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Abstract

We consider a system of infinitely many penduli on an m-dimensional lattice with a weak coupling. For any
prescribed path in the lattice, for suitable couplings, we construct orbits for this Hamiltonian system of infinite
degrees of freedom which transfer energy between nearby penduli along the path. We allow the weak coupling to
be next-to-nearest neighbor or long range as long as it is strongly decaying.

The transfer of energy is given by an Arnold diffusion mechanism which relies on the original V. I Arnold
approach: to construct a sequence of hyperbolic invariant quasi-periodic tori with transverse heteroclinic orbits.
We implement this approach in an infinite dimensional setting, both in the space of bounded Z™-sequences and
in spaces of decaying Z""-sequences. Key steps in the proof are an invariant manifold theory for hyperbolic tori
and a Lambda Lemma for infinite dimensional coupled map lattices with decaying interaction.
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1 Introduction

Transport and transfer of energy are one of the fundamental behaviors that arise in Hamiltonian dynamics both
of finite and infinite dimensions. In finite dimensional nearly integrable Hamiltonian systems one of the main
mechanisms to achieve such behavior is Arnold diffusion [1] which leads to large drift in actions in phase space.
Arnold diffusion is known to be one of the main sources of unstable motions in many physical models such as
the Solar system and outstanding progress has been achieved in the last decades. In Hamiltonian PDEs (which
can be seen as infinite dimensional Hamiltonian systems) the phenomenon of transfer of energy was considered
by Bourgain one of the fundamental problems to study in Hamiltonian PDEs in the XXIst century (see Bourgain
[13]) and has drawn a lot of attention in the last decades. Even if the dynamics underlying such behavior presents
substantial differences from the classical finite dimensional Arnold diffusion, some of the works also rely on
analyzing invariant objects and heteroclinic connections (see 410).

The purpose of this paper is to construct transfer of energy solutions in a quite different context which has strong
connections with both settings presented above: Hamiltonian systems with infinitely many degrees of freedom
defined on lattices, that is infinite dimensional Hamiltonian systems with spatial structure.

The study of transfer of energy phenomenon in Hamiltonian systems on lattices goes back to the seminal nu-
merical study by Fermi, Pasta and Ulam [26]], on the nowadays called Fermi-Pasta-Ulam model, and the discovery
of the so-called FPU paradox. Since then, there has been a lot of effort on understanding both the phenomenon
of energy localization and energy transfer both in periodic lattices (that is, finite dimensional phase space) or on
infinite lattices.

On energy localization, there are several papers that apply KAM Theory techniques to prove the existence of
invariant tori [32} [18], 63 [35] 36 [64] which have strong decay in space and therefore have localized energy. There
are also several results providing time estimates for energy localization (see for instance [63] (3L 33| 211)).

Arnold diffusion results on Hamiltonian systems with spatial structure (either of finite or infinite dimensions)
are rather scarce. In particular there are no results for the classical Fermi-Pasta-Ulam model (however, see [46]
for the analysis of hyperbolic objects in its normal form).

In [53] 49] the authors consider a periodic lattice model which consists on penduli with weak coupling and
prove the existence of transfer energy orbit by means of variational methods. Inspired by these works, the goal of
the present paper is to construct Arnold diffusion orbits for models in infinite lattices. The mechanism considered in



the seminal work by Arnold (and many of the most recent ones) relies on the analysis of invariant objects (typically
invariant tori) and their heteroclinic connections. We also rely on this very same approach but in an infinite
dimensional setting both in {>° and in spaces with decay. To this end we consider geometric techniques which
are currently widely used in finite dimensional Hamiltonian systems (invariant manifold theory for hyperbolic tori,
Lambda lemma) and we develop them in a rather wide generality for Hamiltonian systems on lattices with spatial
structure.

Then we apply them to formal Hamiltonians of the form

H(q,p) = Y Ej+eHl(qp), (1.1)
jezm
where
P2
E;:= 51 +V(g;),  Vigj):=cosgj — 1. (1.2)

By formal Hamiltonian we mean an infinite sum, possibly not convergent on the considered phase space, of Hamil-
tonian functions depending on an increasing, but finite, number of variables (see Section below for more de-
tails). For instance, we refer to functions of the form

+oo
H(g,p) =Y > Hin({a;}j—ii<r> {pi}j—ii<);

k=2iez™

where | - | is the usual 1-norm for j € Z™, [j]| = >~ |jel-

The perturbation H; is assumed to have certain spatial structure that will be specified later. Roughly speak-
ing, we either assume that only interaction with nearest and next-to-nearest neighbors is allowed or long range
interaction is admitted provided it has strong decay (the norm of H; j decays as k tends to infinity). Under such
assumptions, even if the Hamiltonian is just formal (the sum in is not convergent), the equations of motion

{q'j = p; + €0y, Hi(q,p)

p; = sing; — €0y, Hi(q,p),

jezm (1.3)

define a well-behaved system of differential equations. The partial derivatives of the formal Hamiltonian H must
be understood as the partial differentiation of the formal series term by term. We refer to Section for further
details.

Even if the developed techniques are applied to Hamiltonian systems of the form (L.I), they are valid for a
much wider class of Hamiltonian systems and, thus, we expect that they can be used in future results on Arnold
diffusion in more general lattice models. Before stating the main results, let us review the literature in Arnold
diffusion to put our result in context.

Since the seminal work by Arnold [[1] and specially since the 90s there has been a huge progress in under-
standing the phenomenon of Arnold diffusion in finite dimensional nearly integrable Hamiltonian systems. Such
models are usually classified as a priori stable (when the first order satisfies the Liouville-Arnold Theorem) or
a priori unstable (when the first order is integrable but presents hyperbolicity). The model (I.I)) belongs to the
second setting.

The first results in the a priori unstable setting date back to the early 2000s [24, 17,160} 6] for 2 and half degrees
of freedom. The results in arbitrary dimension are more scarce [23}(61]].

A priori stable settings are much harder to analyze since the hyperbolicity which should lead to unstable
motions must arise thanks to the perturbation. The results in this setting are much more recent [7} 54} 56} 38].
Many fundamental lattice models fit the a priori stable setting (for instance a weakly coupled sequence of rotators,
such as the Fermi Pasta Ulam model in the low energy regime). Constructing Arnold diffusion orbits in such
models is an outstanding open problem.

1.1 Main results

We devote this section to present transfer of energy results for the Hamiltonian system and suitable pertur-
bations H;1. A more complete statement would require to set up first a functional setting to define the class of
perturbations H for which transfer of energy is possible. This more precise result is deferred to Section [3] after
establishing a functional setting considered first in [50] and developed by Fontich, Martin and de la Llave in [27]]
(see Section 2] below). For now, we just present a simplified version.



When ¢ = 0, the Hamiltonian (T.T)) is just a countable number of decoupled penduli. Therefore, the dynamics
is integrable and transfer of energy among sites is not possible in the sense that the energies E; (see (I.2)) are
constants of motion. The goal of this paper is to construct, for suitable perturbations H;, solutions (q(¢), p(t))
such that its energy is transferred among modes as time evolves. Note that when we talk about the energy we refer
to the values of { F;(q;, p;) }iez= without assuming that its sum is finite.

The transfer of energy solutions that we construct are such that its energy is supported essentially in one or two
modes and it is transferred, as time evolves, to neighboring sites. Therefore, to describe it we consider paths in Z™
formed by neighboring sites, that is sequences

{oitizo CZ™,  oiy1 —oi =1,
(see Figure ).

7m
o000 9000 00
o000 9000 00
o000 9000 o0o0
o0 0 0 ¢ p—0—0—0>>0
o0 0009000
* o 9o e oo
o0 o9 0000
o0 e 90000
o0 e 9o 0000
o000 9000 00

Figure 1: Example of path in Z™.

To state the results on transfer of energy orbits for Hamiltonians of the form (1.3)), we consider two different
phase spaces. For the first theorem we consider the space of bounded sequences ¢>°. We consider the />°~topology,
rather than working with the topology based on pointwise convergence of the coordinates. This has the advantage
that we can use Banach space techniques rather than relying just on metric spaces (which do not allow the standard
tools of differential calculus). We consider then as phase space

(>°(Z™; M) = {z = (2i)iezm € ME" . sup |z < oo},
ieZ?n

where
M :=T x R, M = H M,
jezm
which is a Banach manifold modeled on £>°(Z™; R?).

Note that in this phase space the total energy may not be finite. That is, one has to consider H in (I.I) as a
formal Hamiltonian.

Theorem 1.1. Fix m € N, h > 0. Given any sequence
{oitizo CZ™, oiv1 —oil =1,

there exist a formal Hamiltonian H1 of the form

Hl(Qap) = Z Hl(le?pj17qj27pj27Qj37pj3)5 (14)

J1,J2,J3€L™,|j1—j2|=1,|j2—j3|=1

where H1 is a function of class C*, and eq > 0, such that, for any € € (0,e0) and any n) > 0, there exist trajectories
(q(t),p(t)) € £°°(Z™; M) of the formal Hamiltonian H in (I.I)) and an increasing sequence of times {t; };>o such
that

|Eo:(q(t:), p(t:)) =kl <n  and  |Ex(q(t:),p(t:)| <n for k# o



Theorem|I.T|obtains Arnold diffusion orbits in £°°. In particular, the solutions do not have any particular decay
and therefore the Hamiltonian H may be unbounded.

The next theorem, which is proven independently from Theorem [I.1] constructs transfer of energy solutions
which belong to a “smaller” phase space. More precisely we consider space of sequences with a prescribed decay,
which makes the Hamiltonian H well defined. To state it we define a different functional setting.

Following [27]], we define a decay function I": Z™ — [0, o) such that

> T@) <1, and S T(i—j)T(G—k) <T(i—k), ikez™ (1.5)
i€zm jezm

For instance given o > m and 3 > 0, there exists a > 0 such that

o Bl
F(Z_){a|z| e , 1#£0, (1.6)

a, 1=0

is a decay function. Then, for a given decay function I' and j € Z™, we define the space of sequences

Yip= {v € 0®(Z™; M) : sup |vp|T(k—35)"' < oo}.
kezm

Next theorem proves transfer of energy orbits in this phase space.

Theorem 1.2. Fixm € N, j € Z™, h > 0 and a decay function T satisfying (I.3). Given any sequence
{oitiso CZ™,  |oip1 —oil =1,

there exist a Hamiltonian H, of the form (T4) (where H, is a C* function) and ¢y > 0 such that, for any
e € (0,e0) and any n > 0, there exist trajectories (q(t), p(t)) of the Hamiltonian H in (L)) such that, for t > 0,
(q(t),p(t)) € Ejr and an increasing sequence of times {t; };>o such that

|Eo (q(t:), p(t:)) =kl <n  and  [Ex(q(t:),p(t:))| <n  for k# o

Remark 1.3. In the statement of Theorems and we require the Hamiltonian H to be C* to emphasize that
this is the minimal regularity required to implement our strategy. However, we point out that there exist examples
of H; satisfying the theorems which are C*° (or even analytic provided we take » > 0 small). See Remark [3.1]
below.

Figure [2] shows schematically the evolution of transfer of energy orbits obtained in Theorems [I.1] and [I.2}
Physically the orbits that we construct correspond to the following configurations. At each time, two consecutive
pendulums in the path are oscillating with positive energy whereas the others are at energy (approximately) zero
(see Figure [3). Among them one is traveling close to the separatrix whereas the others are close to the saddle.
When time evolves, the energy is transferred in such a way that such configuration is “translated” along the path.

The statements of Theorems [I.1] and [I.2] only ensure the existence of “one” perturbation H; for which they
apply. Certainly, they apply to families of perturbations. As mentioned above, in Section [3| once the functional
setting we work with is established, we give explicit conditions for H; which lead to transfer of energy. These
conditions are essentially of two types. Some of them impose the invariance of certain finite dimensional subspaces.
The others are of Melnikov-type and allow to ensure that certain invariant manifolds intersect transversally. These
conditions are not only satisfied by perturbations H; of next-to-nearest neighbor interaction type but they are
also satisfied by H; which have strongly decaying long-range interactions. Such conditions are explicit and thus
checkable in concrete examples (see[3).

Remark 1.4. Theorems|I.T]and[I.2]fix a diffusing path and then provide a Hamiltonian which has orbits diffusing
along the prescribed path. In fact, our approach allows to “switch” the order of the quantifiers. That is, we can
construct perturbations H; which, for any given path, possess orbits diffusing along it. In other words, we can
construct Hamiltonians which satisfy all the aforementioned non-degeneracy conditions required to diffuse along
all paths.

I'This implies that H (q(t), p(t)) is finite.



(o g o

Figure 2: Example of the evolution of transfer of energy. In the first picture the energy is essentially localized at
one site o;, in the second picture is transferred to the next site in the path, 0,41, and in the final one is localized
in 01 1. Note that the tails in energy can be either decaying (as in Theorem I.2)) or just small and bounded (as in
Theorem . In this second case the total energy may be unbounded.
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Figure 3: Evolution of the pendulums. At each time all pendulums but three are very close to the unstable equi-
librium, two of them are rotating (with positive energy) and one is close to the separatrix. As time evolves new
pendulums are activated and the old ones approach the unstable equilibrium.

1.2

1.

Comments on Theorems 1.1 and 1.2

Even if Theorem can be seen as a consequence of Theorem their proofs are independent (although
they follow the same scheme). That is, all our techniques are independent whether the Hamiltonian H is
convergent or not and the techniques we use are flexible enough so that can be applied in different functional
settings.

. Note that the choice of the function I is rather flexible. If one considers I as in (T.6) one can impose either

polynomial decay or exponential decay. Moreover the exponential decay can be as strong as desired (3 as
large as desired) although certainly the smallness of € depends on the choice of « and S.

. The proof of Theorems|[I.T]and [I.2]is achieved through geometric methods. This implies that the convexity

in actions of the Hamiltonian does not play any role. Indeed, one can obtain the same result for a
Hamiltonian of the form
H(q,p) = Y piE; +cHi(a,p),
j€z

where p; is either p; = 1 or p; = —1. Then, however, one has to take h € (0,2). Indeed, even if the energy
may be unbounded, it is not in the invariant objects and their associated invariant manifolds which are used
to construct the diffusing orbit. Since the energy of the pendulum is bounded by below by —2 one has to
impose that h € (0, 2) if some of the p;’s are negative.

. The results in [53|49] and also in the present paper rely on models whose first order presents hyperbolicity

(penduli) and whose perturbations are carefully chosen so that preserve certain invariant subspaces. How-
ever, Arnold diffusion should appear for generic perturbations with spatial structure (for instance generic



nearest neighbor interaction) and in particular also for physical models, such as discrete Klein-Gordon equa-
tions. It would also be interesting to involve more general invariant objects in the construction of the Arnold
diffusion orbits (see for instance [29]], where the authors construct infinite dimensional hyperbolic tori).

5. Note that there are other mechanisms which lead to transfer of energy in Hamiltonian systems on lattices
such as traveling waves (see [31]). They are of rather different nature compared to Arnold diffusion.

We devote the next sections to put our results in context. First in Section [I.3|we compare our result with those
of [53]] and [49] where the same pendulum lattice model is considered but in a periodic setting. Section E] is
devoted to make a connection between our main results with the transfer of energy phenomenon in Hamiltonian
PDEs, which is usually measured by the growth of Sobolev norms. Finally Sections and are devoted to
explain the fundamental geometric tools that we develop to construct the transfer orbits and to explain the heuristics
behind the transfer mechanism respectively.

1.3 Comparison with [S3] and [49]

The model (T.1I)) was considered in [53] and [49] in a periodic one dimensional lattice and therefore in a finite
dimensional phase space. In [53]], Kaloshin, Levi and Saprykina prove the existence of transfer of energy orbits for
suitable next-to-nearest-neighbor perturbations by means of variational methods (in the spirit of [L1}19,[10} 8], see
also [511 [52]]) and provide time estimates. The perturbations they consider are C°° and localized. Thanks to this
localization one could expect that their techniques could be implemented in an infinite dimensional setting. The
paper [49] considers the very same model but with analytic perturbations. Both papers follow the same diffusion
mechanism developed in the original paper [53]. We also rely on the same heuristic mechanism, which is explained
in Section[L.6 below.

In the present paper, we consider an infinite dimensional setting in a rather wide generality, both in £°° or in
sequence spaces with decay. In particular, we do not impose finite energy. Moreover, we consider a completely
different approach. Instead of considering variational methods as in [S3| |49]], we consider geometric methods
following the original Arnold approach.

The choice of perturbations H; present similar features in all three works. Indeed, a very important property is
that they leave invariant certain finite dimensional subspaces. In [53| 49] the perturbations are constructed so that
certain barrier function is non-degenerate. These conditions are rather similar (in fact slightly weaker) compared
to the Melnikov-type conditions that we impose to ensure that the invariant manifolds of certain invariant tori
intersect transversally (see Section [3|below). The conditions that we impose are explicit and can be checkable in
concrete examples.

The advantage of the choice of both the perturbation and the variational methods in [53],149] allows the author
to obtain time estimates on how fast is the transfer of energy. The tool used to perform shadowing in the present
work, a Lambda lemma, is quite flexible but unfortunately does not lead to time estimates. To obtain time estimates
one would need to develop a more quantitative Lambda lemma or implement the variational methods of 53} 149]]
in the infinite dimensional setting.

1.4 Transfers of energy and growth of Sobolev norms: PDEs vs Lattices

For s > 0 let us define the Sobolev spaces

1/2
H? :=Qu: 2" = C: |u||lgs := (Z uk|2<k>zs) <00 P,

where (k) := max{l, |k|}. Observe also that the space of sequences X; r with j = 0, 5 = 0 coincides with the
Holder space

W = {u: Z" = C: ||u|lwawe := sup |ug] (k) < oo}
keZ'rn
As it is well known WaFs0:2°(T™) ¢ H*(T™) with so > m/2. Then it is easy to see that Theorem|[L.2| provides
the existence of solutions whose Sobolev norms explode as time goes to infinity. In particular it provides a result

of “strong” Lyapunov instability (see [40]) for some finite dimensional invariant tori in the topology of Sobolev
spaces. Indeed, the perturbations H; considered in Theorems[T.1]and [T.2] are such that the tori

TUI,UQ,hl,hQ - {Eo'l = hl;Eo'Q = h27 Ek = 0 fOI' k # 0'170'2}



are left invariant. The next corollary, direct consequence of Theorem [I.2] implies that these tori possess a strong
form of Lyapunov instability.

Corollary 1.5. Fixm € N, s > m, 01,09 € Z™ with |01 — 03| = 1, hy, ha > 0. Assume the assumptions of
Theorem and consider the invariant torus Ty, 5, h, ho- Then, there exists g > 0 small enough such that for
all 0 < e < eg and any 1 > 0 small enough, there is a trajectory u(t) = (q(t), p(t)) of (L.I) such that

distgrs (u(0), Toy og.hy he) 1= sup [lu(0) — z||ms <7

2€To1,00,h1,ho

and
i [fu(t)][7+ = +oo.
Actually the same result holds in any space of sequences with decay I" (for instance Holder and analytic spaces).
Indeed the energy is transferred to arbitrarily far (with respect to the initial conditions) regions of the lattice and
the decay norms give a weight to the sites.

One of the most important issue in the modern analysis of Hamiltonian PDEs concerns the transfers of energy
between modes of solutions of nonlinear equations on compact manifolds. In particular, when this transfer occurs
between modes of characteristically different scale, this phenomenon is named energy cascade (in the weak wave
turbulence theory) and it can be measured by analyzing growth of Sobolev norms of the solutions as time evolves.
In the last decade several papers have been dedicated to prove existence of solutions undergoing an arbitrarily large
growth in their high order Sobolev norms ([19]], [42], [45],[41], [40]). Such results are very interesting from the
point of view of the study of dynamics of PDEs, since they can be read as Lyapunov instability phenomena in the
topology of Sobolev spaces of some invariant objects (fixed points, periodic orbits, quasi-periodic tori ... ).

It remains an interesting open problem [13] whether there are solutions of the cubic NLS on T, d > 2
exhibiting an unbounded growth, i.e.

lim sup [[w(t)|| g+ (r2y = 400.
t—o00

We mention that solutions displaying an unbounded growth have been found by Hani [43] and Hani-Pausader-
Tzvetkov-Visciglia [44]] respectively in the case of NLS with cubic nonlinearities which are ”almost polynomial”
and for the NLS on the cross product T? x R.

As it is well known, partial differential equations u(¢,2) = X (u(¢,z)) under periodic boundary conditions,
x € T™, can be seen as infinite dimensional systems of ODEs for the Fourier coefficients

up = (271')_’”/ u(z) e da.
In many important models this takes the following form
U = iw(k)ug + fro(u), kez™, 1.7

where w(k) are complex numbers. The modes are uncoupled at the linear level, while the nonlinearity couples all
of them. If the nonlinear terms have a zero of order at least two at the origin, in a sufficiently small neighborhood
of the origin these systems can be seen as nearly-integrable, where the linear part plays the role of the unperturbed
equation. Then, one can make a comparison with lattice models of the form Hy + ¢ H; (see (I.1))). We notice some
fundamental differences between and our lattice model which play a significant role in the study of unstable
orbits:

e In many dispersive PDEs the linear frequencies w(k) are real numbers, except for finitely many &’s (for
instance Klein-Gordon with negative mass). Then the linear dynamics is stable, more precisely all the linear
motions are oscillations. Hyperbolicity should arise from nonlinear terms. In our model the unperturbed
system Hj presents strong hyperbolicity properties, in the sense that there exists an equilibrium which is
hyperbolic in all the infinitely many directions. In other words, to deal with dispersive PDEs we should be
able to treat a priori stable infinite dimensional problems.

e The nonlinear coupling in PDEs is not just long range, but the interaction between very distant modes is
as strong as between nearest neighbor modes. This is a fundamental difference with our model where the
interaction is nearest-neighbor or long range but with strong decay.



e In our model the subspaces obtained by keeping at rest any set of modes are invariant. In PDEs in general
this is true at the linear level, when the modes are all uncoupled, but not considering the nonlinear effects.

Filling these gaps would provide a significant step forward to the extension of Arnold diffusion to PDEs.
Besides the interest per se, it would be interesting to understand whether this kind of phenomena may provide
results of existence of solutions displaying unbounded growth in Sobolev norms.

1.5 Main tools of the proofs of Theorems[I.1and[1.2]

The proofs of both Theorems [I.1] and [I.2] rely on the same techniques which are usually referred to as geometric
methods for Arnold diffusion, which go back to the seminal paper by Arnold [1l]. These techniques have been
shown to be extremely powerful in the analysis of unstable motions in nearly integrable systems [24} 23} 56, 38]].
In the last decades they have also been shown to be extremely powerful in combination with Variational Methods
(Mather Theory, Weak KAM).

The geometric methods tools that are involved in the proof of Theorems and [I.2]are the following:

1. Construct a sequence of invariant tori {Tj },>1, which are (partially) hyperbolic. Usually KAM theory is
needed in this step (see [29]). However, in the present paper we choose the perturbation H; such that many
of the tori of H are preserved (see Section[I.6). Note that these tori do not need to have the same dimension.

2. Prove that these invariant tori have stable and unstable invariant manifolds (often called whiskers) and that
they are regular with respect to parameters. There are several papers dealing with invariant manifolds of
whiskered tori in lattice modelf] [12L 4 5] (see also [28] for invariant manifolds of hyperbolic sets). In
Section [4] we develop an invariant manifold theory which can be applied to the Hamiltonian (I.I). The
results we develop are applicable both to maps and flows, require low regularity assumptions and do not
require that the maps/flows preserve a symplectic structure.

3. Prove that the unstable manifold of T} and the stable manifold of T, ; intersect transversally. This is usually
done by means of (a suitable version of) Melnikov Theory. In the so—called Arnold regime (see Section
below), one can also use the scattering map to understand the homoclinic connections to certain normally
hyperbolic cylinders (see [22]]). This analysis is done in Section [3}

4. A sequence of invariant tori {T}x>1 wWhose consecutive tori are connected by transverse heteroclinics is
usually called a transition chain. The last step is to prove that there is an orbit which “shadows” (follows
closely) this transition chain. To this end, one needs an (infinite dimensional) Lambda Lemma. As far as
the authors know the Lambda lemma proved in the present paper is the first one in an infinite dimensional
setting. It is proven in Section [6]

The implementation of these steps in the pendulum lattice (I.1]) is explained in Section (I.6) at an “informal”
level and in full detail in Section [3] However, we believe that the techniques that we develop in this paper for
the Steps 2, 3 and 4 above have wide applicability beyond pendulum lattices. For this reason, they are stated in a
general form in Sections AH6]

1.6 Heuristics on the instability mechanism

The instability mechanism that leads to the transfer of energy trajectories of Theorems and relies on the
ideas of Arnold [1]] of building a sequence of invariant tori connected by transverse heteroclinic orbits, that is a
transition chain of whiskered tori, as mentioned in Section [I.5] Let us give a rough idea of how this transition
chain is constructed. When € = 0, H is just an infinite number of uncoupled penduli. Therefore the phase space
possesses plenty of invariant tori which may be of “maximal” (infinite) dimension or can be of (finite or infinite)
“lower dimension”, partially elliptic and hyperbolic.

