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Abstract. We obtain restrictions on the rational homotopy types of map-
ping spaces and of classifying spaces of homotopy automorphisms by
means of the theory of positive weight decompositions. The theory ap-
plies, in particular, to connected components of holomorphic maps be-
tween compact Kahler manifolds as well as homotopy automorphisms
of Kéhler manifolds.
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1. Introduction

Weight decompositions on algebraic objects are often useful to limit the range
of the structure maps involved, leading to non-trivial homotopical conse-
quences. A main source of weight decompositions is Deligne’s functorial the-
ory of mixed Hodge structures on the rational cohomology of any complex
algebraic variety. Part of the data of a mixed Hodge structure is the weight
filtration, an increasing filtration defined at the level of rational vector spaces.
There is a functorial weight decomposition on the Sullivan minimal model
of the underlying complex analytic space of any complex algebraic variety
in such a way that, in cohomology, it recovers the graded pieces of Deligne’s
weight filtration. Moreover, for a smooth variety, the weight decomposition
on the model is positive (see [26]; for the functorial statement, see also [10] or
Theorem 4.9 of [2]). In the case of smooth projective varieties or, more gen-
erally, compact Kéhler manifolds, weights are not only positive but actually
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pure, a property that is equivalent to having formality [16]. In particular,
one may think about the property of having positive weights as a weaker
situation than formality, but still homotopically restrictive.

Positive weights on general commutative differential graded algebras
were first considered by Body and Douglas in [3,4], who showed that positive
weight decompositions lead to unique factorizations of rational homotopy
types. In the related work [8], Body, Mimura, Shiga and Sullivan used positive
weights in order to characterize p-universal spaces. We refer to [1,2,13,25,27]
for more recent applications of positive weights in various geometric and
topological contexts. In [12], some homotopical properties of algebras with
Z/hZ-graded weight decompositions are studied.

In an effort to further understand the homotopical consequences of hav-
ing positive weights, in this paper we deploy weight-graded basic results in
homotopy theory. In particular, we show that if a differential graded algebra
carries positive weights and has finite-dimensional cohomology, then there is
a transferred structure on the cohomology H and some finite number k > 3
such that the higher A..-operations p,,: H®" — H vanish for n > k. The
same argument shows that the n-tuple Massey products on cohomology are
all trivial for sufficiently large n.

A topological space X is said to have positive weights if it admits a model
in the sense of Sullivan with a positive weight decomposition: there is a quasi-
isomorphism of commutative differential graded algebras A — A, (X) such
that A = @pzo A, admits a non-negative weight-grading compatible with
the differential and products, and such that Ag is concentrated in degree
0. Here A,;(X) denotes Sullivan’s algebra of piece-wise linear forms on X.
Equivalently, we might ask for a Lie model in the sense of Quillen with a
negative weight decomposition. Note that formality and coformality both
imply positive weights. The main goal of this paper is to study the behaviour
of weights on the rational homotopy types of mapping spaces and homotopy
automorphisms. We prove:

Theorem 1.1. Let X be of the homotopy type of a finite CW-complex and
let Y be a connected nilpotent space of finite Q-type having positive weights.
Let ¥: X — Y denote a constant map. Then the connected component of
map(X,Y) which contains ¥, has positive weights.

This is proved in Sect. 4.1 (see Theorem 4.12). We actually prove a
more general result for not necessarily constant maps satisfying a weight-
preserving property (see Proposition 4.11) which in the context of complex
geometry leads to the following result:

Theorem 1.2. Let f : X — Y be a holomorphic map between compact Kdihler
manifolds, where Y is nilpotent. Then, the connected component of the map-
ping space map(X,Y) which contains f, has positive weights.

The above result is actually true for any formal map between formal
topological spaces. Formal spaces have pure weights but, in general, the purity
of the domain and codomain is not inherited to the mapping spaces. More
generally, the connected component of a formal map between formal spaces
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is not necessarily formal (see [19,32]). Note as well that mapping spaces do
not have positive weights in general. Therefore the above results give new
and non-trivial homotopical obstructions for mapping spaces.

For an arbitrary map of complex algebraic varieties we also obtain re-
stricted weights, but these are not necessarily positive. Such weights may be
interpreted as part of a mixed Hodge structure on the models for mapping
spaces of complex algebraic varieties. Note that the mapping spaces we are
considering are purely topological (no algebraic condition except for the fact
that we pick a connected component of an algebraic map) and so have a pri-
ory no reason to carry mixed Hodge structures. Therefore, our results exhibit
in some sense the motivic nature of mapping spaces.

In [23], Lupton and Smith show that for a formal space, the universal
cover of the classifying space of the space of its homotopy automorphisms
has positive weights. We extend this result to the coformality and pointed
setting:

Theorem 1.3. Let X be a simply connected space of the homotopy type of a
finite CW-complex. If X is formal or coformal, then the universal covers of
Baut(X) and Baut.(X) have positive weights.

This is proved in Sect. 4.2 (see Theorem 4.15). Again, in the case when
the initial space is a complex algebraic variety, the above result may be un-
derstood as a manifestation of a mixed Hodge theory inherited by homotopy
automorphisms.

We also endow algebraic models for algebraic constructions related to
the free and based loop spaces with weights inherited from weight decompo-
sitions on the original space.

We briefly explain the structure of this paper. The algebraic models of

mapping spaces turn out to be more accessible through Quillen’s approach
to rational homotopy, via differential graded Lie or L.,-algebras. With this
in mind, we first review the theory of weights in this setting and show how
weights are naturally transferred between the Sullivan and Quillen approaches
to rational homotopy theory. We do this in Sect. 2, where we also show that
the main constructions in rational homotopy (such as minimal models and
homotopy transfer theory) generalize to the weight-graded setting, comple-
menting work of Douglas [17]. Section 3 is devoted to the study of partic-
ular properties of weights. We review the notions of purity and of having
positive weights. We also consider an intermediate situation where weights
are restricted to live in a certain segment. All of these restrictions lead to
non-trivial homotopical consequences. We also review two main sources of
weights: the weight decompositions induced from formality and coformality
respectively. In Sect. 4 we prove the main theorems of this paper on mapping
spaces and classifying spaces of homotopy automorphismes.
Conventions. We will be using a cohomological convention even for the dgla’s,
and we reserve the lower index for weights. In particular, Lie models, homol-
ogy, and homotopy groups of spaces will be concentrated in negative coho-
mological degrees.
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2. Weights in Rational Homotopy

In this section, we review the notion of weight decomposition on a differential
graded algebra and promote basic homotopical constructions to the weight-
graded context. For practical purposes, we focus on the commutative and Lie
settings, although a general operadic approach is also possible.

2.1. Weight-Graded Algebras

All algebras in this section will be over a field k of characteristic zero. Recall
the following definition from [3,26].

Definition 2.1. Let (A, d,-) be a non-negatively graded dg-algebra over 1. A
weight decomposition of A is a direct sum decomposition

A“:@Ag

PEL
of each vector space A™, such that:
(1) dA7 C A7 for all n > 0 and all p € Z.

(2) A;} . A;" - AZL’I" for all n,m > 0 and all p,q € Z.

Given z € A} we will denote by |z| = n its cohomological degree and by
w(x) = p its weight.

Definition 2.2. A weight decomposition on a cdga A is said to be positive
(negative) if A has weight 0 and A is concentrated in positive (negative)
degrees for all ¢ # 0.

It follows from the definition that the cohomology of A has an induced
weight decomposition by letting H™(A), := H"(A,). Also, if A is unital
weight-graded, then the unit 1 € A is of weight-zero.

Remark 2.3. The above definition has its obvious adaptation to other op-
eradic algebras. In the case of a dg Lie algebra (dgla), to have a weight
decomposition one just asks that both the differential and the Lie bracket pre-
serve weights, while for dg-coalgebras, the differential and coproduct should
preserve the weights. In the case of A, Cs or L, algebras, weight decom-
positions should be preserved by all structure maps j,, : A" — A.

