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Abstract

We consider a system of infinitely many penduli on an m-dimensional lattice with a weak coupling. For any
prescribed path in the lattice, for suitable couplings, we construct orbits for this Hamiltonian system of infinite
degrees of freedom which transfer energy between nearby penduli along the path. We allow the weak coupling to
be next-to-nearest neighbor or long range as long as it is strongly decaying.

The transfer of energy is given by an Arnold diffusion mechanism which relies on the original V. I Arnold
approach: to construct a sequence of hyperbolic invariant quasi-periodic tori with transverse heteroclinic orbits.
We implement this approach in an infinite dimensional setting, both in the space of bounded Zm-sequences and
in spaces of decaying Zm-sequences. Key steps in the proof are an invariant manifold theory for hyperbolic tori
and a Lambda Lemma for infinite dimensional coupled map lattices with decaying interaction.
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1 Introduction
Transport and transfer of energy are one of the fundamental behaviors that arise in Hamiltonian dynamics both
of finite and infinite dimensions. In finite dimensional nearly integrable Hamiltonian systems one of the main
mechanisms to achieve such behavior is Arnold diffusion [1] which leads to large drift in actions in phase space.
Arnold diffusion is known to be one of the main sources of unstable motions in many physical models such as
the Solar system and outstanding progress has been achieved in the last decades. In Hamiltonian PDEs (which
can be seen as infinite dimensional Hamiltonian systems) the phenomenon of transfer of energy was considered
by Bourgain one of the fundamental problems to study in Hamiltonian PDEs in the XXIst century (see Bourgain
[13]) and has drawn a lot of attention in the last decades. Even if the dynamics underlying such behavior presents
substantial differences from the classical finite dimensional Arnold diffusion, some of the works also rely on
analyzing invariant objects and heteroclinic connections (see [19, 42, 41]).

The purpose of this paper is to construct transfer of energy solutions in a quite different context which has strong
connections with both settings presented above: Hamiltonian systems with infinitely many degrees of freedom
defined on lattices, that is infinite dimensional Hamiltonian systems with spatial structure.

The study of transfer of energy phenomenon in Hamiltonian systems on lattices goes back to the seminal nu-
merical study by Fermi, Pasta and Ulam [26], on the nowadays called Fermi-Pasta-Ulam model, and the discovery
of the so-called FPU paradox. Since then, there has been a lot of effort on understanding both the phenomenon
of energy localization and energy transfer both in periodic lattices (that is, finite dimensional phase space) or on
infinite lattices.

On energy localization, there are several papers that apply KAM Theory techniques to prove the existence of
invariant tori [32, 18, 65, 35, 36, 64] which have strong decay in space and therefore have localized energy. There
are also several results providing time estimates for energy localization (see for instance [63, 62, 2, 3, 33, 21]).

Arnold diffusion results on Hamiltonian systems with spatial structure (either of finite or infinite dimensions)
are rather scarce. In particular there are no results for the classical Fermi-Pasta-Ulam model (however, see [46, 47]
for the analysis of hyperbolic objects in its normal form).

In [53, 49] the authors consider a periodic lattice model which consists on penduli with weak coupling and
prove the existence of transfer energy orbit by means of variational methods. Inspired by these works, the goal of
the present paper is to construct Arnold diffusion orbits for models in infinite lattices. The mechanism considered in
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the seminal work by Arnold (and many of the most recent ones) relies on the analysis of invariant objects (typically
invariant tori) and their heteroclinic connections. We also rely on this very same approach but in an infinite
dimensional setting both in `∞ and in spaces with decay. To this end we consider geometric techniques which
are currently widely used in finite dimensional Hamiltonian systems (invariant manifold theory for hyperbolic tori,
Lambda lemma) and we develop them in a rather wide generality for Hamiltonian systems on lattices with spatial
structure.

Then we apply them to formal Hamiltonians of the form

H(q, p) =
∑
j∈Zm

Ej + εH1(q, p), (1.1)

where

Ej :=
p2
j

2
+ V (qj), V (qj) := cos qj − 1. (1.2)

By formal Hamiltonian we mean an infinite sum, possibly not convergent on the considered phase space, of Hamil-
tonian functions depending on an increasing, but finite, number of variables (see Section 2.3 below for more de-
tails). For instance, we refer to functions of the form

H(q, p) =

+∞∑
k=2

∑
i∈Zm

Hi,k({qj}|j−i|≤k, {pj}|j−i|≤k),

where | · | is the usual 1-norm for j ∈ Zm, |j| =
∑m
`=1 |j`|.

The perturbation H1 is assumed to have certain spatial structure that will be specified later. Roughly speak-
ing, we either assume that only interaction with nearest and next-to-nearest neighbors is allowed or long range
interaction is admitted provided it has strong decay (the norm of Hi,k decays as k tends to infinity). Under such
assumptions, even if the Hamiltonian is just formal (the sum in (1.1) is not convergent), the equations of motion{

q̇j = pj + ε∂pjH1(q, p)

ṗj = sin qj − ε∂qjH1(q, p),
j ∈ Zm (1.3)

define a well-behaved system of differential equations. The partial derivatives of the formal Hamiltonian H must
be understood as the partial differentiation of the formal series term by term. We refer to Section 2.3 for further
details.

Even if the developed techniques are applied to Hamiltonian systems of the form (1.1), they are valid for a
much wider class of Hamiltonian systems and, thus, we expect that they can be used in future results on Arnold
diffusion in more general lattice models. Before stating the main results, let us review the literature in Arnold
diffusion to put our result in context.

Since the seminal work by Arnold [1] and specially since the 90s there has been a huge progress in under-
standing the phenomenon of Arnold diffusion in finite dimensional nearly integrable Hamiltonian systems. Such
models are usually classified as a priori stable (when the first order satisfies the Liouville-Arnold Theorem) or
a priori unstable (when the first order is integrable but presents hyperbolicity). The model (1.1) belongs to the
second setting.

The first results in the a priori unstable setting date back to the early 2000s [24, 17, 60, 6] for 2 and half degrees
of freedom. The results in arbitrary dimension are more scarce [23, 61].

A priori stable settings are much harder to analyze since the hyperbolicity which should lead to unstable
motions must arise thanks to the perturbation. The results in this setting are much more recent [7, 54, 56, 38].
Many fundamental lattice models fit the a priori stable setting (for instance a weakly coupled sequence of rotators,
such as the Fermi Pasta Ulam model in the low energy regime). Constructing Arnold diffusion orbits in such
models is an outstanding open problem.

1.1 Main results
We devote this section to present transfer of energy results for the Hamiltonian system (1.3) and suitable pertur-
bations H1. A more complete statement would require to set up first a functional setting to define the class of
perturbations H1 for which transfer of energy is possible. This more precise result is deferred to Section 3 after
establishing a functional setting considered first in [50] and developed by Fontich, Martı́n and de la Llave in [27]
(see Section 2 below). For now, we just present a simplified version.
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When ε = 0, the Hamiltonian (1.1) is just a countable number of decoupled penduli. Therefore, the dynamics
is integrable and transfer of energy among sites is not possible in the sense that the energies Ej (see (1.2)) are
constants of motion. The goal of this paper is to construct, for suitable perturbations H1, solutions (q(t), p(t))
such that its energy is transferred among modes as time evolves. Note that when we talk about the energy we refer
to the values of {Ei(qi, pi)}i∈Zm without assuming that its sum is finite.

The transfer of energy solutions that we construct are such that its energy is supported essentially in one or two
modes and it is transferred, as time evolves, to neighboring sites. Therefore, to describe it we consider paths in Zm
formed by neighboring sites, that is sequences

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1,

(see Figure 1).

Figure 1: Example of path in Zm.

To state the results on transfer of energy orbits for Hamiltonians of the form (1.3), we consider two different
phase spaces. For the first theorem we consider the space of bounded sequences `∞. We consider the `∞–topology,
rather than working with the topology based on pointwise convergence of the coordinates. This has the advantage
that we can use Banach space techniques rather than relying just on metric spaces (which do not allow the standard
tools of differential calculus). We consider then as phase space

`∞(Zm;M) =

{
z = (zi)i∈Zm ∈MZm : sup

i∈Zm
|zi| <∞

}
,

where
M := T× R, MZm :=

∏
j∈Zm

M,

which is a Banach manifold modeled on `∞(Zm;R2).
Note that in this phase space the total energy may not be finite. That is, one has to consider H in (1.1) as a

formal Hamiltonian.

Theorem 1.1. Fix m ∈ N, h > 0. Given any sequence

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1,

there exist a formal Hamiltonian H1 of the form

H1(q, p) =
∑

j1,j2,j3∈Zm,|j1−j2|=1,|j2−j3|=1

H1(qj1 , pj1 , qj2 , pj2 , qj3 , pj3), (1.4)

whereH1 is a function of classC4, and ε0 > 0, such that, for any ε ∈ (0, ε0) and any η > 0, there exist trajectories
(q(t), p(t)) ∈ `∞(Zm;M) of the formal Hamiltonian H in (1.1) and an increasing sequence of times {ti}i≥0 such
that

|Eσi(q(ti), p(ti))− h| ≤ η and |Ek(q(ti), p(ti)| ≤ η for k 6= σi.
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Theorem 1.1 obtains Arnold diffusion orbits in `∞. In particular, the solutions do not have any particular decay
and therefore the Hamiltonian H may be unbounded.

The next theorem, which is proven independently from Theorem 1.1, constructs transfer of energy solutions
which belong to a “smaller” phase space. More precisely we consider space of sequences with a prescribed decay,
which makes the Hamiltonian H well defined. To state it we define a different functional setting.

Following [27], we define a decay function Γ: Zm → [0,∞) such that∑
i∈Zm

Γ(i) ≤ 1, and
∑
j∈Zm

Γ(i− j) Γ(j − k) ≤ Γ(i− k), i, k ∈ Zm. (1.5)

For instance given α > m and β ≥ 0, there exists a > 0 such that

Γ(i) =

{
a|i|−α e−β|i|, i 6= 0,

a, i = 0
(1.6)

is a decay function. Then, for a given decay function Γ and j ∈ Zm, we define the space of sequences

Σj,Γ :=

{
v ∈ `∞(Zm;M) : sup

k∈Zm
|vk|Γ(k − j)−1 <∞

}
.

Next theorem proves transfer of energy orbits in this phase space.

Theorem 1.2. Fix m ∈ N, j ∈ Zm, h > 0 and a decay function Γ satisfying (1.5). Given any sequence

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1,

there exist a Hamiltonian H1 of the form (1.4) (where H1 is a C4 function) and ε0 > 0 such that, for any
ε ∈ (0, ε0) and any η > 0, there exist trajectories (q(t), p(t)) of the Hamiltonian H in (1.1) such that, for t ≥ 0,
(q(t), p(t)) ∈ Σj,Γ

1 and an increasing sequence of times {ti}i≥0 such that

|Eσi(q(ti), p(ti))− h| ≤ η and |Ek(q(ti), p(ti))| ≤ η for k 6= σi.

Remark 1.3. In the statement of Theorems 1.1 and 1.2, we require the Hamiltonian H to be C4 to emphasize that
this is the minimal regularity required to implement our strategy. However, we point out that there exist examples
of H1 satisfying the theorems which are C∞ (or even analytic provided we take h > 0 small). See Remark 3.1
below.

Figure 2 shows schematically the evolution of transfer of energy orbits obtained in Theorems 1.1 and 1.2.
Physically the orbits that we construct correspond to the following configurations. At each time, two consecutive
pendulums in the path are oscillating with positive energy whereas the others are at energy (approximately) zero
(see Figure 3). Among them one is traveling close to the separatrix whereas the others are close to the saddle.
When time evolves, the energy is transferred in such a way that such configuration is “translated” along the path.

The statements of Theorems 1.1 and 1.2 only ensure the existence of “one” perturbation H1 for which they
apply. Certainly, they apply to families of perturbations. As mentioned above, in Section 3, once the functional
setting we work with is established, we give explicit conditions for H1 which lead to transfer of energy. These
conditions are essentially of two types. Some of them impose the invariance of certain finite dimensional subspaces.
The others are of Melnikov-type and allow to ensure that certain invariant manifolds intersect transversally. These
conditions are not only satisfied by perturbations H1 of next-to-nearest neighbor interaction type but they are
also satisfied by H1 which have strongly decaying long-range interactions. Such conditions are explicit and thus
checkable in concrete examples (see 3).

Remark 1.4. Theorems 1.1 and 1.2 fix a diffusing path and then provide a Hamiltonian which has orbits diffusing
along the prescribed path. In fact, our approach allows to “switch” the order of the quantifiers. That is, we can
construct perturbations H1 which, for any given path, possess orbits diffusing along it. In other words, we can
construct Hamiltonians which satisfy all the aforementioned non-degeneracy conditions required to diffuse along
all paths.

1This implies that H(q(t), p(t)) is finite.
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Figure 2: Example of the evolution of transfer of energy. In the first picture the energy is essentially localized at
one site σi, in the second picture is transferred to the next site in the path, σi+1, and in the final one is localized
in σi+1. Note that the tails in energy can be either decaying (as in Theorem 1.2) or just small and bounded (as in
Theorem 1.1). In this second case the total energy may be unbounded.

Figure 3: Evolution of the pendulums. At each time all pendulums but three are very close to the unstable equi-
librium, two of them are rotating (with positive energy) and one is close to the separatrix. As time evolves new
pendulums are activated and the old ones approach the unstable equilibrium.

1.2 Comments on Theorems 1.1 and 1.2
1. Even if Theorem 1.1 can be seen as a consequence of Theorem 1.2, their proofs are independent (although

they follow the same scheme). That is, all our techniques are independent whether the Hamiltonian H is
convergent or not and the techniques we use are flexible enough so that can be applied in different functional
settings.

2. Note that the choice of the function Γ is rather flexible. If one considers Γ as in (1.6) one can impose either
polynomial decay or exponential decay. Moreover the exponential decay can be as strong as desired (β as
large as desired) although certainly the smallness of ε depends on the choice of α and β.

3. The proof of Theorems 1.1 and 1.2 is achieved through geometric methods. This implies that the convexity
in actions of the Hamiltonian (1.1) does not play any role. Indeed, one can obtain the same result for a
Hamiltonian of the form

H(q, p) =
∑
j∈Z

ρjEj + εH1(q, p),

where ρj is either ρj = 1 or ρj = −1. Then, however, one has to take h ∈ (0, 2). Indeed, even if the energy
may be unbounded, it is not in the invariant objects and their associated invariant manifolds which are used
to construct the diffusing orbit. Since the energy of the pendulum is bounded by below by −2 one has to
impose that h ∈ (0, 2) if some of the ρj’s are negative.

4. The results in [53, 49] and also in the present paper rely on models whose first order presents hyperbolicity
(penduli) and whose perturbations are carefully chosen so that preserve certain invariant subspaces. How-
ever, Arnold diffusion should appear for generic perturbations with spatial structure (for instance generic
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nearest neighbor interaction) and in particular also for physical models, such as discrete Klein-Gordon equa-
tions. It would also be interesting to involve more general invariant objects in the construction of the Arnold
diffusion orbits (see for instance [29], where the authors construct infinite dimensional hyperbolic tori).

5. Note that there are other mechanisms which lead to transfer of energy in Hamiltonian systems on lattices
such as traveling waves (see [31]). They are of rather different nature compared to Arnold diffusion.

We devote the next sections to put our results in context. First in Section 1.3 we compare our result with those
of [53] and [49] where the same pendulum lattice model is considered but in a periodic setting. Section 1.4 is
devoted to make a connection between our main results with the transfer of energy phenomenon in Hamiltonian
PDEs, which is usually measured by the growth of Sobolev norms. Finally Sections 1.5 and 1.6 are devoted to
explain the fundamental geometric tools that we develop to construct the transfer orbits and to explain the heuristics
behind the transfer mechanism respectively.

1.3 Comparison with [53] and [49]
The model (1.1) was considered in [53] and [49] in a periodic one dimensional lattice and therefore in a finite
dimensional phase space. In [53], Kaloshin, Levi and Saprykina prove the existence of transfer of energy orbits for
suitable next-to-nearest-neighbor perturbations by means of variational methods (in the spirit of [11, 9, 10, 8], see
also [51, 52]) and provide time estimates. The perturbations they consider are C∞ and localized. Thanks to this
localization one could expect that their techniques could be implemented in an infinite dimensional setting. The
paper [49] considers the very same model but with analytic perturbations. Both papers follow the same diffusion
mechanism developed in the original paper [53]. We also rely on the same heuristic mechanism, which is explained
in Section 1.6 below.

In the present paper, we consider an infinite dimensional setting in a rather wide generality, both in `∞ or in
sequence spaces with decay. In particular, we do not impose finite energy. Moreover, we consider a completely
different approach. Instead of considering variational methods as in [53, 49], we consider geometric methods
following the original Arnold approach.

The choice of perturbations H1 present similar features in all three works. Indeed, a very important property is
that they leave invariant certain finite dimensional subspaces. In [53, 49] the perturbations are constructed so that
certain barrier function is non-degenerate. These conditions are rather similar (in fact slightly weaker) compared
to the Melnikov-type conditions that we impose to ensure that the invariant manifolds of certain invariant tori
intersect transversally (see Section 3 below). The conditions that we impose are explicit and can be checkable in
concrete examples.

The advantage of the choice of both the perturbation and the variational methods in [53, 49] allows the author
to obtain time estimates on how fast is the transfer of energy. The tool used to perform shadowing in the present
work, a Lambda lemma, is quite flexible but unfortunately does not lead to time estimates. To obtain time estimates
one would need to develop a more quantitative Lambda lemma or implement the variational methods of [53, 49]
in the infinite dimensional setting.

1.4 Transfers of energy and growth of Sobolev norms: PDEs vs Lattices
For s ≥ 0 let us define the Sobolev spaces

Hs :=

u : Zm → C : ‖u‖Hs :=

(∑
k∈Zm

|uk|2 〈k〉2s
)1/2

<∞

 ,

where 〈k〉 := max{1, |k|}. Observe also that the space of sequences Σj,Γ with j = 0, β = 0 coincides with the
Hölder space

Wα,∞ :=

{
u : Zm → C : ‖u‖Wα,∞ := sup

k∈Zm
|uk| 〈k〉α <∞

}
.

As it is well known Wα+s0,∞(Tm) ⊂ Hα(Tm) with s0 > m/2. Then it is easy to see that Theorem 1.2 provides
the existence of solutions whose Sobolev norms explode as time goes to infinity. In particular it provides a result
of “strong” Lyapunov instability (see [40]) for some finite dimensional invariant tori in the topology of Sobolev
spaces. Indeed, the perturbations H1 considered in Theorems 1.1 and 1.2 are such that the tori

Tσ1,σ2,h1,h2 = {Eσ1 = h1, Eσ2 = h2, Ek = 0 for k 6= σ1, σ2}
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are left invariant. The next corollary, direct consequence of Theorem 1.2, implies that these tori possess a strong
form of Lyapunov instability.

Corollary 1.5. Fix m ∈ N, s > m, σ1, σ2 ∈ Zm with |σ1 − σ2| = 1, h1, h2 > 0. Assume the assumptions of
Theorem 1.2 and consider the invariant torus Tσ1,σ2,h1,h2

. Then, there exists ε0 > 0 small enough such that for
all 0 ≤ ε ≤ ε0 and any η > 0 small enough, there is a trajectory u(t) = (q(t), p(t)) of (1.1) such that

distHs(u(0),Tσ1,σ2,h1,h2
) := sup

z∈Tσ1,σ2,h1,h2

‖u(0)− z‖Hs < η

and
lim

t→+∞
‖u(t)‖Hs = +∞.

Actually the same result holds in any space of sequences with decay Γ (for instance Hölder and analytic spaces).
Indeed the energy is transferred to arbitrarily far (with respect to the initial conditions) regions of the lattice and
the decay norms give a weight to the sites.

One of the most important issue in the modern analysis of Hamiltonian PDEs concerns the transfers of energy
between modes of solutions of nonlinear equations on compact manifolds. In particular, when this transfer occurs
between modes of characteristically different scale, this phenomenon is named energy cascade (in the weak wave
turbulence theory) and it can be measured by analyzing growth of Sobolev norms of the solutions as time evolves.
In the last decade several papers have been dedicated to prove existence of solutions undergoing an arbitrarily large
growth in their high order Sobolev norms ([19], [42], [45],[41], [40]). Such results are very interesting from the
point of view of the study of dynamics of PDEs, since they can be read as Lyapunov instability phenomena in the
topology of Sobolev spaces of some invariant objects (fixed points, periodic orbits, quasi-periodic tori . . . ).

It remains an interesting open problem [13] whether there are solutions of the cubic NLS on Td, d ≥ 2
exhibiting an unbounded growth, i.e.

lim sup
t→∞

‖u(t)‖Hs(T2) = +∞.

We mention that solutions displaying an unbounded growth have been found by Hani [43] and Hani-Pausader-
Tzvetkov-Visciglia [44] respectively in the case of NLS with cubic nonlinearities which are ”almost polynomial”
and for the NLS on the cross product T2 × R.

As it is well known, partial differential equations u̇(t, x) = X(u(t, x)) under periodic boundary conditions,
x ∈ Tm, can be seen as infinite dimensional systems of ODEs for the Fourier coefficients

uk := (2π)−m
∫
Tm

u(x) e−ikx dx.

In many important models this takes the following form

u̇k = iω(k)uk + fk(u), k ∈ Zm, (1.7)

where ω(k) are complex numbers. The modes are uncoupled at the linear level, while the nonlinearity couples all
of them. If the nonlinear terms have a zero of order at least two at the origin, in a sufficiently small neighborhood
of the origin these systems can be seen as nearly-integrable, where the linear part plays the role of the unperturbed
equation. Then, one can make a comparison with lattice models of the form H0 + εH1 (see (1.1)). We notice some
fundamental differences between (1.7) and our lattice model which play a significant role in the study of unstable
orbits:

• In many dispersive PDEs the linear frequencies ω(k) are real numbers, except for finitely many k’s (for
instance Klein-Gordon with negative mass). Then the linear dynamics is stable, more precisely all the linear
motions are oscillations. Hyperbolicity should arise from nonlinear terms. In our model the unperturbed
system H0 presents strong hyperbolicity properties, in the sense that there exists an equilibrium which is
hyperbolic in all the infinitely many directions. In other words, to deal with dispersive PDEs we should be
able to treat a priori stable infinite dimensional problems.

• The nonlinear coupling in PDEs is not just long range, but the interaction between very distant modes is
as strong as between nearest neighbor modes. This is a fundamental difference with our model where the
interaction is nearest-neighbor or long range but with strong decay.
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• In our model the subspaces obtained by keeping at rest any set of modes are invariant. In PDEs in general
this is true at the linear level, when the modes are all uncoupled, but not considering the nonlinear effects.

Filling these gaps would provide a significant step forward to the extension of Arnold diffusion to PDEs.
Besides the interest per se, it would be interesting to understand whether this kind of phenomena may provide

results of existence of solutions displaying unbounded growth in Sobolev norms.

1.5 Main tools of the proofs of Theorems 1.1 and 1.2
The proofs of both Theorems 1.1 and 1.2 rely on the same techniques which are usually referred to as geometric
methods for Arnold diffusion, which go back to the seminal paper by Arnold [1]. These techniques have been
shown to be extremely powerful in the analysis of unstable motions in nearly integrable systems [24, 23, 56, 38].
In the last decades they have also been shown to be extremely powerful in combination with Variational Methods
(Mather Theory, Weak KAM).

The geometric methods tools that are involved in the proof of Theorems 1.1 and 1.2 are the following:

1. Construct a sequence of invariant tori {Tk}k≥1, which are (partially) hyperbolic. Usually KAM theory is
needed in this step (see [29]). However, in the present paper we choose the perturbation H1 such that many
of the tori ofH0 are preserved (see Section 1.6). Note that these tori do not need to have the same dimension.

2. Prove that these invariant tori have stable and unstable invariant manifolds (often called whiskers) and that
they are regular with respect to parameters. There are several papers dealing with invariant manifolds of
whiskered tori in lattice models2 [12, 4, 5] (see also [28] for invariant manifolds of hyperbolic sets). In
Section 4 we develop an invariant manifold theory which can be applied to the Hamiltonian (1.1). The
results we develop are applicable both to maps and flows, require low regularity assumptions and do not
require that the maps/flows preserve a symplectic structure.

3. Prove that the unstable manifold of Tk and the stable manifold of Tk+1 intersect transversally. This is usually
done by means of (a suitable version of) Melnikov Theory. In the so–called Arnold regime (see Section 1.6
below), one can also use the scattering map to understand the homoclinic connections to certain normally
hyperbolic cylinders (see [22]). This analysis is done in Section 5.

4. A sequence of invariant tori {Tk}k≥1 whose consecutive tori are connected by transverse heteroclinics is
usually called a transition chain. The last step is to prove that there is an orbit which “shadows” (follows
closely) this transition chain. To this end, one needs an (infinite dimensional) Lambda Lemma. As far as
the authors know the Lambda lemma proved in the present paper is the first one in an infinite dimensional
setting. It is proven in Section 6.

The implementation of these steps in the pendulum lattice (1.1) is explained in Section (1.6) at an “informal”
level and in full detail in Section 3. However, we believe that the techniques that we develop in this paper for
the Steps 2, 3 and 4 above have wide applicability beyond pendulum lattices. For this reason, they are stated in a
general form in Sections 4–6.

1.6 Heuristics on the instability mechanism
The instability mechanism that leads to the transfer of energy trajectories of Theorems 1.1 and 1.2 relies on the
ideas of Arnold [1] of building a sequence of invariant tori connected by transverse heteroclinic orbits, that is a
transition chain of whiskered tori, as mentioned in Section 1.5. Let us give a rough idea of how this transition
chain is constructed. When ε = 0, H is just an infinite number of uncoupled penduli. Therefore the phase space
possesses plenty of invariant tori which may be of “maximal” (infinite) dimension or can be of (finite or infinite)
“lower dimension”, partially elliptic and hyperbolic.

We consider perturbations H1 such that certain finite dimensional hyperbolic tori of H0 are persistent. Fix an
instability path

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1.

Then, we assume the following

∂qkH1(q, p)|(qk,pk)=(0,0) = ∂pkH1(q, p)|(qk,pk)=(0,0) = 0, ∀k /∈ {σi}i≥0.

2Note that [12] deals with the invariant manifolds of both finite and infinite dimensional quasi-periodic invariant tori.
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This condition implies that, if we set S := {σi}i≥0 ⊂ Zm, the subspace

VS = {qk = pk = 0 for all k 6∈ S} (1.8)

is left invariant by the vector field of H1. Let us define

Si := {σi, σi+1} ⊂ Zm.

We assume the following extra hypothesis so that the dynamics on VSi is integrable and given by two uncoupled
penduli,

∂qkH1(q, p)|VSi = ∂pkH1(q, p)|VSi = 0 for k = σi, σi+1.

Indeed, it implies that
H|VSi = Eσi + Eσi+1

,

which is an integral Hamiltonian given by two uncoupled penduli.
The transfer of energy mechanism behind Theorems 1.1 and 1.2 relies on a transition chain of whiskered

invariant tori which are supported on the sequence of invariant subspaces VSi .
Fix h > 0. Then, we consider a transition chain of invariant tori which belongs to the energy level H = h.

Note that Theorem 1.2 constructs a shadowing orbit with finite energy whereas Theorem 1.1 is obtained through
a shadowing argument performed in `∞ and thus the energy is just a formal object. However, to construct these
orbit in both cases we rely on invariant objects which belong to the h energy level.

The tori in the transition chain are of two types, first, for h1, h2 > 0 such that h1 + h2 = h, we consider the
two dimensional tori defined by

Tσi,σi+1,h1,h2 = {Eσi = h1, Eσi+1 = h2 and qk = pk = 0 for k 6= σi, σi+1}.

These are hyperbolic invariant tori for H in the full phase space with an infinite number of hyperbolic stable and
unstable directions. In the two first rows of Figure 4 we show two examples of these tori in a subspace of three
penduli: two penduli are at a periodic orbit and the third one at the saddle.

Second, we consider the one-dimensional invariant tori defined as

Pσi = {Eσi = h and qk = pk = 0 for k 6= σi}.

Note that Pσi ⊂ VSi−1
and Pσi ⊂ VSi . This can be seen at the last row of Figure 4: two penduli at the saddle and

one at a periodic orbit.
Then, to prove Theorems 1.1 and 1.2, we construct a transition chain of the form

Pσ0
∪

N⋃
k=1

{Tσ0,σ1,hk,h−hk} ∪ Pσ1
∪

N ′⋃
k′=1

{
Tσ1,σ2,hk′ ,h−hk′

}
∪ Pσ2

∪ . . .

for some sequences of energies hk, hk′ ∈ (0, h). Note that the transition chain has tori of both dimension one and
two.

To prove that such sequence of tori connected by heteroclinic connections exists, one can distinguish two
regimes (see Figure (5)):

• Arnold regime: Fix δ > 0. Then

Λδ,σi,σi+1
=

⋃
h̃∈[δ,h−δ]

Tσi,σi+1,h̃,h−h̃

is a 3-dimensional normally hyperbolic cylinder foliated by invariant tori as in the classical Arnold example
[1]. Note however that this cylinder has infinite dimensional invariant manifolds. To construct a transition
chain we need to impose certain non-degeneracy conditions to an associated Melnikov potential (which only
depends on a finite number of sites). This allows to define scattering maps [22] and by it a transition chain
of two dimensional tori “from top to bottom” of the cylinder, i.e. with increasing Eσi+1 and decreasing Eσi
(the sum must be constant since we construct the transition chain in the energy level H = h), see first two
rows of Figure 4. Thus, through this transition chain energy is only being transferred between the site σi to
the site σi+1.
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Figure 4: The transition chain for the restricted system to the 6-dimensional invariant subspace of three coupled
penduli. First, in the Arnold regime, we connect the 2-dimensional tori represented in the first two pictures (using
the standard machinery of the scattering map). Then, in the Jumping regime, we connect the second torus with the
periodic orbit, represented in the last picture.

