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Abstract In this work, we consider an extension of a Running Vacuum Model
(RVM), a particular subclass of dynamical vacuum model based on a

renormalisation group equation that establishes the time-dependence of the
vacuum energy density ρΛ as a function of the Hubble parameter H. We aim to
inspect the thermodynamical implications of considering a RVM that presumes
two different inflation scales. In particular, we want to analyse the behaviour of

the entropy of the universe that arises from considering a dynamical vacuum
energy density with such particular behaviour. To this end, we introduce the

Generalised Second Law (GSL) of Thermodynamics together with the concept of
cosmological horizons, emphasising on the apparent horizon. Moreover, we review

a deduction of the Einstein field equations and a derivation of the Friedmann
equations in arbitrary dimensions, both from thermodynamical principles,

following our objectives of maintaining this work as thermodynamically-focused as
possible and to wit the possible deep connection between Thermodynamics and

General Relativity. Finally, we study the RVM in the early universe and the
entropy production within, reviewing recent work on the matter considering a

RVM and introducing our extended RVM with two different higher powers of the
Hubble parameter H, which poses the possible existence of two different epochs of

inflation.
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Introduction

More than two decades have passed by after the accelerated expansion of the
universe was first observed [38] and much more evidence supporting this discovery
has been provided by independent measurements ever since [27; 36; 51]. Nowadays,
it is well-established that the universe is undergoing an accelerated expansion, yet a
successful explanation for this phenomenon is still missing. Several attempts have
taken place in the last twenty years and numerous models have been proposed, such
as quintessence fields of phantom fields, among others, but none of them has been
able to bring a conclusive answer to the observations [43].

From a theoretical point of view, the aim is to explain what kind of mechanism
lies behind the cosmological constant term, or Λ term for short, in Einstein field
equations [16]. Einstein introduced the Λ term in 1917, just two years after proposing
his field equations [15], so that his equations would contain a solution for a static
universe, as this was the belief at the time. However, in 1929, Hubble published his
observations showing the expansion of the universe, contradicting the conception
of the universe of the epoch [18]. Moreover, Eddington proved in 1931 that the
static solution presented by Einstein was, in fact, unstable, hence it represented
an unrealistic scenario [14]. That same year, Einstein published another article
concerning his field equations, but this time without the Λ term [17].

Nevertheless, a few years later, an unexpected turn of events took place, when
Lemâıtre discussed for the first time the idea of vacuum energy being the cause of
the cosmological constant [29], associating a vacuum energy density to Λ through
an expression of the form ρΛ = Λ/(8πG). This offered a new way to explain the
expansion of the universe, which has remained till our days. Besides, either we like
it or not, there is no good reason to erase the Λ term from Einstein field equations
since it is allowed by general covariance. Nowadays, we write the Einstein field
equations in the following form [11]:

Gµν − Λgµν = 8πGTµν , (1.1)

where Tµν is the energy-momentum tensor, gµν is the metric tensor and

Gµν ≡ Rµν −
1

2
Rgµν (1.2)

is the Einstein tensor, with Rµν being the Ricci tensor and R the Ricci scalar. As
it is conventional, we shall always consider a connection in which the covariant
derivative of the metric is zero, that is ∇µgµν = 0. From the Bianchi identity we
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know that ∇µGµν = 0. Assuming that G is a fundamental constant and that matter
is conserved, i.e. ∇µTµν = 0, if we perform a covariant derivative on equation (1.1)
we are left with the expression

∇µΛ = ∂µΛ = 0, (1.3)

which implies that Λ must be constant, hence the name “cosmological constant”. At
this point we should mention that, in this work, we may use Planck units [11], which
means that we will normalise to 1 the speed of light in the vacuum, the Newton’s
gravitational constant, the reduced Planck constant, and the Boltzmann constant:
c = G = ~ = k = 1. Thus, eventually, we shall rewrite equation (1.1) as

Gµν − Λgµν = 8πTµν . (1.4)

We have just seen how the Λ term is allowed within the structure of General
Relativity and mentioned that was postulated as an explanation for the expansion
of the universe if we associate it with vacuum energy. Unfortunately, this promising
perspective was frustrated when theoretical results were compared to measurements.
As it turns out when we try to obtain a prediction for Λ from quantum theory, the
value that we get is several orders of magnitude greater than the one that we acquire
from observations. On the one hand, the present current value for the vacuum
energy is ρ0

Λ ≈ 2.5×10−47 GeV4 [36]. On the other hand, the “induced cosmological
constant” due to the electroweak phase transition caused by the Higgs potential is
ρΛind ≈ −1.2× 108 GeV4 [43]. As we can see, the vacuum energy density predicted
by electroweak theory is 55 orders of magnitude bigger than the present value of
vacuum energy density. This discrepancy is called the cosmological constant problem
or CC problem for short; first formulated by Zeldovich [55], it is one of the most
famous and challenging open problems in cosmology and in physics.

Furthermore, we notice that ρ0
Λ is very close to the value for the current matter

density ρ0
m. Actually, both values are of the same order of magnitude, as we see from

[36] that ρ0
Λ/ρ

0
m ≈ 2.2 ∼ O(1). As it is well known, the matter density is inversely

proportional to the cube of the scale factor, i.e. ρm ∝ a−3, since we assume that
matter is conserved and, consequently, it becomes more and more diluted as the
universe expands. In contrast, we consider the cosmological constant to be indeed
constant, thus the vacuum energy density is also constant. So it seems to be that
we find ourselves in an epoch of the history of the universe in which an evolving
and a constant magnitudes, which apparently do not hold any relation between
them, meet. Are we extremely lucky or are we wrong about (at least) one of the
assumptions we have made in our way here? Most likely, the latter is the actual
situation, which leads to the problematic known as the cosmic coincidence problem.

An interesting hypothesis is to assume that the cosmological constant is, in fact,
not constant [43]. From this perspective, we think of Λ as of a spatially homogeneous
function of the cosmic time, i.e. Λ = Λ(t), since we must respect the Cosmological
Principle. At first sight, one may think that this violates general covariance in Gen-
eral Relativity, but this is not the case. Recall the general covariance of equation
(1.1) relied on the assumptions that G is constant and that matter is conserved.
Postulating that the Newton’s gravitational constant is a varying parameter is not
as senseless as it sounds since measurements carried on in the past decade suggest
that basic quantities of the Standard Model may not be preserved during cosmolog-
ical evolution [43], so it could be the same for G. In addition, there could be the
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possibility of matter and vacuum interacting and interchanging energy, so that mat-
ter density and vacuum energy density would evolve together through time. Either
one of these two phenomena or a combination of both may allow for a dynamical
cosmological constant, preserving the general covariance of Einstein field equations.

Contemporary works have considered a time-evolving gravitational constant G
in an attempt to better fit the observed cosmological data [33; 45; 46]. In this work,
in contrast, we shall take G as constant and consider that matter is not covariantly
conserved and that the vacuum energy density is dynamical. In other words, we will
work in the context of dynamical vacuum models (DVMs), in which we regard Λ
and, consequently, ρΛ as quantities that depend on the cosmic time, that is Λ = Λ(t)
and ρΛ = ρΛ(t). In particular, we will work with a specific subclass of dynamical
vacuum models called Running Vacuum Models (RVMs) [43; 44; 50].

Opposite to old models [34], which are essentially phenomenological and hardly
ever based on any fundamental theory, RVMs are built upon theoretical principles
within QFT in curved spacetime [40; 41; 42]. As we shall see, the renormaliza-
tion group (RG) in curved spacetime is invoked to construct an expression for the
time-dependent vacuum energy density ρΛ(t). This confers to the dynamical vac-
uum energy density its time dependence through the Hubble rate (and its time
derivatives)[4], that is ρΛ(t) = ρΛ(H(t), Ḣ(t), . . . ), in the context of RVMs. Within
RVMs, we can build unified models of cosmological evolution which can encompass
from the inflation epoch to the present time [30; 35; 44; 50]. As a matter of fact,
RMVs appear to be quite consistent with the current observational data [45; 46].

In this models, vacuum plays a dynamical role with matter, in the sense that
vacuum energy decays into particles and that particles annihilate into the vacuum.
This gives rise to certain energy exchange between the vacuum and particles which
takes place through the creation and annihilation of particles at a macroscopic scale,
i.e., the entire universe [50]. We are interested in the thermodynamical aspects of
this phenomenon, hence the study of the entropy of the universe will be paramount in
this work. Needless to say, Thermodynamics has become more and more prominent
in the field of cosmology since Bekenstein and Hawking discovered that the event
horizon of a black-hole has entropy and temperature [5; 19; 20], which lead to the
formulation of black-hole thermodynamics by Hawking, Carter and Bardeen [3]. In
turn, black-hole thermodynamics served as inspiration for the formulation of the
holographic principle [24; 52], in particular, for a possible profound relation between
Thermodynamics and General Relativity [7; 8; 25], which we shall review.

In Section 2 we introduce the concept of the Generalised Second Law (GSL) of
Thermodynamics, together with the definitions of event horizon, particle horizon,
and apparent horizon. In Section 3 we discuss Jacobson’s [25] original deduction
of the Einstein field equations from classical entropy, showing that the Einstein
equations can be deemed as an equation of state. In Section 4, we discuss how the
Friedmann equations can be obtained from the unified first law, both considering
and not considering an apparent horizon, closing with a derivation of the aforemen-
tioned equations in arbitrary dimension. Finally, in Section 5, we introduce Running
Vacuum Models (RVMs) and we examine its thermodynamical implications within
the early universe. We review the study performed in [50] and we introduce an ex-
tended RVM which explores the possibility of the existence of two different inflation
epochs.
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2

Cosmological horizons and the
Generalised Second Law

In this section, we introduce the concept of the Generalised Second Law of Ther-
modynamics, that offers a new study perspective of entropy which will be the one
we shall consider in this work. To be capable of applying the Generalised Second
Law in our discussion of entropy, we are in need of a certain cosmological horizon,
namely the apparent horizon. Here we describe this particular horizon together with
two other crucial cosmological horizons.