Definition 2.4. The dual of a finite type commutative dg-coalgebra (cdgc) C
with a weight decomposition gives a commutative dg-algebra (cdga) CV with
a weight decomposition, by letting (CV), := (C_,)". The same is true for
the passage from finite type cdga’s to cdgc’s.

2.2. Chevalley—Eilenberg and Quillen Constructions

Under some connectivity hypotheses, there is an adjunction between cdgc’s
and dgla’s, given by the Chevalley—Eilenberg and Quillen constructions (see
for instance [18, sect. 22]). We promote this adjunction to the weight-graded
setting.

First, the Chevalley—Filenberg coalgebra construction associates, to any
dgla L, a cdge Cf (L) whose underlying complex is the Chevalley-Eilenberg
complex of L. As a graded coalgebra we have that

Cop(L) = A°(s7'L),
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where A¢(V') denotes the free coaugmented graded cocommutative coalgebra
generated by the desuspension s~'V of V, which in each degree is given by
(s7'V)m ;= V"1 The differential on C} (L) is given by d = d, +dg, where

do(s™ Loy A Tp) = Z:I:s A A As Moz A AsT e,

and

dg(s™tay Ao A sTray)
i P 1

—Zis [, 2] A s~ xl/\-~-/\s—1xi/\~--/\S—lxj/\~--/\s_ Ty

If the dgla L carries a weight decomposition, we obtain a weight decomposi-
tion on the cdge Cf (L) by setting
w(s™ ey A AsT ay) = w(e) 4 Fw(y,).
The Chevalley—Eilenberg coalgebra construction is also defined for an L..-
algebra (L, ¢;), with the differential on C} (L) given by
d(s™rzy Ao ANsT )

—Z Z Al (Tiys e i, ) AT Ty A Aslzg A As—laz;

This differential is weight preserving provided that the L..-algebra carries a
weight decomposition.

By Definition 2.4, dualizing this construction, the Chevalley—Eilenberg
cdga

op(L) = CE‘E(L)V
of a dgla of L,-algebra with a weight decomposition, inherits a weight de-
composition. Note that this is only defined for dgla’s and L..-algebras of
finite type. _

Given a coaugmented cdge C' we obtain a reduced cdge €' := C/k1 on
which the reduced coproduct A: C' — C' ® C is given by A(c) = Ac) —¢®
1 — 1 ® c¢. The Quillen construction associates to C' the dgla £*(C), given
as a graded object by

L*(0) == 1L(s0),
where LV denotes the free graded Lie algebra generated by V. Its differential
is the unique derivation on .Z*(C) that satisfies
d(sc) = —sdc(c) +[—,—] o (s ® 5) 0 Ac)
for every ¢ € C. If C has a weight decomposition, we obtain a weight decom-
position on Z*(C) by letting
w([ser, [ .-y [sen—1,8¢n] .. ]) == w(er) + -+ - + w(cg).

By Definition 2.4, if A is a graded augmented cdga of finite type with a weight
decomposition then its Quillen dgla construction

L(A) = LAY
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has a weight decomposition. The following is a promotion to the weight-
graded setting of the well-known adjunction between the Chevalley—FEilenberg
and Quillen constructions. The classical proof (see for instance [24]) adapts
mutatis mutandis to algebras with weights after considering weight-preserving
twisting morphisms:

Proposition 2.5. Let A be a cdga of finite type and L an L. -algebra, both with
weight decompositions. There are weight preserving quasi-isomorphisms

Go: AGp(ZL(A) — A and qp: L*(Cég(L)) — L.

2.3. Weights on Algebraic Models

Recall that a cdga A is said to be connected if it is unital and A = A/kl
is concentrated in positive cohomological degrees. The homotopy theory of
cdga’s has its obvious adaptation to the weight-graded setting. We review
some main results on minimal models for cdga’s and dgla’s respectively.

Definition 2.6. A weight-graded cofibrant cdga is the colimit of free weight-
graded extensions A; = A;_1 ®4 AV}, starting from Ay = k, where each Vj is
a bigraded vector space where the weight grading is concentrated in weight
i. It is said to be minimal if such extensions are ordered by non-decreasing
positive cohomological degrees. If A is a cdga with a weight decomposition,
then a weight-graded cofibrant (resp. minimal) model of A is given by a weight
preserving quasi-isomorphism M — A where M is a weight-graded cofibrant
(resp. minimal) cdga.

The original construction of minimal models for connected cdga’s ex-
tends to the weight-graded setting without surprises. In Lemma 3.2 in [2],
it is shown that positive weights are preserved under the minimal model
construction. In fact, the same proof gives the following:

Lemma 2.7. Let A be a connected cdga with a weight decomposition whose
induced decomposition in cohomology is positive. Then, there is a weight-
graded minimal model of A with a positive weight decomposition. This is
unique up to weight-graded isomorphism.

A dgla L is said to be connected if it is concentrated in non-positive co-
homological degrees. Minimal dgla models are defined and constructed anal-
ogously: in the simply connected case (dgla’s concentrated in strictly neg-
ative cohomological degrees) minimal dgla models exist (see e.g. [18, §24]).
Neisendorfer [28] conjectured that connected dgla’s with nilpotent cohomol-
ogy also admit minimal models. This is to the knowledge of the authors not
proved, but a completed version of the statement holds (see e.g. [6, Proposi-
tion 3.16]). However, quasi-free (not necessary minimal) dgla models for such
dgla’s always exist and are given by .Z*(C&g(L)). If AL g (L) is formal, then
a minimal dgla model for L is given by Z(H*(Ag5(L))). By Proposition 2.5,
these models promote to the weight-graded setting. Moreover, we have:

Proposition 2.8. Let AV be a connected weight-graded cofibrant cdga and LW
be a connected weight-graded cofibrant dgla.
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(a) There is an isomorphism of bigraded vector spaces
H*(V)Y =2 s H*(ZL(AV)).

(b) There is an isomorphism of bigraded vector spaces
H*(W) 2 sH* (Cop (LW)).

Proof. By Proposition 2.5, the quasi-isomorphism ¢,: AL (L (AV)) — AV
preserves weights. The induced map on the indecomposables s.Z(AV)Y — V
is a quasi-isomorphism (see [24, §12.1.3]) which is also weight preserving.
Dualizing this quasi-isomorphism we obtain the first statement. The second
statement is proved similarly. O

2.4. Weight-Graded Homotopy Transfer

Let O be one of the operads Ass, Com or Lie. Recall that for these specific
operads, an O,-algebra structure on a differential graded vector space A is
completely determined by a collection of maps p;: A®" — A, with ¢ > 1,
where p; is the differential of A and the collection {u;} satisfies certain com-
patibility conditions depending on the operad O. When considering weight-
graded Oy-algebras such operations are assumed to preserve weights. There
are obvious notions of weight-graded 0o-Os-morphism and weight-graded
minimal O,.-models.

The following result appears in [9] in the Lie setting (see also [15] for
a similar result in the setting of mixed Hodge algebras). The proof is an
adaptation to the weight-graded setting of the classical proof and works more
generally for other operadic algebras.

Proposition 2.9. Let O be one of the operads Ass, Com or Lie.

(a) Weight-graded minimal O -models exist and are unique up to weight
preserving 00-Oqs-isomorphisms.

(b) The inverse of a weight preserving 00-Oq,-isomorphism is also weight
preserving.

(c) A weight preserving c0o-Ou, -quasi-isomorphism has a weight preserving
homotopy inverse.

Proof. We sketch the idea of the proof for completeness. Let (A, {ux}) be a
weight-graded Oy .-algebra and B a weight-graded dg vector space. Assume
there is a homotopy retract

hCAéB

where p, i and h are weight preserving and p and i are cochain maps. Then,
there is an explicit formula for a transferred O-algebra structure (B, {n;})
where each 7y is given as linear combinations of maps given as compositions
of p, i, h, and g, where ¢ < k (we refer the reader familiar with the theory
of operads to [24, §10.3]). Since all of these maps are weight preserving, it
follows that 7y is also weight preserving.