We consider perturbations H; such that certain finite dimensional hyperbolic tori of H are persistent. Fix an
instability path

{O—i}iZO - Zm, |O'7;+1 — O'i| =1.

Then, we assume the following

00 H1(0:P) (g pry=(0,0) = o 1@ P)l (g, piy=0,0) =0 VR & {oi}izo-

2Note that [[12] deals with the invariant manifolds of both finite and infinite dimensional quasi-periodic invariant tori.



This condition implies that, if we set S := {o; };>0 C Z™, the subspace
Vs={qx=pr =0 forall k¢S} (1.8)
is left invariant by the vector field of H;. Let us define
Si :={04, 0141} CZ™.

We assume the following extra hypothesis so that the dynamics on Vg, is integrable and given by two uncoupled
penduli,
alIkHl(Qapsti = 8pkHl(q7p)|Vsi =0 for k=04,0i41.

Indeed, it implies that
Hly, = Eo, +E

Ti41)

which is an integral Hamiltonian given by two uncoupled penduli.

The transfer of energy mechanism behind Theorems [I.1] and [I.2] relies on a transition chain of whiskered
invariant tori which are supported on the sequence of invariant subspaces Vg;.

Fix h > 0. Then, we consider a transition chain of invariant tori which belongs to the energy level H = h.
Note that Theorem [I.2] constructs a shadowing orbit with finite energy whereas Theorem [I.1]is obtained through
a shadowing argument performed in /°° and thus the energy is just a formal object. However, to construct these
orbit in both cases we rely on invariant objects which belong to the h energy level.

The tori in the transition chain are of two types, first, for hq, ho > 0 such that hy; + ho = h, we consider the
two dimensional tori defined by

To, 0ii1,h1,he = {Fo; = h1, Eg, ., = ho and g = pi = 0 for k # 04,0441}

These are hyperbolic invariant tori for H in the full phase space with an infinite number of hyperbolic stable and
unstable directions. In the two first rows of Figure il we show two examples of these tori in a subspace of three
penduli: two penduli are at a periodic orbit and the third one at the saddle.

Second, we consider the one-dimensional invariant tori defined as

P, ={Es, = h and ¢, = p;, =0 for k # 0;}.

Note that P,, C Vs, , and P,, C Vg,. This can be seen at the last row of Figure@ two penduli at the saddle and
one at a periodic orbit.
Then, to prove Theorems [I.Tand[T.2] we construct a transition chain of the form

N N’
Poo U U {Too,al,hk,h—hk} U 7)01 U U {Tol,ag,h,k/,h—hk/} U Pag U...
k=1 k'=1

for some sequences of energies hy, hys € (0, h). Note that the transition chain has tori of both dimension one and
two.

To prove that such sequence of tori connected by heteroclinic connections exists, one can distinguish two
regimes (see Figure (3)):

e Arnold regime: Fix § > 0. Then

A‘S)”’i?aiﬂ = U TUuUHthh*%

hels,h—5]

is a 3-dimensional normally hyperbolic cylinder foliated by invariant tori as in the classical Arnold example
[1]]. Note however that this cylinder has infinite dimensional invariant manifolds. To construct a transition
chain we need to impose certain non-degeneracy conditions to an associated Melnikov potential (which only
depends on a finite number of sites). This allows to define scattering maps [22] and by it a transition chain
of two dimensional tori “from top to bottom” of the cylinder, i.e. with increasing F,,,, and decreasing F,
(the sum must be constant since we construct the transition chain in the energy level H = h), see first two
rows of Figure ] Thus, through this transition chain energy is only being transferred between the site o; to
the site ;1.

10
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Figure 4: The transition chain for the restricted system to the 6-dimensional invariant subspace of three coupled
penduli. First, in the Arnold regime, we connect the 2-dimensional tori represented in the first two pictures (using
the standard machinery of the scattering map). Then, in the Jumping regime, we connect the second torus with the
periodic orbit, represented in the last picture.

e Jumping regime: In the second regime we want to connect 2-dimensional tori from the 3-dimensional cylin-
der As 5, 5., to the periodic orbit P,, , (where the energy is all supported in the site ;1) and then to the
“new” 3-dimensional cylinder As 5, , o.,,, see the last two rows of FigureE} In this second regime we must
construct heteroclinic orbits between invariant tori of different dimension. To construct them we also rely
on the non-degeneracy of certain Melnikov Potential. Note that in this regime one cannot rely on normally
hyperbolic cylinders since when § — 0, the hyperbolicity inside the cylinder is as strong as the normal one.

The last step is to construct an orbit shadowing this transition chain. This is a consequence of the Lambda
lemma which implies that the unstable manifold of a given torus belongs to the closure of the unstable invariant
manifold of the previous torus in the sequence.

1.7 Structure of the paper

We end Section [T] by explaining the structure of the rest of the paper. First in Section 2] we explain the functional
setting that we consider in this paper, which was developed by de la Llave, Fontich and Martin in [27]. In Section
B]we state a more detailed theorem which implies Theorems|[I.T]and[I.2] Then, we explain the main steps to prove
this theorem. Those main steps are an invariant manifold theory for hyperbolic tori, analysis of the transverse
intersections of the invariant manifolds and a Lambda Lemma.

The rest of sections, that is Sections EL E] and|§|, are devoted to prove these three main steps. However, in these
sections we do not just develop such theories for the model (I.T)) but in a rather general setting.

First in Section[d] we develop an (infinite dimension) invariant manifold theory for finite dimensional hyperbolic

11
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Jumping regime
Arnold regime Arnold regime

Figure 5: The diffusive orbit shadows a transition chain formed by tori of different dimensions, in particular
dimension 1 and 2. Along the transition process we identify two different regimes. In the Arnold regime we travel
close to heteroclinic orbits which connect two-dimensional tori. In the Jumping regime the diffusive orbit shadows
heteroclinic connections between two-dimensional tori and periodic orbits.

tori for both coupled maps lattices and vector fields on lattices. We also prove regularity of the invariant manifolds
with respect to parameters. In Section [5] we analyze the transversality of the invariant manifolds of the invariant
tori by a Melnikov-type theory. Finally, in Section [6] we prove a Lambda lemma for the invariant manifolds of
hyperbolic tori both for flows and maps.

We want to emphasize that specially Sections [4] and [6] apply for a rather wide class of infinite dimensional
dynamical systems (both discrete and continuous) with spatial structure. We believe that the results obtained in
these sections have a much wider applicability in analyzing unstable motions in infinite dimensions.

Acknowledgements

We thank the referee for his/her useful comments and suggestions which have considerably improved the paper.
We warmfully thanks Amadeu Delshams, Ernest Fontich and Pau Martin for useful discussions. The authors
are supported by the European Research Council (ERC) under the European Union’s Horizon 2020 research and
innovation programme (grant agreement No. 757802). M. Guardia is also supported by the Catalan Institution
for Research and Advanced Studies via an ICREA Academia Prize 2019. This work is also supported by the
Spanish State Research Agency, through the Severo Ochoa and Maria de Maeztu Program for Centers and Units
of Excellence in R&D (CEX2020-001084-M). F. Giuliani has received funding from INAAM-GNAMPA, Project
CUP E55F22 000270001.

2 Functional setting

We devote this section to introduce the functional setting needed to prove Theorems [I.T] and [I.2] We use the
functional setting developed in [27]. Most of the results stated in this section are proven in that paper.

Let (X;, |- |x,), @ € Z™, m > 1, be a sequence of Banach spaces and let us denote by ¢*°(X;) the Banach
space

(X)) =<z ¢€ H X |2llgee () = sup |zifa, <00 p .

i€zm ez

To lighten the notation we use £>° instead of £>°(X;) when this does not create confusion.
We define the immersion map

I: X — EOO(XZ), (Ij(v))j =, (Ij(v))i =0i#j

and the projection
WjZEOO(XZ‘)—)Xj, Wj(Z):Zj.

12



We want to introduce a class of maps that preserve these spaces of bounded sequences. The key point is to
consider maps with some decay property. Following [27], we consider a decay function T': Z™ — [0, 00) as the
one introduced in (I.3) (keep in mind the example (T.6)).

From now on, when we refer to X; as a sequence of Banach spaces we mean (&X;);czm.

First in Section we define linear operators from ¢°°(X;) to itself with decay. This is the only class of linear
operators that we consider in this paper. Later in Section[2.2] we define accordingly the multilinear operators and
nonlinear maps. In Section[2.3| we give the definitions of formal Hamiltonians and also of formal first integrals for
both flows and maps.

For Theorem we consider subspaces of £>°(X;) of sequences with decay. In Section we analyze these
spaces and state properties of the operators and maps introduced in Sections and when restricted to these
subspaces. Finally, in Section we consider certain coordinate transformations in £°°(X;) that are well adapted
to analyze the dynamics close to certain invariant tori. Then, we see how the analysis performed in the previous
sections is adapted to this new set of coordinates.

2.1 Linear operators with decay

We use the notation £(E; F) to denote the space of linear bounded operators between Banach spaces F, F'
equipped with the usual operator norm || - || z(z;7). When this does not create confusion we will use the nota-

tion || - |z = [ Lz (e r)-
Given two sequences of Banach spaces X;, ); we define the Banach space of linear maps with decay I' by

Lp = Lr(>®(X); £2°(V:)) :== {A € LUZ(X): £2(N)) : | All 2 < o0},
where

|A]l 2 := max{||A||z,v(A)} with v(A) := sup sup  |(Au);
HLIEZ™  |lul|goo <1,
TI'[lL:O,Z#j

» I =) 2.1)

Now we state several properties of L and the operators with decay. The first key property is that the space L
is a Banach algebra with respect to the composition.

Lemma 2.1 (Proposition 2.8 in [27])). Let X;, Y;, Z; be sequences of Banach spaces. If A € L (£>(X;); £>°(Y))
and B € L (0> (Y;);£°(Z2;)) then

e BA € Lr(l(X;);0°(Z)));
e 1(BA) < /(B)y(A);
o |BAlley < 1|Bllce | Aller-

The second property of operators with decay is that on certain subspaces they have a “matrix representation”.
Indeed, consider a sequence of Banach spaces (X;);czm and fix j € Z™. Given A € L(£{>®(X;);£°(V;)) we
define _

Ajv = i (AL;(v)) Yve X;, Vi,jeZ™.

In finite dimension this would coincide with the representation of A as a matrix with entry (¢, ) given by A; We
remark that linear operators acting on ¢°° spaces cannot be always represented as matrices. However the following
lemma shows that if they act on decaying sequences this is the case.

Lemma 2.2 (Lemma 2.6 in [27]). Let A € L(£>°(X;);£>°(Y;)) and v € £7°(X;) be such that lim |, [v;| = 0.
Then, the sum A; v; is absolutely convergent and

(A’U)l = Z A;Uj.

jeZ’”L

jezm

The set of linear invertible operators with decay is not a subalgebra of G1(¢*°(X;)). However for small per-
turbations of invertible operators with decay and whose inverse also has decay we have the following classical
result.
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Lemma 2.3 (Neumann series). Let A € Lr((>°(X;)) be invertible and such that
AT e Lr(= ().

Let B € Lr((>°(X;)) such that ||[A7Y ||z ||Bllzy < 1. Then M := A+ B € Lr({>°(X;)) is invertible, M~—1 €
;Cr(foo(Xl)) and
M e = 1A len | < M7= A7 2 = O(I1Blly)-

Proof. 1t is a direct consequence of classical Neumann series for bounded operators and the algebra property of
Lr. O

2.2 Multilinear maps and C" functions

Let £ > 1 and Xi(j ), j =1,...,k, be k-sequences of Banach spaces. We introduce the space of k-linear maps
with decay I'
LEER (XY s oo 220 00 () 1= {A € LF>(xM) x o x (X 00 ()y)) - (2.2)

-

tm(A) € Lr(®(X™); 02 (L5102 (X) x - 0o ™) x - ox 2 (X)) 1)), m=1, .. k:}

—

where the symbol (-) denotes that the term (-) is missing in the product and ¢,, is defined by
U (A) (V) (U1, - e oy U1y U1y - - oy Uk ) 2= A(UT, e oo U1, Uy Uppp 1y -+ 5 U )-
The space LK (¢0°°(X;); ¢>°();)) is a Banach space with the norm
[All gx = max{[|Af zx,7(A)}  where  y(A) = max {7(sm(A))}.

1<m<k

This definition allows us to introduce also the set of (nonlinear) C" maps with decay between ¢>° spaces. These
spaces are the usual C" spaces between Banach spaces (where the derivatives are meant in the sense of Fréchet)
with an additional decay-type condition on the differentials.

Given an open subset U of £>°(X;) let

Cp := Cr(U; 02 (W) == {F € C'(U; £*(V)) : DF(x) € Ly, Yz €U, ||F||¢cy < oo}
with

IFllcy i=max { | s, sup [DF@)ler |

We point out that, by definition, the derivatives of a map F' € C are uniformly bounded on /.
For r > 1 we define

Cl:= CrU > (V) ={F € C"U;t>(¥;)) : D’F e Cf, 0<j<r—1}

with the norm

I1E|

op = m&X{IIFllco,0<r;@1<‘c15<1 sup | D D’ F(x)cp} = Jnax D7 Fllcy. 2.3)

The next two lemmas analyze the behavior of CT. maps under composition and the limit of certain sequences in
Cr.

Lemma 2.4 (Proposition 2.17 in [27]). Let X;,Y;, Z; be sequences of Banach spaces. Let U C (*°(X;) and
V C £2°(V;) be open sets. Then, if F € CL(U;((V;)), G € CE(V;£°°(2;)) and F(U) C V then Go F €
CL(U; 02 (Z;)). Moreover,

|G o Fllep < Kr(1+[[F|er) [|Glley

for some constant K,. > 0 independent of F' and G.

Lemma 2.5 (Lemma 2.14 in [27]). Let U be an open subset of {>°(X;) and let B, be the closed ball of radius p in
CL(U;°(Y;)). Assume that (F,)n>0 is a sequence in B, and forall 0 < k <r, x € U, Dan(x) converges in
the sense of k-linear maps to D* F'(x), where F is a C" function defined onU. Then F € B,
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2.3 Formal Hamiltonians and first integrals

In this paper we consider maps and vector fields acting on Banach spaces ¢°°(X;). Some of these maps and
vector fields will have first integrals. However, these first integrals may only be formal in the sense that they are
unbounded (but whose formal partial derivatives are well defined and bounded). This happens for the Hamiltonian
introduced in (L.I): even if it defines a Hamiltonian vector field, it is unbounded in ¢°°(X;). We devote this section
to properly define the notion of formal Hamiltonians and first integrals both for maps and flows.

Definition 2.6. Consider an open subset I/ C ¢>°(X;) and let » > 2. A CT. formal Hamiltonian is a formal series
of the form

+o00
H(q,p) =Y Y Hixl{a;}i—ij<i {psHi—ij<i);

k=2 iczm
such that

e The functions H; ; depend on a finite number of variables and are C" on the projection of U onto these
variables.

o If we define the (formal) partial derivative of H with respect to g, (or py) as

+o0o
(9q,H)(q,p) = Z Z (Oqe Hi k) ({5} j—i1<k P Hj—ij<h)s

k=2 icz™

the Hamiltonian vector field associated to H, formally defined by components as
X}(L;Ijxpj) — (apj H, _aqj H),
is well defined Xy : U — (>°(X;) and itis C[. ™.

Remark 2.7. Let us introduce some example of formal Hamiltonian in the sense of Definition @ For instance,
let p > 0 and consider a family of functions H; ;, of the form

H; k({5 }j—ij<i> AP Hi—il<k) = ar fix({q5}1i—ii<rs {PjHj—ii<k)  ar €R,

where
e (fik)iczm are uniformly bounded in the C" topology by a constant Ay = Ag(p) on [—p, p]Mm* x
[—p, Pl Mm.k where My, ; is the number of variables of f; ; (namely, the number of Z™-points at distance

at most k from 7).

e The coefficients ay are such that
+oo

Z |ak| Ay F(/C)_l < +00.

k=2

Then, the vector field X g is a well defined 01271 function on the ball of radius p of /°°. Hence

+o0
H(g,p) = ar Y firl{ajHjmi<m {pitii—i<r)

k=2 i€z
is a Cr. formal Hamiltonian.

Since in many steps of the proof we will lose the Hamiltonian structure, it is also convenient to define formal
first integrals similarly to formal Hamiltonians. We provide the corresponding definitions, concerning both first
integrals for maps and flows.

Definition 2.8. Consider a Cf map F': U C (*°(X;) — £°°(X;), where U is an open set. Then, a Cf: formal first
integral G of the map F' is a formal series of the form

+oo
G(q,p) = Z Z Gi({aj}1j—il<ks APj }j—il<k) (2.4)

k=2 ieZ™

with the following properties.
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o The functions G; ;; depend on a finite number of variables and are C” on the projection of I/ onto these
variables.

e The differential DG formally defined (analogously to Definition [2.6) by

+oo
DG(g,p)[&:c) =" > > 04,Gix{a;}i—ij<i {pshi—i<r) (€]

k=2 i€zm |j—i|<k
+ 0p,; G ({q5 }j—i|<ks 1Pj Fj—il<i) [G] - V(E, Q) € £2°(X))
is well defined on &/ and CI’:_l.

e For all z € U, it satisfies
DG(F(z))DF(z) = DG(z). 2.5)

One can state an analogous definition of formal first integral for vector fields.

Definition 2.9. Consider a C}: vector field X: U C (>°(X;) — (°°(X;), where U is an open set. Then, a Cf.
formal first integral G of the vector field X is a formal series of the form ([2.4) with the following properties.

e The functions G; ;;, depend on a finite number of variables and are C” on the projection of ¢/ onto these
variables.

o The differential DG (defined formally as in Deﬁnition is well defined on U/ and it is C{:fl.

e For all z € U, it satisfies
DG(2)X(z) = 0.

Remark 2.10. Note that the even if these definitions admit that the first integrals are just formal, they still define
a codimension 1 foliation on the open sets U C ¢°°(X;) where DG # 0. This is a consequence of the classical
Frobenius Theorem which also applies to Banach spaces (see for instance Chapter VI of [55])). Indeed, it is easy
to check that the distribution Ker(DG(z)) C T,U is integrable.

2.4 Sequences with decay: the subspace >
Fix j € Z™. We introduce the subspace of £*°(X;) of vectors centered around the j-th component
Sjr i=A{v € £2(A) : [|v]l;r < oo} (2.6)

where
[olljr == sup |og|T(k—5)""
kezm

Note that for any 4, j € Z™, ¥; r = X; r and their norms are equivalent as
[vllir < Jlollyr TG —5)7"

although the equivalence “blows up” as |i — j| — oc.

Lemma 2.11 (Proposition 2.7 in [27]). Let A € L(£>°(X;);£°° (V%))

1 IfA € Lp(0>(X;);£°();)), then for any j € Z™ and for any v € X1, Av € ¥, and || Av|jr <
Y(A)[[v]lr.

2. If there exists C > 0 such that for any j € Z'™ and for any v € ¥, Av € 3, and ||Av||;r < C|jv||,r,
then A € Lr(0°°(X;);£%°();)) and v(A) < CT(0)~ L.

Moreover, if F € C}t and F(0) = 0 then F(v) € &, forallv € ¥; r.
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2.5 Partial action-angle variables and the adapted functional setting

In this section we develop a functional setting adapted to a set of coordinates that we shall use to study the dynamics
close to the invariant tori of the transition chain.

Let S be a subset of Z™ with cardinality d. We use the following notation

gci = ZOO(Zm \S,R), Ej,F,SC = Ej’F(Zm \ S; R), (2 7)
RY = (>(S;R), TE := ¢>°(S;T). '

Let us consider the complete metric space
M =13 x (3 x TE x RE

which is a Banach manifold modeled on
% x I3 x RE x RE.

We consider the following coordinates (x, y, 6, ) on M
z=(x)jezm\s, Y= Uj)jezms, 0= (0;)jes € TS, 1= (r;)jes € RE.

Such coordinates are useful to study the dynamics close to the invariant tori contained in the subspace Vg in (1.8§).
We denote by 7, 7, the projections

m(z,y,0,7r) =z, my(x,y,0,7r)=uy.
Consider linear operators
(i) A: (3 — 02,
(i) A: €2 — RY;
(iii) A: RE — RY;
then we define respectively

(i) v(A4) = Sup; jezm\s SUP|u||e0 <1 |(AT; ()| I'(i — I

(i) Y(A) := sup;cg jezm\s SUD|jupee <1 [(ALj(w))e| T — 7)1
(iii) ¥(A) :=sup; jes SUP|y | 00 <1 [(AL;(w))i| T —7)7"

Hence we have a definition of operators with decay for linear maps of the form (i), (ii), (iii) and, similarly to (ii),
for maps from R to ¢32, by considering the norm (2.1)) with the semi-norm ~(A) introduced above.
Now consider a linear operator

A (65)° x (R = €2 (Vi) == £2(2™);),  abe{l2},
where )); is a sequence of Banach spaces. We define
Tsap: (30) x (RG)® — ((Z™; X;) =: £7°(X;)
where

X,j =

R:  ifiezm\S
RP ifieS

and

_ J(@iy) i jEZMA\S,
(TS,a,b(mvyvr))j T {rj 1f] es.

Thus we say that A € Lr((£32)* x (R%)P, £2°())) if

[AoTsapl

L (£°(X;),6°(;)) < OO
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and we set
[4ller (e x @ty =) = 1A 0 Tsapllerw= @, 0)-

One can proceed analogously for operators defined on the tangent space of the submanifold
Mj’r‘ = Ej’r"s’c X Ej’r‘}s’c X Tg’ X Rds,

that is on XJ; r instead of £°° spaces. Moreover, in the spaces with decay one has the following properties for
nonlinear maps.

Lemma 2.12. Let Y C M be an open subset containing the torus {x = y = r = 0} and consider a map
F € CL(U) such that F(0,0,0,0) = 0 for all § € T%. Then, F mapsU N M r into M 1.

Proof. Let (x,y,6,r) € M, r. By the mean value theorem we have

1
1F (@, y,0,7)];0 = |1 F(z,y,0,7) = F(0,0,0,0)];r < / 102,y F (b, ty, 0, tr) [z, y, 7]l 70, - dlt
0

< ||DF||£F(TM)||(x?y7 07T)|

5,r-

3 A detailed statement of the main results

In this section we state a theorem which implies the results in Theorems [I.T]and [T.2] In fact it is stronger since it
contains the concrete hypotheses that the perturbation H; must satisfy so that it leads to transfer of energy orbits.

Given p > 0, we define the balls
By(6%) = {z € (@7 M) : |z~ < p} C @™ M), M =T xR,
By(Zjr) ={z € Zjr:[lzljr <p} C Tjr.
Consider a formal Hamiltonian (in the sense of Definition [2.6) of the form (I.1), fix a sequence
{oi}izo CZ™, loiv1 —oi| =1

and define
SZ‘ = {Ui,ai+1} czm.

Let us define the 6-dimensional subspaces
Vi={ax =pr=0  for k+#0i,0i11,0i12}, (3.1
which will be assumed to be invariant, and the Hamiltonian
Hii (4o Doy Qoirs s Porgrs Qoiras Porss) = Hi(a, D)y, (32
We consider the following hypotheses.
H1 Forany p > 0, Xz, € C2(B,(£>); (= f}
H2 For any ¢ > 0, the Hamiltonian H satisfies
o B (0P (g, )= 0.0) = Do @ Pl g pi)=(0.0) =0 Vb # 0
Moreover, for any ¢ > 0,

8qu1(Qap)|Si = apkHl(qvp)lsi =0 for k= 0iy0i+4+1-

3Note that being CT. implies that the associated norm is bounded (see (2.3))). For this reason, the hypothesis must be stated restricted to the
ball where D H7 has uniform estimates.
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H3 Fix h > 0. For any value h; € (0,h) there exists an open set J,, C T? with the property that when
(i Tiz1, hy) € T4, where
T =Tn, x {hi}

and h,‘+1 =h-— hi,
H3.1 Consider the Melnikov potential

Li(xi, Tig1, hiy hig1,t) =

“+o00
Hl,i (th (37 xi)yphi (57 xi)a Ah;iq (57 xi+1)7phi+1 (87 xiJrl)v qO(S + t>7p0(s + t)) ds
—00
(3.3)
associated to the homoclinic of the torus
TahgiJrhhhhiJrl = {Em = hi7 EC711+1 = hi-i—l and Ek =0 for k # 0',',0','+1}. (34)

The map
teR — Ej(.Iz', Tit1, h,j, hi+1, t)
has a non-degenerate critical point ¢ which is locally given by the implicit function theorem in the form
t= T(xi> xi+17 hi7 h’i+1)'
H3.2 Consider the Melnikov function

Mi(xi, @iy, hiy higa,t) =

—+oo
/ {Hl,iv El} (qhq‘, (Sa xi)ﬂphi (57 xi)a Ah;qq (87 xi+1)aph7‘,+1 (57 xi—‘—l)a QO(S + t)ap()(s + t)) ds

— 00

associated to the homoclinic of the torus To, 5, 1, h; ki s -

The map
(TiyTig1) € Tny C T? = M, Tig1, hiy hig1, T(@4, Tig1, Biy hig1))

is nonconstant and positive.
Analogously, we assume that there exists a set J_ where the same hypothesis is true but M, is negative.