• Jumping regime: In the second regime we want to connect 2-dimensional tori from the 3-dimensional cylin-
der Λδ,σi,σi+1

to the periodic orbit Pσi+1
(where the energy is all supported in the site σi+1) and then to the

“new” 3-dimensional cylinder Λδ,σi+1,σi+2
, see the last two rows of Figure 4. In this second regime we must

construct heteroclinic orbits between invariant tori of different dimension. To construct them we also rely
on the non-degeneracy of certain Melnikov Potential. Note that in this regime one cannot rely on normally
hyperbolic cylinders since when δ → 0, the hyperbolicity inside the cylinder is as strong as the normal one.

The last step is to construct an orbit shadowing this transition chain. This is a consequence of the Lambda
lemma which implies that the unstable manifold of a given torus belongs to the closure of the unstable invariant
manifold of the previous torus in the sequence.

1.7 Structure of the paper
We end Section 1 by explaining the structure of the rest of the paper. First in Section 2 we explain the functional
setting that we consider in this paper, which was developed by de la Llave, Fontich and Martı́n in [27]. In Section
3 we state a more detailed theorem which implies Theorems 1.1 and 1.2. Then, we explain the main steps to prove
this theorem. Those main steps are an invariant manifold theory for hyperbolic tori, analysis of the transverse
intersections of the invariant manifolds and a Lambda Lemma.

The rest of sections, that is Sections 4, 5 and 6, are devoted to prove these three main steps. However, in these
sections we do not just develop such theories for the model (1.1) but in a rather general setting.

First in Section 4 we develop an (infinite dimension) invariant manifold theory for finite dimensional hyperbolic
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Arnold regime
———————-

——————————————
Jumping regime————————-

Arnold regime

Figure 5: The diffusive orbit shadows a transition chain formed by tori of different dimensions, in particular
dimension 1 and 2. Along the transition process we identify two different regimes. In the Arnold regime we travel
close to heteroclinic orbits which connect two-dimensional tori. In the Jumping regime the diffusive orbit shadows
heteroclinic connections between two-dimensional tori and periodic orbits.

tori for both coupled maps lattices and vector fields on lattices. We also prove regularity of the invariant manifolds
with respect to parameters. In Section 5 we analyze the transversality of the invariant manifolds of the invariant
tori by a Melnikov-type theory. Finally, in Section 6 we prove a Lambda lemma for the invariant manifolds of
hyperbolic tori both for flows and maps.

We want to emphasize that specially Sections 4 and 6 apply for a rather wide class of infinite dimensional
dynamical systems (both discrete and continuous) with spatial structure. We believe that the results obtained in
these sections have a much wider applicability in analyzing unstable motions in infinite dimensions.
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2 Functional setting
We devote this section to introduce the functional setting needed to prove Theorems 1.1 and 1.2. We use the
functional setting developed in [27]. Most of the results stated in this section are proven in that paper.

Let (Xi, | · |Xi), i ∈ Zm, m ≥ 1, be a sequence of Banach spaces and let us denote by `∞(Xi) the Banach
space

`∞(Xi) :=

{
z ∈

∏
i∈Zm

Xi : ‖z‖`∞(Xi) := sup
i∈Zm

|zi|Xi <∞

}
.

To lighten the notation we use `∞ instead of `∞(Xi) when this does not create confusion.
We define the immersion map

Ij : Xj → `∞(Xi),
(
Ij(v)

)
j

= v,
(
Ij(v)

)
i

= 0 i 6= j

and the projection
πj : `∞(Xi)→ Xj , πj(z) = zj .
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We want to introduce a class of maps that preserve these spaces of bounded sequences. The key point is to
consider maps with some decay property. Following [27], we consider a decay function Γ: Zm → [0,∞) as the
one introduced in (1.5) (keep in mind the example (1.6)).

From now on, when we refer to Xi as a sequence of Banach spaces we mean (Xi)i∈Zm .
First in Section 2.1 we define linear operators from `∞(Xi) to itself with decay. This is the only class of linear

operators that we consider in this paper. Later in Section 2.2 we define accordingly the multilinear operators and
nonlinear maps. In Section 2.3 we give the definitions of formal Hamiltonians and also of formal first integrals for
both flows and maps.

For Theorem 1.2 we consider subspaces of `∞(Xi) of sequences with decay. In Section 2.4 we analyze these
spaces and state properties of the operators and maps introduced in Sections 2.1 and 2.2 when restricted to these
subspaces. Finally, in Section 2.5 we consider certain coordinate transformations in `∞(Xi) that are well adapted
to analyze the dynamics close to certain invariant tori. Then, we see how the analysis performed in the previous
sections is adapted to this new set of coordinates.

2.1 Linear operators with decay
We use the notation L(E;F ) to denote the space of linear bounded operators between Banach spaces E,F
equipped with the usual operator norm ‖ · ‖L(E;F ). When this does not create confusion we will use the nota-
tion ‖ · ‖L = ‖ · ‖L(E;F ).

Given two sequences of Banach spaces Xi,Yi we define the Banach space of linear maps with decay Γ by

LΓ := LΓ(`∞(Xi); `∞(Yi)) := {A ∈ L(`∞(Xi); `∞(Yi)) : ‖A‖LΓ <∞},

where

‖A‖LΓ
:= max{‖A‖L, γ(A)} with γ(A) := sup

i,j∈Zm
sup

‖u‖`∞≤1,
π`u=0, ` 6=j

|(Au)i|Yi Γ(i− j)−1. (2.1)

Now we state several properties of LΓ and the operators with decay. The first key property is that the space LΓ

is a Banach algebra with respect to the composition.

Lemma 2.1 (Proposition 2.8 in [27]). Let Xi,Yi,Zi be sequences of Banach spaces. If A ∈ LΓ(`∞(Xi); `∞(Yi))
and B ∈ LΓ(`∞(Yi); `∞(Zi)) then

• BA ∈ LΓ(`∞(Xi); `∞(Zi));

• γ(BA) ≤ γ(B)γ(A);

• ‖BA‖LΓ
≤ ‖B‖LΓ

‖A‖LΓ
.

The second property of operators with decay is that on certain subspaces they have a “matrix representation”.
Indeed, consider a sequence of Banach spaces (Xi)i∈Zm and fix j ∈ Zm. Given A ∈ L(`∞(Xi); `∞(Yi)) we
define

Aijv := πi(AIj(v)) ∀v ∈ Xj , ∀i, j ∈ Zm.

In finite dimension this would coincide with the representation of A as a matrix with entry (i, j) given by Aij . We
remark that linear operators acting on `∞ spaces cannot be always represented as matrices. However the following
lemma shows that if they act on decaying sequences this is the case.

Lemma 2.2 (Lemma 2.6 in [27]). Let A ∈ L(`∞(Xi); `∞(Yi)) and v ∈ `∞(Xi) be such that lim|j|→∞ |vj | = 0.
Then, the sum

∑
j∈Zm A

i
jvj is absolutely convergent and

(Av)i =
∑
j∈Zm

Aijvj .

The set of linear invertible operators with decay is not a subalgebra of Gl(`∞(Xi)). However for small per-
turbations of invertible operators with decay and whose inverse also has decay we have the following classical
result.
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Lemma 2.3 (Neumann series). Let A ∈ LΓ(`∞(Xi)) be invertible and such that

A−1 ∈ LΓ(`∞(Xi)).

Let B ∈ LΓ(`∞(Xi)) such that ‖A−1‖LΓ
‖B‖LΓ

< 1. Then M := A + B ∈ LΓ(`∞(Xi)) is invertible, M−1 ∈
LΓ(`∞(Xi)) and

|‖M−1‖LΓ − ‖A−1‖LΓ | ≤ ‖M−1 −A−1‖LΓ = O(‖B‖LΓ).

Proof. It is a direct consequence of classical Neumann series for bounded operators and the algebra property of
LΓ.

2.2 Multilinear maps and Cr functions

Let k ≥ 1 and X (j)
i , j = 1, . . . , k, be k-sequences of Banach spaces. We introduce the space of k-linear maps

with decay Γ

LkΓ(`∞(X (1)
i )× · · · × `∞(X (k)

i ); `∞(Yi)) :=
{
A ∈ Lk(`∞(X (1)

i )× · · · × `∞(X (k)
i ); `∞(Yi)) : (2.2)

ım(A) ∈ LΓ(`∞(X (m)
i ); `∞(Lk−1(`∞(X (1)

i )× · · · × ̂
`∞(X (m)

i )× · · · × `∞(X (k)
i );Yi))), m = 1, . . . , k

}
where the symbol (̂·) denotes that the term (·) is missing in the product and ım is defined by

ım(A)(v)(u1, . . . , um−1, um+1, . . . , uk) := A(u1, . . . , um−1, v, um+1, . . . , uk).

The space LkΓ(`∞(Xi); `∞(Yi)) is a Banach space with the norm

‖A‖LkΓ = max{‖A‖Lk , γ(A)} where γ(A) = max
1≤m≤k

{γ(ım(A))}.

This definition allows us to introduce also the set of (nonlinear) Cr maps with decay between `∞ spaces. These
spaces are the usual Cr spaces between Banach spaces (where the derivatives are meant in the sense of Fréchet)
with an additional decay-type condition on the differentials.

Given an open subset U of `∞(Xi) let

C1
Γ := C1

Γ(U ; `∞(Yi)) := {F ∈ C1(U ; `∞(Yi)) : DF (x) ∈ LΓ, ∀x ∈ U , ‖F‖C1
Γ
<∞}

with

‖F‖C1
Γ

:= max

{
‖F‖C0 , sup

x∈U
‖DF (x)‖LΓ

}
.

We point out that, by definition, the derivatives of a map F ∈ C1
Γ are uniformly bounded on U .

For r > 1 we define

CrΓ := CrΓ(U ; `∞(Yi)) :=
{
F ∈ Cr(U ; `∞(Yi)) : DjF ∈ C1

Γ, 0 ≤ j ≤ r − 1
}

with the norm

‖F‖CrΓ := max

{
‖F‖C0 , max

0≤j≤r−1
sup
x∈U
‖DDj F (x)‖LΓ

}
= max

0≤j≤r−1
‖DjF‖C1

Γ
. (2.3)

The next two lemmas analyze the behavior of CrΓ maps under composition and the limit of certain sequences in
CrΓ.

Lemma 2.4 (Proposition 2.17 in [27]). Let Xi,Yi,Zi be sequences of Banach spaces. Let U ⊂ `∞(Xi) and
V ⊂ `∞(Vi) be open sets. Then, if F ∈ CrΓ(U ; `∞(Yi)), G ∈ CrΓ(V; `∞(Zi)) and F (U) ⊂ V then G ◦ F ∈
CrΓ(U ; `∞(Zi)). Moreover,

‖G ◦ F‖CrΓ ≤ Kr(1 + ‖F‖rCrΓ) ‖G‖CrΓ
for some constant Kr > 0 independent of F and G.

Lemma 2.5 (Lemma 2.14 in [27]). Let U be an open subset of `∞(Xi) and let Bρ be the closed ball of radius ρ in
CrΓ(U ; `∞(Yi)). Assume that (Fn)n≥0 is a sequence in Bρ and for all 0 ≤ k ≤ r, x ∈ U , DkFn(x) converges in
the sense of k-linear maps to DkF (x), where F is a Cr function defined on U . Then F ∈ Bρ.
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2.3 Formal Hamiltonians and first integrals
In this paper we consider maps and vector fields acting on Banach spaces `∞(Xi). Some of these maps and
vector fields will have first integrals. However, these first integrals may only be formal in the sense that they are
unbounded (but whose formal partial derivatives are well defined and bounded). This happens for the Hamiltonian
introduced in (1.1): even if it defines a Hamiltonian vector field, it is unbounded in `∞(Xi). We devote this section
to properly define the notion of formal Hamiltonians and first integrals both for maps and flows.

Definition 2.6. Consider an open subset U ⊂ `∞(Xi) and let r ≥ 2. A CrΓ formal Hamiltonian is a formal series
of the form

H(q, p) =

+∞∑
k=2

∑
i∈Zm

Hi,k({qj}|j−i|≤k, {pj}|j−i|≤k),

such that

• The functions Hi,k depend on a finite number of variables and are Cr on the projection of U onto these
variables.

• If we define the (formal) partial derivative of H with respect to q` (or p`) as

(∂q`H)(q, p) =

+∞∑
k=2

∑
i∈Zm

(∂q` Hi,k)({qj}|j−i|≤k, {pj}|j−i|≤k),

the Hamiltonian vector field associated to H , formally defined by components as

X
(qj ,pj)
H = (∂pjH,−∂qjH),

is well defined XH : U → `∞(Xi) and it is Cr−1
Γ .

Remark 2.7. Let us introduce some example of formal Hamiltonian in the sense of Definition 2.6. For instance,
let ρ > 0 and consider a family of functions Hi,k of the form

Hi,k({qj}|j−i|≤k, {pj}|j−i|≤k) = ak fi,k({qj}|j−i|≤k, {pj}|j−i|≤k) ak ∈ R,

where

• (fi,k)i∈Zm are uniformly bounded in the Cr topology by a constant Ak = Ak(ρ) on [−ρ, ρ]Mm,k ×
[−ρ, ρ]Mm,k , where Mm,k is the number of variables of fi,k (namely, the number of Zm-points at distance
at most k from i).

• The coefficients ak are such that
+∞∑
k=2

|ak|Ak Γ(k)−1 < +∞.

Then, the vector field XH is a well defined Cr−1
Γ function on the ball of radius ρ of `∞. Hence

H(q, p) =

+∞∑
k=2

ak
∑
i∈Zm

fi,k({qj}|j−i|≤k, {pj}|j−i|≤k)

is a CrΓ formal Hamiltonian.

Since in many steps of the proof we will lose the Hamiltonian structure, it is also convenient to define formal
first integrals similarly to formal Hamiltonians. We provide the corresponding definitions, concerning both first
integrals for maps and flows.

Definition 2.8. Consider a C1
Γ map F : U ⊂ `∞(Xi) → `∞(Xi), where U is an open set. Then, a CrΓ formal first

integral G of the map F is a formal series of the form

G(q, p) =

+∞∑
k=2

∑
i∈Zm

Gi,k({qj}|j−i|≤k, {pj}|j−i|≤k), (2.4)

with the following properties.
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• The functions Gi,k depend on a finite number of variables and are Cr on the projection of U onto these
variables.

• The differential DG formally defined (analogously to Definition 2.6) by

DG(q, p)[ξ, ζ] =

+∞∑
k=2

∑
i∈Zm

∑
|j−i|≤k

∂qjGi,k({qj}|j−i|≤k, {pj}|j−i|≤k) [ξj ]

+ ∂pjGi,k({qj}|j−i|≤k, {pj}|j−i|≤k) [ζj ] ∀(ξ, ζ) ∈ `∞(Xi)

is well defined on U and Cr−1
Γ .

• For all z ∈ U , it satisfies
DG(F (z))DF (z) = DG(z). (2.5)

One can state an analogous definition of formal first integral for vector fields.

Definition 2.9. Consider a C1
Γ vector field X : U ⊂ `∞(Xi) → `∞(Xi), where U is an open set. Then, a CrΓ

formal first integral G of the vector field X is a formal series of the form (2.4) with the following properties.

• The functions Gi,k depend on a finite number of variables and are Cr on the projection of U onto these
variables.

• The differential DG (defined formally as in Definition 2.8) is well defined on U and it is Cr−1
Γ .

• For all z ∈ U , it satisfies
DG(z)X(z) = 0.

Remark 2.10. Note that the even if these definitions admit that the first integrals are just formal, they still define
a codimension 1 foliation on the open sets U ⊂ `∞(Xi) where DG 6= 0. This is a consequence of the classical
Frobenius Theorem which also applies to Banach spaces (see for instance Chapter VI of [55]). Indeed, it is easy
to check that the distribution Ker(DG(z)) ⊂ TzU is integrable.

2.4 Sequences with decay: the subspace Σj,Γ

Fix j ∈ Zm. We introduce the subspace of `∞(Xi) of vectors centered around the j-th component

Σj,Γ := {v ∈ `∞(Xi) : ‖v‖j,Γ <∞} (2.6)

where
‖v‖j,Γ := sup

k∈Zm
|vk|Γ(k − j)−1.

Note that for any i, j ∈ Zm, Σi,Γ = Σj,Γ and their norms are equivalent as

‖v‖i,Γ ≤ ‖v‖j,Γ Γ(i− j)−1,

although the equivalence “blows up” as |i− j| → ∞.

Lemma 2.11 (Proposition 2.7 in [27]). Let A ∈ L(`∞(Xi); `∞(Yi)).

1. If A ∈ LΓ(`∞(Xi); `∞(Yi)), then for any j ∈ Zm and for any v ∈ Σj,Γ, Av ∈ Σj,Γ and ‖Av‖j,Γ ≤
γ(A)‖v‖j,Γ.

2. If there exists C > 0 such that for any j ∈ Zm and for any v ∈ Σj,Γ, Av ∈ Σj,Γ and ‖Av‖j,Γ ≤ C‖v‖j,Γ,
then A ∈ LΓ(`∞(Xi); `∞(Yi)) and γ(A) ≤ CΓ(0)−1.

Moreover, if F ∈ C1
Γ and F (0) = 0 then F (v) ∈ Σj,Γ for all v ∈ Σj,Γ.
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2.5 Partial action-angle variables and the adapted functional setting
In this section we develop a functional setting adapted to a set of coordinates that we shall use to study the dynamics
close to the invariant tori of the transition chain.

Let S be a subset of Zm with cardinality d. We use the following notation

`∞Sc := `∞(Zm \ S;R), Σj,Γ,Sc := Σj,Γ(Zm \ S;R),

RdS := `∞(S;R), TdS := `∞(S;T).
(2.7)

Let us consider the complete metric space

M := `∞Sc × `∞Sc × TdS × RdS

which is a Banach manifold modeled on
`∞Sc × `∞Sc × RdS × RdS .

We consider the following coordinates (x, y, θ, r) onM

x = (xj)j∈Zm\S , y = (yj)j∈Zm\S , θ = (θj)j∈S ∈ TdS , r = (rj)j∈S ∈ RdS .

Such coordinates are useful to study the dynamics close to the invariant tori contained in the subspace VS in (1.8).
We denote by πx, πy the projections

πx(x, y, θ, r) = x, πy(x, y, θ, r) = y.

Consider linear operators

(i) A : `∞Sc → `∞Sc ;

(ii) A : `∞Sc → RdS ;

(iii) A : RdS → RdS ;

then we define respectively

(i) γ(A) := supi,j∈Zm\S sup‖u‖`∞≤1 |(AIj(u))i|Γ(i− j)−1;

(ii) γ(A) := supi∈S,j∈Zm\S sup‖u‖`∞≤1 |(AIj(u))i|Γ(i− j)−1;

(iii) γ(A) := supi,j∈S sup‖u‖`∞≤1 |(AIj(u))i|Γ(i− j)−1.

Hence we have a definition of operators with decay for linear maps of the form (i), (ii), (iii) and, similarly to (ii),
for maps from RdS to `∞Sc , by considering the norm (2.1) with the semi-norm γ(A) introduced above.

Now consider a linear operator

A : (`∞Sc)
a × (RdS)b → `∞(Yi) := `∞(Zm;Yi), a, b ∈ {1, 2},

where Yi is a sequence of Banach spaces. We define

TS,a,b : (`∞Sc)
a × (RdS)b → `∞(Zm;Xi) =: `∞(Xi)

where

Xi :=

{
Ra if i ∈ Zm \ S
Rb if i ∈ S

and (
TS,a,b(x, y, r)

)
j

:=

{
(xj , yj) if j ∈ Zm \ S,
rj if j ∈ S.

Thus we say that A ∈ LΓ((`∞Sc)
a × (RdS)b, `∞(Yi)) if

‖A ◦ TS,a,b‖LΓ(`∞(Xi),`∞(Yi)) <∞
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and we set
‖A‖LΓ((`∞Sc)

a×(RdS)b,`∞(Yi)) = ‖A ◦ TS,a,b‖LΓ(`∞(Xi),`∞(Yi)).

One can proceed analogously for operators defined on the tangent space of the submanifold

Mj,Γ := Σj,Γ,Sc × Σj,Γ,Sc × TdS × RdS ,

that is on Σj,Γ instead of `∞ spaces. Moreover, in the spaces with decay one has the following properties for
nonlinear maps.

Lemma 2.12. Let U ⊂ M be an open subset containing the torus {x = y = r = 0} and consider a map
F ∈ C1

Γ(U) such that F (0, 0, θ, 0) = 0 for all θ ∈ TdS . Then, F maps U ∩Mj,Γ intoMj,Γ.

Proof. Let (x, y, θ, r) ∈Mj,Γ. By the mean value theorem we have

‖F (x, y, θ, r)‖j,Γ = ‖F (x, y, θ, r)− F (0, 0, θ, 0)‖j,Γ ≤
∫ 1

0

‖∂(x,y,r)F (tx, ty, θ, tr)[x, y, r]‖TMj,Γ
dt

≤ ‖DF‖LΓ(TM)‖(x, y, θ, r)‖j,Γ.

3 A detailed statement of the main results
In this section we state a theorem which implies the results in Theorems 1.1 and 1.2. In fact it is stronger since it
contains the concrete hypotheses that the perturbation H1 must satisfy so that it leads to transfer of energy orbits.

Given ρ > 0, we define the balls

Bρ(`
∞) = {z ∈ `∞(Zm,M) : ‖z‖`∞ ≤ ρ} ⊂ `∞(Zm;M), M := T× R,

Bρ(Σj,Γ) = {z ∈ Σj,Γ : ‖z‖j,Γ ≤ ρ} ⊂ Σj,Γ.

Consider a formal Hamiltonian (in the sense of Definition 2.6) of the form (1.1), fix a sequence

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1

and define
Si = {σi, σi+1} ⊂ Zm.

Let us define the 6-dimensional subspaces

Vi := {qk = pk = 0 for k 6= σi, σi+1, σi+2} , (3.1)

which will be assumed to be invariant, and the Hamiltonian

H1,i

(
qσi , pσi , qσi+1 , pσi+1 , qσi+2 , pσi+2

)
= H1(q, p)|Vi . (3.2)

We consider the following hypotheses.

H1 For any ρ > 0, XH1
∈ C3

Γ(Bρ(`
∞); `∞)3.

H2 For any i ≥ 0, the Hamiltonian H1 satisfies

∂qkH1(q, p)|(qk,pk)=(0,0) = ∂pkH1(q, p)|(qk,pk)=(0,0) = 0 ∀k 6= σi.

Moreover, for any i ≥ 0,

∂qkH1(q, p)|Si = ∂pkH1(q, p)|Si = 0 for k = σi, σi+1.

3Note that being CrΓ implies that the associated norm is bounded (see (2.3)). For this reason, the hypothesis must be stated restricted to the
ball where DH1 has uniform estimates.
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H3 Fix h > 0. For any value hi ∈ (0, h) there exists an open set Jhi ⊂ T2 with the property that when
(xi, xi+1, hi) ∈ J+, where

J+ = Jhi × {hi}

and hi+1 = h− hi,

H3.1 Consider the Melnikov potential

Li(xi, xi+1, hi, hi+1, t) =∫ +∞

−∞
H1,i

(
qhi(s, xi), phi(s, xi), qhi+1

(s, xi+1), phi+1
(s, xi+1), q0(s+ t), p0(s+ t)

)
ds

(3.3)
associated to the homoclinic of the torus

Tσi,σi+1,hi,hi+1
= {Eσi = hi, Eσi+1

= hi+1 and Ek = 0 for k 6= σi, σi+1}. (3.4)

The map
t ∈ R→ Lj(xi, xi+1, hi, hi+1, t)

has a non-degenerate critical point t which is locally given by the implicit function theorem in the form
t = τ(xi, xi+1, hi, hi+1).

H3.2 Consider the Melnikov function

Mi(xi, xi+1, hi, hi+1, t) =∫ +∞

−∞
{H1,i, Ei}

(
qhi(s, xi), phi(s, xi), qhi+1

(s, xi+1), phi+1
(s, xi+1), q0(s+ t), p0(s+ t)

)
ds

associated to the homoclinic of the torus Tσi,σi+1,hi,hi+1 .
The map

(xi, xi+1) ∈ Jh1 ⊂ T2 →Mi(xi, xi+1, hi, hi+1, τ(xi, xi+1, hi, hi+1))

is nonconstant and positive.
Analogously, we assume that there exists a setJ− where the same hypothesis is true butMi is negative.

H4 Fix h > 0. Consider the Melnikov potential

L̃i(xi, h, t1, t2) =

∫ +∞

−∞
H1,i (qh(s, xi), ph(s, xi), q0(s+ t1), p0(s+ t1), q0(s+ t2), p0(s+ t2)) dt

(3.5)
associated to the homoclinic of the periodic orbit

Pσi = {Eσi = h and Ek = 0 for k 6= σi}. (3.6)

The map
(t1, t2) ∈ R2 → L̃i(xi, h, t1, t2)

has a non-degenerate critical point (t1, t2) which is locally given by the implicit function theorem in the
form (t1, t2) = τ̃(xi, h).

Note that the Hypotheses H3 is the same as considered in the paper [24] to prove Arnold diffusion for nearly
integrable Hamiltonian a priori unstable systems. The Hypotheses H4 is the analog for the jumping regime (see
Section 1.6).

Remark 3.1. It is well known that the Hypotheses H3 and H4 are Cr (with r ≥ 4) and C∞ generic. They
are also generic in the analytic setting if one considers sufficiently small h > 0 (see [16]). On the contrary the
Hypothesis H2 requires that certain subspaces are invariant and the dynamics on them is integrable. Unfortunately
this hypothesis is not generic.
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A family of perturbations which satisfy the hypotheses above when m = 1 and for any instability path are
those of the form

H1(q, p) =
∑
N≥2

aN
∑
k∈Z

fN (qk, pk, . . . , qk+N , pk+N )

N∏
i=0

(1− cos qk+i),

where

• fN is at least Cr, r ≥ 4, and satisfies ‖fN‖C4 ≤ 1 for all N ≥ 2. The function f3 is chosen generically so
that H3 and H4 are satisfied. There is no extra requirement on fN , N ≥ 4.

• The coefficients aN decay rapidly (see Remark 2.7) in such a way that∑
N≥2

|aN |Γ(N)−1N 2N < +∞.

Moreover a2 6= 0, which is a necessary condition so that H3 and H4 are satisfied.

Note that we have been able to choose a translation invariant example of perturbation. However the hypotheses
above do not impose this restriction.

Theorems 1.1 and 1.2 are consequence of the following.

Theorem 3.2. Fix m ∈ N, h > 0. Given any sequence

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1,

and any Hamiltonian H1 satisfying the Hypotheses H1−H4, there exists ε0 > 0 such that for all ε ∈ (0, ε0) and
for any η > 0 the following holds:

• There exist trajectories (q(t), p(t)) ∈ `∞(Zm;M) of the HamiltonianH in (1.1) and an increasing sequence
of times {ti}i≥0 such that

|Eσi(q(ti), p(ti))− h| ≤ η and |Ek(q(ti), p(ti)| ≤ η for k 6= σi.

• For any fixed j ∈ Zm, there exist trajectories (q(t), p(t)) ∈ Σj,Γ of the Hamiltonian H in (1.1), which
therefore satisfy H(q(t), p(t)) <∞ for all t, and an increasing sequence of times {ti}i≥0 such that

|Eσi(q(ti), p(ti))− h| ≤ η and |Ek(q(ti), p(ti)| ≤ η for k 6= σi.

We devote the rest of this section to describe the main steps of the proof of this theorem.

3.1 Description of the proof of Theorem 3.2
3.1.1 Invariant manifolds.

The first step is that the flow associated to the Hamiltonian (1.1) fits the functional setting given in Section 2.

Lemma 3.3. Fix any ρ > 0. Consider the Hamiltonian H in (1.1) and assume that XH1 ∈ CrΓ(Bρ(`
∞); `∞).

Then there exists T > 0 such that for any initial conditions (q0, p0) ∈ Bρ(`∞) ⊂ `∞(Zm;M), there is a unique
solution (q(t), p(t)) of the Cauchy problem associated to (1.3) defined for |t| < T .

Moreover denoting by ΦtH(q0, p0) = (q(t), p(t)), we have ΦtH ∈ CrΓ(Bρ(`
∞)) for all |t| < T and there exist

C, µ > 0 such that
‖DΦtH(q, p)‖Γ ≤ Ceµ|t|, q, p ∈ Bρ(`∞), t ∈ (−T, T ).

Moreover, fix j ∈ Zm. Then, if q0, p0 ∈ Bρ(Σj,Γ), one has that, for t ∈ (−T, T ), (q(t), p(t)) ∈ Σj,Γ.

Proof. Since XH ∈ CrΓ(U) for any open subset U of Bρ(`∞) ⊂ `∞(Zm;M) the proof follows by Proposition 8.1
in [29].
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Once we know that the flow ΦtH is well defined both in `∞(Zm;M) and in Σj,Γ, we can start developing an
invariant manifolds theory for the invariant tori of the transition chain (see Section 1.6).