In this day and age, the thermodynamic study of the expanding universe is
performed from the point of view of the Generalised Second Law (GSL) of Ther-
modynamics. The GSL was first formulated by Bekenstein, who conjectured that:
“The common entropy in the black-hole exterior plus the black-hole entropy never
decreases.” [5], where the black-hole entropy refers to the entropy associated to the
area of the event horizon of the black-hole and the common entropy to the entropy
of what resides outside the event horizon. Nowadays, this postulate has been ex-
tended to cosmological horizons, so that we consider that the sum of the entropy of
radiation and matter inside the horizon - which is called the volume entropy SV -
and the entropy of the horizon itself - which we refer to as the horizon entropy SA
- is the magnitude that must never decrease.

Specifically, the total entropy ST ≡ SV + SA must fulfil two thermodynamic
conditions. First, it must increase with the expansion of the universe. Second, its
increase must diminish over time until the system the universe eventually reaches a
final state of thermodynamic equilibrium. That is to say that

S ′T = S ′V + S ′A ≥ 0, S ′′T = S ′′V + S ′′A < 0, (2.1)

where the differentiation will be (in our case) with respect to the scale factor, for it is
directly related to the expansion of the universe. Observe that the first condition is
what we commonly refer to as the Second Law of Thermodynamics. The second one
is called the Law of Thermodynamic Equilibrium (LTE), which is necessary in order
to prevent entropy from increasing in a rampant manner. Then, the equilibrium
situation is attained when the first derivative of the total entropy is zero and the
second one is negative, that is S ′T = 0 and S ′′T < 0, which corresponds to a state
with maximum entropy, which conforms to what we understand as thermodynamic
equilibrium.
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Let us now explain what we mean when we talk about cosmological horizons
and to which horizon we refer to when we speak of the horizon entropy. Rindler
adequately treated the concept of cosmological horizons for the first time [39], dis-
tinguishing between event horizons and particle horizons. The particle horizon is
defined as the boundary of the volume of space from which an observer can receive
information at a given time t [32]. Then, the physical distance from the observer to
the particle horizon is given by

dp(t) = a(t)

∫ t

ti

dt′

a(t′)
= a(t)

∫ a(t)

0

da′

a′2H(a′)
, (2.2)

where ti is the initial instant when the scale factor vanishes, i.e., a(ti) = 0. One
can see that if the universe has always been in decelerated expansion (as happens in
radiation and matter dominated epochs), then dp(t) < ∞, ∀t, that is the universe
indeed has a particle horizon. In contrast, if the universe begins with an accelerated
expansion, then dp(t) =∞, ∀t, which means that there is no particle horizon.

The event horizon is the complement of the particle horizon: it is the boundary
of the set of points from which signals sent at a given time t will never be received
by an observer in the future [32], hence the physical size of the event horizon is

de(t) = a(t)

∫ ∞
t

dt′

a(t′)
= a(t)

∫ ∞
a(t)

da′

a′2H(a′)
. (2.3)

For flat or open Friedmann-Lemâıtre-Robertson-Walker (FLRW) universes with no
cosmological constant, one has that dp(t) = ∞, ∀t, so there is no event horizon
for such universes, which means that all future events are accessible to the present
observer. Conversely, the standard ΛCDM model does have an event horizon since
dp(t) <∞, ∀t. It can also be seen that closed FLRW universes with no cosmological
constant have an event horizon.

For our purposes, we ought to define another cosmological horizon, the apparent
horizon. We consider the (n+ 1)-dimensional FLRW metric

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

n−1

)
= gµνdx

µdxν , (2.4)

where k is the spatial curvature and dΩ2
n−1 is the metric of the unit (n-1)-sphere.

Assuming that all components present in the universe can be considered as perfect
fluids, the energy-momentum tensor in the FLRW metric takes the form [37]

Tµν = (ρ+ p)uµuν + pgµν , (2.5)

where uµ is the four-velocity of a comoving observer.
In our choice of metric signature, the four-velocity satisfies uµu

µ = −c2 = −1, for
we are working in Planck units. Then, we immediately have that uµ = (1, 0, · · · , 0)
in the (n+ 1)-dimensional FLRW metric (2.4). Thus, in this metric, the expansion
scalar θ of the perfect fluid takes the form

θ ≡ ∇µu
µ =

1√
−g

∂µ
(√
−guµ

)
=

1− kr2

an(t)rn−1
∂µ

(
an(t)rn−1

1− kr2
uµ
)

=
1− kr2

an(t)rn−1
∂0

(
an(t)rn−1

1− kr2

)
=

1− kr2

an(t)rn−1

nan−1(t)ȧ(t)rn−1

1− kr2
= nH,

(2.6)
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where g is the determinant of the matrix formed by the components of the metric
and H ≡ ȧ/a is the Hubble parameter, where the dot denotes the derivative with
respect to the cosmic time t. We know that the energy-momentum tensor fulfils the
conservation law ∇µT

µν = 0, whose ν = 0 component reads

∂0ρ+∇µu
µ (ρ+ p) = ρ̇+ nH (ρ+ p) = 0, (2.7)

where we have applied equation (2.6).
If we define x0 = t and x1 = r, the radial coordinate r̃ ≡ a(t)r and the 2-

dimensional metric hab as the projection of the FLRW metric gµν in the normal
direction of the (n− 1)-sphere, we can write equation (2.4) as

ds2 = habdx
adxb + r̃2dΩ2

n−1, (2.8)

In these coordinates, the apparent horizon is defined by hab∂ar̃∂br̃ = 0 [2; 9; 12], for
it is a marginally trapped surface where the expansion θ becomes 0 (recall equation
(2.6), see also [37]). In the FLRW metric, the expression hab∂ar̃∂br̃ becomes

hab∂ar̃∂br̃ = − (ȧr)2 +
1− kr2

a2
a2 = −H2r̃2 + 1− k

a2
r̃2 = 1−

(
H2 +

k

a2

)
r̃2, (2.9)

thus the radius of the apparent horizon is given by the expression

r̃AH(t) = a(t)rAH(t) =
1√

H2(t) + k
a2(t)

. (2.10)

The apparent horizon is more suitable for the thermodynamic discussion of the
expansion of the universe (see [8] for a review). For starters, we do not need to
know the causal structure of spacetime, as happens with the particle and event
horizons. Secondly, the holography based on it obeys the First Law of Thermody-
namics, in contrast to the particle horizon [2] - as we will discuss in Section 4 and
Section 3, respectively-. Moreover, the apparent horizon has a natural gravitational
entropy associated with it, which is nothing less but the generalisation for cosmo-
logical horizons of the black-hole entropy found by Bekenstein and Hawking. For all
these reasons, the apparent horizon is much more appropriate for thermodynamic
discussions than the event or particle horizons.

As we have already explained, in this work we will consider the GSL of Thermo-
dynamics, by which we must take into account both the volume entropy SV and the
horizon entropy SA. Regarding the apparent horizon, the volume entropy is just the
entropy of all the matter and radiation contained by the sphere with radius r̃AH .
We know that the entropy density is defined as [28]

s ≡ S

V
=
ρ+ p

T
=

1 + w

T
ρ, (2.11)

where S is the entropy, V is the volume of the sphere, and ρ and p are, respectively,
the density and the pressure of the matter and radiation contained by the sphere.

In practice, we assume that the universe is geometrically flat, i.e., that its spatial
curvature is k = 0 since the current observational data appears to indicate so [36],
so the radius of the apparent horizon reduces to r̃AH(t) = 1/H(t). Hence, we
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have that the volume of the sphere contained by the apparent horizon is Vh(t) =
(4π/3)r3

AH(t) = 4π/(3H3(t)), thus the volume entropy is given by

SV =
4π

3

(1 + w)ρ

TH3
. (2.12)

The horizon entropy is given by the Bekenstein-Hawking expression [5; 19; 20]

SA =
kA

4l2P
=

1

4

A

l2P
, (2.13)

where k is the Boltzmann constant (the natural unit of entropy), A = 4πr̃2
AH is

the area of the apparent horizon, and lP =
√

~G/c3 =
√
G is the Planck length,

where ~ is the reduced Planck constant and c is the speed of light in the vacuum.
Notice that we have set k = ~ = c = 1 since we are working in natural units, in
which entropy is a dimensionless magnitude, as we realise from the second equality
in equation (2.13). From this equation, we also see that the horizon entropy SA is
just one fourth of the area of the horizon in units of the fundamental area l2P . Since
in natural units one has that lP =

√
G = 1/MP , where MP is the Planck mass, we

can rewrite the previous equation for the horizon entropy as

SA =
A

4G
= πr̃2

AHM
2
P = π

M2
P

H2
. (2.14)

We should keep in mind expressions (2.12) and (2.14), for we will employ them in
our entropy discussion in Section 5.
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3

Einstein field equations from
classical entropy

In this section, we aim to provide a sensible deduction of the Einstein field
equations. Our intention is to show how Einstein equations can be regarded as
an equation of state when we consider them from a thermodynamic point of view,
more precisely, when we think of entropy from a holographic perspective, taking
into account its connection with information within the universe. To this end, we
will closely follow [25] and [26].

In Classical Thermodynamics, entropy is defined as dS = δQ/T , where δQ is the
heat flow and T is the temperature. Let us contemplate the region of spacetime that
is causally connected from the viewpoint of a certain observer, e.g., for us, that would
be the observable universe. Let us think of the boundary of this region, namely
the particle horizon for the observer. The particle horizon is a null hypersurface
composed of generators which are null geodesic segments that travel back in time
from the observer [25]. Then, we can think of the causally connected region as our
thermodynamic system, of the particle horizon as its boundary and of the universe
beyond the horizon as its surroundings. Thus, the energy flowing across the particle
horizon can be regarded as the heat flow δQ.

