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Abstract:

Collective cell migration plays a central role in many biological processes, such as embryonic
development, wound healing and cancer progression. Recent studies have predicted that non-circular
epithelial cell clusters could collectively migrate through a shape-sensing mechanism, independently
of any guiding external cues. This phenomenon has been called ‘shape-sensing spontaneous motility’
and has been demonstrated in numerical simulations based on the equations for active polar gels
adapted to a free-boundary problem, and partially in experiments. On the other hand, collective
durotaxis is a well-established phenomenon that manifests in the migration of cell clusters towards
stiffer regions when the environment exhibits a stiffness gradient. In this study, we aim to observe
and characterise the behaviour of simulated clusters when these two mechanisms are combined and
may compete. To address this problem at a quantitative level and in different parameter regimes,
one must rely on numerical simulations. Using a code based on the finite elements method, we have
modelled the dynamics of cell clusters of different shapes and sizes with or without the effect of
durotaxis. Results can then be analysed to draw meaningful conclusions about the motility of these
cell clusters and the interplay between the two guiding effects. We find that most cases are highly
non-trivial and we find some unexpected behaviours. In addition, we perform a theoretical analysis
of the model for the circular case, where the radial symmetry allows us to obtain explicit expressions
for most of the magnitudes in the problem. Finally, we study some particular questions arising from
simulations, related to the mixed effect of the shape of the clusters and the durotaxis. After our
studies, we see that cell clusters are very complex systems where the balance between forces gives
rise to intricate and surprising dynamical behaviours. Many cases are not intuitive, but a certain

control over the motility of these clusters seems to be possible.

I. INTRODUCTION

Collective cell migration in tissues is essential for un-
derstanding a wide variety of biological processes, from
embryonic development to fatal diseases [1], [2], [3].
Thus, the direction of cell clusters is a topic of inter-
est in many subjects and several methods have been de-
veloped, including the use of electric fields (electrotaxis),
light stimuli (phototaxis) and chemical gradients (chemo-
taxis) [3], [4], [0], [6]. This induced motility is crucial to
understanding how many natural processes occur, usu-
ally in very specific ways, giving rise to the complex
structures we find in living beings of all kinds. Most
of these methods are nowadays well known and they are
also very present in leading biomedical research, as they
can play an important role when developing treatments
for different diseases and medical conditions, including
some cancers and immune illnesses [1], [7], [8]. In this
paper, we want to focus on two of these processes that
can be used to lead cells.

The first one is also very well understood and it is
based on the stiffness of the substrate a cell cluster is on.
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Epithelial tissues (very common in this kind of situation)
tend to spread over this substrate, generally in a homoge-
neous way, but the whole set of conditions can determine
the final behaviour of these cells [9], [10]. However, when
the stiffness of the substrate is not uniform, it has been
observed that large enough cell clusters have a clear ten-
dency to move (on average) to those regions where the
stiffness is greater [11]. This phenomenon is called duro-
taxis and it is related to the traction stress cells exert
on the substrate to move [12]. When this substrate is
stiffer, both the traction and the friction increase, but
hydrodynamic interactions in the system give rise to the
preferred movement direction [13], [14], [3], [15].

A much newer and harder-to-model method is the ef-
fect the shape of the cell cluster has on its movement.
As cells in the boundary of the system tend to expand,
moving in a direction perpendicular to the same bound-
ary (the one at which boundary cells polarise), one can
imagine that the final spreading will depend on the global
shape at every moment. When the cluster is hydrody-
namically coupled, interactions between all points in the
system allow the more surprising phenomenon of collec-
tive motility, of course, only when some kind of asymme-
try allows the cluster to find a preferred direction. This
second process is still under study, but some experiments
have already shown that a certain tendency in clusters
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with asymmetric shapes can be observed [16].

The study of these systems can be carried out with
different approaches, either by defining single cells or by
using a continuous model. We have preferred to use the
latter, employing an active polar fluid model as a base
for the cell cluster [17], [18]. Notice that most biological
details are not taken into account, so we focus on the
mechanics of the system [19]. This way, some important
analytical results can be obtained, as well as expressions
for the basic fields that govern the system’s dynamics.
Moreover, we can carry out computational simulations
to analyse all those cases for which we cannot obtain
mathematical expressions. In this case, a finite element
method is very suitable and we use a code developed in
FreeFEM, a coding language designed for this purpose
[20].

In this work, we begin by presenting the model and
its basic characteristics, as well as some consequences
that can be derived from it. Many of them can only be
obtained when the cluster is circular. Then, we explain
how simulations are performed and present the results we
obtained from them, mixing both durotaxis and different
shapes. Finally, we also show some theoretical results
obtained for the circular case in order to compare them
with the simulations and to assess how far we can go
with the analytical study, obtaining expressions for the
velocity field in each point of the system.