One also shows that i extends to an 0o-O,-quasi-isomorphism

i (B Ani}) ~ (A {na}),
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whose explicit formula is again given by linear combinations of maps given as
compositions of the maps mentioned earlier (see [24, §10.3.5]). Since there ex-
ists a weight preserving homotopy retract in which B = H*(A) the existence
part of statement (a) follows.

For the uniqueness part, we need some more: If B = H*(A), then one
can show that also p extends to an co-Cy-quasi-isomorphism p>°, which by
similar arguments as above is weight preserving.

Statement (b) is proved again by inspecting the explicit formula for the
inverse of a weight preserving oo-isomorphism {fx}: A ~» B (which again is
a linear combination of compositions the maps that are weight preserving).
Now given all this, the proof of [24, Theorem 10.4.4] holds word by word in
this setting as well, yielding the proof of (c).

The uniqueness part of (a) follows, since any two minimal weight-graded
models will have a weight-graded oco-quasi-isomorphism between them, which
is a weight-graded oo-isomorphism by minimality. O

2.5. Algebraic Models of Spaces

The rational homotopy type of any nilpotent space X of finite type is alge-
braically modelled by either cdga’s (as in Sullivan’s approach) or by dgla’s
(as in Quillen’s approach). The Sullivan minimal model of a connected topo-
logical space X, defined uniquely up to isomorphism, is given by a minimal
cdga cofibrant model of the algebra of piece-wise linear forms A,;(X) on X.
On the other hand, if X is simply connected, then the Quillen minimal model
of X is given by a minimal dgla model of the Lie algebra A(X), where A de-
notes Quillen’s construction in [29]. Note that A is only defined for simply
connected spaces, but the theory of dgla models can be extended to nilpo-
tent spaces of finite type by taking first a Sullivan minimal model and then
applying Quillen’s functor £ from finite type cdga’s to dgla’s (see [28]). A
further extension of Quillen models to general topological spaces (not neces-
sarily connected or nilpotent) is treated in [6]. Recall that a topological space
is said to be formal if it has a formal Sullivan model. It is called coformal if
it has a formal Quillen model.

By Propositions 2.5 and 2.9, a weight graded algebraic model for X
(cdga, Co-algebra, dgla, Lo.-algebra) is uniquely represented, up to weight-
graded isomorphism in the corresponding category, by either a weight-graded
cdga minimal model, a weight graded minimal Cy,-algebra model or a weight
graded minimal L..-algebra model.

In the simply connected case, a weight graded algebraic model is also
uniquely represented by a unique weight graded minimal dgla model. In the
non-simply connected case, it is not known whether minimal dgla models
always exist (Neisendorfer conjectured their existence, and a proof of a com-
pleted version of the Neisendorfer conjecture can be found in [6, Proposi-
tion 3.16]). In Sect. 4.4, we discuss properties that guarantee the existence of
such models.

Remark 2.10. A non-trivial weight decomposition on a Sullivan minimal model
AV for a nilpotent space X of finite type is a source of weight decomposi-
tions on the rational homotopy groups in two different ways. First, there is



MIOM Weight Decompositions on Algebraic Models Page 9 of 26 156

~

an induced weight decomposition on H*(V) = 72(X)V. Second, there is an
induced weight decomposition on

H (L (AV)) =72 (0X) =72, _(X).

By Proposition 2.8(a) these two weight decompositions coincide.

Similarly, a non-trivial indecomposable induced weight decomposition
on a dgla model for X is a source of two weight decompositions on the rational
(co)homology of X, which coincide by Proposition 2.8(b).

3. Restrictions on Weights

In this section, we consider various properties that restrict the range of
weights in our algebras. We first introduce the formality and coformality
induced weights. Then review the theory of positive and pure weights and in-
troduce an intermediate property which gives vanishing of higher operations
in cohomology.

3.1. Formality and Coformality Induced Weights

If a nilpotent space X of finite type is formal, then of course it has a
weight-graded model, namely its cohomology H*(X) with weights given by
w(x) = |z|. The theory of weight-graded minimal models gives a unique up to
isomorphism weight-graded minimal cdga model AV — H*(X) and a unique
weight-graded dgla model Z(H*(X)). We call these the formality induced
weight decompositions on the algebraic models for the space X.

Ezample 3.1. Since CP* is formal, its cohomology is its own cdga model: the
algebra Q[u]/(u**1), |u| = 2, w(u) = 2 with the trivial differential is a weight-
graded cdga model for CP¥. The formality induced weight decomposition on
the dgla model of CP¥ is explicitly given by
L(vi,...,0), |vi| =1 = 2i, w(v;) = —w(u?) = —2i, d(v;) = % > ‘[vmvb].
at+b=1

If a nilpotent space X of finite type is coformal, then of course it has a
weight-graded Lie model, namely the rational homotopy groups 7.(2X) ® Q
on the based loop space of X with weights given by w(x) = |z|. If X is simply
connected, there is a unique up to isomorphism weight-graded minimal dgla
model LW — 7, (2X) ® Q and a unique weight-graded Sullivan minimal
model A%, (7 (2X) ® Q). We call these the coformality induced weight de-
compositions on the algebraic models for X. If X is not simply connected it
is still possible to deduce the existence of minimal dgla models, for instance
when X is formal (other cases discussed in Sect. 4.4).

We state two results about formality and coformality induced weight
decompositions that we will use later on.

Proposition 3.2. Let X be a nilpotent space of finite type.
(a) If X is formal, then the formality induced weight decomposition on its
Quillen minimal model LW satisfies w(x) < |x| for every non-trivial
x € LW of pure weight w(x) and cohomological degree |x|.
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(b) If X is coformal, then the coformality induced weight decomposition on
its Sullivan minimal model AV satisfies w(x) < |z| for every non-trivial
x € AV of pure weight w(z) and cohomological degree |x|.

Proof. Given the formality-induced weight decomposition on LW, there is
an isomorphism of weight-graded vector spaces W = s(H*(X;Q))" (see Re-
mark 2.10). In particular, for every x € W we have that w(z) = |z| —1 < |z|.
The proof of the second statement follows similarly. O

Remark 3.3. The above inequalities hold for the cohomologies H*(LW) =
m(QX) ® Q and H*(AV) = H*(X;Q) and thus for the minimal L..- and
Cs-models in respective case.

3.2. Weights on a Tilted Segment and Purity

We now consider weights restricted to a certain segment, generalizing the pu-
rity context. We prove that segmented weights give homotopical restrictions.
We will again assume that O is one of the operads Ass, Com or Lie.

Definition 3.4. Let o > 0 be a rational number and & > 0 an integer. We
say that a weight-graded dg O-algebra A is (a, k)-segmented if H"(A), is
non-trivial only when

an <p<aln+k).

Ezample 3.5. If A is (1,2)-segmented then the weights in the cohomology
H*(A) are concentrated in the segment visualized below:

Weight

7t s

Cohomological degree

Remark 3.6. Being (a, 0)-segmented is equivalent to being a-pure in the sense
of [11]. If @ = a/b with a and b coprime, this implies that H*(A) is concen-
trated in degrees that are divisible by b, and H*?(A) is pure of weight ka. In
particular, the case of (1,0)-segmented is the classical purity one encounters
for compact Kéhler manifolds. Note that («, k)-segmented implies (o, k’)-
segmented for every k' > k.
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We will say that an O..-algebra (A, puy, pa,...) has a minimal OZF-
model, if it has a minimal Oy,-model with vanishing operations p,, = 0 for
m > k. Note that having a minimal O52-model is equivalent to formality of

the Oy -algebra. We have:
Proposition 3.7. Fvery weight-graded (a,k)-segmented dg O-algebra has a
minimal O=F+2-model.

