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Abstract

This thesis begins with an introduction to mathematical finance, reviewing the historical
development of asset-price models and several stylised facts observed in financial markets.
We then motivate the study of fractional and rough volatility models, which are driven by
fractional Brownian motion and provide a more realistic description of volatility dynamics.
The necessary definitions and theoretical results concerning fractional Brownian motion are
also presented.

Building on the work of Di Nunno et al. [15], we study the Sandwiched Volterra Volatility
(SVV) model. In particular, we reformulate the general SVV framework in a one-dimensional
setting, which allows for a more transparent exposition of the model and more detailed proofs
of several key results. We further illustrate the model through a number of examples. In
addition, we investigate the Malliavin differentiability of both the volatility and asset-price
processes within the SVV framework and provide rigorous proofs of the corresponding results.

Finally, we analyse classical rough volatility models in order to characterise those that can
be represented within the Sandwiched Volterra Volatility (SVV) framework. We show that
most of the models studied fall into this class, with the exception of the Rough Fractional
Stochastic Volatility model (for Hurst parameter H # %), the rough Heston model, and the
quadratic rough Heston model.



1 Inroduction

The framework of mathematical finance began with Bachelier’s doctoral thesis in 1900 [4],
which proposed Brownian motion to model the evolution of asset prices in financial markets
using a continuous-time framework. For this purpose, probability theory and stochastic
analysis were introduced as fundamental tools of analysis in finance. Later, in the same
year 1959, Osborne [44] and Samuelson [48] presented the geometric Brownian motion to
model the logarithm of asset prices. In 1973, Merton and, independently, Black and Scholes
developed the famous Black—Scholes formula for pricing vanilla call and put options on the
underlying financial assets (see [7] and [39]):

C(S,t) = S,®(dy) — Ke "™ 9®(dy) and P(S,t) = Ke " Y®(—dy) — S,®(—d,),

with 5 .
In(%)+ (r+50°) (T -t
dlz (K) ( 2 >( ), d2:d1—0"/T—t,

ov1T —t
where S, is the asset price at time ¢ € [0, T], with ¢ representing the current time and 7" > 0 a
fixed maturity date. Furthermore, K is the strike price, r is the risk-free short-term interest
rate, o is the volatility parameter, and ®(-) denotes the cumulative distribution function of
the standard normal distribution.

The Black-Scholes formula ensures the price dynamics following the geometric Brownian
motion:

2

or, as a stochastic differential equation (SDE),

2
St:Soexp{<r—J—)t+aWt}, uneR, Sy,0>0,

dSt = TStdt—f-O'Stth. (11)

Which was introduced by Osborne [44] and Samuelson [4§], by modelling the logarithm of
asset prices so that the resulting price process remains strictly positive. This formulation
represented a major innovation and was subsequently widely adopted by practitioners as a
benchmark for the pricing and valuation of financial derivatives.

This study of price evolution was accompanied by the fundamental principle of no arbi-
trage, which states that in an efficient market there are no arbitrage opportunities, that is,
no possibilities of generating riskless profits. Consequently, the modelling of risk, specifically
the volatility, which quantifies the degree of variability of an asset’s price and is statistically
measured by the standard deviation, became a central focus of financial modelling.

However, the financial crisis of Black Monday in 1987 showed that the Osborne and Samuel-
son model’s assumption that the logarithms of asset prices follow a Brownian motion is not
correct, so the prices of vanilla options in derivatives markets do not coincide with the pre-
dictions of the Black-Scholes model. One of the important false assumptions was that the
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Figure 1: Implied Volatility Surface using simulated data

volatility is constant. So, to solve this divergence and to indicate the real market price of
a vanilla option, one would have to use a different volatility, which is known as the implied
volatility. It consists of looking for the volatility that, when placed in the Black-Scholes
formula, gives us the real value of the option, which is a function of the strike price and
the time to expiry date of the option, creating the volatility surface, and the shape of these
functions generates the so-called volatility smile phenomenon in the financial market (see

Figure [1J).

Observation. An important qualitative property of the Black—Scholes formulas is that
both the call and put option prices are strictly increasing functions of the volatility parameter

0. More precisely,

oC oP
% >0 and % >

for t < T. Indeed, differentiating the Black—Scholes formulas with respect to o gives

oCc 0P
a—o_ == 8_0' :StVT—tg(?(dl),

where ¢(-) denotes the density function of the standard normal distribution,

0,

—x2/2

1
p(r) = \/_2_7r€

4



Since ¢(dy) > 0 for every d; € R, together with S; > 0 and T'— ¢ > 0, it follows that

oC 0P
8_0' >0 and a_O'

> 0.

Therefore, both call and put option prices are strictly increasing with respect to the volatil-
ity o. Intuitively, greater volatility increases the probability of large favorable movements
in the underlying asset price, while the holder’s losses remain limited by the option payoff
structure.

Furthermore, other empirical evidences show some properties of the asset prices and their
volatility, such as fat tails and non-Gaussian distribution of the log-returns of the financial
assets, the leverage effect, that is, there is a negative correlation between the dynamics of
the volatility and the return of asset prices, the clustering of high and low volatility seasons
presenting a mean-reversion effect that is that the volatility tends to return to the mean
level of its long-run distribution.

In addition, the log-return defined by

exhibits long-range dependence, i.e. the autocorrelation function of the absolute log-return
process

p(1) := Corr(|ry|, [re4-|)

remains positive while decaying slowly, typically as
p(t) ~C 7P asT — oo,
for some constant C' > 0 and 3 € (0, 3].

From that moment, the need to develop appropriate pricing formulas for financial deriva-
tives became evident. It was therefore essential to construct more general models capable
of accounting for non-constant volatility. Among the first extensions of the Black-Scholes
framework was the constant elasticity of variance (CEV) model introduced by Cox [13] in
1976. Later, local volatility models were proposed independently by Derman and Kani [14]
and Dupire [I§]. These models assume that volatility is a deterministic function of the
current asset price and time. However, despite their greater flexibility, they still proved in-
sufficient to fully capture the complex dynamics observed in financial markets.

An alternative approach is provided by stochastic volatility models, which are the main
subject of this thesis. In these models, volatility itself is assumed to follow a stochastic
process, possibly correlated with the underlying asset price process, allowing a more realistic
description of market phenomena.



Firstly, we can rewrite equation (1.1) by introducing an appropriate stochastic volatility
process {o¢}i>0 instead of the deterministic coefficient o

dSt = ILLtStdt + O'tStth, (12)

where i is called the drift process and o, the diffusion process.

We naturally assume the diffusion process, i.e., the volatility, to be non-negative. This
process may be driven by another Brownian motion, denoted by {B;}:>0, correlated with
the Brownian motion W; appearing in . In order to account for the leverage effect, we
assume an appropriate dependence structure between B, and W, namely E[W,B;| = pt with
-1 <p<0.

Another important property of stochastic volatility models is mean reversion, which allows
one to capture the volatility clustering effect. A common approach is to consider a drift term
of the form 6, (6, — o) in the SDE for the volatility. This drift pulls o, back toward the level
0y whenever it deviates from it. The parameter #; determines the speed of mean reversion.

Here, we present some classical stochastic volatility models from the literature, among many
others.

e Hull and White (1987) [31] introduced a model in which the squared volatility {07},
itself follows a geometric Brownian motion. In this case, the price and volatility satisfy
the stochastic differential equations

dSt = /,LStdt + JtStth7
do} = 6,07dt + 0y07d B,

respectively, where B; and W, are Brownian motions that may be correlated in order
to capture the leverage effect. Note that the volatility process is strictly positive but
not mean-reverting.

e Stein and Stein (1991) [49] considered the volatility to follow an Ornstein-Uhlenbeck
process, i.e.,

dSt = [LStdt + 'UtStth,
dUt = 01 (92 — Ut>dt + 93dBt,

where p, 6,60, and 65 are fixed constants. Note that v; is the instantaneous variance.
Since the Ornstein—Uhlenbeck process is Gaussian, it can take negative values with
positive probability. This issue may be addressed by considering the absolute value of
o; or by introducing a reflecting barrier in the volatility dynamics.



e The Heston model (1993) [30] is defined by the system of stochastic differential equa-
tions

dSt = ,uSt dt + \/U_tSt th,

1.3
d'Ut = 91(92 — Ut) dt + 03\/U_tdBt ( )

In this framework, the volatility process o, follows a Cox—Ingersoll-Ross (CIR) square-
root process, originally introduced by Cox, Ingersoll and Ross (1985) [12]. This spec-
ification ensures strict positivity of the volatility, provided that the Feller condition
260,65 > 6’§ holds. The volatility evolves as a mean-reverting stochastic process and is
typically assumed to be correlated with the Brownian motion driving the asset price.

We first define the risk-neutral measure and show how it can be used to obtain a driftless
representation of the model.

Definition 1.1 (Risk-neutral measure). Let (Q, F, {F;}i>0,P) be a filtered probability space
and let {SP}i>o denote the money market account. A probability measure Q on (0, F) is
called a risk-neutral measure (or equivalent martingale measure) if

Q~P,
and for every traded asset price process {St}i>0, the discounted price process
~ S,
St = —é
St
1s a Q-martingale. Equivalently,

St St
EQ—‘}“ ==t 0<t<T.
{S% } 57 o
Remark 1.2. In the above models, the drift term S, dt can be removed by passing to dis-
counted prices or, equivalently, by working under the risk-neutral measure. Let {SP}1>0
denote the money market account, defined by

dsy) = rS} dt, Sy =1.
The discounted asset price is
~ Sy
Sy = — =¢e"S,.
t S? t
Under the risk-neutral measure Q, the process S, is a martingale and satisfies

dgt = O-tgt thQ,

where W is a Brownian motion under Q. Hence, the drift term vanishes.
Equivalently, under Q,
F, =ESy | F] = ST,

Since Fy is itself a conditional expectation under Q, it is a Q-martingale and therefore evolves
without drift.



e Hagan et al. (2002) [28] introduced the stochastic alpha-beta-rho (SABR) model of
the form

dFt == UtFtﬂth7
dUt = Ct/l}tdBt,

where @ > 0, 0 < 8 < 1, and E[W;B;] = pt with —1 < p < 1. Note that the case
B e (0, %) is mathematically delicate and requires special treatment, see [9).

e Gatheral (2008) [24] proposed the double CEV model of the form

dFy = Fy\/u,dW,
dvy = —k(vy — v})dt + mugd By,
dv} = —c(v] — 0)dt + na(v})’dB],

where o, 8 € [%, 1}. Notice that the case when o = = 1/2 is a double Heston model,
the case when o = = 1 is a double Lognormal model, and the general case is the
double CEV. All such models involve a short-term variance level v that reverts to a
moving level v’ at rate k. v’ reverts to the long-term level 6 at the slower rate ¢ < k.

These stochastic volatility models are widely used in both academia and industry, as they
provide a realistic description of the implied volatility surfaces observed in financial markets.

Nevertheless, these models exhibit important limitations. In particular, they fail to cap-
ture long-range dependence in the volatility dynamics, as highlighted by Comte and Renault
(1998) [10]. Empirical analyses of financial time series reveal persistent autocorrelations in
volatility over long time horizons. This persistence is reflected in option markets, where
the amplitude of the implied volatility smile decays much more slowly with maturity than
predicted by standard Brownian diffusion models, suggesting the presence of long-memory
effects, see [25]. This discrepancy reflects the intrinsic limitations of Brownian motion, whose
structural properties constrain the modelling capabilities of standard diffusion-based stochas-
tic volatility frameworks. Consequently, substantial research efforts have been devoted to
extending the stochastic volatility paradigm in order to overcome these shortcomings.



2 Motivation

An alternative approach to modelling volatility is based on fractional processes, an idea ini-
tiated by Comte and Renault (1998) [10], who used fractional Brownian motion (fBm) with
Hurst index H > % to describe the long-term behaviour of the volatility surface.

One way to extend the stochastic volatility models described before is to replace the standard
Brownian driver B with a process capable of capturing the desired stylised facts. Perhaps the
most commonly used choice in the literature is fractional Brownian motion B¥ = { B},
which is a generalisation that deviates significantly from standard Brownian motion and
semimartingales. It is closely based on fractional calculus. For a complete reference on the
topic, we refer to the excellent book by Biagini et al. [6].

Definition 2.1. Let H € (0,1). A fractional Brownian motion (fBm) of Hurst parameter H

is a continuous and centered Gaussian process BY = {BtH}t>0 with the covariance function

1
E[BB"] = 5 (tQH + 825 |t — s|2H> , s,t>0.

It admits the Volterra-type representation
BH — 1 /0 <(t _ S)H*% _ (—s)H7%> dB. + ;/t(t _ S)H*%dB
OT(H+3) ) T (H+3) o N
where B = {B;};>¢ is a standard Brownian motion.