II. ACTIVE POLAR FLUID MODEL

We model our cell cluster as a two-dimensional com-
pressible fluid with free boundary conditions. We can
assume compressibility, as cells can modify their shapes
thanks to their actin cytoskeleton and reduce their height
to occupy the maximum area in the cluster. This means
that the divergence of our velocity field will not gener-
ally be zero, V - v # 0. Moreover, this fluid has a de-
fined polarity field at each point, representing the polar-
ity each cell acquires when close to the boundary. More
specifically, the polarity is defined to point perpendic-
ularly outwards with unit modulus, p - n = 1, for the
edge points, and to decay with a characteristic length,
L.=
going inwards. This polarity defines the direction along
which each cell performs an active force and its strength.
Now, as we stated before, this force will depend on the
substrate’s stiffness and, to a first approximation, this
dependence will be linear, so we can define the traction
coefficient, (;, to take account of this effect at each point.
On the contrary, we consider a constant friction with pa-
rameter &, so the force balance is given by [16], [13],

%, called the nematic correlation length, when

V-o—-VIl=¢&v—Gp. (1)

Due to the high compressibility of this fluid, however, we
will neglect the pressure term, VII ~ 0.

A. Polarisation field

As we mentioned before, the cells of the cluster have
a certain polarisation that determines the force each one
exerts and its direction. We also defined the nematic cor-
relation length, which gives us an idea of which parts of
the cluster remain effectively polarised and which might
have a random polarisation, so their values are zero in our
coarse-grained study. If this correlation length is compa-
rable to the cluster’s size, there will be a polarised outer
rim in which cells are correlated (in polarisation). This
is the case we want to study, as it has been proved the
be the most interesting for shape-sensing motility.

Moreover, this polarisation field relaxes much faster
than the velocity field, meaning that we can suppose it is
always a solution of the screened Laplace equation [16],

[ ]7
(L2V* - 1)p =0, (2)

and it is decoupled from the hydrodynamic evolution of
the cluster.

B. Velocity field

To study the velocity field, we first have to consider the
stress tensor of the fluid. In our case, it can be expressed
in terms of the velocity and the polarisation as [16], [13],

Oap = 1] (aavﬂ + aﬁva) - Cpap,ﬁ- (3)

This stress tensor must satisfy the force balance equation.
Assuming we are at low Reynolds numbers, inertia can be
neglected, so we only have to consider the active stress,
proportional to the polarisation, and the passive friction,
proportional to the velocity,

aBJaB = g’ua - Cipa' (4)
Putting all this together, the resulting equation is
1(9p0avp + 030pva) =
= C(PsOppa + Padspp) + EVa — Cipa (5)

or, in vectorial notation,
N[V (V-v) + V] =(V (pp) +&v —Gp. (6)

Notice that, when considering durotaxis, the coefficient
of the last term (;, will have a spatial dependence, which
one can tune to explore different behaviours.

To complete the model, we need to take boundary con-
ditions into account. In our case, we consider stress-free
boundary conditions, which consist of the normal com-
ponent of the stress vanishing at the boundary [16],

o : i =0. (7)

The model is then defined by equations (2), (6) and (7).
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III. ANALYTICAL STUDY OF THE MODEL

A. Polarisation field

The polarisation field can be easily obtained when con-
sidering a circular geometry, as it is decoupled from the
velocity. Assuming radial symmetry, this polarisation
will only have a radial component and will only depend
on the radial coordinate. Mathematically,

p=p(r)t. (8)

Equation (2) is then

?p 0 r2
which is a modified Bessel equation of order one. Its
general solution is a linear combination of modified Bessel
functions of the first and second kind, but, as the latter
diverge at the origin, we only keep the former.

Finally, we have to take into account the boundary
condition for the polarity, which is simply

p(r=R) =1, (10)

meaning that it is perpendicular to the cell cluster’s
boundary and has modulus one.
The solution of the polarity field is then

n(#)
p(r) = @ (11)

This expression will be the same in all cases as long as
we consider a circular geometry.

B. Velocity field

As we did with the polarisation, we can aim to obtain
an expression for the velocity field when considering a
circular geometry, where there is only a radial component
and dependence,

v=uv(r)t. (12)
Equation (6) then reduces to

28721}4_}@_2 _g —
n or2  ror 7“20 U=

2
=( (22?22 + 1;) —Gp. (13)

We can now define the screening length, which accounts
for the range of hydrodynamic interactions in our fluid,
as
2n
A=/ —, (14)
3

so our equation can also be written as

2
)\2<ZT§+180 1

zrar‘rz”>‘”:

_C(, 0 PP\ G

From now on, our theoretical studies and results will be
derived from these equations.

IV. MODEL ANALYSIS AND DISCUSSION
A. Wetting transition

A crucial issue when dealing with epithelial tissues is
whether they expand or contract under certain condi-
tions. If the tissue expands, we say it wets, an analo-
gous case to that where adhesion forces between a liquid
and the substrate are strong enough to allow the fluid
to spread. Conversely, if it contracts, the tissue dewets,
meaning it tends to shrink and occupy a smaller surface
area on the substrate. It is important to recall that com-
pressibility is a key feature of our fluid. Mathematically,
this behaviour is captured by the sign of the velocity field
at the edge of the cell cluster.