H4 Fix h > 0. Consider the Melnikov potential

~ +oo
L:i(mia h7 t17 t2) = Hl,i (qh(57 xi)vph(sa Ii)) qO(S + tl),po(S + tl)a QO(S + t2)7p0(5 + tQ)) dt
= 3.5)
associated to the homoclinic of the periodic orbit
Po, ={Es, =h and Ej =0 for k # 0;}. 3.6)

The map
(t1,t2) € R — Li(x;, h, 11, ts)

has a non-degenerate critical point (¢1,¢2) which is locally given by the implicit function theorem in the
form (tl, tz) = ?((E“ h)

Note that the Hypotheses H3 is the same as considered in the paper [24] to prove Arnold diffusion for nearly
integrable Hamiltonian a priori unstable systems. The Hypotheses H4 is the analog for the jumping regime (see

Section [L.6)).

Remark 3.1. It is well known that the Hypotheses H3 and H4 are C" (with » > 4) and C'* generic. They
are also generic in the analytic setting if one considers sufficiently small & > 0 (see [16]). On the contrary the
Hypothesis H2 requires that certain subspaces are invariant and the dynamics on them is integrable. Unfortunately
this hypothesis is not generic.
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A family of perturbations which satisfy the hypotheses above when m = 1 and for any instability path are
those of the form

N
Hi(q,p) = Z an ZfN(Qk»pka ce s QN PRAN) H(l — COS Qk+i),
N>2  keZ i=0

where

e fnisatleast C",r > 4, and satisfies || fi||cs < 1 forall N > 2. The function f3 is chosen generically so
that H3 and H4 are satisfied. There is no extra requirement on fy, N > 4.

e The coefficients ay decay rapidly (see Remark[2.7) in such a way that

> lan| T(N) T N2V < 4o
N>2

Moreover as # 0, which is a necessary condition so that H3 and H4 are satisfied.

Note that we have been able to choose a translation invariant example of perturbation. However the hypotheses
above do not impose this restriction.
Theorems [I.1]and [I.2] are consequence of the following.

Theorem 3.2. Fixm € N, h > 0. Given any sequence
{o:}izo CZ™, |oi1 — o3 =1,

and any Hamiltonian H, satisfying the Hypotheses H1 — H4, there exists €g > 0 such that for all € € (0,¢¢) and
for any 1 > 0 the following holds:

o There exist trajectories (q(t), p(t)) € £°(Z™; M) of the Hamiltonian H in (1)) and an increasing sequence
of times {t;};>0 such that

[Eoi(q(ti),p(ti)) =kl <n and  [Ex(q(t),p(ti)] <n for k# 0.

e For any fixed j € 7™, there exist trajectories (q(t),p(t)) € X;r of the Hamiltonian H in (L), which
therefore satisfy H(q(t),p(t)) < oo for all t, and an increasing sequence of times {t;};>o such that

|Eo (q(t:), p(t:)) =kl <n  and  [Ex(q(t:),p(ti)| <n  for k# o

We devote the rest of this section to describe the main steps of the proof of this theorem.

3.1 Description of the proof of Theorem 3.2]
3.1.1 Invariant manifolds.
The first step is that the flow associated to the Hamiltonian (I.T) fits the functional setting given in Section 2}

Lemma 3.3. Fix any p > 0. Consider the Hamiltonian H in (I.I) and assume that X, € CF.(B,(£>°); (™).
Then there exists T > 0 such that for any initial conditions (qo,po) € B,({>°) C £>°(Z™; M), there is a unique
solution (q(t), p(t)) of the Cauchy problem associated to defined for |t| < T.
Moreover denoting by ®%;(qo,po) = (q(t), p(t)), we have ®; € CL(B,(€>°)) for all |t| < T and there exist
C, p > 0 such that
| D®Y, (¢, p)||r < Cetltl, q,p € B, (L), te (=T,T).

Moreover, fix j € Z™. Then, if qo,po € B,(¥X; ), one has that, fort € (=T,T), (q(t),p(t)) € X, r.

Proof. Since Xy € C[.(U) for any open subset U of B, (£>°) C £>°(Z"™; M) the proof follows by Proposition 8.1
in [29]. O

20



Once we know that the flow ®%; is well defined both in £°°(Z™; M) and in ¥; r, we can start developing an
invariant manifolds theory for the invariant tori of the transition chain (see Section I.6).
Recall that we have considered an “instability path”

{oi}izo CZ™, loiv1 —oil =1,
and have defined the associated sets of sites
S; = {U,‘,G‘i+1} czm.

The Hypothesis H2 implies that certain invariant tori of the unperturbed Hamiltonian (I.I) with e = 0 are
preserved. In particular, this is case for the tori Ty, o, hy,h, and Pg, introduced in (3.4) and (3.6) respectively,
which are invariant under the flow associated to H and the flow on these tori is a rigid rotation given by the
integrable dynamics of with e = 0.

These tori have stable and unstable invariant manifolds which are, moreover, smooth with respect to parameters.
This is stated in Theorem [3.4] below, which is a consequence of a more general invariant manifold theorem for
invariant tori on lattices. This more general theory is explained in Section ]

To state Theorem [3.4] we introduce first good coordinates which allow to parameterize the invariant manifolds
of the tori in (3:4), as graphs. To deal at the same time with the tori To, 5., , 1., and Py, we call d to the
dimension of the tori (which is either d = 2 or d = 1), S to the “activated sites”, that is either S = {0;, 0,41} or
S = {0;} and we denote the torus by Ty. Note that for Ty, o, , n,,h, We are assuming h, b1, hy > 0, hy +hy = h
and for P, we are assuming i > 0.

Then, for § > 0 small enough, we define the coordinates

(z,9,0,7) € Mg := Bs(£>(Z™ \ S;R)) x Bs(£°>°(Z™ \ S;R)) x T? x Bs(R?)
defined in a §-neighborhood of T, where

o (O, ) are the action-angle variables that are well defined in a neighborhood of the torus {Ej, = hy} for
hi > 0 located at the tangential site k& € S.

e (xy,yx) are cartesian coordinates which diagonalize the linearization of Ej, at the saddle x; = y; = 0. That

is,
Tk = qk + Pk, Yk = Pk — Gk, k¢S

In these variables the equations of motion (I.3) are of the form

iy =z + £ (g52,y,0,7) k¢S,
yk = —Yk + féc(f;x’y’e’T‘)

. 3.7
by =) + (e 0r)  kES, G0
Tp = fzf({‘:v z,Y, 9, T)a

where wy, (1) is the frequency associated to integrable Hamiltonian E}, and

f{c(s; z,Y, 037') = ka(E;xa y,@,r) = sin <xk ; yk) - (xk ; yk) - EanHl <1;y> .
Let us call
f1 = (ff ke s f5 = (£)rezs, £5 = (£)res, £y := (£} )res-

Then, hypotheses H1 and H2 imply
fi(o;%y,eﬂ") :(92(xvy)v 1= 172
£:(0;2,y,0,r) =0, 1=3,4 (3.8)

£,(£;0,0,0,0) = 0, i=1,2,3,4.

Since X, is CT then the functions f; are C[.(M;) for any r > 1.
Now we are in position to state the theorem of existence of invariant manifolds for the tori (3.4), (3.6).
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Theorem 3.4. Consider the equation and assume H1 - H2. There exists ¢q > 0 such that for all € € (0, &),
any invariant torus Ty of those in (3.4), (B.6) possesses stable and unstable invariant manifolds W*" = W2
Moreover, they can be represented locally as graphs. More precisely, there exists § > 0 small enough and functions
Ve =22, 0), 98 =4y, 0) € CR(Bs(£°) x T% £ x R?) such that

o the local invariant manifolds are parameterized as

W = {73 (2,0, 0,73 (2, 0)},

e 724(0,0) = 0. Moreover, its C: norm is of order § + € and

sup [y [goe xma < O(8% + de).
Bs(£>°)xTd

o 5% is C? with respect to ¢.

e Forallj € Z™
5% Bs(Zr) x T — 5, r x RY,

e € CE(Bs(E)r) x T?) and its Cf norm is of order § + ¢.

This theorem not only gives the existence of the invariant manifolds of the invariant tori but also give decay
properties for them. Its proof is a consequence of a general invariant manifolds theory for invariant tori which is
developed in Section 4]

3.1.2 Transversal intersection between the invariant manifolds

Theorem [3.4] gives the existence and regularity of the invariant manifolds of the tori in (3.4). When ¢ = 0, the
stable and unstable invariant manifolds of these tori coincide creating a homoclinic manifold. Next step is to prove
that, for 0 < € <« 1, they intersect transversally and that moreover the stable invariant manifold of one of these
tori intersects transversally the unstable invariant manifold of “nearby” tori.

Since we are in an infinite dimensional setting, we devote the next section to review the definition of transver-
sality between Banach submanifolds. Note also that we are dealing with flows with a (formal) first integral and,
therefore, we need an “adapted” definition of transversality.

Transversality of Banach submanifolds To define transversality between Banach submanifolds, we start by
reviewing the notion of direct sum of Banach subspaces. Later we use it to talk about Banach submanifolds and
their tangent spaces.
Let us consider a Banach space X and two Banach subspaces X}, Xs. Then, X is the direct sum of &, Ao,
which we denote by
X=X DX

ifthemap T : X; x Xo — X givenby T'(v1,vy) = vy 42 is an isomorphism. Note that by the definition of Banach
subspaces, T is a continuous map and therefore, by the Open Mapping Theorem, its inverse 7'~ is continuous as
well. The inverse map is just T-1 = (m1,m2), where 7; is the projection onto X;, ¢ = 1,2, and, therefore, the
projections are also continuous. Recall that the fact that T" is an isomorphism implies that X; N Xy = (0).

The direct sum can be defined in a more general setting considering vector subspaces of X" instead of Banach
subspaces. Then one has to distinguish between algebraic direct sum and topological direct sum. Algebraic refers
to direct sum as vector spaces (i.e. T is an isomorphism but 7~ may not be bounde whether topological refers
to also requiring that 7! is a bounded map.

Since we are interested only in the case when &, X5 are Banach subspaces the notions of algebraic and
topological direct sum coincide and therefore, to simplify the exposition, we just talk about direct sums.

We use this concept to define transversality between submanifolds of Banach manifolds.

4Note that T is always bounded. On the contrary, if X7, X are only vector subspaces one cannot use the Open Mapping Theorem and
therefore 7! may not be bounded.
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Definition 3.5. Let us consider a Banach manifold M modeled on a Banach space X" and a point p € M. Assume
that M possesses two Banach submanifolds A7, N> such that p € A7 N Ns. Then, we say that N7, N> intersect
transversally at p if and only if the Banach subspaces T, N7, T, of T, M satisfy

T,M = T,N; & T, Ns.

Note that in this paper we are dealing with flows. Therefore if we consider invariant manifolds by the flow, they
cannot intersect transversally since the flow direction (the Banach subspace generated by the vector field) belongs
to the tangent space of all invariant manifolds. For this reason we need to adapt the definition of transversality as
follows. Note also that in this paper, we are dealing with (formal) Hamiltonian systems and therefore the associated
vector fields have (formal) first integrals (see Definition [2.9).

We introduce the following definition of transversality for invariant manifolds of the flow associated to the
vector field X.

Definition 3.6. Fix p € M such that X (p) # 0 and consider two Banach submanifolds N7 and N2 of M such
that p € N7 N N5 and such that both are invariant by the flow associated to X. Assume also that X has a formal
first integral G in the sense of Definition Then, we say that N7, AV, intersect transversally at p if

1. They satisfy
T,N1 NTN2 = (X (p))

where (X (p)) is the one dimensional invariant subspace generated by X (p).

2. The map
T :TyN1 x TNy — TyM, T(v1,v2) = v1 + vy

is a linear continuous map whose image is equal to KerdG(p)
Note that Item 1 implies that KerZ' C T}, xT),/N> is one dimensional and generated by the vector (X (p), —X (p)).

Remark 3.7. This notion of transversality can be phrased in terms of (topological) direct sum as follows. Since
(X (p)) C KerdG(p) is one dimensional, we know that there exists a complement. That is, there exists a Banach
subspace #,, of KerdG(p) such that

KerdG(p) = (X(p)) ® Hp. (3.9
Then, Deﬁnitionis equivalent to require that the Banach subspaces 7—[;, = T,N; N'H, satisfy
Hy & Hy =M,y

Transverse heteroclinic orbits between invariant tori The phase space we are considering is
M =12(Z™\ S;R) x £°°(Z™\ S;R) x T¢ x R,
whose tangent space at any point z € M can be identified as
T.M = °(Z™\ S;R) x £°(Z™\ S;R) x R x RY,

or, in the X 1 case, the space

Mr =%;r x %;p x T? x R%,
Even if the Hamiltonian @ may only be formally defined, its differential dH and, therefore, Kerd H are well
defined (see Definition [2.9).

Then, given two tori T and Ts (not necessarily of the same dimension), we consider the unstable manifold
of Ty, denoted by W*(T};), and the stable manifold of Ty, denoted by W*(T3). Note that, by construction,
T,W%(Ty) and T,W#(T5) are Banach subspaces of T, M and the same is true for KerdH.

To prove that these invariant manifolds of nearby tori intersect transversally in the sense of Definition [3.6]
we need to impose the non-degeneracy conditions H3-H4 on certain Melnikov functions associated to H;. One
should expect (under non-degeneracy hypotheses) plenty of transverse homoclinic/heteroclinic orbits.

This allows to construct a transition chain of hyperbolic tori. These tori belong the invariant subspaces V; in
@-1). Fix i > 0 and the energy leveP| H = h. Then, we define

A= {(q,p) eVinH(h): Qoivo = Poiys = 0}. (3.10)

SNote that we are fixing an energy level once we restrict to a finite dimensional subspace (where the Hamiltonian is a well defined function).
This is not contradictory with the fact that in the infinite dimensional setting we deal with formal Hamiltonians in the sense that they may be
unbounded but have a well defined differential.
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Theorem 3.8. Fix i > 0. Assume that H satisfies H1-H4. Then there exists g > 0 such that for any € € (0, &)
there exists N > 0 and a sequence of tori T; , C A;, k =1... N such that

WEU(PC“) fh W:(Ti,0)7 W:(le) m W;(Ti7k+1) for k= O, ...N—1 and W:(TLN) m W;(Pc,i+1)

where M denotes transversal intersection in the sense of Definition P,, is the periodic orbit introduced in
(B:4) and T, ), are invariant tori of the form (B.6). This statement is true both in {*°-functional setting and in
Y r-functional setting.

This theorem is proven in Section[5] Note that the transition chains for all ’s can be concatenated to build an
infinite transition chain.

Note that Theorem [5|contains both the Arnold regime and the Jumping regime explained in Section[I.6] Indeed,
the cylinder A; in (3.10) is not normally hyperbolic since it possesses the periodic orbits P,, and Py, , introduced
in (3:4) whose hyperbolicity “within A;” is as strong as the normal one. However, for any § > 0,

Ais ={(¢,p) € Ai : Ei(q,p) € (6,h —0)}

is a normally hyperbolic invariant manifold both for ¢ = 0 and for 0 < € < 1. Therefore, the proof of Theorem
will be done in two steps. First for the tori in A; s and then for the tori very close to the periodic orbit.

3.1.3 The Lambda lemma and the shadowing argument

To prove Theorem [3.2] it only remains to shadow the transition chain obtained in Theorem [3.8] This is done by
means of a Lambda lemma. Let us rename as T;, j = 0, ..., N the one and two dimensional tori of the chain.
We denote by | - |4 the norm of R%. We recall that

T¢ .= (R/27Z) := {[0] : O ~ ¥ if and only if § — 0 = 27k for some k € Z9}.
With abuse of notation we denote by

dra(0,0) = inf _|qg—pla=:10 —0]a.
q€[0],p€(0]

Theorem 3.9 (Lambda Lemma). Let ®%; be the flow of the Hamiltonian system (I.1) and consider an invariant
torus T; on which the dynamics is quasi-periodic (i.e. a non-resonant rigid rotation). Then, the following two
statements are satisfied.

1. Consider a Banach submanifold ' C M and assume that it intersects transversally in the sense of Definition
( with respect to the formal first integral H ) the stable manifold W (7T;). Then
WA(T;) < | @4 (D), (3.11)
t>0
where the closure is meant with respect to the metric

d(w, @) := ||z = &l + ||y = Glle= + 16 = bla + [ — 7la.

2. Consider a Banach submanifold I' C M r and assume that it intersects transversally in the sense of
Definition (with respect to the formal first integral H) the stable manifold W2 (T;). Then, (3.11)) is
satisfied with respect to the metric

sr+ly = glljr +10 = 0la + |7 — 7la.

djr(w, w) = [lz - Z|

This theorem is proven in Section[6} The proof follows the techniques developed for finite dimensional maps
in [30] (see also [20]). The statement in Section E] is more precise than the one stated above and in particular it
implies C'! convergence of the iterated of T" as for the classical Lambda lemma (more precisely the C* convergence
is for a submanifold of T, see Section [6|for details).

Note that, by Theorem [3.4] the invariant manifolds W2>*(T;) can be seen as both submanifolds of M and
M r. This allows to rely on this Lambda lemma to perform a shadowing argument in both Banach manifolds.
Finally, note that Theorem[3.9]only depends on the metric but not on the choice of coordinates. That is, the theorem
is also valid in £*° (respectively ¥; r) in the original coordinates (g, p).

Next lemma constructs an orbit which shadows the transition chain provided by Theorem 3.8]
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Lemma 3.10. Given {¢;};en a sequence of strictly positive numbers, we can find a point p and an increasing
sequence of numbers {T};} jen such that

(I)Tj (p) € UEJ‘ (Tj)
where U. ,(T;) are ¢ j-neighborhoods of the tori T in the topology of the metric space £°.

Moreover, fixed j € 2™, we have the same statement considering the topology of the metric space M r.

Proof. We give the proof in the > topology. The proof in 3, 1 is analogous. Let ¢ € W*(T;). There exists a
closed ball By C £°° centered at ¢ such that

(I)Tl (Bl) C Z/{El (Tl) C L.
By the Lambda Lemma Theorem [3.9] we have
W#(T2) N By # 0.

Hence we can find a closed ball B, C B; centered at a point of W#(T5) such that

T (Bg) C Z/{El (Tl),
BT (By) MU, (Ts) # 0.

Then by induction it is possible to construct a sequence of closed nested balls B C B; C ... such that
" (B;) C U, (Ty), i<

Since ¢*° is a complete metric spaces, the Cantor’s intersection Theorem ensures that the infinite sequence of
closed nested balls B; has at least one point as intersection. This concludes the proof. O

This concludes the proof of Theorem Indeed the orbit shadowing the transition chain visits arbitrarily
small neighborhoods of the periodic orbits %, at certain times. When they belong to such neighborhoods the
energies Ey, k # o can be chosen to be smaller than 7 whereas the energy E,; is 7n-close to that of the periodic
orbit. This is exactly the behavior stated in Theorem3.2] '

4 Local invariant manifolds of invariant tori

In this section we provide an invariant manifolds theory for invariant tori for both maps and flows with spatial
structure on lattices. This invariant manifold theory is provided in the two functional settings introduced in Section
(that is in spaces with and without decay).

This invariant manifold theory could be deduced from classical results (see, for instance [[14} [15]). This would
require certainly some effort to show that the functional settings and the particular models that we consider fit the
hypotheses in these papers. Instead, for the sake of completeness, we provide complete and detailed proofs relying
on the classical graph transform method. The method is rather general and requires rather weak hypotheses. In
this section we only present the main results and we defer the somehow classical proofs to the appendices. Note
that we only prove CZ regularity of the invariant manifolds since it is the minimal regularity required to prove the
Lambda lemma in Section [§] Higher regularity results could be obtained easily by the same method. In Section
@ we deal with maps and, then, in Section @] we deal with flows.

4.1 Invariant manifolds of maps

In this section we provide abstract theorems of existence of local invariant manifolds of finite dimensional invariant
tori for maps that are locally close to uncoupled maps. We consider only the case of invertible maps. Then it is
sufficient to prove the result for the stable manifold.
Let S C Z™ with cardinality d and S¢ := Z™ \ S. We recall the following notations from Section
%OC = gOO(Zm\S,R), Ej,F,SC = ZJ’F(Zm\S,R), (4])
R% .= ¢°°(S;R), TE := ¢>°(S;T). '
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We consider the complete metric space
M =13 x (3 x TS x RY,
and we denote its variables by
w = (z,y,0,r).
Let § > 0. We consider maps
F,: Ms := Bs({%) x Bs({%) x T4 x Bs(R%) ¢ M — M, (4.2)
which depend on a parameter v € (0, ) for some p > 0, and are of the form
F,(w) := Fo(w) + f,(w)
with
Fo(w) = (A-(0) 2, A (0) y,0 + w(z,y,r), B(O)7), “3)
fo(w) = (f(v;w), f2(v;w), f3(v;w), faviw)) '

where
AL(9) € Lr(622), B(6) € Lr(RE)

and f1, fa(v;-): Ms — €22, f3(v;+): Ms — TS, fi(v;-): Ms — RS (following the notation and definitions in
Section [2.3)).
Let us call
Bs = Bg(égvi) X Bg(f%oc) X B(;(R‘é). 4.4)

We assume that
To:={x=0,y =0,r =0}

is an invariant torus for the map F), for all v € (0, ) and we provide a theorem of existence of local invariant
manifolds for Ty in class CZ (and C?-dependence with respect to the parameter ). We start with the Lipschitz
case, then we deal with the C}--regularity and eventually with the CZ case. We follow a graph transform approach
and provide full detailed proofs for the Lipschitz, C{ and C% settings.

Since the torus T, is fixed, along this section we can lighten the notation by denoting

(*=0%, T=T¢ R'=RE  Zir:=3%rse. 4.5)
When we consider a function U: Ux xUy C X XY — Z, z = U(x,y), where X, Y, Z are complete metric
spaces and Ux, Uy subsets of X and Y respectively, we denote by LipW the Lipschitz constant of the function ¥

and )
dy (P v
Llpw‘ll(y) — inf Y( (1.73/)’ (iE vy))

wte! dx (z,2') ’ (4.6)
Lip, ¥ := sup Lip,¥(y), Lip, ¥ = sup Lip,¥(z).
yEUy rEUX

We will also prove the existence of invariant manifolds of Ty for maps of the form (@.3)) on the complete metric
space
Mr =% x %;r x TE x RE € M.
4.1.1 Lipschitz invariant manifolds

We consider a non-negative continuous function L(4, p) such that L(0,0) = 0. We assume that there exist con-
stants A > 1,8 > 1, K, Ky > 0 such that:

(HO)1;, We have
AR+ Ky) < 1. 4.7)
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(H1)yip, The functions Ay, B,w and f,, in (@.3) are Lipschitz, namely
Ax € Lip(T%£°), B e Lip(T%R?), w € Lip(B5;T?), f, € Lip(Ms; M)

and
Lipw,Lip A4, Lip B,Lipf3 < K. 4.8)

Moreover the linear operators A, B satisfy

A )l epeors 14 0) ) AL 1B Ollcony <8 ¥ € T
(H2);i, For j =1,2,4 we have that f; is L(9, 1)-Lipschitz with respect to w. Moreover, f;(;0,0,6,0) = 0 and

1fk(vi,y,0,r) = fe(via,y, 0, 7)llee < K(||zllese + lylle + [rla) 16 = 0'la, k= 1,2,

(4.9)
|fa(vi,y,0,7) — fa(viz,y,0',r)|a < K(|[zllee + [ylle + |r]a) [0 — 6']a.

(H3)i, The function f3 is Kyg-Lipschitz with respect to 6.

These three hypotheses are sufficient to have invariant manifolds of the invariant torus. If one also wants them to
be Lipschitz with respect to the parameter v, one has to impose also the following.

(H4);;, We have
1fe(vs 2,y 0,7) = fe (V5 2,0, 0,7)lee < K([[2llee + lylle +Irla)lv =] k=12,
[favim,y,0,r) = fa(W's2,9,0,7)|a < K(||2lle + [[Ylle + [rla)lv — V|
and f3 is Kp-Lipschitz with respect to v.

We observe that by assumption (H2)y;, the torus Ty is invariant by F),. To simplify the notation we denote F,
by F'and f, by f.