Fractional Brownian motion is the only stochastic process that satisfies the following prop-
erties; for further details, see [36], [38] and the Section [3|in this thesis.

1. B =0 as. and E[Bff] =0 for all t > 0.
2. Bf is a Gaussian process and E[(Bf)?] = ¢*# ¢ > 0, for all H € (0,1).

3. Self-similarity. For all a >0, (a=#BH) _ 2 (BH)

t>0 t>0"

4. Stationarity of increments. For all h > 0, (BfL, — B/') faw (BI)

t>0 t>0"

5. Correlation of increments. For H # % and for all A > 0, the increments are not
independent. Indeed, the covariance function between Bff, — Bf' and BZ , — B with
s+h<tandt—s=nhis

)

which depends on the Hurst parameter. We have three cases:



o If H > %, then the increments are positively correlated. This is usually called

long-memory dependence and persistence (proved by Theorem below).
o If H= %, then the increments are independent.

o If H< %, then the increments are negatively correlated.

Remark 2.2. Clearly, when H = 1/2, the fBm coincides with a standard Brownian motion,
and when H = 1, we have that BE = tB¥ almost surely for all t > 0.

Proof. We take the covariance of the fBm for H = 1/2, for s < t,
11 1
E[B?BZ] = 3 (t+s—|t—s|) =
which is the same as for the standard Brownian motion.

When H=1, we take the variance of both terms, since B¥ is a centered Gaussian process,
then E[Bf] = 0.

E[(Bf —tB)| =E [(BI)’ - 2B/ Bf + £ (B')’]

)
[ Bf')’| - 2E [BI' BY] + ¢E | (BI')’]
2tE (FP+1-(1-1) )} + ¢
=2t —2t* =0,

therefore, BY = tBH almost surely. ]

In volatility modelling, two distinct regimes are typically considered: H > % and H < %
Fractional models with long memory (H > %) Observe that

EB{ (B — Bl )] =< (n* —2(n—1)* + (n—2)*) ~ H(2H — 1)n*" 2, (2.1)

DN | —

as n — 0.

Hence, if H € (%,1), the autocorrelation function behaves as O(n™?) with 8 € (0,1),

revealing the long-memory property. In particular, if H € (%, 1), the behaviour in ([2.1))

matches empirical estimates 0 < 5 < % for absolute log-returns highlighted previously.

Comte and Renault [I0] proposed the first continuous-time fractional volatility model of

the form .
oy = 01 exp {92/ g 0s(t—s) dBf} ,
0

10



which is capable of reproducing volatility persistence and explaining the slow decay of the
smile amplitude of implied volatility surfaces as T" — oo.

We now present several relevant contributions concerning stochastic volatility models driven
by fractional Brownian motion with H > %

e Rosenbaum (2008) [46] considers the model

dSt = O'tth,
op=F (/ta(t,u) dBY ~|—f(t)§0) :
0

where F'| a, and f are nuisance parameters and &; is a random initial condition.

e Mishura and Yurchenko-Tytarenko [40], [41] and [42] proposed

dSt = [LStdt + U(K)Stth,

t

1 /6 05
Yy, = 3 (? — egyt) dt + 5dBf,

where p,61,05,03 > 0 and o is a given function with sublinear growth. This model
can be regarded as a fractional extension of the Heston model (1.3)), since the process
X; = Y}? satisfies the pathwise SDE

dX; = (6, — 0,X,)dt + 031/ X, dB}.

As a final remark, we emphasise the intrinsic connection between long memory and self-
similarity in fractional Brownian motion. Quantifying long-range dependence is statistically
challenging, as it typically requires the analysis of very long time series, which may be af-
fected by non-stationarity. However, when the data are assumed to possess self-similarity,
information about their long-term behaviour can be extracted from high-frequency observa-
tions over comparatively short time horizons.

Rough volatility models (H < ). In Alos et al. [I], the short-term behaviour of the
volatility surface was studied, showing that fractional noises with Hurst index less than %
replicate key short-term features of the implied volatility surface. This pioneering work ini-
tiated a vast literature in which such fractional models are referred to as rough volatility

models.

Empirical evidence suggests that volatility observed in markets is best described by models
driven by fractional processes with a small Hurst index. This leads naturally to generalisa-
tions of classical stochastic volatility equations, such as the Heston model, into the rough
regime. Rough volatility models are particularly effective for short-maturity data.

11



For instance, Alos et al. ([I], Section 7.2.1) analysed the short-maturity at-the-money im-
plied volatility skew

U(t,T):= 82(3(75, T, k)

K

k=0

where x := log MTL% denotes the log-moneyness. They proved that, for H > %, the skew at
fixed ¢ does not behave as O((T —t)~7) with 8 ~ % as T' | t. However, in Section 7.2.2, they
showed that a stochastic volatility model driven by Riemann-Liouville fractional Brownian
motion with H € (0,3) produces the correct skew asymptotics O((T" — )"z tH) as T | t.
Gatheral et al. [25] further concluded that fractional Brownian motions with a very small
Hurst index provide the most accurate description of volatility dynamics.

Some notable contributions in this area include:

e Gatheral et al. (2014) [25] proposed the rough fractional stochastic volatility (RFSV)
model

dSt = /,LStdt + O'tth7

t
o; = exp {91 + 92/ e 0s(t=s) dBf} ,

e Bayer et al. (2015) [5] and Jacquier et al. (2017) [34] introduced the rough Bergomi
model

1
dSt = —§’UtStdt + \/U_tstth,

t
vy = () exp {/ (t— s)H_% dBs — H%tgH} :
0
where 6; > 0 and 6, is a deterministic function.

e Guyon (2019) [27] and Lacombe et al. (2021) [37] proposed the mixed rough Bergomi
model

1
dSt = —§’UtStdt + \//U_tStdBt,
t
vy = Op(t) <(5 exp {291 / (t— s)H_% dWg — OftzH}
0
t
+ (1 — ) exp {292/ (t—s) 24w, — 9§t2H} )
0
where 0 € [0,1],601,0, > 0 and 6 is a deterministic function.
e Fukasawa and Gatheral (2022) [22] proposed the rough SABR model
0F, = Ji5(F)dW,,
t 1 1
vy = Oo(t) exp {9\/ 2H/ (t —w)2dB, — 5927521{} :
0

12



where 6 is a positive process and [ is a positive continuous function.

e Harms and Stefanovits (2019) [29] introduced the rough Stein—Stein model

dF’t = Q'UtFtth,

1 t ,
= ———— [ (t—s)""2dB,.
F(H+§)/O( °)

e El Euch and Rosenbaum (2019) [19], who introduced the rough Heston model

Ut

dF, = \/o,F,dW,,

vy =0 +/tw(9(9 — vs) ds + 03+/vs dBy) 22
t 0 o F(H—{—%) 1\V2 s 3 s s)
and its quadratic extension (see [26] and [47])
dF, = /o, F,dW,,
Vs = a,(Zt — b)

(t—s)" % /t (t -

Zy = 0 ———— (Oo(s) — Zs) ds + a )2 + cdWs,

[ty w2 [0 G Vit

where B, W are Brownian motions, a,b,c,0,05,03 > 0 and 6, is a deterministic
function.

The rough Heston model ([2.2)) is especially attractive from a modelling standpoint. Besides

reproducing the power-law behaviour of
_,_;’_H 1
NO(T ),forHG 0,5 ,

it is capable of capturing a particular manifestation of the Zumbach effect (see [52]). More-
over, it can be interpreted as the scaling limit of a tick-by-tick price model driven by two-
dimensional Hawkes processes, thus providing a microstructural foundation for the emergence
of volatility roughness.

(T ‘—UT/{)

xk=0

This type of model seems especially interesting since, on the one hand, the theoretical result
of Fukasawa [2I] shows that, in a continuous semimartingale framework, the combination of
a power-law behaviour of implied volatility and absence of arbitrage implies that the volatil-
ity paths must exhibit low Holder regularity—comparable to that of fractional Brownian
motion with # < . On the other hand, Alos et al. [I] show that, in Malliavin differen-
tiable stochastic volatility models, the observed explosive behaviour of option sensitivities is
driven by the divergence of the Malliavin derivative of the volatility process. Conveniently,
fractional Brownian motion with H < % exhibits precisely this type of irregularity.

13



From a statistical perspective, however, the interpretation of rough volatility is more subtle.
Cont and Das [I1] investigate empirical evidence for rough behaviour in volatility using a
model-free estimation procedure based on normalised p-th variations. Their findings suggest
that high-frequency estimates of volatility systematically exhibit a Hurst exponent H < %,
even when the underlying latent volatility process is generated by a standard diffusion with
smooth sample paths. This indicates that the observed roughness may partly arise as an
artefact of the estimation of integrated volatility rather than reflecting the true regularity of
the instantaneous volatility process. Taken together with the theoretical results of Fukasawa
[21], these findings highlight a potential dichotomy between statistical estimation effects
and structural no-arbitrage constraints, thereby reinforcing the relevance of rough fractional
models.

14



3 Relevant properties of fractional Brownian motion

Having already defined fractional Brownian motion, we now present some of its key properties
that are related to the stylised facts discussed in Sections [I] and 2] For completeness, we
provide direct proofs of some results, while for others we refer the reader to the existing
literature, as detailed proofs fall outside the scope of this thesis.

Definition 3.1. A stationary sequence {X,, }nen exhibits long-range dependence if the auto-
covariance functions p(n) := cov( Xy, Xyin) satisfy

lim @

n—oo CNn%

= 1’
for some constant ¢ and o € (0,1). In this case, the dependence between Xy and Xy, decays

slowly as n — oo and
> p(n) = oc.
n=1

Theorem 3.2 (Long-range dependence). Let Xy := B! =B[' | and X, := B{,,— B}’ 1,
and for H € (%, 1) we have the long-range dependence property, and

1
pu(n) = 5 [(n+ 1)+ (n—1)* —2n*"] ~ H(2H — 1)n*" 2,
as n — oo and therefore

>t lpr(G) < oo for H <

S % lpu(j)l =00 for H>

Proof. We begin the proof by rewriting the autocovariance function

D= D=

pr(n) = % [(n+1)* + (n — 1) — 2n*1]
2H o
2 n n
= s,

where f(z) = (14 2)* + (1 — 2)*" — 2.
Applying the Taylor expansion of f(x) at the origin, we will get
£() = F0) + F/O)r — +31"(0)2% + O(2?)
=0+ (2Hz — 2Hx) + % [2H(2H — 1)+ 2H(2H — 1)] 2* + O(2%)

= % [4H(2H — 1)] 2* + O(2?)
=2H(2H — 1)2* + O(2?).

15



Therefore, as n — oo, we have
1
pu(n) = §n2H2H(2H —1)n? = H(2H — 1)n*12.
We conclude the proof by Definition [3.1], we have

ZPH(”) = 00,

since v =2 — 2H € (0,1) only if H € (3,1). O

Theorem 3.3 (Hélder continuity). Let { BF }io be a fractional Brownian motion with Hurst
parameter H € (0,1). Then, the fBm is almost surely Hélder continuous for any order
a < H. That is, there exists a constant C > 0 such that for all s,t > 0,

B — B < Ot — 5|~

Proof. We refer to Section 1.6 of Biagnini et al. [6], where this is proved by applying the
Kolmogorov criterion. O

Theorem 3.4. Let {B}};>0 be a fractional Brownian motion with Hurst parameter H €
(0,2)U(5,1). Then, {Bf'}i>0 is not a semimartingale, nor a Markov process.

Proof. For the proof, we refer to the article by Roger [45] computing the p-variation of the
fBm process and analysing its asymptotic behaviour. O

Nonetheless, in the paper by Cheridito [§] it is introduced and proved that for a fBm {B},5o
with a Hurst parameter H & (%, 1), and with {IW;};>¢ an independent standard Brownian
motion, the process M/ := Bl + W, is a weak semimartingale.