We now focus on the limiting case, referred to as the
wetting transition, the set of conditions under which the
tissue neither expands nor contracts [9]. By setting the
velocity to zero at r = R, we obtain the mathematical
condition for the transition,

(2 Ol 10y ) _
T\" o —p RO _p)
o 2
~c(2m @] ) -wm. o
r=R

To obtain a useful expression, we should replace the ve-
locity field derivatives with their expressions. While the
first derivative at the edge comes from the stress-free
boundary condition, the second derivative can only be
obtained from the velocity field expressions. Despite we
get this expression further on, it is not valid for this case
because it consists of several integrals of modified Bessel
functions. This way, we decide to present and use the
condition obtained in the wet limit, where the hydrody-
namic length tends to infinity, A — oo, something equiv-
alent to taking friction out, £ = 0. This way, the wetting
transition condition obtained by [9] is given by
() rB(#)
n(#) *n(s)
(17)
for the circular case. Solving this equation for R is not
analytical, but numerical solutions can be obtained. A
cell cluster of the computed size and with radial symme-
try would lie at the transition point so, in the ideal case
described by the model, it would neither grow nor shrink.

2612+ (CLe+ GLR)
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B. Centre of mass velocity

While we have studied the velocity field at each point
of the system, we can also derive an expression for the
centre of mass velocity in a general case. For an arbi-
trary shape, results are not analytical, but its value can
be expressed in terms of integrals over the entire domain,
Q, with total area A, which can be computed numeri-
cally. When considering the whole evolution of the sys-
tem, these integrals can be computed at each time, with
each shape the system has, to get also the temporal pro-
file of this velocity. The movement of the centre of mass
of the domain is then given by

VCM:il{/QVdS—F/Qr(V.V_<V.V>)dS , (18)

which is fully kinematic, without taking account of polar-
ity or forces [16]. If we want to write it with the polarity,
we have the two integrals,

1 1
Vens — Afg/ﬂgpdS—i—Z/Q(r—RCM)V-vdS, (19)

which are equivalent to each integral in equation (18)
[16]. The former retains the movement caused by a stiff-
ness gradient, the durotaxis motility, while the latter is
zero only in the circular case, so it is the cause of the
spontaneous motility due to shape.

C. Four main motility modes

Once we understand how our model generally works,
we can qualitatively study the behaviour of the system
when the relevant parameters have certain values. We
will distinguish between four general situations or modes,
that are related to correlations between the system’s ele-
ments at hydrodynamic and polarity levels [16]. To char-
acterise each case better, we will relate the hydrodynamic
and polarity correlation lengths, A and L., respectively,
to the system’s characteristic length, L.

e The simplest case is the one where the system is hy-
drodynamically uncorrelated and the polarity de-
cays very fast from the edges to the centre, meaning
it is only not zero at this boundary. In this case,
one can observe that the centre of mass velocity
remains zero and the boundary simply expands or
contracts, each point independently from the oth-
ers. This means that the shape is not preserved,
but each point advances at the same velocity. In
this case, we see that A < L and L. <« L.

e The next possible situation to study is that includ-
ing the hydrodynamic coupling. This correlates
each point in the boundary, what means that its ad-
vance or regression is not independent but depends
on the whole boundary. This makes the system’s

shape to be preserved, creating a scale invariance
in the system. This also means that the centre of
mass remains still. Now, L. < L while A > L.

e More interesting is the case where we consider a
finite polarisation length, L. < L. This implies
that the velocity field inside the cluster is not zero
or random, but it is correlated to its value at the
boundary. With this, an asymmetry in the shape
causes some points of the boundary to advance
faster than others, which means that there is a cen-
tre of mass displacement, Vops # 0. However, in
this case, the whole boundary expands or contracts,
so there is not a coherent movement, in spite of the
centre of mass velocity.

e Finally, the most interesting mode is the one where
there are both hydrodynamic and alignment cor-
relations and contractility is strong enough. The
increase in this last parameter allows the fastest
boundary region to dominate over the others and
pull on from them [8]. This way, the other points in
the boundary have a velocity opposite to their po-
larity. This behaviour occurs in very specific cases,
but it leads to coherent cell migration, the most
interesting possibility we observed.

These four modes are graphically represented in FIG.
1, where a schematic behaviour of each one can be seen.

a (1) Local edge dynamics b

(2) Scale invariance

c (3) Anisotropic Spreading d (4) Coherent Migration

4 \

Dry bulk (A « L)
Wet bulk (A > L)
| Polarity gradient == Contractility

— Boundary velocity

CM velocity

FIG. 1. Schematic representation of the four main modes
that are possible for the behaviour of our system for half of
a circle. Global characteristics, related to the hydrodynamic
and polarity correlation lengths, are represented with the base
colour, while velocities and forces are represented with arrows.
The centre of mass displacement is only observed in modes
three and four, where there are both hydrodynamical and
polarisation correlations [16].
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D. Divergence and curl decomposition

A very interesting way to study our system and sim-
plify things a bit is to compute the divergence and the
curl of our general velocity equation, given by (6), with

A= \/? (the definition of this length is subject to best

possible simplifications),

N[V(V-v)+ V] —v=

=§[(p-V)p+p(V-p)]—%PEPv (20)

where we group the terms with the polarity to a single
vector, P, to simplify expressions and calculations. This
way, we can easily apply both the divergence and the
curl to the equation. The result will also give us the
divergence and curl of the velocity field, so we will define

X=V-v, (21)
w=(Vxv)-z, (22)

and the equations will then be [10]

(2A*°V? - 1) x =V P, (23)
(NV?—1)w=(VxP)- 2. (24)

The divergence of the velocity field essentially contains
the information about the spreading of the cluster. This
means that the divergence of the polarity terms, V- P, is
the source for the spreading rate. On the other hand, the
curl equation determines the vorticity of the system and
that can be related to the existence of a net movement in
a given direction. Its source, (V x P)-2, is only different
from zero when the polarity field, p, does not have radial
symmetry (due to the properties of the curl). Moreover,
the vorticity field determines the motility mode the sys-
tem presents. For an asymmetric shape with finite hydro-
dynamic and polarisation correlation lengths (third and
fourth modes), the vorticity profile can propagate mat-
ter both upwards and downwards, giving an anisotropic
spreading; or do it always upwards, creating a coherent
migration (FIG. 2).

