where ko holds
a1
27|koljw| 2

Indeed, for |k| > ko the condition is fulfilled without further assumptions:

1 A B L A -
A = 2mikwl, 1) = =T ) |< — I
(A = 2mikwlon)™| = |5 (zmm 1) = Zmilkw] (mw 1>
AL 2 1
—_ —_ 0
<~ 2mlkljw| 1 — AT 27|kllwol [A] T [A]

Neumann 27| k||w|

The case for the eigenvalues of I,,_1 ® A — AT ® I,,_; is analogous.

These definitions of non-degeneracy allows us to state a result for tuples close enough to a non-
degenerate tuple to also be non-degenerate.

12



4.2 Lemmas of Non-Degeneracy

Super-Lemma 1. Given a non-degenerate tuple (K, Ny) in T,,, we denote

1
mie, = [ KLOTK.(0)ds
0

And consider constants ri, v, v, N fulfilling:
—1

mo m
rg < 7H(K'I)(}H TN |:( ) || rpi=rg +ry < HP*(H)
*) - lp
Then, any (K, N) such that
T N = V.|, <
HK’—K;HP<7~K/ HN’—N;Hp<rN/

is non-degenerate in T, for p < p, and

1K, < Ck =71k + | K|

2. |K'|, < Cxr = rir + | Kol

3. NI, < Cn =N + || Ni| .

b [N, < Cnr = e + [N
|P.(0)7Y]

5 PO, £

1= [[P.(O)~M ], rp

-1

1

Imy,

Proof.

L= [myt]l(

1
6. KiaTK’ecw) < Oy =
(/0 (0)7K'(6) = O = e — DT e
1 —1
o |(f o) | < -
0

N r

LK, = 1K = K + K, < 1K = K|, + [ Kl < 7re + [ Kollp. = Ok

2,8,4. Similarly to 1
5. Proven using Observation (1)

6. Notice that:

/K’ )T K'(0)do — /K’ 0O)TK! (0 de‘

<|(&

And we can apply Lemma 1

7. Similarly to 6

13

/K’

)R =

1
_ T
my. _/0 N,(0)TN.(6)d6

_1H71

(6) — K.(0))do

K| < |[(KD)T

|rier < |mug




Super-Lemma 2. Given a non-degenerate tuple (wy, Ay) in T,,, we consider constants r,,, ma such
that

Tw < |ws|, TA < }A;lrl
fulfilling
TA Tw nTA Tw
C1 (A, wy — ) <1 Cy(As, <1
o) (g + 1) o) (g + )
Then, any (w, ) satisfying
lw — wi| <7y
’A - A*’ < TA
is non-degenerate in T, for p < p, and
1. |w] < Cp = ry + |wil
2. |A] < Cp =rp + |A]
1
g <O 1
|w| — 10
4. |A—1} < COp-1 = ﬁ
o 1-— ‘A;l‘ TA
C A*7 *
5. DA = 2mikw I,_1) "1 < Cs, = 13(As w)
Cox(Ay, wy
6. Y JAT @Iy g — Iy ® A — 2mikw Ij,_1)2)~" < Cs, = 25 )
he- 1— Cy(As,w,) (#3‘ v ﬁ)
Proof.
1 |w] = w — wy + ws| < |w —ws| + |ws| < 7w+ |wi| = Cy

2. Similarly to 1
3,4. Proven using Lemma 1

5. Because (ws, Ay) is non-degenerate, we know:

D (A = 2mikw, 1) P < Crn(As,wi)
kezZ*

We can write:

A —2mikw I,_1 = (A — Ay) + Aw — 2mik ((w — ws) +ws) Tnog
= Ay = 2mikwy In—q 4+ (A — Ay) — 2mik(w — wy) o1
= (Ay — 2mikw, In_1) (In—1 + (As — 2mikw, L) 7H(A = Ay) = 27ik(w — wy) T—1))

14



Therefore

> (A = 2mikw L)~
keZx*

2
-/ ‘(A* ik Tn1)~! (Ino1 + (As — 2mikws Tno1)=1((A — Ay) — 2mik(w — wy) Tno1)) ™"
keZ*
Notice we can apply Neumann because, by Proposition (3) and considering the hypothesis
A, — 2mikw, T\ ' (A = A) — 2mik(w — wy) oot
2mikwsy 2mikws,

A, /AN w—w,
— I, — I,
|<2ﬂikw* 1) <2ﬂ@kw* Wi 1)‘

< Ci(Aun) (’A_A*’ T ’“_”*') < Ci(Aun) (”+ u” ) <1

271 |wy| || 27| wi| s

Hence:

Z |(A — 2mikw I_q)~1|?

kezZ*

2 1 2
< Ay = 2mikw, Ip—p)~1
= kgz:*K mikws In-1)™| (1 (A, — 2mikwn) (A — Ay) — 2mik(w — w*)In1|>
1 C15(Ay, wy
S CI,E(AMW*) - LE( “ ) = CSI
1= Ci(hew) (7 + 1) 1= Cilhewn) (52 + 1)
6. Considering
K* = Az & In—l - In—l &® A*
A=A"®@ I~ 1 ®A
The proof is analogous to the previous one.
By Proposition (2) we have
(A= A)T @ T-1] < (n—1)|A — A
Ino1 @ (A= A < |A - Al
Therefore:
)7\—7\* = n|A — A, |
Hence, the condition for invertibility is fulfilled due to the hypothesis and:
— 2 A*a *
\/Z ‘(AT @Iy — I @ A = 2mikw I, y)2) 1‘ < Con(hyx) = Cg,
kez* 1 — Co(As,wy) (% + ﬂﬁ)

O

Note that (1) gives us the the theoretical tools to work with the phase and normal condition. This
result is directly applied in [terative Lemma (5.1). Moreover, Lemma (2) gives us the conditions to
solve the cohomological equations.
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4.3 Resolution of Cohomological Equations