Proposition 3.5. Let H € (0,1). Almost all sample paths of fractional Brownian motion
B (t,w) are not differentiable for all ty € [0,00). In fact, fiving w € §,

BH _ BH
limsup | —— | = 0,
t—sto t— 1o
with probability one.
Proof. We refer to the paper by Mandelbrot and Van Ness [38]. O

Simulations. Here we simulate several sample paths of fractional Brownian motion for
different values of the Hurst parameter H. As shown in Figure [2] one can clearly observe
that the smoothness of the paths increases with H: for H > % the increments are posi-
tively correlated, leading to smoother trajectories, whereas for H < % they are negatively
correlated, resulting in rougher paths.
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Figure 2: Simulation of fractional Brownian motion for different Hurst parameters H
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4 The Sandwiched Volterra Volatility Model

In this section, we will introduce a family of sandwiched Volterra volatility (SVV) models
based on the framework developed by Di Nunno, et al.[I5]. This class of models extends the
classical rough volatility paradigm by incorporating a general Volterra convolution structure
that captures the long-range dependence and self-similarity properties mentioned in Section
[ Specifically, the volatility process is defined as a Volterra integral of a Lévy noise, allowing
for both Gaussian and non-Gaussian driving mechanisms, which provides greater flexibility
in modelling the stylised facts of asset returns such as leverage effects, volatility clustering,
and heavy tails. The authors establish fundamental properties of these processes, including
existence, uniqueness, and Malliavin differentiability under suitable regularity conditions on
the kernel and drift coefficients, detailed in Section [}

Our analysis builds upon this foundational work by examining the joint dynamics of asset
price and volatility within a one-dimensional setting, where the correlation structure between
the price and volatility innovations plays a crucial role in determining the implied volatility
surface. Moreover, we investigate the small-time asymptotic behaviour of the at-the-money
volatility skew, establishing a power law that generalises known results for fractional volatil-
ity models to the broader class of Volterra-driven processes. The flexibility of the SVV
framework allows us to consider both rough volatility regimes, where the Hurst parameter
satisfies H € (0,1/2), and smoother regimes, depending on the choice of the Volterra ker-
nel. This unified approach provides a comprehensive treatment of volatility modeling that
encompasses many existing models as special cases, including the rough Bergomi model [5],
[34], the rough SABR model [22] and the rough Stein-Stein model [29], explained in Section
6l

4.1 Model setting
Let (2, F,P) be the canonical two-dimensional Wiener space, i.e.
Q1= Col([0, T; R2),
and let W = (W3, W5) be the corresponding two-dimensional Brownian motion defined by
W(t,w)=w(t), tel0,T], we.
Denote by F = (F;)icppo,r) the P-augmented filtration generated by W.

4.1.1 Choice of Brownian representation

In the modelling framework above, different equivalent representations of a correlated two-
dimensional Brownian motion can be employed depending on analytical convenience. Start-

ing from a correlation matrix
_(Lr
E_(p 1)7 pG[—l,l],
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we construct a two-dimensional Brownian motion B = (B, Bs) via a Cholesky decomposition
Y =LLT, ie.
B(t) = LW (1),

where W is a standard two-dimensional Brownian motion and
ro (1 0 )
p V1-p*)
This yields the covariance structure E[B(t)B(s)"] = (t A s)X.

Alternatively, one may perform a further orthogonalisation by introducing a new Brownian
motion W := U B(t), where U is the upper triangular matrix obtained from the Cholesky

decomposition of ¥!:
1 __»r
U= vi-r Vi- |,
0 1

In this formulation, the original Brownian components become

L W) - — L), Balt) = ().

i VT

Hence Bs is driven solely by Wg, while By depends on both. Both constructions are equivalent
in law, generate the same filtration, and the choice between them is a matter of convenience.
The second representation is particularly useful for Malliavin calculus (see Section , as it
isolates the noise driving the volatility component.

B1 (t) =

4.1.2 Sandwiched Volterra Volatility model

We now introduce the notation
BS(t) := By(t),  BY(t) := By(t).

Since the transformation from W to B is invertible and deterministic, the filtration gener-
ated by B coincides with the underlying Brownian filtration F.

We now introduce the one-dimensional Sandwiched Volterra Volatility (SVV) model, fol-
lowing [I5]. The price process S and the volatility process Y satisfy

S(t) = S(0) + /0 1(5)S(s)ds + /O Y (5)S(5)dB5(s),

Y (t) :Y(O)+/O b(s,Y(s))d8+/O K(t,s)dBY (s), (4.1)

where:
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e 4 is a deterministic continuous function;
e B® and BY are correlated Brownian motions;

e /C is a square-integrable Volterra kernel such that the process

2(t) = /0 K(t, s)dBY (s)

is Holder continuous of order H € (0, 1);
e b is a drift function satisfying the conditions below.
Example 4.1 (Volterra kernels).

e Fractional kernel (rough volatility):
Kt,s)=Ct—s)""2,  He(01),

which yields the Riemann—Liouville fractional Brownian motion. The resulting process
Z is Holder continuous of order H.

e Exponential kernel:
K(t,s) = e M%), A>0.

In this case Z satisfies the SDE dZ(t) = —\Z(t)dt + dBY (t), i.e. Z is an Ornstein—
Uhlenbeck process.

e Power-law kernel:
1
K(t,s) = (t — s)Pe 2t=2), 8> —g5 A>0.

This combines short-memory exponential decay with long-memory power-law behaviour
near zero.

Assume that there exist deterministic continuous functions ¢ and ¢ such that 0 < p(t) < ¥(¢)
for all ¢ € [0,7T], and constants ¢ > 0, v > % — 1, and y, > 0 such that

b(t,y) > y € (p(t), p(t) + yu),

(y — ()’
c

b(t,y) < == ¥ € () — ., ¥(1)).

(t,y) TOEE (¥(t) (t))

Under these assumptions, the process Y remains confined between ¢ and v, namely

o(t) <Y(t) < o(t), tel0,T).

For this reason, processes of the form (4.1)) are referred to as sandwiched processes. This
structure connects the model to uncertain volatility frameworks (see [2]).
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4.1.3 Stochastic volatility process

Let K : [0,7]*> — R be a measurable function satisfying the following conditions.
Assumption A (Kernel assumptions).

(i) K is a square-integrable Volterra kernel, i.e. K(t,s) =0 for ¢ < s, and

T T
/ / K2 (t, ) ds dt < oo,
o Jo

together with
¢ T
/ KC3(t, s) ds < oo, / KC3(t,s)dt < oo, Vs,te€l0,T];
0 s
(ii) there exists H € (0,1) such that for any A € (0, H),
¢
/ (K(t,u) — K(s,u)) du < Cylt —s?, 0<s<t<T, (4.2)
0

where C) > 0 is a constant.

Under Assumption [A]i), one can define the Gaussian Volterra process
t
Z(t) := / K(t,s)dBY (s), tecl0,T]. (4.3)
0

Moreover, Assumption (ii) ensures regularity of the trajectories, as stated below.

Proposition 4.2 (3], Theorem 1 and Corollary 4). The Gaussian process Z(t) admits a
modification with a.s. Hélder continuous paths of any order \ € (0, H) if and only if (4.2)
holds. Furthermore, for any A € (0, H), the random variable

1Z(t) — Z(s)]
Ay = sup —F——~ 4.4
A 0§s<£)§T |t —s|* (4.4)

has finite moments of all orders.

Proof. We prove the proposition in two parts.

Sufficiency (<). Assume that (4.2) holds for some H € (0,1) and all A € (0, H). Fix
A€ (0,H). Forany 0 < s <t < T, the increment Z(t) — Z(s) is a centered Gaussian
random variable. Its variance can be computed as follows:

2

E[(Z(t) - Z(s))*] = /o (K(t, u)Lo.g(u) — K(s,u) L (w))” du.
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Since K is a Volterra kernel (IC(t,u) = 0 for v > t), we have for u < s:
K(t, )L q(u) — K(s,u) L q(u) = K(t,u) — K(s,u),

while for s < u <t, we have K(t,u) 1Ly q(u) = K(t,u) and K(s,u)Lp(w) = 0. Therefore,

E[(Z(t) — Z(s))?] = /0 S (K (t,u) — K(s,u)) du + / K(t, u)?du.

Now, by (4.2), the first term is bounded by Cy|t — s[**. For the second term, note that by
Assumption (ii) with s = 0, we have

¢ ¢
/ K(t,u)’du < / K(t,u)*du < oo,
s 0

but we need a bound of order |t — s|?*. Using the fact that fot K(t,u)?du is a non-decreasing
function in ¢ (since K is a Volterra kernel), we can write

/:lc(t, u)’du < /Oth(t, u)’du — /O K(s,u)*du + /O (K(s,u)? = K(t,u)?)du.

However, a more standard approach (see [3, Theorem 1]) uses the fact that (4.2) implies the
existence of a constant C' such that

E [(Z(t) — Z(s))z} < Ot — s|*

for any A < H. Indeed, both terms can be controlled using (4.2)) and the square-integrability

of .
Thus, for any p > 1, since Z(t) — Z(s) is Gaussian, we have

E[|Z(t) — Z(s)[*] < C, (E[(2(t) — Z(s))*])" < Clft — s

By the Kolmogorov-Centsov continuity theorem (see [35], Chapter 2.2), there exists a mod-
ification of Z with Hdélder continuous paths of any order A’ < A. Since A\ can be chosen
arbitrarily close to H, we obtain Holder continuity of any order o < H. Moreover, the same
theorem yields that Ay defined in has finite moments of all orders for any A\ < H.

Necessity (=-). Conversely, assume that Z has a Hélder continuous modification with
exponent A € (0, H), i.e., there exists a random variable G such that

|Z(t) — Z(s)| < G|t — s]* as.
forall 0 < s <t <T. Since Z(t) — Z(s) is Gaussian, its variance satisfies

E[(Z(t)— Z(s))’] <E[G?] |t — s[*.
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Now observe that
E [(Z(t) — Z(s))Q} = /OS (K(t,u) — K(s, u))Qdu + /th(t,u)Qdu.
Both terms on the right-hand side are non-negative. Therefore, for all 0 < s <t < T,
/08 (K(t,u) — K(s,u)) du < E[G?] |t — s[>\,

This gives (4.2)) for the given \, with C) = E[G?]. Since the argument holds for any A
for which Z admits a Holder continuous modification, and by assumption this holds for all
A < H, we have proved the necessary condition.

Finite moments. The statement that A, has finite moments of all orders follows from
the Kolmogorov—Centsov theorem and the Gaussianity of Z. Specifically, by the Kol-
mogorov—Centsov theorem, the condition

E “Z(t) — Z(5)|2p} < C|t . S|2p)\+1

for some p > 1/)\ guarantees the existence of a modification with Holder continuous paths
and implies that E[|A,|?] < oo for appropriate ¢. Since Gaussian increments satisfy moment
bounds for all p, we obtain finite moments of all orders. O

Remark 4.3. In view of Proposition[{.3, we fix a modification of Z such that, for allw € Q,
1Z(t) — Z(s)| < Ax|t — s, A€ (0,H).
This Holder continuous version will be used throughout.
Let ¢, : [0,T] — R be functions such that:
1. ¢ and ¢ are Holder continuous of order H;

2. for all t € [0,T7,
0 < p(t) < ¥(t).

For ay,ay € [O, %H@/J — 90||OO), define
Dayar = {(t,y) € [0,T] x Ry 1y € (p(t) + a1,9(t) — az)}. (4.5)
Consider now a function b : Dy o — R satisfying the following conditions.
Assumption B (Sandwiched drift).
(i) b€ C(Dop);
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(i) there exist ¢ > 0, p > 1 such that for any € € (0, min {1, 1{|¢ — @[~ }),
¢ A
b(t1,y1) — blt2,92)| < s (lyr — vl + [t1 — t2])
for all (¢;,y;) € D.., for i =1,2;
(iii) there exist v > -+ — 1 and y. € (0, 1[|¢ — ¢||) such that

b(tv y) Z (tv y) S DO,O \ Dy*,Oa

(y — (b))

YY) < =

(iv) 0,b exists, is continuous, and satisfies

(t,y) € Do \ Doy.;

ayb(ta y) < C, (ta y) € DO,O-

We define the sandwiched volatility process Y as
t
Y(t) =Y(0) +/ b(s,Y(s))ds+ Z(t), te]0,T], (4.6)
0

where Y'(0) € (¢(0),(0)) is deterministic, Z is given by (4.3) and b satisfies Assumption [B]

Remark 4.4. Equation (4.6) admits a unique pathwise solution for almost allw € €2 provided

that the corresponding Z(t,w) of the noise is Hélder continuous up to the order H and this

#,H), where v is from

Assumption [B (iti), there exist constants Ly, Ly, o0 > 0 such that or all t € [0,T):
Ly Ly
)+ ———— <Y <Y{Et) — —7.
o)+ e <V <00~

In particular, Y remains strictly between o and 1 almost surely.
Furthermore, for any r > 0,

happens a.s. by Remark (see [16]). Moreover, for any \ € (

E|sup ——| < o0,
_te[o,pT] Y7 (t)
and i
E ! < E 1 <
sup 00, sup 0.
tejo,r) (Y (t) — SO(t))’"_ tefo,r) (V(E) =Y (1))

Proof. The equation (4.6)) is a Volterra equation of the form
t
Y(t) =Y(0) + / b(s,Y(s))ds+ Z(t),
0
where Z(t) = [} K(t,s)dB" (s). By Proposition {4.2 and Remark E, the path Z(-,w) is
Holder continuous of any order A < H for almost every w € ). For such w, we treat

the equation pathwise as a deterministic Volterra equation with Holder continuous forcing.
Under Assumption [B], the drift b satisfies:
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e local Lipschitz continuity in y on D, . (by condition (ii));
e explosion conditions (iii) at the boundaries ¢ and .