V. APPROACH FOR NUMERICAL
SIMULATIONS

Numerical simulations presented in this work have
been carried out using a program developed in
FreeFEM++, a coding language designed for solving sys-
tems using the finite element method. In simple terms,
the language is structured to define a closed boundary
that one has to define, within which a mesh composed
of a prescribed number of triangles is automatically gen-
erated. In our case, this procedure is repeated at each
time step, allowing the domain to evolve according to the
computed velocity field.

Vorticity [1/h]
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FIG. 2. Vorticity field simulated in a system with a semi-
spheric shape, asymmetric with respect to the horizontal axis.
In the upside case, vorticity promotes expansion towards all
directions, giving rise to an anisotropic spreading. In the
other one, vorticity prioritises the flow upwards, giving the
coherent migration of the system [16].

The main objective of these simulations is to observe
the behaviour predicted by the studied model when con-
sidering the effects of both durotaxis and the cell cluster’s
shape. These mechanisms break the symmetry that al-
lows us to easily study the model and possible evolutions
of the system, especially when stiffness landscapes are
more developed than a straight linear gradient or shapes
strongly differ from the circle.

To perform numerical integrations, we first take dimen-
sionality out of it by defining a characteristic length,

L= = (25)

where A is the system’s area, and the characteristic time

of a flat front’s expansion without contractility like
n

LcCi

With all this, the polarity field remains the same, p’ = p,

while the velocity field is scaled as

T

(26)

’ n
= 2
V=Y (27)
so the equations we integrate are [10]
I\2
V2p' — <L> p' =0, (28)
o =V + VT - LSQ PP, (29)

L\? L
Vo — <A> v+ L—p’ = 0. (30)
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A. Weak form of the equations

These equations, however, have to be written in a weak
form to integrate them. When considering the triangular
mesh, the polarity equation with the boundary condition,
Plypq = 0, is an inhomogeneous Dirichlet problem that
can be written as a homogeneous problem by defining
pu =p' — Pp, so

2 2
Vipu — %pH = —V?pp + %pD for Q(¢), (31)
C c
pu=0 for 00 (), (32)
with pD‘@w =1
The weak version of equation (31) is, then,

I\ 2
<L> / PH - qdS +/ Vpu - VqdsS =
c Q Q

L 2
_ <L> [ po-ads— [ Voo Vais. (3
c Q Q

The polarity field is then obtained by finding solutions
for the components of p for any test function, q, and
adding the pp part. All this can be done numerically
with specific functions given by the coding language.

We can also obtain the weak version of equation (30)
with the new definition of the stress tensor, given by (29),
that leads to [10]

2
/ (Vv + VVT) s VudS + (L) / v-udS =
Q A Q

; / 3 / :
E— -udS + = — :VudS, (34
L. Qp Le Jo Cipp (34)

where we have to notice that the traction coefficient is
inside the last integral, as we will consider it dependent
on space. The problem is again solved by finding the
components of the velocity field that satisfy the equation
for any test function, u.

B. Shape and size definition

In order to study shapes with different degrees of sym-
metry, we consider the full circle and new shapes where
the lowest part of this circle has been removed. To quan-
tify this, we fix the angular portion, ¢, that we take out,
which defines a centred portion of the circle facing down.
This portion is defined by two radii that meet the circle’s
boundary at the same height. We can draw a horizontal
line uniting these two intersecting points, so the domain
below it is removed. Finally, to have a realistic shape and
avoid problems deriving from sharp edges, we smooth the
resulting angles by drawing circumferences with radii a
tenth of the original one. All this process is represented
in FIG. 3, where the shaded area is the one removed.

FIG. 3. Schematic representation of how different shapes are
crated for the simulations. ¢ is an angle we fix and the shaded
area is removed to get an asymmetric shape.

In our simulations, we will take ¢ = 0 (for the complete
circle), ¢ = %, ¢ = %’T and ¢ = m, that is equivalent to
a semicircle.

Another measure that we have to define is the radius of
this circle. We want our system to begin at the wetting
transition, so we can focus on its translation instead of
its spreading. By fixing our parameters, the radius is
then given by numerically solving equation (17). This is
valid, however, to circles only. The easiest way to find
an appropriate size for other shapes is just to find the
radius that makes the system have the same total area
as a circle in the wetting transition would have. This
way, the radius for the semicircle is obtained from the
wetting transition multiplied by /2 and, for a general
case, we only need to solve an equation like

Ao Ay nit = R} (- 508

= R,= |[——R., (35)

_ p—sing
T 2

where R, is the found radius for the circle and R, is the
radius for a system in the wetting transition with angle
©.
Notice that sizes obtained like this are compatible with
clusters formed by a reasonable number of cells.