Proof. Let (H,0, ua, i3, ...) be a weight-graded minimal Oy-model for A.
Let m > k + 2 and assume to get a contradiction that there are elements
T1,...,Tym € H of homogeneous weights and cohomological degrees such
that py, (21 ® -+ ® x,,) # 0. By taking into account that

i (21 ® - @ @) =2 —m+ Y i,
it follows that the weight of p,, (21 ® -+ ® x,,), satisfies

W (21, .y ) < @ (kz +2—-m+ Z |:CZ|) < az ]
Since p,, is weight preserving it follows that

Wt (1 @ -+ - @ xy,)) > Oéz |3

The two inequalities above contradict each other, yielding that ., = 0.
O

Remark 3.8. A similar argument as in the proof of Proposition 3.7 gives van-
ishing of Massey products of length > k + 2 for any dga with an («, k)-
segmented weight decomposition.

Ezxample 3.9. On the cohomology of a d-dimensional smooth complex alge-
braic variety, weights arising from mixed Hodge theory are concentrated in
the triangle given by the following: Let p denote the weight and n the cohomo-
logical degree. Then the range of weights is given by the following inequalities;
p <dandn <p<2n, as visualized below.

|
|
|
|
|
|
II
|
|
|
|
|
|
|
|
|
|
|
|

|
|
|
|
|
|
|
|
L

di2 d
We see that any d-dimensional smooth complex algebraic variety is
(1,d/2)-segmented, yielding that the ordinary n-Massey products vanish for

n>d/2+2.
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FEzample 3.10. In some situations, there are weight decompositions up to a
certain degree, which are segmented up to this degree. Then, the vanishing of
higher operations is still true in the corresponding range of degrees. This is the
case, for instance, of any compact complex manifold admitting a transverse
Kéhler structure on a fundamental central foliation: by [21] such a manifold
M admits a model which, in degrees < 2 has a weight decomposition where
HY(M) is concentrated in weights 1 and 2, and H?(M) has weights 2, 3 and
4. As a consequence, one infers that there are no k-tuple Massey products of
elements in H'(M) for k > 5.

3.3. Positive Weights

Positive weights together with finite-dimensional cohomology, lead to seg-
mented weights and so give vanishing results of certain higher operations.
First, note that there are various equivalent characterizations for a space to
have positive weights:

Proposition 3.11. Given a nilpotent space X of finite type the following are
equivalent:
(a) X has a cdga model with a positive weight decomposition.
(b) X has a cdga model with a weight decomposition such that the weights
are positive on cohomology.
(¢) X has a dgla model with a negative weight decomposition.
(d) X has a dgla model with a weight decomposition such that the weights
are negative on cohomology.

Proof. That (a) and (b) are equivalent follows from Lemma 2.7. The impli-
cation (a) = (c) follows by applying . to A if A is of finite type. If A is not
of finite type, we might apply .Z to a weight graded minimal Sullivan model
of it, again using Lemma 2.7.

The implication (¢) = (a) follows by applying A% to L if it is of finite
type. If L is not of finite type, we might apply A, to a minimal L.-algebra
model of it; such models exist have positive weights by Proposition 2.9. Hence
(a) & (c).

The implication (¢) = (d) is clear. For (d) = (c), let L be a dgla
model for X where H*(L) has negative weight decomposition. By Proposi-
tion 2.9 it follows that L has a negatively graded minimal L..-algebra model
(H*(L),{¢;}). Now the dgla Z(A%L5(H*(L),{¢:})) is a dgla model for X
which is negatively graded. U

In view of the above result, we define:

Definition 3.12. A topological space is said to have positive weights if it ad-
mits a Sullivan model with a positive weight decomposition or, equivalently,
a Quillen model with a negative weight decomposition.

The following is straightforward:

Proposition 3.13. Let A be a dga with a positive weight decomposition. If
H*(A) is finite dimensional, then there is some a > 0 and k > 0, so that A
is («, k)-segmented.
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As a consequence, k-tuple Massey products on the cohomology of topo-
logical spaces with positive weights vanish for sufficiently large k.

4. Applications

In this last section, we prove our main results on mapping spaces, classifying
spaces of homotopy automorphisms and free and based loop spaces. We also
show that nilpotent spaces with positive weights always admit minimal dgla
models.

4.1. Mapping Spaces

Given a connected space X, and a nilpotent space Y of finite Q-type, Berglund
constructs in [5] explicit Loo-algebra models for the different connected com-
ponents of map(X,Y’). We show that when X and Y carry weight decom-
positions, it is possible to equip the Berglund models with a weight decom-
position, under certain conditions. This applies, for instance, to components
of algebraic maps between complex algebraic varieties or holomorphic maps
between compact Kéahler manifolds.

We first recall the main constructions treated in [5].

Given an L..-algebra (L,{¢;}) let T*L be the span of all possible el-
ements of L one can form using at least k£ elements from L and the maps
Uy, 0y, ... (for instance, 3(z, ¢2(y, 2),£1(t)) belongs to T'*L). This gives a fil-
tration

L=1rLor'ro---.

The L..-algebra is called degree-wise nilpotent if for every cohomological
degree n there is some k such that (I'*L)® = 0. Minimal L..-models for
nilpotent spaces of finite Q-type turn out to be degree-wise nilpotent [5,
Theorem 2.3].

The Maurer—Cartan elements of a degree-wise nilpotent L..-algebra
(L,{¢;}) are given by

MC(L) = {T e L' | Y 4:(r®) /it = o}.

Note that the sum > £;(t®%)/i! converges due to degree-wise nilpotency.
Given a cdga A and an L.-algebra (L, {¢;}), the tensor product A ® L
is an Lo.-algebra (A ® L, {¢{}) where

ff‘((al ®x1)®---®(ai®xi))::|:a1~-~ai®£i(w1®---xi).

If A is connected and bounded and (L, {/¢;}) is degree-wise nilpotent, then
(A® L, {¢}) is again a degree-wise nilpotent L..-algebra and it makes sense
to consider the set of Maurer—Cartan elements MC(A ® L).

Assume now that L is of finite type. Given an element 7 € MC(A® L),
there is an associated morphism

¢r € Homeaga(Acg(L), A)
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defined as follows: Since L is of finite type, we have that the underlying
graded algebra structure of A¥ (L) is given by the free graded commutative
algebra A(s~1L)Y. Then for £ € (s7'L)" we set
pr(£) == (1 @&)(7).
If either A or L is finite dimensional, Berglund [5, Proposition 6.1] shows
that there is an isomorphism of sets

MC(A ® L) — Homeaga(Atp (L), A); 71— 7.

Moreover, the equivalence respects homotopy: two elements in MC(A® L) are
gauge equivalent if and only if their corresponding maps in Homeqga (A (L), A)
are homotopic (in the sense of [18, Sect. 12 (b)]).

Definition 4.1. Given a weight-graded dgla L, let Wy MC(L) denote the set
of weight-zero Maurer—Cartan elements:

WoMC(L) := {r € MC(L) | w(r) =0} = MC(Lyg).

Lemma 4.2. Let A be a weight-graded connected cdga and let L be a weight-
graded connected dgla of finite type. Let 1 € MC(A®L). Then, 7 € Wy MC(A®
L) if and only if o, is weight preserving.

Proof. Assume 7 € Wy MC(A ® L). It is enough to prove that ¢, preserves
the weight on an element in the indecomposables £ € (s71L)Y. Assume ¢ :
s71L — Q is of weight n. Then, it increases the weight by n (in this case, it
vanishes on elements of weights w # —n). For a weight zero, Maurer—Cartan
element

T:Zai@)xi GW()MC(A®L)

we must have that w(a;) +w(z;) = 0 and hence w(a; @ £(s™1z;)) = w(€). In
particular

w(pr(€) = w1 @ &5 (1) = w (Y ai @ &) = w(e).