Recall that we have considered an “instability path”

{σi}i≥0 ⊂ Zm, |σi+1 − σi| = 1,

and have defined the associated sets of sites

Si = {σi, σi+1} ⊂ Zm.

The Hypothesis H2 implies that certain invariant tori of the unperturbed Hamiltonian (1.1) with ε = 0 are
preserved. In particular, this is case for the tori Tσi,σi+1,h1,h2

and Pσi introduced in (3.4) and (3.6) respectively,
which are invariant under the flow associated to H and the flow on these tori is a rigid rotation given by the
integrable dynamics of (1.1) with ε = 0.

These tori have stable and unstable invariant manifolds which are, moreover, smooth with respect to parameters.
This is stated in Theorem 3.4 below, which is a consequence of a more general invariant manifold theorem for
invariant tori on lattices. This more general theory is explained in Section 4.

To state Theorem 3.4, we introduce first good coordinates which allow to parameterize the invariant manifolds
of the tori in (3.4), (3.6) as graphs. To deal at the same time with the tori Tσi,σi+1,h1,h2

and Pσi , we call d to the
dimension of the tori (which is either d = 2 or d = 1), S to the “activated sites”, that is either S = {σi, σi+1} or
S = {σi} and we denote the torus by T0. Note that for Tσi,σi+1,h1,h2 we are assuming h, h1, h2 > 0, h1 +h2 = h
and for Pσj we are assuming h > 0.

Then, for δ > 0 small enough, we define the coordinates

(x, y, θ, r) ∈Mδ := Bδ(`
∞(Zm \ S;R))×Bδ(`∞(Zm \ S;R))× Td ×Bδ(Rd)

defined in a δ-neighborhood of T0, where

• (θk, rk) are the action-angle variables that are well defined in a neighborhood of the torus {Ek = hk} for
hk > 0 located at the tangential site k ∈ S.

• (xk, yk) are cartesian coordinates which diagonalize the linearization of Ek at the saddle xk = yk = 0. That
is,

xk = qk + pk, yk = pk − qk, k /∈ S.

In these variables the equations of motion (1.3) are of the form
ẋk = xk + fk1 (ε;x, y, θ, r) k /∈ S,
ẏk = −yk + fk2 (ε;x, y, θ, r)

θ̇k = ωk(r) + fk3 (ε;x, y, θ, r) k ∈ S,
ṙk = fk4 (ε;x, y, θ, r),

(3.7)

where ωk(r) is the frequency associated to integrable Hamiltonian Ek and

fk1 (ε;x, y, θ, r) = fk2 (ε;x, y, θ, r) := sin

(
xk − yk

2

)
−
(
xk − yk

2

)
− ε∂qkH1

(
x− y

2

)
.

Let us call
f1 := (fk1 )k∈Z\S , f2 := (fk2 )k∈Z\S , f3 := (fk3 )k∈S , f4 := (fk4 )k∈S .

Then, hypotheses H1 and H2 imply

fi(0;x, y, θ, r) = O2(x, y), i = 1, 2

fi(0;x, y, θ, r) = 0, i = 3, 4

fi(ε; 0, 0, θ, 0) = 0, i = 1, 2, 3, 4.

(3.8)

Since XH1 is CrΓ then the functions fi are CrΓ(Mδ) for any r ≥ 1.
Now we are in position to state the theorem of existence of invariant manifolds for the tori (3.4), (3.6).
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Theorem 3.4. Consider the equation (3.7) and assume H1 - H2. There exists ε0 > 0 such that for all ε ∈ (0, ε0),
any invariant torus T0 of those in (3.4), (3.6) possesses stable and unstable invariant manifolds W s,u = W s,u

ε .
Moreover, they can be represented locally as graphs. More precisely, there exists δ > 0 small enough and functions
γsε = γsε(x, θ), γuε = γuε (y, θ) ∈ C2

Γ(Bδ(`
∞)× Td; `∞ × Rd) such that

• the local invariant manifolds are parameterized as

W s = {(x, γsy(x, θ), θ, γsr(x, θ))},
Wu = {(γux (y, θ), y, θ, γur (y, θ))}.

• γs,uε (0, θ) = 0. Moreover, its C1
Γ norm is of order δ + ε and

sup
Bδ(`∞)×Td

‖γs,uε ‖`∞×Rd ≤ O(δ2 + δε).

• γs,uε is C2 with respect to ε.

• For all j ∈ Zm
γs,uε : Bδ(Σj,Γ)× Td → Σj,Γ × Rd,

γs,uε ∈ C2
Γ(Bδ(Σj,Γ)× Td) and its C1

Γ norm is of order δ + ε.

This theorem not only gives the existence of the invariant manifolds of the invariant tori but also give decay
properties for them. Its proof is a consequence of a general invariant manifolds theory for invariant tori which is
developed in Section 4.

3.1.2 Transversal intersection between the invariant manifolds

Theorem 3.4 gives the existence and regularity of the invariant manifolds of the tori in (3.4). When ε = 0, the
stable and unstable invariant manifolds of these tori coincide creating a homoclinic manifold. Next step is to prove
that, for 0 < ε � 1, they intersect transversally and that moreover the stable invariant manifold of one of these
tori intersects transversally the unstable invariant manifold of “nearby” tori.

Since we are in an infinite dimensional setting, we devote the next section to review the definition of transver-
sality between Banach submanifolds. Note also that we are dealing with flows with a (formal) first integral and,
therefore, we need an “adapted” definition of transversality.

Transversality of Banach submanifolds To define transversality between Banach submanifolds, we start by
reviewing the notion of direct sum of Banach subspaces. Later we use it to talk about Banach submanifolds and
their tangent spaces.

Let us consider a Banach space X and two Banach subspaces X1,X2. Then, X is the direct sum of X1,X2,
which we denote by

X = X1 ⊕X2

if the map T : X1×X2 → X given by T (v1, v2) = v1+v2 is an isomorphism. Note that by the definition of Banach
subspaces, T is a continuous map and therefore, by the Open Mapping Theorem, its inverse T−1 is continuous as
well. The inverse map is just T−1 = (π1, π2), where πi is the projection onto Xi, i = 1, 2, and, therefore, the
projections are also continuous. Recall that the fact that T is an isomorphism implies that X1 ∩ X2 = 〈0〉.

The direct sum can be defined in a more general setting considering vector subspaces of X instead of Banach
subspaces. Then one has to distinguish between algebraic direct sum and topological direct sum. Algebraic refers
to direct sum as vector spaces (i.e. T is an isomorphism but T−1 may not be bounded4) whether topological refers
to also requiring that T−1 is a bounded map.

Since we are interested only in the case when X1, X2 are Banach subspaces the notions of algebraic and
topological direct sum coincide and therefore, to simplify the exposition, we just talk about direct sums.

We use this concept to define transversality between submanifolds of Banach manifolds.

4Note that T is always bounded. On the contrary, if X1,X2 are only vector subspaces one cannot use the Open Mapping Theorem and
therefore T−1 may not be bounded.
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Definition 3.5. Let us consider a Banach manifoldMmodeled on a Banach space X and a point p ∈M. Assume
thatM possesses two Banach submanifolds N1, N2 such that p ∈ N1 ∩ N2. Then, we say that N1, N2 intersect
transversally at p if and only if the Banach subspaces TpN1, TpN2 of TpM satisfy

TpM = TpN1 ⊕ TpN2.

Note that in this paper we are dealing with flows. Therefore if we consider invariant manifolds by the flow, they
cannot intersect transversally since the flow direction (the Banach subspace generated by the vector field) belongs
to the tangent space of all invariant manifolds. For this reason we need to adapt the definition of transversality as
follows. Note also that in this paper, we are dealing with (formal) Hamiltonian systems and therefore the associated
vector fields have (formal) first integrals (see Definition 2.9).

We introduce the following definition of transversality for invariant manifolds of the flow associated to the
vector field X .

Definition 3.6. Fix p ∈ M such that X(p) 6= 0 and consider two Banach submanifolds N1 and N2 ofM such
that p ∈ N1 ∩ N2 and such that both are invariant by the flow associated to X . Assume also that X has a formal
first integral G in the sense of Definition 2.9. Then, we say that N1,N2 intersect transversally at p if

1. They satisfy
TpN1 ∩ TpN2 = 〈X(p)〉

where 〈X(p)〉 is the one dimensional invariant subspace generated by X(p).

2. The map
T : TpN1 × TpN2 → TpM, T (v1, v2) = v1 + v2

is a linear continuous map whose image is equal to KerdG(p)

Note that Item 1 implies that KerT ⊂ TpN1×TpN2 is one dimensional and generated by the vector (X(p),−X(p)).

Remark 3.7. This notion of transversality can be phrased in terms of (topological) direct sum as follows. Since
〈X(p)〉 ⊂ KerdG(p) is one dimensional, we know that there exists a complement. That is, there exists a Banach
subspaceHp of KerdG(p) such that

KerdG(p) = 〈X(p)〉 ⊕ Hp. (3.9)

Then, Definition 3.6 is equivalent to require that the Banach subspacesHip = TpNi ∩Hp satisfy

H1
p ⊕H2

p = Hp.

Transverse heteroclinic orbits between invariant tori The phase space we are considering is

M = `∞(Zm \ S;R)× `∞(Zm \ S;R)× Td × Rd,

whose tangent space at any point z ∈M can be identified as

TzM = `∞(Zm \ S;R)× `∞(Zm \ S;R)× Rd × Rd,

or, in the Σj,Γ case, the space
Mj,Γ = Σj,Γ × Σj,Γ × Td × Rd.

Even if the Hamiltonian (1.1) may only be formally defined, its differential dH and, therefore, KerdH are well
defined (see Definition 2.9).

Then, given two tori T1 and T2 (not necessarily of the same dimension), we consider the unstable manifold
of T1, denoted by Wu(T1), and the stable manifold of T2, denoted by W s(T2). Note that, by construction,
TzW

u(T1) and TzW s(T2) are Banach subspaces of TzM and the same is true for KerdH .
To prove that these invariant manifolds of nearby tori intersect transversally in the sense of Definition 3.6,

we need to impose the non-degeneracy conditions H3-H4 on certain Melnikov functions associated to H1. One
should expect (under non-degeneracy hypotheses) plenty of transverse homoclinic/heteroclinic orbits.

This allows to construct a transition chain of hyperbolic tori. These tori belong the invariant subspaces Vi in
(3.1). Fix h > 0 and the energy level5 H = h. Then, we define

Λi =
{

(q, p) ∈ Vi ∩H−1(h) : qσi+2
= pσi+2

= 0
}
. (3.10)

5Note that we are fixing an energy level once we restrict to a finite dimensional subspace (where the Hamiltonian is a well defined function).
This is not contradictory with the fact that in the infinite dimensional setting we deal with formal Hamiltonians in the sense that they may be
unbounded but have a well defined differential.
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Theorem 3.8. Fix i ≥ 0. Assume that H satisfies H1–H4. Then there exists ε0 > 0 such that for any ε ∈ (0, ε0)
there exists N > 0 and a sequence of tori Ti,k ⊂ Λi, k = 1 . . . N such that

Wu
ε (Pσi) tW

s
ε (Ti,0), Wu

ε (Ti.k) tW s
ε (Ti,k+1) for k = 0, . . . N − 1 and Wu

ε (Ti,N ) tW s
ε (Pσi+1

)

where t denotes transversal intersection in the sense of Definition 3.6, Pσi is the periodic orbit introduced in
(3.4) and Ti.k are invariant tori of the form (3.6). This statement is true both in `∞-functional setting and in
Σj,Γ-functional setting.

This theorem is proven in Section 5. Note that the transition chains for all i’s can be concatenated to build an
infinite transition chain.

Note that Theorem 5 contains both the Arnold regime and the Jumping regime explained in Section 1.6. Indeed,
the cylinder Λi in (3.10) is not normally hyperbolic since it possesses the periodic orbits Pσi and Pσi+1

introduced
in (3.4) whose hyperbolicity “within Λi” is as strong as the normal one. However, for any δ > 0,

Λi,δ = {(q, p) ∈ Λi : Ei(q, p) ∈ (δ, h− δ)}

is a normally hyperbolic invariant manifold both for ε = 0 and for 0 < ε � 1. Therefore, the proof of Theorem
3.8 will be done in two steps. First for the tori in Λi,δ and then for the tori very close to the periodic orbit.

3.1.3 The Lambda lemma and the shadowing argument

To prove Theorem 3.2 it only remains to shadow the transition chain obtained in Theorem 3.8. This is done by
means of a Lambda lemma. Let us rename as Tj , j = 0, . . . , N the one and two dimensional tori of the chain.

We denote by | · |d the norm of Rd. We recall that

Td := (R/2πZ)d := {[θ] : θ ∼ ϑ if and only if θ − ϑ = 2πk for some k ∈ Zd}.

With abuse of notation we denote by

dTd(θ, θ̃) = inf
q∈[θ],p∈[θ̃]

|q − p|d =: |θ − θ̃|d.

Theorem 3.9 (Lambda Lemma). Let ΦtH be the flow of the Hamiltonian system (1.1) and consider an invariant
torus Tj on which the dynamics is quasi-periodic (i.e. a non-resonant rigid rotation). Then, the following two
statements are satisfied.

1. Consider a Banach submanifold Γ ⊂M and assume that it intersects transversally in the sense of Definition
3.6 (with respect to the formal first integral H) the stable manifold W s

ε (Tj). Then

Wu
ε (Tj) ⊂

⋃
t≥0

ΦtH(Γ), (3.11)

where the closure is meant with respect to the metric

d(w, w̃) := ‖x− x̃‖`∞ + ‖y − ỹ‖`∞ + |θ − θ̃|d + |r − r̃|d.

2. Consider a Banach submanifold Γ ⊂ Mj,Γ and assume that it intersects transversally in the sense of
Definition 3.6 (with respect to the formal first integral H) the stable manifold W s

ε (Tj). Then, (3.11) is
satisfied with respect to the metric

dj,Γ(w, w̃) := ‖x− x̃‖j,Γ + ‖y − ỹ‖j,Γ + |θ − θ̃|d + |r − r̃|d.

This theorem is proven in Section 6. The proof follows the techniques developed for finite dimensional maps
in [30] (see also [20]). The statement in Section 6 is more precise than the one stated above and in particular it
impliesC1 convergence of the iterated of Γ as for the classical Lambda lemma (more precisely theC1 convergence
is for a submanifold of Γ, see Section 6 for details).

Note that, by Theorem 3.4, the invariant manifolds W s,u
ε (Tj) can be seen as both submanifolds of M and

Mj,Γ. This allows to rely on this Lambda lemma to perform a shadowing argument in both Banach manifolds.
Finally, note that Theorem 3.9 only depends on the metric but not on the choice of coordinates. That is, the theorem
is also valid in `∞ (respectively Σj,Γ) in the original coordinates (q, p).

Next lemma constructs an orbit which shadows the transition chain provided by Theorem 3.8.
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Lemma 3.10. Given {εj}j∈N a sequence of strictly positive numbers, we can find a point p and an increasing
sequence of numbers {Tj}j∈N such that

ΦTj (p) ∈ Uεj (Tj)

where Uεj (Tj) are εj-neighborhoods of the tori Tj in the topology of the metric space `∞.
Moreover, fixed j ∈ Zm, we have the same statement considering the topology of the metric spaceMj,Γ.

Proof. We give the proof in the `∞ topology. The proof in Σj,Γ is analogous. Let q ∈ W s(T1). There exists a
closed ball B1 ⊂ `∞ centered at q such that

ΦT1(B1) ⊂ Uε1(T1) ⊂ `∞.

By the Lambda Lemma Theorem 3.9 we have

W s(T2) ∩B1 6= ∅.

Hence we can find a closed ball B2 ⊂ B1 centered at a point of W s(T2) such that{
ΦT1(B2) ⊂ Uε1(T1),

ΦT2(B2) ∩ Uε2(T2) 6= ∅.

Then by induction it is possible to construct a sequence of closed nested balls Bj+1 ⊂ Bj ⊂ . . . such that

ΦTj (Bi) ⊂ Uεj (Tj), i ≤ j.

Since `∞ is a complete metric spaces, the Cantor’s intersection Theorem ensures that the infinite sequence of
closed nested balls Bj has at least one point as intersection. This concludes the proof.

This concludes the proof of Theorem 3.2. Indeed the orbit shadowing the transition chain visits arbitrarily
small neighborhoods of the periodic orbits Pσj at certain times. When they belong to such neighborhoods the
energies Ek, k 6= σj can be chosen to be smaller than η whereas the energy Eσj is η-close to that of the periodic
orbit. This is exactly the behavior stated in Theorem 3.2.

4 Local invariant manifolds of invariant tori
In this section we provide an invariant manifolds theory for invariant tori for both maps and flows with spatial
structure on lattices. This invariant manifold theory is provided in the two functional settings introduced in Section
2 (that is in spaces with and without decay).

This invariant manifold theory could be deduced from classical results (see, for instance [14, 15]). This would
require certainly some effort to show that the functional settings and the particular models that we consider fit the
hypotheses in these papers. Instead, for the sake of completeness, we provide complete and detailed proofs relying
on the classical graph transform method. The method is rather general and requires rather weak hypotheses. In
this section we only present the main results and we defer the somehow classical proofs to the appendices. Note
that we only prove C2

Γ regularity of the invariant manifolds since it is the minimal regularity required to prove the
Lambda lemma in Section 6. Higher regularity results could be obtained easily by the same method. In Section
4.1 we deal with maps and, then, in Section 4.2 we deal with flows.

4.1 Invariant manifolds of maps
In this section we provide abstract theorems of existence of local invariant manifolds of finite dimensional invariant
tori for maps that are locally close to uncoupled maps. We consider only the case of invertible maps. Then it is
sufficient to prove the result for the stable manifold.

Let S ⊂ Zm with cardinality d and Sc := Zm \ S. We recall the following notations from Section 2.5

`∞Sc := `∞(Zm \ S;R), Σj,Γ,Sc := Σj,Γ(Zm \ S;R),

RdS := `∞(S;R), TdS := `∞(S;T).
(4.1)
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We consider the complete metric space

M := `∞Sc × `∞Sc × TdS × RdS ,

and we denote its variables by
w := (x, y, θ, r).

Let δ > 0. We consider maps

Fν : Mδ := Bδ(`
∞
Sc)×Bδ(`∞Sc)× TdS ×Bδ(RdS) ⊂M→M, (4.2)

which depend on a parameter ν ∈ (0, µ) for some µ > 0, and are of the form

Fν(w) := F0(w) + fν(w)

with
F0(w) = (A−(θ)x,A+(θ) y, θ + ω(x, y, r), B(θ) r),

fν(w) =
(
f1(ν;w), f2(ν;w), f3(ν;w), f4(ν;w)

) (4.3)

where
A±(θ) ∈ LΓ(`∞Sc), B(θ) ∈ LΓ(RdS)

and f1, f2(ν; ·) : Mδ → `∞Sc , f3(ν; ·) : Mδ → TdS , f4(ν; ·) : Mδ → RdS (following the notation and definitions in
Section 2.5).

Let us call
Bδ := Bδ(`

∞
Sc)×Bδ(`∞Sc)×Bδ(RdS). (4.4)

We assume that
T0 := {x = 0, y = 0, r = 0}

is an invariant torus for the map Fν for all ν ∈ (0, µ) and we provide a theorem of existence of local invariant
manifolds for T0 in class C2

Γ (and C2-dependence with respect to the parameter ν). We start with the Lipschitz
case, then we deal with the C1

Γ-regularity and eventually with the C2
Γ case. We follow a graph transform approach

and provide full detailed proofs for the Lipschitz, C1
Γ and C2

Γ settings.
Since the torus T0 is fixed, along this section we can lighten the notation by denoting

`∞ = `∞Sc , Td = TdS , Rd = RdS , Σj,Γ := Σj,Γ,Sc . (4.5)

When we consider a function Ψ: UX ×UY ⊆ X × Y → Z, z = Ψ(x, y), where X , Y , Z are complete metric
spaces and UX , UY subsets of X and Y respectively, we denote by LipΨ the Lipschitz constant of the function Ψ
and

LipxΨ(y) := inf
x 6=x′

dY
(
Ψ(x, y),Ψ(x′, y)

)
dX(x, x′)

,

LipxΨ := sup
y∈UY

LipxΨ(y), LipyΨ = sup
x∈UX

LipyΨ(x).
(4.6)

We will also prove the existence of invariant manifolds of T0 for maps of the form (4.3) on the complete metric
space

Mj,Γ := Σj,Γ × Σj,Γ × TdS × RdS ⊂M.

4.1.1 Lipschitz invariant manifolds

We consider a non-negative continuous function L(δ, µ) such that L(0, 0) = 0. We assume that there exist con-
stants λ > 1, β ≥ 1,K,Kθ > 0 such that:

(H0)lip We have
λ−1β(1 +Kθ) < 1. (4.7)
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(H1)lip The functions A±, B, ω and fν in (4.3) are Lipschitz, namely

A± ∈ Lip(Td; `∞), B ∈ Lip(Td;Rd), ω ∈ Lip(Bδ;Td), fν ∈ Lip(Mδ;M)

and
Lipω,LipA±,LipB,Lipf3 ≤ K. (4.8)

Moreover the linear operators A±, B satisfy

‖A−(θ)‖LΓ(`∞), ‖A+(θ)−1‖LΓ(`∞) ≤ λ−1, ‖B−1(θ)‖LΓ(Rd) ≤ β ∀θ ∈ Td.

(H2)lip For j = 1, 2, 4 we have that fj is L(δ, µ)-Lipschitz with respect to w. Moreover, fj(ν; 0, 0, θ, 0) = 0 and

‖fk(ν;x, y, θ, r)− fk(ν;x, y, θ′, r)‖`∞ ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) |θ − θ′|d, k = 1, 2,

|f4(ν;x, y, θ, r)− f4(ν;x, y, θ′, r)|d ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) |θ − θ′|d.
(4.9)

(H3)lip The function f3 is Kθ-Lipschitz with respect to θ.

These three hypotheses are sufficient to have invariant manifolds of the invariant torus. If one also wants them to
be Lipschitz with respect to the parameter ν, one has to impose also the following.

(H4)lip We have

‖fk(ν;x, y, θ, r)− fk(ν′;x, y, θ, r)‖`∞ ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d)|ν − ν′| k = 1, 2,

|f4(ν;x, y, θ, r)− f4(ν′;x, y, θ, r)|d ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d)|ν − ν′|

and f3 is Kθ-Lipschitz with respect to ν.

We observe that by assumption (H2)lip the torus T0 is invariant by Fν . To simplify the notation we denote Fν
by F and fν by f .

Theorem 4.1. Let F : Mδ →M in (4.2) satisfy (H0)lip-(H3)lip. Then there exist δ0 > 0 and µ0 > 0 such that
for all δ ∈ (0, δ0) and µ ∈ (0, µ0) the F -invariant torus T0 possesses a stable invariant manifold which can be
represented as graph of a Lipschitz function γsν(x, θ) ∈ Lip(Bδ(`

∞)× Td; `∞ × Rd) that satisfies:

• γsν(0, θ) = 0. Moreover, its Lipschitz constant is of order δ + L(δ, µ) and

sup
(x,θ,ν)∈Bδ(`∞)×Td×(0,µ)

‖γsν(x, θ)‖`∞×Rd ≤ O(δ2 + δ L(δ, µ)).

• The iterates of the points (x, θ, γsν(x, θ)) tend to the torus exponentially fast with asymptotic rate bounded
by λ−1.

Moreover if we also impose (H4)lip, γsν depends in a Lipschitz way on ν ∈ (0, µ).

If one imposes decay properties on the map F , the invariant manifolds also have decay properties.

Theorem 4.2 (Σj,Γ case). Let the map F : Mj,Γ,δ → Mj,Γ in (4.2) satisfy the assumptions (H0)lip-(H4)lip

where M, `∞ are replaced respectively by Mj,Γ and Σj,Γ. Then, the same results of Theorem 4.1 hold with
γsν(x, θ) ∈ Lip(Bδ(Σj,Γ)× Td; Σj,Γ × Rd).

We postpone the proofs of Theorems 4.1 and 4.2 to Appendix A.

4.1.2 C1
Γ regularity of the invariant manifolds

Let us denote by v = (y, r). Recall the continuous function L(δ, µ) and notations (4.1), (4.5), (4.4) introduced in
the previous section. We define

Es := C0(Bδ(`
∞)× Td;Ls), s = x, θ, v with

Lx := LΓ(`∞; `∞ × Rd), Lθ := LΓ(Rd; `∞ × Rd), Lv := LΓ(`∞ × Rd)
(4.10)

and norms ‖ · ‖Ls , s = x, θ, v.
We assume that there exist constants K,Kθ such that:
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(H0)C1 We have
βλ−1(1 +Kθ)

2 < 1. (4.11)

(H1)C1 Assume (H1)lip. The functions A± ∈ C2(Td;LΓ(`∞)), B ∈ C2(Td;LΓ(Rd)), ω ∈ C1(Bδ;Td) and
f = fν ∈ C1

Γ(Mδ). Moreover, for all θ ∈ Td,

‖A−(θ)‖LΓ(`∞), ‖A+(θ)−1‖LΓ(`∞) ≤ λ−1, ‖B−1(θ)‖LΓ(Rd) ≤ β,

sup
j=1,2

‖∂jθA±(θ)‖LΓ(`∞), sup
j=1,2

‖∂jθB(θ)‖LΓ(Rd) ≤ K,
(4.12)

and
sup

(x,y,r)∈Bδ
‖Dω(x, y, r)‖LΓ(`∞×`∞×Rd;Rd) ≤ K. (4.13)

(H2)C1 Assume (H2)lip. For j = 1, 2, 4 we have that fj(ν; 0, 0, θ, 0) = 0 and for all w ∈Mδ

‖Dfk(ν;w)‖LΓ(TM;`∞) ≤ L(δ, µ), k = 1, 2,

‖Df4(ν;w)‖LΓ(TM;Rd) ≤ L(δ, µ),

where TM is the tangent space ofM, which is isomorphic to `∞×`∞×Rd×Rd. Moreover the derivatives
with respect to θ have the following bounds:

‖∂θfk(ν;x, y, θ, r)‖LΓ(Rd;`∞) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) , k = 1, 2,

‖∂θf4(ν;x, y, θ, r)‖LΓ(Rd) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) .
(4.14)

(H3)C1 Assume (H3)lip. The function f3 satisfies the following

sup
w∈Mδ

‖∂θf3(w)‖LΓ(Rd) ≤ Kθ,

sup
w∈Mδ

‖Df3(ν;w)‖LΓ(M;Rd) ≤ K.

(H4)C1 For j = 1, 2, 4 the derivatives of the function fj are Lipschitz onMδ and

Lipx,v∂sfj ≤ K, s = x, v, θ,

Lipv∂θfj ≤ K, (4.15)
Lipθ∂sfj ≤ L(δ, µ), s = x, v,

Lipθ∂θfj(x, y, r) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d),
Lip ∂s ω ≤ K, s = x, v.

Moreover, the derivatives of the function f3 are Lipschitz onMδ , more precisely

Lip ∂sf3 ≤ K, s = x, y, θ, r.

(H5)C1 Assume (H4)lip. The derivatives ∂νfj , j = 1, 2, 3, 4, satisfy the same estimates of the derivatives with
respect to the angles ∂θfj appearing in (H2)C1 − (H5)C1 .

Remark 4.3. The assumption (H1)C1 could be weakened by requiring that ∂θA±, ∂θB are Lipschitz functions,
instead of C1. However our model (1.1) satisfies even stronger assumptions, so we make this choice to simplify
the exposition.

Theorem 4.4. Assume F : Mδ → M satisfies (H0)C1 -(H4)C1 . Then there exist δ1 > 0 and µ1 > 0 such that
for all δ ∈ (0, δ1) and µ ∈ (0, µ1) the function γsν(x, θ) given by Theorem 4.1, whose graph is the stable manifold
of T0, has the following properties.

• It is C1
Γ(Bδ(`

∞)× Td; `∞ × Rd) and

‖γsν‖C1
Γ(Bδ(`∞)×Td) ≤ O(δ + L). (4.16)
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• For all j ∈ Zm
γsν : Bδ(Σj,Γ)× Td → Σj,Γ × Rd

and
‖γsν‖C1

Γ(Bδ(Σj,Γ)×Td) ≤ O(δ + L).

Moreover if we assume (H5)C1 and that the regularity conditions stated above hold also considering ν as an
additional angle then γsν is C1

Γ with respect to (x, θ) and C1 with respect to ν ∈ (0, µ).

4.1.3 C2
Γ regularity of the invariant manifolds

Recall the definitions (4.10) and (2.2). Let us define

L2
xx := L2

Γ(`∞; `∞ × Rd), Exx := C0(Bδ(`
∞)× Td;L2

xx),

L2
θθ := L2

Γ(Rd; `∞ × Rd), Eθθ := C0(Bδ(`
∞)× Td;L2

θθ),

L2
xθ := L2

Γ(`∞,Rd; `∞ × Rd), Exθ := C0(Bδ(`
∞)× Td;L2

xθ).

We assume that there exist constants K,Kθ such that

(H0)C2 We have
λ−1β(1 +Kθ)

3 < 1. (4.17)

(H1)C2 Assume (H1)C1 . The functions A±, B ∈ C3
Γ(Td;LΓ(`∞)), ω ∈ C2

Γ(B(δ);Td) and f = fν are C2
Γ(Mδ)

with respect to w. Moreover for all θ ∈ Td

‖A−(θ)‖LΓ(`∞), ‖A+(θ)−1‖LΓ(`∞) ≤ λ−1, ‖B−1(θ)‖LΓ(Rd) ≤ β,

sup
j=1,2

‖∂jθA±(θ)‖LΓ(`∞), sup
j=1,2

‖∂jθB(θ)‖LΓ(Rd) ≤ K,
(4.18)

and

sup
w∈Mδ

sup
j=1,2

‖Djf3(ν;w)‖LjΓ(TM;Rd) ≤ K,

sup
(x,y,r)∈Bδ

sup
j=1,2

‖Djω(x, y, r)‖LjΓ(`∞×`∞×Rd;Rd) ≤ K.