C. Boundary evolution

When all fields are numerically computed, each trian-
gle vertex in the domain is moved about a distance given
by vdt, where the time interval can be chosen to get
the desired time resolution. In the mesh definition, the
mean distance between the vertices of a triangle is a de-
fined number, h. The displacement of each vertex is kept
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under this value to avoid extreme domain deformations.
After, this process, we get a new boundary and a new
mesh is defined, giving us a new domain to work with.

This iterative process can be extended for an arbitrary
number of steps, giving us a collection of labelled bound-
aries, 02", domains, Q", and fields ordered in time.
With all together, one can obtain a fairly long simula-
tion. However, as surface tension and curvature effects
are not introduced in the model, resulting shapes after a
certain number of iterations are not realistic and simula-
tions become not representative after the corresponding
time.

Another thing we have to consider is that the boundary
is approximated by a polygonal structure when building
the mesh. This means that the normal component of the
velocity is not well defined at the vertices and there might
be a systematic deviation from the real solution proposed
by the model. To correct this, the normal vector at each
vertex, i, is defined as

1 fiy £
= — _— —_— 36
M1, (11 A ) (36)

where [_; and [; are the previous and posterior edge
length, respectively and fi4; are the corresponding nor-
mal vectors. This vector can be easily normalised, so
each normal direction is finally obtained at each vertex
too without systematic biases.

Once we finish a simulation, we can also compute other
properties of the system to quantify how it has evolved
along the whole process. The velocity and traction fields
are computed at all points and all times, so their evo-
lutions are well characterised. Moreover, the centre of
mass displacement and velocity are also obtained. These
magnitudes are crucial to see whether there is a net dis-
placement of the cluster or not. Its position is simply
obtained by integrating over the whole domain, while its
velocity can be computed from equation (18) with nu-
merical integration. The area change is also an impor-
tant measure, as it determines if the simulated cells wet
or dewet the substrate. Finally, the moments of inertia
can also be computed to have a mathematical reference of
the shape’s evolution, as a great difference between these
moments in the x and y axes represents an asymmetry
in it, which can also increase or decrease.

D. Post-processing

Once simulations are done, we use a code of Wolfram-
Mathematica developed by [16] to compute the different
variables we study and plot the graphics of the system’s
evolution, as well as the animations where this evolution
is easily observed. Numerically computing the integrals
of the model, all results we want are obtained.

VI. RESULTS FROM SIMULATIONS

We present now the evolutions obtained from the sim-
ulations described above. We focused on simulations
where durotaxis and shape asymmetry both have effec-
tive contributions in the same direction, cooperating in
the same sense or competing in opposite senses. An ex-
ample of the systems we model can be seen in FIG.4,
where both the velocity and the traction (directly related
to the polarity) fields can be seen for a non-symmetric
shape. A whole simulation is given by the evolution of
these fields and the boundary where they are defined.

250F ‘ ‘ g
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FIG. 4. Example of the velocity (top) and traction (bottom)
fields we represent in simulations, for a cluster with ¢ = 2%

3
at its initial time.

A. Systems without durotaxis

First of all, we can see a circular model without duro-
taxis, where we only observe a change in area due to the
traction exerted by the cells at the boundary. This is the
basic situation we take as a known model, from which we
study the more complex systems we aim to understand.
The same study can be done with different shapes and
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without durotaxis, observing that an increasing asymme-
try leads to a stronger effect of the shape. FIG. 5 shows
the evolution of the centre of mass velocity for four dif-
ferent cases, as well as the traction (dashed lines) and
spread (dotted lines) integrals The centre of mass dis-
placement and the evolution of the area (relative to its
original value) and the moments of inertia are shown in

the appendix in FIG. Al.
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FIG. 5. Evolution of the centre of mass velocity of simulated
cell clusters with four different shapes (solid lines). Traction
(dashed lines) and spread (dotted lines) integrals are also plot-
ted. These simulations are run without durotaxis.

In this case, we can see how a more asymmetric sys-
tem experiences a stronger shape effect, advancing fur-
ther and faster than a more symmetric one. Moreover,
despite parameters being set for all systems to be close
to the wetting transition, the semicircle (¢ = 7) quickly
shrinks. This is also due to the shape change caused by
the system’s evolution. This reshaping can be seen in
the evolution of the moments of inertia with respect to
each other, as their relative values give an idea of how
asymmetric is the domain. We can also notice that, for
a perfect circle, both moments coincide, while increas-
ing the asymmetry (increasing ¢) separates these values.
The used parameters are in TABLE 1.

B. Systems with durotaxis

Once we incorporate durotaxis into our systems, much
more interesting results can arise, depending on the stiff-
ness gradient that is considered. First of all, we are
interested in observing how adding a positive gradient
(increasing upwards) changes the dynamics of these sys-
tems. The centre of mass velocities are shown in FIG.
6 for this case, where one can clearly see that the main
change in the behaviour of all systems is that a certain
forward velocity has been added. This velocity is approx-
imately constant for the circle, as one can see an almost
straight line in the centre of mass position (FIG. 7), while
it significantly increases for asymmetric shapes.