Hence ¢, is weight preserving.
The proof of the reversed implication is proved similarly. O

For the following result, we will require two standard constructions on
dgla’s:

Definition 4.3. Given a degree-wise nilpotent Lo.-algebra (L,{¢;}) and a
Maurer—Cartan element 7 € MC(L), let (L7, ¢]) denote the T-twisted Loo-
algebra where

1
(1@ @x) =Y bt O @ @),
k>0
Definition 4.4. The n-connected cover of a an Ly, algebra (L, {¢;}), denoted
by (L(n),{¢;}), has an underlying graded vector space given by is given by
L if i < n,
L{n)" = ker(L™ % LYy ifi=n,
0 ifi > n.
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The structure maps are given by restrictions.

Let f: X — Y be a map from a connected space X to a connected
nilpotent space Y of finite Q-type and let A be a cdga model for X and L
be a degree-wise nilpotent L,-algebra model. Then, we say that a morphism
or: ALp(L) — A is a model for fif there are quasi-isomorphisms « and
so that

Azp(L) —T— A

aJ(N B
Ap(Y) 7 Ap(X)
is homotopy commutative. If either A or L is finite dimensional we have
by [5, Proposition 6.1] that ¢, corresponds to a Maurer—Cartan element 7 €
MC(A®L). In this case we say that f: X — Y corresponds to 7 € MC(A®L).
Note that 7 is not unique. Once we fix the quasi-isomorphisms « and 3, 7
becomes unique up to gauge equivalence.
We have all the preliminaries to state a weight-graded version of [5,
Theorem 1.5].

Theorem 4.5. Let X be a connected space with a weight-graded cdga model
A and let Y be a connected nilpotent space of finite Q-type with a weight-
graded degree-wise nilpotent L, -algebra model (L,{¢;}), where either A or L
is finite dimensional. Given a map f: X — Y whose rational homotopy class
corresponds to some T € Wy MC(A® L), then the Lo-algebra model given by
(A® L)7(0) is a weight-graded Lo -algebra model for map’ (X,Y).

Proof. 1f g is a weight-graded L.-algebra and 7 € Wy MC(g), then g7 is also
a weight-graded L..-algebra. The rest follows from [5, §6]. O

Remark 4.6. As shown in Example 4.8 below, algebraic varieties always have

finite-dimensional models and so the above theorem applies. An alternative

description for algebraic models of mapping spaces, where finite-dimensionality
of the initial algebraic models is not necessary, is given in Proposition 1.9 of

[14]. This description might be convenient in order to study the whole mixed

Hodge structure on mapping spaces of algebraic varieties.

We review two main examples where the above theorem applies:

Example 4.7. Let f : X — Y be a formal map between topological spaces
of finite type. This means that there is a homotopy commutative diagram of
cdga’s

AyY)+—— —— H(Y)
fl J{ lH(f)
Ap(X) +— —— H(X)

where the horizontal maps are quasi-isomorphisms.
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For instance, this situation applies to any holomorphic map between
compact Kéahler manifolds. The map
ffrAY) =H*Y) - AX) := H*(X)
is a finite-dimensional model of f which is weight-graded by letting
AR(X)=H"(X) and A} =0 otherwise.

Let Ly denote the minimal L..-algebra model with the formality induced
weight decomposition. Since Ly is degree-wise nilpotent, it follows that Af
(Ly) is a minimal model of A(Y') as weight graded algebras. We obtain a
weight preserving morphism

¢ Aop(Ly) — A(X).

The Maurer—Cartan element 7, € MC(H*(X) ® Ly ) corresponding to ¢ will
then have weight zero.

Ezample 4.8. Let f: X — Y be a morphism of connected complex algebraic
varieties. Such a map is modelled by the morphism of bigraded cdga’s

[ (B(Y),di) — (Er(X),dr)
given by the multiplicative weight spectral sequence (see [10]). It is a finite-

dimensional model and moreover admits a weight decomposition by rearrang-
ing the bidegrees: let

Ap(X) = B PP(X).
Then the map f* : A(Y) — A(X) is a finite-dimensional weight-graded
cdga model of f. Furthermore, in the case of smooth algebraic varieties (not

necessarily projective), the weight decompositions are positive. Arguing as in
the previous example, we obtain a weight preserving morphism

¢ : Aop(Ly) — A(X).
The Maurer—Cartan element corresponding to ¢ will then have weight zero.

Note that in the case of a smooth projective variety X we recover the weight
decomposition of the previous example.

Ezample 4.9. Let e: CP* — CP**" n > 1, be the standard embedding
which is modelled by the projection

Qlul/u* " — Qlu] fu*,

which is a weight preserving morphism. Hence, map®(CP*, CP**") has weight
graded algebraic models by Theorem 4.5 where the weights are inherited from
the formality induced weights on the algebraic models for CP* and CP*+".
We will show that map®(CP*, CP*™") has a minimal Com3F*2-model by
endowing a Sullivan minimal model, computed in [5, §7], with weights. A
minimal model for map®(CP*, CP*+") is given

A=AMzYn Ynt1s - Unk), |2 =2, |y =2r+1, dz=0, dyr:ZTJrl

(see [5] for further details). By explicit computations using the formality
induced weights one gets that

w(z) =2, w(y,) =2r + 2.
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We will prove that A is (1, k)-segmented, and therefore has a minimal
Com=F*T2-model by Proposition 3.7. First, we observe that w(z) = |z| and

that w(y;) = |y;| + 1. Hence,
w(zi, - Yi,) = 12" - yi, | + D

Since yJ2 = 0, it follows that if p > k +1 then 2%y;, ---y;, = 0. From this, we
may deduce (1, % + 1)-segmentation. However, we observe that any element
of cohomological degree ¢ and of weight ¢+ k41 is a multiple of 2%y, - - - Ytk
(where a = £— Z::f (2¢+1)) and those elements are non-cycles. Hence there
is no cohomology class of cohomological degree ¢ and of weight ¢ + k + 1.
From this, we conclude the (1, k)-segmentation.

Remark 4.10. Note that the deduction above is not sharp: weights imply that
there is a Comgok+2—model for map®(CP*, CP*+") but, in fact, map®(CP*,
CPk+m) is formal. Indeed, consider the cdga B = A(z, ¥n, Wni1,- - Wnik)
where z and y,, is as before but with |w,| = 2r + 1 and dw, = 0. Define a
morphism ¢: A — B where

¢(2) = 2, 9(Yn) = Yo and P(Yn+i) = Wnri + 2'Yn.
An inverse ¢: B — A is given by

Qb(Z) =z, w(yn) =y, and ¢(wn+z) = Ynti — 2'Yn-
In particular, B is a cdga model for map®(CP* CP**+™). Moreover we can
decompose B as the tensor product A(z,y,) @ A(wp41) @ -+ A(wp4k) which
is a model for the product

CP" x §2n+3 5 G2n+5 o .. o g2(k+n)+1

In the next two results, we provide conditions that guarantee positive
weights for certain components of mapping spaces.

Proposition 4.11. Let X be a connected space and Y be a nilpotent space of
finite Q-type. Let AV be a minimal model for X and let Ly be a minimal
Lo -algebra model for'Y.

(a) If X and Y are formal and dim(H*(X;Q)) < oo and f: X — Y corre-
sponds to some weight-zero Maurer—Cartan element 7 € Wo MC(H*(X;
Q)®Ly) with respect to the formality induced weights, then map’ (X,Y))
has positive weights.

(b) If X and Y are coformal and dim(72(Y)) < oo and f: X — Y cor-
responds to some weight-zero Maurer—Cartan element T € Wy MC(AV ®
72(Y)) with respect to the coformality induced weights, then map? (X,Y)
has positive weights.