Lemma 4. Under the hypothesis of Super-Lemma (2), for all ™1 € C*O(T,,C*1) there exists a

family of solutions £51 ¢ Cc¥(T,,C) and VL e R parametrized by <£K’L> € C™*! solving:

pol — _<§K7L)/w _ KL

given by
JKL _ KL (<§K,L>)
g1 (0) = (65°F) + €K1(0)

where 5L s the unique zero-average solution of

W = (R LY
Moreover,
[V < |
C

w1

V6

658, < CSH |l |, where CXF =

Proof. We can write the equation in Fourier series:

Z(U’K\,L)ke%zke _ KL _ Z ik (fK/’\L)k o2iko

kez kezZ*
For &k = 0 we have
Vb = —(nKL),
And for k #£ 0:
(€KLY, = (L), for k#0

2mikw

And the unique solution for the average-zero equation is:

KL — Z ‘ (nK7L)k627mk6

We bound the norm:

11
K| < ’ JKL ’27r|k|p < JKL) | 2eAnlklp
Hf H 27r]w|zlk\ v%yw\ Z y\ Z‘ Jle
keZ keZ*
KL 24wl k|p
%W;Z:* o S e

keZ

1
By Russmann Lemma(3) and Z =i %:

672 < g2 2l < el < St
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Lemma 5. Under the hypothesis of Super-Lemma (2), for all ™" € C*9(T,, C=Dx1Y there exists
an unique solution 5N € ¢« (T,, C(=DX1Y solying

nK,N — Aé-K,N _ (SK’N)IW

Moreover,

N1, < R, where €53 = O+ VRVR—TC

Proof. We can write

Z(”KN o2k _ A Z gKN 2mik0 _ Z ik (§/K7V)k 2RO,

keZ* keZ* keZ*

—

(KN e = AERNY,, — 2k (€N )y = (A — 2mikuw) (EKN ), =

(EKN ), = (A — 2mikw) L (KN,
Having:
fK’N Z(A 27’[’1]43&)) ( K N)k€27rik0
keZ

For bounding the norm, we separate the average and the oscillatory part:

H<5KA6HPEEHAflGﬁzﬁ)ﬂL)S\AflwkﬁiivhﬂpfSCk—ﬂVfQNHp

Hg;?TVH ZlA omikw) 1” K.N) ‘27r|k|f’ < Z‘ — 2mikw) | \/Z‘ NN, 647r|k|p

kezZ* kezZ*

5 oI AT Y,

Russmann (3)
Finally:
6N, = 66N + RN < eS|, + ||| < (Ca+ VEVA=T0s, ) I,
=Con "M,

O]

Lemma 6. Under the hypothesis of Super-Lemma (2), for all n™-t € C+0(T,,, C* (=) there exists
an unique solution ¢N'F € YT, C*(=1)) solving

nN,L — _gN,LA . (§N,L)/w
Moreover,

€541, < X, where €AY = Cas 4 VEVR1Cs,
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Proof. We can write:

Z(n/N,\L)ke%rikG - _ Z(g]V/T[J)kQ%TikHA o Z(@)k%mk e27rik0w _ Z —(gN/’\L)k(A + 27T’L'kw)€2mke
keZ keZ keZ keZ

And:

—

(VE) =~V E)i(A + 2mike)
Having;:
Nl = Z — (VL) (A + 2mikew) ~Le2™R0
keZ
For bounding the norm, we consider separately the average and the oscillatory part:

1™, < ¥ oa| < @] Ja71] < caafln™),

— — — 2
H&N’LH < Z‘(nN’L)k“(A—|—2m’/~cw)_1\e%‘k|p < DU A 2mikw) 1P Z((”N’L)k‘ edlklp
P ~—~
keZ* C.S kezZ* kezZ*

Notice that, because k € Z, by symmetry
D A+ 2mikw) T = D [(A = 2mikw) |
kezZ* kezZx

Hence, considering Russmann Lemma (3)

[6¥] < Csiy/2tm = Dl HI; = vavn=T1Cs, |n"),
Therefore:
e, = [(€¥4) + €72 < e¥ ), + |6V < (Cars + vEVA=TOR) I,
=N,
O

Lemma 7. Under the hypothesis of Super-Lemma (2), for all nV"N € C“”O(Tm(c(”_l)x(”_l)), there
exists a family of solutions €NV € C YT, C(”*l)x(”*l)) and vNN € C=DX(=1) parametrized by
<§N’N> e Cr=Dx(=1) golying

gV = AENN _eNNp  (eNNy, NN
given by
JNN _ NN (<€N,N>)

EVN(0) = (€NN) 4 ENN(6)

where NN is the unique zero-average solution of

—~— —_~—

pNN = AENN _ gNNA — (ENNYy

Moreover
[N < QN + 208 [ (€M)

Hg/N\J/VHp < Cﬁ}(VHnN’NHp where ijjiv =(n-— 1)2\/§ng
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Proof. We write

Z(n 2mk9 AZ §NN 2mikd Z({T\[?\[)ke%rikalx - Z(@)k%ike?’”kew

keZ kEZ kEZ keZ

For k£ = 0 we have:

—_

(NN )o = A(ENN)g — (ENN)oA — NN
And therefore:
NN — (@) + A(ENN) — (€N) A

When k # 0 we have:

(V) = (€N )eA — AN ) = 2mikw(ENN)i
Considering the operator Vec(-), we can write:

Vee((nVN)y) = Vee((EVN oA — AEVN)y) — Vee(2mikuw(EVN);)

By equation (3.1), we have:

Vee((nVN)) = (AT @ Iy — Ly @ A) Vee((EVN)) — 2rikwVec((ENN),) =

Vece((ENV)e) = (AT @ Inoy — Inoy @ A — 2mikwl(,_1y2) " - Vee((n NN)k)