The change in the shape of the semicircle, however, is
very strong, so the final result becomes not representa-

TABLE I. Table of parameters used in carried out simulations.
Only parameters that we change for different simulations are
shown here. Plots of variables in the main text are used to
identify simulations.

Stmulation| g, (um)|¢ (Pas/um®)| ¢! (kPa/um?)
figures
0] 175.74 0.1 0
FIG.5 | 2] 178.33 0.1 0
2r] 195.93 0.1 0
| 248.54 0.1 0
0| 175.74 0.1 5.107°
FIG. 6 | 5| 17833 0.1 5-107°
27| 195.93 0.1 5-107°
m | 248.54 0.1 5.107°
0| 175.74 0.1 -5-107°
FIG. 9 | 3| 17833 0.1 —5-107°
201 195.93 0.1 -5-107°
m | 248.54 0.1 -5-107°
FIG. 10 |« | 248.54 0.1 —107°
27 —6
FIG. 11 | 3| 195.93 0.1 —5-10
m | 248.54 0.1 —5.107°
FIG.14 | 0| 175.74 0.1 1074
—4
FIG. 15 |0] 175.74 10.0 10
0| 175.74 0.1 107%
—5
FIG. 16 L7 | 248.54 0.1 —2.10
m | 248.54 0.1 —-5.1076
_-"/
g ey
£
3
Z aof -0
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= — 271/3
5 20+
n
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FIG. 6. Evolution of the centre of mass velocity of simulated
cell clusters with four different shapes (solid lines). Traction
(dashed lines) and spread (dotted lines) integrals are also plot-
ted. A stiffness gradient is applied upwards.

tive. An example of this shape change is seen in FIG.
8, where the final figure is chosen so it is still physically
representative. The excessive thinning at the end also
explains its dramatic decrease in area and final slowing
down (it can be seen in FIG. A2 in appendix). The used
parameters are in TABLE 1.

The next logical step one may consider is to apply a
negative stiffness gradient, so durotaxis and shape effects
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FIG. 7. Evolution of the centre of mass position of simulated
cell clusters with four different shapes. A stiffness gradient is
applied upwards.
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FIG. 8. Change of shape undergone by a cell cluster initially
shaped as a semicircle in the presence of durotaxis. The ve-
locity field is also plotted.

would compete with each other. Of course, results show
that the shift in velocity is now negative, as one can see
in FIG. 9, but it is interesting to see that the semicircle
finally reaches the positive velocity and its displacement
backwards is relatively small. The vertical displacement,
change of area and moments of inertia can be seen in
FIG. A3 in the appendix.

The change of shape in the case of the semicircle is sim-
ilar to the previous one, despite the durotaxis effect being

applied in the opposite direction. The used parameters
are in TABLE 1.
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m
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Time[h]

FIG. 9. Evolution of the centre of mass velocity of simulated
cell clusters with four different shapes (solid lines). Traction
(dashed lines) and spread (dotted lines) integrals are also plot-
ted. A stiffness gradient is applied downwards.

1. Shape sensing motility vs durotaxis

A tighter case can be seen when tuning parameters.
For a low enough stiffness gradient, the effect of the shape
can be stronger than the durotaxis and the centre of mass
velocity is still positive (upwards in our simulations). The
evolution of this velocity is plotted in FIG. 10, where we
see that the system advances in spite of the durotaxis.
In the end, it slows down because of the deformation it
suffers, but the effect is still clear. This way, we see that
the shape-sensing motility is relevant when directing the
motion of a cell cluster.

300 ]
25+ .
20+ :
150

10f ]

CM Velocity [um/h]

Time[h]

FIG. 10. Evolution of the centre of mass velocity (solid line)
for a semicircular cell cluster on a substrate with a downwards
stiffness gradient. Traction (dashed line) and spread (dotted
line) integrals are also plotted.

We can obtain these results for other shapes. When
considering a domain with ¢ = %’T and a small enough
downward stiffness gradient, the effect of the shape ini-

tially makes the system move forward. Moreover, global
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dynamics increases asymmetry, which also increases the
effect of the shape. This phenomenon can lead to an en-
hanced displacement under some conditions, going even
further than a semicircular cluster. FIG. 11 shows this
case, where the cluster with ¢ = 2?” advances more than
the one with ¢ = 7 (semicircle), being both over a sub-
strate with the same stiffness gradient. The change of
shape can be seen in FIG. 12. The used parameters are
in TABLE L.

2501

200

150

— 2mn/3
100
- n

501

CM y-displacement [pm]

Time[h]

FIG. 11. Evolution of the position of the centre of mass for
two cell clusters of different shapes under the effect of duro-
taxis applied backwards. The simulation of the system with
¢ = m ends sooner because it stops being physical before, but
it can still be seen how the other system advances further.

C. Preservation of circular symmetry

Another interesting case we can observe in the previous
simulations is that the circular system remains circular
during the whole simulation. From what we can observe,
there doesn’t seem to be any deformation, as it is seen
in FIG. 13, where only a translation and an expansion
occur. Moreover, if we analyse the evolution of the mo-
ments of inertia in the z and y axes (FIG. 14), we can
see that they coincide at all times, supporting the idea
of shape-preserving.