We observe that the boundary of our thermodynamic system is a causality bar-
rier, in the sense that it prevents our causally connected region of sending infor-
mation to or receiving any from the rest of the universe. The fact that there is
information which is inaccessible from our region leads us to think that the particle
horizon must be related to entropy [5]. This unavailable information is contained
within correlations between vacuum fluctuations inside and outside the horizon [6].
If there is no lower limit to the wavelength of the quantum fields in the vicinity of
the particle horizon, the entanglement entropy associated with it diverges in contin-
uum quantum field theory. On the contrary, if there is a fundamental cutoff length
lc, then the entanglement entropy is finite and proportional to the area of the par-
ticle horizon in units of l2c , provided the radius of curvature of spacetime R satisfies
lc � R [25]. Therefore, we assume that the entropy of our thermodynamic system
is proportional to the particle horizon area. Notice that this assumption is coherent
with the extensive nature of entropy, for the area also is an extensive characteristic
of a horizon.
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We have discussed how the vacuum fluctuations of quantum fields give rise to
the entropy associated with the particle horizon. They also are responsible for the
effective temperature experienced by a uniformly accelerated observer, according to
the Unruh effect [11; 54]. Hence, we assume that the temperature of our system is
that measured by such an observer within the particle horizon because of the Unruh
effect, that is, the Unruh temperature, which is given by [1; 11; 53; 54]

TU =
~a

2πkc
=

a

2π
, (3.1)

where a is the acceleration in the instantaneous rest frame of the observer, ~ is the
reduced Planck constant, k is the Boltzmann constant, and c is the speed of light.
Notice that we have set ~ = k = c = 1 since we are working in Planck units. It
is not surprising that the Unruh temperature has the same form as the Hawking
temperature [1; 11; 19; 20]

TH =
~g

2πkc
=

g

2π
, (3.2)

where g is the surface gravity.
We have finally managed to define the heat flow δQ, the entropy S and the

temperature TU for our thermodynamic system. At this point we realise that, in
order to be consistent, the uniformly accelerated observer that measures the Unruh
temperature must be also the one that measures the heat flow. However, this implies
that different accelerated observers will measure different values, and that is a serious
problem. Moreover, the observer acceleration diverges as the accelerated worldline
approaches the particle horizon [25]. Then, we see from equation (3.1) that this
means that the Unruh temperature diverges, as so does the heat flow. Yet, their
ratio tends to a finite limit [25], hence we will study our thermodynamic system in
this limit. The interest in this limit relies on the fact that it allows us to proceed
with the discussion in local terms, which is what we want.

Having solved the problem that arises from the divergence of the observer accel-
eration, there is still another concern with our system. Our thermodynamic system
is delimited by a boundary which is not stationary. The particle horizon evolves
together with the expansion of the universe, so our system is not in equilibrium,
hence we cannot apply Equilibrium Thermodynamics. To overcome this problem,
we introduce the concept of local Rindler horizon (LRH), which is also another step
towards making our argument local.

Let us consider a spacetime point x and a spacelike 2-surface element Σ such
that x ∈ Σ. We choose Σ so that its past directed null normal congruence to one
side - which we call the inside - has vanishing expansion and shear [37] at x (we
can always choose Σ in a way that the expansion and shear vanish at first order in
the surroundings of x [25]). Then the LRH of Σ is defined as the boundary to the
past (on the inside) of Σ [26]. Hence, the LRH reaches equilibrium at x. Now we
can apply the equilibrium thermodynamic relation δQ = TdS. However, since we
have introduced a new notion of horizon, we need to adapt the previous definitions
of heat flow, temperature, and entropy to our new system.

By the equivalence principle, we know that in the vicinity of any spacelike 2-
surface element Σ the spacetime can be regarded as Minkowski spacetime and,
consequently, with the Poincaré symmetry. Let us examine then an approximate
Killing vector field χµ generating boosts orthogonal to and vanishing at Σ. The
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Unruh effect tells [11; 54] us an observer moving with uniform acceleration through
the Minkowski vacuum along χµ will observe a thermal spectrum of particles with
temperature

TU =
κ

2π
, (3.3)

where κ is the acceleration of the Killing orbit, which can be identified with the
surface gravity [37].

Having found an expression for the temperature, let us discuss now the heat
flow. Assuming that all the heat flow across the LRH is energy carried by matter
and radiation, we can define [26]

δQ =

∫
H
Tµνχ

µdxν , (3.4)

where Tµν is the energy-momentum tensor of matter and radiation and H is the
horizon generating the Killing vector field χµ. Let kµ be the tangent vector to the
horizon generators for an affine parameter λ that vanishes at Σ and is negative to
its past. Then, one has that χµ = −κλkµ and that dxν = kνdλdA, where dA is the
area element on a horizon cross section [25], so the heat flow can be rewritten as

δQ = −κ
∫
H
λTµνk

µkνdλdA. (3.5)

As for the entropy, we assume that is proportional to the horizon area, as we did
before, so we have that dS = CδA, where C is a proportionality constant and δA is
the area variation of a cross section of a pencil of generators of H, which is given by

δA =

∫
H
θdλdA, (3.6)

where θ is the expansion of the null congruence of horizon generators [25; 26] (in
[26] we find a bit different but equivalent expression for the area variation δA). It
is known that the Raychaudhuri equation reads [37]

dθ

dλ
= −1

3
θ2 − σ2 + ω2 −Rµνk

µkν , (3.7)

where σ2 = σµνσµν is the square of the shear, ω2 = ωµνωµν is the square of the
vorticity, and Rµν is the Ricci tensor. Since we are studying the expansion θ of the
null geodesic congruence generating the LRH, we know from [37] that the vorticity
becomes zero, that is, ωµν = 0. Moreover, we recall from the definition of the LRH
that the congruence has vanishing expansion θ and shear σ at x (in fact, θ and
σ vanish at first order in Σ). Thus, θ2 and σ2 are higher order terms which can
be neglected when evaluating equation (3.7) in the neighbourhood of x. Therefore,
integrating equation (3.7) under these conditions we obtain that

θ = −λRµνk
µkν , (3.8)

when λ is small enough. Replacing the expression we have found for the expansion
of the null congruence in equation (3.6), one has that

δA = −
∫
H
λRµνk

µkνdλdA. (3.9)
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Finally, from equations (3.3), (3.5) and (3.9), we see that thermodynamic relation
δQ = TdS holds if, and only if, the expression

−κ
∫
H
λTµνk

µkνdλdA = − κ

2π
C

∫
H
λRµνk

µkνdλdA

Tµνk
µkν =

C

2π
Rµνk

µkν
(3.10)

is true ∀ kµ null, which is equivalent to

2π

C
Tµν = Rµν + fgµν , (3.11)

where f is an arbitrary function and gµν is the metric tensor [25; 26]. It is known
that the energy-momentum tensor fulfils the conservation law ∇µT

µν = 0 and that
the contracted Bianchi identity reads [11]

∇µR
µν =

1

2
∇νR, (3.12)

where R is the Ricci scalar. Therefore, since we have chosen a connection so that
∇µg

µν = 0, the covariant differentiation of equation (3.11) yields

0 =
1

2
∇νR + gµν∇µf =

1

2
∇νR +∇νf, (3.13)

which means that f = −R/2 + Λ, where Λ is a constant. Thus, equation (3.11) can
be rewritten as

Rµν −
1

2
Rgµν + Λgµν =

2π

C
Tµν . (3.14)

All it remains is to specify the proportionality constant C. As we know from [19],
Hawking proved that C = 1/4, which is something that we had already foreshadowed
in equation (3.2), since the Hawking temperature was was first predicted to be of
the form TH = g/8π [3]. At last, we obtain the Einstein field equations

Rµν −
1

2
Rgµν + Λgµν = 8πTµν , (3.15)

where Λ is regarded as the cosmological constant. Bear in mind that we are em-
ploying Planck units, so the Newton’s gravitational constant G is set to 1.
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4

Friedmann equations from the
unified first law

In this section, we derive Friedmann equations from the unified first law of Ther-
modynamics. Our purpose, as it also was in Section 3, is to show how cosmological
laws can be obtained from basic thermodynamic principles together with entropic
concepts coming from the black-hole mechanics and holographic theory. For the
usual derivation of the Friedmann equations in n = 3 spatial dimensions from the
Einstein field equations, see Appendix A.

Before introducing the unified first law, we need to adequately define the concept
of energy in our context. We want to consider a a spherical system geometrically
defined by its radius r̃ (recall Section 2). The matter contained in this spherical
surface gives rise to a certain gravitational field, which has an associated energy.
Nevertheless, it is troublesome to properly define energy for a gravitational field in
General Relativity, that is why quasi-local definitions of energy can be found in the
literature [10]. These different conceptions of energy are defined on the boundary
of a spacetime region, as is our case. One among them is the Misner-Sharp energy
[31], particularly useful for our purposes.

The Misner-Sharp energy E is defined in a spherically symmetric spacetime and
possesses some interesting properties, of which we mention a few here. In the small-
sphere limit, the leading term in E is the product of volume and the energy density
of the matter. In the vacuum, E reduces to the Schwarzschild energy. In n = 3
spatial dimensions, a sphere is trapped (see [37]) if E > R/2, marginally trapped
if E = R/2, and untrapped if E < R/2, where R is the areal radius. A central
singularity is spatial and trapped if E > 0, and temporal and untrapped if E < 0.
For a detail discussion on these and more properties of the Misner-Sharp energy, we
refer the curios reader to [21].