(H2)C2 Assume (H2)C1 . For w ∈Mδ , we have

‖D2fk(ν;w)‖L2
Γ(TM;`∞) ≤ K, k = 1, 2,

‖D2f4(ν;w)‖L2
Γ(TM;Rd) ≤ K,

‖∂2
θfk(ν;x, y, θ, r)‖L2

Γ(Rd;`∞) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) , k = 1, 2,

‖∂2
θf4(ν;x, y, θ, r)‖L2

Γ(Rd) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) .

(H3)C2 Assume (H3)C1 -(H4)C1 . The second order derivatives of fν are Lipschitz onMδ , more precisely

Lip ∂2
s,s′fj ≤ K, s, s′ = x, y, θ, r, j = 1, 2, 3, 4,

Lipθ∂
2
θfj(w) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d), j = 1, 2, 4,

Lip ∂2
s,s′ω ≤ K, s, s′ = x, y, r.

(H4)C2 Assume (H5)C1 . The function f is C2 with respect to ν and we have

‖∂2
νfk(ν;x, y, θ, r)‖`∞ ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d), k = 1, 2,

|∂2
νf4(ν;x, y, θ, r)|d ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d),

sup
w∈Mδ

|∂2
νf3(ν;w)|d ≤ K.
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Theorem 4.5. Let F : Mδ →M satisfies (H0)C2 -(H3)C2 . Then there exist δ2 > 0 and µ2 > 0 such that for all
δ ∈ (0, δ2) and µ ∈ (0, µ2) the function γsν(x, θ) given by Theorem 4.1, whose graph is the stable manifold of T0,
is C2

Γ(Bδ(`
∞)× Td). If F also satisfies (H4)C2 , then γsν is C2 with respect to ν ∈ (0, µ).

Moreover, for all j ∈ Zm,
γsν : Bδ(Σj,Γ)× Td → Σj,Γ × Rd.

and
‖γsν‖C2

Γ(Bδ(Σj,Γ)×Td) ≤ C

for some C = C(j) > 0.

4.2 Invariant manifolds for flows
In Section 4.1 we have proved the existence of C2

Γ invariant manifolds of invariant tori of maps under certain
hypotheses (see Theorems 4.1, 4.4 and 4.5). We devote this section to state an analogous theorem for flows.

Let us consider a C2
Γ vector field Xν defined onMδ . We assume that it is of the form Xν = X0 + Fν with

X0(w) =


A−(θ)x
A+(θ)y
ω̃(x, y, r)
B(θ)r


and

Fν(w) =
(
F1(ν;w),F2(ν;w),F3(ν;w),F4(ν;w)

)
where (recall the notation (4.1))

A±(θ) ∈ LΓ(`∞Sc), B(θ) ∈ LΓ(RdS)

and F1,F2(ν; ·) : Mδ → `∞Sc , F3(ν; ·) : Mδ → TdS , F4(ν; ·) : Mδ → RdS . We also assume that

T0 := {x = 0, y = 0, r = 0}

is an invariant torus for the flow associated to the vector field map Fν for all ν ∈ (0, µ) and we define

ω̃0 = ω̃(0, 0, 0). (4.19)

We provide a theorem of existence of local invariant manifolds for T0

Let us first start by stating the needed hypotheses. As in Section 4.1, we consider a non-negative continuous
function L(δ, µ) such that L(0, 0) = 0. We assume that there exist constants λ̃, β̃ > 0, K̃, K̃θ > 0 such that

(H0)f We have
λ̃− β̃ > 0. (4.20)

(H1)f The functions A± ∈ C3(Td;LΓ(`∞)),B ∈ C3(Td;LΓ(Rd)), ω̃ ∈ C2(Bδ;Td) and F = Fν ∈ C2
Γ(Mδ).

Moreover, for all θ ∈ Td,

‖e
∫ t
0
A−(θ+ω̃0s)ds‖LΓ(`∞), ‖e

∫−t
0
A+(θ+ω̃0s)ds‖LΓ(`∞) ≤ e−λ̃t, for all t ≥ 0 and θ ∈ Td

‖e
∫ t
0
B(θ+ω̃0s)ds‖LΓ(Rd) ≤ eβ̃|t|, for all t ∈ R and θ ∈ Td

and

sup
j=1,2,3

‖∂jθA±(θ)‖LΓ(`∞), sup
j=1,2,3

‖∂jθB(θ)‖LΓ(Rd), sup
(x,y,r)∈Bδ,j=1,2

‖Dω̃(x, y, r)‖LΓ(`∞×`∞×Rd,Rd) ≤ K̃.

Note that in the case that the matrices A± and B are constant (as happens in (3.7)), the exponential matrices
above are just eA±t and eBt.
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(H2)f For j = 1, 2, 4 we have that Fj(ν; 0, 0, θ, 0) = 0 and for all w ∈Mδ

‖DFk(ν;w)‖LΓ(TM;`∞) ≤ L(δ, µ), k = 1, 2,

‖DF4(ν;w)‖LΓ(TM;Rd) ≤ L(δ, µ)

‖D2Fk(ν;w)‖L2
Γ(TM;`∞) ≤ K̃, k = 1, 2

‖D2F4(ν;w)‖L2
Γ(TM;Rd) ≤ K̃, k = 1, 2

where TM is the tangent space ofM, which is isomorphic to `∞×`∞×Rd×Rd. Moreover the derivatives
with respect to θ have the following bounds

‖∂θFk(ν;x, y, θ, r)‖LΓ(Rd;`∞) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) , k = 1, 2,

‖∂θF4(ν;x, y, θ, r)‖LΓ(Rd;Rd) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d)
‖∂2
θFk(ν;x, y, θ, r)‖L2

Γ(Rd;`∞) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) , k = 1, 2,

‖∂2
θF4(ν;x, y, θ, r)‖L2

Γ(Rd;Rd) ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d) .

and

‖∂θsFk(ν;x, y, θ, r)‖L2
Γ(Rd,Y ;`∞) ≤ L(δ, µ), k = 1, 2,

‖∂θsF4(ν;x, y, θ, r)‖L2
Γ(Rd,Y ;Rd) ≤ L(δ, µ).

where s = x, y, r and Y = `∞ (when s = x, y) and Y = Rd (when s = r).

(H3)f The function F3 satisfies the following

sup
w∈Mδ

‖∂θF3(w)‖LΓ(Rd) ≤ K̃θ,

sup
w∈Mδ,j=1,2

‖DjF3(ν;w)‖LjΓ(TM,Rd) ≤ K̃.

(H4)f The second order derivatives are Lipschitz onMδ , namely

Lip ∂2
s,s′Fj ≤ K̃, s, s′ = x, y, θ, r, j = 1, 2, 3, 4,

Lipθ∂
2
θFj(x, y, r) ≤ K̃(‖x‖`∞ + ‖y‖`∞ + |r|d), j = 1, 2, 4,

Lip ∂2
s,s′ω ≤ K̃, s, s′ = x, y, r.

(H5)f The function F is C2 with respect to ν and we have

‖∂2
νFk(ν;x, y, θ, r)‖`∞ ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d), k = 1, 2,

|∂2
νF4(ν;x, y, θ, r)|d ≤ K(‖x‖`∞ + ‖y‖`∞ + |r|d),

sup
w∈Mδ

|∂2
νF3(ν;w)|d ≤ K

Moreover, the Lipschitz constant of the second derivatives of Fk satisfy also (H4)f treating ν as an extra
component of the angle θ.

Theorem 4.6. Let Xν be a C2
Γ vector field defined onMδ of the form Xν = X0 + Fν . Assume that it satisfies

(H0)f -(H4)f . Then there exist δ0 > 0 and µ0 > 0 such that, for all δ ∈ (0, δ0) and µ ∈ (0, µ0), the Xν-
invariant torus T0 possesses a stable invariant manifold which can be represented as graph of a C2

Γ function
γsν(x, θ) ∈ C2

Γ(Bδ(`
∞)× Td; `∞ × Rd) that satisfies

• γsν(0, θ) = 0. Moreover, its C1
Γ norm is of order δ + L(δ, µ) and

sup
(x,θ,ν)∈Bδ(`∞)×Td×(0,µ)

‖γsν(x, θ)‖`∞×Rd ≤ O(δ2 + δ L(δ, µ)).

• The iterates of the points (x, θ, γsν(x, θ)) tend to the torus exponentially fast with asymptotic rate bounded
by eλ̃t as t→ −∞.
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If we also impose (H5)f , γsν is also C2 with respect to ν. Moreover for all j ∈ Zm

γsν : Bδ(Σj,Γ)× Td → Σj,Γ × Rd,

γsν ∈ C2
Γ(Bδ(Σj,Γ)× Td) and its C1

Γ norm is of order δ + L(δ, µ).

Note that this theorem implies easily Theorem 3.4. Indeed, it is straightforward to verify Hypotheses (H1)f -
(H4)f for the vector field (3.7) (see also (3.8)). Note also that one can also verify Hypothesis (H5)f with respect
to the parameter ε.

We devote the rest of the section to deduce Theorem 4.6 from Theorems 4.1, 4.4, 4.5.

Proof. Denote by Φt the flow defined by the vector field Xν . It is easy to check by a classical Picard iteration
argument that, for any fixed T > 0, there exists δ > 0 small enough so that

Φt :Mδ →MCδ

for some C > 0 independent of δ and t ∈ [−T, T ].
We take T � 1 and we write ΦT in a particular form so that Hypotheses (H1)f -(H5)f can be verified. First

note, that Xν can be written as Xν = X̃0 + F̃ν where

X̃0(w) =


A−(θ)x
A+(θ)y
ω̃0

B(θ)r


(see (4.19)) and F̃k(ν;w) = Fk(ν;w) for k = 1, 2, 4 and

F̃3(ν;w) = F3(ν;w) + ω̃(x, y, r)− ω̃(0, 0, 0).

One can easily check that X̃0 and F̃ν also satisfy Hypotheses (H1)f -(H5)f .
We use this rewriting of Xν to write Φt in a particular form. First note that, denoting by Φt0 the flow of X̃0, one

has that

Φt0(x, y, r, θ) =


e
∫ t
0
A−(θ+ω̃0s)dsx

e
∫ t
0
A+(θ+ω̃0s)dsy
θ + ω̃0t

e
∫ t
0
B(θ+ω̃0s)dsr

 .

Then, following the notation in Section 4.1 and applying Duhamel formula, one can write ΦT as

ΦT = FT0 (w) + fTν (w)

where FT0 (w) = ΦT0 (w) and

fT1 (w) =

∫ T

0

e
∫ T
t
A−(θ+ω̃0s)dsF̃1(ν; Φt(w))dt

fT2 (w) =

∫ T

0

e
∫ T
t
A+(θ+ω̃0s)dsF̃2(ν; Φt(w))dt

fT3 (w) =

∫ T

0

F̃3(ν; Φt(w))dt

fT4 (w) =

∫ T

0

e
∫ T
t
B(θ+ω̃0s)dsF̃4(ν; Φt(w))dt.

Fixing T � 1 and δ > 0 small enough, it is straightforward to check that FT0 and fTν satisfy the Hypotheses
(H1)f -(H5)f .

In particular, for T > 0 large enough, (4.17) is satisfied. Indeed, on the one hand

λ−1 ≤ e−λ̃T , β ≤ eβ̃T
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and on the other hand
Kθ . TK̃θ, K . TK̃.

Therefore, there exists T ∗ such that for T ≥ T ∗ one has the inequality (4.17). Then, Theorems 4.1, 4.4, 4.5 imply
the existence of the torus stable invariant manifold for the map ΦT for T ≥ T ∗. We denote this parameterization
by γT . Note that it is defined in BδT (`∞)× Td for some δT > 0 which may depend on T .

Then, it only remains to show that γT is independent of T . This would imply that γ = γT is invariant by the
flow Φt. Note that it is enough to show that there exists 0 < η � 1 so that for any T1, T2 ∈ [T ∗, T ∗ + η] one has
γT1 = γT2 since this implies that the vector field is tangent to the invariant manifold.

First note that using the uniqueness of the invariant manifold, for any n ∈ N, γT = γnT since γT is both
invariant under ΦT and under its n-iterate ΦnT . Reasoning analogously, one has that γT = γqT for any q ∈ Q.

Note moreover, that it is easy to check that there exists δ0 such that for any T ∈ [T ∗, T ∗ + η], γT is defined in
Bδ0(`∞)× Td. Then, the family of parameterizations γT for T ∈ [T ∗, T ∗ + η] are defined in a common domain.
Moreover, by Hypothesis6 (H5)f they are C2 with respect to T and γT coincides with γT

∗
for all T = qT ∗ with

q ∈ Q. Thus, we can conclude that γ is independent of T . This completes the proof of Theorem 4.6.

5 Transverse intersection of invariant manifolds and construction of the
transition chain

We devote this section to prove Theorem 3.8.Note that it can be split into two separate statements:

1. There exists a sequence of invariant tori connected by heteroclinic orbits.

2. These heteroclinic orbits are transverse (in the sense of Definition 3.6).

Typically, in finite dimensional settings, both statements are proven simultaneously since one relies on transversal-
ity to construct the connecting orbits (see, for instance, [1, 24]). This is not the case in the present paper. We first
construct the chain and then we show that all the heteroclinics involved in the chain are transverse.

Indeed, as explained in Section 3, the Hamiltonian H possesses the 6-dimensional invariant subspaces Vi in
(3.1) (see Hypotheses H1 and H2). All the tori involved in the transition chain that Theorem 3.8 will provide
belong to these invariant subspaces.

In Section 5.1, we construct the chain within Vi relying on finite dimensional techniques. Such techniques
provide a sequence of heteroclinic orbits which are transverse within Vi but such analysis does not imply transver-
sality in the full infinite dimensional phase space. Then, in Section 5.2, we show that the heteroclinic orbits that
we have constructed are indeed transverse (in the sense of Definition 3.6).

Let us give more details on how to achieve these two steps.
For the first step, note that, even if we deal with formal Hamiltonians, when restricting to Vi the energy is well

defined. At a fixed energy level h, there are the 3-dimensional invariant cylinders introduced in 3.10,

Λi =
{

(q, p) ∈ Vi ∩H−1(h) : qσi+2
= pσi+2

= 0
}
.

Note that these cylinders are not normally hyperbolic since they possess the periodic orbits Pσi and Pσi+1 intro-
duced in (3.4), whose hyperbolicity within Λi is as strong as the normal one. However, for any δ > 0,

Λi,δ = {(q, p) ∈ Λi : Ei(q, p) ∈ (δ, h− δ)} (5.1)

is a 3-dimensional normally hyperbolic invariant manifold both for ε = 0 and for 0 < ε� 1.
We construct the chain of heteroclinics connecting different invariant tori of either dimension one or two given

by Theorem 3.8 in two substeps. First we construct the “piece” of the transition chain connecting tori in Λi,δ ,
that is along the normally hyperbolic invariant manifold. This is what we call the Arnold regime and relies on
classical techniques (see [1, 24]). Then, we show how to extend the chain to reach the periodic orbits Pσj , Pσj+1

,
the jumping regime. This is somewhat less standard and it is proven in full detail in Lemma 5.2 below. It strongly
relies on the fact that, thanks to Hypothesis H2 the dynamics on the cylinder is integrable and one can extend

6Note that Hypothesis (H5)f only admits dependence on the parameter ν on fν but not on F0. This is not the case for the parameter T
and the map ΦT = FT0 + fTν since the two terms in the sum depend on T . However, note that one can just fix T0 and define F̃0 = FT0

0 and
f̃ν = fTν + FT0 − F

T0
0 accordingly. The new maps satisfy the same hypothesis as before and also H5 for the parameter T
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the classical Melnikov Theory for normally hyperbolic invariant cylinders to reach the invariant manifolds of the
periodic orbits (where normal hyperbolicity is lost).

The heteroclinics obtained in Step 1 are transverse within Vi. In Section 5.2, we show that they are also
transverse in the infinite dimensional setting in the sense of Definition 3.6. To this end, we need to regard these
heteroclinics as orbits in the full phase space. As seen in Figure 6, these heteroclinics are as follows. For the
pendulums within Vi (Pendulum 1,2,3 in Figure 6) one has the classical picture of transverse invariant manifolds
(the transversality in this direction has been given by the Step 1 of the proof). The transverse intersection point
(surrounded by the green circle) corresponds to the heteroclinic orbit that we consider. On the contrary, projecting
onto the other pendulums (Pendulums 4 and 5 in the figure), this heteroclinic corresponds to the origin, that is the
saddle. Now, note that the invariant manifolds of the torus projected to these pendulums are transverse at the origin
even for the unperturbed Hamiltonian. Then, in Proposition 5.4, by an Implicit Function Theorem argument, we
prove that the transversality in this direction still holds for the perturbed Hamiltonian.

The 6-dimensional invariant subspace

Figure 6: Transverse heteroclinic orbits between tori. Note that the transversality is of different “nature” in different
directions. In the first pendulum the transversality is achieved thanks to the perturbation by means of Melnikov
Theory, whereas for the other (infinitely many) pendulums the transversality comes from the fact that the invariant
manifolds of the pendulum intersect transversally at the saddle already for the unperturbed problem and this is
robust for the perturbed one.

5.1 The transition chain and transversality within 6 dimensional invariant subspaces
To analyze the existence of transverse heteroclinic orbits in the subspace Vi we distinguish two “regimes”. First we
analyze the invariant tori in the normally hyperbolic invariant cylinder Λi,δ in (5.1). Later we analyze the invariant
tori in δ-neighborhoods of the periodic orbits Pσi and Pσi+1

(see (3.4)).
We consider the intersection of the invariant manifolds of the invariant tori with the invariant subspace Vi which

we denote by
Wu
ε,Vi(T) = Wu

ε (T) ∩ Vi,

where T denotes any of the tori in (3.4).

Lemma 5.1. Fix δ > 0 small. Assume that H satisfies H1,H2,H3. Then, there exists ε0 > 0 such, that for any
ε ∈ (0, ε0), there exist K > 0 and a sequence of two-dimensional tori Ti,k ⊂ Λi, k = 0 . . .K such that

Eσi(Ti,0) ∈ (0, δ) and Eσi(Ti,K) ∈ (h, h− δ)

and
Wu
ε,Vi(Ti.k) tVi W

s
ε,Vi(Ti,k+1)

where tVi denotes transversality in the sense of Defintion 3.6 applied to the invariant subspace Vi.

This lemma is a consequence of Melnikov Theory. Its proof goes back to [1]. A more modern proof can
be found in [24] which relies on the so called scattering map. Note that in these papers, the dynamics of the
unperturbed Hamiltonian on the cylinder is given already in action angle coordinates. Even if this is not the case
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in the present setting, the proof follows the same lines as [24] since the scattering map is defined independently of
the choice of coordinates.

Hypothesis H3.1 ensures that the invariant manifolds of the normally hyperbolic invariant cylinder Λj,δ are
transverse. This allows to define scattering maps locally at these transverse intersections. Hypothesis H3.2 ensures
that these scattering maps are such that the image of the level sets of the energy Ej is transverse to the level sets.
This implies that there are heteroclinic connections between “close enough” tori.

Lemma 5.1 give a transition chain that “connects” invariant tori which are δ-close to the periodic orbits Pσi
and Pσi+1

. The next lemma extend the transition chain to reach these periodic orbits (see Figure 4).

Lemma 5.2. Fix δ > 0 small. Assume that H satisfies H1,H2,H3 and H4. Then there exists ε0 > 0 such that
for any ε ∈ (0, ε0) there exist K ′ > 0 and a sequence of tori T′i,k ⊂ Λi, k = 1 . . .K ′ where T′i,K′ = Ti,0 is the
torus obtained in Lemma 5.1 such that

Wu
ε,Vi(Pσj ) tVi W

s
ε,Vi(T

′
i,0) and Wu

ε,Vi(Ti,k) tVi W
s
ε,Vi(Ti,k+1) for k = 0, . . .K ′.

Note that for Lemma 5.2 one cannot apply the scattering map technology since in this setting Λi is not a
normally hyperbolic cylinder anymore. Instead, we use the classical Arnold approach [1] to deal directly with the
invariant manifolds of the periodic and the invariant tori and look for their intersections. Note that this approach
could also have been used in Lemma 5.1. We have used instead the scattering map to emphasize that that lemma
deals with the “classical” a priori unstable setting.

Proof of Lemma 5.2. We show how to connect Pσi with the torus T′i,0 (to be chosen). Note that the stable/unstable
invariant manifolds of these objects are three dimensional within a five dimensional energy level. Therefore, to
analyze the breakdown of the homoclinic channels and the possible connections between different objects we have
to fix a two dimensional section transverse to the unperturbed homoclinic manifold to Pσi .

We consider a section transverse to the homoclinic manifolds of the periodic orbit Pσi and the invariant tori
“close to it”. Let us call Π = Π(xi, τ1, τ2) the 2-dimensional affine subspace passing through a given point
z̃0 = z̃0(0, xi, τ1, τ2) of the homoclinic manifold of Pσi and spanned by the vectors ∇Eσi+1

(z̃0), ∇Eσi+2
(z̃0),

with
z̃0(t, xi, τ1, τ2) = Φt0(z̃0(0, xi, τ1, τ2))

=
(
qh(t, xj), ph(t, xj), q0(τ1 + t), p0(τ1 + t), q0(τ2 + t), p0(τ2 + t)

)
,

(5.2)

where (qh(t, xi), ph(t, xi)) is the periodic orbit contained in {Eσi = h,Eσi+1 = Eσi+2 = 0} such that qh(0, xi) =
xi ∈ T and (q0(τk), p0(τk)) is the homoclinic orbit of the pendulum σi+k with k = 1, 2. The section Π(xi, τ1, τ2)
is transverse to the homoclinic manifold of Pσi and, for ε > 0 small enough, also to the invariant manifolds
W s,u
ε,Vi(Pσi).

Fix T > 0. Since the invariant manifolds are regular with respect to parameters, for 0 < ε� 1 and any

(xi, τ1, τ2) ∈ T× [−T, T ]2 (5.3)

there are points z̃s,u = z̃s,u(xi, τ1, τ2) which belong to the intersection of W s,u
ε,Vi(Pσi) with Π(xi, τ1, τ2). In

particular these points satisfy

z̃s,u = z̃s,u(xi, τ1, τ2) = z̃0(0, xi, τ1, τ2) +OC1(ε).7

To measure the distance between these points in Π we use the energies of the pendulums σi+1, σi+2

dσi+k(z̃u, z̃s) = Eσi+k(z̃u)− Eσi+k(z̃s), k = 1, 2.

Let us denote by
z̃s,u(t, xi, τ1, τ2) = Φtε(z̃

s,u(xi, τ1, τ2)).

Then

Eσi+k(z̃s(xi, τ1, τ2)) = Eσi+k(z̃s(t, xi, τ1, τ2))−
∫ t

0

(
d

dt
Eσi+k(z̃s(t, xi, τ1, τ2))

)
dt

= Eσi+k(z̃s(t, xi, τ1, τ2))− ε
∫ t

0

{Eσi+k , H1,i} ◦ Φt
ε(z̃

s(xi, τ1, τ2)) dt

7Since we are in a finite dimensional setting decay plays no role.
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Since the forward iterates of z̃s tend to the periodic orbit Pσi and Eσi+k(Pσi) = 0, k = 1, 2, when we let t tends
to +∞ we get

Eσi+k(z̃s(xi, τ1, τ2)) = ε

∫ +∞

0

{H1,i, Eσi+k} ◦ Φt
ε(z̃

s(xi, τ1, τ2)) dt

and reasoning analogously

Eσi+k(z̃u(xi, τ1, τ2)) = ε

∫ 0

−∞
{H1,i, Eσi+k} ◦ Φt

ε(z̃
u(xi, τ1, τ2)) dt.

Since the perturbation H1 vanishes on the cylinder Λ̃i, by hyperbolicity we have

‖Φt
ε(z̃

s(xi, τ1, τ2))− Φt
0(z̃0(0, xi, τ1, τ2))‖ ≤ Cεe−νt ∀t ≥ 0 (5.4)

for some C > 0 and ν > 0 independent of ε. The same estimate holds for the derivatives in xi, τ1 and τ2.
Reasoning in the same way for Φt

ε(z
u(xi, τ1, τ2)) for t ≤ 0 we conclude that

Eσi+k(z̃u)− Eσi+k(z̃s) = εMσi+k(h, xi, τ1, τ2) +O(ε2)

whereMσi+k(xj , t1, t2) is the Melnikov function

Mσi+k(h, xi, τ1, τ2) =

∫ +∞

−∞
{H1,i, Eσi+k} ◦ Φt

0(z̃0(0, xi, τ1, τ2)) dt

and H1,j is the Hamiltonian introduced in (3.2). Note thatMσi+1 = ∂t1L̃j andMσi+2 = ∂t2L̃j (see (3.5)).
Hypothesis H4 ensures the existence of transverse critical points of L̃j . Then, the Implicit Function Theorem

gives the existence of non-degenerate zeros of the distances dσj+1 and dσj+2 which are ε-close to these critical
points. These zeros correspond to transverse homoclinic orbits to Pσj .

We show that, from the existence of transverse homoclinic orbits to Pσj , one can construct heteroclinic connec-
tions between Pσj and 2-dimensional tori Tσi,σi+1

= {Eσi = hi, Eσi+1
= h−hi, Eσi+2

= 0}with h−hi = O(ε).
A similar idea, in a different context, was used in [39].

For ε > 0 small enough, since h − hi = O(ε), the section Π(xi, τ1, τ2) is transversal to the homoclinic
manifold of Tσi,σi+1 and to the invariant manifolds W s,u

ε,Vi(Ti). Let us define with

Φt0(z0(0, xi, τ1, τ2)) = z0(t, xi, τ1, τ2)

=
(
qhi(t, xi), phi(t, xi), qh−hi(τ1 + t), ph−hi(τ1 + t), q0(τ2 + t), p0(τ2 + t)

)
,

where (qh−hi(τ1), ph−hi(τ1)) is the periodic orbit contained in {Eσi = h,Eσi+1
= h− hi, Eσi+2

= 0} such that
qh−hi(0) = π. Let us call zs,u = zs,u(xi, τ1, τ2) points in the intersection W s,u

ε,Vi(Ti) ∩ Π(xi, τ1, τ2). To find
heteroclinic connections between the periodic orbit Pσi and the torus Tσi,σi+1 we measure the distance

dσi+k(z̃u, zs) = Eσi+k(z̃u)− Eσi+k(zs) k = 1, 2.

By reasoning as before we get

Eσi+k(z̃u) = ε

∫ 0

−∞
{H1,i, Eσi+k} ◦ Φt

0(z̃0) dt +O(ε2), k = σi+1, σi+2,

Eσi+k(zs) =

h− hi + ε
∫ +∞

0
{H1,i, Eσi+1} ◦ Φt

0(z0) dt +O(ε2) k = 1,

ε
∫ +∞

0
{H1,i, Eσi+2

} ◦ Φt
0(z0) dt +O(ε2) k = 2.

Note that the term h − hi in Eσi+1
(zs) arises from the fact that the iterates of zs tend to the torus Tσi+1,σi+2

and
then

lim
t→+∞

Eσi+1
(zs(t, τ0, τ1, τ2)) = h− hi.

Now we claim that
Eσi+k(zs)− Eσi+k(z̃s) = O(ε2 log ε), k = 1, 2.
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Indeed, by uniform hyperbolicity and the fact that the vector field of H1 vanishes at the torus, the integral decays
exponentially and so ∫ +∞

c| log(ε)|

∣∣{H1,i, Eσi+k} ◦ Φt
0(z0)

∣∣ dt = O(ε)

for opportune c > 0 independent of ε, and, since h− hi = O(ε),

Φt
0(z0) = Φt

0(z̃0) +OC1(ε), ∀t ∈ [−c| log ε|, c| log(ε)|].

and therefore ∫ c| log(ε)|

0

∣∣{H1,i, Eσi+k} ◦ Φt
0(z0)− {H1,i, Eσi+k} ◦ Φt

0(z̃0)
∣∣ dt = O(ε log ε).

Then, we can conclude that

Eσi+1(z̃u)− Eσi+1(zs) = h− hi + εMσi+1(h, xi, τ1, τ2) +O(ε2 log ε),

Eσi+2
(z̃u)− Eσi+2

(zs) = εMσi+2
(h, xi, τ1, τ2) +O(ε2 log ε).

Then if h − hi ≤ κε, for an opportune small κ > 0, one can proceed as in the homoclinc case explained above
to find zeros of the above equations, which give rise to heteroclinic connections between the periodic orbit Pσi
and nearby tori. Proceeding analogously one can connect two nearby tori which are close to the periodic orbit
Pσi . Indeed, note that by changing the parameterization of the unperturbed invariant manifold, one can rewrite the
Melnikov potential (3.3) as

L′j(xj , hj , , tj+1, hj+1, tj+2) =∫ +∞

−∞
H1,j

(
qhj (s, xj), phj (s, xj), qhj+1

(s+ tj+1, 0), phj+1
(s+ tj+1, 0), q0(s+ t), p0(s+ tj+2)

)
dt.