And finally:

Veel@N) = ST (AT @ Loy — Inoy @ A = 2ikwl(y_yy2) " Vee((7NN))e2™0
keZ*

For the bounds of the norms:

[N < | o] + 201V < IV, + 20| ()|

And
HVec({NN H Z| A ® In-1—In-1 ®A = 2mikwl(,_qy 1”Vec NN)k))e%lklp
P kewr
< S NAT @ Loy = Ly @ A = 2rikwl 1) ™| Vee( (V)i e e
keZ*
— 2
< D AT @Iy — Tna ® A = 2mikwl(,_y2) Y \/Z‘Vec((anN)k)) ekl
Cc.s | kEZ* kez
< Csy/2(0 — D)2 Veen™VN)|? = (n — 1)V2Cs, |[Veeln™)|,
Lemma (3)
Therefore:
|55 < = ) [vee@™ )| < (= 12208, |n™ N, = 2 0],

p
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5 Iterative Lemma

All the previous results allow us to formulate an iterative Lemma for the computation of the next-
step error on the Newton method with an explicit formulation depending on the initial error.

5.1 Statement of the Lemma

Iterative Lemma. Given a non-degenerate tuple (K, ws, Ny, Ay), an open domain
D = {:1; €C":30eT, st |z—-K, < rK}, and a real analytic vector field X : D — C"

such that
sup|DX (x)| < Cpx, sup|D2X(x)‘ < Cpex
x€D zeD

Given values T/, Tk, TN, TN’ Tw, TA under the hypothesis of Super-Lemma (1) and (2) and a tuple
(Ko, wo, No, Ao) such that:

HKO—K*HP<7"K HNO_N*H,)<7'N lwo — wa| < 7
1Ko = K|, < ree INo = Nl < e Ao — Au| < 7a

and verifies the imposed phase and normal conditions:
1 1
/ KL(0)TKo(0)dd =0 / N.(0)"No(0)do = I,
0 0

We define the initial invariant error Ex, and Floquet error En, as:
X(Ko) - K6w0 = EK() (51)
DX(K()) - N(/)LUO - N()AO = ENO

In addition, there exist explicit constants Cak,Caw, Can, Can such that:

Ca max {[[ x| 1B, }

Cakl|Exll, -1
rg — |1 K« — Kol|, rn = [[No — Nu|,
Caxl|Ex, 1 Can max { | Byl 1 Enal,
<
6 (ricr — 1K — K1, ) o (rne = ING = N2,
CaullBral, Canmax{||Ex, | Exoll, }
—= <1
Tw_|W0_W*‘ T‘A—‘Ao—A*|
Then the tuple (K1,w1, N1, A1) defined as a Newton step:
Ky =Ko+ AK w1 = wp + Aw
N1:N0+AN A1:A0—|—AA

also satisfies the Moore conditions and holds the Super-Lemma (1) and (2) hypothesis in T ,_s where
0 > 0. Moreover, the errors of the new system Ex,, N1 are quadratic w.r.t the initial error with the
following expression with explicit constants Qx (), Qn(J):

FE
1Bk loes < Qx @)l Eryll, max d 1250l g
K1 P [ K Ko P 5 ’ No 14

[ Erco l
1 En, ”p—5 < @n(6) max {HEKOHp7 HENoHp} max{ 50 p7 HENOHp
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5.2 Proof of Iterative Lemma

Because we are in a non-degenerate set up, we can find an explicit expresion for the next step error
of the method finding the unique function that solves the cohomological equations:

5.2.1 Solutions to the Cohomological Equations

By Lemmas (4),(5),(6),(7), we have unique functions {*/I}TL, RN eNL fijTV satisfying the Cohomo-
logical Equations (2.4),(2.5),(2.7),(2.8), moreover, by Moore conditions, we have:

e For <§K’L> we fix
1
KL(0)TK(8)do =0
0

Considering: -
§K’L _ <§K,L> + éK’L

We have:
AK = Pye = KLeBL 4 NoeNE = K <£K,L> _|_K(/)£/IZ/L + NoeEN = K <£K,L> L AK
And we can develop:

0—/ KL(0)"K.(0) dH_/ KL(0)" (Ko(0) + K{(0 )<5K7L>+E((9)) do

=0+ ( /0 K;(H)TKO(Q)d9> (50 + /0 K.(0)"AK(6)do

Finding:

(¢ly = — (/01 K;(G)TKg(e)w) - /OlKi(Q)TE((G)dG
_ </01 KL(0)TK}(6) > / K. (6 )gKL( )_|_NO(0)£K,N(6)) 20

e For (¢MV) we fix:
/O 1 N.(0)TN(0)df = I,
Recall:
AN = PN = KQENE 4 Nog VN = KQENE 4 No (€VN) + NoENN = Ny (¢VN) + AN

Therefore:
1
_ N,N AN
In_l_/o N.(0)TN.(8 d9_/ N.(0)" (No(6) + No(6) (¢ >+AN(9)) df

— I, 1+ / N, (0)T Ny () <§N’N>d9+ / N,(6)"AN(6)d6
0 0
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Having;:
1 -1
N,N\ _ T T A 7
(EVNY) = ( /0 NL(6) Ng(@)d@) OO

_</01N*( )T No(0 d9> /N )fNL()+No§V7V(9))d9

Hence, for this fixed functions, we can consider the expressions of the errors found in (2.6) and (2.9)

5.2.2 Error Bounds

To find an upper bound of the new error, we need to bound all the appearing terms.