This situation is not very intuitive, as one may think
that, being on a stiffer substrate, the front of the cluster
would advance faster. However, one has to recall that
durotaxis is a collective effect and the whole system has
to be considered at all times. Moreover, hydrodynamic
couplings might also play a role in shape-preserving. This
case shows that possible phenomenologies are difficult to
correctly guess without simulations.

The case in the dry limit, where there are only very
low-range hydrodynamic interactions, shows much softer
durotaxis, so the movement of the cluster is almost zero
(apart from its shrinking). This can be seen in FIG. 15,
where a comparison with a cluster in the wet limit can be
seen for their centre of mass positions. However, as there
is no displacement, a change of shape cannot be seen, but
the relevance of hydrodynamic interactions becomes also

10
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FIG. 12. Change of shape undergone by a cell cluster initially
shaped with ¢ = %’T in the presence of durotaxis. The velocity

field is also plotted.

evident for the durotactic effect. This dry limit applies
a much stronger friction to the simulation. The used
parameters are in TABLE 1.

D. Change of shape under durotaxis

Finally, we can also mention that applying different
stiffness gradients to a system with the same shape does
not affect how this shape evolves very much. In our case,
we applied durotaxis with two different intensities to the
same system and we could observe how the change in
area and moments of inertia was almost the same for
both. This means that the geometric evolution of the
system is not very sensible to the durotactic effect. These
moments of inertia can be seen in FIG. 16, where they

almost coincide at all times. The used parameters are in
TABLE 1.
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FIG. 13. Circular cell cluster at the beginning (top) and the
end (bottom) of a simulation, preserving its shape, in the
presence of durotaxis. The velocity field is also plotted.
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FIG. 14. Moments of inertia in the z (solid) and y axis for a
circular cell cluster. Its movement is induced with durotaxis
and the system shows spreading, especially at the end of the
simulation.
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FIG. 15. Evolution of the centre of mass position for two
circular clusters with the same initial conditions in the dry
and wet limits. A stiffness gradient is applied upwards.
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FIG. 16. Moments of inertia for two semicircular cell clus-
ters where different levels of durotaxis are applied downwards,
with ¢} = —2-107° kPa/um? and ¢} = —5-107% kPa/um?.

ANALYTICAL RESULTS FOR THE
CIRCULAR CASE

VII.

A. Solutions and limitations of the velocity field

The homogeneous equation we have can be written like
a modified Bessel equation with some small differences,

2

a2
whose solutlion can be obtained via the changes of vari-
ables v = r1u and = = {, which lead to the expression

5 0%
r
Or?

1 Ov

57"5 — + 1) v = O, (37)

T

. (39)

Vh (1) = A’}"%I\/ﬁ ( ) +BT%K\/ﬁ (C) .

A T T\
In most cases, the constant B will be taken as zero, as
modified Bessel functions of the second kind diverge at
the origin. However, we will keep it for now to study the

particular solution.
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FIG. 17. Velocity profile in terms of the radius for a circular
cell cluster without durotaxis.

1. Particular solution of the circular system

Unfortunately, we don’t have a particular solution for
this problem, so everything from now on has to be com-
puted with approximations or numerically. Notice that
solutions given in [9] are not valid in this case, as he
neglects friction, while this phenomenon is crucial for us.

Nonetheless, we can use the theory on variation of pa-
rameters [21] to obtain an expression for the particular
solution in term of several integrals of Bessel functions.
Beginning with a general expression for this solution,

Up (r) = ur (r) vy (1) +uz (r)v2 (1), (39)
where u; (r) and usy (r) are unknown functions and vq (r)
and vq (1) are each modified Bessel function is the homo-

geneous solution. By solving the system and integrating
it, we can obtain an expression like

B0, ,
—u ) [ 2 ) [ o

where f (r) is the inhomogeneous term of equation (15)
and the Wronskian is just

vp (1)

L
NG

This way, a fairly big number of integrals is obtained.
The final expression can be found in the appendix, de-
spite it is not used in this paper for any further purpose.
As we mentioned, a closed expression cannot be obtained
for the particular solution of the velocity field. However,
we can use the obtained results to discuss different char-
acteristics of our system. Moreover, the numerical cal-
culation of this solution is in FIG. 17. Notice that this
solution is not valid when there is a stiffness gradient.

W (r) = w1 (r) vy (r) —va (r) v} (r) = (41)
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B. Circular system with durotaxis

As an ansatz, one could imagine that the global veloc-
ity field solution when considering durotaxis is a combi-
nation of the solution studied before and a centre of mass
velocity guided by the stiffness gradient. With this, we
would have a global solution like

v =vo+ve, (42)
where vy is the velocity field solution of equation (15),
which is also solution of equation (6), and vy can be
written like

Vi = VCMj =Voum (sin 0F + cos 09) , (43)
assuming that the stiffness gradient is applied in the ¥
direction.

This approach assumes that the durotactic effect would
be a perturbation to the zero-order solution, vg, which is
compatible with the behaviour observed in experiments
[12], where durotaxis defines a preferable direction move-
ment for cell clusters, but its effect is relatively small and
it can be compared to noise for small enough clusters.

Moreover, this idea implies that the cell cluster pre-
serves its circular shape, so, if the proposed idea is con-
sistent, our equations will be valid at all times, changing
only the vertical coordinate, y, along simulations. This
has been observed in our simulations also (FIG. 13), as
we mentioned in the corresponding section.