The difference between the two Melnikov potentials is on how one parameterizes the invariant torus, and more
particularly its (j + 1) component. Note that in the (qj+1, pj+1) coordinates now we parameterize the invariant
manifold by the initial time instead of using an initial condition. This implies that whereas Lj is 2π-periodic in xj ,
L′j is T periodic where T is the period of the periodic orbit defined implicitly by Eσj+1

= hj+1. It can be easily
checked that, for hj+1 > 0 small, the Melnikov potential L′j is close to (3.5).

Then Hypothesis H3 implies that, for each hj ∈ (0, h) (and taking hj+1 = h− hj) the function

(tj+1, tj+2)→ L′j(xj , hj , tj+1, hj+1, tj+2)

has non-degenerate critical points. Then, proceeding as in the previous case one can prove that the torus Ej = hj ,
Ej+1 = h−hj with hj ∈ (h, h− δ), has transverse homoclinic connections and from them, construct heteroclinic
connections to nearby tori.

Lemmas 5.1 and Lemma 5.2 imply the following corollary.

Corollary 5.3. Assume that H satisfies H3 and H4. Then there exists ε0 > 0 such that for any ε ∈ (0, ε0) there
exists N > 0 and a sequence of tori Ti,k ⊂ Λi, k = 1 . . . N such that

Wu
ε,Vi(Pσi) tVi W

s
ε,Vi(Ti,0), Wu

ε,Vi(Ti,k) tVi W
s
ε,Vi(Ti,k+1) for k = 0, . . . N − 1

and Wu
ε,Vi(Ti,N ) tVi W

s
ε,Vi(Pσi+1),

where tVi denotes transversality in the sense of Definition 3.6 applied to the invariant subspace Vi.

Note that this corollary gives a sequence of transverse heteroclinic connections. However the transversality
holds when they are considered as orbits in the invariant subspace Vi (within the energy level). To apply the
Lambda Lemma given by Theorem 3.9, one needs that these heteroclinic connections are transverse in the whole
phase space in the sense of Definition 3.6. This is proven in next section.
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5.2 Transversality in the full phase space
In this section we complete the proof of Theorem 3.8 by proving the following.

Proposition 5.4. Assume that H satisfies H1, H2, H3 and H4. Then there exists ε0 > 0 such that, for any
ε ∈ (0, ε0), there exists N > 0 and a sequence of tori Ti,k ⊂ Λi, k = 1 . . . N such that

Wu(Pi) tW
s(Ti,0), Wu(Ti,k) tW s(Ti,k+1) for k = 0, . . . N − 1, and Wu(Ti,N ) tW s(Pi+1)

where t denotes transversality in the whole phase spaceM in the sense of Definition 3.6.

Note that the only difference between this theorem and Corollary 5.3 is that the transversality refers to different
spaces. In the corollary is within (the energy level) in 6 dimensional invariant subspace Vi whereas in Proposition
5.4 is in the infinite dimensional phase space (always in the sense of Definition 3.6). See [25] for a similar analysis
in a finite dimensional setting.

Proof of Proposition 5.4. To prove this proposition, let us consider γ(t), one of the heteroclinic orbits connecting
two of the tori given by Corollary 5.3. To simplify the notation, in this proof we denote these tori by T1 and
T2. They are characterized by Eσi(T`) = h`, ` = 1, 2, for some h1, h2, which are ε-close, and they also satisfy
Eσi+1(T`) = h− h`.

Recall that we have defined

Wu,s
ε,Vi(T`) = Wu,s

ε (T`) ∩ Vi, ` = 1, 2.

Corollary 5.3 implies that Wu
ε,Vi(T1) and W s

ε,Vi(T2) intersect transversally along γ(t) within Vi in the sense of
Definition 3.6. That is, for t ∈ R,

Tγ(t)W
u
ε,Vi(T1)∩Tγ(t)W

s
ε,Vi(T2) = 〈γ̇(t)〉 and Tγ(t)W

u
ε,Vi(T1)+Tγ(t)W

s
ε,Vi(T2) = KerdH|Vi(γ(t)) (5.5)

where 〈γ̇(t)〉 is the one dimensional vector space generated by γ̇(t) and KerdH|ε,Vi(γ(t)) is just the tangent space
of the energy level ofH restricted to Vi at the point γ(t) (recall that even if the HamiltonianH may be only formal,
it becomes well defined when restricted to the finite dimensional subspace Vi (but in any case its differential is well
defined, even if it is not restricted).

Denoting
z = (qσi , pσi , qσi+1 , pσi+1 , qσi+2 , pσi+2), (5.6)

the invariant manifolds Wu
ε,Vi(T1) and W s

ε,Vi(T2) can be parameterized as

zu(xi, xi+1, t, h1, ε) = z0(xi, xi+1, t, h1) + εzu,s1 (xi, xi+1, t, h1, ε)

zs(xi, xi+1, t, h2, ε) = z0(xi, xi+1, t, h2) + εzu,s1 (xi, xi+1, t, h2, ε)
(5.7)

where z0 is the unperturbed homoclinic respectively of T1 and T2, that is,

z0(xi, xi+1, t, h`) = (qh`(0, xi), ph`(0, xi), qh−h`(0, xi), ph−h`(0, xi), q0(t), p0(t)) (5.8)

(recall that h1 and h2 are ε-close). Fix T > 0. Then, for ε small enough, the parameterizations (5.7) are defined
for

xi, xi+1 ∈ T and t ∈ (−∞, T ] (unstable manifold) and t ∈ [−T,+∞) (stable manifold). (5.9)

Now we prove that the “full” invariant manifolds Wu(T1) and W s(T2) also intersect transversally along γ(t) in
the same sense as in (5.5) but in the whole phase space. To this end we “enlarge” the parameterizations (5.7) to
parameterize (a portion of) Wu(T1) and W s(T2) instead of Wu

ε,Vi(T1) and W s
ε,Vi(T2).

To this end, we consider the Moser Normal Form coordinates [57]

(qk, pk) = Φ(uk, vk)

for the integrable Hamiltonians Ek with k 6= σi, σi+1, σi+2. Then,

Ei ◦ Φ(ui, vi) = Ei(uivi) = uivi +O2 (uivi) .
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We introduce the notation

Ii = Zm \ {σi, σi+1, σi+2}, u = {uk}k∈Ii , v = {vk}k∈Ii .

Then, the Hamiltonian (1.1) is transformed into

H (z, u, v) =
∑
k∈Ii

Ek(ukvk) +
∑

k=σi,σi+1,σi+2

Ek(qk, pk) + εH1 (z, u, v)

whereH1 is the perturbation HamiltonianH1 expressed in coordinates (z, u, v), see (5.6) (To simplify the notation
from now on in this section we reorder the variables to “group” the u′ks and v′ks).

Recall that the tori T1,T2 are invariant both for the perturbed and unperturbed flows and are now characterized
as

T` : Eσi(qσi , pσi) = h`, Eσi+1
(qσi+1

, pσi+1
) = h− h`, qσi+2

= pσi+2
= uk = vk = 0, k ∈ Ii, ` = 1, 2

(and h1 and h2 are ε-close). Analogously, the invariant subspaces Vi are now defined as

Vi = {uk = 0, vk = 0 for k ∈ Ii} .

For the unperturbed Hamiltonian (ε = 0), the stable and unstable invariant manifolds of T1, T2 are parameterized
by

Γu0 (xi, xi+1, t, u, h1) = (z0(xi, xi+1, t, h1), u, 0)

Γs0(xi, xi+1, t, v, h2) = (z0(xi, xi+1, t, h2), 0, v)
(5.10)

where z0 is the parameterization given in (5.8).
Note that the homoclinic manifold

Γu0 (xi, xi+1, t, 0, h1) = Γs0(xi, xi+1, t, 0, h2) = (z0(xi, xi+1, t, h2), 0, 0)

is already transverse in the (u, v) directions but it is not transverse in the z = (qi, pi, qi+1, pi+1, qi+2, pi+2)
directions.

Since the invariant manifolds Wu
ε (T1) and W s

ε (T2) are regular with respect to ε, one can consider parameteri-
zations of the perturbed invariant manifolds close to (5.10) (that is, parameterize the perturbed invariant manifolds
as graphs with respect to the unperturbed ones).

Fix δ > 0 and consider T > 0 (see (5.9)) and recall the notation

Bδ(`
∞
Sc) = {u : Sc ⊂ Zm → R : ‖u‖∞ ≤ δ} .

where Sc = Zm \ S and S ⊂ Zm is a finite set (see (2.7)). In this section, we take

S = {σi, σi+1, σi+2}.

Since Theorem 3.4 gives the existence of the invariant manifolds of the invariant tori and their regularity with
respect to parameters, we can ensure that, for t ∈ (−∞, T ] and u ∈ Bδ(`

∞
Sc), the unstable invariant manifold

Wu
ε (T1) has a parameterization of the form

Γuε (xi, xi+1, t, u) = (zu(xi, xi+1, t) + εFuz (xi, xi+1, t, u), u + εFuu (xi, xi+1, t, u), εFuv (xi, xi+1, t, u))

where zu is the parameterization introduced in (5.7) and Fuz , Fuu , Fuv are some C2 functions8. These functions
depend on h1 and ε. We omit this dependence to avoid cluttering the notation. Note that the fact that Vi is invariant
and Wu

ε,Vj is parameterized by (5.7) implies that

Fu∗ (xi, xi+1, t, 0) = 0 for ∗ = z, u, v.

Analogously, for t ∈ [T,+∞) and v ∈ B∞(ρ), one has a paramaterization of W s
ε (T2) of the form

Γsε(xi, xi+1, t, v) = (zs(xi, xi+1, t) + εF sz (xi, xi+1, t, v), εF su (xi, xi+1, t, v), v + εF sv (xi, xi+1, t, v)) .

8Theorem 3.4 proves the stronger statement that they are C2
Γ. However, for this section it is enough to use C2 regularity.
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for some C2 functions F sz , F su , F sv which satisfy

F s∗ (xi, xi+1, t, 0) = 0 for ∗ = z, u, v.

The proof of Proposition 5.4 is a consequence of the particular form of these parameterizations. Indeed, in the Vi
“directions”, that is z = (qσi , pσi , qσi+1

, pσi+1
, qσi+2

, pσi+2
), the u and v are small in C1 norm since

Fuz (xi, xi+1, t, u) = O`∞(u), F sz (xi, xi+1, t, v) = O`∞(v).

Therefore, the transversality obtained in Section 5.1 still holds.
In the (qk, pk), k ∈ Ii, directions or, equivalently (u, v) directions it is enough to check that, for any fixed

(xi, xi+1, t), u = v = 0 is a transverse zero of the function

G(u, v) =

(
u + εFuu (xi, xi+1, t, u)− εF su (xi, xi+1, t, v)
εFuv (xi, xi+1, t, u)− v− εF sv (xj , xi+1, t, v)

)
which measures the distance of the invariant manifolds on the plane u, v. Since

∂(u,v)G|(u,v)=(0,0) =

(
1 + ε∂uF

u
u |u=0 0

0 1 + ε∂uF
s
v |v=0

)
and Fuu ,F sv are C1 functions, taking ε > 0 small enough we easily deduce that u = v = 0 is a transverse zero of
G.

The same argument can be carried out to prove the transversality of the invariant manifolds along heteroclinic
orbits between the periodic orbit Pi and the torus Ti,0.

6 The Lambda lemma
In this section we prove a Lambda lemma for finite dimensional quasi-periodic non-resonant tori in an infinite
dimensional setting. As far as the authors know, this is the first Lambda lemma such setting.

In Section 6.1 we provide a Lambda Lemma for maps and in Section 6.2 we explain how to deduce the result
for flows from those proven in the previous section. Theorem 3.9 follows easily from these results.

As far as the authors know, the first Lambda lemma was proven by Palis and De Melo for hyperbolic fixed points
for maps (see [58]). It has been generalized to multiple settings. Of particular importance for the present paper
is the one by Fontich and Martin [27], which provides a Lambda lemma for partially hyperbolic quasi-periodic
nonresonant tori in a finite dimensional setting. Here we generalize their approach to infinite dimensions.

6.1 A Lambda Lemma for maps
To state the Lambda lemma for maps, we use the notations (4.1), (4.5) used in Section 4. Let ν ∈ (0, µ) for some
µ > 0. Let us consider the complete metric spaceM := `∞ × `∞ × Td × Rd and the map

Fν : Mδ := Bδ(`
∞)×Bδ(`∞)× Td ×Bδ(Rd) ⊂M→M,

given by

Fν(w) = F0(w) + fν(w), w := (x, y, θ, r),

F0(w) := (A−(θ)x,A+(θ)y, θ + ω(x, y, r), B(θ) r), fν(w) :=
(
f1(ν;w), f2(ν;w), f3(ν;w), f4(ν;w)

)
f1(ν; ·), f2(ν; ·) : Mδ → `∞, f3(ν; ·) : Mδ → Td, f4(ν; ·) : Mδ → Rd,

(6.1)
where

A±(θ) ∈ LΓ(`∞), B(θ) ∈ LΓ(Rd).

We define ω0 := ω(0, 0, 0). Let us consider the following two hypotheses.
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(H)rot Assume that f3 ∈ C2
Γ(Mδ;Td),

f3(0, 0, θ, 0) = 0 ∀ θ ∈ T

and for (w, ν) ∈Mδ × (0, µ) (recall (4.2))

‖∂θf3(w, ν)‖LΓ(Rn) ≤ Kθ(‖x‖`∞ + ‖y‖`∞ + |r|d),

where δ is introduced in Theorem 4.5 and Kθ is the constant introduced in (4.17).

(H)NR The dynamics on the torus T0 := {x = y = 0, r = 0} is a non-resonant rigid rotation. That is, we assume
that the vector ω0 := ω(0, 0, 0) satisfies

ω0k +m 6= 0 for any k ∈ Zd \ {0},m ∈ Z. (6.2)

These two hypotheses are fundamental to prove Theorem 6.2 below. Indeed, it will apply to partially hyperbolic
invariant tori whose dynamics is a rigid rotation with quasi-periodic (non-resonant) frequency (Theorem 6.2 below
is false if the frequency is resonant). Note that currently, in the finite dimensional setting, there are more flexible
Lambda lemmas which apply to “general” normally hyperbolic invariant manifolds (see [59, 34, 37]). However,
here we restrict to quasi-periodic tori, since this is enough for our purposes.

Recall that we ultimately want to prove a Lambda lemma for (formal) Hamiltonian vector fields. That is, for
vector fields with formal first integrals. For this reason, we need a Lambda lemma which applies to maps Fν with
formal first integrals in the sense of Definition 2.8. Associated to the formal first integrals, we also introduce a
related notion of transversality.

Definition 6.1. Consider a map F : Mδ ⊂M→M which has a formal first integral G in the sense of Definition
2.8. Fix p ∈Mδ and consider two Banach submanifoldsN1 andN2 ofM such that p ∈ N1,N2 and are invariant
under F . Then, we say that N1,N2 intersect transversally at p if

1. They satisfy
dim (TpN1 ∩ TpN2) = 1.

2. The map
T : TpN1 × TpN2 → TpM, T (v1, v2) = v1 + v2

is a linear continuous map whose image is equal to KerdG(p).

Let us give some explanation of Item 1 in this definition. The case of having formal first integrals will be
applied ultimately to time T maps of a Hamiltonian flows. Then, one has to take into account that the intersection
of invariant manifolds contain the full trajectories and therefore it must have at least dimension 1 (see Definition
3.6). Item 2 just means that the transversality has to be considered restricted to the leave of the foliation defined
by G (see Remark 2.10).

Next theorem provides a Lambda lemma for the invariant manifolds of quasiperiodic (non-resonant) invariant
tori in various settings, both inMδ andMj,Γ,δ and both for maps with and whithout formal first integrals.

Theorem 6.2. (Lambda Lemma for maps) Consider a map F = Fν of the form (6.1) and assume (H0)C2–
(H4)C2 , (H)NR and (H)rot. Then, the invariant torus T0 := {x = y = 0, r = 0} possesses C2

Γ invariant
manifolds W s,u ⊂M that satisfy the following.

Consider a C1
Γ submanifold Γ ⊂ M which intersects transversally the stable manifold W s at q0 in the sense

of Definition 3.5. Then,

(i) The iterates of Γ satisfy

Wu ⊂
⋃
n≥0

Fn(Γ),

where the closure is taken with respect to theM-topology.

(ii) There exists a submanifold D of Γ diffeomorphic to an open set of `∞ such that if Dn is the connected
component of Fn(D) ∩Mδ which contains Fn(q0) then, for any ε > 0, there exists n0 such that Dn is
ε-close, in the C1

Γ(Mδ) topology, to a subset of Wu if n > n0.

Moreover,
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(iii) Assumes that the map F has a first integral G in the sense of Definition 2.8.

Assume furthermore that Γ intersects transversally W s in the sense of Definition 6.1.

Then, the statements (i) and (ii) are also satisfied.

(iv) If one considers as phase spaceMj,Γ and a C1
Γ submanifold Γ ⊂ Mj,Γ the statements (i), (ii) and (iii)

are also true with respect to the closure in theMj,Γ-topology and the convergence in C1
Γ(Mj,Γ,δ).

The assumptions in Item (iii) are satisfied naturally if the map is the flow at time T of a (formal) Hamiltonian
vector field.

The rest of the Section 6.1 is devoted to the proof of Theorem 6.2. It is organized in two steps in the following
way.

Step 1 In Section 6.1.1, we perform a normal form that puts the map F in a “convenient” form in a neighborhood
of the invariant torus (see Theorem 6.3). Since the Lambda lemma is a coordinate free statement it can be
proven in normal form coordinates. By “convenient” we mean the following:

1. We straighten the stable/unstable invariant manifolds of the torus.

2. We straighten the stable/unstable invariant foliations of the torus.

3. We perform a change of coordinates which puts the differential of the map at the torus in “block-
diagonal” form (with stable, unstable and center blocks).

Step 2 In Section 6.1.2, we complete the proof of Theorem 6.2. That is, we analyze the iterates of the manifold Γ
under the map written in normal form coordinates. The fact that the stable, unstable and center directions
are decoupled (up to small errors), allows us to analyze the stretching and contraction rates of the map in
each direction close to the torus.
Note that the dynamics on the torus is minimal, the hyperbolicity in the (infinite dimensional) stable and un-
stable bundles is uniform and there are spectral gaps between the three bundles. This allows us to implement
the approach in [27] (see also [58]) in infinite dimensions.

Γ

W s(T0)

Wu(T0)

T0

Figure 7: A schematization of the proof of the Lambda Lemma. We first prove that, after some iterations of the
map F , the manifold Γ, intersecting the stable manifold of the torus T0, becomes “aligned” with the unstable
manifold of T0. Then, we show that the image of Γ through the map spreads over the unstable manifold.

6.1.1 A normal form close to the invariant torus

The main result of this section is the following normal form statement.
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Theorem 6.3. Let F be a map of the form (6.1) and assume (H0)C2–(H4)C2 and (H)rot. If δ and µ are small
enough, then there exists a C2

Γ change of coordinates Φ which both maps Mδ to M2δ and Mj,Γ,δ to Mj,Γ,2δ ,
which is O(δ + L) close to the identity in the C1

Γ topology and such that:

F̃ := Φ−1FΦ =
(
Ã−(θ)x, Ã+(θ) y, θ + ω(x, y, r), B̃(θ) r

)
+ f̃(w) (6.3)

where ω is the function introduced in (4.3) and Ã±, B̃, f̃ = (f̃1, f̃2, f̃3, f̃4) are C2
Γ and satisfy:

(i) For θ ∈ Td,

‖Ã±(θ)−A±(θ)‖LΓ(`∞) = O(δ + L), ‖B̃(θ)−B(θ)‖LΓ(Rd) = O(δ + L).

(ii) The restriction of Φ to T0 is the identity.

(iii) The stable and unstable invariant manifolds of T0 are respectively locally expressed by {(x, 0, θ, 0)} and
{(0, y, θ, 0)}.

(iv) We have

f̃1,4(0, y, θ, 0) = 0, ω(0, y, 0) + f̃3(0, y, θ, 0) = ω0,

f̃2,4(x, 0, θ, 0) = 0, ω(x, 0, 0) + f̃3(x, 0, θ, 0) = ω0.

(v) The derivative of F̃ on T0 has the form

DF̃ (0, 0, θ, 0) =


Ã−(θ) 0 0 0

0 Ã+(θ) 0 0
0 0 Id P (θ)

0 0 0 B̃(θ)

 ,

for some function P ∈ C1
Γ(Td;LΓ(Rd;Rd)).

Remark 6.4. The non-resonance assumption (H)NR on the frequency ω0 is not necessary to prove Theorem 6.3.

Proof of Theorem 6.3 We recall that, by Theorem 4.5, we can express the invariant manifolds of T0, W s and Wu,
locally as graphs of functions γs = (γsy, γ

s
r), γu = (γux , γ

u
r ) as

(x, γsy(x, θ), θ, γsr(x, θ)) (x, θ) ∈ Bδ(`∞)× Td,

(γux (y, θ), y, θ, γur (y, θ)) (y, θ) ∈ Bδ(`∞)× Td

for δ small enough. Recall the estimates in Theorem 4.4

‖γs,u‖C1
Γ(Bδ(`∞)×Td;`∞×Rd) ≤ O(δ + L). (6.4)

The first step consists in straightening the invariant manifolds. We achieve this by performing two changes of
variables. First we consider

Φ1(x, y, θ, r) =
(
x+ γux (y, θ), y, θ, r + γur (y, θ)

)
.

It is easy to see that the inverse has the same form

Φ−1
1 (x̃, ỹ, θ̃, r̃) =

(
x̃− γux (ỹ, θ̃), ỹ, θ̃, r̃ − γur (ỹ, θ̃)

)
.

By (6.4), the maps Φ±1
1 are O(δ + L)-close to the identity in the C1

Γ topology. Moreover by the fact that
γs,u(0, θ) = 0, these changes of coordinates are the identity when restricted to T0. Therefore Φ1 is well de-
fined in a neighborhood of T0 and Φ−1

1 FΦ1 has the form (4.3) with some function f̃ instead of f .
We claim that, by the properties of γs,u constructed in Theorem 4.5, we have that f̃ satisfies the same assump-

tions of the function f introduced in Section 4.1.3 and (H)rot.
By direct computations we have that f̃ contains terms of the following form

A−(θ)γux , B(θ)γur , ω(x+ γux , y, r + γur )− ω(x, y, r)
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and fj ◦ Φ−1
1 with j = 1, 2, 3, 4. The fact that the derivatives of at most second order, and the Lipschitz constants

of these derivatives, are bounded on the domainsMδ and Bδ comes by composition. Hence we need to check two
things: (i) the C1

Γ-norm is of orderO(δ+L), (ii) the increment on the θ-variables can be made arbitrarily small by
considering smaller neighborhood of the torus T0 (namely we need estimates like (4.9)). These properties hold for
γu, then it is just a matter of applying the chain rule and the Faa De Bruno formula. We observe that assumption
(H)rot is needed when we consider derivatives with respect to the angles of the term f3.

It is easy to see that the stable invariant manifold reads in these variables (locally) as {x = 0, r = 0}. With
abuse of notation, let γs(x, θ) be the parametrization of the stable manifold in these new variables. The second
change of coordinates is

Φ2(x, y, θ, r) =
(
x, y + γsy(x, θ), θ, r + γsr(x, θ)

)
and its inverse is

Φ−1
2 (x̃, ỹ, θ̃, r̃) =

(
x̃, ỹ − γsy(x̃, θ̃), θ̃, r̃ − γsr(x̃, θ̃)

)
.

Reasoning as before we have that the unstable invariant manifold reads as {y = 0, r = 0} and the conjugated map
has the form (6.3). We observe that Φ±1

2 are the identity on the unstable manifold. We rename Φ−1
2 Φ−1

1 FΦ1Φ2

by F .
Now we find a change of variables such that f̃3 ≡ 0 on the stable manifold W s = {y = 0, r = 0}. We look for a
change of coordinates Φ3 whose inverse has the following form

Φ−1
3 (x, y, θ, r) = (x, y, θ + g(x, θ), r)

and conjugates F restricted to W s to a map F̃ such that, restricted to W s, in the θ-component is just the rotation
with frequency ω0. From the relation F̃ ◦Φ−1

3|Ws
= Φ−1

3 ◦F|Ws we find g(x, θ) by solving the fixed point equation

g(x, θ) = T(g(x, θ)) :=ω(x, 0, 0)− ω0 + f3(x, 0, θ, 0)

+ g
(
A−(θ)x+ f1(x, 0, θ, 0), θ + ω(x, 0, 0) + f3(x, 0, θ, 0)

)
.

(6.5)

We want a C2
Γ-solution g of (6.5) such that Φ−1

3 is invertible. We first prove this in the C1
Γ setting. We introduce

the space
Ξ :=

{
g ∈ C1

Γ(Bδ(`
∞)× Td;Rd) : g(0, θ) = 0 and ‖∂xg‖0, ‖∂θg‖1 <∞

}
where

‖∂xg‖0 := sup
(x,θ)∈Bδ(`∞)×Td

‖∂xg(x, θ)‖LΓ(`∞;Rd), ‖∂θg‖1 := sup
(x,θ)∈Bδ(`∞)×Td,

x6=0

‖∂θg(x, θ)‖LΓ(Rd)

‖x‖`∞
.

We equip this space with the norm
‖g‖Ξ := α0‖∂xg‖0 + α1‖∂θg‖1

for α0, α1 to be opportunely chosen. Let κ ∈ (0, 1) such that κ > (λ−1 + L)(1 +Kθ)
2 (recall (4.11)). We take δ

and µ small enough and choose α0, α1 satisfying the condition

2K

κ− (λ−1 + L)
<
α0

α1
<

(
1

δ

)
κ− (λ−1 + L)(1 +Kθ)

2K(λ−1 + L)
. (6.6)

Now we prove that T maps Ξ into itself. By the definition of ω0, Hypothesis (H)rot and the fact that f1 vanishes
on the torus T0 implies that Tg(0, θ) = 0. By (H1)C1 , (H2)C1 and (H3)C1 we have

‖∂xTg‖0 ≤ 2K + ‖∂xg‖0(λ−1 + L) + 2K‖∂θg‖1(λ−1 + L) δ.

Moreover, (H)rot implies that
‖∂θf3(x, 0, θ, 0)‖LΓ(Rn) ≤ Kθ‖x‖`∞ .

By (H2)C1 (in particular by (4.14)) we have that

‖∂θf1(x, 0, θ, 0)‖LΓ(Rn;`∞) ≤ K‖x‖`∞ .

By the explicit expression of ∂θTg and the above inequalities we deduce that

‖∂θTg‖0 ≤
[
Kθ + 2K‖∂xg‖0 + (λ−1 + L)(1 +Kθ)‖∂θg‖1

]
‖x‖`∞ .
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This proves that T : Ξ → Ξ. Now we see that by considering (6.6) we have that T is a contraction. By the choice
of κ we have that

‖Tg1 − Tg2‖Ξ ≤
(
α0(λ−1 + L) + 2α1K

)
‖∂xg1 − ∂xg2‖0

+
(

2α0 δ K(λ−1 + L) + α1(1 +Kθ)(λ
−1 + L)

)
‖∂θg1 − ∂θg2‖1

≤ κ‖g1 − g2‖Ξ.

To prove that the fixed point is actually of class C2
Γ one can follow word by word the proof of Lemma 7.2 in [30].

To obtain that f̃3 vanishes also on Wu we repeat the same arguments as for Φ3. The desired change of coordinates
has the form Φ4(x, y, θ, r) = (x, y, θ + g̃(y, θ), r) with g̃(0, θ) = 0. Note that Φ4 is the identity on W s.
Thanks to the changes of coordinates Φ1,Φ2,Φ3,Φ4 we have that F̃ has the form (6.3) and the following deriva-
tives vanish at T0

∂xF̃j , j = 2, 3, 4, ∂yF̃j , j = 1, 3, 4, ∂θF̃j , j = 1, 2, 4.

Therefore we have obtained the following

DF̃ (0, 0, θ, 0, ν) =


Ã−(θ) 0 0 h1(θ)

0 Ã+(θ) 0 h2(θ)
0 0 Id h3(θ)

0 0 0 B̃(θ)


for some C1

Γ(Td) functions hj(θ), j = 1, 2, 3 and

‖Ã±(θ)−A±(θ)‖LΓ(`∞) = O(δ + L), ‖B̃(θ)−B(θ)‖LΓ(Rd) = O(δ + L). (6.7)

This comes from the assumptions (H1)C1 , (H2)C1 , (H3)C1 , (H)rot and the C1
Γ-smallness of γs,u (6.4).

We want to prove that there exist aj(θ) ∈ LΓ(Rd; `∞), j = 1, 2 such that a change of coordinates of the form

Φ5(x, y, θ, r) = (x+ a1(θ)r, y + a2(θ)r, θ, r)

is C2
Γ and it gives the differential of G = Φ−1

5 F̃Φ5 on T0 in the desired form (see item (iv)). We observe that Φ5

is the identity on T0. Then G(0, 0, θ, 0) = F̃ (0, 0, θ, 0). We have to impose that

DΦ5(F̃ (0, 0, θ, 0))DG(0, 0, θ, 0) = DF̃ (0, 0, θ, 0)DΦ5(0, 0, θ, 0).

This is equivalent to solve the equations

Ã−(θ) a1(θ) + h1(θ) = a1(θ + ω0) B̃(θ), (6.8)

Ã+(θ) a2(θ) + h2(θ) = a2(θ + ω0) B̃(θ). (6.9)

We show how to find a2(θ). We can invert Ã+(θ) by using (6.7) and Lemma 2.3. Then we write (6.9) as a fixed
point equation

a2(θ) = B(a2(θ)) := Ã−1
+ (θ)

(
a2(θ + ω0) B̃(θ)− h2(θ)

)
.