Theorem 4.1. Let F': My — M in @2) satisfy (HO)yip,-(H3)yip,. Then there exist &g > 0 and pio > 0 such that
forall 5 € (0,00) and v € (0, po) the F-invariant torus T possesses a stable invariant manifold which can be
represented as graph of a Lipschitz function 73 (x,0) € Lip(Bs(£>°) x T;¢> x RY) that satisfies:

e v3(0,0) = 0. Moreover, its Lipschitz constant is of order § + L(0, ) and

sup 175 (2, 0) [l g e < O(6% + 6 L(6, 1)).
(x,0,v)€Bs (£>°)x T4 x (0,u)

e The iterates of the points (xz,0,~5(x,0)) tend to the torus exponentially fast with asymptotic rate bounded
by 7L

Moreover if we also impose (H4)1ip, v5 depends in a Lipschitz way on v € (0, ).
If one imposes decay properties on the map F', the invariant manifolds also have decay properties.

Theorem 4.2 (X; 1 case). Let the map F: M;rs — M in @2) satisfy the assumptions (HO)y;,-(H4)y;p
where M, £*° are replaced respectively by M;r and ¥;v. Then, the same results of Theorem hold with
7;(1‘79) (S Llp(Bg(Zj)F) X Td; Z]},F X Rd)

We postpone the proofs of Theorems -1 and [4.2]to Appendix [A]

4.1.2 C} regularity of the invariant manifolds

Let us denote by v = (y,r). Recall the continuous function L(d, 1) and notations @.1)), @.3), @4) introduced in
the previous section. We define

E, = CO(B(;(EOO) X ’}I‘d;ﬁs), s=uxz,0,v with

(4.10)
Lo = Lr(l>®:0° xRY),  Lg:=Lr(RY1° xRY), L, := Lr(f* x RY)

and norms || - || 2., s = z, 0, v.
We assume that there exist constants K, Ky such that:
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(HO)c: We have
BATI(1 4+ Kg)? < 1. 4.11)

(H1)c: Assume (H1)j,. The functions AL € C%(T% Lr(¢*)),B € C*(T% Lr(RY)),w € C'(Bs;T¢) and
f = f, € CL(Ms). Moreover, for all § € T,

IA— (Ol ey, 1AL(0) ey < AT, B (0)]l ey < B,
; ; (4.12)
sup (|05 A+ (0| zr e, sup 03By (rey < K,
=12 j=1,2
and
sup  ||[Dw(z,y, 1)l 21 (000 x 0o xRy < K. (4.13)

(%,y,r)€Bs

(H2)c: Assume (H2)j5;,. For j = 1, 2,4 we have that f;(;0,0,6,0) = 0 and for all w € M;

Hka(V;w)”Er(TM;Z‘X’) < L(évﬂ')v k=12,
“Df‘l(l/? w)”ﬁF(TM;Rd) < L((Sa p’)7
where 7'M is the tangent space of M, which is isomorphic to £*° x /> x R? x R?¢. Moreover the derivatives
with respect to 6 have the following bounds:
100 fi(v; 2,5, 0,7) | 2 esese) < K([2lles + llyllee +I7]a), K =1,2,

4.14)
10 fa(vs 2,9, 0,7) || 2 ey < K([[@][ese + [[ylle= + |7]a) -

(H3)c: Assume (H3)j;p,. The function f5 satisfies the following

sup |9 f3(w)|l £ (rey < Ko,
wWEMs
sup || Df3(v;w)lzp(mrey < K.
wEMs

(H4)c1 For j = 1,2, 4 the derivatives of the function f; are Lipschitz on M and

Lip, ,0sf; < K, s=u,v,0,
Lip,0s f; < K, (4.15)
Lipgdsf; < L6, ), s=u,0,
Lipg0p fj(x,y,m) < K([|z[lee + [[ylle= + |7]a),
Lipdsw < K, s=ux,v.

Moreover, the derivatives of the function f3 are Lipschitz on M s, more precisely

Llp asfSSKy 3:557%9,7“-
(H5)c1 Assume (H4)ji,. The derivatives 0, f;, j = 1,2, 3,4, satisfy the same estimates of the derivatives with
respect to the angles 0y f; appearing in (H2)c: — (H5)c:.

Remark 4.3. The assumption (H1)c: could be weakened by requiring that 9y A, 0y B are Lipschitz functions,
instead of C''. However our model (1) satisfies even stronger assumptions, so we make this choice to simplify
the exposition.

Theorem 4.4. Assume F: M5 — M satisfies (HO)c1-(H4)c1. Then there exist 1 > 0 and py > 0 such that
forall § € (0,61) and p € (0, 1) the function ~5(x, 0) given by Theorem[.1| whose graph is the stable manifold
of Ty, has the following properties.

o Itis OL(Bs(£>) x T%; ¢ x R?) and

17 llcrBse=yxray < O + L). (4.16)

28



e Forallj € Z™
75 Bs(Xjr) x T? — %, p x R?

and
Ivllerss (s, ryxray < O + L).

Moreover if we assume (H5)c1 and that the regularity conditions stated above hold also considering v as an
additional angle then ~y3 is C} with respect to (x,0) and C* with respect to v € (0, ).

4.1.3 C} regularity of the invariant manifolds

Recall the definitions #.10) and (2:2)). Let us define

L3, = LR x RY), By = C%(Bs(6) x T% L3,),
L2, = LR 1°° x RY), Egg := C°(Bs(£>°) x T4 £2,),
L2, := L2(0°, R 1 x RY), ELp = C°(Bs(£>®) x T £32,).

We assume that there exist constants K, Ky such that

(HO)c2z We have
MIB(1+ Ky)® < 1. 4.17)

(H1)cz Assume (H1)c:. The functions Ay, B € C3(T% Lr(¢>)),w € CE(B(6); T?) and f = f, are CE(Ms)
with respect to w. Moreover for all § € T¢

IA— (Ol ey, 1AL Hrey <A™ IBTHO) 2r@ay < B,
; ; (4.18)
$U1P2|\59Ai(9)||ar(zoo)a sup [0y B(0) |z ey < K,

J=1 j=1,2

and

sup sup ||D? 3(v;w i . <K
we/\I/)lsj:E,)QH f( ’ )”’C%(TM’R(!) ’

sup sup HDjLU(mayvr)HLj (£°° x £°° x R%;R4) S K.
(z,y,r)EBs §=1,2 T

(H2)cz Assume (H2)c:. For w € Mg, we have

||D2fk(V§w)||L§(TM;zw) <K, k=12,
1D fa(v; w)ll c2(rpmmey < K,
108 fr(vs 2,9, 0,7) || 2Rty < K (2]l + [[Ylles + Irla), & =1,2,
105 £1.(v32, 9,0, 7) | 3 ey < KUzl + Nyl +Irla) -

(H3)c2 Assume (H3)c:-(H4)c:. The second order derivatives of f,, are Lipschitz on M s, more precisely

Llp az,s’fj SK? 3;3/:33/!/,9;7"7 j:172>374~7
Lipgd3 fi(w) < K([[z]le= + [yl + rla), 5 =1,2,4,
Lip ais,w <K, 5,8 =x,y,71.

(H4)c= Assume (H5)c1. The function f is C? with respect to v and we have

102 fr (v 2,9, 0, 7)o < K([[2]le= + ylle= + [rla),  k=1,2,
107 fa(vsz,y,0,7)a < K([[2]le= + [yl + |7la),
sup |02 fs(v;w)|a < K.
weEMs
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Theorem 4.5. Let F': M5 — M satisfies (HO)cz2-(H3) 2. Then there exist 62 > 0 and po > 0 such that for all
0 € (0,02) and p € (0, p2) the function vi(x,0) given by Theorem whose graph is the stable manifold of Ty,
is C2(Bs(>) x T). If F also satisfies (H4)cz, then v is C* with respect to v € (0, j1).
Moreover, forall j € 7,
75 Bs(Zr) x T — ¥, p x RY
and
v llczBs (s ryxTay < C

Sfor some C = C(j) > 0.

4.2 Invariant manifolds for flows

In Section we have proved the existence of CZ invariant manifolds of invariant tori of maps under certain
hypotheses (see Theorems 1] F.4]and [4.3)). We devote this section to state an analogous theorem for flows.
Let us consider a 012“ vector field X, defined on M. We assume that it is of the form X, = Xy + F, with

A_(0)x
A (0)y
w(z,y,7)

B(9)r

Xo(w) =

and
Fo(w) = (.7-"1 (v;w), Fa(v;w), F3(v;w), Fa(v; w))

where (recall the notation (@.1)))
As(0) € Lr(65),  B(9) € Lr(RE)

and Fi, Fao(v;): Ms — 02, Fa(v;+): Ms — T, Fu(v;-): Ms — RE. We also assume that
To:={x =0,y =0,r =0}
is an invariant torus for the flow associated to the vector field map F, for all v € (0, 1) and we define
o = (0,0,0). (4.19)

We provide a theorem of existence of local invariant manifolds for T
Let us first start by stating the needed hypotheses. As in Section f.T} we consider a non-negative continuous
function L(d, 1) such that L(0,0) = 0. We assume that there exist constants A\, 5 > 0, K, Ky > 0 such that

(HO)s We have o
A—pB>0. (4.20)

(H1)¢ The functions Ay € C3(T% Lr(¢)),B € C3(T%; Lr(R?)),o € C?(Bs; T¢) and F = F, € CE(Ms).
Moreover, for all 8 € T¢,

Hef&' .A—(9-5—41108)(13HCF(IZOO)7 ||€f0—tA+(9+®08)dSH£F(Zm) < e—S\t’ forall t>0 and 0¢€ Td
efo BO+@os)ds)| b < Pl forall teR and €T
and
sup [|0§AL(0) || zp ey, sup 05B(0)]] £y reys sup 1D (2, 4, 7) || £ (0o 000 xRt ey < K
j=1,2,3 j=1,2,3 (z,y,r)€Bs,j=1,2

Note that in the case that the matrices A+ and B are constant (as happens in (3.7)), the exponential matrices
above are just eA=* and 5.
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(H2)¢ For j = 1,2,4 we have that 7;(1;0,0,6,0) = 0 and for all w € M;

[ DFy (v w)| 2 (r Moy < L6, ), k=12,
[ DFs(v;w)ll 2 (raray < L(6, 1)

D2 Fre(v;w) | c2(rpssey < K, k=12
||D2]:4(V’w)||[,%(TM;Rd) < K7 k= 1,2

where 7'M is the tangent space of M, which is isomorphic to £>° x £>° x R? x R%. Moreover the derivatives
with respect to 6 have the following bounds

100 Fk (v; 2,9, 0,7) || cp ey < K([2lle + lylle +[7]a), k= 1,2,
100 Fa(vs 2,4, 0,7)l| o (resmay < K(l|2lle + llylle +[7]a)
105 (vs 2,9, 0, 1) 22 (maeey < K([@lle + lylle~ +1rla),  k=1,2,
105 F4(vs 2, ,0,7) || c2.ramay < K([[zlle= + lylle + Irla) -

and
||895]:k(1/;x7ya9ar)‘|L%(Rd,Y;£°°) < L(57 N’)a k= 1327
H895~7:4(V;$7yveaT)Hﬁlz(]Rd,Y;Rd) < L(67 M)

where s = x,y,r and Y = ¢ (when s = z,y) and Y = R¢ (when s = 7).
(H3)¢ The function F3 satisfies the following

sup [|0pFs(w)|| £p(rey < Ko,
wWEMs

sup DI Fs(vyw)]| 05 <K.
weMa,j:LQ” RGO TCVED

(H4)¢ The second order derivatives are Lipschitz on M, namely

Lip 882’5,]-} <K, 5,8 =x,9,0,r, j=1,2,3,4,
Lipgd Fj(z,y,7) < K(||z]lee + lylle= + [rla), 4 =1,2,4,
Lip 2

s,s’

w< K, 5,8 =,y

(H5)¢ The function F is C? with respect to v and we have

102 F(vs 2,9, 0,7) Lo < K (2]l + [ylle + [rla), k=1,2,
|00 Fa(vs 2, y,0,7)a < K([[2]le= + ylle= + |7]a),
sup |9 Fs(v;w)|a < K
Mss

we

Moreover, the Lipschitz constant of the second derivatives of Fy, satisfy also (H4)¢ treating v as an extra
component of the angle 6.

Theorem 4.6. Let X, be a C2 vector field defined on M; of the form X, = Xo + F,. Assume that it satisfies
(HO)¢-(H4)¢. Then there exist 69 > 0 and pi9 > 0 such that, for all 6 € (0,00) and pn € (0, p1o), the X, -
invariant torus T possesses a stable invariant manifold which can be represented as graph of a C% function
v5(z,0) € CE(Bs(£>°) x T4 ¢°° x RY) that satisfies

e 75(0,0) = 0. Moreover, its C norm is of order § + L(J, 1) and

sup 175 (2, 0) [l xra < O(6% + 8 L(6, 1))
(2,0,0)EBs(£2°)x T4 x (0,1)

e The iterates of the points (x,0,v;(x,0)) tend to the torus exponentially fast with asymptotic rate bounded
by eM ast — —oo.
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If we also impose (HB)g, 75 is also C? with respect to v. Moreover for all j € 7™
75 Bs(Zr) x T — 5, r x RY,
75 € CE(Bs(Z;r) x T and its CL norm is of order § + L(, ).

Note that this theorem implies easily Theorem Indeed, it is straightforward to verify Hypotheses (H1)¢-
(HA4)¢ for the vector field (see also (3.8)). Note also that one can also verify Hypothesis (H5)¢ with respect
to the parameter ¢.

We devote the rest of the section to deduce Theorem [4.6] from Theorems (4.1} [4.4] 4.5}

Proof. Denote by ®! the flow defined by the vector field X,,. It is easy to check by a classical Picard iteration
argument that, for any fixed 7" > 0, there exists 6 > 0 small enough so that

ot . Ms — Mcs

for some C' > 0 independent of § and ¢t € [T, T).
We take 7' >> 1 and we write ®” in a particular form so that Hypotheses (H1)¢-(HS5)¢ can be verified. First
note, that X, can be written as X, = Xy + JF, where

A_(0)x
)?o(w) = Aa(oe)y

B(9)r
(see @19)) and Fy,(v;w) = Fi(v;w) for k = 1,2,4 and
Fs(v;w) = Fs(v;w) + &(x,y,r) — @(0,0,0).

One can easily check that Xy and F,, also satisfy Hypotheses (H1)¢-(H5)s.
We use this rewriting of X, to write ®* in a particular form. First note that, denoting by ®f, the flow of Xy, one
has that
efot A_ (0+&105)de
efot A+(0+<I;os)dsy
0 + ot
efof' B(9+ao0s)ds,.

(I)B(Z'7y,7", 9) =

Then, following the notation in Section 4.1|and applying Duhamel formula, one can write ®7 as
o7 = Ff (w) + £ (w)

where F{' (w) = ®I'(w) and
T T ~ _
1T(w) _ / eft A,(9+wos)ds‘7_-1 (V; @t(w))dt
0

T
Fw) = [ el A0 o, )
0

T ~

) = [ Aot w)ar
T - B

f(w) = / eli BlOFT0)ds (1 ot (w))dt.
0

Fixing T > 1 and § > 0 small enough, it is straightforward to check that F{ and fI satisfy the Hypotheses
(H1)¢-(H5)s.
In particular, for ' > 0 large enough, @.17) is satisfied. Indeed, on the one hand

AN<e M g
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and on the other hand ~ ~
Ky < TKy, K<TK.

Therefore, there exists 7* such that for 7' > T* one has the inequality (@.17). Then, Theorems imply
the existence of the torus stable invariant manifold for the map ®*' for T > T*. We denote this parameterization
by 77 . Note that it is defined in B,.(¢>°) x T for some d7 > 0 which may depend on 7.

Then, it only remains to show that 47" is independent of 7'. This would imply that v = 47 is invariant by the
flow ®¢. Note that it is enough to show that there exists 0 < 1 < 1 so that for any 71, Ty € [T*, T* + 7] one has
T+ = 412 since this implies that the vector field is tangent to the invariant manifold.

First note that using the uniqueness of the invariant manifold, for any n € N, 47 = ~™T since 7 is both
invariant under ®7" and under its n-iterate ®"7". Reasoning analogously, one has that v7 = 497" for any ¢ € Q.

Note moreover, that it is easy to check that there exists &y such that for any T’ € [T*,T* + 5], v7 is defined in
By, (£°) x T<. Then, the family of parameterizations 7 for T' € [T, T* + ] are defined in a common domain.
Moreover, by Hypothesis’| (H5)¢ they are C*2 with respect to T and 47 coincides with v~ for all T = g7 with
q € Q. Thus, we can conclude that -y is independent of 7". This completes the proof of Theorem O

5 Transverse intersection of invariant manifolds and construction of the
transition chain

We devote this section to prove Theorem [3.8]Note that it can be split into two separate statements:
1. There exists a sequence of invariant tori connected by heteroclinic orbits.
2. These heteroclinic orbits are transverse (in the sense of Definition [3.6).

Typically, in finite dimensional settings, both statements are proven simultaneously since one relies on transversal-
ity to construct the connecting orbits (see, for instance, [, 24]). This is not the case in the present paper. We first
construct the chain and then we show that all the heteroclinics involved in the chain are transverse.

Indeed, as explained in Section [3| the Hamiltonian H possesses the 6-dimensional invariant subspaces V; in
(see Hypotheses H1 and H2). All the tori involved in the transition chain that Theorem will provide
belong to these invariant subspaces.

In Section [5.1} we construct the chain within V; relying on finite dimensional techniques. Such techniques
provide a sequence of heteroclinic orbits which are transverse within V; but such analysis does not imply transver-
sality in the full infinite dimensional phase space. Then, in Section [5.2] we show that the heteroclinic orbits that
we have constructed are indeed transverse (in the sense of Definition [3.6).

Let us give more details on how to achieve these two steps.

For the first step, note that, even if we deal with formal Hamiltonians, when restricting to V; the energy is well
defined. At a fixed energy level h, there are the 3-dimensional invariant cylinders introduced in[3.10]

A= {(q,p) €EViNH (M) : Go,\y = Poriy, =0} .

Note that these cylinders are not normally hyperbolic since they possess the periodic orbits P, and Py, , intro-
duced in (3.4), whose hyperbolicity within A; is as strong as the normal one. However, for any ¢ > 0,
Ais ={(q,p) € Ai: Ei(q,p) € (6,h —6)} (5.1)

is a 3-dimensional normally hyperbolic invariant manifold both for ¢ = 0 and for 0 < ¢ < 1.

We construct the chain of heteroclinics connecting different invariant tori of either dimension one or two given
by Theorem [3.8]in two substeps. First we construct the “piece” of the transition chain connecting tori in A; 5,
that is along the normally hyperbolic invariant manifold. This is what we call the Arnold regime and relies on
classical techniques (see 1, 24]]). Then, we show how to extend the chain to reach the periodic orbits Py, Py,
the jumping regime. This is somewhat less standard and it is proven in full detail in Lemma [5.2]below. It strongly
relies on the fact that, thanks to Hypothesis H2 the dynamics on the cylinder is integrable and one can extend

SNote that Hypothesis (H5)¢ only admits dependence on the parameter v on f,, but not on Fy. This is not the case for the parameter T
and the map &7 = Fg + fT since the two terms in the sum depend on T'. However, note that one can just fix Ty and define Fo= FOT 0 and
fl, =fr+ F(T — FOT 0 accordingly. The new maps satisfy the same hypothesis as before and also H5 for the parameter T'
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the classical Melnikov Theory for normally hyperbolic invariant cylinders to reach the invariant manifolds of the
periodic orbits (where normal hyperbolicity is lost).

The heteroclinics obtained in Step 1 are transverse within V;. In Section [5.2] we show that they are also
transverse in the infinite dimensional setting in the sense of Definition To this end, we need to regard these
heteroclinics as orbits in the full phase space. As seen in Figure [6] these heteroclinics are as follows. For the
pendulums within V; (Pendulum 1,2,3 in Figure [6)) one has the classical picture of transverse invariant manifolds
(the transversality in this direction has been given by the Step 1 of the proof). The transverse intersection point
(surrounded by the green circle) corresponds to the heteroclinic orbit that we consider. On the contrary, projecting
onto the other pendulums (Pendulums 4 and 5 in the figure), this heteroclinic corresponds to the origin, that is the
saddle. Now, note that the invariant manifolds of the torus projected to these pendulums are transverse at the origin
even for the unperturbed Hamiltonian. Then, in Proposition 5.4 by an Implicit Function Theorem argument, we
prove that the transversality in this direction still holds for the perturbed Hamiltonian.

The 6-dimensional invariant subspace

Figure 6: Transverse heteroclinic orbits between tori. Note that the transversality is of different “nature” in different
directions. In the first pendulum the transversality is achieved thanks to the perturbation by means of Melnikov
Theory, whereas for the other (infinitely many) pendulums the transversality comes from the fact that the invariant
manifolds of the pendulum intersect transversally at the saddle already for the unperturbed problem and this is
robust for the perturbed one.

5.1 The transition chain and transversality within 6 dimensional invariant subspaces

To analyze the existence of transverse heteroclinic orbits in the subspace V; we distinguish two “regimes”. First we
analyze the invariant tori in the normally hyperbolic invariant cylinder A; 5 in (5.1)). Later we analyze the invariant
tori in d-neighborhoods of the periodic orbits Py, and Py, , (see (3.4)).
We consider the intersection of the invariant manifolds of the invariant tori with the invariant subspace V; which
we denote by
0, (T) = W(T) NV,

where T denotes any of the tori in (3.4).

Lemma 5.1. Fix § > 0 small. Assume that H satisfies H1,H2,H3. Then, there exists €9 > 0 such, that for any
e € (0,e9), there exist K > 0 and a sequence of two-dimensional tori T; j; C Ay, k = 0... K such that

E,, (Tlo) S (0, 5) and by, (Ti,K) S (h, h — 5)

and
Wy, (Tik) thy, Wy, (T k1)

where My, denotes transversality in the sense of Deﬁntionapplied to the invariant subspace V;.

This lemma is a consequence of Melnikov Theory. Its proof goes back to [1]. A more modern proof can
be found in [24] which relies on the so called scattering map. Note that in these papers, the dynamics of the
unperturbed Hamiltonian on the cylinder is given already in action angle coordinates. Even if this is not the case
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in the present setting, the proof follows the same lines as [24]] since the scattering map is defined independently of
the choice of coordinates.

Hypothesis H3.1 ensures that the invariant manifolds of the normally hyperbolic invariant cylinder A; s are
transverse. This allows to define scattering maps locally at these transverse intersections. Hypothesis H3.2 ensures
that these scattering maps are such that the image of the level sets of the energy E; is transverse to the level sets.
This implies that there are heteroclinic connections between “close enough” tori.

Lemma give a transition chain that “connects” invariant tori which are d-close to the periodic orbits P,

and P, ,. The next lemma extend the transition chain to reach these periodic orbits (see Figure EII)

Lemma 5.2. Fix § > 0 small. Assume that H satisfies H1,H2,H3 and H4. Then there exists o > 0 such that
for any ¢ € (0,2) there exist K' > 0 and a sequence of tori T, C Aj, k = 1... K" where T} 1o, = T; ¢ is the
torus obtained in Lemmal3.1 such that

‘;u;vl (PD']‘) fhvl ES,V'L( ;70) and ng7 (’]T’L,k‘) thl Ws,v7 (’]rl’kJrl) fOr k == O, oo K/‘

Note that for Lemma [5.2] one cannot apply the scattering map technology since in this setting A; is not a
normally hyperbolic cylinder anymore. Instead, we use the classical Arnold approach [1]] to deal directly with the
invariant manifolds of the periodic and the invariant tori and look for their intersections. Note that this approach
could also have been used in Lemmal[5.1} We have used instead the scattering map to emphasize that that lemma
deals with the “classical” a priori unstable setting.

Proof of Lemma We show how to connect P, with the torus T’ , (to be chosen). Note that the stable/unstable
invariant manifolds of these objects are three dimensional within a five dimensional energy level. Therefore, to
analyze the breakdown of the homoclinic channels and the possible connections between different objects we have
to fix a two dimensional section transverse to the unperturbed homoclinic manifold to P, .

We consider a section transverse to the homoclinic manifolds of the periodic orbit P,, and the invariant tori
“close to it”. Let us call I = II(x;,71,72) the 2-dimensional affine subspace passing through a given point
Zo = Z(0, 24,71, 72) of the homoclinic manifold of P,, and spanned by the vectors VE, . (%), VEs,,,,(Z0),
with

20(15, Ty, 7'1,7'2) = @6(20(0,%‘1,7’1,7’2))

= (qn(t,z;),pa(t, x;), qo(T1 + ), po(T1 + 1), qo(T2 + 1), po (T2 + 1)),
where (g3, (t, x;), pn(t, x;)) is the periodic orbit contained in { £, = h, Es,,, = E,,,, = 0} such that ¢, (0, z;) =
x; € T and (qo(7x), po(7x)) is the homoclinic orbit of the pendulum o1, with & = 1,2. The section II(x;, 71, 72)
is transverse to the homoclinic manifold of P,, and, for ¢ > 0 small enough, also to the invariant manifolds
W;{j (Py,).