In our work, we consider a generalised definition of the Misner-Sharp energy, by
which the total energy inside a sphere of radius r̃ is given by [2; 9; 12]

E ≡ n(n− 1)Vn
16πG

r̃n−2
(
1− hab∂ar̃∂br̃

)
, (4.1)

where Vn = πn/2/Γ(n/2 + 1) is the volume of the unit n-sphere. Using equation
(2.9), the last expression can be rewritten as

E =
n(n− 1)Vn

16πG
r̃n
(
H2 +

k

a2

)
. (4.2)

13



If we now consider the system described by an apparent horizon, we see that the
total energy inside it is given by the expression

E =
n(n− 1)Vn

16πG
r̃n−2
AH , (4.3)

which coincides with the expression for the mass of the Schwarzschild black-hole if
we consider the event horizon of the black-hole instead of the apparent horizon [2].

Let us now define [2; 9; 12] the work density W as

W ≡ −1

2
T abhab, (4.4)

and the energy-supply vector Ψa as

Ψa ≡ T ba∂br̃ +W∂ar̃, (4.5)

where
Tab = (ρ+ p)uaub + phab (4.6)

is the projection of the (n + 1)-dimensional energy-momentum tensor Tµν in the
normal direction of the (n − 1)-sphere (recall equation (2.5)). Recall that in our
choice of metric signature we have that uµ = (1, 0, · · · , 0), so it is obvious that in
the projected metric hab one has that ua = (1, 0). Therefore, the projected (1 + 1)-
dimensional energy-momentum tensor Tab reads

Tab = (ρ+ p)

(
1 0
0 0

)
+ p

(
−1 0

0 a2

1−kr2

)
= diag

(
ρ,

a2

1− kr2
p

)
. (4.7)

Then, we can compute the work density

W =
1

2
(ρ− p) , (4.8)

and the energy-supply vector

Ψa =
1

2
(ρ+ p) (−Hr̃, a) . (4.9)

As noted in [23], the work density at the apparent horizon should be deemed as
the work done by a change of the apparent horizon and the energy-supply as the
total energy flow through the apparent horizon. There it is shown that these three
magnitudes are related by

∇E = AΨ +W∇V, (4.10)

where A = nVnr̃
n−1 and V = Vnr̃

n respectively are the area and the volume of the
n-sphere with radius r̃. We shall refer to equation (4.10) as the unified first law
[2; 9; 12; 22; 23]. We notice that there is a certain resemblance among this equation
and the First Law of Thermodynamics - which reads

dU = δQ+ δW, (4.11)

where U the internal energy, Q is the heat flow and W is the work - if we regard
AΨ as a certain heat flow and W∇V as a form of differential work.

14



Classical Thermodynamics tells us that the heat flow is related to the entropy by
δQ = TdS. Since the heat flow is connected to the change in energy, the entropy is
related to the energy-supply term in equation (4.10), which we can rewrite as [2; 9]

AΨ =
κ

8πG
∇A+ r̃n−2∇

(
E

r̃n−2

)
, (4.12)

where the surface gravity κ is given by

κ ≡ 1

2
√
−h

∂a

(√
−hhab∂br̃

)
. (4.13)

From equation (4.3) we acknowledge that the last term in equation (4.12) vanishes on
the apparent horizon. If we assume that we can associate the Hawking temperature
TH = κ/2π [19; 20] to the apparent horizon, then equation (4.12) becomes

AΨ =
TH
4G
∇A = TH∇

(
A

4G

)
(4.14)

at the apparent horizon, which suggest that we can associate the Bekenstein-Hawking
entropy SBH = A/4G to the apparent horizon [9; 19; 20; 23].

Now that we have reached expressions for both the temperature and the entropy
of the apparent horizon, let us calculate the heat flow through it. As we have
previously stated, heat is just a form of energy, so the heat flow δQ through the
apparent horizon during an infinitesimal interval of time dt is just the change of
energy inside the apparent horizon that takes place in that same interval dt. In
other words, we have that δQ = −dE, where the minus signs accounts for the fact
that an outward heat flow from the apparent horizon implies a loss of energy.

At this point, we have discussed all the elements intervening in the expression
δQ = TdS. As we see in [9], a couple of more steps would lead us to the deduc-
tion of the Friedmann equations from the classical definition of entropy. However,
we observe that this derivation relies on the thermodynamic characteristics of the
apparent horizon. Nevertheless, we can dispense with the latter and also obtain
the Friedmann equations from thermodynamic principles if we consider the unified
first law instead of classical entropy. As it is shown in [12] for the n = 3 case,
this derivation makes us realise that the unified first law and the Friedmann equa-
tions are equivalent on any spherical surface. Therefore, in this way, we obtain the
Friedmann equations in more general grounds, without being compelled to employ
a specific surface.

We begin with differentiating equation (4.2), which yields

dE =
n(n− 1)Vn

16πG

[
nr̃n−1 (Hr̃dt+ adr)

(
H2 +

k

a2

)
+ 2Hr̃n

(
Ḣ − k

a2

)
dt

]
=
n(n− 1)A

16πG

{[(
H2 +

k

a2

)
+

2

n

(
Ḣ − k

a2

)]
Hr̃dt+

(
H2 +

k

a2

)
adr

}
,

(4.15)

where we have used that A = nVnr̃
n−1. From equations (4.8) and (4.9), one has that

AΨ +WdV = A
1

2
(ρ+ p) (−Hr̃dt+ adr) +

1

2
(ρ− p)Vnnr̃n−1 (Hr̃dt+ adr)

= A (−pHr̃dt+ aρdr) .

(4.16)
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The unified first law (4.10) tells us that the two above expressions are equivalent.
Therefore, matching the terms carrying dr in equation (4.15) with those in equation
(4.16), we obtain that

H2 +
k

a2
=

16πG

n(n− 1)
ρ ≡ 16πG

n(n− 1)
(ρm + ρr + ρΛ) , (4.17)

which is nothing but the first Friedmann equation for an (n + 1)-dimensional
FLRW universe with spatial curvature k, where we have relabelled ρ ≡ ρm +ρr +ρΛ

to indicate that ρ stands for the total density of the different components of the
universe, that is matter, radiation and vacuum energy. Analogously, the unified
first law allows us to identify the terms carrying dt in equations (4.15) and (4.16),
which leads us to the result

Ḣ − k

a2
= − 8πG

n− 1
(ρ+ p) ≡ − 8πG

n− 1
(ρm + ρr + ρΛ + pm + pr + pΛ) , (4.18)

where we have also redefined p ≡ pm + pr. Considering the equation of state (EoS)
parameters for each component of the universe, namely wi = pi/ρi for i = m, r,Λ,
we can rewrite the previous expression as

Ḣ − k

a2
= − 8πG

n− 1
[(1 + wm) ρm + (1 + wr) ρr + (1 + wΛ) ρΛ] . (4.19)

Then, using that

Ḣ =
d

dt

(
ȧ

a

)
=
äa− ȧ2

a2
=
ä

a
−H2, (4.20)

equation (4.19) becomes

ä

a
−H2 − k

a2
= − 8πG

n− 1
[(1 + wm) ρm + (1 + wr) ρr + (1 + wΛ) ρΛ] . (4.21)

Finally, if we substitute the Hubble parameter for the expression that equation (4.17)
provides us, we obtain that

ä

a
= − 8πG

n(n− 1)
[(n− 2 + nwm) ρm + (n− 2 + nwr) ρr − 2ρΛ] , (4.22)

which is the second Friedmann equation for an (n+ 1)-dimensional FLRW uni-
verse with spatial curvature k. Notice that we have used that the EoS parameter for
the cosmological constant Λ is wΛ = −1. As we should expect, the found Friedmann
equations (4.17) and (4.22) coincide with those derived in [12] when we set n = 3.
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5

Running Vacuum Models in the
early universe

In this section, we study Running Vacuum Models (RVMs) from the perspective
of the GSL of Thermodynamics. We examine whether or not the total entropy
of the universe arising from dynamical vacuum energy density evolving under the
RVM description satisfies or violates the GSL. As we have aforementioned, RVMs
provide a good fit to the current cosmological observations as compared to the
standard ΛCDM model [43; 44; 50]. Besides, the RVM can also be extended so that
it includes the inflationary epoch and its transition to the radiation dominated epoch
[30; 35; 44; 50]. This will be our object of study, the RVM in the early universe, when
inflation took place and when radiation was dominant, before the matter-dominated
epoch of the universe expansion. In particular, we postulate the existence of two
different inflationary epochs and inspect whether or not this assumption leads us to
an entropy that fulfils the GSL of Thermodynamics.

The RVM is well described in the aforementioned references; we encourage the
interested reader to see [43; 44; 47; 48; 49] for review and further analysis on RVM.
In our work, we limit ourselves to the expressions which are essential for our inter-
est. The RVM is based on a renormalization group equation that determines the
evolution of the vacuum energy density ρΛ as a function of the Hubble parameter
H, which up to O(H6) reads [4]

dρΛ(H)

dlnH2
=

1

(4π)2

∑
i

[
aiM

2
i H

2 + biH
4 + ci

H6

M2
i

]
, (5.1)

where the coefficients ai, bi, ci ∈ R are dimensionless and receive contributions from
loop corrections arising from both boson and fermion matter fields with different
masses Mi. Using that

dlnH2 =
1

H2
2HdH =

2

H
dH (5.2)

we integrate the differential equation (5.1) and obtain that

ρΛ(H) =
1

8π2

∑
i

[
1

2
aiM

2
i H

2 +
1

4
biH

4 +
1

6
ci
H6

M2
i

]
+ C

=
3c0

8πG
+

3

8πG

∑
i

[
G

6π
aiM

2
i H

2 +
G

12π
biH

4 +
G

18π
ci
H6

M2
i

]
,

(5.3)
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In natural units ~ = c = 1, the reduced Planck mass reads MP =
√

~c/8πG =

MP = 1/
√

8πG. Let us then define the following dimensionless parameters

ν ≡ 1

48π2

∑
i

ai
M2

i

M2
P

, α ≡ 1

96π2

H2
I

M2
P

∑
i

bi, β ≡ 1

144π2

H4
J

M2
PM

2
i

∑
i

ci, (5.4)

where HI and HJ are the Hubble rate at two different scales of inflation. Defining
κ2 ≡ 8πG, equation (5.3) can be rewritten as

ρΛ(H) =
Λ(H)

κ2
=

3

κ2

(
c0 + νH2 + α

H4

H2
I

+ β
H6

H4
J

)
. (5.5)

Obviously, for ν = α = β = 0, we recover the standard ΛCDM model with no
dynamical evolution of the vacuum energy density. For the sake of argument, we
define three more dimensionless parameters

χ ≡ H

HI

, η ≡ HI

HJ

, δ ≡ βη4, (5.6)

so that we can express the vacuum energy density in the early universe as

ρΛ(H) =
3

κ2

(
νH2 + αχ2H2 + δχ4H2

)
=

3H2

κ2

(
ν + αχ2 + δχ4

)
, (5.7)

where we have omitted the constant term c0, for at early stages of the universe it can
be neglected in front of the other terms. In the early universe, since the Hubble rate
H has an extremely large value, c0 is much smaller then the higher order terms in
equation (5.5). Then, the constant term c0 acquires relevance only in the late time
universe, when H is sufficiently small so that the higher order terms are irrelevant
(see [50]). Therefore, we will not consider the c0 term throughout this section.