We look for a fixed point of B in

Ξρ := {g ∈ C0(Td,LΓ(Rd; `∞)), ‖g‖0 ≤ ρ}

for some ρ > 0, endowed with the norm

‖g‖0 := sup
θ∈Td
‖g(θ)‖LΓ(Rd;`∞).

First we prove that B : Ξρ → Ξρ for
ρ > λ−1‖h2‖0 (1− βλ)−1 (6.10)

(recall (4.17)). For δ and µ small enough, applying (6.7) and Lemma 2.3 we have

‖B g‖0 ≤ (λ−1 +O(δ + L))
(

(β +O(δ + L))‖g‖0 + ‖h2‖0
)
≤ ρ.
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Proceeding analogously and applying (4.17) we see that B is a contraction

‖Bg1 − Bg2‖0 ≤ (λ−1β +O(δ + L))‖g1 − g2‖0 < ‖g1 − g2‖0.

This provides the existence of a fixed point a2 of B in Ξρ.
Now we prove that this fixed point is C1

Γ. We look for H such that ∂θ[B(a2)] = H(a2, ∂θa2). For that we
differentiate formally B(g) and we substitute ∂θg with Ψ. We have

H(g,Ψ) := ∂θÃ
−1
+

(
T0 g B̃ − h2

)
+ Ã−1

+

(
T0 Ψ B̃ + T0 g ∂θB̃ − ∂θh2

)
where T0f(θ) := f(θ + ω0). We consider the ball

DΞκ = {Ψ ∈ C0
(
Td,L2

Γ(Rd; `∞)
)
, ‖Ψ‖0 ≤ κ}

where κ > 0 and the norm considered is

‖Ψ‖0 := sup
θ∈Td
‖Ψ‖L2

Γ(Rd;`∞).

Lemma 6.5. Assume (4.17). Take ρ satisfying (6.10) and κ such that

κ >
ρK (β + λ−1)

1− βλ−1
. (6.11)

Then if g ∈ Ξρ and Ψ ∈ DΞκ one has that H(g,Ψ) ∈ DΞκ.

Proof. By (4.12) we have

‖H(g,Ψ)‖0 ≤ K(β‖g‖0 + ‖h2‖0) + λ−1(β ‖Ψ‖0 +K‖g‖0 + ‖h2‖0)

≤ ρK(β + λ−1) + κβλ−1 + (δ + L)(K + λ−1).

By considering δ and µ small enough the right hand side reduces to ρK(β+λ−1)+κβλ−1. By (6.11) we conclude
that ‖H(g,Ψ)‖0 < κ.

Lemma 6.6. If δ and µ are small enough, then H(g, ·) : DΞκ → DΞκ is a contraction uniformly in g ∈ Ξρ.

Proof. Since H(g,Ψ1)−H(g,Ψ2) = Ã−1
+ (θ)[T0(Ψ1 −Ψ2)]B̃ we have

‖H(g,Ψ1)−H(g,Ψ2)‖0 ≤ (λ−1β +O(δ + L))‖Ψ1 −Ψ2‖0.

Then for δ and µ small enough, (4.11) implies that H(g, ·) is a contraction.

It is immediate to see that the function g → H(g,Ψ) is continuous. Then we can apply the Fiber Contraction
Theorem B.3 and conclude that the fixed point is C1

Γ. By using the assumptions of the C2
Γ case (see Section 4.1.3),

we can prove in a similar way that the fixed point is C2
Γ.

To obtain a1(θ) in (6.8) one can argue in a similar way recalling the following fact: B̃(θ) is O(δ +L)-close to
B(θ) in LΓ(Rd)-norm. Since B(θ) is invertible, B̃(θ) is invertible if δ and ν are taken small enough (see Lemma
2.3).

It only remains to prove that all the changes of coordinates mapMj,Γ,δ toMj,Γ,2δ . This comes from the fact
that all these transformations vanish at the torus {x = y = 0, r = 0}, they areO(δ+L) close to the identity in the
C1

Γ-topology and by Lemma 2.12.

6.1.2 Conclusion of the proof of Theorem 6.2

To complete the proof of Theorem 6.2, we have to analyze the iterates of the manifold Γ (more precisely of a
submanifold of it). We perform such analysis in the normal form coordinates obtained in Theorem 6.3, that is, to
maps of the form (6.3).

From now on, we rely on the following hypothesis, which are satisfied by the map F in the normal form
coordinates.
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(H1)Λ For j = 1, 4
fj(0, y, θ, 0) = (0, 0, 0, 0), ω(0, y, 0) + f3(0, y, θ, 0) = ω0.

(H2)Λ For j = 2, 4
fj(x, 0, θ, 0) = (0, 0, 0, 0), ω(x, 0, 0) + f3(x, 0, θ, 0) = ω0.

(H3)Λ The derivative of Fν on T0 := {x = y = 0, r = 0} has the form
Ã−(θ) 0 0 0

0 Ã+(θ) 0 0
0 0 Id P (θ)

0 0 0 B̃(θ)


with

‖Ã±(θ)−A±(θ)‖LΓ(`∞) = O(δ + L), ‖B̃(θ)−B(θ)‖LΓ(Rd) = O(δ + L)

and some function P ∈ C1
Γ(Td;LΓ(Rd)).

Under the above assumptions, the local invariant manifolds of the torus T0 are given by

W s = {y = 0, r = 0}, Wu = {x = 0, r = 0}.

By hypotheses (H1)Λ-(H2)Λ these invariant manifolds are Fν-invariant. Note also that f3 restricted toW s∪Wu

vanishes. Then Fν restricted to T0 is just the rotation of frequency ω0.

Proposition 6.7. Consider a map F = Fν of the form (6.3) and a C1
Γ submanifold Γ ⊂Mδ . Assume that (H1)Λ–

(H3)Λ, (H0)C2–(H4)C2 , (H)NR, (H)rot hold and that there exists q0 ∈ Γ ∩W s where Γ and W s intersect
transversally in the sense of Definition (3.5).

Then, there exists ζ0 > 0 and Q : Bζ0(`∞)→M, Q(z) = (x(z), z, θ(z), r(z)), Q(0) = q0

such that for all p0 ∈Wu and ε > 0 there exists j ∈ N such that

{F j(Q(z)) : z ∈ Bζ0(`∞)} ∩ {p ∈M : d(p, p0) < ε} 6= ∅.

Moreover there exists j0 such that D[F j(Q(z))](`∞) is ε-close to a subspace of TWu for j > j0.
Finally, assume that the map Fν has a first integral in the sense of Definition 2.8 and that Γ and Wu intersect

transversally at q0 in the sense of Definition 6.1.
Then, the same statements hold.

Remark 6.8. We remark that these assumptions are satisfied by the map F in the set of coordinates given by the
normal form Theorem 6.3.

Statements (i), (ii) and (iii) of Theorem 6.2 are a direct consequence of this proposition. We devote the rest
of this section to prove Proposition 6.7.

First we need the following lemma which provides the function Q0(z). In Lemma 6.9 we prove the existence
of Q0 assuming transversality in the sense of (3.5). Then, in Lemma 6.10 we construct it for maps with (formal)
first integrals.

Lemma 6.9. Fix q0 ∈ Γ ∩W s and assume that Γ and W s intersect transversally in the sense of Definition 3.5.
Then there exists σ > 0 and a C1 mapQ0 : Bσ(`∞)→ Γ such thatQ0(0) = q0, the image ofQ0(z) can be written
as

{(x0(z), z, θ0(z), r0(z)) : z ∈ Bσ(`∞)}.

Proof. Consider the components of q0 = (x0, y0, θ0, r0) and define the map

πy,r : Γ→ `∞ × Rd, πy,r(x, y, θ, r) = (y, r).

Since Γ and W s intersect transversally in the sense of Definition 3.5 and W s = {y = 0, r = 0}, the Implicit
Function Theorem implies that πy,r is a local diffeomorphism in a small neighborhood (y0, r0). Then, one has a
local parameterization of Γ as

q(y, r) = (x(y, r), y, θ(y, r), r),

which satisfies q(y0, r0) = q0. Then, one can define the function Q in the statement of the lemma as

q(y) = (x(y, r0), y, θ(y, r0), r0).
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Now we state an analogus lemma with deals with maps with formal first integrals.

Lemma 6.10. Fix q0 ∈ Γ ∩W s and assume that Γ and W s intersect transversally in the sense of Definition 6.1
(with respect to a first integral G in the sense of Definition 2.8) at a point q0.

Then there exists σ > 0 and a C1 map Q : Bσ(`∞) → Γ such that Q(0) = q0, the image of Q(z) can be
written as

{(x0(z), z, θ0(z), r0(z)) : z ∈ Bσ(`∞)}.

To prove this lemma we rely on the following lemma which analyzes the first integral G.

Lemma 6.11. Consider a map Fν of the form (6.3) which satisfies (H1)Λ–(H3)Λ and assume that it posesses
a first integral G in the sense of Definition 2.8. Assume furthermore that the dynamics on its invariant torus
T0 := {x = y = 0, r = 0} is a a non-resonant rotation of frequency ω0 := ω(0, 0, 0) (with respect to the
definition (6.2)).

Then, Fν has a (possibly different) first integral G̃ satisfying dG = dG̃ which is bounded (and constant) on the
torus. Moreover, G̃ is also bounded on the the invariant manifolds of the torus and takes the same value as in the
torus.

Proof. Imposing the condition (2.5) on the torus {x = y = r = 0} and relying on the particular form of DFν
given by Hypothesis (H3)Λ one obtains that

∂θG(0, 0, θ + ω, 0) = ∂θG(0, 0, θ, 0) for all θ ∈ T0.

Since we are assuming that ∂θG is well defined and continuous, the minimality of the dynamics in the torus implies
that ∂θG(0, 0, θ, 0) = 0.

Take any θ∗ ∈ T0 and define

G̃(x, y, θ, r) = G(x, y, θ, r)−G(0, 0, θ∗, 0).

Then, by the definition of first integral (see Definition 2.8), one can conclude that G̃(0, 0, θ, 0) = 0 for all θ ∈ T0.
Proceeding analgously and using that the dynamics on the stable manifold is an exponential contraction (anal-

ogously in the unstable manifold for the inverse map), one can also prove that

∂xG(x, 0, θ, 0) = 0 for all θ ∈ T0 and ‖x‖`∞ ≤ δ
∂yG(0, y, θ, 0) = 0 for all θ ∈ T0 and ‖y‖`∞ ≤ δ.

In conclusion,
G̃|W s = G̃|Wu = 0.

We use this lemma to prove Lemma 6.10.

Proof of Lemma 6.10. From the proof of Lemma 6.11, one can conclude that for points in the torus θ ∈ T0, one
has that

dG(0, 0, θ, 0) = (0, 0, 0, ∂rG(0, 0, θ, 0)).

We assume that
∂rG(0, 0, θ, 0) 6= 0

(note that if this is true for one θ ∈ T0, it is also true for any θ). This implies that KerdG(p) defines a Banach
subspace of codimension 1. The case ∂rG(0, 0, θ, 0) = 0 can be handled as in Lemma 6.9.

We assume without loss of generality that ∂r1G(0, 0, θ, 0) 6= 0. Note, that since dG is continuous by assump-
tion (see Definition 2.8), taking δ > 0 small enough,

∂r1G(p) 6= 0 for all p ∈Mδ.

Therefore, if we denote r̃ = (r2, . . . , rd), one has that for p ∈Mδ ,

Π : KerdG(p)→ `∞ × `∞ × Rd × Rd−1, Π(x, y, θ, r) = (x, y, θ, r̃)

is an isomorphism. (Note that we are abusing notation and denoting by θ points in the tangent space of the torus).
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Moreover, note that by Definition 6.1, the transverse intersection betweenWu and Γ implies that its intersection
has dimension one. Let us denote by Nq0 its tangent space at the point q0. Then, by Remark 3.7, we can find a
complement to Nq0 , that is a subspace Γ̃q0 such that

Tq0Γ = Nq0 ⊕ Γ̃q0

which implies that
Tq0W

s ⊕ Γ̃q0 = KerdG(q0).

Thus, since W s = {y = 0, r = 0}, one has that

πy,r̃ : Γ̃q0 → `∞ × Rd−1, πy,r̃(x, y, θ, r̃) = (y, r̃).

is an isomorphism. Then, one can proceed as in the proof of Lemma 6.9.

Proof of Proposition 6.7. We can assume that p0 and q0 belong toMδ , otherwise we can consider iterations of
these points through F−1 and F respectively. In the normal form coordinates

p0 = (0, y0, ϕ0, 0), q0 = (x0, 0, θ0, 0)

with ‖x0‖`∞ , ‖y0‖`∞ ≤ δ . First we study the form of the differential of the map F onMδ . We have

DF|Mδ
=


Ã− + a11 a12 a13 a14

a21 Ã+ + a22 a23 a24

a31 a32 Id + a33 a34

a41 a42 a43 B̃ + a44

 . (6.12)

Since F ∈ C2
Γ then the coefficients aij are C1

Γ functions (in the corresponding spaces) and by (H3)Λ we have

aij(0, 0, θ, 0) = 0 for (i, j) 6= (3, 4). (6.13)

Let λ0 be such that (recall Hypothesis (H0)C2 ),

1 ≤ β < λ0 < λ. (6.14)

Given η0 > 0, let κ > 0 be such that

β + 3κ < λ0 < λ− κ(1 + η0), (6.15)

λ0 < λ− 7κ

4
, (6.16)

0 <
κ+ (β + κ)η0

λ0
< η0, (6.17)

λ−1 + 2κ < 1. (6.18)

By (H1)Λ we have that for j = 1, 3, 4,
aj2(0, y, θ, 0) = 0.

Since aj2 are C1
Γ functions there exists a constant Ka > 0 such that

‖aj2(w)‖LΓ ≤ Ka(‖x‖`∞ + |r|d) ∀w ∈Mδ, j = 1, 3, 4. (6.19)

In the above inequality and from now on, when giving statements on the norms of the aij’s we abuse the notation
and we do not specify the domain when writing LΓ. By assumption, recall (4.12), we have ‖a34‖LΓ ≤ 2K. We
can assume that

2K < 1, Ka ≤ 1. (6.20)

Indeed we could consider the scaled variables (αx, αy, θ, αr) and work in the neighborhoodMδ/α. Then ‖aj2‖LΓ ≤
αKa(‖x‖`∞ + |r|d), ‖a34‖LΓ

≤ 2Kα and taking α small enough we can obtain (6.20).
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By (H3)Λ and (6.13) we can consider δ small enough such that

sup
w∈Mδ

‖aij(w)‖LΓ
≤ κ for (i, j) 6= (3, 4). (6.21)

We introduce τ such that

τ > 1, τ >
2

λ0 − (β + 3κ)
> 0, τ >

4K

λ− λ0 − 7κ
4

, τ >
1

δ
. (6.22)

Since we can consider p0 arbitrarily close to T0 we take p0 such that

‖y0‖`∞ <
1

τ
.

Now we study the restriction of the differential of F at W s ∩Mδ . By (H2)Λ we have

DF|Ws∩Mδ
=


Ã− + a11 a12 a13 a14

0 Ã+ + a22 0 a24

0 a32 Id a34

0 a42 0 B̃ + a44

 . (6.23)

Now we consider the graph defined by Q0(z) found either in Lemma 6.9 or Lemma 6.11 and we iterate it by
F . We prove that after some iterations its tangent space at z = 0 is close enough to the space spanned by ∂/∂y.
Then we continue iterating the graph until it is close enough to Wu. We recall that

Q0(0) = q0, ∂zQ0(z) = (∂zx0(z), Id, ∂zθ0(z), ∂zr0(z))

and we choose η0 such that ‖∂zr0(0)‖LΓ(`∞;Rd) ≤ η0. We define the following sequence

Q̃k+1(z) = (x̃k+1(z), ỹk+1(z), θ̃k+1(z), r̃k+1(z)) := F (Qk(z)).

We shall prove that ∂z ỹk+1(0) is invertible at each step. Then we would be able to define

Qk+1(z) = (xk+1(z), yk+1(z), θk+1(z), rk+1(z)) := Q̃k+1(Rk+1(z))

where
Rk+1 :=

(
∂z ỹk+1(0)

)−1 ∈ LΓ(`∞).

The reparametrizationRk+1 of the iterations of q0(z) implies that ∂zyk+1(0) = Id.
Since Qk(0) = Q̃k(0) = F k(q0) = (xk(0), 0, θk(0), 0) ∈ W s tends to the torus each Qk(z) is defined for

small z. Let us define

A
(k)
± := Ã±(θk), B(k) := B̃(θk), a

(k)
ij = aij(qk(0)), κk := max

{
‖a(k)
ij ‖LΓ

, j 6= 4
}
.

By (6.21) we have that κk ≤ κ. By the Hypothesis (H3)Λ on the differential of Fν on T0, the fact that Qk(0)
tends to the torus and the fact that Fν is C2

Γ we have that κk → 0. By (6.23) we have that

∂zQ̃k+1(0) = DF (Qk(0))[∂zQk(0)] =


(A

(k)
− + a

(k)
11 ) ∂zxk(0) + a

(k)
12 + a

(k)
13 ∂zθk(0) + a

(k)
14 ∂zrk(0)

A
(k)
+ + a

(k)
22 + a

(k)
24 ∂zrk(0)

a
(k)
32 + ∂zθk(0) + a

(k)
34 ∂zrk(0)

a
(k)
42 + (B(k) + a

(k)
44 ) ∂zrk(0)

 .

This allows to define the recurrences

∂zxk+1(0) =
(

(A
(k)
− + a

(k)
11 ) ∂zxk(0) + a

(k)
12 + a

(k)
13 ∂zθk(0) + a

(k)
14 ∂zrk(0)

)(
A

(k)
+ + a

(k)
22 + a

(k)
24 ∂zrk(0)

)−1

,

∂zyk+1(0) = Id,

∂zθk+1(0) =
(
a

(k)
32 + ∂zθk(0) + a

(k)
34 ∂zrk(0)

)(
A

(k)
+ + a

(k)
22 + a

(k)
24 ∂zrk(0)

)−1

,

∂zrk+1(0) =
(
a

(k)
42 + (B(k) + a

(k)
44 ) ∂zrk(0)

)(
A

(k)
+ + a

(k)
22 + a

(k)
24 ∂zrk(0)

)−1

.
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We introduce

mk := max
{
‖∂zxk(0)‖LΓ(`∞), ‖∂zθk(0)‖LΓ(`∞;Rd)

}
, ηk := ‖∂zrk(0)‖LΓ(`∞;Rd).

We claim that

mk+1 ≤
mk + κk + ηk

λ0
(6.24)

ηk+1 ≤
κk + (β + κ)ηk

λ0
(6.25)

ηk+1 ≤ η0. (6.26)

We prove these bounds by induction. Hence suppose that those bounds hold for k and let us prove it for k + 1.
First we see that

∂z ỹk+1(0) = A
(k)
+ + a

(k)
22 + a

(k)
24 ∂zrk(0)

is invertible. Using the inductive hypothesis (6.26) we have that ‖a(k)
22 + a

(k)
24 ∂zrk(0)‖LΓ(`∞) ≤ κk + κηk ≤

κ(1 + η0). By (H1)C1 we have ‖
(
A

(k)
+

)−1‖LΓ(`∞) < λ−1. Then

‖
(
A

(k)
+

)−1‖LΓ(`∞) ‖a
(k)
22 + a

(k)
24 ∂zrk(0)‖LΓ(`∞) <

κ(1 + η0)

λ

(6.15),(6.14)
< 1.

This proves that ∂z ỹk+1(0) is invertible by Neumann series (see Lemma 2.3) and

‖(∂z ỹk+1(0))−1‖LΓ(`∞) ≤
‖
(
A

(k)
+

)−1‖LΓ(`∞)

1− ‖
(
A

(k)
+

)−1‖LΓ(`∞)‖a
(k)
22 + a

(k)
24 ∂zrk(0)‖LΓ(`∞)

≤ λ−1
0 . (6.27)

By (6.27) and (6.18) we get the estimate for ‖∂zxk+1(0)‖LΓ(`∞).
By (6.20), the definition of κk and ηk and the bound (6.27) we obtain the estimate for ‖∂zθk+1(0)‖LΓ(`∞;Rd).

By (6.21) we get the bound for (6.25). Since κk ≤ κ for all k, we obtain (6.26) by (6.17). Now we need the
following lemma.

Lemma 6.12. Let (ak)k, (bk)k, (ξk)k be sequences of positive real numbers such that ak → 0 and bk ≤ b < 1
and ξk+1 ≤ ak + bk ξk, k ≥ 1. Then ξk → 0.

We consider bk  β+κ
λ0

and ak  κk
λ0

. By (6.17) we have bk ≡ b < 1 and ak → 0 because κk → 0. Then by
Lemma 6.12 the sequence ηk → 0.

We consider bk  λ−1
0 and ak  κk+ηk

λ0
. By (6.17) we have bk ≡ b < 1 and ak → 0. Then by Lemma 6.12

the sequence mk → 0.
Therefore, there exists k0 such that if k ≥ k0, then mk, ηk < ε/4 and ‖xk(0)‖`∞ < ε/(2τ). We consider the

graph Qk0
(z) and we reparametrize it in such a way that yk0

(z) = Id . This is possible, locally at z = 0, because
∂zyk0(0) = Id. This does not change the bounds mk0 and ηk0 . We denote again by Q0(z) the resulting graph
Qk0(z). Now we perform the second step where we iterate this new Q0(z), z ∈ Bζ0 , with ζ0 > 0 chosen below.
We consider again a sequence of reparametrized iterations

Q̃k+1(z) = (x̃k+1(z), ỹk+1(z), θ̃k+1(z), r̃k+1(z)) := F (Qk(z)),

Qk+1(z) = (xk+1(z), z, θk+1(z), rk+1(z)) := Q̃k+1(Qk+1(z))

where
Qk+1 := ỹ−1

k+1. (6.28)

We note that this time the reparametrizationRk+1 is not linear. The sequence is defined for

‖z‖`∞ < ζk+1 := min{λ0ζk, 1/τ}.

Let

mk := sup
z∈Bζk (`∞)

{‖∂zxk(z)‖LΓ(`∞), ‖∂zθk(z)‖LΓ(`∞;Rd)} ηk := sup
z∈Bζk (`∞)

{‖∂zrk(z)‖LΓ(`∞;Rd)}.
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We consider the neighborhood of Wu defined by

Vε/τ = {(x, y, θ, r) ∈Mδ : ‖x‖`∞ + |r|d < ε/τ}.

Since z 7→ Q0(z) is C1
Γ we can take ζ0 such that m0 < ε/2, η0 < (αε)/2, with α > 0 to be determined, and

Q0(z) ∈ Vε/τ for all z ∈ Bζ0(`∞). We check inductively that

• Qk+1 is well defined.

• Qk+1(z) ∈ Vε/τ for all z ∈ Bζk+1
(`∞).

• mk+1 < ε/2, ηk+1 < (αε)/2.

We need to prove that ỹk+1 is invertible, Bλ0ζk(`∞) ⊂ ỹk+1(Bζk(`∞)) and

‖∂z(ỹ−1
k+1)(z)‖`∞ < λ−1

0 z ∈ Bλ0ζk(`∞).

We write
ỹk+1(z) = h1(z) + h2(z), h1(z) = Ã+(θk(z)) z, h2(z) = f2(Qk(z)).

Note that Ã+ ∈ C1
Γ and, by Hypothesis (H1)C1 , the operator Ã+(θk(0)) is a linear invertible operator. Then,

using that θk is C1
Γ and that mk ≤ ε/2, it is easy to see that h1 is invertible. Moreover, there exists K > 0 such

that
sup

z∈Bζk (`∞)

‖h1(z)‖`∞ ≥ ζk
(
λ−K ε

2

)
.

Then for ε small enough Bλζk(`∞) ⊂ h1(Bζk(`∞)). Using the above bound we obtain

Lip(h−1
1 ) >

1

λ−K ε
2 ζk

.

Regarding h2, by (6.21) (recall that Qk(z) ∈ Vε/τ ⊂Mδ by inductive hypothesis) and mk < ε/2 we have that

Lip(h2) ≤ ‖∂zh2(z)‖L(`∞) ≤ κ
(

1 +
3ε

2

)
.

By Theorem 1.5 and Proposition 1.7 in [48] we have that ỹk+1 = h1 + h2 is invertible and its inverse Qk+1 is
defined on Bζ∗k+1

(`∞) with

ζ∗k+1 := ζk

(
λ− εK

2τ

)(
1− κ(1 + 3ε/2)

λ− εK
2τ

)
.

By (6.22) we have ζ∗k+1 ≥ λ0ζk and

Lip
(
(ỹk+1)−1

)
≤ 1

λ− εK
2τ − κ(1 + 3ε

2 )
≤ λ−1

0 .

Let us denote by (
xk(z), yk(z), ϑk(z), rk(z)

)T
:= ∂zQk(Qk+1(z))[∂zQk+1(z)].

Then

∂zQk+1(z) = DF
(
Qk(Qk+1(z))

)
xk(z)
yk(z)
ϑk(z)
rk(z)

 .

We proved that ‖Qk+1(z)‖`∞ ≤ ζk for all ‖z‖`∞ ≤ ζk. Then Qk(Qk+1(z)) ∈ Vε/τ . Recall (6.28), we have

sup
z∈Bζk (`∞)

max{‖xk(z)‖`∞ , |ϑk(z)|d} ≤
mk

λ0
, sup

z∈Bζk (`∞)

|rk(z)|d ≤
ηk
λ0
, sup

z∈Bζk (`∞)

‖yk(z)‖`∞ ≤
1

λ0
.

52



By using (6.12), (6.19) , (6.21) we have

‖∂zxk+1(z)‖LΓ(`∞) ≤
(λ−1 + 2κ)mk

λ0
+

ε

τλ0
+
κηk
λ0

,

‖∂zθk+1(z)‖LΓ(`∞;Rd) ≤
ε

τλ0
+

(1 + 2κ)mk

λ0
+
ηk
λ0
,

‖∂zrk+1(z)‖LΓ(`∞;Rd) ≤
2κmk

λ0
+

(β + κ)ηk
λ0

+
ε

τλ0
.

Therefore we have

mk+1 ≤ max

{
(λ−1 + 2κ)mk

λ0
+

ε

τλ0
+
κηk
λ0

,
ε

τλ0
+

(1 + 2κ)mk

λ0
+
ηk
λ0

}
,

ηk+1 ≤
2κmk

λ0
+

(β + κ)ηk
λ0

+
ε

τλ0
.

If we choose α such that

(λ−1 + 2κ)

2λ0
+

1

τλ0
+
κα

2λ0
<

1

2
,

1

τλ0
+

(1 + 2κ)

2λ0
+

α

2λ0
<

1

2
,

2κ

2λ0
+

(β + κ)α

2λ0
+

1

2τλ0
<
α

2

(6.29)

and we consider (6.15)-(6.18) then mk+1 < ε/2 and ηk+1 < (αε)/2.

Remark 6.13. The conditions (6.15)-(6.18) and (6.29) are satisfied by taking τ large enough, κ small enough and
α appropriately.

We are left to check that {Qk+1(z), z ∈ Bζk+1
} is contained in Vε/τ . We have

‖xk+1(z)− xk+1(0)‖ ≤ sup
z∈Bζk+1

‖∂zx(z)‖ ζk+1 ≤ mk+1 ζk+1 ≤
ε

2
ζk+1.

Since, by assumption ζk+1 ≤ τ−1 and therefore

‖xk+1(0)‖ < ε/(2τ),

and thus ‖xk+1(z)‖`∞ ≤ ε/τ . We reason in the same way for rk+1 (it is in fact easier because rk+1(0) = 0).
Since λk0ζk increases geometrically we can assume that there exists k1 such that ζk = τ−1 for all k ≥ k1.
We recall that p0 = (0, y0, ϕ0, 0). As qk(0) tends to the torus and the frequency on the torus is irrational there

exists k2 ≥ k1 such that |θk1
(0)− ϕ0|d < ε/2. Then taking z = y0

d(Qk1(y0), p0) ≤ max
{ ε
τ
, |θk1(y0)− θk1(0)|d + |θk1(0)− ϕ0|d

}
≤ max

{ ε
τ
,
ε

2τ
+
ε

2

}
< ε.

The statement about the C1
Γ closeness follows because mk < ε/2.

Fixed j, all the statements hold true of one replacesMδ withMj,Γ,δ and `∞ with Σj,Γ.

6.2 A Lambda Lemma for flows
Theorem 6.2 provides a Lambda Lemma for quasi-periodic tori of infinite dimensional maps with decay properties.
We use this theorem to deduce an analogous statement for quasi-periodic tori of infinite dimensional vector fields.
This result will be applicable to the vector field defined by the Hamiltonians of the form (1.1) and will imply
Theorem 3.9.
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To this end, we consider a C1
Γ vector field Xν defined inMδ for ν ∈ (0, µ) for some µ > 0. We assume that it

is of the form

Xν = X0 + Fν with X0(w) =


A−(θ)x
A+(θ)y
ω(x, y, r)
B(θ)r

 and Fν(w) =


F1(ν;w)
F2(ν;w)
F3(ν;w)
F4(ν;w)

 (6.30)

where
A±(θ) ∈ LΓ(`∞Sc), B(θ) ∈ LΓ(RdS)

and F1,F2(ν; ·) : Mδ → `∞Sc , F3(ν; ·) : Mδ → TdS , F4(ν; ·) : Mδ → RdS .
We assume that Xν satisfies Hypotheses (H1)f –(H5)f . In particular T0 := {x = 0, y = 0, r = 0} is an

invariant torus for the flow associated to the vector field map Fν for all ν ∈ (0, µ) and its dynamics is given by

θ̇ = ω̃0 = ω̃(0, 0, 0).