Fix T' > 0. Since the invariant manifolds are regular with respect to parameters, for 0 < € < 1 and any

5.2)

(x5, 71, 72) € T x [T, T)? (5.3)

there are points 2" = Z*"(x;,71,72) which belong to the intersection of Wy, (P,,) with TI(z;, 71, 72). In
particular these points satisfy

85U — Zs’u(xi,’rl,’fg) = 20(0,1'2',7'1,7'2) + Ocl (E)H
To measure the distance between these points in II we use the energies of the pendulums ¢;11,0;2
do,+1x(2",2°) = E5,,, (") — Eq,,, (Z°), k=12

Let us denote by
25’“(t, X, T1,7'2) = ‘I)z(is’u(xiﬂj, Tg)).

Then

- . brd .
E07‘,+k (Zs(xi,Tl,TQ)) = Egi+k(zs(t,1’i,T1,T2)) _/0 (Cl_tEUi+k(zs(t7xi»7—lvT2))> dt

t
= E0i+k(gs(t7Ii7Tl7T2)) - 5/0 {Edi+k7H1,i} o q):(gs(xiaTlvTZ))dt

7Since we are in a finite dimensional setting decay plays no role.
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Since the forward iterates of Z° tend to the periodic orbit P, and E,
to +o0o we get

win(Ps;) = 0,k = 1,2, when we let ¢ tends

+o0o
Eq (2 (x5, 11, 72)) = EA {H1, Eo,,\ } 0 PUZ (24,71, 72)) dt

and reasoning analogously
0
Eo'i+k (2”(:51, T1, Tg)) = 6/ {H171‘, Ea-iJrk} o @Z(E“(mz, 1, TQ)) dt.

Since the perturbation I1; vanishes on the cylinder A, by hyperbolicity we have
||<I>§(25(xi,7'1,7'2)) —(1)8(20(0,$i,7'1,7’2))” < Oé‘eiut vt > 0 (54)

for some C' > 0 and v > 0 independent of €. The same estimate holds for the derivatives in x;, 7 and 7.
Reasoning in the same way for ®F(z%(x;, 71, 72)) for t < 0 we conclude that
Egy (%) = By, (3°) = eMg,,, (R 24,71, 72) + O(2)

Titk Oitk

where M, , (x;,11,12) is the Melnikov function

“+oo
M0i+k (h'7 Ly Tl 7-2) = / {Hl,i7 EO'iJrk} o (1)8(20(07 Ly Tl 7—2)) dt

— 00

and H, ; is the Hamiltonian introduced in (3.2)). Note that M, , = 8t1£~j and M,, ., = 8t2£~j (see B-I)).

Hypothesis H4 ensures the existence of transverse critical points of Zj. Then, the Implicit Function Theorem
gives the existence of non-degenerate zeros of the distances d,,,, and d which are e-close to these critical
points. These zeros correspond to transverse homoclinic orbits to P ..

We show that, from the existence of transverse homoclinic orbits to P(,j, one can construct heteroclinic connec-
tions between P, ; and 2-dimensional tori Ty, ,,, = {Es, = hi, Eo,,, = h—hi, E,,,, = 0} with h—h; = O(e).
A similar idea, in a different context, was used in [39].

For ¢ > 0 small enough, since h — h; = O(e), the section II(z;, 71, 72) is transversal to the homoclinic
manifold of Ty, ,,., and to the invariant manifolds W;fj (T;). Let us define with

Tj+2

i4+1 42

D4 (20(0, i, 11, 72)) = 20(t, i, 71, T2)

= (Qh,; (t, i), pn, (6 26), qh—n, (71 4+ 1), Phn, (1 + 1), qo(T2 + 1), po(T2 + t)),

where (qn—n, (71), Ph—n, (1)) is the periodic orbit contained in {E,, = h, E,, ., = h — h;, E5,,, = 0} such that
qn-n,;(0) = m. Letus call 25% = z%%(x;, 7y, 72) points in the intersection W;,’fji (T;) N (x;,71,72). To find

heteroclinic connections between the periodic orbit P, and the torus Ty, »,., we measure the distance

A, (34 2%) = By, (") — By (%) k=1,2.

Titk

By reasoning as before we get

0
By, (2") = 5/ {Hi,,E,, .} o ®(Z0) dt + O(e?), k= 041,042,

( ) h_hi+6ﬂ;roo{H1,iaEai+1}O(I)B(ZO) dt+0(€2) k= la
E,, . . (2°)=
h & Jy M, Fou} 0 B(20) dt + O() =2
Note that the term h — h; in E,,, (2°) arises from the fact that the iterates of 2° tend to the torus T and
then

0i4+1,0i42

lim E,, , (2°(t, 70,71, 72)) = h — h;.

t——+oo

Now we claim that
By, (2°) — By, (3°) = O(? loge), k=12
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Indeed, by uniform hyperbolicity and the fact that the vector field of H; vanishes at the torus, the integral decays
exponentially and so

+oo
/ o [0 By 0 @) e = 06
c|log(e

for opportune ¢ > 0 independent of ¢, and, since h — h; = O(e),
D (20) = D§(Z0) + Ocn (e), vVt € [—c|logel, | log()|]-

and therefore

cllog(e)]
/ {(Hy s Eop,} o 8 (20) — {Hi s Eo, } o 95 (50)| dt = O(eloge).
0

Then, we can conclude that

EU'H»I (2u) - E01+1 (Zg) =h-— hl + E'/\/lUiJr1 (ha Ty T1, T2) + 0(62 log E),
E0i+2 (2u) - EUi+2 (ZS) = 5MU¢+2 (ha LiyT1, 7—2) + 0(82 log 6)'

Then if h — h; < ke, for an opportune small x > 0, one can proceed as in the homoclinc case explained above
to find zeros of the above equations, which give rise to heteroclinic connections between the periodic orbit P,
and nearby tori. Proceeding analogously one can connect two nearby tori which are close to the periodic orbit
P,,. Indeed, note that by changing the parameterization of the unperturbed invariant manifold, one can rewrite the
Melnikov potential as

Lo, hjy s tivr, hjpi,tiye) =
“+o0

Hij (qn, (s,2;),0n, (8, 25), G,y (54 t541,0), Dhy s (54 541, 0), go(s + 1), po(s + tj42)) dt.
The difference between the two Melnikov potentials is on how one parameterizes the invariant torus, and more
particularly its (j + 1) component. Note that in the (g;1,p;+1) coordinates now we parameterize the invariant
manifold by the initial time instead of using an initial condition. This implies that whereas £; is 2m-periodic in x;,
E;- is T' periodic where T is the period of the periodic orbit defined implicitly by E, = hj11. It can be easily
checked that, for h;; > 0 small, the Melnikov potential E;» is close to @

Then Hypothesis H3 implies that, for each h; € (0, k) (and taking h; 1 = h — h;) the function

Tj+1

(tjs1 tje2) = Lo(x5, by, iz, hjpa,tje2)

has non-degenerate critical points. Then, proceeding as in the previous case one can prove that the torus E; = h;,
Ej 1 = h—hjwith hj € (h, h—§), has transverse homoclinic connections and from them, construct heteroclinic
connections to nearby tori. O

Lemmas|[5.1]and Lemma[5.2]imply the following corollary.

Corollary 5.3. Assume that H satisfies H3 and HA. Then there exists €g > 0 such that for any ¢ € (0,¢q) there
exists N > 0 and a sequence of tori T; , C A;, k= 1... N such that

;,VT;(PW) mvi WES,Vi, (Ti,0)7 Weu,vi (TU%‘) mvi W:,Vi (Ti7k+1) for k=0,...N -1
and Weu,u (Ti,N) rhVi Wég,vi (P01‘+1)>
where thy, denotes transversality in the sense of Deﬁnitionapplied to the invariant subspace V;.

Note that this corollary gives a sequence of transverse heteroclinic connections. However the transversality
holds when they are considered as orbits in the invariant subspace V; (within the energy level). To apply the
Lambda Lemma given by Theorem [3.9] one needs that these heteroclinic connections are transverse in the whole
phase space in the sense of Definition[3.6] This is proven in next section.
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5.2 Transversality in the full phase space
In this section we complete the proof of Theorem 3.8]by proving the following.

Proposition 5.4. Assume that H satisfies H1, H2, H3 and H4. Then there exists g > 0 such that, for any
e € (0,e9), there exists N > 0 and a sequence of tori T; j; C Ay, k = 1... N such that

W(P) M W?3(Tio), W*(Ti) h W(Tigy1) for k=0,...N =1, and W*(T; n) th W*(P;11)
where th denotes transversality in the whole phase space M in the sense of Definition

Note that the only difference between this theorem and Corollary|5.3|is that the transversality refers to different
spaces. In the corollary is within (the energy level) in 6 dimensional invariant subspace V; whereas in Proposition
[5.4]is in the infinite dimensional phase space (always in the sense of Definition[3.6). See [25] for a similar analysis
in a finite dimensional setting.

Proof of Proposition[5.4] To prove this proposition, let us consider (), one of the heteroclinic orbits connecting
two of the tori given by Corollary To simplify the notation, in this proof we denote these tori by T; and
To. They are characterized by E,,(T¢) = he, £ = 1,2, for some hq, ho, which are e-close, and they also satisfy
Eg,. . (T¢) = h — hy.

Recall that we have defined

WP (Te) =W (T N Vs, =12,

orollar Jl1mplies that 1) an ) o) Intersect transversa along -y t) within s 1n the sense o
Corollary [5.3] implies that W, (T;) and W2, (T5) i Ily along ithin V; in th f

i

Definition|3.6 That is, fort € R,
T'y(t) W&“:V,_ (Tl) ﬂpr(t)Wgs’vi (TQ) = <’}/(t)> and T’y(t)Wsu,Vi (Tl) +Tq/(t)W€s’vi (Tg) = Kel"dH‘yi ("/(t)) (55)

where (§(t)) is the one dimensional vector space generated by (¢) and KerdH |, y, (y(t)) is just the tangent space
of the energy level of H restricted to V; at the point ~(¢) (recall that even if the Hamiltonian H may be only formal,
it becomes well defined when restricted to the finite dimensional subspace V; (but in any case its differential is well
defined, even if it is not restricted).

Denoting

z = (QO'upUmqo'i+1?p0'i+1)qgi+23p0'i+2)7 (56)

the invariant manifolds Wy, (T1) and Wy, (T2) can be parameterized as

(3

2", Tig1, t, by €) = 20(wi, Tiga, 6 ha) + €2y (@4, Tiga, £, by €) 57)
2% (@i, wig1,t, ho, €) = 20(wi, Tig1, t, ha) + €207 (i, wiya, t, ho, €) .
where 2z is the unperturbed homoclinic respectively of T and T, that is,
20 (J:ia LTi41, t) hf) = (qhg (07 xi)aphg (Oa .’Ei), qh—hy (07 xi)vph—hg (07 xi)y qo (t)ypo (t)) (58)

(recall that hy and hy are e-close). Fix T' > 0. Then, for € small enough, the parameterizations (5.7) are defined
for

Zi,xip1 €T and ¢ € (—oo,T] (unstable manifold) and ¢ € [—T,+00) (stable manifold). (5.9)

Now we prove that the “full” invariant manifolds W*(T;) and W?*(T3) also intersect transversally along ~(¢) in
the same sense as in (5.3) but in the whole phase space. To this end we “enlarge” the parameterizations (3.7) to
parameterize (a portion of) W*(T1) and W*(T2) instead of W, (T1) and W, (T2).

To this end, we consider the Moser Normal Form coordinates [S7]] '

(qr, pr) = (ug, vi)
for the integrable Hamiltonians Fy with k # 0;, 041, 0;+2. Then,

Ei o <I>(ui, Vi) = &'(uivi) =u;v; + 02 (uivi) .
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We introduce the notation

L, =72\ {0i,0i41,0i42}, u = {ug ez, v = {vi}rez,

Then, the Hamiltonian (T-1)) is transformed into

H(zuv) = Elwvi)+ > Eilge,pr) +eHa (2,1,v)

keZ, k=0;,0i41,0i42

where H is the perturbation Hamiltonian H; expressed in coordinates (z,u, v), see (5.6) (To simplify the notation
from now on in this section we reorder the variables to “group” the u} s and v/.s).

Recall that the tori Ty, T2 are invariant both for the perturbed and unperturbed flows and are now characterized
as

Ty EUf, (qﬂmpo'qz) = hy, Edi+1 (q011+1ap07:+1) =h— hy, Qoiyy = Poipo = Uk = Vi = 0, ke Ilag =1,2
(and h; and hy are e-close). Analogously, the invariant subspaces V; are now defined as
Vi={u,=0,vy =0 for keZ;}.

For the unperturbed Hamiltonian (¢ = 0), the stable and unstable invariant manifolds of T;, Ts are parameterized
by

Lo (i, wiy1,t,u,hy) = (20(2i, Tiy1,t, b)), 0, 0) (5.10)
FS(J:’L" Ti+1, t7 v, h2) = (Zo(xia Ti+1, ta h2)7 07 V) ’

where 2 is the parameterization given in (3.8).
Note that the homoclinic manifold

Fg(xza Ti+1, ta 07 hl) = Fa(xza Ti+1, tu 07 h2) = (ZO(.’I?i7 Ti41, ta h2)7 07 O)

is already transverse in the (u,v) directions but it is not transverse in the z = (qi, Pi, Gi+1, Pit+1, Git2, Pit2)
directions.

Since the invariant manifolds W*(T;) and W2 (Ty) are regular with respect to &, one can consider parameteri-
zations of the perturbed invariant manifolds close to (5.10) (that is, parameterize the perturbed invariant manifolds
as graphs with respect to the unperturbed ones).

Fix § > 0 and consider T > 0 (see (5.9)) and recall the notation

Bs({Z) ={u:S°CZ™ - R: ||lul|eo <}
where S¢ = 7™\ Sand S C Z™ is a finite set (see (2.7)). In this section, we take
S = {Ui70i+170i+2}'

Since Theorem [3.4] gives the existence of the invariant manifolds of the invariant tori and their regularity with
respect to parameters, we can ensure that, for ¢ € (—oo,T] and u € By( g%), the unstable invariant manifold
W2 (T ) has a parameterization of the form

Fg(xi7$i+17tau) = (Zu(l'i7l'i+17t) + EF;(xi,$i+1,t7u),u + EF\}L('/EZ"xi-&-latvu)aEFy(x%xi-‘rhtau))

where 2% is the parameterization introduced in (5.7) and F*, F", F* are some C? functionsﬂ These functions
depend on h; and . We omit this dependence to avoid cluttering the notation. Note that the fact that V; is invariant
and W, is parameterized by (3-7) implies that

Ff(zi,zi+1,t70):0 for *x =2

u,v.

) )

Analogously, for t € [T, 4+00) and v € B (p), one has a paramaterization of W7 (Tz) of the form

F:(ZE,', Tit1,0, V) = (ZS(.TZ', Tit1, t) + SFj(xi, Tit1, T, V)7 E‘Fus(l‘i, Tit1,0, V), v+ EFVS (1‘,’, Tit+1,0, V)) .

eorem |3.4{ proves the stronger statement that they are . However, for this section it is enough to use regularity.
8Th 3.4)p the stronger stat t that they are CZ. H for th tion it gh t C? regularity
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for some C? functions F?, F?, F'¥ which satisfy
Fl(xi,xi41,t,0) =0 for * = z,U,V.

The proof of Proposition [5.4]is a consequence of the particular form of these parameterizations. Indeed, in the V;
“directions”, that iS 2 = (¢, , Po;» Goss 1 Poisss doirsr Poiss ), the u and v are small in C* norm since

Ff(xi,xiﬂ,t,u) = Ogoo (u)7 FZS([IJZ',I'Z'Jrl,t,V) = Ogoo (V)

Therefore, the transversality obtained in Section [5.1]still holds.
In the (qx,px), k € Z;, directions or, equivalently (u, v) directions it is enough to check that, for any fixed
(zi,xit1,t), u = v = 0 is a transverse zero of the function

Glu,v) = u+eF (s, Tigr, t,u) — eFP (a0, g1, t,v)
’ EFJ‘(xi,xi+17t,u) —V—EF‘f(xj’xi_,’_ht’v)

which measures the distance of the invariant manifolds on the plane u, v. Since

1+ €C{)uF&”|u:0 0
a(u,v)g|(u,v):(0,0) = < 0 1+5auF‘f|v:0

and F*,F$ are C! functions, taking € > 0 small enough we easily deduce that u = v = 0 is a transverse zero of
g.
The same argument can be carried out to prove the transversality of the invariant manifolds along heteroclinic
orbits between the periodic orbit P; and the torus T} q.
O

6 The Lambda lemma

In this section we prove a Lambda lemma for finite dimensional quasi-periodic non-resonant tori in an infinite
dimensional setting. As far as the authors know, this is the first Lambda lemma such setting.

In Section [6.1) we provide a Lambda Lemma for maps and in Section [6.2] we explain how to deduce the result
for flows from those proven in the previous section. Theorem [3.9|follows easily from these results.

As far as the authors know, the first Lambda lemma was proven by Palis and De Melo for hyperbolic fixed points
for maps (see [58]]). It has been generalized to multiple settings. Of particular importance for the present paper
is the one by Fontich and Martin [27], which provides a Lambda lemma for partially hyperbolic quasi-periodic
nonresonant tori in a finite dimensional setting. Here we generalize their approach to infinite dimensions.

6.1 A Lambda Lemma for maps
To state the Lambda lemma for maps, we use the notations {@.I)), @.3) used in Section Let v € (0, u) for some
p > 0. Let us consider the complete metric space M := > x > x T¢ x R? and the map
F,: M; := Bs(£>®) x B5(t>) x T¢ x Bs(RY) ¢ M — M,
given by

F,(w) = Fo(w) + fu(w), w:=(z,y,0,r),
Fo(w) = (A_(H)x,A+(9)y,9—i—w(x,y,r),B(Q) ’I“), fl/(w) = (fl(V;w)?fQ(V;w)va(V;w)7f4(V;w))

fiws), favs): My =02, fa(vi): Ms = T, fa(vi): Ms — RY,
(6.1)
where
Ai(e) S /.Ip(é(x’), B(H) S Er(Rd).

We define wy := w(0, 0, 0). Let us consider the following two hypotheses.
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(H)rot Assume that f3 € C%(Ma; ’]I‘d),
/3(0,0,6,00=0  VOeT

and for (w,v) € Ms x (0, ) (recall @.2))
196 f3(w; V)|l 2r@ny < Ko([|2llese + [[Yllese + [7]a),
where ¢ is introduced in Theorem [.5]and Ky is the constant introduced in @.17).

(H)xr The dynamics on the torus Ty := {z = y = 0,7 = 0} is a non-resonant rigid rotation. That is, we assume
that the vector wg := w(0, 0, 0) satisfies

wok +m # 0 for any keZi\{0},meZ. (6.2)

These two hypotheses are fundamental to prove Theorem|[6.2]below. Indeed, it will apply to partially hyperbolic
invariant tori whose dynamics is a rigid rotation with quasi-periodic (non-resonant) frequency (Theorem [6.2]below
is false if the frequency is resonant). Note that currently, in the finite dimensional setting, there are more flexible
Lambda lemmas which apply to “general” normally hyperbolic invariant manifolds (see [59, 134} [37]). However,
here we restrict to quasi-periodic tori, since this is enough for our purposes.

Recall that we ultimately want to prove a Lambda lemma for (formal) Hamiltonian vector fields. That is, for
vector fields with formal first integrals. For this reason, we need a Lambda lemma which applies to maps F;, with
formal first integrals in the sense of Definition [2.8] Associated to the formal first integrals, we also introduce a
related notion of transversality.

Definition 6.1. Consider a map F': Ms C M — M which has a formal first integral G in the sense of Definition
Fix p € M and consider two Banach submanifolds A; and N5 of M such that p € N7, N5 and are invariant
under F. Then, we say that A1, Vs intersect transversally at p if

1. They satisfy
dim (TpN1 N Tp/\/z) =1.

2. The map
T: Tle X TpN2 — Tp./\/l, T(’Ul,’Ug) = V1 + U2

is a linear continuous map whose image is equal to KerdG(p).

Let us give some explanation of Item 1 in this definition. The case of having formal first integrals will be
applied ultimately to time 7" maps of a Hamiltonian flows. Then, one has to take into account that the intersection
of invariant manifolds contain the full trajectories and therefore it must have at least dimension 1 (see Definition
[3.6). Item 2 just means that the transversality has to be considered restricted to the leave of the foliation defined

by G (see Remark[2.10).

Next theorem provides a Lambda lemma for the invariant manifolds of quasiperiodic (non-resonant) invariant
tori in various settings, both in Ms and M r 5 and both for maps with and whithout formal first integrals.

Theorem 6.2. (Lambda Lemma for maps) Consider a map F = F,, of the form (6.1) and assume (HO)cz—
(H4)cz, (H)nr and (H)yor. Then, the invariant torus To == {x = y = 0,r = 0} possesses CZ invariant
manifolds W** C M that satisfy the following.

Consider a CL submanifold T C M which intersects transversally the stable manifold W* at qq in the sense
of Definition[3.5] Then,

(i) The iterates of " satisfy
wc | FruD),
n>0
where the closure is taken with respect to the M-topology.
(it) There exists a submanifold D of T diffeomorphic to an open set of £>° such that if D,, is the connected

component of F™ (D) N M which contains F"(qq) then, for any € > 0, there exists ng such that D,, is
e-close, in the C}(Ms) topology, to a subset of W™ if n > ny,.

Moreover,
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(ii1) Assumes that the map F has a first integral G in the sense of Deﬁnilion
Assume furthermore that T intersects transversally W* in the sense of Definition[6.1]
Then, the statements (i) and (ii) are also satisfied.

(iv) If one considers as phase space M and a C} submanifold T C M r the statements (i), (ii) and (iii)
are also true with respect to the closure in the M p-topology and the convergence in CL(M ST.5)-

The assumptions in Item (4i4) are satisfied naturally if the map is the flow at time T of a (formal) Hamiltonian
vector field.

The rest of the Section [6.1]is devoted to the proof of Theorem[6.2} It is organized in two steps in the following
way.

Step 1 In Section [6.1.1] we perform a normal form that puts the map F’ in a “convenient” form in a neighborhood
of the invariant torus (see Theorem [6.3). Since the Lambda lemma is a coordinate free statement it can be
proven in normal form coordinates. By “convenient” we mean the following:

1. We straighten the stable/unstable invariant manifolds of the torus.
2. We straighten the stable/unstable invariant foliations of the torus.
3. We perform a change of coordinates which puts the differential of the map at the torus in “block-

diagonal” form (with stable, unstable and center blocks).

Step 2 In Section[6.1.2] we complete the proof of Theorem [6.2] That is, we analyze the iterates of the manifold T’
under the map written in normal form coordinates. The fact that the stable, unstable and center directions
are decoupled (up to small errors), allows us to analyze the stretching and contraction rates of the map in
each direction close to the torus.

Note that the dynamics on the torus is minimal, the hyperbolicity in the (infinite dimensional) stable and un-
stable bundles is uniform and there are spectral gaps between the three bundles. This allows us to implement
the approach in [27] (see also [58]]) in infinite dimensions.

W (To)

A

r

= l / W#(To)

TO/

=

Figure 7: A schematization of the proof of the Lambda Lemma. We first prove that, after some iterations of the
map F', the manifold T, intersecting the stable manifold of the torus Ty, becomes “aligned” with the unstable
manifold of Ty. Then, we show that the image of I' through the map spreads over the unstable manifold.

6.1.1 A normal form close to the invariant torus

The main result of this section is the following normal form statement.
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Theorem 6.3. Let F' be a map of the form (6.1) and assume (HO)c2—(H4)c2 and (H)yo. If 6 and p are small
enough, then there exists a CI% change of coordinates ® which both maps M;s to Mas and M 5 to M; 1 25,
which is O(§ + L) close to the identity in the C} topology and such that:

F=0""Fo = (A_(0)z, AL (0)y,0 +w(z,y,7),BO)r) + f(w) (6.3)
where w is the function introduced in @3) and Ay, B, f= (fl, fa, f3, f4) are C% and satisfy:
(i) For @ € T¢,
1A£(8) = Ac (@)l cry = OB + L), [|B(O) = B(O)] crrey = O + L).

(ii) The restriction of ® to Ty is the identity.

(iii) The stable and unstable invariant manifolds of Ty are respectively locally expressed by {(x,0,0,0)} and
{(0? y’ 07 0)}'

(iv) We have

f~1,4<0vya 0; O) = 07 W(O,y,O) + fS(Ovya 9, 0) = Wo,

fo.4(2,0,6,0) =0, w(x,0,0) + f3(x,0,6,0) = wp.