A. Bounds for the Terms of the New Error

For the terms in the first equation:

e Because we defined —n = Py Ex,, we have:

I, < 126 ko, < ComilEioll, = Cor | B,
[, < 176 Brall, < Cotll Bl = Cox 1Bl

e By Lemma 4 and 5:

&=, <
p
HfK’NHp < Cf,}{VHWK’NHp < Cf,}(VCnKHEKoHp = Cexn || B,

||, < CEPCorl| Brll, = Comll Brl,

e For the average <§K’L>:

(58] ‘(/ R0)" Ky(0)a0) /K Ky(0)EFL(0) + No(0)6 (9) ) o
< G 2", (1630, 2], + 15 ], )
< Congg KD, (rirCic, + rnCeren ) 1o, = Cogroy | B |,

e Therefore:
HgK,LHp S <€K,L>‘ -+ Hg—IZ/LHP S (C(gK,L> + C£m> HEKOHp = CEK’L”EKOHp

e For the increment of K:

KL
AK = PRtX = (K No) <§KN> = KHeHF 4+ Noetol
Hence:

1K, < |[K]l, €], + 1Nl €%, < (Cx-Cercs + COnCeren) 1 Exo |, = CarllBioll,
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e We know by Lemma (4) that for the increment of w:
|Aw| = |(mE)ol< I, < € w1 Exo M, = Coaull Ex
For the terms in the Floquet equation:

e Because we defined
1
nN = —PO_1 (ENO — NjAw —|—/ DQX(KO + sAK)[AK, No| ds)
0
we have

1
™l < |25, (HENonp + [|NG |, | Aw] + /0 0D2X||AK||puNo|pds)
< Cpr (I1Enol, + CauwCne | Bio l, + Cp2xCarCn| B, )
< Cpi (14 CawCri + Cpax CaxCy) max{HEKO I, HENOHP}
= Cyv max { | B, |, 1 Eno ||, }

And we can bound:
HnML”p < CWN maX{HEKo”pa ||EN0”p}

I < O max {1 o 1ol

e We bound the function of the frame by Lemmas (6) and (7):

¢N.L N,L
151, < CxlIn™

N,L
Elp < O Comax { B 1 Ball, | = Cevs max { | B 1 B, |

€981, < X I, < €0 Gy max {11 B 1 Ea l, | = Corg max {11y 1 Bl

e For the average <§N’N>:

fNN>\—‘(/N ") [ N0+ X0 NS s

< (/01 N*(Q)TNo(H)Cm)_l HNEHP <HK6H/)H§N,LHP+ ”N()”pHﬁ/N\’J/VHp)

<Cony [N, (CrerCem + OO ) max {1 B Bl }

~Ciewny max { | Exy |1 Ewoll, }

e Therefore:
€21, = [ €™ + %5 < e, +[|e¥ ]
< (Clenmy + Cog ) max { |l 1Bl }

= Cexov max {1 By 1 1B,
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e Recall NI

AN = PpgN = (K No) (fN,N> = KN L 4+ Nogv o
Hence:
IANY, < 1K1Yl + I NolloIEY M Ml < (CrrCenn + CnCen) maX{HEKollpa ||EN0HP}
= Canmax {| Ex, |, 1 En ], }
e For AA, by Lemma (7) we have:
IAA] < [V, + 2AlEVN)] < (Cypr +20aCen iy ) max {1 1o |, §
= Canmax { | B, |+ |1 Bl }
. Bounds on the New Errors
We recover the expression of E, () from equation (2.6). We bound it using triangular inequal-
ity:
1Ex: (0)llp-5 <I| By llo-s €™ Nl =5 + 1Bl o-s 16"V [l p—5 + AK" ]| p—s|Ac]
+ /01 sup |D2X (Ko + sAK) ||| AK || 5| AK || )—sds
And by terms, applying Cauchy inequality:

1Ex |,
)

1
K,L K,L
1Bk, llp—sllE™ o5 < sl 1E™ "o < 11 Exo l , Cerer

1ENG [l 1 p-5 < 1w, Il ,Ceren | Excol,
1Bk,
0

1
IAKp-slAw] < SIAK]|lAu] < CarCaullEx,l,

1
/ sup [D?X (Ko + sAK)|| AK ||,_s|| AK]|—sds
0

1 2
Cp2xC
é/o Cp2xCak|Ek, | ,Cak | Exoll, < IIEKOIIP%HEKOIIP

Therefore we have:

CpexC2 .6 | Ex ||
x| p—s < <C§K,L + Cexo +CAKOM+”2AK> ||EKorpmax{ 5 [ Enoll,

1 Ex||
1Em [l p-s < QK(5)HEK0|!pmaX{ 50 1 EN, (5.3)

Recall the expression of Ey, () from equation (2.9) bounded by the triangular inequality:
1ENlp-5 < Bkl o-s 1€V Ml p-5 + 1 Enollo-slEY ™ | p-5 + 1AN ]| p5| Aw]

1
+IAN-sIAA + [ I1DX (o + 58Kl sl AK -l AN -ads
0

By terms
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1
1B lo-sl€™ -5 < 51 Eiall, Cenr max { | By |1 B,

1ENallo-sll€™™ llp-5 < 1ol Cevx max { 1 Bicol 1 Bl }

1
[ANp-slAw] < Canmax {[|Exql s 1Exoll, } Cawll B,

|AN -5l AN| < Canmax {| Exq |, 1Exq |, } Can max { | Bl 1 Bl }

1
| ND2X o+ sAK) sl AK] -5 AN s
0
< CpaxCarCan| B |, max { | Brcy 1 Bl }
Obs 2.

| Ex |
max { || Byl |1 B, } = max{s=—"2, || Eng .}

E Ek
< max {max { Bl HENoiip} ,max{ Bl HENoiip}}

E
= maX{(;, 1}maX { H I§0||P’ ||EN0”/)}

Therefore, by Observation (2) we have:

1EK, [,
)