By Theorem 4.6, Hypotheses (H1)f –(H5)f also imply that the torus T0 has C2
Γ invariant manifolds.

We assume moreover that the dynamics in the torus is non-resonant. That is

ω̃0 · k 6= 0 for all k ∈ Zd \ {0} (6.31)

(compare with the non-resonance condition for maps in (6.2)). Under this conditions we can prove a Lambda
lemma for the flow associated to Xν .

Theorem 6.14. Consider a C1
Γ vector field Xν of the form (6.30) and assume that it satisfies Hypotheses (H1)f –

(H5)f and that it has a formal first integral G in the sense of Definition 2.9. Denote by Φt its associated flow.
Assume also that the frequency ω̃0 := ω̃(0, 0, 0) is non-resonant in the sense of (6.31).

Then, the invariant torus T0 := {x = y = 0, r = 0} possesses C2
Γ invariant manifolds W s,u ⊂M that satisfy

the following.
Consider a C1

Γ submanifold Γ ⊂ M which intersects transversally the stable manifold W s at q0 in the sense
of Definition 3.6 (with respect to the formal first integral G). Then

• The iterates of Γ satisfy

Wu ⊂
⋃
t≥0

Φt(Γ).

where the closure is taken with respect to theM-topology.

• Moreover there exists a submanifold D of Γ diffeomorphic to an open set of `∞ such that if Dt is the
connected component of Φt(D) ∩Mδ which contains Φt(q0) then, for any ε > 0, there exists t0 such that
Dt is ε-close, in the C1

Γ(Mδ) topology, to a subset of Wu if t > t0.

Moreover, if one considers as phase spaceMj,Γ and a C1
Γ submanifold Γ ⊂ Mj,Γ the same statements are true

with respect to the closure in theMj,Γ-topology and the convergence in C1
Γ(Mj,Γ,δ).

Proof of Theorem 3.9. We deduce Theorem 3.9 from the Lambda Lemma for maps stated in Theorem 6.2.
Consider the map ΦT for some T > 0 to be chosen later. As explained in Section 4.2, this map satisfies the

Hypotheses (H1)C2–(H4)C2 . Moreover, the formal integral G of the vector field Xν is also a formal integral of
the map ΦT in the sense of Definition 2.8. Then, to apply Theorem 6.2 it only remains to check that the dynamics
of ΦT restricted to the torus is non-resonant in the sense of (6.2).

Indeed, the frequency at the torus for the map ΦT is

ω0 = T ω̃0,

where ω̃0 satisfies (6.31). It is well known that for any non-resonant vector ω̃0 in the sense of (6.31) one can choose
T > 0 so that (ω̃0, T

−1) satisfies also (6.31) as a (d + 1)-dimensional vector. Equivalently, for this choice of T ,
ω0 = T ω̃0 satisfies (6.2). Then, one can apply Theorem 6.2 which implies

Wu ⊂
⋃
n≥0

ΦnT (Γ) ⊂
⋃
t≥0

Φt(Γ).

Finally Theorem 6.2 and the C2
Γ regularity of ΦT implies the C1

Γ convergence.
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A Lipschitz invariant manifolds: Proofs of Theorems 4.1 and 4.2
We devote this appendix to prove Theorems 4.1, 4.2. We give full details for the proof of Theorem 4.1. Along this
proof we make some remarks on how to adapt it for the proof of Theorem 4.2. Throughout the proof we assume
withouth mentioning assumptions (H0)lip-(H4)lip.

We first introduce some notations. For functions ψ : Bδ(`
∞)× Td → Z, where Z is some Banach space with

norm ‖ · ‖, we define

‖ψ‖0 := sup
(x,θ)∈Bδ(`∞)×Td

‖ψ(x, θ)‖, ‖ψ‖1 := sup
(x,θ)∈Bδ(`∞)×Td,

x6=0

‖ψ(x, θ)‖
‖x‖`∞

.

We shall denote
g := −(f2, f4)t : Mδ → `∞ × Rd. (A.1)

Note that also g satisfies (H2)lip. We define

C(θ) :=

(
A+(θ) 0

0 B(θ)

)
∈ LΓ(`∞ × Rd).

Note that ‖C(θ)−1‖LΓ(`∞×Rd) ≤ β and C(θ)−1 is (β2K)-Lipschitz.
We shall look for the stable manifold of T0 as a graph of a function of (x, θ) ∈ Bδ(`∞)× Td taking values in

`∞ × Rd, which is invariant by F . The invariance condition for the graph(γ) is

πy,rF (z, γ(z)) = γ
(
πx,θF (z, γ(z))

)
, z := (x, θ)

which is equivalent to
γ(z) = G(γ)(z) := C(θ)−1

(
g(z, γ(z)) + γ(h(z))

)
, (A.2)

where
h(z) := (h1(z), h2(z)) : Bδ(`

∞)× Td → `∞ × Td,
h1(z) = A−(θ)x+ f1(z, γ(z)), h2(z) = θ + ω(x, γ(z)) + f3(z, γ(z)).

(A.3)

We introduce
Ξ :=

{
γ ∈ C0(Bδ(`

∞)× Td, `∞ × Rd), ‖γ‖1 <∞
}
,

which is a Banach space with the norm ‖ · ‖1, and given M > 0, c > 0, we define the closed subset (recall (4.6))

Ξc,M := {γ ∈ Ξ : Lip(γ) ≤ c, Lipθγ(x) ≤M‖x‖`∞ ∀x ∈ Bδ(`∞)} . (A.4)

Remark A.1. Note that if γ ∈ Ξc,M then

γ(0, θ) = (0, 0) ∀θ ∈ Td and ‖γ(x, θ)‖`∞×Rd ≤ c‖x‖`∞ . (A.5)

Therefore ‖γ‖0 ≤ c δ.

We shall look for a fixed point of the operator G defined in (A.2) in the set (Ξc,M , ‖ · ‖1) for opportune c,M .
First let us prove two lemmas.

Lemma A.2. If γ ∈ Ξc,M with c ∈ (0, 1] then

‖fj(z, γ(z))‖j ≤ L(1 + c)‖x‖`∞ , j = 1, 2, 4,

‖fj(z, γ(z))− fj(z′, γ(z′))‖j ≤ L(1 + c)‖z − z′‖`∞×Td , j = 1, 2, 4,

‖fj(x, θ, γ(x, θ))− fj(x, θ′, γ(x, θ′))‖j ≤ (K(1 + c) + LM)‖x‖`∞ |θ − θ′|d, j = 1, 2, 4,

|f3(z, γ(z))− f3(z′, γ(z′))|d ≤ K(1 + c)‖z − z′‖`∞×Td ,

where ‖ · ‖j = ‖ · ‖`∞ for j = 1, 2, and ‖ · ‖4 = | · |d. Then g also satisfies the first, the second and the third bounds
with a factor 2.

Proof. The first bound follows by the fact that f(0, θ, γ(0, θ)) = 0, fj with j = 1, 2, 4 is L-Lipschitz by (H2)lip

and γ is c-Lipschitz. The second bound follows by similar arguments. To prove the third bound we use (H2)lip,
(A.5) and Lipθγ(x) ≤M‖x‖`∞ . The last one is a consequence of (4.8).
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Lemma A.3. Take γ ∈ Ξc,M with c ∈ (0, 1]. Then for z, z′, (x, θ′) ∈ Bδ(`∞)× Td, the function h introduced in
(A.3) satisfies

‖h1(z)‖`∞ ≤ (λ−1 + L(1 + c))‖x‖`∞ , (A.6)

‖h1(z)− h1(z′)‖`∞ ≤ (λ−1 + L(1 + c) +KL)‖z − z′‖`∞×Td , (A.7)

‖h1(x, θ)− h1(x′, θ)‖`∞ ≤
(
λ−1 + L(1 + c)

)
‖x− x′‖`∞ , (A.8)

‖h1(x, θ)− h1(x, θ′)‖`∞ ≤ (K (2 + c) + LM)‖x‖`∞ |θ − θ′|d, (A.9)
|h2(z)− h2(z′)|d ≤ (1 + 2K(1 + c))‖z − z′‖`∞×Td , (A.10)
|h2(x, θ)− h2(x′, θ)|d ≤ 2K(1 + c), (A.11)
|h2(x, θ)− h2(x, θ′)|d ≤ (1 +Kθ + 2KM‖x‖`∞) |θ − θ′|d. (A.12)

Moreover, if γ ∈ Ξc,M we have

‖γ(h(z))‖0 ≤ c‖h1(z)‖`∞ ≤ c(λ−1 + L(1 + c))‖x‖`∞ . (A.13)

Proof. The proof follows by Lemma A.2 and assumptions (H1)lip-(H3)lip.

By choosing δ and µ small enough we have that

λ−1 + L(δ, µ)(1 + c) < 1.

Then by (A.6) we have that h in (A.3) maps Bδ(`∞)× Td into itself. In particular G(γ) in (A.2) is a well defined
function on Bδ(`∞)× Td.

Remark A.4. In the Σj,Γ case we have that h1(x, θ) maps Bδ(Σj,Γ) × Td into Σj,Γ since, by Lemma 2.11,
‖A−(θ)x‖j,Γ ≤ ‖A−(θ)‖LΓ(`∞)‖x‖j,Γ.

In the next lemma we prove that G maps Ξc,M into itself for opportune c,M .

Lemma A.5. For any c ∈ (0, 1] and M such that

M >
βK
(

(1 + c)(2 + c) + c (1 + βλ−1)
)

1− βλ−1(1 +Kθ)
(A.14)

there exist δ and ν small enough such that the map G introduced in (A.2) satisfies G(Ξc,M ) ⊂ Ξc,M .

Proof. Since g, γ and h are continuous then G(γ) is continuous. By using (A.5) and Lemma A.2 we have

‖C(θ)−1
(
g(z, γ(z)) + γ(h(z))

)
‖1

(A.13)
≤ β

(
2L(1 + c) + c

(
λ−1 + L(1 + c)

))
which implies ‖G(γ)‖1 <∞. Now we prove that G(γ) is c-Lipschitz. By Lemma A.2 we have that

‖g(z, γ(z))− g(z′, γ(z′))‖`∞×Rd ≤ 2L(1 + c)‖z − z′‖`∞×Td .

Moreover,

‖γ(h(z))− γ(h(z′))‖`∞×Rd ≤‖γ(h1(z), h2(z))− γ(h1(z′), h2(z))‖`∞×Rd
+ ‖γ(h1(z′), h2(z))− γ(h1(z′), h2(z′))‖`∞×Rd

≤c‖h1(z)− h1(z′)‖`∞ +M‖h1(z′)‖`∞ |h2(z)− h2(z′)|d,

which, recalling (A.6), (A.7), (A.10), implies

Lip(γ ◦ h) ≤c
(
λ−1 + L(1 + c) +Kδ

)
+M‖x‖`∞(λ−1 + L(1 + c))(1 + 2K(1 + c)).

Then, we can deduce that

Lip(G) ≤Kβ2 L
(

2L(1 + c) + c
(
λ−1 + L(1 + c)

))
+ 2β L(1 + c)

+ β
(
c
(
λ−1 + L(1 + c) +Kδ

)
+Mδ(λ−1 + L(1 + c))(1 + 2K(1 + c))

)
.

(A.15)
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Taking δ and µ small enough, we have that Lip(G) ≤ βλ−1c
(4.7)
< c. It remains to prove that

LipθG(γ)(x) ≤M‖x‖`∞ . (A.16)

Let us write z̃ := (x, θ′). By Lemma A.2 we have

‖g(z, γ(z))− g(z̃, γ(z̃))‖`∞×Rd ≤ 2(K(1 + c) + LM)‖x‖`∞ |θ − θ′|d.

By Lemma A.3 and (A.6),(A.7), (A.10) we have

‖γ(h(z))− γ(h(z̃))‖`∞×Rd ≤c‖h1(z)− h1(z̃)‖`∞ +M‖h1(z)‖`∞ |h2(z)− h2(z̃)|d

≤
(
c(K(2 + c) + LM)

+M
(
λ−1 + L(1 + c)

)(
1 +Kθ + 2KM‖x‖`∞

))
‖x‖`∞ |θ − θ′|d.

Then, we obtain

LipθG(γ)(x) ≤
[
K β2

(
2L(1 + c) + c

(
λ−1 + L(1 + c)

))
+ 2β(K(1 + c) + LM)

]
‖x‖`∞

+ β
[
c(K(2 + c) + LM) +M

(
λ−1 + L(1 + c)

)(
1 +Kθ + 2KM‖x‖`∞

)]
‖x‖`∞ .

(A.17)

The coefficient in the r.h.s of the above inequality tends to

K β2cλ−1 + βK(2 + c)(1 + c) + βcK + βMλ−1
(
1 +Kθ)

as δ, µ→ 0. Then by (A.14) and taking δ and µ small enough, we get (A.16).

Remark A.6. In the Σj,Γ case we just have to ensure that if γ ∈ C0(Bδ(Σj,Γ) × Td; Σj,Γ × Rd) then G(γ) in
(A.2) maps Bδ(Σj,Γ)× Td into Σj,Γ × Rd. This holds by Lemma 2.12 and taking δ and µ small enough.

Next we prove that G is a contraction on Ξc,M .

Lemma A.7. If c and M satisfy the assumptions of Lemma A.5 then there exist δ and µ small enough such that
G : Ξc,M → Ξc,M is a contraction.

Proof. Recalling that the function f2 is L-Lipschitz, ω and f3 are K-Lipschitz we have

‖h1(γ)(z)− h1(γ̃)(z)‖`∞ ≤ L‖γ(z)− γ̃(z)‖`∞×Rd
|h2(γ)(z)− h2(γ̃)(z)|d ≤ 2K‖γ(z)− γ̃(z)‖`∞×Rd

(A.18)

which imply

‖γ(h(γ)(z))− γ(h(γ̃)(z))‖`∞×Rd ≤ ‖γ(h(γ)(z))− γ(h1(γ)(z), h2(γ̃)(z))‖`∞×Rd
+ ‖γ(h1(γ)(z), h2(γ̃)(z))− γ(h(γ̃)(z))‖`∞×Rd

≤
(

2KM(λ−1 + L(1 + c))‖x‖`∞ + cL
)
‖x‖`∞ ‖γ − γ̃‖1.

Since h maps Bδ(`∞)× Td to itself we have (recall that γ(0, θ) = (0, 0))

‖γ(h(γ))− γ̃(h(γ))‖`∞×Rd ≤ ‖γ − γ̃‖1‖h1(γ)‖`∞
(A.6)
≤ (λ−1 + L(1 + c))‖x‖`∞ ‖γ − γ̃‖1.

By the definition of g in (A.1) and the Hypothesis (H2)lip we have

‖g(z, γ(z))− g(z, γ̃(z))‖`∞×Rd ≤ 2L‖x‖`∞ ‖γ − γ̃‖1.

By combining these estimates, one can deduce that

‖G(γ)(z)−G(γ̃)(z)‖`∞×Rd ≤β
(
L (2 + c) + 2KM(λ−1 + L(1 + c))‖x‖`∞

+ (λ−1 + L(1 + c))
)
‖x‖`∞ ‖γ − γ̃‖1.

Taking δ and µ small enough and using that βλ−1 < 1 (see (4.7)) we conclude that G is a contraction.
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Remark A.8. By the bound (A.15) we can see that c can be taken of order δ + L(δ, µ).

To obtain the Lipschitz dependence of γsν on the parameter ν one can repeat the same proof by treating ν as an
additional angle9 of T0. This concludes the proof of Theorem 4.1.

We note that the proof of Theorem 4.1 relies on Lemmata A.2, A.3. It is easy to see that these Lemmata hold
(replacing the norms accordingly) also under the assumptions of Theorem 4.2, with the same proofs. Then, thanks
to Remarks A.4 and A.6, the proof of Theorem 4.2 in the Σj,Γ case follows.

B C1
Γ invariant manifolds: Proof of Theorem 4.4

To prove Theorem 4.4, we need the following preliminary lemmas.

Lemma B.1. Recall v := (y, r) and (4.10). If γ ∈ Σc,M with c ∈ (0, 1] then by (H2)C1 -(H3)C1 , for k = 1, 2
and z ∈ Bδ(`∞)

‖(∂xfk)(z, γ(z))‖LΓ(`∞), ‖(∂vfk)(z, γ(z))‖LΓ(`∞×Rd;`∞) ≤ L,
‖(∂xf4)(z, γ(z))‖LΓ(`∞;Rd), ‖(∂vf4)(z, γ(z))‖LΓ(`∞×Rd;Rd) ≤ L
‖(∂xf3)(z, γ(z))‖LΓ(`∞;Rd), ‖(∂vf3)(z, γ(z))‖LΓ(`∞×Rd;Rd) ≤ K
‖(∂θf3)(z, γ(z))‖LΓ(Rd) ≤ Kθ,

‖(∂θfk)(z, γ(z))‖LΓ(Rd;`∞), ‖(∂θf4)(z, γ(z))‖LΓ(Rd) ≤ K (1 + c) ‖x‖`∞ ,
‖(∂xω)(z, γ(z))‖LΓ(`∞;Rd), ‖(∂vω)(z, γ(z))‖LΓ(`∞×Rd;Rd) ≤ K.

In particular, for z ∈ Bδ(`∞)

‖(∂xg)(z, γ(z))‖Lx , ‖(∂vg)(z, γ(z))‖Lv ≤ 2L, and ‖(∂θg)(z, γ(z))‖Lθ ≤ 2K(1 + c) ‖x‖`∞ . (B.1)

Proof. The bounds for ∂θfk, k = 1, 2, 4 follow by (A.5) and (H2)C1 . The other estimates follow by straightfor-
ward computations.

Lemma B.2. If γ ∈ Ξc,M with c ∈ (0, 1] then for j = 1, 2, 4

Lipx,v(∂sfj(Id, γ)) ≤ K(1 + c), s = x, v, θ,

Lipθ(∂sfj(z, γ(z))) ≤ L+KM‖x‖`∞ , s = x, v,

Lipθ(∂θfj(z, γ(z))) ≤ K
(
(1 + c) +M

)
‖x‖`∞

and for s = x, v

Lipx(∂sf3(Id, γ)), Lipx(∂sω(Id, γ)) ≤ K(1 + c).

Proof. It follows by (A.5) and (H2)C1 .

The assumptions of Theorem 4.4 imply the Lipschitz assumptions of Theorem 4.1. Then if c ∈ (0, 1] and M
satisfies (A.14) the map G defined in (A.2) is a contraction on Ξc,M . Let γs := γsν be its unique fixed point. We
want to prove that γs is C1

Γ(Bδ(`
∞)× Td).

Let M̃, κ0, κ1, ρ0 > 0 and
v := (M̃, κ0, κ1, ρ0). (B.2)

We introduce the space (recall (4.10))

DΞ := {Ψ := (Ψ0,Ψ1) ∈ Ex × Eθ : ‖Ψ0‖0 <∞, ‖Ψ1‖1 <∞}

where

‖Ψ0‖0 := sup
z∈Bδ(`∞)×Td

‖Ψ0(z)‖Lx , ‖Ψ1‖1 := sup
z∈Bδ(`∞)×Td,

x 6=0

‖Ψ1(z)‖Lθ
‖x‖`∞

.

9Recall that the we are only interested with 0 < ν � 1. Therefore, by using a bump function (recall that ν is one-dimensional) one can
assume that the ν dependence is periodic.
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We equip DΞ with the weighted norm

‖Ψ‖DΞ := α0‖Ψ0‖0 + α1‖Ψ1‖1 (B.3)

with α0, α1 > 0 to be opportunely chosen later. We consider the closed subset

DΞc,M,v :=
{

Ψ := (Ψ0,Ψ1) ∈ DΞ : Lipx(Ψ0) ≤ κ0, LipθΨ0 ≤ ρ0, Lipx(Ψ1) ≤ κ1,

LipθΨ1(x) ≤ M̃‖x‖`∞ , ‖Ψ0‖0 ≤ c, ‖Ψ1‖1 ≤M
} (B.4)

where c,M are the constants chosen in Lemma A.5. We shall use the following Fiber Contraction Theorem.

Theorem B.3. Let Ξ and DΞ be metric spaces, DΞ complete, and Γ: Ξ × DΞ → Ξ × DΞ a map of the form
Γ(γ,Ψ) = (G(γ), H(γ,Ψ)). Assume that

(a) G : Ξ→ Ξ has an attracting fixed point γ∞ ∈ Ξ (i.e. limk→∞Gk(γ) = γ∞, ∀γ ∈ Ξ).

(b) lim supn→∞ LipH(Gn(γ), ·) < 1 for each γ ∈ Ξ.

(c) H is continuous with respect to γ at (γ∞,Ψ∞), where Ψ∞ ∈ DΞ is a fixed point for H(γ∞, ·).

Then (γ∞,Ψ∞) is an attracting fixed point of Γ.

To apply the above theorem we look for H such that D[G(γ)] = H(γ,Dγ), where G(γ) is the operator
introduced in (A.2). For that we differentiate formally G(γ) and we substitute ∂xγ, ∂θγ with Ψ0 and Ψ1.
In this way we obtain the map H(γ,Ψ) = (H0(γ,Ψ), H1(γ,Ψ)) defined by

H0(γ,Ψ)(z) =C(θ)−1
{

(∂xg) (z, γ(z)) + (∂vg)(z, γ(z)) Ψ0(z)

+ Ψ0(h(z))
(
A−(θ) + (∂xf1)(z, γ(z)) + (∂vf1)(z, γ(z))Ψ0(z)

)
+ Ψ1(h(z))

(
(∂xω)(π(x,v)

(
z, γ(z)

)
) + (∂vω)(π(x,v)

(
z, γ(z)

)
) Ψ0(z)

+ (∂xf3)(z, γ(z)) + (∂vf3)(z, γ(z))Ψ0(z)
)}
,

H1(γ,Ψ)(z) =∂θ
(
C(θ)−1

)
{g(z, γ(z)) + γ(h(z))}+ C(θ)−1

{
(∂θg) (z, γ(z)) + (∂vg)(z, γ(z)) Ψ1(z)

+ Ψ0(h(z))
((
∂θA−(θ)

)
x+ (∂θf1)(z, γ(z)) + (∂vf1)(z, γ(z))Ψ1(z)

)
+ Ψ1(h(z))

(
Id + (∂vω)(π(x,v)

(
z, γ(z)

)
) Ψ1(z)

+ (∂θf3)(z, γ(z)) + (∂vf3)(z, γ(z))Ψ1(z)
)}
.

(B.5)

We prove the following: for an opportune choice of the parameters v = (M̃, κ0, ρ0, κ1) we have

(i) H : Ξc,M ×DΞc,M,v → DΞc,M,v is well defined (see Lemma B.4).

(ii) H(γ, ·) : DΞc,M,v → DΞc,M,v is a contraction (see Lemma B.6).

(iii) H(·,Ψ): Ξc,M → DΞc,M,v is continuous (see Lemma B.7).

Let us set

A(κ1, ρ0) :=Kβ(1 + c)2(2 + c) + 2Kβ λ−1(1 + c)(κ1 + ρ0)

B(ρ0, κ1,M) :=Kβ2
(

(1 +K)cλ−1 + 2K(1 + c)(2 + c) + 2Kc+ 2Mλ−1(1 +Kθ)
)

+ β
{

2K(1 + c) + 2KM(2 + c) + c(K +K(1 + c) +KM(2 + c))

+ 2KMλ−1 +K(ρ0 + κ1)(2 + c)(1 +Kθ)
}
.
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Lemma B.4. Recall (4.11), (A.4), (A.14). If

ρ0 >
βcK(1 + βλ−1)

1− βλ−1(1 +Kθ)

κ1 ≥
βcK(1 + βλ−1) + βK(1 + c)(2 + c)

1− βλ−1(1 +Kθ)
,

κ0 ≥
A(κ1, ρ0)

1− βλ−2
,

M̃ ≥ B(ρ0, κ1,M)

1− βλ−1(1 +Kθ)2
.

(B.6)

Then, for any γ ∈ Ξc,M and Ψ ∈ DΞc,M,v, H(γ,Ψ) ∈ DΞc,M,v.

Remark B.5. We observe that in order to fulfill the conditions (B.6) for given c and M , it is sufficient to fix (in
this order) ρ0, κ1, κ0 and M̃ .

Proof of Lemma B.4. We observe thatH(γ,Ψ) ∈ Ex×Eθ since, by assumption (H1)C1 ,H0(γ,Ψ) andH1(γ,Ψ)
are compositions of continuous functions. We prove that ‖H0(γ,Ψ)‖0 ≤ c. By (A.6), (B.1) and Lemma B.1, for
z ∈ Bδ(`∞)× Td,

‖H0(γ,Ψ)(z)‖Lx ≤ β
{

2L(1 + c) + c(λ−1 + L(1 + c)) + 2MK(λ−1 + L(1 + c))(1 + c)‖x‖`∞
}
.

Hence, by taking δ and µ small enough and recalling that βλ−1 < 1 (see (4.7)), we get ‖H0(γ,Ψ)‖0 ≤ c. Now
we prove that LipxH0(γ,Ψ) ≤ κ0. We remark that by Lemma A.3 we have (recall (A.3))

Lipx(Ψ0 ◦ h) ≤ κ0

(
λ−1 + L(1 + c)

)
+ 2Kρ0(1 + c),

Lipx(Ψ1 ◦ h) ≤ κ1

(
λ−1 + L(1 + c)

)
+ 2KM̃δ(λ−1 + L(1 + c))(1 + c).

(B.7)

By Hypothesis (H2)C1 , the bounds (B.7), (A.6), Lemmas B.1 and B.2 we have

LipxH0(γ,Ψ) ≤ β
{

2K(1 + c)2 + 2κ0L+
[
κ0

(
λ−1 + L(1 + c)

)2
+ 2ρ0K(1 + c)

]
(λ−1 + L(1 + c))

+ c
(
K(1 + c)2 + Lκ0

)
+ 2K(1 + c)

[
κ1

(
λ−1 + L(1 + c)

)
+ 2M̃Kδ(λ−1 + L(1 + c))(1 + c)

]
+Mδ(λ−1 + L(1 + c))

(
2K(1 + c)2 + 2Kκ0

)}
.

(B.8)

Taking δ and µ small enough the right hand side of the above inequality becomes

Kβ(1 + c)2(2 + c) + κ0 β λ
−2 + 2K(κ1 + ρ0)β λ−1(1 + c).

Hence by the choice of κ1 in (B.6) we get that LipxH0(γ,Ψ) ≤ κ0. By Lemma A.3, for x ∈ Bδ(`∞),

Lipθ(Ψ0 ◦ h)(x) ≤ κ0‖x‖`∞
(
K(2 + c) + LM

)
+ ρ0

(
1 +Kθ + 2KM‖x‖`∞

)
,

Lipθ(Ψ1 ◦ h)(x) ≤
[
κ1(K(2 + c) + LM) + M̃(λ−1 + L(1 + c))(1 +Kθ + 2KM‖x‖`∞)

]
‖x‖`∞ .

(B.9)

By Hypothesis (H4)C1 , (B.9) and Lemma B.2

LipθH0(γ,Ψ) ≤ Kβ2
{

2L(1 + c) + c(λ−1 + L(1 + c))

+ 2MKδ(λ−1 + L(1 + c))(1 + c)
}

+ β
{

2L(1 + c) + 2KMδ(1 + c) + 2Lρ0

+ κ0

[(
K(2 + c) + LM

)
δ + ρ0

(
1 +Kθ + 2KMδ

)]
(λ−1 + L(1 + c))

+ c(K + L(1 + c) +KMδ(1 + c) + Lρ0)

+ 2K(1 + c)
[
κ1δ(K(2 + c) + LM) + M̃δ(λ−1 + L(1 + c))(1 +Kθ + 2KMδ)

]
+Mδ(λ−1 + L(1 + c))

(
K(1 + 2Mδ)(1 + c) + 2Kρ0

)}
.

(B.10)
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Taking δ and µ small enough in the right hand side of the above inequality becomes

ρ0βλ
−1(1 +Kθ) + βcK(1 + βλ−1).

Hence by the choice of ρ0 in (B.6), we get that LipθH0(γ,Ψ) ≤ ρ0.
Now we prove that ‖H1(γ,Ψ)‖1 ≤M . By Lemma A.2, for all z ∈ Bδ(`∞)× Td,

‖g(z, γ(z))‖`∞×Rd ≤ 2L(1 + c)‖x‖`∞ . (B.11)

Then by (A.6), (A.13)

‖H1(γ,Ψ)(z)‖Lθ ≤ Kβ2 [2L(1 + c) + c(λ−1 + L (1 + c))]‖x‖`∞

+ β
{

2K(1 + c) + 2LM + c(K(2 + c) + LM)

+M(λ−1 + L(1 + c))(1 +Kθ + 2KM‖x‖`∞)
}
‖x‖`∞ .

Taking δ and µ small enough, the right hand side of the above inequality becomes

cKβ2λ−1 +Mβλ−1(1 +Kθ) + βK(c+ (1 + c)(2 + c)).

Hence by (A.14) we get that ‖H1(γ,Ψ)‖1 ≤M .
Now we prove that LipxH1(γ,Ψ) ≤ κ1. We observe that by Lemma A.3, for all z ∈ Bδ(`∞)× Td,

Lipxγ(h(z)) ≤ c
(
λ−1 + L(1 + c)

)
+ 2MKδ(λ−1 + L(1 + c))(1 + c).