(v) The derivative of Fon Ty has the form

A6 0o 0 0

- 0 Ay 0 0
DF(0,0,0,0) = 0 +0() P |

0 0 0 B

for some function P € CL(T%; L1 (R RY)).
Remark 6.4. The non-resonance assumption (H)xg on the frequency wy is not necessary to prove Theorem|[6.3

Proof of Theorem [6.3|We recall that, by Theorem4.5] we can express the invariant manifolds of Tg, W* and W™,
locally as graphs of functions v* = (v;,7;), 7* = (74,7 as

(x77;(x59)76777s-(x79)) (x79) € B&(éoo) X Tda

(v (,0),9,0,7'(y,0))  (y.0) € Bs(¢>) x T?
for § small enough. Recall the estimates in Theorem [4.4]
175Nl e (Bs ey xTas00 xray < O(0 + L). (6.4)

The first step consists in straightening the invariant manifolds. We achieve this by performing two changes of
variables. First we consider

O (x,y,0,7) = (v + 3 (y.0),y.0,7 + 7 (y.0))
It is easy to see that the inverse has the same form
(I)l_l(ja Us é’ f) = (5: - ,yg(g’ é)a g, év T — ’7;&(.@7 é))

By (6.4), the maps <I>1i1 are O(6 + L)-close to the identity in the C} topology. Moreover by the fact that
~%%(0,0) = 0, these changes of coordinates are the identity when restricted to T¢. Therefore ®; is well de-
fined in a neighborhood of Ty and ®; ! F®; has the form (@.3]) with some function f instead of f.

We claim that, by the properties of v*** constructed in Theorem we have that f satisfies the same assump-
tions of the function f introduced in Section|4.1.3[and (H),ot.

By direct computations we have that f contains terms of the following form

A*(9)7:7 B(Q)’Y;ﬂ W($+’V;fyyﬂ“+’)’f) —W(il',y,'f‘)
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and f; o <I>1_1 with j = 1, 2, 3, 4. The fact that the derivatives of at most second order, and the Lipschitz constants
of these derivatives, are bounded on the domains M and Bs comes by composition. Hence we need to check two
things: (i) the CL-norm is of order O(6 + L), (ii) the increment on the -variables can be made arbitrarily small by
considering smaller neighborhood of the torus T (namely we need estimates like (@.9))). These properties hold for
~*, then it is just a matter of applying the chain rule and the Faa De Bruno formula. We observe that assumption
(H),ot is needed when we consider derivatives with respect to the angles of the term f.

It is easy to see that the stable invariant manifold reads in these variables (locally) as {x = 0,7 = 0}. With
abuse of notation, let v*(z, 6) be the parametrization of the stable manifold in these new variables. The second
change of coordinates is

Do (x,y,0,r) = (z,y+7(2,0),0,7 +~(x,0))

and its inverse is ~ o ~

®; 1 (,9,0,7) = (2,5 — 75(2,0),0,7 = 7}(,0)).
Reasoning as before we have that the unstable invariant manifold reads as {y = 0, = 0} and the conjugated map
has the form (6.3). We observe that <I>2i1 are the identity on the unstable manifold. We rename &, '®, ' F®, ®,
by F.
Now we find a change of variables such that f3 = 0 on the stable manifold W* = {y = 0,7 = 0}. We look for a
change of coordinates ®3 whose inverse has the following form

¢§1(x7 y7 97 /r) = (:1;7 y7 9 + g('r’ 9)’ T‘)
and conjugates F’ restricted to W* to a map F such that, restricted to W, in the f-component is just the rotation
with frequency wp. From the relation F' o (I)i 1= 0 Lo F,,. we find g(x, 0) by solving the fixed point equation
ws

g(z,0) =T(g(x,0)) :=w(x,0,0) —wo + f3(z,0,6,0)

(6.5)
+ g(A,(H)x + f1(2,0,60,0),0 + w(x,0,0) + f3(z,0,6, 0))

We want a CZ-solution g of (6.3)) such that ®5 " is invertible. We first prove this in the C} setting. We introduce
the space
== {g € Cr(Bs(£>) x T%RY) : 9(0,0) = 0 and [|9zg]lo, [9agllx < o0}

where
10ag(x, 0)|| £ (re
10290 = sup  [|0ug(@ )|l cremnyy  100gl = sup oD
(,0)€B5(£) x T4 (,0)€Bs (£°) T, |2l ¢
z#0

We equip this space with the norm
l9ll= == a0l|0zgllo + a1]|Fagllx

for g, v to be opportunely chosen. Let x € (0,1) such that x > (A™! + L)(1 + Kjy)? (recall @.11))). We take §
and p small enough and choose o, o satisfying the condition

2K o <1) nf()ﬁlJrL)(lJrKe).

Fe A1) S OK(A\1+1L)

5 (6.6)

Now we prove that T maps = into itself. By the definition of wy, Hypothesis (H),ot and the fact that f; vanishes
on the torus T implies that Tg(0,0) = 0. By (H1)c1, (H2)c: and (H3)c: we have

10:Tgllo < 2K + |9 gllo(A " + L) + 2K]|8g (A~ + L) 6.

Moreover, (H),t implies that
||89f3($7 0,0, O)”LF(R”) < K9||mHZ°° :

By (H2)c: (in particular by (#.14)) we have that
190 f1.(2, 0,6, 0)|| £ rsee) < K| oo
By the explicit expression of JyTg and the above inequalities we deduce that

106Tgllo < [Ko + 2K 0zgllo + (A" + L) (1 + Kp)||0pgl1 ]|l -
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This proves that T: £ — =. Now we see that by considering (6.6) we have that T is a contraction. By the choice
of k we have that

ITgr — Tg2llz < ( A+ L) +2041K)||3x91 09210

e

+ (2000 K\~ +L)+oq(1+K9)(xl+L))||aggl—agg2||1
<

||91 —92||E-

To prove that the fixed point is actually of class C2 one can follow word by word the proof of Lemma 7.2 in [30].
To obtain that f5 vanishes also on W* we repeat the same arguments as for ®3. The desired change of coordinates
has the form ®4(z,y,0,r) = (z,y,0 + §(y,0),r) with (0, 8) = 0. Note that ®, is the identity on W*.

Thanks to the changes of coordinates ®1, ®5, ®3, $, we have that F has the form (6.3) and the following deriva-
tives vanish at T

0. Fj, § =234, O, F;, j=1,34, DFy, j=1,2,4.

Therefore we have obtained the following

AZ®) 00 (o)
DF(0,0,0,0,v) = 8 A+O(9) 1(21 Z;Ezg
0 0 0 B
for some CL(T?) functions h;(0), j = 1,2, 3 and
1A () — As(O)llzpieey = OG+L),  |B(O) = B()| £y ey = O + L). ©.7)

This comes from the assumptions (H1)c1, (H2)c1, (H3)c1, (H)0r and the Cf-smallness of v (6.4).
We want to prove that there exist a; () € Lr(R%;£°°), j = 1,2 such that a change of coordinates of the form

q)S(xv Y, 97 T) = ({E + al(e)ra Yy + CLQ(Q)’I’, 97 T)

is 012‘ and it gives the differential of G = @51]:" ®5 on Ty in the desired form (see item (iv)). We observe that ®5
is the identity on Ty. Then G(0,0,6,0) = F'(0,0, 6, 0). We have to impose that

D®5(F(0,0,0,0)) DG(0,0,0,0) = DF(0,0,60,0) D®5(0,0,6,0).
This is equivalent to solve the equations
A_(0)a1(0) + hi(0) = a1 (0 +wo) B(H), (6.8)
AL (0) az(0) + ha(h) = as(0 + wo) B(H). (6.9)

We show how to find ax(6). We can invert A, (6) by using (6.7) and Lemma Then we write (6.9) as a fixed
point equation

az(0) = B(as(0)) := A7 (0) (a2(0 + wo) B(0) — ha(0)).
We look for a fixed point of B in

2, :={g € C°(T%, Lr(R% ), llgllo < p}
for some p > 0, endowed with the norm

llgllo = sup [lg(O)] cp meses)-
9eTe

First we prove that B: 2, — £, for
p> A" lhallo (1= BN~ (6.10)

(recall @.17)). For § and x small enough, applying and Lemma 23] we have

[Bals < A + 0G5 + ) (5 + 06 + L)llgllo + 1hallo) <
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Proceeding analogously and applying we see that B is a contraction

IBgr — Bgallo < (A™'B+ O + L))llg1 — g2llo < llgr — g2llo-

This provides the existence of a fixed point az of B in Z,.

Now we prove that this fixed point is C:. We look for H such that dy[B(az)] = H(ag,dgas). For that we
differentiate formally B(g) and we substitute dpg with ¥. We have

H(g, ) := A7 (75 gB— hg) + AT (TO UB+TogdB — aghz)
where 7o f(0) := f(0 4+ wp). We consider the ball
DE,, = {¥ € C°(T%, LEL(RY;£)), | ¥[|o < K}
where £ > 0 and the norm considered is
[W]lo := sup [[¥| 2 (ma;ee)-
9eTd

Lemma 6.5. Assume @I7). Take p satisfying (6.10) and k such that

K (B+ A"
K> ”1(_564;_1). ©.11)

Thenif g € 2, and ¥ € D=, one has that H(g,¥) € D=,.
Proof. By ([@12)) we have

1H (g, ¥)llo < K(Bllgllo + lhallo) + A~ (B[l + Kllgllo + [1h2]lo)
<PKBHANYY+rBATH 0+ LYK + 271,

By considering § and x small enough the right hand side reduces to pK (3+ A1)+ xBA~1. By (6.11) we conclude
that || H (g, ¥)]lo < . O

Lemma 6.6. If § and p are small enough, then H(g,-): DE, — DZ, is a contraction uniformly in g € =,,.
Proof. Since H(g, V1) — H(g, ¥s) = A7 (0)[To(¥1 — U2)] B we have

|H(g,¥1) — H(g,¥2)|lo < (A 'B+ 00+ L))||¥1 — ¥sallo.
Then for § and u small enough, (4.11)) implies that H(g, -) is a contraction. O

It is immediate to see that the function ¢ — H (g, ¥) is continuous. Then we can apply the Fiber Contraction
Theorem and conclude that the fixed point is CL. By using the assumptions of the C case (see Section ,
we can prove in a similar way that the fixed point is C3.

To obtain ay(6) in one can argue in a similar way recalling the following fact: B(6) is O(8 + L)-close to
B(#) in Lr(R%)-norm. Since B(6) is invertible, B(6) is invertible if § and v are taken small enough (see Lemma
23).

It only remains to prove that all the changes of coordinates map M r 5 to M 1 25. This comes from the fact
that all these transformations vanish at the torus {x = y = 0,7 = 0}, they are O(d + L) close to the identity in the
C}-topology and by Lemma

6.1.2 Conclusion of the proof of Theorem[6.2]

To complete the proof of Theorem we have to analyze the iterates of the manifold I' (more precisely of a
submanifold of it). We perform such analysis in the normal form coordinates obtained in Theorem [6.3] that is, to
maps of the form (6.3).

From now on, we rely on the following hypothesis, which are satisfied by the map F' in the normal form
coordinates.
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(H1)p Forj=1,4
fi(0,9,6,0) = (0,0,0,0),  w(0,5,0) + f3(0,4,6,0) = wo.

(H2)A Forj =24
fi(z,0,6,0) = (0,0,0,0), w(z,0,0) + f3(x,0,0,0) = wo.

(H3)a The derivative of F,, on Ty := {x = y = 0,7 = 0} has the form

A_(9) 0 0 0
0 A6 0 0
0 0 Id P(§)
0 0 0 B(9)
with R ~
[A+(0) = A=)l zre=) =06+ L), [|B(O) — B(0)l rrey = O + L)

and some function P € CE(T%; L (R9)).
Under the above assumptions, the local invariant manifolds of the torus T are given by
wWe ={y=0,r =0}, W* ={x=0,r =0}

By hypotheses (H1)A-(H2) these invariant manifolds are F, -invariant. Note also that f3 restricted to W* U W™
vanishes. Then F), restricted to T is just the rotation of frequency wy.

Proposition 6.7. Consider amap F = F,, of the form (6.3) and a CL submanifold T C M. Assume that (H1) z—
(H3)a, (HO)c2—(H4)c2, (H)nr, (H)yo hold and that there exists qo € I' N W* where I' and W* intersect
transversally in the sense of Definition (3.3).

Then, there exists (o > 0 and Q: B¢, ({>°) = M, Q(z) = (x(2),2,0(2),7(2)), Q(0) = qo

such that for all py € W* and € > 0 there exists j € N such that

{F(Q(2)) : 2 € Bg, (¢>)} N {p € M :d(p,po) <} # 0.

Moreover there exists jo such that D[F7(Q(z))](¢>°) is e-close to a subspace of TW*" for j > jo.

Finally, assume that the map F, has a first integral in the sense of Definition[2.8land that T' and W* intersect
transversally at qq in the sense of Definition|[6.1)

Then, the same statements hold.

Remark 6.8. We remark that these assumptions are satisfied by the map F' in the set of coordinates given by the
normal form Theorem [6.3]

Statements (%), (i7) and (4i7) of Theorem [6.2|are a direct consequence of this proposition. We devote the rest
of this section to prove Proposition[6.7]

First we need the following lemma which provides the function Qg (z). In Lemmawe prove the existence
of Qo assuming transversality in the sense of (3.3). Then, in Lemma[6.10] we construct it for maps with (formal)
first integrals.

Lemma 6.9. Fix g9 € I' N W?* and assume that I' and W?® intersect transversally in the sense of Definition
Then there exists ¢ > 0 and a C* map Qo : B, (£°>°) — T such that Qo(0) = qo, the image of Qo(z) can be written
as

{(z0(2), 2,00(2),r0(2)) : 2 € B,(£>°)}.
Proof. Consider the components of ¢y = (g, Yo, o, 7o) and define the map
Ty : T — £ x RY, myr(x,y,0,7) = (y,7).

Since I' and W? intersect transversally in the sense of Definition and W* = {y = 0,7 = 0}, the Implicit
Function Theorem implies that , , is a local diffeomorphism in a small neighborhood (yo, ). Then, one has a
local parameterization of I" as

a(y,r) = (z(y,7),y,0(y,7),7),
which satisfies ¢(yo,r0) = qo. Then, one can define the function () in the statement of the lemma as

Q(y) = (l‘(y, 7"0)7 Y, o(ya TO)a TO)'
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Now we state an analogus lemma with deals with maps with formal first integrals.

Lemma 6.10. Fix go € I' N W?* and assume that T’ and W* intersect transversally in the sense of Definition [6.1]
(with respect to a first integral G in the sense of Definition[2.8)) at a point qq.

Then there exists o > 0 and a C* map Q: B,({>°) — T such that Q(0) = qo, the image of Q(z) can be
written as

{(z0(2), 2,00(2),70(2)) : 2 € B (£7)}.
To prove this lemma we rely on the following lemma which analyzes the first integral G.

Lemma 6.11. Consider a map F,, of the form (6.3) which satisfies (H1)a—(H3)a and assume that it posesses
a first integral G in the sense of Definition Assume furthermore that the dynamics on its invariant torus
Ty := {& = y = 0,7 = 0} is a a non-resonant rotation of frequency wg = w(0,0,0) (with respect to the
definition (6.2))). B N

Then, I, has a (possibly different) first integral G satisfying dG = dG which is bounded (and constant) on the
torus. Moreover, G is also bounded on the the invariant manifolds of the torus and takes the same value as in the
torus.

Proof. Tmposing the condition (2.5)) on the torus {# = y = r = 0} and relying on the particular form of DF},
given by Hypothesis (H3) A one obtains that

0pG(0,0,0 + w,0) = 99G(0,0,6,0) forall 6 € T,.

Since we are assuming that Jy G is well defined and continuous, the minimality of the dynamics in the torus implies
that 99G(0,0,6,0) = 0.
Take any 60* € T, and define

G(z,y,0,r) = G(z,y,0,7) — G(0,0,0",0).

Then, by the definition of first integral (see Definition , one can conclude that é((), 0,60,0) =0forall @ € T.
Proceeding analgously and using that the dynamics on the stable manifold is an exponential contraction (anal-
ogously in the unstable manifold for the inverse map), one can also prove that

0,G(x,0,6,0) =0 forall 0€Ty and |zfpe <6
0,G(0,9,0,0) =0 forall €€ Ty and |[y|ee <.

In conclusion, _ _

We use this lemma to prove Lemma|6.10]

Proof of Lemma[6.10} From the proof of Lemma [6.11} one can conclude that for points in the torus 6 € Ty, one
has that
dG(0,0,0,0) = (0,0,0,0,.G(0,0,0,0)).

We assume that
0,G(0,0,60,0) £ 0

(note that if this is true for one 6 € Ty, it is also true for any ). This implies that KerdG(p) defines a Banach
subspace of codimension 1. The case 9,.G(0,0,6,0) = 0 can be handled as in Lemma

We assume without loss of generality that 9,., G(0,0,8,0) # 0. Note, that since dG is continuous by assump-
tion (see Definition 2.8)), taking 6 > 0 small enough,

0r,G(p) #0 for all p € M;.
Therefore, if we denote 7 = (ra, ..., rq), one has that for p € Ms,
IT : KerdG(p) — €% x £ x R? x R4, (z,y,0,r) = (z,y,0,7)

is an isomorphism. (Note that we are abusing notation and denoting by € points in the tangent space of the torus).
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Moreover, note that by Definition[6.] the transverse intersection between W and I' implies that its intersection
has dimension one. Let us denote by NV, its tangent space at the point go. Then, by Remark [3.7] we can find a

complement to N, that is a subspace Iy, such that
Ty ' = Nygo ®T'g

which implies that _
T, Wea Ty, = KerdG(qo).

Thus, since W* = {y = 0,r = 0}, one has that
Tyt T, — (> x R, myi (2, y,0,7) = (y,7).

is an isomorphism. Then, one can proceed as in the proof of Lemma|6.9]
O

Proof of Proposition [6.7] We can assume that p and gy belong to M, otherwise we can consider iterations of
these points through F'~! and F respectively. In the normal form coordinates

Po = (an()?SQOaO)a qo = (x070700;0)

with ||2g]|¢s, ||yol|e== < 0 . First we study the form of the differential of the map F' on M. We have

A-+an  a a3 a4
a Al +a ao:s a
DF|M — 21 + 22 23 24 . (612)
s asy asz Id+aszs  as
a41 Q42 a43 B+ ay

Since F' € C? then the coefficients a;; are Cf: functions (in the corresponding spaces) and by (H3) we have
aij(0,0,H,O) =0 for (i,7) # (3,4). (6.13)

Let )\ be such that (recall Hypothesis (HO)cz2),

1<B< X <A (6.14)
Given 19 > 0, let & > 0 be such that
B43k <X <A—k(l+1n), (6.15)
7
Ao <A7Z”, (6.16)
0< i BErm 6.17)
Ao
A+ 2k < 1. (6.18)

By (H1) we have that for j = 1,3, 4,
aj2(07 Y, 97 0) = 0.

Since a ;o are C}: functions there exists a constant K, > 0 such that
lajz(w)ller < Kolllzlle= +rla) — Vwe Ms, j=1,34. (6.19)

In the above inequality and from now on, when giving statements on the norms of the a;;’s we abuse the notation
and we do not specify the domain when writing L. By assumption, recall (¢.12)), we have ||as4||z. < 2K. We
can assume that

2K <1, K, <1. (6.20)

Indeed we could consider the scaled variables (a.r, ay, 6, ar) and work in the neighborhood M. Then [|a ol z <
aK (||l + |7]a)s [|asallcr < 2K o and taking o small enough we can obtain (6.20).
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By (H3) and (6.13) we can consider § small enough such that
sup |lai;(w)|lzr < & for (i,7) # (3,4). (6.21)

wWEMs

We introduce 7 such that

2 4K
r>1, T>— " >0, T>— . T>= 6.22
/\0—(6+3I€) )\—)\0—% ( )
Since we can consider pq arbitrarily close to Ty we take py such that
1
lyolle < =
u
Now we study the restriction of the differential of F' at W* N M. By (H2)A we have
A + a1 _ 012 a13 a14
0 Ai+ae O a24
DF, = + 2
lwsnms 0 3o Id as4 (6.23)
0 (42 0 B+au

Now we consider the graph defined by Qo (=) found either in Lemma|6.9or Lemma and we iterate it by
F. We prove that after some iterations its tangent space at z = 0 is close enough to the space spanned by 9/dy.
Then we continue iterating the graph until it is close enough to W*. We recall that

QO(O) = QO7 825@0 (Z) = (azxo('z)a Id7 8290 (Z)7 azTO(Z))
and we choose 79 such that [[0.70(0) ||z, (o k) < 70. We define the following sequence
Qi11(2) = (Frp1(2), Grr1(2), Okr1(2), Frya (2)) = F(Qr(2)).
We shall prove that 0, Jx+1(0) is invertible at each step. Then we would be able to define

Qrr1(2) = (Tr11(2), Yrt1(2), Ok 1(2), 1y 1(2)) = QHl(RkH(Z))

where .
Rk+1 = (8Zgjk+1 (O)) S EF(ZDO).
The reparametrization R 1 of the iterations of go(z) implies that 0, yx1(0) = Id.
Since Qx(0) = Qx(0) = F*(q0) = (z£(0),0,60,(0),0) € W tends to the torus each Q () is defined for
small z. Let us define

AP = AL 0, B = B, aff) = aij(a(0),  wp = max { [l lle,, 54}

By (6:21) we have that k;, < k. By the Hypothesis (H3) on the differential of F,, on Ty, the fact that Q(0)
tends to the torus and the fact that F), is CZ we have that x;, — 0. By (6:23) we have that

(A + afY) 0.2(0) + afy) + af0.0,(0) + afy 0.74(0)
- A(k)—&—aé’;)—&-a )8 5 (0)
9:Qi+1(0) = DF(Q(0))[0:Qx(0)] =
a32 + 0.0,(0) + a34 8zrk(0)
afy + (B® + affy) 0.7 (0)
This allows to define the recurrences
-1
0. xp41(0) = ((A(f) +a)0,21,(0) + ol + 0l 0.6,(0) + al¥) 8zrk(0)) (A(f) +al + alk) azrk(())) :
0:yk+1(0) = 1d,

-1
0,01,11(0) (ad2 + 0.0,(0) + aé’fl) ('er(())) (A(k) + agg) + aéi) 8zrk(0)) )

9.7541(0 ( B® +a{) 8,710 )) (A(k) +a® +al® 9,1, (0 ))_1
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We introduce

my = max {[| 0.2k (0)l| (o), 10:00(0) [l cremimay - Mk = 11027k (0)] £ eme ety -

‘We claim that

Mpi1 < me + Kk + Nk (6.24)
Ao

Mh1 < w (6.25)
0

M1 < No- (6.26)

We prove these bounds by induction. Hence suppose that those bounds hold for k and let us prove it for k + 1.
First we see that . L .
0.7+1(0) = AL + alf) + alf) 8.r1,(0)

is invertible. Using the inductive hypothesis (6:26) we have that [|al + al%) 0,7, (0)]| Loy < R + ke <

K}(l +T]0) By (Hl)cl we have H(A(k)) 1HCF(E°°) < )\ 1‘ |hen
1+ s
/‘i( 770) @@ 1.

k)y—1 k k
1(AS) M lerqeey llasy + b i ()l griee) < =

This proves that 9, 31(0) is invertible by Neumann series (see Lemma [2.3)) and

k) —1
1AM N ere)
k)\—1 k k
1= [1(AD) Ml o) laSs) + @Sy 8.7k (0)] 21 ey

By (6.27) and (6.18) we get the estimate for [0, x41(0)| 2y (o).
By (6.20), the definition of ;. and 7, and the bound (6.27) we obtain the estimate for [0, 0y 1(0)|| £y (¢o0;ra)-

By (6.21) we get the bound for (6.23). Since x; < & for all k, we obtain (6.26) by (6.17). Now we need the
following lemma.

<Nt (6.27)

1(02k+1(0) ™ ey <

Lemma 6.12. Let (ag)g, (b )k, (Ek)k be sequences of positive real numbers such that aj, — 0 and b, < b < 1
and E1 < ap + b &, k > 1. Then &, — 0.

We consider by, ~ 'B/\% and ay, ~ ’i—’; By we have by, = b < 1 and a;, — 0 because ki — 0. Then by
Lemmal6.12] the sequence 7, — 0.

We consider by, ~ )\61 and aj ~ % By (@I) we have by = b < 1 and a; — 0. Then by Lemma
the sequence my, — 0.

Therefore, there exists ko such that if k& > ko, then my, n, < £/4 and || (0)||¢~ < &/(27). We consider the
graph Q, (z) and we reparametrize it in such a way that yj,(z) = Id . This is possible, locally at z = 0, because
0.Yrk,(0) = Id. This does not change the bounds my, and 7;,. We denote again by Qo(z) the resulting graph
Qr, (z). Now we perform the second step where we iterate this new Qo (2),z € By, , with {, > 0 chosen below.
We consider again a sequence of reparametrized iterations

Qr+1(2) = (Fr41(2), 1 (2), 01 (2), Frr1 (2)) = F(Qu(2)),

Qr+1(2) = (2141(2), 2, 0041(2), T141(2)) = Qi1 (i1 (2))
where
Qpt1 = T y1- (6.28)
‘We note that this time the reparametrization Ry is not linear. The sequence is defined for
HZHgoo < <k+1 = min{AOCk, 1/7‘}

Let

mi = sup  {[10:2%(2) | creo)s 10:0k (D) creoimay ) M= sup {1075 (2) || peoe ey }-
z€B¢, (£>) z€B¢; (£)
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We consider the neighborhood of W* defined by
Veyr =A{(z,y,0,7) € Ms : ||2]leee 4 |r]q < /T}.