1EK, |,
0

| Exllps < (C,SN,L + Cennl| Eng l, + CanCau

+ CanCanmax { | Byl |1 Ena l, |

+Cp2xCanCanl|Brgll,) max { | Brcy l,» 1 Exll, }

< (CgN,L + CEN,N + CAnCay + max{d, 1}CaAnCanp + CDQXCAKCANf;)

| Ex |
-max{|EKO||,,,||ENo|p}max{ =2, | Exl,

]
1B l-s < Qu(0) max { By s 1 , e {125l g
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5.2.3 Super-Lemma Hypothesis
The hypothesis of the Super-Lemma (1) and (2) hold (the tuple is non-degenerate):

e For K;:
1K1 = K (O)l, < 1K1 = Koll, + [ Ko = Kx|l, = [|AK]], + | Ko — K.,
< CakllEroll, + [ Ko — Kill, < Tk
e For KI:
1K = Klllp-s = 1Ko + AK" = K[l p-5 < |AK || -5 + [ K — Killp—s
< SIAKI, + 155~ KL, < FCarl Bl + 155~ KL, < ric
e For Ni:
[Ny = Null, = [[No + AN = Nu||, < |ANT], + [[No — N,
< Canmax {|[Bx, |, |1 Exl, | < rx
e For N{:
HN{ - Ni”p*é = HNé + AN~ Ni”p% < HAN/prJ + HN(/) - Nin*lS
< SIANT, + |8 = NI, < sCanmax {1 x . 1B ,
+ [Ny — NL| <rnr
e For wi:
w1 — wi| = Jwo + Aw — wy| < |Aw| + |wp — wi| < CAw”EKoHp + |wo — ws| < 7
e For Aq:

IAp — Ay| = Ao + AA — Ay| < [AA| + Ao — Ay| < Can maX{HEKOHp, HENOHP} + Ao — Ay < 7a

Notice P is already non-degenerate given that:

K|+ AK' — K|
1=l = | (N S AN 2| = metlit -
*/

,||N1 —N*” }<T’K/ +7ry
p p

26



6 Convergence Theorem

The idea for writing the Convergence Theorem is to apply the [terative Lemma infinitely steps so
the error of the method converges to zero. In this case, each time we do a step, we loose some
different band of the analytic domain. If we define an initial band py with a defined first step
p1 = po — 9o and choose a goal band of size po, where the solution will be defined, we have:

p1 = po — 0o
p2 = p1—01=po— 00— 01

i—1
pj = pPj—1—0j—1=p0— 1o i

Poo = PO — Dieg Oi

Therefore, the sequence (d;); must be decreasing and converging to zero to lose less domain each
step and arrive to the final chosen band pee.

To choose the step of the sequence, we define it as o = 535—’? obtaining the equality:
J

o= -1 % %

@ o? ool

Therefore, we have the following equivalence:

> ) 1 o
0
Poozpo—g 52':/)0—5 J:Po—fsol_lzpo—%a_l
=0 =0 a

And we can find a explicit definition of o depending on the fixed bands pg, p1, Poo

= pg — O —p1 =6 — — 1
p1 = po — 00 _ JPo—pr=1o PP @ p—p L
Poo = po — 0527 PO — Poo = 0527 po—p1 a-—1 PO — Poo a

1 — 1 - —

o PO — Poo & pPo— P P1 — Poo

Example(typical choice): We consider an initial band pg and a first cut of o = 2. We want to
find the solution in a reduced band ps, = %, therefore, we have:

o po — po/2 _ 1/2
(po — po/4) —po/2 (4—1-2)/4

Meaning we would be loosing half of the band each step.

=2

Remark: Notice that, for the sum to be convergent, we need a > 1.

With all this previous set up, we can write the Convergence Theorem.

27



6.1 Statement of the Theorem

Convergence Theorem. Given p. > py > p1 > poo > 0, a non-degenerate tuple (K, wsy, Ny, Ay)
in T,, and constants

TK7 rK'v TN7 TN/, rw < ’w*’7 TA< ‘Aﬂjl‘_l
such that:
—1—1 TA Tw nra Tw

Given an open domain D = {x €C:30eT, st [z-K, < rK} and a real analytic vector
field X : D — C™ verifying:

sup| DX (z)] < Cpx sup‘DQX(acH < Cp2x
€D zeD

Given also and an initial tuple (Ko,wo, No, Ag) in T,y holding:

1Ko — Kill,y <Tr [No — Nill,y <7n lwo — wa| < 7
5~ K, < ric |V~ NI, < v Bo—Ad <7
and:
1 1
/ K. ()T Ko(0)dd =0 / N.(0)TNo(0)do = I,,_4
0 0

We define the initial invariant error Ex, and Flogquet error En, as:

X (Ko) — Kjwo = Ex, (6.1)
DX (Kg) — Njwo — NoAo = En,

We also define dg = pg — p1 and the loss of band at each step o = 6%;1 such that:

P1 — Poo
Also for explicit constants Car, CAN, CAw, CAA:

1 Eroll,
&y = max A HENOHP , Qe =max{aQk,Qn,00QN}

where Qx = QK (00), Qn = Qn(dp) are the constants of the Iterative Lemma (5.1) evaluated in d

We suppose:
Qebo < p<1
and for explicit constants Car, Can, Caw, CAA:
CardoX—1(a, p) € <1 1 Can max{1,60} X1 (o, p)
ri — [[Ko — K, do v — [Ny — NI,
CarXo(o, ) c CawboX—1(a, )
S ; 0 <1
rir— || Kb — K*Hp rw = [lwo = W*HP

Can max{l,éo}Zo(a,u)go <1 Can max{1, 5 }Xo(cv, p)
ry = [[No = Nu|, ra = [[Ao = A,

& <1

& <1

Er <1

28



where

o
Ea(a, M) — Zaaiuw_l
i=0
Then there exists a non-degenerate tuple (Koo, Woo, Noo, Aso) in Ty« at distances:

”Koo - KOHpoo < CakdoX—1(a, p)& ”Noo - NOHpoo < Can max{50, 1}20(05;M)50

max{dp, 1
1Kk = Kbl < CarSolasilés [N = Nl < 20021

CanZo(a, n)€o
|woo — wo| < CawdoX—_1(a, 11)&o |[Aso — Ao| < Can max{do, 1}Xo(a, 1)&o
such that:

X(Ky) — Kl weo =0

DX (Kso)Noo — Nl otwoo — NooAoo =0

Moreover, if there exists another periodic orbit K o, W also solving
X(Ko) - K. 5o =0

and verifying for an explicit Qa:

QaCaArdE_1(a, ) € <1 QACAwb0X—1(a, 1)
1_QAHKOO_KOH,DOQ 1_QA’woo_wO|

& <1

Then

Ko =Ky, W =wx

and the new periodic orbit is actually the one already found.

6.2 Proof of Existence

Assume we have done j—1 iterations of the Newton method, we have a tuple (K;_1,w;—1, Nj—1,A;j_1)

in T,,_, verifying the hypothesis of the Super-Lemma (1) and (2):
1K1 — K|, | <7k [INj1 = Null,, , <rn jwj—1 —ws| <7y
Pj—1 Pj—1
HKjl;l — K;H,Djfl < Trg/ HNJ/;l — Ninj,1 < Tyt ‘A]‘_1 — A*’ < TA

Hence the error for the j’s step is bounded by:

1Bk, llp,-
||EKj||Pj < QK(ajfl)HEKj—l ”Pj—l max {(Jsj_llp]la ||ENj_1 ||pj,1

1Ex; 1 llp;-
”ENj HP]' < QN((ijl) max {||EK]‘71 Hpjfla ||ENj71 ||Pj71 } max {(;]11]1, HENj,l Hpj,l

If we consider:

=
£ = max {1520 | g,
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We can write:

| Exk; 1 llp;- | Ex; 1 |lp,-
&j ZmaX{QK(5j—1) ]5; L max gjilp’ BN, llpyor ¢

1Ex; o
QN(6J 1)maX{||EK] 1”/)7 17HENj1”pj—1}maX{gj_11]1 HEN 1Hpj_1

1 1Bk, |l
—maX{QK( j— 1) zs (; 11p3 E ] lyQN( j— l)maX{HEKJ 1Hﬂ] 17HEN3 1HP; l}gﬂ 1}
J J

1Bk, llp;—
< max {QK(éj—l)a(;llp]l7 QN((Sj—l)HEKj—1 HP]'—l’ QN((Sj—l)HENj—I ”P]’—l gj—l
j—

<max {Qk(0;—1)a&j—1,QN(6j-1)Ej-105—1, QN (0j—1)Ej—1} Ej—1

=max {Qx (§j-1)e, Qn(5;-1)6;-1, Qn(5;-1)} (£;-1)°

because we are considering (d;); a decreasing sequence, we will consider as an upper bound § = d
and therefore, we have:

&; < max {Qx e, Qn, Qndo} (£-1)° = Qe (£j-1)°
If we iterate this inequality:
£ < Qe (@67 (€52)7") < QeQe? (Qs4(E 1)) < . < QF P&

Notice that

Jj—1 i
.1 —97 )
E 2t = =21 -1
Therefore

£ < Q¥18Y = (Qe€0)? 1 & < ¥ g

Moreover, the next iteration (Kj,w;, Nj, A;) falls under the same hypothesis:

e For K, notice we can write:

j—1 j—1
1K = Kallp, <) I1Kiv1 = Killp, + 1Ko = Kellpy = > _AK|p, + 1Ko — Ke|l
i=0 1=0

And

ZHAK lpi < ZCAKHEK llps < ZC K Ik lo: ZCAK55 < ZCAK e
W

<&

< Caxdoéo Z a Tt = CardoS-1 (e, )&
=0
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By hypothesis:

||K] _ K*Hpj < CAKéoz_l(a,u)So + HKO - K*HPO <TK

Remark: Notice that for j = co we have:
oo
1Ko = Kollp = S MKirr — Killp, < CardoS1(c 1)
i=0
e For K, we have similarly:

j—1
1K = Klllp, <> WK1 = Killpi+I1Kg = Klllpg = Y IAK] |y +HI1KG — KLl o
- i=0

And

= . HAK H H
ST IAK s, s 18 %:0lp <ZC B K llp: <ZcAKg

i1
<N Carp® 16 < CAKZH 18 < CarXola, )&
=0 =0

By hypothesis:
155 = Killp, < CarSo(e, )& + 1Ko — Killpy < 7
Remark: Notice that for j = co we have:

K7 — Kpllpee < CarXole, )&

e For w;
7j—1 7j—1 7j—1
D 1AW <> CaullBx,llp, €D Cawdifi < CAw&)Za 2 1) < Cawdo® 1 (v, )€
=0 =0 =0 =0

And by hypothesis:

j—1
lwij — wy| < Z|Aw\ + |wo — wi| < CawdoX_1(a, )& + |wo — ws| < 1y
=0

Remark: Notice that for j = co we have:

||Woo - WOHpoo < CAW(S()E_l(O[, M)EO

e For A
j—1 j—1 j—1
Z|AAZ| < Z Can max {HEKZ H,Oz'? HENZ ||Pj } < Z Can max{6i> 1}51

< Canmax{, 1} > 4?71& < Can max{do, 1} %o (v, 1)
=0
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And by hypothesis:

j—1
A1 = Al <) JAA] A+ Ao — Au| < Cap max{do, 1}To(cr, 1) + [Ag — Al
=0

Remark: Notice that for j = co we have:

‘Aoo — A0| < CAA HlaX{(So, 1}20(0[, /1)50

For Nj
- S S | Bl
ZHANz‘Hm < ZCANmaX{HEKin“HENinj} < ZC’ANmaX{%l}maX{ 5, pl,HENini}
=0 =0 Obs (2) =0
Jj—1 Jj—1 ,
S ZCAN max{(50, 1}81 S ZCAN max{éo, 1}#21_150
i=0 i=0
oo .
< Can max{do, 1} ZHQLIEO < Can max{do, 1}Xo(a, 1)&o
i=0
And by hypothesis
j—1
INj = Null,, < > ANl + [ No = Nullpy < Can max{o, 1}o(at, )€ + [ No = Nullpg < 75
i=0
Remark: Notice that for j = co we have:
[ Noo = Nollpoe < Can max{do, 1}¥o(a, p)&o

For NJ(

Jj—1 Jj—1 1 Jj—1 1

ZHAN’L/HPH»I < Z ECAN max {HEKszz’ HENinj} < Z ECAN max{éia 1}51

=0 =0 Obs (2) =0

S0, 1 N S0, 1
< MCANZQZMZ —lgy < MCANZH(O&,M)&
do paar do

And by hypothesis:

j—1

Can max{do, 1}
] = N, < 2%HAN{||M+||N5 — Nllp <
1=

do

Za(e, w)€o + [INg = Nillpy <7
Remark: Notice that for j = co we have:

INZ = Nollpwe <

1
rnax({sé()’}CANZo(a, ,u)&)
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Therefore, we have have a sequence (K;,w;, N;,A;) and functions Ko, € C1(T,, C™1), we € R,
Ny € Cw’l(']I‘p,C"X(”*l)), Ao € RO-DX(=1) qyich that:

(Kj,wj, Nj, Aj) — (Koo, Woo, Noo, Aso)
and:
Koo — Kul|, <TK [Noo = Nil, <rn |woo — wa| < Ty
[Ke = K|, < e NS = N||, < 7 Ao — Au| <7
Given that © < 1 we have also &; < H2J’—150 — 0 when 5 — 00, meaning;:

1Bk lp;, <6;€ — 0 when j— o0

IEN|lp; <& — 0 when j— o0
Therefore
X(Koo) — K woo = 0
DX (Koo)Noo — N oo — NocAoo = 0

6.3 Proof of Uniqueness

We suppose a new different periodic orbit (K ,@so) such that:

Koo — K.||,_ <ric KL~ K.

o0

< rE [0 — wi| <71y
Poo

and with phase condition:
1
/ K.(0)'Ko(0)dd =0
0
We consider:

AK = Ko — Ko

Aw = Weo — Woeo
And have:

0=X(Koo) = Koo = X(Koo + AK) = (Koo — AK) (weo — Aw)

= X (Kuo) |+ DX (Ko)AK + /1(1 — $)D*’X (Koo + sAK)[AK, AK]ds
0

— AK'woo — K! [ Aw — AK'Aw

1
=DX(Kx)AK — AK'woo — KL Aw — AK' Aw + / (1 —8)D*X (K + sAK)[AK, AK]ds
0
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Hence:

1
DX (Kuo)AK — AK'woo — KL Aw = AK'Aw — / (1 —5)D?X(Ky + sAK)[AK, AK]ds
0

—-FE

Notice we have a similar situation as when bounding the error of the following step of the Newton
method.

Recall that we also have:

o 0 0\
DX (Koo)Pso — P (6) POO<O Aoo)_o

K,L
Considering the frame AK = P, ¢ where ¢£ = <§K,N)
DX (Koo)Pool™ = Plot®wee — Pos (65 )Y woo — KL Aw = —EF

[DX (Koo)Poo — Phoweo| €5 — Po (65 ) woo — KL Aw = —F
0 0 K KN/ / o
P 0 A €% — Pyo(§ ) woo — KioAw = —F

If we denote:

We have:
Pl (0 )€ — (@Y () "] =0
0 Ay o0 0 (N

And by lemmas (4) and (5) we have unique solutions gKA/L and 5V for the cohomological equations:

nK,L _ (é-K,L)/wOO — Aw

nKJV — AoofKJV _ (§K7N)/woo

The average <§K’L > is fixed by the condition:

/ 1 KL(0)TK o (6)dd =0
0

So, if we denote
gK,L _ <§K,L> + gK/VL
We have

AK = Kl g5 4 Noog™VF = KL (¢5F) + KL E50 4 Nyog™N
= K. (50 + AK
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And we can write:
1
0

=0+ ( /0 1 K;(e)TKOOw)) (B0 + /0 1 K.(0)TAK(0)

0= /0 KL(0)T K s (8)d0 = / KL(0)" (Kaol0) + KL (6) (€57) + DK (6)) do

Finding:
1 —1 1
K,L\ _ _ 1 n\T 17 TN N
@)~ ([ oL 0aw) [ K0T 5RO

-1
- _ </1Ki(9)TKéo(9)d0> /1Ki(9)TKéO(0)§/IZ/L(9) + K (0)T N (0)5N (9)
0 0

Now we study the behavior of the distance between these two solutions considering the unique
solutions of the cohomological equations 5L ¢5N  We bound all the appearing terms:

Notice that we can write AK' as:

1 o — 1
AK' =K. —K'.= —X(Kus) — —X(Ks)
Woo Woo
1 1
= ( — ) X(Koo)+— (X(Koo) — X(Kx))
wOO wOO o
_ L 1
= Y0 T W0 (KoL) + = / DX (Ko + sAK)AKds
WooWoo Woo Jo
1
_ A v L [ DX (Ko + sAK)AKds
Woo Woo Jo

avoiding in this way applying Cauchy estimates and loose domain and bound it by:

/!