Let us discuss the two different scales of inflation that we have introduced above.
First, we suppose that HI � HJ . Then, if α and β are of the same order of
magnitude, i.e., α ∼ β, we see that δ � α since δ/α ∼ η4 � 1. Hence, when
HI � HJ , the δ term can be neglected, which means that inflation is dominated by
the HI Hubble rate. In contrast, if HI � HJ , then δ � α by the same reasoning
that we followed before, and consequently inflation is dominated by the HJ Hubble
rate.

Surprisingly, we have just realised that inflation is governed by the lowest infla-
tionary scale among HI and HJ . For instance, if the highest Hubble rate power (in
our case, H6) is associated with the highest inflationary scale (that is, HJ , so that
HI � HJ), it is the lower inflationary Hubble rate power (in our case, H4) the one
that controls inflation. This behaviour can be understood as follows. In the early
universe, we start from very high values for the Hubble rate H(a), which decreases
along with the expansion of the universe, in other words, decreases with the scale
factor a. At some point a = aJ , the Hubble rate reaches the value H(aJ) = HJ ,
so that the H6 term in equation (5.7) (which is the χ4 term) is of order 1, while
the H4 (χ2) term happens to be much greater than one, for at a = aJ one has that
H(aJ)4/H2

I = H4
J/H

2
I � 1. From the point a = aJ forward, the H6 term falls below

order 1, while the H4 remains much greater than 1 for a considerable long period,
therefore it ends up dominating inflation.
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Regarding the dimensionless parameters ν and α, they are expected to be natu-
rally small. First, we know that M2

i �M2
P for all particles, even for the heavy fields

within a typical Grand Unified Theory (GUT) since MP ≈ 2.43× 1018 GeV and in
GUTs we expect Mi ∼ 1016 GeV [42], so we can assure that |ν| � 1. Second, we
expect the Hubble rate at inflationary scale to positively be below the Planck scale,
hence we have that |α| � 1. The δ parameter concerns the two inflationary scales.
In this work, we shall assume that HI � HJ , for it is the usual scenario, so we are
certain that |δ| � 1.

To calculate the vacuum energy density and, afterwards, the radiation density,
we should employ the first (4.17) and second (4.22) Friedmann equations for n = 3
and flat spacetime, which read as follows:

3H2 = κ2 (ρm + ρr + ρΛ) , (5.8)

and

3
ä

a
= −κ

2

2
[(1 + 3wm) ρm + (1 + 3wr) ρr − 2ρΛ] , (5.9)

Using (4.20) and (4.21), one can rewrite equation (5.9) as

3H2 + 2Ḣ = −κ2 (wmρm + wrρr − ρΛ) . (5.10)

Due to the very high temperature, the early universe is dominated by radiation,

so the mass density ρm can be neglected at this stage. Then, using that the EoS
parameter for radiation is wr = 1/3, equations (5.8) and (5.10) become

3H2 = κ2 (ρr + ρΛ) , (5.11)

and

3H2 + 2Ḣ = κ2

(
ρΛ −

1

3
ρr

)
. (5.12)

From equation (5.11) we obtain an expression for ρr that, replaced in equation (5.12),

leads to the equation

Ḣ + 2H2 =
2

3
κ2ρΛ, (5.13)

Considering equation (5.7), the previous expression reads

H ′ =
2

a
H
(
ν − 1 + αχ2 + δχ4

)
, (5.14)

where we have used that Ḣ = aHH ′, with prime denoting d/da, hence finally

obtaining an ordinary differential equation for the Hubble parameter H as a function
of the scale factor a.
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5.1 RVM up to O(H4)

In this subsection, we shall review the results obtained in [50] in their study of
RVM in the early universe. To this end, we consider the vacuum energy density up
to fourth order, i.e., we set β = 0, so that equation (5.14) becomes

H ′ =
2

a
H
(
ν − 1 + αχ2

)
=

2

a

[
(ν − 1)H + α

H3

H2
I

]
, (5.15)

where we have employed definition (5.6). Integrating this differential equation we
obtain that

H(a) =

√
1− ν
α

HI√
1 +Da4(1−ν)

, (5.16)

where D > 0 is a positive constant since H must decrease with the expansion. From
equation (5.7), we obtain the vacuum energy density

ρΛ(a) =
3

κ2

(
νH2 + α

H4

H2
I

)
=

3H2
I (1− ν)

(
1 + νDa4(1−ν)

)
κ2α (1 +Da4(1−ν))

2 , (5.17)

and from equation (5.11), we obtain the radiation density

ρr(a) =
3H2

κ2
− ρΛ(a) =

3H2
I (1− ν)2Da4(1−ν)

κ2α (1 +Da4(1−ν))
2 . (5.18)

The vacuum energy density is enormous at the early stages of the universe,
but as vacuum decays into radiation the radiation density rises. Eventually, both
densities, ρΛ and ρr, meet at the so-called equality point a = aeq, at which one has
that ρΛ(aeq) = ρr(aeq). We can use this fact to rescalate the scale factor a at the
equality point and, consequently, eliminate the constant D from our equations:

D =
1

1− 2ν
a−4(1−ν)
eq ≡ a−4(1−ν)

∗ . (5.19)

Therefore, we can rewrite equation (5.16) as

H(â) =
H̃I√

1 + â4(1−ν)
, (5.20)

where we have defined

â ≡ a

a∗
, H̃I ≡

√
1− ν
α

HI , (5.21)

Correspondingly, we can rewrite equations (5.17) and (5.18) as

ρΛ(â) = ρ̃I
1 + νâ4(1−ν)

[1 + â4(1−ν)]
2 , ρr(â) = ρ̃I(1− ν)

â4(1−ν)

[1 + â4(1−ν)]
2 , (5.22)

where we have defined

ρ̃I ≡
3

κ2
H̃2
I . (5.23)

It is well known that the energy density for relativistic particles reads

ρr =
π2

30
g∗T

4
r , (5.24)
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where g∗ is the total number of effectively massless degrees of freedom [28]. The
radiation temperature associated to the radiation density is given by

Tr = T̃I(1− ν)1/4 â(1−ν)

√
1 + â4(1−ν)

, (5.25)

where we have associated a temperature T̃I to the characteristic inflation density ρ̃I ,
as in equation (5.24)

ρ̃I ≡
π2

30
g∗T̃

4
I . (5.26)

On the one hand, the horizon entropy of the universe is given by equation (2.14), so
by equation (5.20) we have that

SA(â) = π
M2

P

H2(â)
=
πM2

P

(
1 + â4(1−ν)

)
H̃2
I

. (5.27)

On the other hand, the volume entropy of the universe is given by equation (2.12),
so by equations (5.20), (5.22) and (5.25), we have that

SV(â) =
4π

3

(1 + wr)ρr
TH3(â)

=
8π3

135
g∗

(
T̃I

H̃I

)3

(1− ν)3/4â3(1−ν), (5.28)

where we have used that the EoS parameter for radiation is wr = 1/3. Therefore,
we have that the total entropy reads

ST (â) =
πM2

P

(
1 + â4(1−ν)

)
H̃2
I

+
8π3

135
g∗

(
T̃I

H̃I

)3

(1− ν)3/4â3(1−ν). (5.29)

We calculate the first and second derivatives, which read

S ′T (â) =
4π(1− ν)â2−3ν

45H̃3
I

[
45H̃IM

2
P â

1−ν + 2π2g∗T̃
3
I (1− ν)3/4

]
, (5.30)

and

S ′′T (â) =
4π(1− ν)â1−3ν

45H̃3
I

[
45H̃IM

2
P (3− 4ν)â1−ν + 2π2g∗T̃

3
I (2− 3ν)(1− ν)3/4

]
.