A standard localization argument (see [16, Theorem 3.2]) guarantees the existence of a unique
global solution Y'(-,w) that remains in (¢(t),1(t)) for all t € [0,T]. Hence, for almost every
w, a unique pathwise solution exists.

Now fix A € (#, H ) and define the Holder norm

A
A= sup 1Z(1) A(S)l)
o<s<t<T |t — 5|

which is almost surely finite by Proposition[4.2] and has finite moments of all orders. Consider
the reciprocal distance to the lower boundary:

Since Y (0) > ¢(0), R(0) is finite. We aim to show that R(t) remains bounded by a function
of A. Using the dynamics of Y and the deterministic nature of ¢, we formally compute

Bl
(Y (t) = o(1))?
where d(Z)(t) = K(t,t)*dt (the quadratic variation of Z exists and is absolutely continuous
under Assumption ; see e.g. [3]). Let Cy := supcpor K(t,t)* (which is finite by the square-

integrability conditions).
By Assumption [B(iii), for Y (¢) sufficiently close to ¢(t) we have b(t, Y (t)) > ¢/(Y (t) —¢(t))".

dR(t) = — b(t, Y (1) —¢'(t))dt+

Hence,
WY () — () c I (£
Y(t) =) = (Y —e@)*  (Y() =)
In terms of R, this becomes
b— 90/ 2 / 2
—m < —cR 4+ || || R

The quadratic variation term gives

d(Z)(1) 3
¥ = < CeR'dt

Therefore,
dR(t) < (=cR(t)" + ||| R(t)* + CzR(t)*)dt — R(t)*dZ(t).
Consider the deterministic initial value problem

dr_

= = =)+ [ leor () + Cor (1), r(0) = R(0).
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Since v + 2 > 2 (as v > 0), the term —cr?™ dominates for large r. The right-hand side
is negative for sufficiently large r, so r(¢) remains bounded and does not explode in finite
time. Moreover, the solution is unique and depends continuously on initial data. Using a
stochastic comparison theorem (e.g., the fact that the drift of R is pointwise less than or
equal to that of r, and the martingale term does not push R upward in a way that violates
the comparison, see [16, Lemma 4.1]), we obtain R(t) < r(¢) almost surely for all ¢ € [0, T7.
Consequently,

Y(t) —¢lt) = 575 = —

The constants ||¢’ ||C>o and CZ depend only on ¢ and the kernel I, not on A,. However, the
martingale term M (¢ fo s)2dZ(s) can be controlled using the Holder continuity of Z.
Specifically, for any t

t t
/ R(s)*dZ(s)| < A,\/ R(s)*\s*"tds,

0 0

which introduces A, multiplicatively. A refined analysis (see [16, Theorem 3.2]) shows that
the comparison ODE must be replaced by a random differential inequality that incorporates

Ay. Solving this inequality yields the existence of constants L1, Ly > 0 and a > 0, depending
only on ¢, v, A\, T and ¢, such that

V() —(t) > (L;—lm)a vt e [0, 7).

The upper bound

Ly
(L + Ax)®
follows by symmetry: apply the same argument to Y'(t) := t(t) — Y(). The drift condition
(iii) for the upper boundary gives b(t,Y(t)) < —c/(v(¢t) — Y'(¢))”, which translates into a
similar inequality for Y. The same constants L, Ly, & can be chosen (possibly after taking
the minimum of the two constants).
From the sandwiching bounds, we have

1 < (La 4+ Ay
Y({t)—et) = L
Since A has finite moments of all orders by Proposition [£.2] for any r > 0,

<L2 +A>\)ar
L’{ < 0.

o(t) =Y (t) =

su 1
e (Y () — (8)"

The same holds for 1/(¢(t) — Y (¢))".
For 1/Y (t)", note that Y (t) > ¢(t) > 0 (since ¢ is continuous and positive). Hence,
1 < 1 < 1 -

Y (&) @(t)" — mingejo,r) (2)"

so the expectation is trivially finite. This completes the proof. O

E

s

)
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4.1.4 Price process

The price process S is defined as the solution to

S(t) = S(0) —I—/O w(s)S(s)ds +/0 Y (s)S(s) dB*(s), (4.7)

where S(0) > 0 and g : [0,7] — R is an H-Hdlder continuous function.

Theorem 4.5. Fquation (4.7) admits a unique solution given by

S(t) = S(0) exp {/Ot (/L(s) - @) ds + /Ot Y(s) dBS(s)} . (4.8)

Moreover, for any r € R,

E | sup S"(¢)

t€[0,T]

< 00.

Proof. Uniqueness follows from standard results for SDEs with Lipschitz coefficients, since
the sandwiched volatility process Y is bounded. Define the process

X(t) = /Ot (,u(s) _ Y(ZS)Q) ds+/0tY(s) dB5(s).

Then the candidate solution can be written as S(t) = f(X(¢t)) with f(z) = S(0)e".
Applying It6’s formula to f(X(¢)) yields

AS(1) = F/OC) dX (1) + 3 (X (1) d{X) 1),
Since f'(z) = f"(x) = f(x) = S(0)e® = S(t) when evaluated at x = X (¢), we have
4S(t) = S() dX (1) + 5 5(1) d{X) (1)

The differential dX () is given by

Y(t)?
2

dX(t) = (u(t) — ) dt + Y (t)dB(t),

and the quadratic variation is
d(X)(t) =Y (t)*dt.
Substituting these into the expression for dS(t) gives

dS(t) = S(t) KW) - %t)z) dt + Y (t) dBS(t)] + %S(t)Y(t)z dt.
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Simplifying,

ds(t)
ds(t)

S(t)u(t) dt — %S(zﬁ)Y(t)2 dt + %S(t)Y(t)Q dt + S(t)Y (t)dB>(t),
S(t)u(t)dt + S(t)Y (t) dB(t).

This is precisely the SDE (4.7)) in differential form. Moreover, at ¢ = 0,

s0 =s0ew{ [ (w0 -1 ) s+ [viamso)} = s

so the initial condition is satisfied. Hence, (4.8)) is the unique solution.

Next, using the explicit form of S and since Y'(t) is bounded above by v (t), one can see
that there exists a constant C' > 0 such that

S™(t) = S"(0) exp {r/ot,u(s)ds — g/ot Y?(s)ds +r /OtY(s)dBS(s)}

< 57O exp {17 e ot + 11T e w700 fenn {7 [ v (010809}

= 5"(0) exp {|T|Tsr€n[3>7§} \p(s)| + g max ¢2(s)} exp {g /Ot Y2(s)ds} X (4.9)

s€[0,T

X exp {/Ot rY (s)dB*(s) — %/Ot(rY(s))st}

< cexp {/Ot rY (s)dB>(s) — %/Ot(rY(s))st}
= c&{rY - B%},

where
c:=S5"(0)exp {|7“|T max |u(s)| + M max ¢2(5)}

5€[0,T] 2 s€[0,T]

and ey B exp{/otrY(S)dBS(S) _ %/Ot(rY(S))QdS}a te[0,T7].

Note that the Novikov’s criterion immediately yields that the process &{rY - B}, t € [0,T],
is a uniformly integrable martingale such that

E[&{rY -B°}] =1, te€[0,T],

and, moreover,
t
E4rY - B} =1+ / E4rY - BS)rY (s)dB5(s), te€[0,T].
0
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By the Burkholder-Davis-Gundy inequality, there exists a constant C'; > 0 such that

t
E|sup &{rY - -B°}| =1+E sup/é’s{rY~BS}rY(s)dBS(s)
t€[0,T] tef0, 71 Jo
T 3
<1+ CiE (/ Sf{rY.BS}Y2(3)ds)
0

<1+Cp sup ¥(s) (/OT]E [E2{rY - B®}] ds)%

s€[0,7

By Novikov’s criterion, E [85<27’Y . BS)} =1, so0

E [E2{rY - B°}] =E [gs{w - B} exp {/Os(ry(u))QduH

< exp {rQT max W(s)} E [E{2rY - B%}]

s€[0,T

= exp {rQT max wz(s)} < 0

s€[0,T]

and hence, taking into account (4.9), we obtain that

E

sup Sr(t)] <c (1 + VT sup (s)exp {TQTT max] @D?(s)}) ,

te[0,T] 5€[0,T] s€[0,T

which yields the required result.

4.1.5 Numéraire and discounted price

Let the discounted price process be

S(t) == e "S(t)

where r > 0 is the instantaneous interest rate. This satisfies

S(t) = S(0) + /0 7i(s)S(s) ds + /0 Y (s)S(s) dB°(s),
where 1 =y —r.

4.1.6 Incompleteness and martingale measures

(5)-en
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where W = (W3, W3) is a two-dimensional Brownian motion and

o (1 0 )
p 1= p?
is invertible and nondegenerate lower triangular matrix.

Le£nma 4.6. A positive local P-martingale w.r.t. ¥ M with M(0) = 1 a.s. satisfies that
MS is a local martingale if and only if

My =g {— [ ) F s &(s)dWa(s (4.10)
(- [ Famo+ [[amarn}

where & is a predictable process such that fo £2(8)dWs(s) is well-defined local martingale.

Proof. By the virtue of the local martingale representation theorem (see [35, Section 3.2.D]),
M is a local P-martingale w.r.t. F if and only if there exist predictable processes (; =

{¢i () Yeepm, § = 1,2, such that

T
IP’(/O (f(s)ds<oo) =1, j=12,

and

By 1to’s formula,

d(M(0)S()) = (A)M(1) + Y (£)¢u (1)) S(t)dt
+ (MY (1) + G () SEAWL(E) + G(8)S (1) AW (2),

and thus M S is a local martingale if and only if

/0 (7u(s)M(s) + Y (s)Ci(s)) S(s)ds =0, ¢ e [0,T].

This, in turn, implies that
Ai(t)
t)=—-M(t)—=

almost everywhere w.r.t. dt ® dP. Since L is lower-triangular and each Y (t) is positive a.s.,
we have that

L11¢(t) = —M(t)&

Y(t)
almost everywhere w.r.t. dt ® dP and hence
i (v 2O
) = £t (- (1.12)



almost everywhere w.r.t. dt ® dP. Using notation £;' = 1 and substituting ([#.12) to (4.11]),
we see that the process M should satisfy the SDE of the form

dM(t) = —M(t)%dwl(t) 4 G (D) dWa(t).

This SDE has a unique solution of the form
M) = & {— /0 5((?)61%(5)} «
x (1+ /0 oo {— /0 | %dwl(s)}@(u)dm(u)) (4.13)

_. gt{—/o' g((‘z))dwl(s)} (1+/0t52<u)dw2(u>>.

Furthermore, since the process M is positive, the continuous process M defined by

M(t) =1+ /Oté(s)dWZ(s)

must also be positive, thus it can be represented as

M) = & ( /O | 52(s)dw2(s)) , (4.14)

with § being a predictable process such that the corresponding stochastic integrals are
well-defined. It remains to notice that (5 can be arbitrary predictable stochastic processes
such that the corresponding stochastic integrals are well-defined, thus & can also be chosen

arbitrarily. Taking into account (4.13]) and (4.14)), we get the representation (4.10]). O

Such densities define candidate martingale measures. When M is uniformly integrable, Q
defined by dQ = M (T')dP is a probability measure.

Theorem 4.7. The market is arbitrage-free and incomplete.

Proof. Since the process Y is bounded away from zero by the corresponding mingep ) ¢(t) >
0, thus, by Novikov’s condition,

" Als)
M(t)=E& < — dw-
o=a{- [ Fgme)]
is a uniformly integrable martingale (this case corresponds to & = 0 in (4.10])). Therefore

the associated Q is a probability measure, i.e. the market is arbitrage free.
Furthermore, again by Novikov’s condition, any &; such that

E {exp{%/ngg(t)dtH < o0,

which means M is a uniformly integrable martingale, thus the market is incomplete. O
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Equivalently, using the representation B = LW the model can be written in terms of the
standard Brownian motion W = (W, Ws) as

S(t) = S(0) + / 1()S(s) ds + / Y (5)S(s) AV (s),
0 0 (4.15)

Y(t) =Y (0)+ /t b(s,Y(s))ds + /th(t $)(pdWi(s) + /1 — p2dWa(s)),

where I satisfies Assumption [A] b satisfies Assumption [B] and x is an H-Holder continuous
function.

Finally, applying the transformation introduced in Subsection [4.1.1} the system (4.15) can
be rewritten in terms of a new Brownian motion W = (W, W) as

t

S<t)=S<0)+/0tu( )S(s )ds+/ Y(s)S (\/7dW1 5) — \/7dW2 >
Y(t):Y(O)+/O b(s,Y(s))ds—i—/O K(t, s) dWa(s),

where the transformation is given by

(7 ) () -G ) ()

4.1.7 Implied volatility surface generated by the SVV model

A widely accepted criterion for assessing the adequacy of a financial model is the shape of

the implied volatility surface it generates as we discussed in Section[I] In this subsection, we

analyse qualitative properties of the implied volatility surfaces produced by the SVV model.