Al[Bogll | 1
|woo| |woo|

< CK/wal ’AOJ‘ + Cw*ICDXHAKHPoo

IAK | < DX (Koo + sAK) g [AK | o

Considering this, for n* we have:

1
e = 1P (AK'Aw - [(a- DX + AR, AK]ds) e

D?X (K AK AK AK
< P2 e (nAK’npwmwu” (Koo + SAK) o [AK e | |lpoo>

2

< Cp-1 (CK/Cw—l‘AwF + Cw—chX|AW|HAKHpOO + C[;QX ||AKH200>

< Cps (CroCms + s + L2 ) ma (|0, 2K

— Cngg max {|Aw|, HAKH,;OO}2
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Because of the Lemmas (4) and (5), we know the solutions of the equations are bounded by

[ISaRs

‘poo S C§7L”77K”000
K,N
HfK’N”poo <Cui ||77K||poo

And for the average, because we are under the same hypothesis as in [terative Lemma, the compu-
tations are the same as in (A.), obtaining:

(5] < Crerey 10" [ pue
Having:
I 5 o < [N+ 1€ e < (Clereny +CEF) 10" e

< Cerer Crge max {|Aw], [ AK ..} = Corca max {| A, [ AK]l..}?

w,

KN KN
15N e < CoA 17" lpwe < Ci Crpe max {]Aw], |AK |} = Coreov max {|Aw], [AK . }
Bounding ||AK||,,, and |Aw| we have:
IAK g, = 1 K5E™ " + Noo& Nl < Ko €7 o + | Noolpoc 167V [ e
< (CK,cggo,L + CNC&QN) max {|Aw], |AK]|,.}? = Cax.. max {|Aw], [|AK ], }2

(] = |0 F)0| < 10"l < Cpg max [ AW, |AK .} = o, max { A, [ AK].. )
And we can write the recursive inequality:

max {|Aw|, |AK|,..} < max{Cax.., Caw,. } max {|Aw], [AK][,.}* = Qa max {|Aw], |AK],..}*

Notice we have

QAlAw| = QAlTs — Weo| £ [Woo — wol + |weo — wol

< QAlToo — Ko| + QACAu00E1(a, )& < 1
N

Proof of existence

QAHAKHPOO QAHKOO - Koonpoo < ||Foo - KO”poo + ”Koo - KOHpoo

\S/ QallK o — Kollpoo + QaCardoX—1(a, 1)€o < 1
Proof of existence
And considering the following result:
Lemma 8. For x € Rt and a constant q such that x < gz and xq < 1. Then x =0
Proof. If x # 0, then we have 1 < gz, in contradiction with gx < 1. O
We obtain max {|Aw|, [|AK],..} =0 and indeed Ko = Koo, Woo = Woo-

Remark: Once having the uniqueness of the periodic orbit, we can fix Floquet matrix and the
normal component, having uniqueness for the complete system.
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Annex: Summary of Constants

Here we have a recap of all the defined variables in this project which depend on the fixed ini-
tial non-degenerate tuple (K,ws, Ny, Ay), the distance between any point and the initial tuple
TK,TK,Tw,TN,TN',TA, the vector field X and for some variables, the band loss ¢.

’ Table of constants ‘

Cr =K + | Ksllp.

Cr =1 +[|K],.

Cy=ry+ HN*

Px

Cn =1y + [IN;]|p.

Cw:rw+|w*’

o AT

AT A
!

Cp1 =

[1P(0)~1]]
L= [P.0) ], e

Cpfl -

A -1
Cl(w*aA*) = sup <* - In—l)
keZx*

I, 1&A —AT&T, -1
Calw, AL) = sup ( L —I<n_1>2>
kezZ*
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1
C *7A* =C *7A* - =
L 5(000 1) = O M) 3

1
C2,E(w*7A*) = 02(&1*,1\*)W
Ci (A, wy
Cs, = 172( TA) -
1-— Cl(A*,w*) (W + “UL:‘>
Cox(Ay, wy
CSQ - 272( ’m") T
1-— CQ(A*7W*) (Qﬂ,‘ﬁ” + m)
1
mi = [ KLOTKL0)ds
0
1
My, = / N.(6)TN. (6)d0
0
1
Cnm ;=
o mi | = KD
[my.
my, —

© 1= [ (V)T

Ct
V6

KL _
C,w =

Chn = Cam1 + V2V — 1C5,

Cﬁ}f = CAfl + \/5\/71 - 1051

¢l = (n—1)*V2Cs,
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Cpx > sup|DX (z)|
€D

Cp2x > sup‘DzX(x)‘

z€D
CWK - Cp—l
K,L
C{IETL = Cw ’ CnK

Cexn = Con Cpic

C(gK,L> = CmK H(Ki)THp (TK’C{K‘,/L =+ TNC§K,N>

CéK,L = C(gK,L) + Cgm

Car = CK/C£K,L + CNC£K,N

Caw = Cpre

CnN =Cp-1 (1 + CauCnr + CDZXCAKCN)

Cena = Co oy Cy

N,N
Cm = Cw,A anv

Cleny = Conge [T, (CoxrCen + CnCrs )

§N4,N

G = (€ + Cor)
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Can = CK/C%N,L + CNC£N,N

Cap = C,,?N + 2CAC<£N,N>

Cp2xC% 6

Qi (0) = Cexr + Cexn + CarCaw + 5

QN((S) = CgN,L + CgN,N + CanCau + max{d, 1}CANCAA 4+ Cp2xCargCand

1 Ex||
Sozmax{ 5 p7HEN0Hp

Qe = max{aQk,Qn,00QN}

oo
Ea(aaﬂ) — Z a—ailuzl_l
=0

szx)

Cngg =Cpa (CK/Cw1 + walc'DX + 9

Cgolg,L = CéK,LCnOIg Cgoig,N = mathcale’/fVCngg

CAKoo = CchfK,L + CnC kN

Chwee = Cné%

Qa = max{Car_,Caruw..}
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