(5.31)
If we take a look at Figure 5.1, we observe that the horizon entropy SA increases

more rapidly than the volume entropy SV . For instance, in the two first rows of plots,
we notice that the value for the entropy is greater in the horizon contribution. In
addition, regarding the other two rows, one can appreciate that the first and second
derivatives of SA are steeper than those of SV . All plots in Figure 5.1 do not just
indicate that entropy grows with the scale factor, but that it grows exponentially,
something that violates the GSL of Thermodynamics. This violation of the GSL in
the early universe is, in fact, welcomed. Such explosive behaviour at the beginning
of the universe is useful for solving the entropy/horizon problems [50]. Also, we must
keep in mind that there is a positive cosmological constant c0 related to the vacuum
energy, which becomes relevant in the late times of the universe and leads the entropy
to behaviour that fulfils the GSL at the present time (see [50]). In other words, the
fact that entropy violates the GSL in the early universe is not troublesome as long as
it satisfies it after this exponential increase. It is worth mentioning the initial plateau
that SA displays for â ∈ [0, 1), whose value is approximately SA(â� 1) ≈ πM2

P/H̃
2
I .
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Figure 5.1: Here we present the entropy plots arising from the RVM up to O(H4). On the
left side, we display the horizon entropy SA(â), equation (5.27), both in a linear scale and
in a bilogarithmic scale, and its corresponding first and second derivatives in bilogarithmic
scale, which we find within equations (5.30) and (5.31). On the right side, we display the
corresponding plots for the volume entropy SV(â), that is equation (5.28), and its first and
second derivatives, which we there again find in equations (5.30) and (5.31). In all plots
we have normalised the magnitudes with respect to the corresponding value at the equality
point â = 1, hence the lower case s in the axis label to indicate the normalised value, e.g.
sA(â) ≡ SA(â)/SA(1). Four different values for the ν parameter are displayed: ν = 0.1
(red), ν = 0.01 (blue), ν = 0.001 (orange), and ν = 0.0001 (purple).
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5.2 RVM up to O(H6)

In this subsection, we consider the vacuum energy density up to sixth order, that
is we recover equation (5.14)

H ′ =
2

a
H
(
ν − 1 + αχ2 + δχ4

)
=

2

a

[
(ν − 1)H + α

H3

H2
I

+ δ
H5

H4
I

]
. (5.32)

Integrating this differential equation, we obtain the following expression for the
Hubble parameter H as a function of the scale factor a:

Aa8(ν−1)γ = H4γ [(α + γ)H2
I + 2δH2]

α−γ

[(α− γ)H2
I + 2δH2]

α+γ , (5.33)

where γ ≡
√
α2 − 4δ(ν − 1), and where A > 0 is a positive constant. Unfortunately,

we have not found any analytical solution to the equation above. Because of that,
and because we want to study the behaviour of the terms related to inflation, we
neglect the first order term in equation (5.32). As consequence, we consider the
differential equation

H ′ =
2

a

(
α
H3

H2
I

+ δ
H5

H4
I

)
. (5.34)

This differential equation yields

2

∫
da

a
=

∫
dH

αH
3

H2
I

+ δH
5

H4
I

,

2log(a) +B2 = H4
I

∫
dH

αH2
IH

3 + δH5
,

(5.35)

where B2 > 0 is an integration constant. Let us solve the integral on the right hand
side of the equation above:∫

dH

αH2
IH

3 + δH5
=

∫
dH

H3 (αH2
I + δH2)

=

∫ (
δ2H

α2H4
I (δH2 + αH2

I )
− δ

α2H4
IH

+
1

αH2
IH

3

)
dH

=
δ2

α2H4
I

∫
HdH

δH2 + αH2
I

− δ

α2H4
I

∫
dH

H
+

1

αH2
I

∫
dH

H3

=
δ

2α2H4
I

log
(
δH2 + αH2

I

)
− δ

α2H4
I

log(H)− 1

2αH2
IH

2
,

(5.36)

thus equation (5.35) reads

B1 +
2log(a)

H4
I

= −δlog(H)

α2H4
I

+
δlog (αH2

I + δH2)

2α2H4
I

− 1

2αH2
IH

2
, (5.37)

where we have defined B1 ≡ B2/H
4
I . If we define log(B) ≡ 2α2H4

IB1, the last
expression turns into

log(B) + 4α2log(a) = −2δlog(H) + δlog
(
αH2

I + δH2
)
− αH

2
I

H2
,

log
(
Ba4α2

)
= δlog

(
α
H2
I

H2
+ δ

)
− αH

2
I

H2
,

log
(
B1/δa4α2/δ

)
+
α

δ

H2
I

H2
= log

(
α
H2
I

H2
+ δ

)
.

(5.38)
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Since the exponential function is a bijective function, we know that equation (5.38)
yields

B1/δa4α2/δe
α
δ

H2
I

H2 = α
H2
I

H2
+ δ,

B1/δa4α2/δ =

(
α
H2
I

H2
+ δ

)
e−

α
δ

H2
I

H2 ,

−B
1/δa4α2/δ

δe
=

(
−α
δ

H2
I

H2
− 1

)
e−

α
δ

H2
I

H2−1,

(5.39)

which, by definition, leads us to

H(a) =

√
α

δ

HI√
−W

(
−B1/δa4α

2/δ

δe

)
− 1

, (5.40)

where B > 0 is a positive constant and W (x) is called the Lambert W function or
the product logarithm (see Appendix B). Thus, using equation (5.7), we can write
the vacuum energy density ρΛ as a function of the scale factor a

ρΛ(a) =
3

κ2

(
α
H4

H2
I

+ δ
H6

H4
I

)
=

3α3

κ2δ2
H2
I

W
(
−D1/δa4α

2/δ

δe

)
[
W
(
−B1/δa4α

2/δ

δe

)
+ 1
]3 . (5.41)

Likewise, from equation (5.11), we can write the radiation density ρr as a function
of the scale factor a

ρr(a) =
3α3

κ2δ2
H2
I

− δ

α2

1

W
(
−B1/δa4α

2/δ

δe

)
+ 1
−

W
(
−B1/δa4α

2/δ

δe

)
[
W
(
−B1/δa4α

2/δ

δe

)
+ 1
]3

 . (5.42)

Just as we have done in the previous subsection, we can eliminate the constant B
by use of the equality condition, namely ρΛ(aeq) = ρr(aeq), for it implies that

B =
(
∓∆ + α2 + δ

)δ
e±∆−α2

a−4α2

eq ≡ a−4α2

∗ , (5.43)

where ∆ ≡
√
α4 + 2α2δ. Hence, we can rewrite equation (5.40) as

H(â) =
H̃I√

−W
(
− â4α

2/δ

δe

)
− 1

, (5.44)

where we have redefined H̃I

H̃I ≡
√
α

δ
HI . (5.45)

Then, the radiation and vacuum energy densities take the forms

ρΛ(â) = ρ̃I
W
(
− â4α

2/δ

δe

)
[
W
(
− â4α

2/δ

δe

)
+ 1
]3 , (5.46)
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and

ρr(â) = ρ̃I

− δ

α2

1

W
(
− â4α

2/δ

δe

)
+ 1
−

W
(
− â4α

2/δ

δe

)
[
W
(
− â4α

2/δ

δe

)
+ 1
]3

 , (5.47)

where we have redefined

ρ̃I ≡
3α3

κ2δ2
H̃2
I . (5.48)

From equation (5.24) we know that, in this case, the radiation temperature associ-
ated to the radiation density is given by

Tr = T̃I

− δ

α2

1

W
(
− â4α

2/δ

δe

)
+ 1
−

W
(
− â4α

2/δ

δe

)
[
W
(
− â4α

2/δ

δe

)
+ 1
]3


1/4

, (5.49)

where we have associated a temperature T̃I to the characteristic inflation density
ρ̃I , as in equation (5.26). As before, the horizon entropy of the universe is given by
equation (2.14), so by equation (5.44) we have that

SA(â) = π
M2

P

H2(â)
= π

M2
P

H2
I

[
−W

(
− â

4α2/δ

δe

)
− 1

]
, (5.50)

Likewise, the volume entropy of the universe is given by equation (2.12), so by
equations (5.44), (5.47) and (5.49), we have that

SV(â) =
4π

3

(1 + wr)ρr
TH3(â)

=
8π3

135
g∗
T̃ 3
I

H̃3
I

f(â), (5.51)

where we have defined the function

f(â) ≡

− δ

α2

1

W
(
− â4α

2/δ

δe

)
+ 1
−

W
(
− â4α

2/δ

δe

)
[
W
(
− â4α

2/δ

δe

)
+ 1
]3


3/4 [
−W

(
− â

4α2/δ

δe

)
− 1

]3/2

,

(5.52)

Therefore total entropy inside the horizon reads

ST (â) = π
M2

P

H2
I

[
−W

(
− â

4α2/δ

δe

)
− 1

]
+

8π3

135
g∗
T̃ 3
I

H̃3
I

f(â). (5.53)

Both in Figure 5.2 and in Figure 5.3 we observe that the horizon entropy SA
grows faster that the volume entropy SV , as it happened in Figure 5.1. Nonetheless,
in Figure 5.1, the entropy increases exponentially, opposite to the current situa-
tion, in which we observe that both horizon and volume entropy increase slower as
the universe expands. The plots we observe remind us of asymptotic behaviour,
approaching an upper bound. Actually, this is what the GSL of Thermodynamics
requires, an entropy that constantly increases towards a saturation point, a maxi-
mum. Then, we see that, in this situation, both the horizon and the volume entropy
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Figure 5.2: Here we present the entropy plots arising from the RVM up to O(H6) for
α and η = 1 fixed. On the left side, we display the horizon entropy SA(â), equation
(5.50), both in a linear scale and in a bilogarithmic scale. On the right side, we display
the corresponding plots for the volume entropy SV(â), that is equation (5.51). In all plots
we have normalised the magnitudes with respect to the corresponding value at the equality
point â = 1, hence the lower case s in the axis label to indicate the normalised value, e.g.
sA(â) ≡ SA(â)/SA(1), as in Figure 5.1. Four different values for the β parameter are
displayed: β = 0.1 (red), β = 0.01 (blue), = 0.001 (orange), and β = 0.0001 (purple). The
four top plots correspond to α = 0.1, and the four bottom ones to α = 0.01.
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Figure 5.3: Here we present the entropy plots arising from the RVM up to O(H6) for
α = β fixed. On the left side, we display the horizon entropy SA(â), equation (5.50),
both in a linear scale and in a bilogarithmic scale. On the right side, we display the
corresponding plots for the volume entropy SV(â), that is equation (5.51). In all plots
we have normalised the magnitudes with respect to the corresponding value at the equality
point â = 1, hence the lower case s in the axis label to indicate the normalised value, e.g.
sA(â) ≡ SA(â)/SA(1), as in Figure 5.1. Four different values for the η parameter are
displayed: η = 1 (red), η = 0.8 (blue), η = 0.6 (orange), and η = 0.4 (purple). The four
top plots correspond to α = β = 0.1, and the four bottom ones to α = β = 0.01.
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seem to fulfil the GSL. However, this might leave us without a solution for the en-
tropy/horizon problem since we notice that the entropy in Figures 5.2 and 5.3 does
not reach the high values we encountered in Figure 5.1.