Since 2z — Qo(z) is C}: we can take (o such that mg < /2, gy < (ag)/2, with @ > 0 to be determined, and
Qo(z) €V, forall z € B, (£>°). We check inductively that

e Q1 is well defined.
® Qri1(z) € V) forall z € Be, ., (£%°).
e Myt <e/2, Mry1 < (ae)/2.
We need to prove that 1 is invertible, Bx,¢, ((*°) C §r41(Bc, (£>°)) and
10:=(Fi ) (2o <Agh 2 € Bage, (€7,

We write
Gr1(2) = hi(2) + ha(2),  ha(2) = Ap(0k(2)) 2, ha(2) = fo(Qu(2))-

Note that A, € CJ and, by Hypothesis (H1)c1, the operator A (6;(0)) is a linear invertible operator. Then,
using that 6y, is C% and that my, < £/2, it is easy to see that h; is invertible. Moreover, there exists K > 0 such
that .
sup (@)l = G (A K3)
ZGB(k (ZOO)
Then for € small enough B¢, (¢>°) C hq (B, (¢>°)). Using the above bound we obtain

1

2

Regarding hg, by (6.21)) (recall that Qi (z) € V., C M; by inductive hypothesis) and m; < £/2 we have that
. 3¢
Lip(hs) < [|0:h2(2)]| gpeey < 65 {1+ 5
By Theorem 1.5 and Proposition 1.7 in [48] we have that §j;11 = hy + ho is invertible and its inverse Q1 is
defined on Be; | (¢>°) with
. eK k(14 3¢/2)
= (A 57) <1‘A_6K>'

27
By (6.22) we have (| > AoCr and

Lip((fk+1)"") <

Let us denote by
(x4 (2), y0(2), 9k(2), 70(2)) " 1= 0:Qu( Qi1 (2))[0: Qs (2)):

Then
xk(z)
_ vk (2)
9:Qr11(2) = DF (Q1(Qr41(2))) (=)
r(2)
We proved that || Qg y1(2)[e~ < (i forall [|z][g < Ci. Then Qi(Qr11(2)) € Vz/-. Recall (6.28), we have
m )
swp  max @l 0@l <0 s @< s @l <
z€B¢, (£>°) 0 zEB¢, (£>°) 0 2€B, (£°°) 0
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By using (6.12), (6.19) , (6:21)) we have

A +2m)my e kg
)\0 7')\0 )\0
€ 142
I e LY
T)\o )\0 )\0
26my, B+ k)N €

(
||azrk+1(z)H£p(E°°;Rd)§ " + o +77>\0'

10:2k41(2) || £ (o) <

1020k 41 (2)[| £ (e sra) <

Therefore we have

Mpgt1 < max{

)\0 T)\O )\0 7')\0 )\0
2kmy (B + K)nk €
< —_
Me+1 = " + " + .

If we choose « such that

and we consider (6.13)-(6.18) then my41 < /2 and 41 < (ae)/2.

AL+ 26)my € KN € (14 2x)my

(6.29)

Remark 6.13. The conditions (6.13)-(6.18) and (6.29) are satisfied by taking 7 large enough, « small enough and

« appropriately.

We are left to check that {Qx1(2), 2 € Bg,,, } is contained in V_ /.. We have

g
[2k+1(2) = 2p11(0)| £ sup  [|0.2(2) || Cer1 < M1 Cryr < 3 Crt1-

ze Cht1

Since, by assumption (34 < 7! and therefore

ek (0)]] <e/(27),

and thus ||zg41(2)]/¢ < &/7. We reason in the same way for 71 (it is in fact easier because ry41(0) = 0).
Since )\’5 (. increases geometrically we can assume that there exists k; such that ¢, = 7! forall k > k;.
We recall that po = (0, Yo, ©0,0). As ¢x(0) tends to the torus and the frequency on the torus is irrational there

exists ko > ky such that |0, (0) — ¢o|q < €/2. Then taking z = yo

A(Qus (40 p0) < max { =, [0, (90) = s (0)]a + 161, (0) = ool

<o {E 245} <o
max4q—, — + — .
- T'2r 2

The statement about the C}. closeness follows because my, < £/2.

Fixed j, all the statements hold true of one replaces M with M r 5 and £°>° with X; .

6.2 A Lambda Lemma for flows

Theorem|[6.2] provides a Lambda Lemma for quasi-periodic tori of infinite dimensional maps with decay properties.
We use this theorem to deduce an analogous statement for quasi-periodic tori of infinite dimensional vector fields.
This result will be applicable to the vector field defined by the Hamiltonians of the form (T-I)) and will imply

Theorem
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To this end, we consider a C% vector field X, defined in M for v € (0, 11) for some z > 0. We assume that it
is of the form

A_(0)z Fi(v;w)
X, =X+ F, with Xy(w)= w"(l;fye’)f{) and F,(w) = 255 3 (6.30)
B(O)r Fa(v;w)

where
As(0) € Lr(£%), B(6) € Lr(RE)
and F, Fao(v;): Ms = 03, Fa(v;+): Ms — T, Fu(v;-): Ms — R,
We assume that X, satisfies Hypotheses (H1)¢—(H5)¢. In particular Ty := {x = 0,y = 0,7 = 0} is an
invariant torus for the flow associated to the vector field map F), for all v € (0, ) and its dynamics is given by

0 = = @(0,0,0).

By Theorem Hypotheses (H1)¢—(HS5); also imply that the torus T has C2 invariant manifolds.
We assume moreover that the dynamics in the torus is non-resonant. That is

Qo-k#0  forallk € Z4\ {0} (6.31)

(compare with the non-resonance condition for maps in (6.2)). Under this conditions we can prove a Lambda
lemma for the flow associated to &, .

Theorem 6.14. Consider a C- vector field X,, of the form (6.30) and assume that it satisfies Hypotheses (H1)¢—
(H5)¢ and that it has a formal first integral G in the sense of Definition Denote by ®! its associated flow.
Assume also that the frequency &g := ©(0,0,0) is non-resonant in the sense of (6.31)).

Then, the invariant torus To := {x = y = 0,7 = 0} possesses C% invariant manifolds W** C M that satisfy
the following.

Consider a CL submanifold T C M which intersects transversally the stable manifold W* at qq in the sense
of Definition [3.6] (with respect to the formal first integral G). Then

o The iterates of I satisfy
w c | o).
t>0

where the closure is taken with respect to the M-topology.

e Moreover there exists a submanifold D of T diffeomorphic to an open set of £>° such that if Dy is the
connected component of ®*(D) N M which contains ®¢(qq) then, for any ¢ > 0, there exists to such that
Dy is e-close, in the CL(M;) topology, to a subset of W if t > t,.

Moreover, if one considers as phase space M1 and a C}. submanifold I C M r the same statements are true
with respect to the closure in the M p-topology and the convergence in CL (M r ).

Proof of Theorem[3.9] We deduce Theorem [3.9]from the Lambda Lemma for maps stated in Theorem 6.2}
Consider the map ®7 for some 7' > 0 to be chosen later. As explained in Section this map satisfies the
Hypotheses (H1)c2—(H4)c2. Moreover, the formal integral G of the vector field X, is also a formal integral of
the map ®7 in the sense of Deﬁnition Then, to apply Theorem [6.2]it only remains to check that the dynamics
of ®7 restricted to the torus is non-resonant in the sense of (6.2).
Indeed, the frequency at the torus for the map ®7 is

Wo = TL:J(),

where @y satisfies (6.31). It is well known that for any non-resonant vector &y in the sense of (6.31)) one can choose
T > 0 so that (g, T!) satisfies also (6.31)) as a (d + 1)-dimensional vector. Equivalently, for this choice of 7T,
wo = Ty satisfies (6.2). Then, one can apply Theorem [6.2] which implies

wc | JenT(r) c | enn).

n>0 t>0

Finally Theorem [6.2]and the C% regularity of ®7 implies the C'} convergence. O

54



A Lipschitz invariant manifolds: Proofs of Theorems 4.1 and 4.2]

We devote this appendix to prove Theorems@.1][4.2] We give full details for the proof of Theorem[4.1] Along this
proof we make some remarks on how to adapt it for the proof of Theorem d.2] Throughout the proof we assume
withouth mentioning assumptions (HO)y;,-(H4)jsp,.

We first introduce some notations. For functions 19: Bs(¢>°) x T? — Z, where Z is some Banach space with
norm || - ||, we define

x,0
Wlo= s le@ol, |h=  sp 2@
(z,0)€B5(£>°) x T4 (x,0)€Bs (£2°)xT?, ][ o
x#0
We shall denote
g = —(fa, fa)t: M5 — £ x R%. (A.1)

Note that also g satisfies (H2)y;,. We define

() = (A+O(9) B%) € Lol x RY).

Note that [|C'(6) ™" || £, (¢ xray < B and C(6) ™" is (6°K)-Lipschitz.

We shall look for the stable manifold of T as a graph of a function of (x,0) € Bs(¢£°°) x T¢ taking values in
0> x R%, which is invariant by F. The invariance condition for the graph(~) is

Ty F(2,7(2)) = 7(7T$,9F(z77(z))), z = (z,0)
which is equivalent to
1(z) = G(9)(2) = C(0) " (9(2,7(2)) +7(h(2))), (A2)

where
h(z) := (h1(2), ha(z)): Bs(£>®) x T¢ — £°° x T,

A_O)+ fi(2(=), ha2) = 0+ (e (=) + falz1(2)). (A3

>
[y
—~

W
~—

Il

We introduce
== {y € CO(B5(¢=) x T4, 6= x RY), ||y]l1 < oo},

which is a Banach space with the norm || - ||1, and given M > 0, ¢ > 0, we define the closed subset (recall (4.6))
Zear = {7 €2: Lip(y) < ¢, Lipgy() < Mzl Va € Bs((®)}. (A4d)
Remark A.1. Note thatif v € . 5/ then
0,6) = (0,0) VO ET and [z, 0)]iw wrs < e (A5)
Therefore ||7y]|0 < ¢d.

We shall look for a fixed point of the operator G defined in (A2) in the set (E. as, || - ||1) for opportune ¢, M.
First let us prove two lemmas.

Lemma A.2. Ify € E. y with ¢ € (0,1] then

1f5(z v < LA +e)fefle=, 5 =1,2,4,
1£5(z,7(2)) = 15D < LA+ )|z = 2'lleesra, T =1,2,4,
£ (2, 0,7 (2, 0)) — fi(, 0, y(x,0))]; < (K(1+¢) + LM)||z|l=]0 — 0'|la, j=1,2,4,

f3(2,7(2)) = f3(2',7())la < K(1 + ¢)l|z = 2| goe xra,

where || -||; = || - lew for j = 1,2, and || - |4 = | - |4. Then g also satisfies the first, the second and the third bounds
with a factor 2.

Proof. The first bound follows by the fact that f(0,6,~(0,6)) = 0, f; with j = 1,2,4 is L-Lipschitz by (H2)y;p
and + is ¢c-Lipschitz. The second bound follows by similar arguments. To prove the third bound we use (H2)y;p,
(A3) and Lipyy(x) < M||z||¢=. The last one is a consequence of (@.8). O
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Lemma A.3. Take v € Z.. 5 with ¢ € (0,1]. Then for 2,2, (z,0') € Bs(£>°) x TY, the function h introduced in

(A73) satisfies

Iha(2)lle=e < (AT + L(L + )|l (A.6)
[h1(2) = ha(2")[leso < (A1 + L(1 + ¢) + KL)[|z = 2'|| oo e, (A7)
|1 (z,0) — hi(x,0)]| e~ < (/\_1 +L(1+ c)) |z — || ¢, (A.8)
|h1(z,0) — hi(2,0")]|e < (K (2+c¢)+ LM)||z||e |0 — 6|4, (A.9)
|ha(2) = ha(2)la < (1 + 2K (1 + ¢))l|z = 2"[|goe xpa, (A.10)
|ho(z,0) — ha(2',0)|q < 2K(1 + ¢), (A.11)
|ha(2,0) — ha(2,0")]a < (14 Ko + 2K M[]le=) [0 — 0']a. (A.12)
Moreover, if v € E. pr we have
v (R(2)]lo < ellhi(2) e < e(A™ + L(1+¢)) ||zl (A.13)
Proof. The proof follows by Lemmaand assumptions (H1)ip-(H3)ip. O

By choosing § and i small enough we have that
AL L0, +e) < 1.

Then by (A-6) we have that h in (A3) maps Bs(¢>°) x T into itself. In particular G(v) in (A2) is a well defined
function on B;(¢>) x T¢.

Remark A.4. In the X, case we have that hy(z,0) maps Bs(X;r) x T? into ;- since, by Lemma [2.11}
1A (0) zll;0 < A= ()l 2r (o) ll]l.r-

In the next lemma we prove that G maps Z, 5 into itself for opportune c, M.
Lemma A.5. For any c € (0,1] and M such that

3}(((1 +O)2+¢)+ e(1+ Brl))
1— A1+ Kp)

M > (A.14)

there exist 6 and v small enough such that the map G introduced in (A2) satisfies G(ZEc,a) C Ec,m-

Proof. Since g, and h are continuous then G() is continuous. By using (A-3) and Lemmal[A.2| we have

_ &) _
1C(O) " (9(2,7(2) + 7B = B (2L(1+ ) +e(A! + L1 +0)))
which implies |G (7)1 < co. Now we prove that G(7) is c-Lipschitz. By Lemmal[A.2] we have that

l9(z,7(2)) = 9(z', V(2D ez xre < 2L+ )|z = 2|l goo -

Moreover,

lv(1(2)) = () lgoe xre <[lv(Ra(2), ha(2)) = (1 (2), h2(2)) | goe xre
+ (R (2), ha(2)) = y(ha(27), ha(2)) [l xra
<cllh1(2) = ha(Z)leee + M7 () [le= |h2(2) = h2(2)]a,

which, recalling (A26), (A.7), (A-10), implies
Lip(yoh) <e(A '+ L(1+¢) + K&) + M||z[ e (A" + L(1 4+ ¢))(1 4+ 2K (1 + ¢)).
Then, we can deduce that
Lip(G) <KB*L <2L(1 o) +e(AN LA+ c))) Y28L(1+¢)

(A.15)
+ 5(c(A—1 + L1+ ¢) + K&) + MOA™ + L(1 +¢))(1 + 2K (1 + c))).

56



Taking 6 and x small enough, we have that Lip(G) < 8\ "tc @ c. It remains to prove that
LipyG(7)(x) < M [z (A16)
Let us write 7 := (z,6'). By Lemma[A.2] we have
l9(2,7(2)) = 9(Z,7(2)) e xra < 2(K(1 4 c) + LM)||z||¢= |0 — 0] a.

By Lemma[A3|and (A%6),(A77), (AI0) we have

[7(h(2)) = 7(h(2)llgoo xra Zcllh1(2) — h1(Z)lle= + M| h1(z)lle=|h2(2) — h2(2)]a

< (c(K(2 +¢)+ LM)
£ MO 4 L+ 0) (14 Ko + 2K Mllae) ) felle~ 166"l

Then, we obtain

LipgG(7)(2) < |K 82 (2L(1+ ) + e (A" + L1+ ¢))) +28(K(1+ ¢) + LM)] |l 1

+ Ble(K (2 +¢) + LM) + M(A™" + L(L+ ¢)) (1 + Ky + 2K M[al|e) | 2= - .
The coefficient in the r.h.s of the above inequality tends to
K BN+ BK(2+c)(1 +c) + BeK + BMA ™ (1 + Kp)
as 0, 1 — 0. Then by (A-14) and taking § and p small enough, we get (A-T6). O

Remark A.6. In the ¥; 1 case we just have to ensure that if v € C°(Bs(Z;r) x T4 X, x R?) then G(v) in
(A2) maps Bs(X;r) x T¢into 3; r x RY. This holds by Lemma and taking § and x small enough.

Next we prove that G is a contraction on = .

Lemma A.7. If ¢ and M satisfy the assumptions of Lemma[A.3] then there exist 6 and p small enough such that
G: Z¢m — Ec, M 1S a contraction.

Proof. Recalling that the function f5 is L-Lipschitz, w and f5 are K-Lipschitz we have

11 (1) (2) = ha () (2) e < Llv(2) = 7(2) [l e

ha(7)(2) = ha(7)(2)]a < 2K]|7(2) — F(2)|| oo xra (A.18)

which imply

V(=) = Y AE e ks < IVREE)) = (=), ho(F) () e e
+ I (3)(2), h2(3)(2)) = Y(AF) () = s
< (2KMOT + L1+ 0= + L) flalle 1y =Tl

Since h maps Bs(£>°) x T to itself we have (recall that v(0, ) = (0,0))

(A7) = Y (R lee xre < [l7 = All1 122 (3) e S AT LA+ e lle Iy = Flh-

By the definition of ¢ in (A:I) and the Hypothesis (H2)y;, we have

lg(z,7(2)) = 9(2,7(2)) [l xra < 2L]|2 [l [l = 7l

By combining these estimates, one can deduce that
1G(7)(2) = G(V)(2)l ¢ e Sﬂ(L (2+¢)+ 2KMA" + L(1 + )]l ¢
+ O L+ ) e 1y = Fla-

Taking § and x small enough and using that BA~! < 1 (see [.7)) we conclude that G is a contraction. O
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Remark A.8. By the bound (A:T5) we can see that ¢ can be taken of order 6 + L(8, u).

To obtain the Lipschitz dependence of ; on the parameter v one can repeat the same proof by treating v as an
additional angleﬂ of Ty. This concludes the proof of Theorem

We note that the proof of Theorem [.1|relies on Lemmata[A.2] [A3] It is easy to see that these Lemmata hold
(replacing the norms accordingly) also under the assumptions of Theorem .2 with the same proofs. Then, thanks
to Remarks[A.4]and[A.6] the proof of Theorem[4.2]in the X - case follows.

B C} invariant manifolds: Proof of Theorem

To prove Theorem 4.4} we need the following preliminary lemmas.

Lemma B.1. Recall v := (y,7) and @I10). If v € Zc a with ¢ € (0,1] then by (H2)c1-(H3) o1, for k = 1,2
and z € B5({>)

[0 fi) (2, Y (D ere=ys  1(Oufr) (2,7 ()|l £p (o xmigeey < L,

[0z fa) (2, ¥(2)| cp e irays (O fa)(2,7(2)) |l £p (0o xr iR < L

102 f3) (2 Y(2) £r e irays  1(Ovf3) (2,7 (2))l (000 xme Ry < K

(96 f3) (2,7 ()|l 1 (re) < Ko,

(90 fi) (2, () cr (raseseys (00 fa) (2, Y ()|l pmay < K (1 +¢) [[2]|ee,
[(0ow) (2, ¥(2) | 2r (e ey, [1(Buw) (2, Y(2) | £y (0o xRy < K.

Y
In particular, for z € Bs(£>°)
1029) (2,7 ()., 11(Dy

Proof. The bounds for 9y fi, k = 1,2, 4 follow by (A.5) and (H2)c1. The other estimates follow by straightfor-
ward computations. U

9(z7(2)lle, <2L, and  [[(0og)(2,7(2)llcy < 2K(1 +¢) [[xfle=.  (B.1)

Lemma B.2. Ify € . p; with ¢ € (0,1] then for j = 1,2,4
Lip, ,(0sf;(Id,7)) < K(1+¢),  s=uz,v,0,
Lip@(anj(za'y(Z))) < L+KM||x||f“7 §=1T,v,
Lipg(9.fj(2,7(2))) < K((1+¢) + M) ||/ ¢=

and for s = x,v
Lip,(9s f3(1d, 7)), Lip, (dsw(ld, 7)) < K(1 + ¢).
Proof. Tt follows by (A.3) and (H2)c:. O

The assumptions of Theorem imply the Lipschitz assumptions of Theorem Then if ¢ € (0,1] and M
satisfies (A.14) the map G defined in (AZ2)) is a contraction on Z. 5. Let v* := ~$ be its unique fixed point. We
want to prove that v is CE(Bs(£>°) x T9).

Letﬂ7/€07/€17p0>0and N

= (M, ko, K1, po)- (B.2)

We introduce the space (recall @.10))

D= = {\I/ = (\1’0,\111) e b, xFEy: H\IJQHO < 00, H\IJIHI < OO}

where e
1Z)l|lc
Wolo= s [@le, 0= swp LEle
2€Bs (£°°)x T4 2EBs (£°)xT¢, l|] e
z#0

9Recall that the we are only interested with 0 < v < 1. Therefore, by using a bump function (recall that v is one-dimensional) one can
assume that the v dependence is periodic.
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We equip D= with the weighted norm
W] pz = ao[Wollo + ax|[ W11 (B.3)
with ag, @1 > 0 to be opportunely chosen later. We consider the closed subset

DEC’]\/[,V = {\IJ = (\Ijo, \111) c DE : Llpw(‘lf()) S Ko, Llpe‘ljo S p()7 Llpm(\I/1> S K1,

_ — (B.4)
Lipg Wy (x) < M|[z]le, [[Wollo < e, [V1]ly < M}

where ¢, M are the constants chosen in Lemma[A-5] We shall use the following Fiber Contraction Theorem.

Theorem B.3. Ler = and DE be metric spaces, D= complete, and I': = x DE — E X DZ= a map of the form
I'(y,9) = (G(v), H(7,¥)). Assume that

(a) G: = — = has an attracting fixed point v, € Z (i.e. limy,_ o0 GF(V) = Yoo, VY € E).

(b) limsup,,_, . LipH(G™(v),-) < 1foreach~ € Z.

(¢) H is continuous with respect to 7y at (Yoo, Yoo ), Where U, € DE is a fixed point for H (Yoo, -)-
Then (Yoo, ¥oo) is an attracting fixed point of T.

To apply the above theorem we look for H such that D[G(v)] = H(~, D7), where G(v) is the operator
introduced in (A.2)). For that we differentiate formally G(y) and we substitute 9,7, oy with ¥ and U;.
In this way we obtain the map H (v, ¥) = (Ho(~, V), H (7, ¥)) defined by

Ho(7,9)(2) =C(0) 7 { (929) (,7(2) + (9u9)(2,7(2) Po(2)
+ Wo(h(2)) (A-(0) + (00f1)(2,7(2)) + (90 f1)(2:7(2)) Wo(2))
+ W1 (A(2) ((0s0) (a0 (2, 7(2))) + (0ut) (T ) (2,7(2))) Wo (2)
+ (9 £3)(5,7(2)) + (D f3)(2,7(2) ¥ (2)) },
Hi (3, 9)(2) =06 (C(0)7){9(2,7(2)) +1(h(2)} + C0) 7 {(009) (2,7(2)) + (9u9) (. 7(2) V1 (2)
+ o(h(2))((90A-(0)) + (90f1) (2,7(2)) + (Do) (:7(2)) W1 (=)
+ W1 (h(2)) (14 + (0) (a0 (2:7(2))) W1 (2)

+ (B0 fs) (5:7(2) + (0 f3) (21 () W1 (2) ) |

(B.5)

We prove the following: for an opportune choice of the parameters v = (1\7 , K0, Po, K1) We have
(1) H:Zc .y X DEc vy — DEc v 1s well defined (see Lemma@.

(i) H(vy,-): DE¢ pmv — D¢ arv s a contraction (see Lemma .

(i) H(-,¥): Ec m — D= av is continuous (see Lemma.
Let us set

A(k1, p0) = KB+ )2+ ¢) + 2KBA (1 + ¢) (k1 + po)
B(po, k1, M) := K 5 ((1 +K)eA ™t +2K(1+¢)(2+ ) + 2K+ 2MA~ (1 + Kg))
+ 5{21{(1 )+ 2KM(2+¢)+c(K + K(1+c)+ KM(2+c))

+ 2K MA™Y + K(po + k)2 + ) (1 + Kg)}.
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Lemma B.4. Recall @11), (A4), (AT4). If
BeK(1+ BA71)
PO T BAI(1+ Ko
s K+ A + BK(1+¢)(2+¢)
b= 1—BA1(1+ Ky) ’
A(k1,
Ro 2 %7
r %(p07H17M)
M T Ky

Then, for any v € Zc v and U € DE¢ pv, H(v, V) € DEc .

(B.6)

Remark B.5. We observe that in order to fulfill the conditions (B-6) for given ¢ and M, it is sufficient to fix (in
this order) pg, k1, kg and M.