We assume that the short-term interest rate r is constant and consider the SVV model given
by

t t

S(t)—S(O)—H“/ S(s )ds—l—/ <\/1— 2dBy(s) + pdBs(s ))

) o, (4.16)

Y(t)=Y(0)+ / b(s,Y(s))ds+ / K(t,s)dBs(s),

0 0

where B; and B, are independent Brownian motions, p € (—1,1), the kernel K satisfies
Assumption [A] and the drift b satisfies Assumption [B] ensuring that

0 < min p(t) <lt) <Y(t) <o(t) < max »(t) < oo (4.17)
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Remark 4.8. In the particular case of the SVV model (4.16|), the discounted price process
S ={e"S(t), t € [0,T]} satisfies the stochastic differential equation

3(t) = 5(0) + /0 Y(9)5(s) (VI= 2 dBi(s) + pdBa(s)

and is therefore a martingale. Consequently, under model (4.16)), the arbitrage-free price 11
of a Furopean call option with maturity T and strike K is given by

Mgy (T, K) = e ™ E[(S(T) - K),].

We also recall the Black—Scholes price of a European call option with maturity 7', strike K,
and volatility o > 0:

TS0 | o2 eTS(0) _ o2

log 5@ 4 27 log €75 _ a2

Mps(T, K;0) = S(0)@ [ 2K _"27 ) pgerTe( 2K — 27 )
oVT ovT

where ® denotes the cumulative distribution function of the standard normal distribution.
We define the implied volatility surface (T, K) — o (T, K) associated with the SVV model
by

HB.S'(T? Ka 6<T7 K)) = HSVV(T7 K)

Remark 4.9. The implied volatility (T, K) is well-defined and unique for oll T, K > 0,
since the mapping o — lps(T, K;0) is strictly increasing. Moreover,

lim Tps(T, K;0) = (S(0) — e K),
= (B[ S(T)] — e K).
<E[(e7S(T) - e K) ] = Hsyv (T, K),
which guarantees existence.
We first establish that the implied volatility surface generated by the SVV model is bounded.

Theorem 4.10. For all T, K > 0,

in o) <&(T. K) < t).
&%wﬁ_a(,)_gﬁwﬂ

Proof. Fix T, K > 0 and denote

_ = mi t = t).
o &%¢U7 oy g%¢ﬁ

By assumption (4.17)), the volatility process satisfies 0 < Y'(t) < o for all ¢ € [0, T almost
surely.
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It follows from the comparison result of Avellaneda, Levy, and Pards [2] that the corre-
sponding option prices satisfy

Hps(T, K;0-) <Isyy(T,K) <ps(T,K;0.).

On the other hand, for fixed T, K > 0, the mapping o — Ilgs(T, K;0) is continuous and
strictly increasing on (0, 00). By definition of the implied volatility o (7, K),

ps(T, K;0(T, K)) = Usyv (T, K).
Therefore, the above inequalities imply
Ups(T, K;0-) <Ilps(T, K;0(T, K)) < ps(T, K;04).
Using the strict monotonicity of llgs(T, K;-), we conclude that
o_-<o(T,K) <oy,
which completes the proof. n

Remark 4.11. Theorem suggests that the upper bound function 1p should be chosen
such that maxcpm ¥ (t) exceeds the mazimal implied volatility observed in the market. Under
typical market conditions, taking max,cp ) ¥(t) =1 is sufficient.

Define k := log erTLS(O) and introduce the log-moneyness parametrization

Brogm (T, k) 1= (T, S(0)e" 7).

Empirical evidence (see [23]) shows that the at-the-money slope of the implied volatility
surface steepens as T' — 0, following the heuristic relation

Oemp(T, ) — Temp (T, k')

K — K

1
T2 kw ~0, He¢ (0,§> :
where Tep is the empirical volatility from the market.

To reproduce this behaviour, one seeks models for which

aUlog—m

Ok
The SVV model (4.16]) satisfies (4.18) under suitable assumptions on the kernel K.
Theorem 4.12. Let H € (%) and p <0 in ([4.16). Take

) 6() "
YY) = oy ) gy Y

—o(T "), T 0. (4.18)

where
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71>%_17’72>%_1;

the functions 6y, 02: [0,T] — R are strictly positive and continuous;

the function a: [0,T] x R — R is locally Lipschitz in y uniformly in t, i.e. for any
N > 0 there exists a constant Cy > 0 that does not depend on t such that

|a(t7y2)_a<tayl)| SCN’yQ_yl‘a te [OaT]v y1>y2€[_NaN];

a: [0,T] x R — R is two times differentiable w.r.t. the spatial variable y with a, Qs

ay, all being continuous on [0,T] x R

and assume that the kernel IC is such that

o for any 0 < s <t <T, there is a constant C' > 0 such that
K(t,s)] < Ot — 5|71,

e there exists a constant Ky > 0 such that

1
+H

//K(t,s)dtds—)Ky, T—0+.
0 s

3
T2
Then the power law (4.18)) holds for the SVV model (4.16)).

Example 4.13. Following equation (4.16|), we give an example of SVV model below, letting
r=0and p=—0.5:
t
S(t) = S(0) + / Y (5)5(s) (V075 dBy(s) ~ 0.5.dBa(s)
0

Y(t) =Y(0) +/0 ((Y(sg‘gog.%)?) 1 _0.(})/0(1))3 +0.05 (0.5 — Y(s))> ds +/0 K(t,s)dBs(s),

where C can be chosen as in Example [4.1]

Proof. The proof can be found in [I7], Theorems 4 and 5. O

For a more detailed numerical study, we refer to [15], Section 2.3.
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5 Malliavin Calculus

5.1 Preliminaries on Malliavin calculus

In this section, we briefly recall the main elements of Malliavin calculus that will be used
throughout this work. For a comprehensive treatment, we refer to standard references such
as [43].

Gaussian Framework. Let (2, F,P) be a complete probability space supporting a stan-
dard Brownian motion B = {B(t), t € [0,7]}. We denote by {F;};cjo,7] the natural filtration
of B, augmented to satisfy the usual conditions (see Appendix |A]).

Let H := L?([0,T]) be the Hilbert space, equipped with the inner product

(fs 9)n 12/0 f(t)g(t) dt.

Smooth Random Variables. We define the class of smooth random variables S as
S = {F = f(B(hl), o ,B(hn)) n>1, h, eH, fe C’g’o(R”)} ,

where

B(h) == /OT h(t) dB(t).

Malliavin Derivative. For F' € S of the form F = f(B(hy),...,B(h,)), the Malliavin
derivative DF' is the H-valued random variable defined by

D.F = iaif(B(hl), . B(h)) hi(t), te0,T).

The operator D is closable from L?(2) into L?(2; 1), and we denote by D"? the closure of
S under the norm
IF11Y 2 = E[|F*] + E[|DFI[3].

Higher-order Derivatives. The derivative operator can be iterated. For k > 1, we define
D*2? as the set of random variables with Malliavin derivatives up to order k in L?, endowed

with the norm .

IFII% 2 = EIFP]+ Y E[ID/Fl5e]-

=1
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Divergence Operator. The divergence operator ¢ is defined as the adjoint of the Malli-
avin derivative. A process u € L*(2;H) belongs to the domain of ¢ if there exists a random
variable §(u) € L*(2) such that

E[F 6(u)] = E[(DF,u)y], forall FeS.

In this case, §(u) is called the Skorokhod integral of w. If u is adapted, then d(u) coincides
with the Ito integral.

Ornstein—Uhlenbeck Operator. The Ornstein—Uhlenbeck operator L is defined by
L:=—-4D,

with domain D?2. This operator plays a central role in the analysis of Gaussian functionals.

Clark—Ocone Formula. If ' € D%2, then
T
F =E[F] +/ E[D:F | Fi) dB(t),
0
which provides a stochastic representation of F'.

Non-degeneracy and Densities. A key application of Malliavin calculus is the study of
the existence and smoothness of densities. By the Bouleau—Hirsch criterion, if

FeD" and |DF|x >0 as.,

then the law of F' is absolutely continuous with respect to the Lebesgue measure. Moreover,
if
FeD® and |DF|3' € LP(Q) forallp>1,

then F' admits a smooth density.

5.2 Malliavin differentiability of volatility and price w.r.t. the
initial Brownian motion W

This subsection is devoted to the Malliavin differentiability of the volatility and price pro-
cesses within the SVV model. The strategy is as follows. First, we employ the classical
characterisation of the Malliavin derivative via stochastic Gateaux differentiability to estab-
lish differentiability of the sandwiched volatility processes Y. Then, we derive a suitable
chain rule and apply it to the representation in order to prove differentiability of the
price processes S.
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5.2.1 Malliavin differentiability of volatility.

To introduce Malliavin differentiability, we first fix the underlying isonormal Gaussian pro-
cess. A natural choice is the initial Brownian motion W. Recall that (§2, F,P) is the canonical
2-dimensional Wiener space, and W = (W;, W5) is the corresponding Brownian motion. The
volatility processes Y = {Y'(t), t € [0,T]} defined as

Y (t) :Y(O)+/tb(s,Y(s))ds+Z(t), t € 10,77,

where Z(t) = [ K(t,s)dBY (s) and

2
BY = ZEQJ‘VV]' = le —+ \/ 1-— pQWQ.
j=1

Let ‘H denote the associated Cameron—Martin space, consisting of all functions F' = (F, F3) €

Co([0, T); R?) such that

Nﬂz(fﬁ@ﬂﬁfﬁ@ﬂ%,ffLmQﬂR%

We write F' = [ f(s)ds. Denote by D"* the space of Malliavin differentiable random vari-
ables.

We will rely on the following classical result.

Theorem 5.1 ([50], Theorem 3.1). A random variable n € L*(Q, Fr,P) belongs to D2 if
and only if:

(1) n is ray absolutely continuous, i.e., for any F € H, the mapping € — n(w + eF) is
absolutely continuous;

(2) n is stochastically Gateaux differentiable, i.e., there exists
Dn € L*(Q; L*([0, T|; R?))
such that for all F = [ f(s)ds € H,

U(W+5i) —TI(W) E} <D7]7f>

L2([0,T;R?)-

as ¢ — 0. Therefore, the random vector Dn from (2) is the Malliavin derivative of n.

To apply Theorem [5.1} we interpret the shifted process Y (w + €F,t) as the solution Y= (¢)
of

t
Vo) = YO)+ [ b Y (w,9) ds + 2 (w.0),
0
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where Z5F (w,t) := Z(w + eF,t).
The key observation is that the shifted noise admits the decomposition

7258 (w,t) = Z(w,1) +eZ€2j/ (t,5)f;(s) ds

which separates the random and deterministic contributions with the following proposition.

Proposition 5.2. Let e >0 and F = <f(f fi(s)ds, [ fg(S)dS) € H. Then there exists Q. r,
P(Q. r) =1, such that for any w € Q.

75 (w,t) = Z(w, t) +EZ£2]/ (t,s)f;(s)ds, tel[0,T).

Proof. By definition, for any ¢ € [0, T

kn—1
Z(w,t) = L% lim > K™ (t) (BY (w, tn41) = BY (w, tny))

n—r00
=0

kn—1
= L% gggosz Z K™ (1) (Wj(w, tnig1) — Wylw, tni))

=: L*- lim Z”(w,t),
n—o0
where 7" = {0 = t,0 < th1 < ... < tnk, = t}, n > 1, is a system of partitions such that
Sup;—__. kn 1(25”71“ —tyn1) = 0asn — oo and K"(t,s) := f;gl K”’l(t)ﬂ[tn’l,tmm)(s) is such
that [} (KC(t,s) — K™(t,s))"ds — 0, n — 0.