Proof. (a) Let a®b € H*(X)® Ly be an element of non-positive cohomologi-
cal degree, so that |a|+|b|] < 0. Since X and Y are formal, we have w(a) = |a|
and w(b) < |b| by Proposition 3.2(a). In particular w(a®b) = w(a)+w(b) < 0.
From this, we conclude that (H*(X;Q) ® LyW)7(0) is a dgla model for
map’ (X,Y) with negative weights, and thus mapf(X,Y) admits a cdga
model with positive weights by Proposition 3.11. Assertion (b) is proved
similarly, using Proposition 3.2(b) instead. O
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Theorem 1.2 in the introduction for holomorphic maps between Kéhler
manifolds now follows from Proposition 4.11 together with Example 4.7.

We may now prove Theorem 1.1 in the introduction. Note that in order
to get a non-trivial weight decomposition on the tensor product A ® L, it
is enough that one of the algebras has a non-trivial weight decomposition.
Assuming that L has a negative weight decomposition and A has a trivial
weight decomposition, we get that (A® L)(0) has a negative weight decompo-
sition. The only weight-zero Maurer—Cartan element is thus the trivial one,
which corresponds to the constant map.

Theorem 4.12. Let X be of the homotopy type of a finite CW-complex and let
Y be a connected nilpotent space of finite Q-type having positive weights. Let
U: X — Y denote a constant map. Then map¥ (X,Y) has positive weights.

Proof. Since X is of the homotopy type of a finite CW-complex, it has a
finite dimensional connected cdga model A, see for instance [18, Example 6,
p. 146]. Endow A with the trivial weight decomposition. Since the Sullivan
minimal model for Y has a positive weight decomposition, it follows from
Proposition 3.11 that Y has an L..-algebra model L with a negative weight
decomposition. Therefore, by Proposition 4.11, (A ® Ly )®V(0), where triv is
the trivial Maurer-Cartan element, is an L..-algebra model for map? (X,Y)
which admits a negative weight decomposition. O

4.2. Classifying Spaces of Homotopy Automorphisms

For a topological space X, let aut(X) (aut, (X)) denote the topological monoid
of (pointed) homotopy automorphisms, i.e. the space of (pointed) endomor-
phisms ¢: X — X that are homotopy equivalences. If X is of the homotopy
type of a finite CW-complex, then there is a universal X-fibration

X — Baut.(X) — Baut(X).

Given a map f: B — Baut(X), we may apply the based loop space
functor which up to homotopy yields a map Qf: QB — aut(X). If B is simply
connected, then QB is connected, and hence 2 f factors through the connected
component of aut(X) that contains the identity. We denote this connected
component by aut,(X), which again is a topological monoid. Delooping this
factorization gives that f factors through B aut,(X) if B is simply connected.
Hence, B aut,(X) classifies X-fibrations over simply connected spaces, via the
X-fibration

X — Baut, o(X) — Bauto(X),

where aut, ,(X) denotes the connected component of the identity in aut.(X).
It is a standard fact that for every topological group G, that BG,, the classi-
fying space of the identity component of G, is weakly equivalent to BG, the

universal cover of classifying space BG. In particular, B aut,(X) ~ Baut(X)

and Baut, o(X) ~ Baut.(X) are simply connected and of finite type, and
have thus rational cdga and dgla models. The dgla models are expressed in
terms of derivations of certain algebras.
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Definition 4.13. Let A be a cdga, then Der(A) is the dgla of graded deriva-
tions,

Der(A) ={0: A— A | 6(a-b) =0(a)-b+ (—1)?%lg . a(b)1,
where the Lie bracket is given by
[0,m) = 0on— (=1)!*I"lyog

and the differential §: Der(A) — Der(A) is given by [d,—] where d is the
differential of A.

Similarly, one may define the dgla of derivations on a dgla L. A deriva-
tion of a dgla L is a linear map 7n: L — L, such that

nla,b] = [n(a), 8] + (=1)"!a, n(b)].
The dgla of derivations on a dgla L is denoted by Der(L).

Lemma 4.14. Let AV (resp. LW) be a weight-graded cofibrant minimal cdga
(resp. dgla). Then, there is an induced weight grading on the dgla Der(AV)
(resp. Der(LW)) so that

Der(AV) =2 Hom(V,AV) (resp. Der(LW) = Hom(W,LW))
is an isomorphism of bigraded vector spaces.

Proof. We prove the statement for the derivations on the cofibrant minimal
cdga. The statement regarding the derivations on the minimal dgla is proved
similarly.

By definition, if AV is a weight-graded minimal cdga, then V is weight-
graded. Hence, the mapping space Hom(V, AV') has an induced weight grad-
ing; a linear map is of weight w if it raises the weight by w. There is an iso-
morphism of vector spaces Hom(V, AV') = Der(AV'), which induces a weight
grading on Der(AV). A derivation is of weight n if it increases the weight by
n.

The Lie bracket on Der(AV) preserves the weight. Since the differential
on AV preserves weights, the differential @ = [d, —] on Der(AV') is also weight
preserving. U

Theorem 4.15. Let X be a simply connected space of the homotopy type of a
finite CW-complex. If X is formal or coformal, then the universal covers of
Baut(X) and Baut.(X) have positive weights.

Proof. Let AV and LW be Sullivan minimal and dgla models for X, respec-
tively, both endowed with the (co)formality induced weight decomposition. It
follows by the theory of Sullivan [30, p. 313] that a dgla model for B aut,(X)
is given by Der(AV)(—1) (see [22, Theorem 5.1 (1)] for an explicit statement
and proof), and it follows by [31, Corollarie VII.4. (4)], that a dgla model
for Baut. o(X) is given by Der(LW)(—1), which now have induced weight
decompositions (Lemma 4.14). By Proposition 3.11, it is enough to prove
that these Lie models have a cohomology concentrated in negative weights
in order complete the proof.
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Consider the filtration 0 = Fy C F; C ---, where F; is the space
of derivations that vanish on generators of cohomological degree > i. In
particular,

F; = Hom (V=4 AV)

is a weight-graded subcomplex of Der(AV'). This gives rise to a weight-graded
spectral sequence F;’*, that is a spectral sequence where E* is weight-graded
and the differential preserves the weight. We have that

Ep® = Hom(V ™', H¥(AV)) = H'™*(Der(AV))

(c.f. the proof of [7, Lemma 3.5]).

If X is formal then V! = 77?+1(QX)V is concentrated in weights >
—t by Proposition 3.2(a) (and by taking into account the dualization) and
H#(AV) is concentrated in weight s. Hence, Hom(V ~*, H*(AV)) is concen-
trated in weights < s + t. In particular Hom(V %, H*(AV)) has negative
weights if s+t < 0, and consequently H*(Der(AV)(—1)) has negative weights.

If X is coformal, then V= is concentrated in weight —t —1 and H*(AV')
is concentrated in weights < s by Proposition 3.2(b), and thus Hom(V ~*, H*
(AV)) is concentrated in weights < s+t. As before, we conclude that H*(Der
(AV)(—1)) has negative weights.

For the pointed version, we instead consider the spectral sequence

EY® = Hom(W ™!, H¥(LW)) = H'*(Der(LW)),
and use the same type of arguments. 0

Ezample 4.16. It is possible to deduce explicit bounds on the weights for
the explicit dgla models for Baut,(X) and Baut, o(X) when X is finite
dimensional, simply connected and formal or coformal. We will write out
these (not necessarily sharp) bounds for the dgla model for B aut,(X) when
X is formal.