Then by (H4)C1 , bound (B.7), Lemmas B.1 and B.2

LipxH1(γ,Ψ) ≤ Kβ2
(

2L(1 + c) + c(λ−1 + L(1 + c)) + 2MKδ(λ−1 + L(1 + c))(1 + c)
)

+ β
{

2K(1 + c)(1 +Mδ) + 2κ1L

+
[
κ0

(
λ−1 + L(1 + c)

)
+ 2Kρ0 (1 + c)

]
(K(2 + c) + LM)δ

+ c
(
K +K(1 + c)(1 +Mδ) + Lκ1

)
+ (λ−1 + L(1 + c))

[(
κ1 + 2M̃Kδ(1 + c)

)
(1 + 2MKδ +Kθ)

+Mδ
(

2Kκ1 +K(1 + c)(1 + 2Mδ)
)]}

.

Taking δ and µ small enough, the right hand side of the above inequality becomes

βcK(1 + βλ−1) + βK(1 + c)(2 + c) + βκ1λ
−1(1 +Kθ).

Hence by the choice of κ1 in (B.6) we get that LipxH1(γ,Ψ) ≤ κ1. Now we prove that LipθH1(γ,Ψ)(x) ≤
M̃‖x‖`∞ . We observe that

Lipθ∂θ
(
C(θ)

)−1 ≤ Kβ2(1 + 2βK).

By Hypothesis (H2)C1 , Lemma B.2, bounds (A.13), (B.9), (B.11) the function H1 in (B.5) satisfies

LipθH1(γ,Ψ)(x) ≤ Kβ2(1 + 2βK)
(

2L(1 + c) + c(λ−1 + L(1 + c))
)
‖x‖`∞

+ 2Kβ2
(

2K(1 + c) + (2 + c)LM +Kc(2 + c) +M(λ−1 + L(1 + c))(1 +Kθ + 2KM‖x‖`∞)
)
‖x‖`∞

+ β
{

2K(1 + c) + 2KM + 2K(1 + c)M + (2L+ 2KM‖x‖`∞)M + 2LM̃

+
[
κ0‖x‖`∞

(
K(2 + c) + LM

)
+ ρ0

(
1 +Kθ + 2MK‖x‖`∞

) ]
(K(2 + c) + LM)

+ c
(
K +K(1 + c) +KM + (L+KM‖x‖`∞)M + LM̃

)
+
[
κ1(K(2 + c) + LM) + M̃(λ−1 + L(1 + c))(1 +Kθ + 2MK‖x‖`∞)

]
(1 +Kθ + 2MK‖x‖`∞)

+M(λ−1 + L(1 + c))
(
K(1 + c)(1 +M‖x‖`∞) +KM2‖x‖`∞ + 2M̃K‖x‖`∞

)}
‖x‖`∞ .
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Taking δ and µ small enough, the right hand side of the above inequality becomes

Kβ2
(

(1 + 2βK)cλ−1 + 2K(1 + c)(2 + c) + 2cK + 2Mλ−1(1 +Kθ)
)

+ β
{

2K(1 + c) + 2KM(2 + c) + ρ0(1 +Kθ)K(2 + c)

+ c(K +K(1 + c) +KM) +K(1 + c)Mλ−1
}

+ βκ1K(2 + c)(1 +Kθ) + β(1 +Kθ)
2M̃λ−1.

By (B.6) we conclude.

Lemma B.6. Assume that δ and µ are small enough and that α0, α1 satisfy

α0

α1
>
βK(2 + c)

1− βλ−1
. (B.12)

Then H(γ, ·) in (B.5) is a contraction, uniformly with respect to γ.

Proof. By Lemma B.1 we have

‖H0(γ,Ψ)(z)−H0(γ,Ψ′)(z)‖Lx ≤β
{(
L(2 + c) + 2MK(λ−1 + L(1 + c))‖x‖`∞

)
‖Ψ0(z)−Ψ′0(z)‖Lx

+ ‖Ψ0(h(z))−Ψ′0(h(z))‖Lx
(
λ−1 + L(1 + c)

)
+ ‖Ψ1(h(z))−Ψ′1(h(z))‖Lθ 2K(1 + c)

}
,

‖H1(γ,Ψ)(z)−H1(γ,Ψ′)(z)‖Lθ ≤β
{(
L(2 + c) + 2KM(λ−1 + L(1 + c))‖x‖`∞

)
‖Ψ1(z)−Ψ′1(z)‖Lθ

+ ‖Ψ0(h(z))−Ψ′0(h(z))‖Lx
(
K(2 + c) + LM

)
‖x‖`∞

+ ‖Ψ1(h(z))−Ψ′1(h(z))‖Lθ
(

1 +Kθ + 2KM‖x‖`∞
)}
.

Now we observe that, for all z ∈ Bδ(`∞)× Td (recall the bound (A.6)),

‖Ψ0(h(z))−Ψ′0(h(z))‖Lx ≤ ‖Ψ0−Ψ′0‖0, ‖Ψ1(h(z))−Ψ′1(h(z))‖Lθ ≤ ‖Ψ1−Ψ′1‖1(λ−1+L(1+c))‖x‖`∞ .

Then,

‖H0(γ,Ψ)−H0(γ,Ψ′)‖0 ≤‖Ψ0 −Ψ′0‖0 β
(
λ−1 + L(3 + 2c) + 2KMδ(λ−1 + L(1 + c))

)
+ ‖Ψ1 −Ψ′1‖1β (λ−1 + L(1 + c)) 2Kδ (1 + c)

‖H1(γ,Ψ)−H1(γ,Ψ′)‖1 ≤‖Ψ1 −Ψ′1‖1 β
[
L(2 + c) + (λ−1 + L(1 + c))

(
1 +Kθ + 4KMδ

)]
+ ‖Ψ0 −Ψ′0‖0 β

(
K(2 + c) + LM

)
.

Therefore (recall (B.3))

‖H(γ,Ψ)−H(γ,Ψ′)‖DΣ ≤ ‖Ψ0 −Ψ′0‖0
(
α0(βλ−1 +O(L) +O(δ)) + α1β(K(2 + c) +O(L))

)
+ ‖Ψ1 −Ψ′1‖1

(
α0O(δ) + α1

(
βλ−1(1 +Kθ) +O(L) +O(δ)

))
.

Hence, taking δ and µ small enough, we require that

α0βλ
−1 + α1βK(2 + c) < α0, α1βλ

−1(1 +Kθ) < α1

to prove that H(γ, ·) is a contraction as a map on the space DΞ. By (B.12) and (4.11) the first and the second
inequality respectively hold.

Lemma B.7. The function γ ∈ (Ξc,M , ‖ · ‖1) 7→ H(γ,Ψ) ∈ (DΞ, ‖ · ‖DΞ) is continuous.
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Proof. We have to see that α0‖H0(γ,Ψ) − H0(γ′,Ψ)‖0 + α1‖H1(γ,Ψ) − H1(γ′,Ψ)‖1 is small if ‖γ − γ′‖1
is small. Decomposing the difference in telescopic form, the more delicate term to control is the one containing
‖Ψ1(h(γ′))−Ψ1(h(γ))‖1. By (A.18), Lemma B.1 we have (recall the definitions (A.3), (B.4))

‖x‖−1
`∞‖Ψ1(h(γ′))(z)−Ψ1(h(γ))(z)‖Lθ ≤ ‖x‖

−1
`∞‖Ψ1(h1(γ′), h2(γ′))(z)−Ψ1(h1(γ), h2(γ′))(z)‖Lθ

+ ‖x‖−1
`∞‖Ψ1(h1(γ), h2(γ′))(z)−Ψ1(h1(γ), h2(γ))(z)‖Lθ

≤
(
κ1L+ 2M̃Kδ (λ−1 + L(1 + c))

)
‖γ − γ′‖1.

The other terms can be estimated analogously.

Remark B.8. By the definition (B.4) and Remark A.8 we have that

sup
(z,ν)∈Bδ(`∞)×Td×(0,µ)

‖Dγsν(z)‖LΓ(`∞×Rd) = O(δ + L(δ, µ)).

We conclude the proof of Theorem 4.4 by applying the Fiber Contraction Theorem B.3.
Let c,M, M̃, κ0, ρ0, κ1 satisfy c ∈ (0, 1], (A.14), (B.6). Now we prove that Γ := (G,H) : Ξc,M ×DΞc,M,v →

Ξc,M × DΞc,M,v, with G defined in (A.2) and H in (B.5) satisfies the assumptions of the above theorem. The
hypothesis (a) holds because γs is an attracting fixed point of G on Ξc,M . The hypothesis (b)-(c) hold by Lemmas
B.6 and B.7 respectively. Then there exists an attracting fixed point (γ∞,Ψ∞) for Γ and, by uniqueness, γ∞ = γs.
Now we recall that by the definition of H in (B.5) we have that, taking for instance γ0 = 0,Ψ0 = 0, the iterates
Γj(γ0,Ψ0) = (γj ,Ψj) are such that Ψj = Dγj ∈ DΞc,M,v. Then by the definition of Ex, Eθ in (4.10) and the
definition of the space DΞc,M,v in (B.4) the function γj belongs to the ball of radius c 10 of C1

Γ(Bδ(`
∞)×Td) for

all j ≥ 0.
Since γj and Ψj converge in the uniform C0-topology we have that Ψ∞ = Dγ∞ = Dγs. This proves that γs is
C1. By Lemma 2.5 we conclude that γs ∈ C1

Γ. By Remark B.8 we obtain the bound (4.16). This concludes the
proof of the first item of Theorem 4.4.

We recall that γs(0, θ) = 0. Moreover, denoting by γsy the y component of γs, by Lemma 2.11, it satisfies
γsy(·, θ) : Σj,Γ → Σj,Γ. This concludes the proof of the second item of Theorem 4.4.

C C2
Γ invariant manifolds: Proof of Theorem 4.5

To prove Theorem 4.5, we define the set

Ξ2
c,M,v :={γ ∈ C1

Γ(Bδ(`
∞)× Td, `∞ × Rd) : γ(0, θ) = 0, Lipx∂xγ ≤ κ0, Lipx∂θγ ≤ κ1,

‖Dγ‖0 ≤ c, ‖∂θγ‖1 ≤M, Lipθ(∂xγ) ≤ ρ0, Lipθ (∂θγ)(x) ≤ M̃ ‖x‖`∞ ∀x ∈ Bδ(`∞)}
(C.1)

where
v := (M̃, κ0, κ1, ρ0),

(recall (A.4), (B.4)). We assume that c and M satisfy the assumptions of Lemma A.5 and that v satisfies the
conditions in Lemma B.4. We observe that Ξ2

c,M,v ⊂ Ξc,M . We also introduce

DΞ2
v,̃v :={Υ := (Υ0,Υ1,Υ2) ∈ Exx × Exθ × Eθθ, LipxΥj ≤ κ̃j , j = 0, 1, 2, LipθΥj ≤ ρ̃j , j = 0, 1,

LipθΥ2(x) ≤ M̂‖x‖`∞ , ‖Υ0‖0 ≤ κ0, ‖Υ1‖0 ≤ ρ0, ‖Υ2‖1 ≤ M̃}

with
ṽ := (κ̃0, κ̃1, κ̃2, ρ̃0, ρ̃1).

Without loss of generality we have further assumed that ρ0 ≥ κ1. We consider

‖Ψ‖DΞ2
v,ṽ

:= α̃0‖Ψ0‖0 + α̃1‖Ψ1‖0 + η‖Ψ2‖1 (C.2)

where α̃0, α̃1 and η are positive constants to be chosen later.

10Provided that Mδ ≤ c, hence for δ small enough.
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We look for H such that D2[G(γ)] = H(γ,Dγ,D2γ) (recall the definition of G in (A.2)). For that we
differentiate formally G(γ) and we substitute ∂2−j

x ∂jθγ with Υj . We define Hj := ∂jθ∂
2−j
x G(γ). We have (recall

(B.5))

H0 :=C(θ)−1
{

(∂2
xg)(z, γ(z)) + 2(∂2

vxg)(z, γ(z))∂xγ + (∂2
vg)(z, γ(z))(∂xγ)2 + (∂vg)(z, γ(z))Υ0

+ Υ0(h(z))(∂xh1)2 + 2Υ1(h(z))∂xh1 ∂xh2 + Υ2(h(z))(∂xh2)2 + (∂xγ)(h(z))∂2
xh1

+ (∂θγ)(h(z))∂2
xh2

}
,

H1 := ∂θ(C(θ)−1)
{

(∂xg)(z, γ(z)) + (∂vg)(z, γ(z))∂xγ + (∂xγ)(h(z))∂xh1 + (∂θγ)(h(z))∂xh2

}
+ C(θ)−1

{
(∂2
xθg)(z, γ(z)) + (∂2

vθg)(z, γ(z))∂xγ + (∂2
xvg)(z, γ(z))∂θγ + (∂2

vg)(z, γ(z))∂xγ ∂θγ

+ (∂vg)(z, γ(z))Υ1 + Υ0(h(z))∂xh1∂θh1 + Υ1(h(z))∂xh2∂θh1 + Υ1(h(z))∂xh1∂θh2

+ Υ2(h(z))∂xh2∂θh2 + (∂xγ)(h(z))∂2
xθh1 + (∂θγ)(h(z))∂2

xθh2

}
,

H2 := ∂2
θ (C(θ)−1)

{
g(z, γ(z)) + γ(h(z))

}
+ 2∂θ

(
C(θ)−1

)
{(∂θg)(z, γ(z)) + (∂vg)(z, γ(z))∂θγ + (∂xγ)(h(z)) ∂θh1 + (∂θγ)(h(z))∂θh2}

+ C(θ)−1
{

(∂2
θg)(z, γ(z)) + 2(∂2

vθg)(z, γ)∂θγ + (∂2
vg)(z, γ(z))(∂θγ)2 + (∂vg)(z, γ)Υ2

+ Υ0(h(z))(∂θh1)2 + 2Υ1(h(z))∂θh1∂θh2 + ∂xγ(h(z))∂2
θh1 + Υ2(h(z))(∂θh2)2

+ (∂θγ)(h(z))(∂2
θh2)

}
.

(C.3)
We have to prove that: for v in Lemma B.4 and an opportune choice of ṽ

(i) G : Ξ2
c,M,v → Ξ2

c,M,v is well defined and has an attracting fixed point γ∞.

(ii) H : Ξ2
c,M,v ×DΞ2

v,̃v → DΞ2
v,̃v is well defined (see Lemma C.2).

(iii) H(·,Ψ): Ξ2
c,M,v → DΞ2

v,̃v is continuous (see Lemma C.3).

(iv) H(γ, ·) : DΞ2
v,̃v → DΞ2

v,̃v is a contraction (see Lemma C.4).

By Lemma A.5 if γ ∈ Ξ2
c,M,v ⊂ Ξc,M then G(γ) ∈ Ξc,M . We need to prove that G(γ) ∈ Ξ2

c,M,v. By
the definition (C.1) if γ ∈ Ξ2

c,M,v then Dγ ∈ DΞc,M,v (see (B.4)). In the previous section we also proved
that H : Ξc,M × DΞc,M,v → DΞc,M,v is well defined, where H is defined by DG(γ) = H(γ,D(γ)). Then
DG(γ) ∈ DΞc,M,v and so G(γ) ∈ Ξc,M,v. By applying the fibre contraction theorem B.3 to Γ = (G,H) as we
did in the previous section, we find that if γ ∈ Ξ2

c,M,v the sequence of iterates Gn(γ) converges to a C1 function
in Ξ2

c,M,v. Thus G has an attracting fixed point and the item (i) has been proved.

From now on in this section we denote by C any constant that depends on β, c,M, v,K (see (B.4), (4.18)).
We state first some lemmas. The proof of the first one is straightforward using the assumed hypotheses and the

particualr form of the functions h1 and h2 in (A.3).

Lemma C.1. For γ ∈ Ξ2
c,M,v and (x, θ) ∈ Bδ(`

∞) × Td, the functions h1, h2 introduced in (A.3) have the
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following estimates
‖∂xh1(x, θ)‖LΓ(`∞) ≤ λ−1 +O(L),

‖∂xh2(x, θ)‖LΓ(`∞;Rd) ≤ 2K(1 + c),

‖∂θh1(x, θ)‖LΓ(Rd;`∞) ≤ (K(2 + c) + 2LM)‖x‖`∞ ,
‖∂θh2(x, θ)‖LΓ(Rd) ≤ 1 +Kθ +O(δ),

‖∂2
xh1(x, θ)‖L2

Γ(`∞) ≤ C + C‖Υ0‖0,

‖∂2
xθh1(x, θ)‖L2

Γ(`∞,Rd;`∞) ≤ C +O(L+ δ) + L‖Υ1‖0,

‖∂2
θh1(x, θ)‖L2

Γ(Rd;`∞) ≤ O(L+ δ) + C‖Υ2‖0,

‖∂2
xh2(x, θ)‖L2

Γ(`∞;Rd) ≤ C + 2K‖Υ0‖0,

‖∂2
xθh2(x, θ)‖L2

Γ(`∞,Rd;Rd) ≤ O(L+ δ) + C + 2K‖Υ1‖0,

‖∂2
θh2(x, θ)‖L2

Γ(Rd) ≤ O(L+ δ) +K + 2K‖Υ2‖0.

Lemma C.2. There exist functions g0, g1, f0, f1 and a constant C > 0 such that the following holds: If

κ̃0 ≥
g0(κ̃1, κ̃2, ρ̃0, ρ̃1)

1− λ−3β
(C.4)

κ̃1 ≥
g1(ρ̃1, κ̃2)

1− βλ−1(1 +Kθ)2
, κ̃2 ≥

C

1− βλ−1(1 +Kθ)2
(C.5)

ρ̃0 ≥
f0(ρ̃1, κ̃1, κ̃2)

1− β(1 +Kθ)λ−2
, ρ̃1 ≥

C

1− βλ−1(1 +Kθ)2
(C.6)

M̂ ≥ f1(κ̃2, ρ̃1)

1− βλ−1(1 +Kθ)3
(C.7)

then, for any γ ∈ Ξ2
c,M,v and Ψ ∈ DΞ2

v,̃v,H(γ,Υ) ∈ DΞ2
v,̃v.

The proof of this lemma is postponed to the Appendix D. We observe that in order to fulfill the above conditions
is sufficient to fix the parameters in the following order: κ̃2, ρ̃1, M̂ , κ̃1, ρ̃0, κ̃0.

Lemma C.3. The functionH(·,Υ): Ξ2
c,M,v → DΞ2

v,̃v is continuous.

Proof. We have to prove that, given γ, γ′ ∈ Ξ2
c,M,v, we can made small the difference

‖H(γ,Υ)−H(γ′,Υ)‖DΞ2
v,ṽ

=α̃0‖H0(γ,Υ)−H0(γ′,Υ)‖0 + α̃1‖H1(γ,Υ)−H1(γ′,Υ)‖0
+ η‖H2(γ,Ψ)−H2(γ′,Ψ)‖1

provided that
‖γ − γ′‖∗ := max{‖Dγ −Dγ′‖0, ‖∂θγ − ∂θγ′‖1}

is small. The proof follows the proof of Lemma 5.5 in [30]. The only difference is in the following estimates

‖∂lθfj(z, γ(z))− ∂lθfj(z, γ′(z))‖ ≤ χ1(γ, γ′)‖x‖`∞ l = 1, 2, j = 1, 2, 4,

‖∂lθh1(γ)(z)− ∂lθh1(γ′)(z)‖ ≤ χ2(γ, γ′)‖x‖`∞ l = 1, 2,

‖∂θγ
(
h(γ)

)
(z)− ∂θγ′

(
h(γ′)

)
(z)‖ ≤ χ3(γ, γ′)‖x‖`∞

(C.8)

where χi(γ, γ′) are functions that go to zero as ‖γ − γ′‖∗ tends to zero. To prove the first bound in (C.8) it is
sufficient to use bounds (4.15) and the fact that, by definition,

‖γ(z)− γ′(z)‖`∞×Rd ≤ ‖Dγ −Dγ′‖0‖x‖`∞ ≤ ‖γ − γ′‖∗‖x‖`∞ .
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We show how to prove the second bound for l = 2. The other bounds are similar. By (H2)C2 we have

‖∂2
θh1(γ)(z)− ∂2

θh1(γ′)(z)‖L2
Γ(Rd;`∞) ≤ Lipv(∂

2
θf1(Id, γ))‖γ(z)− γ′(z)‖`∞×Rd

+ Lipv(∂
2
θvf1(Id, γ))‖∂θγ‖0‖γ(z)− γ′(z)‖`∞×Rd

+ ‖∂2
θvf1(Id, γ)‖L2

Γ(`∞×Rd,Rd;`∞)‖∂θγ(z)− ∂θγ′(z)‖`∞×Rd

+ Lipv(∂
2
θvf1(Id, γ))‖∂θγ‖20‖γ(z)− γ′(z)‖`∞×Rd

+ ‖∂2
vf1(Id, γ)‖L2

Γ(`∞×Rd,`∞)(‖∂θγ‖0 + ‖∂θγ′‖0)‖∂θγ(z)− ∂θγ′(z)‖0
+ ‖D2f1(Id, γ)‖L2

Γ(TM;`∞)‖Υ2‖0‖γ(z)− γ′(z)‖`∞×Rd
≤C‖x‖`∞‖γ − γ′‖∗.

To prove the third bound in (C.8) we use the triangle inequality. We consider just the most problematic term, that
is

‖∂θγ′(h(γ)(z))− ∂θγ′(h(γ′)(z))‖LΓ(Rd;`∞×Rd) ≤ Lipx(∂θγ
′(h(γ)))‖h1(γ)− h1(γ′)‖0 + M̂‖h1‖0‖h2(γ)− h2(γ′)‖0

(A.18),(A.6)
≤ O(L+ δ)‖γ − γ′‖0

for all z ∈ Bδ(`∞)× Td.

Lemma C.4. For δ and µ small enough Υ 7→ H(γ,Υ) is a contraction on DΞ2
v,̃v, uniform respect to γ ∈ Ξ2

c,M,v.

Proof. By Lemmas B.1, C.1 the functionsH0,H1,H2 introduced in (C.3) satisfy

‖H0(γ,Υ)−H0(γ,Υ′)‖0 ≤
(
βλ−2 +O(L)

)
‖Υ0 −Υ′0‖0 + C‖Υ1 −Υ′1‖0 +O(δ)‖Υ2 −Υ′2‖1,

‖H1(γ,Υ)−H1(γ,Υ′)‖0 ≤O(L+ δ)‖Υ0 −Υ′0‖0 + (βλ−1(1 +Kθ) +O(L+ δ))‖Υ1 −Υ′1‖0
+O(δ)‖Υ2 −Υ′2‖1,

‖H2(γ,Υ)−H2(γ,Υ′)‖1 ≤
(
βλ−1(1 +Kθ)

2 +O(L+ δ)
)
‖Υ2 −Υ′2‖1

+O(δ)‖Υ0 −Υ′0‖0 + C‖Υ1 −Υ′1‖0
and, recalling (C.2),

‖H(γ,Υ)−H(γ,Υ′)‖DΣ ≤α̃0 (βλ−2 +O(L+ δ))‖Υ0 −Υ′0‖0

+ α̃1

(
βλ−1(1 +Kθ) + C1

α̃0

α̃1
+ C2

η

α̃1

)
‖Υ1 −Υ′1‖0

+ η
(
βλ−1(1 +Kθ)

2
)
‖Υ2 −Υ′2‖1

for some constants C1, C2 > 0. By (4.17) and choosing α̃0, α̃1 and η such that

C1
α̃0

α̃1
+ C2

η

α̃1
< 1− βλ−1(1 +Kθ)

we get the thesis.

D Proof of Lemma C.2
The following lemmata can be proved with straightforward computations applying the assumptions of Theorem
4.5 and Lemma A.3.

Lemma D.1. Recall the definition C.1. For γ ∈ Ξ2
c,M,v, Υ ∈ DΞ2

v,̃v and (x, θ) ∈ Bδ(`
∞) × Td we have for

j = 0, 1

Lipx(Υj ◦ h) ≤ κ̃jλ−1 + 2Kρ̃j (1 + c) +O(L), (D.1)
Lipθ(Υj ◦ h) ≤ ρ̃j(1 +Kθ) +O(δ), (D.2)

Lipx(Υ2 ◦ h) ≤ κ̃2λ
−1 +O(δ), (D.3)

Lipθ(Υ2 ◦ h)(x) ≤
(
M̂λ−1(1 +Kθ) + κ̃2K(2 + c) +O(L)

)
‖x‖`∞ . (D.4)

Lemma D.2. For δ and µ small enough the functions h1, h2 in (A.3) satisfy
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Lipx∂
2
xh1 ≤ C + Lκ̃0,

Lipx∂
2
xh2 ≤ C + 2Kκ̃0,

Lipx∂
2
θxh1 ≤ C +K(1 + c) ρ̃1,

Lipx∂
2
θxh2 ≤ C +Kκ̃1,

Lipx∂
2
θh1 ≤ C + Lκ̃2,

Lipx∂
2
θh2 ≤ C + Cκ̃2,

Lipθ∂
2
xh1 ≤ C + L ρ̃0

Lipθ∂
2
xh2 ≤ C + 2K ρ̃0,

Lipθ∂
2
θxh1 ≤ C + Lρ̃1

Lipθ∂
2
θxh2 ≤ C + 2Kρ̃1.

Lipθ∂
2
θh1 ≤ 2K LipθΥ2,

Lipθ∂
2
θh2 ≤ 2K LipθΥ2.

Lemma D.3. We have, for all z = (x, θ) ∈ Bδ(`∞)× Td,

Lipx(∂xγ)(h(z)),Lipx(∂θγ)(h(z)),Lipθ(∂xγ)(h(z)) ≤ C,

Lipθ(∂θγ)(h(z)) ≤ C‖x‖`∞ .

We use these three lemmas to prove Lemma C.2.

Proof of Lemma C.2. The proof is divided in several steps. We use repeatedly, without mentioning, Lemmas D.1,
D.2 and D.3.

(i) We prove that LipxH0 ≤ κ̃0. We have by Lemma C.1, (D.1) taking δ and µ small enough,

LipxH0 ≤βλ−3κ̃0 + C(1 + κ̃1 + κ̃2 + ρ̃0 + ρ̃1)

for some constant C > 0. By (4.17) we have βλ−3 < 1 and by condition (C.4) we can conclude.
(ii) We prove LipxH1 ≤ κ̃1. By (D.1) and Lemma C.1, for all z ∈ Bδ(`∞)× Td,

Lipx(Υ1(h(z)))‖∂xh1(z)‖LΓ(`∞)‖∂θh2(z)‖LΓ(Rd) ≤ λ−2(1 +Kθ)κ̃1 + Cρ̃1 +O(δ).

Therefore by taking δ and µ small enough,

LipxH1 ≤ λ−2(1 +Kθ)κ̃1 + C(1 + κ̃2 + ρ̃1)

for some constant C > 0. By (4.17) we have βλ−2(1 +Kθ) < 1, then by (C.5) we get the claim .
(iii) We prove LipxH2 ≤ κ̃2. Since for all z ∈ Bδ(`∞)× Td

Lipx(Υ2(h(z))) ‖∂θh2(z)‖2LΓ(Rd) ≤ κ̃2λ
−1(1 +Kθ)

2 +O(δ),

then by taking δ and µ small enough

LipxH2 ≤ C + κ̃2βλ
−1(1 +Kθ)

2

for some constant C > 0. By (4.17) we have βλ−1(1 +Kθ)
2 < 1, then by (C.5) we get the claim .

(iv) We prove that LipθH0 ≤ ρ̃0. By (D.2), for all z ∈ Bδ(`∞)× Td,

LipθΥ0(h(z)) ‖∂xh1(z)‖2LΓ(`∞) ≤ ρ̃0(1 +Kθ)λ
−2 +O(δ).

Then by taking δ and ν small enough

LipθH0 ≤ C(1 + ρ̃1 + κ̃2) + ρ̃0β(1 +Kθ)λ
−2

for some constant C > 0. By (4.17) we have βλ−2(1 +Kθ) < 1, then by (C.6) we get the claim .

(v) We prove that LipθH1 ≤ ρ̃1. By (D.2), for all z ∈ Bδ(`∞)× Td,

LipθΥ1(h(z)) ‖∂xh1(z)‖LΓ(`∞) ‖∂θh2(z)‖LΓ(Rd) ≤ ρ̃1(1 +Kθ)
2λ−1 +O(δ).

Then by taking δ and ν small enough

LipθH1 ≤ C + ρ̃1β(1 +Kθ)
2λ−1

for some constants C > 0. By (4.17) we have βλ−1(1 +Kθ)
2 < 1, then by (C.6) we get the claim.
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(vi) We are left to prove that ‖H2(x, θ)−H2(x, θ′)‖L2
θθ
≤ M̂‖x‖`∞ |θ − θ′|d. We observe that, by (H2)C1 ,

Lemma C.1 and the estimates (A.9), (A.12) we have, for all z ∈ Bδ(`∞)× Td,

Lipθ

(
Υ2(h(z))

)
‖∂θh2(z)‖2LΓ(Rd) ≤

(
(1 +Kθ)

3λ−1M̂ + (1 +Kθ)
2K(2 + c)κ̃2 +O(L)

)
δ.

Then ‖H2(x, θ) − H2(x, θ′)‖L2
θθ
≤
(
C(1 + ρ̃1 + κ̃2) + βλ−1(1 + Kθ)

3 M̂
)
‖x‖`∞ |θ − θ′|d. We conclude by

using (4.17).
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