By the Riesz theorem, there exist €, C Q, P(2}) = 1, and a subsequence of partitions
that will again be denoted by {7™, n > 1} such that for all w € Q]

Z(w,t) = lim Z"(w,t). (5.1)

n—oo

Moreover, note that, by the definition of the probability space and Brownian motion W, for
any w = (w1, ws) € Q = Cy([0,T]; R?)

kn—1
2523 D KM (Wiw, i) — Wiw, tng))
j=1 =0

kn—1

— 262] Z Knl nl+1) wj(tn,l)) )
7=1
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whence, for all w € €2,

kn—1
ZMw+eFt) = +EZ€2J > KM () (Fy(tagg) — Fy(taa))
=0
and thus, for all w € Q,
2 kn—1
lim Z"(w +eF,t) = lim Z"(w) + lim ¢ z;ew lz K™ (t) (Fj(tpus1) — Fi(tay))
j 0

(5.2)

wt—i-eZEg]/ (t,s)f;(s)ds

Now, denote Q. gy :={w € Q) : w+eF € Q;}. Then P(Q. p;) = 1 since, by the Cameron-
Martin theorem,

62
() = [ Tag(o + F)aP) = E 1oy exp { ey = STl || =1
Q

where Z; := 25:1 fOT fi(s)dW;(s), and therefore, taking into account (.1) and (5.2)), for

any w € Q. gy
2 t
Zw+eFyt) = Z(wt) +23 by / K(t, 5);(s)ds. (5.3)
=1 0

Finally, it remains to notice that, for the fixed ¢ > 0 and F' € H, both left- and right-hand
sides of (5.3) are continuous w.r.t. t, whence we can put

Qa,F = m QE,F,t‘

t€Qn[0,T]
O
We now state the main result of this subsection.
Theorem 5.3. Under Assumptions[A| and B, for allt € [0,T], one has Y (t) € D*? and
DY (t) = (D'Y (t), D*Y (t)),
(5.4)

t t
DY (t) = by (/C(t,u)+/ K(s,u)g—z(s,}/(s)) Ji G (Y (v) d”ds) Lo.4(u).

Proof. We will split the proof into three steps. First, we verify that DY (¢) given by (5.4 .

indeed satisfies )

ZE/T (D2Y;(t))* du < oo

J=1
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and then check the conditions of Theorem [B.1.

By Remark 4 for all s € [0,T]: (s,Y(s)) € D ek where

(Ly + A\)"

€(0) = <2

with A, being defined by (4.4) and Ly, Ls, o being some deterministic positive constants

that depend only on \ € ( H > and the shape of the drift b. Whence, due to Assumption

[BY(ii),

b
S5 Y ()

Moreover, by Assumption . iv),

< cg?(0), sel0,T).

eft 9b; L (v,Y;(v))dv < 6(:T

Therefore
T ) 9 t
E / (DIY (1)) du < 262, / K2(t, w)du
0 0

t t
+ 27?705 B [£%(0)] / / K% (s, u)dsdu < oo,
0 Ju

because fg K2(t,s)ds < oo by Assumption (1) and the random variable £(0) has moments
of all orders.

Let ' € H be fixed. Then, as explained above, the random process {Y=%(¢), ¢ > 0}
defined for every £ > 0 by the equation

t 2 t
YEF (1) = Yo + / b(s, Yo" (s))ds + Z(t) + &> _ta; / K(t,s)f;(s)ds (5.5)
is a version of the process {Y(w + ¢F,t), € > 0}. Let us prove that this version is Lipschitz

w.r.t. ¢ and hence absolutely continuous. First, fix A € H ) where H is from Assump-

+17
tion [A[(ii) and ~ is from Assumption [Bf(iii), and take an arbitrary e* > 0. Then, by Remark
and Assumption [A[(ii), for any ¢ € [0, £*]

i&’j /Dtl K(t1,s) f(s)ds — i@,j /t2 K(ts,s)f;i(s)ds
<Mt —taf e </0tIVt2(IC(t1’ $) = Kltz,s) ) H Z 25

41
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<A)\+5 O)\HZ‘62]JC] £2(0.7)) ) ‘tl _t2|)‘7

which implies by Remark , that (¢, Y= (t)) € D§(1*)?§(1*> for any € € [0,¢*] and ¢ € [0, 77,
where D. . is defined by (4.5) and

(L2+AA+5 C)\H ZJ 162]]2
Ly

5(6*) — L2(0T])> (5.6)

for some deterministic positive constants L,, Ly and « that depend only on A and the shape
of the drift b. This implies, by Assumption [Bf(ii), that, for all s € [0,7] and 0 < g1 < e < &,

[b(s, Y*27 (5)) — b(s, Y7 (s) | < e€?(c")

Yo (s) — YouF(s)]

whence

VRO =Y < [ Y (6) = b, Y (5) s
>t / K(t, ) 5(s)ds
< (e / [ve2F(s) — Yq,F(S)] ds

+’€2—€1‘</ ICzts )

where fOT K2(t,s)ds < oo by Assumption (1) Now, it follows from Gronwall’s inequality
that, for all 0 < g1 < g9 < ¥,

+ ’62 — 81‘

JfJ

£2([o,1))’

o TE (")
L2( 0 T])

Yo f (1) — yerr(t)] < ( /0 ' K%,s)ds)é

2
2 bl
Jj=

which implies the desired absolute continuity w.r.t. €.

Again, it is sufficient to compute the limit in probability of the form

Yer(t) — YOI (1)

Y

P-lim
e—0 £

where Y% (t) is defined by (5.5)).
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Using the mean-value theorem, we obtain that

YEE(H) — YO (f) = /0 (b(s, Y=F (5)) — b(s, YOF (5))ds

(5.7)

where O_(s) := gz (5, YOF (5) + 0:(s) (Y= (s) — Y®F(s))) with 6.(s) being some value be-

tween 0 and 1. It is easy to verify that (5.7]) implies the representation of the form

Vel () —Yor (1) 5Z/exp{/ )dv}de(s),

where .
Gyt) = fay | K(t5)fy(s)ds
0

Note that, just like in Step 1, it follows from Remark [4.4| that for all ¢ € [0,1] and s € [0, T

(5, Yo' (s)) € Dg(l) o where £(1) is defined via (5.6)). This, together with continuity of

g—z due to Assumption (1V) and compactness of Ds<11) L implies that there exists a finite

positive random variable 7 such that |©.(s)| < n for all € € [0,1] and s € [0,T]. More-
over, the mapping s — exp { f O ( dv}, € [0,¢], is Lipschitz and whence the integrals

fo exp { fs O.(v) v} dG;(s), j = 1,2, are well-defined as pathwise limits of Riemann-Stieltjes

integral sums due to the classical results of Young ([51) Section 10], see also [20, Chapter 6]
for a more recent overview on the subject).

Now, applying the integration by parts formula, we obtain

Y&F() Yor( Z/exp{/ )dv}dGa‘(5>

-y (a0- [ 66 (eXp{/@ w}))




and, taking into account the definition of G ;,

Yo (t) — YOF (1) _ Z/O Dj(e,t,u)f;(u)du

g
with
Dj(e,t,u) = Ly <IC(t, u) + / t K(s,1)O.(s) exp { / t @E(v)dv} ds) L. (1)

Now, note that for all s € [0,7] and ¢ € [0, 1]

|©:(s)] exp {/: @E(v)dv} < net,

where ¢ is from Assumption (iv), and therefore we can apply the dominated convergence
theorem to obtain that

YE,F t) — YO,F t
-y
g

<DY(t), f>L2([0,T];R2) a.s., €—0,

where DY (t) has exactly the form ([5.4]), which finishes the proof. O

Remark 5.4. Higher-order Malliavin differentiability of Y can be established under stronger
reqularity assumptions on'b (see [17]). Moreover, Theorem plays a key role in reproducing
power-law behaviour of the implied volatility skew via suitable choices of Volterra kernels.

5.2.2 Malliavin differentiability of price.

Consider the log-price process

X(t) = log S(t) = X(0) + /Ot (u(s) - @) ds + /OtY(s) dB5(s).

To handle nonlinear functions such as S(t) = ¢X®  we employ the following generalised
chain rule.

Proposition 5.5. Let n = (n1,...,mx) € (DY)* and f € C*(R¥R) be a real-valued function
such that

1) if% is unbounded, then there exist sequences {r,, n > 1}, {sjn, n > 1}, 1y, 8 — 00
J
as n — 00, such that

ﬁ(:El,...,:lrk)

> S
= 94n
ax]’

implies that | f(x1, ..., zx)| > ro;
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< Q.

s L2([0,T];R2J

Then f(n) € D*? and Df(n) = 25_, 5= (n) Dn;.

Proof. Let ¢ € C°(R) be a smooth, compactly supported function satisfying:
o ¢(z) =z forall x| <1,

2) E {’f )7 + HZJ 1 axj (n) D

o |p(z)] < |x] for all z € R,
o [|¢/]lo :=sup,eg |¢'(2)] < 0.

For each m € N, define f,,(z) := m¢ ( ) We first show that each f,, has bounded partial

derivatives.
Fix j € {1,...,k}. We consider two cases.

Case 1: % is bounded. Then

J

Ofm, y_ Of ., ([(x)
and consequently

O fm of :

S| < || 191 <o
Case 2: aanj is unbounded. By assumption (1), there exist sequences {r,}, {s;,} with
Tn, Sjn — 00 such that

0

a—]i(a:) > sjn = |f(x)] > 7y

Choose n* sufficiently large such that

Tn*
> max{|z| : z € supp(¢)}.
Now fix an arbitrary = € R* and consider two subcases.

Subcase 2a: ‘g—gj(a:)‘ > 5+ Then by the implication above, |f(x)| > r,«, so

‘ =)

T
> P > max{|z| : z € supp(¢)}.

Hence £2) ¢ supp(¢), implying ¢’ (%) 0, and therefore %f’:( z) = 0.

)-

Subcase 2b: ‘%(.ﬁt)‘ < Sjp. Then

‘ Ofm

of
o <x>\

5, %)
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Combining both subcases, we obtain for all z € R*:

O
3xj

<4s%mwu<m

Thus each partial derivative %fT”? is bounded, and consequently f,, € C}(R¥). Since €
J

(DY2)* and f,, has bounded partial derivatives, the classical chain rule (see e.g., [43, Propo-
sition 1.2.3]) yields f,,(n) € D"? and

Now we analyse the convergence. By construction, |f,(n)| < |f(n)| for all m, and
lim _fin(n) = f(n)

almost surely. For the derivatives, note that

%Z (n) = gg{j (n)¢' (%) :

Asm — oo, ¢ <M> — ¢/'(0) = 1 almost surely. Moreover,

m

Ofm of /

o io)| <[ g |11,

and the right-hand side is square-integrable by assumption (2). Therefore, by the dominated
convergence theorem,

lim B [|fm(n) — f()]*] =0,

m—00

and
2

lim E

m— 00

S oL,

L2([0,T;R?)

The closedness of the Malliavin derivative operator D (see [43, Proposition 1.2.1]) implies
that f(n) € D? and

mw>§gg<wW

completing the proof. O

Applying this result yields the Malliavin derivative of the log-price.
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Corollary 5.6. For any t € [0,T], X;(t) € D"? and its Malliavin derivative DX (t) =
(D'X(t), D*X (t)) has the form

DiX(t) = <— /0 ty<s)DgY(s)ds+eLjY(u) + /0 t DiY(s)dBf(s)) Lo, (1).

Proof. First, note that if u > ¢, then the claim is true due to |43 Corollary 1.2.1]. Let now
u < t. By the definition of the Malliavin derivative and the fact that deterministic functions
have vanishing Malliavin derivative,

Di [ /0 t u(s)ds} ~0 (5.8)

Next, we verify that Y2(s) € D2 for any s € [0,7]. Since Y is bounded by Assumption [A]
we have

E[Y2(s) + IV (5)DY () 2oy | < IV 1% + 1Y IRE [1DY (5)][32q0. 110 < o,
where the finiteness follows from Y (s) € DY2. Proposition [5.5 then applies with f(x) = 22,
which satisfies condition (1) trivially since its derivative 2z is unbounded but f(z) — oo as

|z| — oo. Hence Y?(s) € D? and DY?(s) = 2Y (s)DY (s).

By the closedness of the Malliavin derivative and the fact that the integral is a limit of
Riemann sums, we can interchange the derivative and the integral:

D? B /OtYQ(s)ds} = %/Ot DIY?(s)ds = /OtY(S)DgY(s)ds, j=1,2. (5.9)

Finally, using the adaptedness and boundedness of Y together with |43, Proposition 1.3.2],
we compute the Malliavin derivative of the Ito integral. Recall that B9(t) = ¢, Wi (t) +
6172W2(t). Then

oy | [ s - i

> /0 tELkY(s)de(s)]
= (Y () + ) b / t DY (s)dWi(s) (5.10)

=0,V + [ DI (aBie)

where the second equality uses the fact that DZWj(s) = 65104 (u) and the chain rule for
Malliavin derivatives of It6 integrals. Combining (5.8)), (5.9), and (5.10]) yields the desired
expression. ]
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5.3 Malliavin differentiability w.r.t. a transformed Brownian mo-
tion. Absolute continuity

To establish absolute continuity of the law of X (), it is sufficient to verify
HD‘X(t)HLQ([O,T];RQ) > O a.Ss.

However, the representation above is not convenient for this purpose. We therefore introduce
a transformed Brownian motion.

Recall that W := U~'B (t) (see Section [4.1.1)) is again a standard Brownian motion, and
we have the relation

B5(t) BY (t) = Wa(t).

_ Y WL W

Denote by D the Malliavin derivative with respect to W. The key advantage of this trans-
formation is that the driving noise for Y becomes orthogonal to V7.