However, we do observe an interesting feature. In the same way that smaller
values of ν originated faster entropy growths in Figure 5.1, in Figures 5.2 and 5.3 we
observe that smaller values of β and η also give birth to entropy that increases faster,
yet with a more remarkable difference between the different curves we observe in
the same plot. Regarding the definition of δ, which is proportional to β and η4, we
wonder if a decrease in δ, which can be related to a greater difference between HI and
HJ through η, is what triggers a faster increase of entropy. In other words, we ask
ourselves if considering two different inflationary epochs, characterised by the Hubble
rate scales HI and HJ , could be responsible for the generation of more entropy. That,
perhaps, could be a path towards solving the entropy/horizon problem without
violating the GSL; that is something which indeed deserves further dedication.
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6

Conclusions and future prospects

This work aims to bring out the relevance that Thermodynamics processes within
the field of cosmology. In the last half a century, with the discovery of the temper-
ature and entropy of black-holes, together with the formulation of the holographic
principle, this classical field has gone deep within cutting-edge physics and offered
us a new way of understanding and describing cosmos.

We have reviewed how the Einstein field equations can be inferred on funda-
mental grounds from entropic principles, a result that gives us priceless insight into
General Relativity and, consequently, gravity.

We have also provided a derivation of the Friedmann equations in arbitrary di-
mension from a generalisation of the First Law of Thermodynamics. This does not
only constitute another witness in favour of the deep connection between Thermo-
dynamics and Cosmology, but also a powerful way of obtaining those equations,
without being forced to undergo numerous calculations and without dimensional
restrictions.

We have connected the study of the Running Vacuum Model (RVM) with the
aforementioned results, showing that a thermodynamical analysis of this particu-
lar model can be carried out employing results that have been obtained also from
thermodynamical principles, conferring compactness to the discussion.

We have extended the RVM from one high-order power to two of them, exam-
ining the possibility of two inflationary epochs characterised by two different higher
powers of the Hubble parameter. We have reviewed a recent entropic analysis on
the RVM and compared it to our extended model, showing its similarities and,
even more important, its differences. For instance, how the former violates the
Generalised Second Law (GSL) of Thermodynamics but leads to a solution to the
entropy/horizon problem, and how the latter might behave in the opposite manner.

We have performed an analytical study of the extended RVM deep in the infla-
tionary epoch in order to show the possibility to further enhance the production of
entropy. This study, however, must be completed in order to connect in a smoother
way the inflationary period of the extended RVM with the radiation dominated
epoch. Such connection is fully analytical for the RVM model with a single higher
power of the Hubble function, but is more difficult for the extended one, and there-
fore it requires further investigations.
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Appendix A

Friedmann equations from the
Einstein field equations

In this appendix, we derive the Friedmann equations from the Einstein field
equations. Apart from providing a detailed deduction of the former, this appendix
shows that deriving Friedmann equations from General Relativity suppose a much
greater deal of calculations than deriving them from Thermodynamics, as we have
shown in Section 4. Moreover, the derivation carried on in the aforesaid section al-
lowed an (n+1)-dimensional treatment, while the one we calculate here is performed
in (3 + 1) dimensions. The advantage of this derivation is that it is just straight-
forward calculation, needles of delicate assumptions or introducing any concept we
have not previously seen in our work. Moreover, it may be helpful for the reader
who is becoming acquainted with the underlying mathematics of General Relativity.

The Einstein field equations can be written as [11]

Gµν + Λgµν = 8πGTµν , (A.1)

where Gµν = Rµν−(1/2)gµνR is the Einstein tensor, defined by the Ricci tensor Rµν

and the Ricci scalar R, and Tµν is the energy-momentum tensor. Besides, Λ is the
cosmological constant, which we can associate to a vacuum energy density through
the expression Λ ≡ 8πGρΛ. Hence, we can rewrite equation (A.1) as

Gµν = 8πG (Tµν − ρΛgµν) . (A.2)

We know that the Einstein tensor satisfies the Bianchi identity, that is ∇µGµν = 0.
Therefore, the energy-momentum tensor must fulfil the following condition:

∇µTµν = gµν∇µρΛ, (A.3)

since ∇µgµν = 0, as we have aforementioned. At this point we notice that the
energy-momentum tensor is not conserved if ρΛ = ρΛ(t) is not a constant but a
variable which evolves with time.

We consider the (3 + 1)-dimensional FLRW metric

ds2 = gµνdx
µdxν = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

2

)
= −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

)
,

(A.4)
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where θ is the polar angle and φ is the azimuthal angle. If we consider the ν = 0
component of equation (A.3) in the FLRW metric just given, we obtain the following
conservation law

ρ̇Λ + ρ̇+ 3H (ρ+ p) = 0, (A.5)

where we have assumed that the energy-momentum tensor is that for a perfect fluid,
as in equation (2.5). Notice that this expression is the n = 3 case for equation (2.7)
but with a dynamical cosmological constant, i.e., ρΛ = ρΛ(t).

Let us calculate the Christoffel symbols for the given (3 + 1)-dimensional FLRW
metric. We shall use the Greek alphabet for spacetime components and we will
reserve the Latin alphabet for the spatial components. The Christoffel symbols are
given by the expression

Γρµν =
1

2
gρσ (∂νgσµ + ∂µgσν − ∂σgµν) , (A.6)

which are symmetric with respect to their lower indices, i.e., Γρµν = Γρνµ, ∀µ 6= ν.
Since the FLRW metric is diagonal, the previous equation reduces to

Γρµν =
1

2
gρρ (∂νgρµ + ∂µgρν − ∂ρgµν) . (A.7)

Then, the calculation of the Christoffel symbols is considerably simplified. Let us
begin with those containing at least one time index, for the time component of the
metric is the only one independent of the scale factor:

Γ0
00 =

1

2
g00∂0g00 = 0, Γ0

0i =
1

2
g00∂ig00 = 0, ∀i, Γ0

ij = −1

2
g00∂0gij = 0, ∀i 6= j,

Γi00 = −1

2
gii∂ig00 = 0, ∀i, Γi0j =

1

2
gii∂0gij = 0, ∀i 6= j,

Γ0
11 = −1

2
g00∂0g11 =

1

2
∂0

(
a2(t)

1− kr2

)
=

1

2

2a(t)ȧ(t)

1− kr2
=

aȧ

1− kr2
,

Γ0
22 = −1

2
g00∂0g22 =

1

2
∂0

(
a2(t)r2

)
=

1

2
2a(t)ȧ(t)r2 = aȧr2,

Γ0
33 = −1

2
g00∂0g33 =

1

2
∂0

(
a2(t)r2sin2θ

)
=

1

2
2a(t)ȧ(t)r2sin2θ = aȧr2sin2θ,

Γ1
01 =

1

2
g11∂0g11 =

1

2

1− kr2

a2(t)
∂0

(
a2(t)

1− kr2

)
=

1

2

1− kr2

a2(t)

2a(t)ȧ(t)

1− kr2
=
ȧ(t)

a(t)
= H,

Γ2
02 =

1

2
g22∂0g22 =

1

2

∂0 (a2(t)r2)

a2(t)r2
=

1

2

2a(t)ȧ(t)r2

a2(t)r2
=
ȧ(t)

a(t)
= H,

Γ3
03 =

1

2
g33∂0g33 =

1

2

∂0

(
a2(t)r2sin2θ

)
a2(t)r2sin2θ

=
1

2

2a(t)ȧ(t)r2sin2θ

a2(t)r2sin2θ
=
ȧ(t)

a(t)
= H,

(A.8)

where i, j ∈ {1, 2, 3} for they are spatial indices. We draw the reader’s attention to
the fact that Γi0i = H, ∀i, since it will be useful afterwards. Let us now compute
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the Christoffel symbols whose upper index corresponds to the radial component:

Γ1
11 =

1

2
g11∂1g11 =

1

2

1− kr2

a2(t)
∂1

(
a2(t)

1− kr2

)
=

1

2

1− kr2

a2(t)

2a2(t)kr

(1− kr2)2 =
kr

1− kr2
,

Γ1
12 =

1

2
g11∂2g11 = 0, Γ1

13 =
1

2
g11∂3g11 = 0,

Γ1
22 = −1

2
g11∂1g22 = −1

2

1− kr2

a2(t)
∂1

(
a2(t)r2

)
= −r

(
1− kr2

)
,

Γ1
23 =

1

2
g11 (∂3g12 + ∂2g13 − ∂1g23) = 0,

Γ1
33 = −1

2
g11∂1g33 = −1

2

1− kr2

a2(t)
∂1

(
a2(t)r2sin2θ

)
= −r

(
1− kr2

)
sin2θ.

(A.9)

We continue with the Christoffel symbols with polar angle upper index:

Γ2
11 = −1

2
g22∂2g11 = 0, Γ2

12 =
1

2
g22∂1g22 =

1

2

∂1 (a2(t)r2)

a2(t)r2
=

1

r
,

Γ2
13 =

1

2
g22 (∂3g21 + ∂1g23 − ∂2g13) = 0, Γ2

22 =
1

2
g22∂2g22 = 0,

Γ2
23 =

1

2
g22∂3g22 = 0, Γ2

33 = −1

2
g22∂2g33 = −1

2

∂2

(
a2(t)r2sin2θ

)
a2(t)r2

= −sinθcosθ.