We start by observing that if X is formal and simply connected then a
minimal dgla model for X is of the form L(sH*(X;Q)"). In cohomological
degree n < 0, we have that

LsH (X)) = Y St
Yk ij=—n+tk

where

,,,,, i = [sﬁil(X;Q)v, [sﬁiz(X;Q)v, ce [sﬁi’”“l(X;Q)v, sHi’“(X;Q)v] ]
Since X is formal, H*(X; Q) is concentrated in weight i, and thus an element
of S;, ..., is concentrated in weight Zle(—ij) =n — k. Since X is simply
connected, the maximal value of k for which S’ ; is non-trivial is k = —n
(where all 4; = 2), which gives the minimal possible weight w = 2n. The
minimal value of k£ is 1, and in that case we have that

S = sHTH(X;Q)Y

which is concentrated in weight (n — 1). This is the maximal possible weight.
From this we conclude that the weights in cohomological degree n of the
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minimal dgla model for X and its n’th cohomology 72, (2X) are concentrated
in the interval [2n,n — 1].
Hence, we have that

EY* = Hom(V ™, H*(AV)) = Hom(x%, | (QX)Y, H*(X;Q))

has weights concentrated in the interval [s + 2t + 2, s + t].
If X is d-dimensional, then H*(X) is concentrated in cohomological
degrees < d, and thus the spectral sequence

Ep® = Hom(V ™=t H¥(AV))

associated to Der(AV) is concentrated in s-values satisfying 0 < s < d. In
particular, for every n < 0, we have that

@ E?S — En,O e Enfl,l DD Enfd,d
t+s=n

which has weights concentrated in the interval [2n — d + 2, n].

Theorem 4.15 and the above example apply, for instance, to the theory of
homotopy automorphisms of compact Kéahler manifolds. In the case of com-
plex algebraic varieties (possibly singular and/or non-projective), one may
endow the dgla models for Bauto,(X) and B aut, o(X) with weight decom-
positions or, more generally, with mixed Hodge structures, using the mixed
Hodge cdga models for algebraic varieties of [10]. While the weights on the
dgla models for homotopy automorphisms will not be negative in general, the
presence of a weight decomposition might still lead to homotopical restric-
tions in many situations.

4.3. Free and Based Loop Spaces

In this last section, we endow algebraic models for algebraic constructions
related to the free and based loop spaces with weights inherited from weight
decompositions on the original space.

The singular chains on the based loop space of a topological space X,
denoted by C\(2X), defines a dg Hopf algebra. We have that this algebra
with rational coefficients is quasi-isomorphic to the universal enveloping al-
gebra UL of a dgla model L for X. The universal enveloping algebra functor
preserves weights, and so this gives a weight-graded model for C,(2X;Q)
whenever X has weights. Also, we have:

Proposition 4.17. If X has positive weights then C.(QX;Q) has a dg asso-
ciative algebra model with negative weights.

The above applies, for instance, to any smooth algebraic variety.
The free loop space LX = map(S*, X) on X endowed with the compact
open topology, has an obvious S'-action

g.p(z) = p(g.x) for every g € S* and p € LX.

We denote the space of S'-homotopy orbits by LX//S'. Both LX and
LX//S' are spaces of great importance in geometry for several different
reasons. For instance, if the Betti numbers of the free loop space LM on
a manifold M are unbounded then M admits infinitely many geometrically
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distinet geodesics [20]. The homology of LX and LX//S! are also related
to the theory of Hochschild and cyclic (co)homology since the (co)homology
of LX and LX//S! can be computed as a certain Hochschild and cyclic
(co)homology. The theory of free loop spaces is also connected to homologi-
cal conformal field theories.

Proposition 4.18. Let X be a simply connected space of finite Q-type. A
weight decomposition on an algebraic model for X induces weight decom-
positions on the Sullivan minimal models for LX and LX//S*.

Proof. We will use the models for LX and LX//S' constructed in [33]. Let
(AV,d) be a Sullivan minimal model for X. In order to describe these models
we need to set some notation. Let 3 € Der(A(V @ s~'V)) be the unique
derivation that satisfies 3(v) = s~v and B3(s~1v) = 0. A Sullivan model for
LX is given by

(A(Vas'V),0)
where § is the unique derivation that satisfies §(v) = dv, §(s~'v) = —Bdw.
Likewise, a model for LX//S! is given by the algebra
AV @ s 'V aka),2)
where |a| = 2 and where 2 is the unique derivation satisfying
P2(a) =0, 2(v) =dv+a-s v, D(s ') = —Bdv for every v € V.

Given a weight decomposition for X, then it admits a weight graded minimal
model, and hence, the above models for LX and LX//S' inherit weight

decompositions, with w(s™'v) = w(v) and w(a) = 0. O

4.4. Minimal Lie Models for Nilpotent Spaces with Positive Weights
We end this section by proving that nilpotent spaces with positive cdga mod-
els admit minimal dgla models. In [28], Neisendorfer proves that the rational
homotopy type of a finite type nilpotent space X can be modelled by a
dgla Z(AV), which extends the dgla models of Quillen [29] for simply con-
nected spaces. The Neisendorfer model .Z(AV) is, however, not minimal, and
Neisendorfer conjectured that minimal models for nilpotent spaces exist.

A proof of the completed version of the Neisendorfer conjecture can be
found in [6, Proposition 3.16]. Moreover, one can also deduce the following:

Lemma 4.19. Given a dgla (I[AJ/V, d) with a degree-wise nilpotent homology
such that d(W) C LW C LW, then the completion map (LW, d) — (LW, d))
is a quasi-isomorphism.

Proof. Tt is proved in [6, Proposition 3.30] that if (LW, d) has a degree-wise
nilpotent homology, then the completion map (LW, d) — (LW, d) is a quasi-
isomorphism. If H*(LW,d) is degree-wise nilpotent, then H*(LW,d) is also
degree-wise nilpotent since

H*(LW,d) C H*(LW, d).

Hence, the completion map is a quasi-isomorphism. O
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Theorem 4.20. Let X be a nilpotent space of finite type that has a cdga model
with a positive weight decomposition. Then, X has a minimal dgla model.
Moreover, the minimal model inherits a weight decomposition from the cdga
model.

Proof. Following [6, §2] there is a functor & from the category of C.-algebras

with co-Cs-morphisms to the category of quasi-free dg Lie coalgebras and dg

Lie coalgebra morphisms, that defines an equivalence of categories and that

preserves quasi-isomorphisms. We briefly explain the functor &: Let 1.¢(V') be

a free graded Lie coalgebra cogenerated by a finite type graded vector space

V. The dual (L¢(V))Y is given by the completed graded Lie algebra L(V)
Given a augmented Coo-algebra (A, {u;}) we have that

E(A, {pi}) = (L(s71A),0)

where the differential decomposes as 6 = §y + 01 + - -+ where §; is the part
that decreases the word length by ¢ and where ¢; is completely encoded by
Hit1-

It is straightforward to show that if (A, {u;}) is a weight-graded Cio-
algebra, then & (A, {u;}) is a weight-graded dg Lie coalgebra (there is a nat-
ural weight grading on L¢(s~!A), and we will have that J; preserves the
weights whenever p; 41 preserves the weights). Similarly one shows for any
weight preserving co-Coo-morphism g: A ~» B, the coalgebra morphism & (g)
is weight preserving.

If A is a finite type cdga, then the dual &(A)Y has the structure of a
dgla whose underlying graded Lie algebra structure }i(SZV) is given by the
completion of the free graded Lie algebra L(SZV) with respect to the bracket
length. If A is a finite type Cx-algebra model for X, then it follows by the
theory established in [6] that &(A)Y is a completed dgla model for X.

Now, let (H,{u;}) be a weight graded minimal Cy,-algebra model for
the positively graded cdga model for X. We have

E(H, {p;}) = (L(s ' H), 010 + 0o +---).
Since H is positively graded, it follows that elements of word-length n in
L¢(s71H), i.e. elements of Zie(n)Y @ (s™1H)®", are of weight at least n.
Since §,, vanishes on elements of word-length < n+ 1, we conclude that every
non-trivial element in the image of 4, is of at least weight n + 1. Hence if
y € L(s71H) and w(y) = m, then y & im(§;) for i > m
Dualizing the Lie coalgebra E(H, {u;}) gives a complete dgla
(L(sH"),dy +dy +---)
where d; is the part of the differential that increases the bracket length by 1.