Theorem 5.7. Let Assumptions and@ hold. Then, for anyt € (0,T],
DX (t) = w1, Y (v) 1 4(v)

and

DLS(t) = uy 1 S(8)Y (v) 1o (),
where uy 1 1s the upper left element of U. In particular,
ID.X (t)] z2(o.112) > 0 a.s.
Proof. We compute BiX (t) by differentiating the representation of X (¢) in terms of W.
Recall that

X(t) = X(0) + /O t (u(s) - Y22(S>> ds + /0 tY(s)dBS(s).

Express B® in terms of w:

BS(S) = U171W1(S) + ULQWQ(S).

The It6 integral becomes
t t . t .
/ Y (s)dB*(s) = up, / Y (8)dW1(s) + upg / Y (8)dWoy(s).
0 0 0

Now we apply the Malliavin derivative D! with respect to Wl. The deterministic terms
vanish. For the term involving Wy, we use [43, Proposition 1.3.2]:

D! {um /0 tY(s)d’Wvl(s)} = u Y ()L g(v) + sy /O DY (8)dI (s).
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For the term involving Wg;

D! {um /0 tY(s)dWQ(s)} = Uy, /0 t DY (s)dWs(s).

It remains to show that D2 1Y (s) = 0 for all s,v. Since Y satisfies an SDE driven by BY,
and BY = uy QWQ (as W1 does not appear), Y is adapted to the filtration generated by Wg

The Malliavin derivative D' with respect to W1 of any random variable that is measurable
with respect to o(Wa(s) : s < T) is zero. This follows from the fact that Wy and W, are

independent Brownian motions, and the Malliavin derivative with respect to Wl vanishes on
functionals of W5 (see [43, Proposition 1.2.4]). Therefore, DY (s) = 0 for all v, s.
Consequently, the integral terms involving DY vanish, yielding

DX () = up Y (0) 1 (v).

For S(t) = eX®, we apply Proposition [5.5| with f(z) = e®. Since f’(x) = € is unbounded
but f(x) — 0o as x — 0o, condition (1) is satisfied with r,, = e** for any sequence s,, — 00.
Condition (2) holds because E[e* )] < oo by the properties of geometric Brownian motion
and D'X (t) is square-integrable. Hence,

DLS(t) = S(t)DEX (t) = u1 ()Y (v) 1o (v).

Finally, we compute the L?-norm:

T t
HD'X(t>|’%2([O,T];R2) = / u,1Y (v) Lo (U)\zdv = U%1/ Y (v)*dv.
0 0

Since u;; > 0 (the Cholesky factor has positive diagonal entries) and Y (v) is strictly positive
almost surely for all v € [0, 7] by Assumption . (or an appropriate positivity condition), we
have fo v)?dv > 0 almost surely. Therefore,

ID.X ()| 2oz >0 as.,

completing the proof. O

Corollary 5.8. For each t € (0,T), the law of X(t) (and thus S(t) = eX®) admits a
continuous and bounded density.

Proof. By Theorem [5.7, we have
ID.X ()| 2oz >0 as.

Moreover, DX (t) is adapted to the filtration generated by w (specifically, it is a function
of Y and thus adapted). The Malliavin derivative DX (t) belongs to D% and satisfies the
non-degeneracy condition. By the Malliavin regularity criterion (see e.g., [43, Proposition
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2.1.1]), the law of X (¢) is absolutely continuous with respect to Lebesgue measure and ad-
mits a continuous and bounded density.

For S(t) = eX® since the exponential function is smooth and strictly monotone on R, the

change of variables formula implies that S(t) also admits a density. Specifically, if px ()
denotes the density of X (¢), then the density of S(t) is

1
psv(s) = ~Px (108 5) Lo (3),
which is continuous and bounded on (0, 00) because px ) is continuous and bounded on R

and s +— 1/s is continuous on (0, 00). Note that S(¢) is almost surely positive, so its density
is supported on (0, c0). O
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6 Rough Volatility Models Within the SVV Frame-
work

The stochastic Volterra volatility (SVV) framework developed by Di Nunno et al. [15]
provides a unified approach that encompasses several important rough volatility models. A
model belongs to this family if its volatility process can be represented as a Volterra integral
of a Gaussian process with a kernel satisfying the regularity conditions in Assumption [A]

6.1 Classification of rough volatility models within the SVV Frame-
work

We analyse whether each model can be represented in the canonical SVV form:

Y (¢) :Y(O)+/O b(s,Y(s))ds+/O K(t,s)dBY (s),

where KC satisfies Assumption [A] and the drift b is locally Lipschitz.

Model Fits SVV? Remarks

RFSV If H=1/2 Requires rewriting to separate drift and Volterra
diffusion.

Rough Bergomi Yes log o, fits the SVV form with zero drift and frac-
tional kernel.

Mixed Rough | Yes Each exponential component fits; convex combina-

Bergomi tion does not affect volatility representation.

Rough SABR Yes log g, fits SVV form with zero drift and fractional
kernel.

Rough Stein-Stein | Yes oy fits directly with zero drift.

Rough Heston No The drift is inside the Volterra convolution; cannot
be separated.

Quadratic Rough | No Same issue as rough Heston; drift is inside the

Heston Volterra convolution.

Table 1: Classification of rough volatility models within the SVV framework

6.1.1 Detailed analysis
1. Rough Fractional Stochastic Volatility (RFSV) Model [25] The model is

t
o(t) = exp {91 + 92/ 6_93(t_5)dBH(s)} .

—00
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Define Y (t) = logo(t) — 0; = 0 ffoo e %(=9)dBH (s). This can be rewritten as

t
Y(t) = bre" %Y (0) + 6, / e U=IdBY (s),
0

where Y (0) = fi)oo e’sdBH (s). However, to fit the SVV form, we need Y () = Y (0) +
[3b(s,Y (s))ds + [y K(t, s)dBY (s). For the RFSV model:

e The process satisfies the SDE dY (t) = —03Y (t)dt + 03d B! when the driving noise
is standard Brownian motion (i.e., H = 1/2). For fractional Brownian motion with
H # 1/2, the representation is more complex.

o If B is a standard Brownian motion (H = 1/2), then Y (¢) is an Ornstein-Uhlenbeck
process, which fits the SVV form with K(¢, s) = 6, (constant kernel) and drift b(s,y) =

—93y

e For general H € (0,1/2), the process is driven by fractional Brownian motion, which
does not fit the SVV framework as the noise is not a semimartingale.

Conclusion: Only for H = 1/2 (the classical case) does this fit. For rough volatility
(H < 1/2), the RFSV model does not fit the SVV form because the driving noise is frac-
tional Brownian motion, not a standard Brownian motion integrated against a Volterra
kernel.

2. Rough Bergomi Model [5] [34] The model is

dS(t) = /u(t)S()dW (1),
(t) = 0,(t) exp {/0 (t—s)" 2dB(s) — 9§t2H} .

Define Y (t) = logv(t) — log 0y(t) + 63?1 = f;(t — 5)=124B(s). Then:
e Y(t)is a Volterra process of the form Y (t) = [7 K(t, s)dB(s) with K(t, s) = (t—s)7~1/2.
e This fits the SVV form with Y (0) =0, b =0, and K(t,s) = (t — s)71/2,
e The kernel satisfies Assumption |A| for H € (0,1/2).

e The volatility is recovered as v(t) = 0y(t) exp{Y (t) — 03t }, where the deterministic
term —072t21 ensures E[v(t)] = Oy(t).

Conclusion: Yes, with Y (¢) defined as the centered log-volatility.
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3. Mixed Rough Bergomi Model [27, [37] The model is

dS(t) = \/o(t)S(t)dB(t),
o(t) = O (t) (5 exp {291 /0 t(t — §)F2qW (s) — eftQH}

+(1—68)exp {292 /Ot(t — §)H 2 (s) — ethHD .
Define
Yi(t) = 26, /Ot(t — 120w (s),  Ya(t) = 26, /Ot(t — §)I12qW(s).

Then:

e Both Yi(t) and Y5(t) are Volterra processes of the form fOtIC(t, s)dW (s) with kernel
K(t,s) = (t — s)7~1/2 (up to constant multiples).

e Fach fits the SVV form with zero drift.

e The volatility is a convex combination of exponentials of these processes: v(t) =
eo(t)(éeYl(t)—eftQH + (1 _ 5>€Y2(t)_9§t2H).

e While the volatility itself is not a single Volterra process, each component is. The SVV
framework describes the dynamics of Y (¢) (the log-volatility or a related process).
Here, we would take Y (t) to be, say, Y;(t), and the mixed structure appears at the
level of vy, not Y'(t).

Conclusion: Yes, if we take Y (¢) as the driving Volterra process (e.g., Y(t) = fot(t —
s)H=12dW (s)), then v; is a function of Y (t) (through two exponentials with different scal-
ings), which is covered by the chain rule.

4. Rough SABR Model [22] The model is

dS(t) = V() B(S(1))dW (1),

v(t) = Oy(t) exp {e\/ﬁ /0 t(t —u)""2dB(u) — %e%w} .

Define Y (t) = logv, — log 0y(t) + 10%*" = 0v/2H [(t — u)"~'/2dB,. Then:
e Y(t) is a Volterra process with kernel K(t,u) = 6+/2H (t — u)7~1/2,
e This fits the SVV form with Y (0) =0, b =0, and K as above.

e The volatility is recovered as v(t) = 0y(t) exp{Y (t) — 36%t*'}.
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Conclusion: Yes, exactly like the rough Bergomi model.

5. Rough Stein-Stein Model [29] The model is

dS(t) = Gu(t)S(t)dW (1),

1 /t g1
v(t) = ———~ [ (t—9)""2dB(s).
0= gy [ € )
Define Y'(t) = v(t). Then:
e Y (¢) is directly a Volterra process with kernel (¢, s) = m(t — s)f=1/2,

e This fits the SVV form with Y (0) =0, b = 0, and K as above.
e No exponential transformation is required.

Conclusion: Yes, directly.

6. Rough Heston Model [19] The model is
ds(t) = \/o)S(H)dw (1),
o(t) = v(0) + /O % (6162 — v(5)) ds + 5\/0(s) dB(s) )

This is a Volterra equation where both the drift and diffusion appear inside the Volterra
convolution:

vy = g +/0 K(t,$)01(02 —v(s))ds + / K(t, s)03+/v(s)dB(s).

0

The canonical SVV form requires:

Y (t) :Y(O)~I—/O b(s,Y(s))d8+/0 K(t,s)dBY (s).

In the rough Heston model:

e The drift term (0 — v(s)) is inside the Volterra convolution with K(¢, s), not outside
as a standard Ito integral.

e The kernel multiplies both the drift and the diffusion, which is a different structure.

e This is a Volterra-type SDE, not a standard SDE with Volterra noise.
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Conclusion: No, the rough Heston model does not fit the canonical SVV form because the
drift is inside the Volterra convolution.

7. Quadratic Rough Heston Model [26), [47] The model is

dS(t) = \/v(t)S(t)dW (t)
v(t) = a(Z(t) —b)* +c

(=9 B
Z(t) = /O Hlm(é’o(s) Z(s)) ds

/QQt_SHI\/a VF cdW(s).

2

The same issue arises: Z(t) satisfies a Volterra equation where both drift and diffusion are
inside the Volterra convolution. This is the same structural form as the rough Heston model.
Conclusion: No, for the same reason as rough Heston.

6.1.2 Summary
1. Models that fit the SVV form directly:

e Rough Bergomi: logv(t) is a Volterra process with zero drift.

e Mixed Rough Bergomi: Each component is a Volterra process; the convex com-
bination is handled via chain rule.

e Rough SABR: Same structure as rough Bergomi.
e Rough Stein-Stein: v(t) itself is a Volterra process.

2. Models with special case:

e RFSV: For H = 1/2 it fits as an Ornstein-Uhlenbeck process; for H < 1/2 it is
driven by fractional Brownian motion, which does not fit the SVV framework.

3. Models that do NOT fit the SVV form:

e Rough Heston: Drift is inside the Volterra convolution.

e Quadratic Rough Heston: Same structure as rough Heston.

The key distinction is that in the canonical SVV form, the Volterra kernel appears only in
the diffusion term, multiplying the Brownian increment. The drift is a standard [to integral
with respect to time. Models where the drift also appears inside the Volterra convolution
(like rough Heston) have a different structure and are not covered by this SVV framework.

%)



7 Conclusion

In this work, we have investigated fractional and rough volatility models from both theoret-
ical and structural perspectives. After introducing the mathematical foundations of asset-
price modelling and fractional Brownian motion, we motivated the use of rough volatility
models as a framework capable of reproducing important empirical features of financial mar-
kets.