We should also consider equation (19) when dealing
with this problem, as its result has to coincide with our
assumption if it is true. In the simpler case with radial
symmetry, the second integral vanishes due to symmetry,
while the first can be simplified so the centre of mass
velocity is given by

Ver = (44)

¢ / f 2

ac |, r“p(r)dr,
where we already replaced the traction with its linear
expression when considering durotaxis.

Now, to test our hypothesis, we can analyse our equa-
tions again. We have to consider that both the Laplacian
and the gradient of the divergence of the ¥ vector are zero
(notice that this is independent of the coordinates sys-
tem). This way, introducing our ansatz in equation (6)
with a linearly changing traction, we see that

G

v, = 2

e
A clear problem arises here. As we see in (43), our
assumption for the translational velocity has both ra-
dial and angular components, while the polarity field is
the only contribution in the equation obtained from the
model, but this field is only radial. This way, we have a
mathematical restriction of the angle coordinate, which
is not possible from a physical point of view. So we can
see that the actual case is much more complex.

(r — Rear) sinOp. (45)
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This result means that the circular shape is not ex-
pected to be preserved. Simulations seem to show this
symmetry conservation, so the effect of durotaxis in the
shape might be very small. Another possibility is that
the hydrodynamic coupling given by a large A avoids a
noticeable difference between the velocity of the upper
and lower extremes in the circle. More research in simu-
lations might be done to observe compatible results.

VIII. CONCLUSIONS

Our study of the active polar fluid model has given
us many different and important results. Some of them
are well known and can be used to confirm what oth-
ers have studied, we have also observed many non-trivial
behaviours, some of them never studied before. As a
first achieved goal, we have accurately characterised sev-
eral properties of the studied model, obtaining the basic
equations that govern it and developing them for the cir-
cular case. More interesting is the general case where
we observe how the characteristic lengths of the model
determine the global behaviour of the system. From this
analysis, we have noticed the importance of contractility
for creating a certain vorticity in the fluid, allowing it to
show a coherent movement.

Many relevant results we obtained come from simula-
tions. First, we have observed the effect of the shape on
the system’s dynamics. Under appropriate conditions,
the desired migration is observed for asymmetric shapes,
increasing the cluster’s displacement when its shape is
more asymmetric. Semicircular clusters have shown how
this effect can be outstanding. This result was already
observed by [16], but we also introduced durotaxis. As
we expected, a stiffness gradient made all systems ad-
vance or go backwards. However, the most interesting
result has been obtained from mixing both durotaxis and
shape-sensing motility to make them cooperate or com-
pete, showing a huge variety of possible outcomes. Some-
thing remarkable has been that, for small enough traction
gradients, the shape of the cluster can be enough to make
it overcome a negative durotactic effect and advance.

We also have to state some curious phenomena we ob-
served from these simulations. As deformation becomes
excessive in non-circular simulations, one has to notice
that systems finally reach non-realistic shapes. This
points out that some modifications in simulations might
be done to avoid these effects. However, assuming that a
certain deformation is acceptable, we observed how very
asymmetric shapes end up playing the opposite role and
slow down the cluster’s advance. This way, some more
symmetric shapes might be more efficient under some
conditions. We also observed how these deformations do
not depend very much on the applied stiffness gradient,
so they basically are a consequence of the initial shape.

A last interesting result we got from simulations is the
fact that a circular cell cluster under the effect of duro-
taxis remains circular despite its movement and expan-
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sion (or shrinkage). This result was not expected and it
is assumed to be a result of considering a large hydrody-
namical length, A, that correlates the whole system and
allows it to preserve its shape. Analytical results con-
cerning this case have shown, however, that the change
in the velocity field due to durotaxis is not just the addi-
tion of a translation velocity, but the velocity field glob-
ally changes. The only assumption one can make with re-
spect to this problem is that the velocity at the boundary
is in some way modified by the addition of this velocity.

Finally, we aimed to obtain a solution for the veloc-
ity field in the circular case without durotaxis, which is
the only one that preserves the radial symmetry. Re-
ducing our problem to a one-dimensional one, we could
obtain all equations that govern the system and obtain
explicit analytical solutions until a certain point. De-
spite the homogeneous equation for the velocity having
a known solution, the particular one resulted in several
integrals of modified Bessel functions and so, its final ex-
pression could not be found. However, we could perform
numerical integrals to obtain a graphical functional form
compatible with what is observed from simulations. This
way, the velocity profile shape could be obtained, some-
thing never done before when including friction in the
model.

APPENDIX
A. More magnitudes plots

We now present plots of additional properties com-
puted from simulations that were not relevant to our
study. FIG. A1 compiles these properties for simulations
without durotaxis, while FIG. A2 and A3 show the equiv-
alent plots for the upwards and downwards durotaxis,
respectively.

B. Velocity profile expression

To simplify (a bit) notation, we can define integrals of
modified Bessel functions like

#1(61)""7/"”(5”)

vi(a1),...,vn (o)

= /Iy1 (1) .1, (apz)-
‘K, (biz)...K,, (Bnzx) 2 dz,

(z;7) =

(A1)

the particular solution can be written like in equation
(A2), but it is still hard to manage and we do not use it.
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