For an element y € sH' of weight w(y) = —m, we have that d;(y) =0
for every i > m.
In particular, we have that

d(y) =di(y) + -+ dm_1(y) € L(sHY) C L(sHY),

and thus d(sﬁv) C L(sﬁv) C ﬂ(sﬁv) Thus, ]L(sﬁv,d) defines a minimal
dgla model for X. O



156 Page 24 of 26 J. Cirici and B. Saleh MIOM

Acknowledgements

We would like to thank Geoffroy Horel and Alexander Berglund for useful
discussions and suggestions. Also, thanks to José Moreno, Aniceto Murillo
and Daniel Tanré for answering our questions on completed Lie algebras.

Author contributions Both authors contributed equally to this work.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement
with Springer Nature.

Declarations
Conflict of interest The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party ma-
terial in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Arkowitz, M., Lupton, G.: Rational obstruction theory and rational homotopy
sets. Math. 7. 235(3), 525-539 (2000)

[2] Buijs, U., Cantero Morén, F., Cirici, J.: Weight decompositions of Thom spaces
of vector bundles in rational homotopy. J. Homotopy Relat. Struct. 15(1), 1-26
(2020)

[3] Body, R., Douglas, R.: Rational homotopy and unique factorization. Pac. J.
Math. 75(2), 331-338 (1978)

[4] Body, R., Douglas, R.: Unique factorization of rational homotopy types. Pac.
J. Math. 90(1), 21-26 (1980)

[5] Berglund, A.: Rational homotopy theory of mapping spaces via Lie theory for
Lo.-algebras. Homol. Homotopy Appl. 17(2), 343-369 (2015)

[6] Buijs, U., Félix, Y., Murillo, A., Tanré, D.: Lie Models in Topology. Progress
in Mathematics, vol. 335. Birkh&user/Springer, Cham (2020)

[7] Berglund, A., Madsen, I.: Rational homotopy theory of automorphisms of man-
ifolds. Acta Math. 224, 67-185 (2020)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

MIOM Weight Decompositions on Algebraic Models Page 25 of 26 156

[8] Body, R., Mimura, M., Shiga, H., Sullivan, D.: p-universal spaces and rational
homotopy types. Comment. Math. Helv. 73(3), 427-442 (1998)
[9] Budur, N., Rubi6, M.: L-infinity pairs and applications to singularities. Adv.
Math. 354, 106754, 40 (2019)
[10] Cirici, J., Guillén, F.: Ei-formality of complex algebraic varieties. Algebr.
Geom. Topol. 14(5), 3049-3079 (2014)
[11] Cirici, J., Horel, G.: Mixed Hodge structures and formality of symmetric
monoidal functors. Ann. Sci. Ec. Norm. Supér. 53(4), 1071-1104 (2020)
[12] Cirici, J., Horel, G.: Etale cohomology, purity and formality with torsion coef-
ficients. J. Topol. 15(4), 2270-2297 (2022)
[13] Costoya, C., Munoz, V., Viruel, A.: On strongly inflexible manifolds. Int. Math.
Res. Not. IMRN (9), 7355-7390 (2023)

[14] Campos, R., Petersen, D., Robert-Nicoud, D., Wierstra, F.: Commutative ho-
motopical algebra embeds into non-commutative homotopical algebra (2022).
arXiv:2211.02387

[15] Cirici, J., Sopena-Gilboy, A.: Filtered A-infinity structures in complex geome-
try. Proc. Am. Math. Soc. 150(9), 4067-4082 (2022)

[16] Deligne, P., Griffiths, P., Morgan, J., Sullivan, D.: Real homotopy theory of
Kéhler manifolds. Invent. Math. 29(3), 245-274 (1975)

[17] Douglas, R.: Positive weight homotopy types. Ill. J. Math. 27(4), 597-606
(1983)

[18] Félix, Y., Halperin, S., Thomas, J.-C.: Rational Homotopy Theory. Graduate
Texts in Mathematics, vol. 205. Springer, Berlin (2001)

[19] Félix, Y.: Rational formality of mapping spaces. J. Homotopy Relat. Struct.
5(1), 125-131 (2010)

[20] Gromoll, D., Meyer, W.: Periodic geodesics on compact Riemannian manifolds.
J. Differ. Geom. 3, 493-510 (1969)

[21] Ishida, H., Kasuya, H.: Transverse Kahler structures on central foliations of
complex manifolds. Ann. Mat. Pura Appl. (4) 198(1), 61-81 (2019)

[22] Lazarev, A.: Models for classifying spaces and derived deformation theory.
Proc. Lond. Math. Soc. (3) 109(1), 40-64 (2014). MR3237735

[23] Lupton, G., Smith, S.B.: Realizing spaces as classifying spaces. Proc. Am.
Math. Soc. 144(8), 3619-3633 (2016)

[24] Loday, J.-L., Vallette, B.: Algebraic Operads. Grundlehren der mathematischen
Wissenschaften, vol. 346. Springer, Heidelberg (2012)

[25] Manin, F.: Positive weights and self-maps. Proc. Am. Math. Soc. 150(10), 4557~
4566 (2022)

[26] Morgan, J.W.: The algebraic topology of smooth algebraic varieties. Inst.
Hautes Etudes Sci. Publ. Math. (48), 137-204 (1978)

[27] Manin, F., Weinberger, S.: Integral and rational mapping classes. Duke Math.
J. 169(10), 1943-1969 (2020). MR4118644

[28] Neisendorfer, J.: Lie algebras, coalgebras and rational homotopy theory for
nilpotent spaces. Pac. J. Math. 74(2), 429-460 (1978)

[29] Quillen, D.: Rational homotopy theory. Ann. Math. 90(2), 205-295 (1969)

[30] Sullivan, D.: Infinitesimal computations in topology. Inst. Hautes Etudes Sci.
Publ. Math. (47), 269-331 (1977)


http://arxiv.org/abs/2211.02387

156 Page 26 of 26 J. Cirici and B. Saleh MIOM

[31] Tanré, D.: Homotopie rationnelle: modeéles de Chen, Quillen, Sullivan. Lecture
Notes in Mathematics, vol. 1025. Springer, Berlin (1983)

[32] Vigué-Poirrier, M.: Rational formality of function spaces. J. Homotopy Relat.
Struct. 2(1), 99-108 (2007). MR2326935

[33] Vigué-Poirrier, M., Burghelea, D.: A model for cyclic homology and algebraic
K-theory of 1-connected topological spaces. J. Differ. Geom. 22(2), 243-253
(1985)

Joana, Cirici

Departament de Matematiques i Informatica
Universitat de Barcelona

Gran Via 585

08007 Barcelona

Spain

e-mail: jcirici@ub.edu

Bashar Saleh

Department of Mathematics
Stockholm University

106 91 Stockholm

Sweden

e-mail: basharsaleh1@gmail.com

Received: September 3, 2023.
Revised: June 5, 2024.
Accepted: July 2, 2024.



	Weight Decompositions on Algebraic Models for Mapping Spaces and Homotopy Automorphisms
	Abstract
	1. Introduction
	2. Weights in Rational Homotopy
	2.1. Weight-Graded Algebras
	2.2. Chevalley–Eilenberg and Quillen Constructions
	2.3. Weights on Algebraic Models
	2.4. Weight-Graded Homotopy Transfer
	2.5. Algebraic Models of Spaces

	3. Restrictions on Weights
	3.1. Formality and Coformality Induced Weights
	3.2. Weights on a Tilted Segment and Purity
	3.3. Positive Weights

	4. Applications
	4.1. Mapping Spaces
	4.2. Classifying Spaces of Homotopy Automorphisms
	4.3. Free and Based Loop Spaces
	4.4. Minimal Lie Models for Nilpotent Spaces with Positive Weights

	Acknowledgements
	References