Our main focus was the Sandwiched Volterra Volatility (SVV) model introduced by Di
Nunno et al. [I5] We reformulated the general framework in a one-dimensional setting,
providing a more accessible presentation of the model and establishing several fundamental
results with detailed proofs. Furthermore, we examined the Malliavin differentiability of
both the volatility and asset-price processes, thereby extending the theoretical understand-
ing of the SVV framework and confirming its analytical tractability.

The final part of the thesis was devoted to identifying which classical rough volatility mod-
els can be represented within the SVV framework. We showed that a large class of rough
volatility models admits such a representation, highlighting the flexibility and generality of
the SVV approach. At the same time, we identified notable exceptions, namely the Rough
Fractional Stochastic Volatility model for H # %7 the rough Heston model, and the quadratic
rough Heston model, which fall outside the SVV class.

Overall, our results demonstrate that the SVV framework provides a unifying perspective for
a broad family of rough volatility models while retaining strong analytical properties. These
findings contribute to a deeper understanding of the relationships between different rough
volatility specifications and may serve as a basis for future research on the theoretical prop-
erties, numerical methods, and practical applications of Volterra-type stochastic volatility
models.
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A Appendix

This appendix provides essential definitions and theorems necessary for understanding the
main text. For full details, see Karatzas and Shreve [35].

A.1 Stochastic calculus

We provide formal definitions of concepts in stochastic analysis.

Definition A.1 (Probability Space). Let €2 be a set and F a o-algebra on S, so that (Q2, F)
18 a measurable space.
A function P : F — [0,1] is called a probability measure if it is a measure and satisfies

P(Q) = 1.
The triple (2, F,P) is called a probability space.

Definition A.2 (Stochastic Processes). Let (2, F,P) be a probability space. A stochastic
process Xy :={X(t) : t € [0, T} is a family of random variables such that for each t € [0,T]
and T € (0,00) (interpreted as the notion of time), each X(t) is a measurable function X :
Q2 — R. That is, for eacht € [0,T] and each Borel set B C R, the set {w € Q: X(t,w) € B}
belongs to F.

Definition A.3 (Adaptedness). A filtration {F;}i>0 on the probability space (S, F,P) is an
increasing family of o-algebras contained in F, 1.e. Fs C F CF, forall0 < s <t. A
continuous time stochastic process X is said to be adapted to the filtration {F;}i>o if Xy is
Fi-measurable, for allt € [0,T].

Definition A.4 (Martingale). A continuous time stochastic process X; is a martingale if
it is Fi-adapted for all t € [0,T], it is integrable, i.e. E[|X]] < oo for allt € [0,T], and
E[X; | Fs] = X for all0 < s <t.

Definition A.5 (Brownian motion / Wiener process). A stochastic process W (t) for t €
[0, T is called a Brownian motion (or Wiener process) if:

e W(0) =0 almost surely;
e it has independent increments;

o for any 0 < s < t, the increment W(t) — W(s) follows a Gaussian distribution

W(t) = W(s) ~ N0, — s);
It is well-known that a stochastic equation of the form
t t
X(t) = a:0+/ f(s,Xs)ds+/ g(s, Xs) dW(s)
0 0
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can be written in differential form as the stochastic differential equation (SDE)

(A1)
X(0) = 20 € R.

where f(t, X;) is a deterministic drift function, perturbed by a diffusive function g(¢, X;) and
dW (t) which is the increment of the Wiener process.

A.2 Stochastic integrals

This subsection aims to motivate the reader to understand the sensitivity and complexity of
dealing with stochastic integrals, although it can be skipped for a general reading.

It is noteworthy that if g(t, X;) = 0, - ) reduces to an ordlnary differential equation.
Therefore, our focus lies in understanding the stochastic integral fo s, Xs) dW (s).

An important observation regarding this type of integral is that it cannot be solved us-
ing classical Riemann or Lebesgue integration methods, nor the Riemann-Stieltjes integral.
This is because the continuous sample paths of a Wiener process lack bounded variation on
any bounded time interval, due to the non-differentiability of Wiener processes. Thus, our
current objective is to define the stochastic integral fOT X (t) dW (t), where we integrate with
respect to the Wiener process.

Given a deterministic function f(¢) : R — R, the integral fo t)dt can be approximated by
the Riemann sum:

Zf (tivr — i), (A.2)

where t; = idt with the step size dt = T/N for some positive integer N. Note that if we take
the limit as dt — 0, we can obtain the integral. Then, we discretize the stochastic integral
using the forward Euler method as follows:

Zf (tigqr) = W(t:)) = } f(t:) AW;.

Let f(t;) = W(t;) and take the expectation. By the properties of the independent increments
and the Gaussian distribution of the Wiener process, we obtain:

N-1 N-1 N-1

S W(t)AW; | = > E[W(t)AW;] =Y E[W(4)|E[AW;] = 0.
i=0 i=0 i=0

Now, if we discretize it using the backward Euler method:

N-1

> W(ti)AW,

i=0
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taking the expectation will yield a different result:

N-1 N—
> E[W (tip1) AW Z E[W Z =
=0

Furthermore, if we use the trapezoidal or midpoint method which leads to the Stratonovich

integral:
N1y

Z 7«+1 +W( )AWZ,

=0

we will find:

Z |: z+1 ‘|‘W( )AW g

As we see, all three methods do not converge to the same limit. This shows the main problem
when dealing with stochastic processes due to their sensitivity to the points used to define
the heights of the rectangles. In this thesis, we will focus on the forward Euler method as in
, known as the It integral.

A.3 1Ito formula

Now we define rigorously the It6 integral mentioned above (see It6’s own works [32] and [33]).
To start we shall consider the probability space (2, F,P), where F is the o-algebra containing
an increasing family {F;}:>0, and we say the Wiener process W (t) is a martingale i.e. W (¢)
is Fr-adapted with E[W (t)|Fy] = W(0) = 0 and E[W(t) — W (s)|Fs] = W(s) — W(s) =0
almost surely, for all 0 < s < t.

Definition A.6 (It6 integral) Let W (t) be a Brownian motion and let X (t) be an adapted
process such that E fo t)2dt < oo.
For simple processes of the form

n—1
= Z th‘ 1[ti,ti+1) (t)
=0

the Ito integral is defined as

/ ' X(t)dWw(t) = nz_l X, (Wi, — Way).

For general square-integrable adapted processes, the integral is defined as the L?-limit of such
simple processes.

One can observe that the Ito integral has mean 0 as in the previous section, that is,

s =& [ xeavio) <o

by the property of the Wiener process, and this leads to the following theorem.
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Theorem A.7 (It6 isometry). Let W : [0,T] x Q — R denote the Wiener process and let
X :[0,7] x Q@ — R be an Fi-adapted stochastic process and defined on the Hilbert space
L*(Q),F,P), where L* denotes the space of square-integrable functions, then

(/OTXtth)Q =E [/OTdet} :

As a consequence, the Ito integral respects the inner products, i.e.

E[[(X(t))](}f(t))]:EK/OTX@)dW@)) (/OTY()dW )} U X(t }

Nonetheless, the classical chain rule fails, here we state the multidimensional 1t6 lemma.

E[I(X,)?] =

Definition A.8. Let m € N. A vector {W}, W2, ..., Wi e of m independent Brownian
motions defined on a common probability space (2, F,P) is called a standard m-dimensional
Brownian motion.

Definition A.9. Let d € N. A d-dimensional Ité process is a vector { X}, X?, ..., X{ }epto,r)
of Ito processes of form

X;=X5+ /usds+2/ GIdAWI, t € [to,T), i € {1,....d}, (A3)

where for all i € {1,....d} and j € {1,..,m} we have X{ € R, {u} e, is an adapted

stochastic process such that
T
IP’(/ |,ui|dt<oo) =1
to

and {0} Yo 11 18 {Fi heepto 1 -adapted such that P (fg lot|2dt < oo) =1.

Theorem A.10 (Multidimensional It6 lemma). Let {X;}iepy.m be a d-dimensional Ité pro-
cess of the form (A.3) and Y; = U(t,X;) : [0,T] x R - R, for 0 <t < T, where U is
continuously differentiable in the first variable t and twice continuously differentiable in the
other variables x1, ...,xq. Then

. oU .
)AX! + = Z o k (t, X,)dX!dXF.

ou
dY, = —-(t. X, dt+za
A.4 Existence and uniqueness of SDE solutions

Here we present some sufficient, but not necessary conditions to guarantee the existence and
uniqueness of the solution of a stochastic differential of a form as (A.1]), regarding its drift
and diffusive functions.
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Definition A.11 (Lipschitz continuity). A real-valued function f(z) : R — R is Lipschitz
continuous if there exists a constant K > 0 such that

|f(x) = f(y)| < K|z —yl, forallz,y € R.

Furthermore, it is locally Lipschitz continuous if Vn € N there exists a constant K, > 0 such
that
|f(@) = f(y)| < Kulz —yl, for all |z| < n and |y| < n.

Proposition A.12. A real-valued function f(z): R — R satisfies a global Lipschitz condi-
tion if it has a uniformly bounded first derivative.

Proof. By the mean value theorem, for any z,y € R, we have |f(z) — f(y)| = |z — y||f'(¢)]
where € € [z,y]. If f'(z) is bounded, then there exists a constant K > 0, such that |f'(e)|
K, therefore it satisfies the Lipschitz continuity.

L IA

Definition A.13 (Linear growth). A real-valued function f(x) : R — R has a linear growth
bound if there exists a constant K > 0 such that

@) < K21+ [eP), for all a2,y € R.

Theorem A.14 (See [35], Chapter 5). Assume that functions f(t,x), g(t,z) : [0,T] xR — R
are Lipschitz continuous and have a linear growth bound in the second variable x. Then, the
stochastic differential equation

dX, = f(X))dt + g(X,)dW;, Vit € [0, T]
Xo=20€R

admits a unique continuous exact solution {X;}iepo,r). More precisely,

P(/OT|f<Xt>|+|g<Xt>|2 <o) =1

and

P (Xt = xo + /Otf(Xt) dt + /Otg(Xt)th) = 1.

A.5 Novikov condition and Girsanov theorem

Definition A.15 (Local Martingale). Let (2, F, {F;}icpo,r, P) be a filtered probability space
satisfying the usual conditions. An adapted cadlag process {M(t)}icpo,r s called a local
martingale if there exists an increasing sequence of stopping times {7, }n>1 such that

T, T 00 a.s.,
and for every n, the stopped process
M™(t) == M(t AN Ty)

is a martingale with respect to {JF;}.
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Definition A.16 (Doléans-Dade Exponential). Let {M(t)}icpom be a continuous local mar-
tingale with M (0) = 0. The Doléans-Dade exponential (or stochastic exponential) of M s
the unique process {E(M)(t) }repo,m satisfying the stochastic differential equation

dE(M)(t) = E(M)(H) dM(t),  E(M)(0) = 1.

The explicit solution is given by

(0 = exp (Mo - 30000,

where (M)(t) denotes the quadratic variation of M.
The Doléans-Dade exponential has the following properties:
1. If M is a local martingale, then £(M) is a local martingale.
2. If M is a martingale, £(M ) is not necessarily a martingale; it is only a local martingale.

3. For two continuous local martingales M and N, the following multiplicative property
holds:

E(M)E(N) =E(M + N + (M, N)).

Theorem A.17 (Novikov Condition). Let {W(t) }sco,1) be a one-dimensional standard Brow-
nian motion defined on a filtered probability space (Q, F,{Fi}icjo.r), P) satisfying the usual
conditions. Let {0(t) }icjo,r) be a progressively measurable real-valued process such that

T
/ 0(t)*dt < co a.s.
0

Define the Doléans-Dade exponential

Er(0- W) = exp (/OT o(t) AW (1) — %/f&(t)%lt) |

If the Novikov condition
1 [T
E [exp <§/ 0(t)? dt)] < 00,
0

holds, then {&(0 - W)}icor) s a martingale, and consequently
E[&r(0-W)] =1.

Theorem A.18 (Girsanov Theorem). Let {W (t)}ico,r be a one-dimensional standard Brow-
nian motion defined on a filtered probability space (2, F,{Fi}icpor), P). Let {0(t)}icpor be a
progressively measurable real-valued process satisfying the Novikov condition

Ep {exp G /f&(tfdt)} < 00.
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Define the probability measure Q on Fr by

fl% = Ep(0- W) = exp (/OT O(t) dW (t) — %/f@(t)%lt) :

Then Q is a probability measure equivalent to P, and the process

—~

W(t) = W(t)—/ote(s)ds, te[0,7],

18 a one-dimensional standard Brownian motion under Q.

Corollary A.19 (Girsanov for Semimartingales). Under the same assumptions, if a process
{X(t)}icpo,m has the P-decomposition

then under Q, X admits the decomposition

X(t) = X(0) +/O (1(s) 4+ o(s) - 0(s)) ds +/O o(s)-dW(s),

where W 1s a Q-Brownian motion.
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