(A.10)

Finally, we calculate the Christoffel symbols with azimuthal angle upper index:

Γ3
11 = −1

2
g33∂3g11 = 0, Γ3

12 =
1

2
g33 (∂2g31 + ∂1g32 − ∂3g12) = 0,

Γ3
13 =

1

2
g33∂1g33 =

1

2

∂1

(
a2(t)r2sin2θ

)
a2(t)r2sin2θ

=
1

r
, Γ3

22 = −1

2
g33∂3g22 = 0,

Γ3
23 =

1

2
g33∂2g33 =

1

2

∂2

(
a2(t)r2sin2θ

)
a2(t)r2sin2θ

=
cosθ

sinθ
= cotθ, Γ3

33 =
1

2
g33∂3g33 = 0.

(A.11)

It is well known that the Ricci tensor can be obtained from the Christoffel sym-
bols via the expression

Rµν = ∂ρΓ
ρ
µν − ∂µΓρρν + ΓρρσΓσµν − ΓρµσΓσρν . (A.12)

As we did for the Christoffel symbols, we shall begin with the components of the
Ricci tensor that contain at least one time index:

R00 =− ∂0Γρρ0 − Γρ0σΓσρ0 = −∂0Γ1
10 − ∂0Γ2

20 − ∂0Γ3
30 − Γ1

01Γ1
10 − Γ2

02Γ2
20 − Γ3

03Γ3
30

=− 3∂0H − 3H2 = −3
äa− ȧ2

a2
− 3H2 = −3

ä

a
+ 3H2 − 3H2 = −3

ä

a
,

R0i =∂iΓ
i
0i − ∂0Γjji + ΓjjiΓ

i
0i − Γj0jΓ

j
ji = ∂iΓ

i
0i − ∂0Γ1

1i − ∂0Γ2
2i − ∂0Γ3

3i

+ Γ1
1iΓ

i
0i + Γ2

2iΓ
i
0i + Γ3

3iΓ
i
0i − Γ1

01Γ1
1i − Γ2

02Γ2
2i − Γ3

03Γ3
3i = −∂0

(
Γ1

1i + Γ2
2i + Γ3

3i

)
,

R01 =− ∂0

(
kr

1− kr2
+

1

r
+

1

r

)
= 0, R02 = −∂0cotθ = 0, R03 = 0.

(A.13)
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Let us proceed to the spatial components of the Ricci tensor:

R11 =∂0Γ0
11 − ∂1Γ2

21 − ∂1Γ3
31 + Γ2

20Γ0
11 + Γ3

30Γ0
11

+ Γ2
21Γ1

11 + Γ3
31Γ1

11 − Γ0
11Γ1

01 − Γ2
12Γ2

21 − Γ3
13Γ3

31

=∂0

(
aȧ

1− kr2

)
− 2∂1

(
1

r

)
+

2Haȧ

1− kr2
+

2

r

kr

1− kr2
− aȧH

1− kr2
− 2

r2

=
aä+ ȧ2

1− kr2
+

2

r2
+

ȧ2

1− kr2
+

2k

1− kr2
− 2

r2
=
aä+ 2ȧ2 + 2k

1− kr2
,

R22 =∂0Γ0
22 + ∂1Γ1

22 − ∂2Γ3
32 + Γ1

10Γ0
22 + Γ3

30Γ0
22

+ Γ1
11Γ1

22 + Γ3
31Γ1

22 − Γ0
22Γ2

02 − Γ1
22Γ2

12 − Γ3
23Γ3

32

=∂0

(
aȧr2

)
+ ∂1

[
−r
(
1− kr2

)]
− ∂2 (cotθ) + 2Haȧr2 − kr

1− kr2
r
(
1− kr2

)
− 1

r
r
(
1− kr2

)
− aȧr2H + r

(
1− kr2

) 1

r
− cot2θ

=aär2 + ȧ2r2 −
(
1− kr2

)
− r (−2kr) + csc2θ + ȧ2r2 − kr2 − cot2θ

=
(
aä+ 2ȧ2 + 2k

)
r2 − 1 + csc2θ − cot2θ =

(
aä+ 2ȧ2 + 2k

)
r2,

R33 =∂0Γ0
33 + ∂1Γ1

33 + ∂2Γ2
33 + Γ1

10Γ0
33 + Γ2

20Γ0
33

+ Γ1
11Γ1

33 + Γ2
21Γ1

33 − Γ3
30Γ0

33 − Γ3
31Γ1

33 − Γ3
32Γ2

33

=∂0

(
aȧr2sin2θ

)
+ ∂1

[
−r
(
1− kr2

)
sin2θ

]
+ ∂2 (−sinθcosθ) +Haȧr2sin2θ

− kr

1− kr2
r
(
1− kr2

)
sin2θ + cotθsinθcosθ

=aär2sin2θ + ȧ2r2sin2θ −
(
1− kr2

)
sin2θ − r (−2kr) sin2θ − cos2θ + sin2θ

+ ȧ2r2sin2θ − kr2sin2θ + cos2θ =
(
aä+ 2ȧ2 + 2k

)
r2sin2θ,

R12 =∂2Γ2
12 − ∂1Γ3

32 + Γ3
32Γ2

12 − Γ3
13Γ3

32 = ∂2

(
1

r

)
− ∂1 (cotθ) + cotθ

1

r
− 1

r
cotθ = 0,

R13 =∂3Γ3
13 = ∂3

(
1

r

)
= 0, R23 = ∂3Γ3

23 = ∂3 (cotθ) = 0.

(A.14)

We observe that the non-zero components of the Ricci tensor are R00, R11, R22 and
R33, in other words, the Ricci tensor is diagonal. Therefore, the Ricci scalar R is

R =gµνRµν = g00R00 + g11R11 + g22R22 + g33R33

=3
ä

a
+

1− kr2

a2

aä+ 2ȧ2 + 2k

1− kr2
+

(aä+ 2ȧ2 + 2k) r2

a2r2
+

(aä+ 2ȧ2 + 2k) r2sin2θ

a2r2sin2θ

=3
ä

a
+ 3

[
ä

a
+ 2

ȧ2

a2
+ 2

k

a2

]
= 6

[
ä

a
+H2 +

k

a2

]
.

(A.15)

Let us consider the time-time component of the Einstein field equations (A.2).
Considering the energy-momentum tensor for a perfect fluid and the previously
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calculated terms of the Ricci tensor and the Ricci scalar, one has that

H2 +
k

a2
=

8πG

3
(ρm + ρr + ρΛ) , (A.16)

which is the first Friedmann equation for a (3+1)-dimensional FLRW universe with
spatial curvature k, where we have relabelled ρ ≡ ρm+ρr, for we consider that there
are both matter and radiation in the universe. Notice that the above expression
coincides with equation (4.17) when n = 3, as we should expect. We can obtain the
second Friedmann equation by deriving the first equation with respect to time

ä

a
=− 4πG

3
(ρm + 3pm + ρr + 3pr − 2ρΛ) , (A.17)

where we have used (4.20), (A.5) and (A.16), and accordingly redefined p ≡ pm + pr
(recall equation (2.5)). Observe that, once again, this equality is the same that we
obtain from equation (4.22) in the n = 3 case, bearing in mind that pm = wmρm
and pr = wrρr.
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Appendix B

Lambert W function

In this appendix, we briefly discuss the Lambert W function, also known as the
omega function or product logarithm. To this end, we have followed [13], to which
we refer the reader eager for further details and a deeper analysis of this particular
function.

The Lambert W function is defined as the multivalued inverse of the function
f(w) = wew, where w ∈ C and ew is the exponential function. In other words, W (z)
is defined as the function satisfying

W (z)eW (z) = z, (B.1)

where z ∈ C. More precisely, being the Lambert W function the inverse of the
complex function f(w), we know it is split into branches, which we denote as Wk(z),
where k ∈ Z.

For our pur poses, we are interested in the W function when its argument is
real, that is W (x) with x ∈ R. We see that the W (x) function is real if x ≥ −1/e.
However, if x ∈ [−1/e, 0), there are two possible real values of W (x) (see Figure B.1).
The branch that satisfies W (x) ≥ −1 is denoted by W0(x), and the one satisfying
W (x) ≤ −1 is denoted by W−1(x). The W0(x) branch is called the principal branch
of the W function, thus it may be designated as W (x). In our work we need to
evaluate W (x) with x < −1/e, when the W function is not completely real. In that
case, we will consider the real part of the W (x) complex function (see Figure B.2).

Let us now calculate the derivative of the function W (x) when x ∈ R, considering
it as a real function. Differentiating both sides of equation (B.1), one has that

W (x)W ′(x)eW (x) +W ′(x)eW (x) = W ′(x)
(
x+ eW (x)

)
= 1. (B.2)

If we multiply both sides of the equation by W (x) and isolate W ′(x), we have that

W ′(x) =
W (x)

x (W (x) + 1)
=

1

x+ eW (x)
. (B.3)

We observe that the first expression for the derivative of the function W (x) is not
defined if x ∈ {−1/e, 0}. Nevertheless, the second expression is not defined only for
x = −1/e, which tells us that the W function is not differentiable only for x = −1/e,
despite what it may seem when looking at the first equality. As we see in Figure
B.2, the Lambert W function is discontinuous at x = −1/e.
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Figure B.1: The two real branches of the Lambert W function: the principal branch W0(x),
in orange, and W−1(x), in blue.

Figure B.2: Real (orange) and imaginary (blue) parts of the principal branch W (x) of the
Lambert W function. Notice that for x ≥ −1/ the imaginary part of the W function is
zero, and we recover the real principal branch displayed in Figure B.1.
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