Proof of Lemma[B4] We observe that H(y, V) € E, x Ejy since, by assumption (H1)g1, Ho(7, ¥) and H; (v, ¥)
are compositions of continuous functions. We prove that ||Ho(7, ¥)|o < ¢. By (A.6), (B:I) and Lemma B.1] for
z € Bg(foo) X Td,

|Ho(, W) ()lle, < B{2L1+¢) + e~ + L(1+ ) + 2MEA™ + L(1+ ) (1 + ) }.

Hence, by taking § and p small enough and recalling that A~ < 1 (see @), we get ||[Ho (7, ¥)|lo < c. Now
we prove that Lip, Ho(v, ¥) < kg. We remark that by Lemma[A.3|we have (recall (A-3))

Lip,(Wooh) < ko (A\™" + L(1+¢)) + 2K po(1 + ¢),

Lip, (U1 0h) < k1 (A1 4+ L(1+¢)) + 2K MS(A™" + L(1 + ¢))(1 + ¢). ®-D
By Hypothesis (H2)c1, the bounds (B:7), (A-6), Lemmas and we have
Lip, Ho(v, ¥) < ﬂ{2K(1 +¢)? 4+ 260l + [ko(A" + L(1 + c))2 +2p0 K(1+ )]\ + L(1+¢))
+¢(K (14 ¢)* + Lko)
+2K(1+ ) [m (A7 + L1 + ) + 2MK6(A " + L1+ ) (1 +¢)] ®9
+ MO + L1+ ¢)) (2K (1 + ¢) + 2K o) }
Taking ¢ and i small enough the right hand side of the above inequality becomes
KB(1+c)*(24¢)+ ko BA + 2K (k1 + po)BA (1 + ¢).
Hence by the choice of 1 in (B-6) we get that Lip, Ho(7, ¥) < ko. By Lemmal[A 3| for 2 € Bs((>),
Lipg(Wo 0 h)(x) < mollzlle= (K (2 + ) + LM ) + po (1+ Ky + 2K M|l ), o
Lipg (W1 0 ) (@) < [m(K(2+ ¢) + LM) + MO\ + L1+ 0))(1 + Ko + 2K M [alle)| ol ©2)
By Hypothesis (H4)c:, (B:9) and Lemma|B.2]
Lipy Ho (v, ¥) < KBQ{QL(l +0)+ A+ L(1+0))
+2MKS(A" + L(1 +¢))(1 + c)}
+ ﬂ{QL(l +e)+ 2KMS(1+¢) + 2Lpo
+ ko [(K(z to)+ LM)(S + o (1 Ky + 2KM6)} (A1 4+ L(1+¢)) (B.10)

+c(K+L(1+c)+KMé(1+c)+ Lpo)
+2K (1 +¢) {515(1{(2 +e)+ LM) + Mo(A™ + L(1+¢))(1 + Kp + 2KM5)]

+ MO(A + L(1+ o)) (K (1 + 2M8)(1 + ¢) + 2K po) }
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Taking ¢ and i small enough in the right hand side of the above inequality becomes
poBATN (L + Ko) + BeK (1L + BA™H).

Hence by the choice of pg in (B.6), we get that Lip, Ho (7, ¥) < po.
Now we prove that || Hy (v, ¥)||; < M. By Lemmal|A.2| for all z € Bs(¢£>°) x T4,

19(z,7(2))lleoe xra < 2L(1 + ¢) ||| e (B.11)

Then by (A6), (A-13)
[H1 (7, 9)(2)ll g < KB?[2L(1+¢) + (A7 + L (1 + )]l e=
+ 5{21{(1 Fe)+2LM + e(K(2+¢) + LM)
+ MO 4 LU+ 0)(1+ Ky + 2K M [l o) b
Taking ¢ and i small enough, the right hand side of the above inequality becomes
cKBPANTH+ MBAH (14 Ky) + BK(c+ (1+¢)(2+¢)).

Hence by (A.14) we get that || H; (v, U)||1 < M.
Now we prove that Lip,, H; (7, ¥) < k1. We observe that by Lemma for all z € Bs(¢>) x T4,

Lip,v(h(2)) < c(A'+ L(1+¢)) + 2MKS(A "+ L(1 4 ¢))(1 +¢).
Then by (H4)c1, bound (B.7), LemmasB.1]and [B.2]
Lip, Hy (7, ¥) < K3 (2L(1 + o)+ A+ L1+ ¢)) + 2MKS(A~L + L(1 + ) (1 + c))
+ 5{21{(1 +o)(1+ M8) + 21 L
+ [mo(A1 + L1+ 0)) + 2Kp0 (1+ )] (K(2+ ¢) + LM)5
+ c(K+ K(1+¢)(1+ Ms) + Lm)
+ A+ L1+ 0) [(m +2MEKS(1+ c)) (1+2MK6 + Ky)
+ M(S(QKm +E(1+e)(1+ 2M5))} }
Taking ¢ and i small enough, the right hand side of the above inequality becomes
BeK (14 BA™Y) + BK(1+¢)(2+¢) + Bra A (1 + Kp).

Hence by the choice of x; in we get that Lip, H1 (v, ¥) < k1. Now we prove that Lipy, H1 (v, ¥)(z) <
M|z ¢ . We observe that
Lipgds (C(0)) " < KA*(1 + 28K).

By Hypothesis (H2)c:, Lemmal[B.2] bounds (A-13), (B-9). the function H; in satisfies
Lipg H1 (7, )(x) < KB2(1 + 28K) (2L(1+ ) + c(A ™" + L(1 + ) ) alle
+ 2K (2}((1 +e)+ (24 ) LM+ Ke(2+¢) + MO + L(1 4 ¢))(1 + Kp + 2KM||mHgoc)) ]| ¢
n /3{2}((1 +¢) + 2KM + 2K (1 + )M + (2L + 2K M|||| g~ ) M + 2LM
+ [/{0||x||goo (K(2 o)+ LM) + po (1 Ky + 2MK||ac||geo) } (K(2+¢)+ LM)
+e(K+ K1 +¢)+ KM+ (L+ KM||z|~)M + LM)
+ [m K@+ ¢) + LM) + MO + L(1+ ) (1 + Ko + 2MK 2] )] (1 + Ko + 2MK [[2] =)

+ MO+ L(1+ ) (K(1+ )1+ Mlfa] =) + KM?allew + 2M K| ) fllale-
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Taking ¢ and i small enough, the right hand side of the above inequality becomes

KBQ((l +28K)eA! + 2K(1+ ) (2 + ¢) + 2¢K + 2M (1 + K9)>
+ 5{2}{(1 4 e) 4+ 2KM(2+¢) + po(l + Kg)K(2 + ¢)
+e(K+K1+c¢)+KM)+K(1+c¢) Mxl} + B K (24 ¢)(1+ Kp) + B(1 + Kg)>MA~".
By (B-6) we conclude. O

Lemma B.6. Assume that § and i are small enough and that o, o satisfy

ay _ BK(2+¢)

Then H(v,-) in (B3) is a contraction, uniformly with respect to .
Proof. By Lemma [B.T|we have
| o, )(=) = Ho(, W)(2) e, < 8] (L2 + ) + 2K + L1+ 0)) = ) [ 9o(2) — Wh(2)] .
+ 1 Wo((2)) = Wy(A()) e, (A + L1 +0))
+ 111 (h(=)) = WA ((2)) 2, 2K (1 + 0)},
| E (3, ®)(=) = Ha(, 9)(2) 2y < B (L(2+ 0) + 2K MM + L+ ) Jale ) [91(2) = W4 (),
h(2)lle, (K(2+¢) + LM) [l
hEDlle, (1+ Ko + 2K Ml ) .
Now we observe that, for all z € Bs(¢>°) x T¢ (recall the bound (A-6)),
1o(h(2))=To(h(2)lle. < [Wo—Tollo. [ C1(A(2)) =W (A(2))lle < 91— [i (AT +L(1+0)) [l e
Then,
| Ho(v, ®) = Ho(y, ®)llo < 1o — Wyllo B(A~" + L(3 +26) + 2K M6(A " + L(1 + ¢)) )
+ |0y = Wi 1BAT+ L(1+¢))2K5 (1 +¢)
| H1 (3, %) = Hi (7, %) < 103 = W41 B[ + ) + (! + L1+ ) (1+ Ko + 4K M) |
[ W — Whllo B (K (2+¢) + LM).
Therefore (recall (B23))
|H (3, 9) = H(y, ¥l ps < %0 — Bhllo (a0(BA™ + O(L) + O(6)) + a1 (K (2 + ) + O(L))
+ 101 = W1 (200(8) + a1 (BA(1 + Ko) + O(L) + 0(9)) ).
Hence, taking § and p small enough, we require that
B+ a1 BK (2 + ¢) < g, a1 BATH1 4 Kp) < g

to prove that H (7, ) is a contraction as a map on the space D=. By and (4.17)) the first and the second
inequality respectively hold. O

Lemma B.7. The functiony € (¢, || - [[1) = H(y, V) € (D=, || - || p=) is continuous.
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Proof. We have to see that ao || Ho (v, ¥) — Ho(v', ¥)lo + ax|[Hi(y,¥) — Hi(v/, ¥)[[1 is small if ||y — +/[lx
is small. Decomposing the difference in telescopic form, the more delicate term to control is the one containing

W1 (h(y)) — ¥1(h(7))|1. By (AT8), Lemma [B.1] we have (recall the definitions (A23), (B-4))

Il 2192 (D) () = B2 (D) Eley < 2122 (7). ha() () = Wa (i (3), (V)R e,
7212 (). ha()(2) = Ta(a (). ha() Py
< (mL+2MK5 (A + L1 +6) Iy = 1.

The other terms can be estimated analogously.

Remark B.8. By the definition (B.4) and Remark [A.8] we have that

sup 1D (2)l| 21 (20 xmay = O(6 + L(8, ).
(2,v)EBs(£2°)x T4 x (0,1)

We conclude the proof of Theorem [4.4] by applying the Fiber Contraction Theorem

Let ¢, M, M, ko, po, k1 satisfy ¢ € (0, 1], (AT4), (B-6). Now we prove that " := (G, H): E. s X DE¢ ary —
Ee,m X DE¢ v, with G defined in (A2) and H in (B3) satisfies the assumptions of the above theorem. The
hypothesis (a) holds because * is an attracting fixed point of G on = ;. The hypothesis (b)-(c) hold by Lemmas
andrespectively. Then there exists an attracting fixed point (voo, Vo) for I' and, by uniqueness, voc = 7°.
Now we recall that by the definition of H in we have that, taking for instance 7y = 0, Uy = 0, the iterates
IV (0, ¥o) = (7, ¥;) are such that ¥; = Dv; € D=, pr,y. Then by the definition of E,, Fp in (#.10) and the
definition of the space D= 5y in (B:4) the function ~; belongs to the ball of radius clﬂof CL(Bs(0°) x T?) for
all 7 > 0.
Since y; and ¥; converge in the uniform C°-topology we have that U, = D~y = D~*. This proves that v* is
C'. By Lemma we conclude that v* € Cf. By Remark we obtain the bound (4.16). This concludes the
proof of the first item of Theorem 4.4}

We recall that v°(0,60) = 0. Moreover, denoting by 7, the y component of v*, by Lemma it satisfies
¥y (-,0): ¥jr — X r. This concludes the proof of the second item of Theorem

C C’% invariant manifolds: Proof of Theorem

To prove Theorem [A.3] we define the set

EiM’V ={y € CI:L(B(;(@OO) X ']I‘d,€°° X Rd) :v(0,6) =0, Lip,0.v < ko, Lip,0py < K1,

. (C.1)
[Dvllo < ¢, [|067]l1 < M, Lipg(02y) < po, Lipg (9e7)(x) < M ||z[|le= Y2 € Bs(£>)}

where .
= (Ma Ro, K1, PO)a
(recall (A4), (B4)). We assume that ¢ and M satisfy the assumptions of Lemma [A.3] and that v satisfies the
conditions in Lemma We observe that Ef My C Ee,m. We also introduce
D=}z :={Y := (Y0, T1,T2) € Eyy X Eyg x Egg, Lip,T; <Fj, j=0,1,2, LipyY; <pj, j=0,1,
LipyY2(2) < M|z]e=, [Yollo < ro, [IT1llo < po, [Talls < M}

with

Vi= (//%\67 E]T? %7%)&)'

Without loss of generality we have further assumed that py > ;. We consider
1| p=2, = aol|ollo + a1[¥illo + 7| Wallx (C2)

where g, a7 and 7 are positive constants to be chosen later.

10provided that M§ < ¢, hence for & small enough.
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We look for #H such that D?[G(y)] = H(y, Dy, D*y) (recall the definition of G in (A2)). For that we
differentiate formally G(v) and we substitute 927735~ with Y;. We define H; := 3J 9277G(7y). We have (recall

(B.3))

Ho :=C(0) " {(920)(2,7(2)) + 2(02,9) (5, 1(2))0a7 + (920)(2,7(2)) (027)? + (809 (,7(2) o

+ To(h(2)(@ah1)? + 201 (h(2)Dsh1 Duha + Ya(h(2))(Osh)? + (97 (R(2))02hs
+ (D07)(1(2))02h2 },

Hy = 05(C(0) ™) { (9:9)(2,7(2)) + (009)(2:1(2)Day + (027)(h())0ur + (967) (h(2)) D }
+C(0) " {(0269) (. 1(2)) + (D29) (2, 1(2))0a7 + (92,9) (2, 7(2)) 007y + (929) (2,7(2)) 02y Doy
+ (D09 (2,1 () X1 + To(h(2))Badohs + T1(h(2))Dyhadhs + Y1 (h(2))OehaBphs
+ Ta(h(2))0uhadyha + (9,7) (h(2)) 21 + (807)(h(2)) 025k |

Ha = 03(C(0) ) {9(z1(2) + 7 (h(2)) }
+259(c<a> D{(069)(21(2)) + (909) (2, 7(2))90y + (3:7) (h(2)) Bhr + (907) (h(2)) D2}

C(0){ (39)(2,7(2)) + 2(0%9) (2.7 + (929)(2,1(2))(807)* + (Dug) (2.7 T2

+ Yo (h(2))(Doh1)? + 271 (h(2))Bph18pha + 8y (h(2))02hy + Yo (h(2))(Dghs)?

+ (907 (h(2)(D3h2) }.
(C.3)
We have to prove that: for v in Lemma|[B:4]and an opportune choice of ¥

() G:Z2,,, — =2, is well defined and has an attracting fixed point yoo.

(i) H: 22, x DE2; — D=2 is well defined (see Lemma C.2).
(i) H(-,¥): =2 ,, — DEZ is continuous (see Lemma C.3).
(iv) H(y,-): D=2; — DEZ is a contraction (see Lemma C.4).

By Lemmaif v € B2y C Ee then G(y) € Eqn. We need to prove that G(v) € E2,,,. By
the definition (C.I) if v € =2, then Dy € DE. ary (see (BA4)). In the previous section we also proved
that H: S.pr X DEc iy — DEC’MJ, is well defined, where H is defined by DG(y) = H(v,D(v)). Then
DG(y) € DE; a1y and so G() € B¢ v By applying the fibre contraction theoremto I' = (G,H) as we
did in the previous section, we find that if v € =Z M , the sequence of iterates G™ () converges to a C' function
in Z2 /. Thus G has an attracting fixed point and the item (i) has been proved.

From now on in this section we denote by C any constant that depends on 3, ¢, M, v, K (see (B.4), @.18)).
We state first some lemmas. The proof of the first one is straightforward using the assumed hypotheses and the
particualr form of the functions h and hs in (A3).

Lemma C.1. Fory € B2, and (x,0) € B;({>) x T%, the functions hy,hy introduced in (A3) have the
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following estimates

0:h1(z,0)
|0z (z,0)
||Ogh1 (z,0)
||Ogha(z, 0)
[05h1 (2, 0)

ler(e=) <271+ O(L),

| (0o ray < 2K(1+¢),

|ler i) < (K (2+¢) + 2LM) ||z ¢,

| 2rrey < 1+ Ko+ 0O(9),

226y < C+C[[Tollo,

102651 (2, 0) 22 (50 metseey < €+ O(L +8) + L[| 1o,
10311 (2, 0) | 22 (reseey < O(L + 6) + C[[ T2,
[02ha(,0)|| 22 (¢2re) < C+ 2K Tollo,

10%6h2 (2, 0) | 22 (¢ sy < O(L +6) + C + 2K Y1 lo,
103 ha (. )| 22 2ty < O(L +8) + K + 2K T2]o.

|
|
x
x

Lemma C.2. There exist functions go, g1, fo, f1 and a constant C > 0 such that the following holds: If

Ro > T2 PO L) (%11’_%;‘2% o) (C.4)
F1Z 1z 5;(/?1(’1%)1(9)27 Re2 17 ﬂ)flc(:l T Ky)? ©3)
Pozq j%?f?f{jﬁ? . ﬂ)rl(zl + Kpg)? (€0
M2 5&1&6?’1/)31(9)3 €D

then, for anyy € EZ 5, and ¥ € D=2 o, H(y,T) € D=3 5.

v,v’

The proof of this lemma is postponed to the Appendix D] We observe that in order to fulfill the above conditions
is sufficient to fix the parameters in the following order: Ko, p1, M, K1, po, Ko-

Lemma C.3. The function H(-,Y): 22, = — DZ2_ is continuous.

Proof. We have to prove that, given v,~' € Ei M.v» We can made small the difference

[ (7, ) = H(Y, 1)l p=z, =00l Ho(y,T) = Ho(v', T)llo + @1l Hi(, T) — Hi(v', Vo
Tl Ha (v, ©) — Ha(y', ¥)[1a
provided that
17 = ' ll+ := max{||[Dy — Dv'[lo, |06y — 997l }

is small. The proof follows the proof of Lemma 5.5 in [30]. The only difference is in the following estimates
105.£5(2,7(2)) = Bpf5 (2,7 DI S xa(r, Y )llzlle= 1=1,2,  j=1,2,4,
106h1(7)(2) = Fpha (V) ()| < xa (v, Y )lalle= 1=1,2, (C.8)
196y (h(7)) (2) = 997 (R(Y)) ()| < x3(7, 7|l e

where y;(,~’) are functions that go to zero as ||y — ||, tends to zero. To prove the first bound in (C.8) it is
sufficient to use bounds (.13)) and the fact that, by definition,

—~ o~

17(2) = ' (2)le= xra < 1Dy = DY [lollzlles < [y =+ lcllzfle.
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We show how to prove the second bound for [ = 2. The other bounds are similar. By (H2)c2 we have
18511 (7)(2) = 051 () (2)]] c2.masesey < L, (05 f1(Id, 7)) [7(2) = (2) [l g~ xra
+ Lip,, (95, /1(1d, V) 1067 lloll7(2) = 7' (2) e xcra
+ 1105, £1(1d, V)| 22 (0 xma retse) 907 (2) = oy (2) ] xe
+ Lip, (97, f1(1d, 7)) 196713117 (2) = 7' ()l oo xe
+ 1107 A1 (1, ) || 22 (0 xcret o) (190710 + 1067 l0) 067 (2) — o' ()]0
+ D2 f(1d, ) 22 (rae=) [ T2llo7(2) = 7' (2) e xre
<Cllfleeellv = ¥'lls-

To prove the third bound in (C.8) we use the triangle inequality. We consider just the most problematic term, that
is

1907 (h(7)(2)) = 00" (h(7)(2)) | 20 e wrety < L (@07 (BN 11 () = b (V) lo + Mlha [lo| P2 () = ha(7)lo

&), (59) ,
< OWL+9)y="lo

for all z € Bs(¢>°) x T O

Lemma C.4. For § and p small enough Y +— H(~y, Y) is a contraction on D=2 -, uniform respect to y € Eﬁ Moy

Proof. By Lemmas [B.1] [C.T] the functions H, 1, H2 introduced in (C.3) satlzf;
[Ho(7, T) = Ho(, T)lo <(BA> + O(L))[|To — Thllo +Cl[T1 = Yiflo + O)[| T2 — Tol1,
[H1(7, ) = Ha (9, T)lo SO(L + 8)[|To — Tollo + (BAT' (1 + Kp) + O(L +8))[|T1 — T4 lo
O0)[ T2 — Yol
[H2(7, 1) = Hal, XYl <(BA1(1+ Ko)® + O(L +6) ) T2 = T4
O()[To = Lollo + L1 — Tillo
and, recalling (C.2),
[H(7, ) = H (v, T')[lps: <do (BA™2 + O(L +6))[To — Tollo

+a (o (1+K9)+01~ +CoZ ) [T = il

+ (A1 + K)? )||T2—T'2||1

for some constants Cy, Co > 0. By (#.17) and choosing &, &1 and 7 such that

«
G2 eyl <1 - BATI(1 + Ky)
(651 a1

we get the thesis. O

D Proof of Lemma

The following lemmata can be proved with straightforward computations applying the assumptions of Theorem
and Lemmal[A3]

Lemma D.1. Recall the deﬁnition For~y € 22, T € DE2; and (z,0) € B5({>) x T* we have for
j=0,1

Lip, (Yo h) < KA+ 2Kp; (1+¢) + O(L), (D.1)
Lipy(Y;oh) < p;(1+ Kp) + O(0), (D.2)
Lip,(Te o h) < KoA™ LS 0(9), (D.3)
Lipg(T2 0 h)(2) < (MATH(1+ Ko) + FaK (2 + ¢) + O(L) ) ] (D.4)

Lemma D.2. For § and p small enough the functions hy, ho in (A3) satisfy
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Lip,02hy < C+ 2KFo, Lipy02hy < C 4+ 2K po,
Lip,d3,h1 < C+ K(1+¢) 1, Lipyd2,h1 < C+ Lp
Lip,03,ha < C+ KF, Lipg0;,ha < C+2Kp1.

Lip,03h1 < C+ Lia, Lipg03hy < 2K Lip,y Yo,

Lip,03hy < C + CRa, Lippdzhy < 2K LipyYs.

Lemma D.3. We have, for all z = (z,0) € Bs(£>°) x T¢,

Lip,, (927)(h(2)), Lip, (867)(h(2)), Lipg (027) (h(2)) < C,
Lipg(997)(h(2)) < Cf||g=.

We use these three lemmas to prove Lemma[C.2}

Proof of Lemma[C.2] The proof is divided in several steps. We use repeatedly, without mentioning, Lemmas [D.1]

and[D.3]
(i) We prove that Lip, Ho < ko. We have by Lemma|[C.1] (D-I) taking & and x small enough,

Lip,Ho <BA°Fo + C(1 + K1 + R2 + po + p1)

for some constant C > 0. By we have SA~3 < 1 and by condition (C.4) we can conclude.
(ii) We prove Lip,H; < k1. By (D.I) and Lemma for all z € Bs(£>) x T4,

Lip, (T1(h()))|10zh1 (2) | £r (o) |06 h2(2) || £ may < A73(1+ Ko)R1 + Ch1 + O(6).
Therefore by taking ¢ and i small enough,
Lip,H1 < A 2(1 4+ Kg)&y + C(1 + Ko + p1)

for some constant C > 0. By we have SA™2(1 4+ Kj) < 1, then by (C.3) we get the claim .
(iii) We prove Lip,Ha < Ka. Since for all z € Bs(¢>°) x T4

Lip, (T2(h(2))) 1972 (2|2, ey < F2A ™' (1 + Kp)* + O(9),
then by taking § and p small enough
Lip,H2 < C+ R2A (1 + Kp)?

for some constant C > 0. By @.I7) we have SA~!(1 4+ Kjy)? < 1, then by (C.3) we get the claim .
(iv) We prove that Lip,Ho < po. By (D-2), for all z € Bs(¢>) x T4,

LipyYo(h(2)) sl (2|71 ey < Po(1 + Kg)A™% 4 O(9).
Then by taking ¢ and v small enough
LipyHo < C(1+ p1 + Fa) + poB(1 + Kg)A >
for some constant C > 0. By #@.17) we have BA~2(1 + Kj) < 1, then by (C.6) we get the claim .
(v) We prove that Lip,H; < p1. By (D.2), for all z € B;(¢>°) x T4,

LipyY1(h(2)) 0xh1(2) | (e 1092 (2) | 2rray < P1(1+ Kg)?* A" + O(0).

Then by taking ¢ and v small enough
LipgH1 < C+ p1B(1 + Kg)?A™*

for some constants C > 0. By (@.17) we have A~ (1 + Ky)? < 1, then by (C.6) we get the claim.
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(vi) We are left to prove that [[Ha(z, 0) — Ha(z,6')|| 2, < ]\/4\Hx||goo |6 — 0'|4. We observe that, by (H2)c:1,
LemmalC.1|and the estimates (A.9), (A.12) we have, for all z € Bs(¢>°) x T,

Lip (T2(h(2))) 00h2 ()2, ey < ((1+ Ko)* XTI + (1+ Ko 2K (2 + e)fis + O(L) ).

Then ||Ha(z,0) — Ha(2,0')| 2, < (C(l +p1 + R2) + BATH1 + Kp)? ]\/4\) ||| e |0 — 6'|4. We conclude by
using (4.17). [
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