VOLTERRA TYPE INTEGRATION OPERATORS
FROM BERGMAN SPACES TO HARDY SPACES

SANTERI MITHKINEN, JORDI PAU, ANTTI PERALA, AND MAOFA WANG

ABSTRACT. We completely characterize the boundedness of the Volterra type integration opera-
tors .J, acting from the weighted Bergman spaces A?, to the Hardy spaces H? of the unit ball of
C” for all 0 < p,q < oco. A partial solution to the case n = 1 was previously obtained by Z.
Wau in [35]. We solve the cases left open there and extend all the results to the setting of arbitrary
complex dimension n. Our tools involve area methods from harmonic analysis, Carleson mea-
sures and Kahane-Khinchine type inequalities, factorization tricks for tent spaces of sequences, as
well as techniques and integral estimates related to Hardy and Bergman spaces.

1. INTRODUCTION

Let B,, be the open unit ball of C™ and H denote the algebra of holomorphic functions on B,,.
A function b € H induces an integration operator (or a Volterra type operator) J, given by the
formula:

1
(1.1) Jpf(2) :/ f(tz)Rb(tz)%, z € B,
0

where f € H and Rb is the radial derivative of b:

“~ b
Rb(z) = sza—Zk(z), z=1(21,29,...,2n) € B,.

k=1

A natural question about the integration operator is how to characterize those symbols b so that
Jy 1s bounded from one holomorphic space to another. The operator .J, was first studied by
Pommerenke [32] in the setting of the Hardy spaces of the unit disk and the functions of bounded
mean oscillation. Some important papers include the pioneering works of Aleman, Cima and
Siskakis [2, 3, 4], where they described the boundedness of the operator J, acting between Hardy
spaces or between Bergman spaces in the unit disk. After then, a lot of research on the Volterra
type operator J, acting on many spaces of holomorphic functions has been done. The higher
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dimensional variant of .J, was introduced by Hu [17]. A fundamental property of the operator .J,
is the following basic identity involving the radial derivative R:

R(Jf)(2) = f(2)Bb(2), z € By

In the fairly recent paper [26] the second named author completely characterized the bounded-
ness of J;, between Hardy spaces H? and H? of the unit ball for the full range 0 < p,q < co. An
interested reader may consult the paper for more references on the topic: this is an active field
and there are too many relevant works to be listed here.

Recall that, for 0 < p < oo, a function f € H belongs the Hardy space H?, if

115 = sup [ 17G:9Pdo(€) < oo
0<r<1Js,

Here S,, = 0B,, denotes the unit sphere, and do the surface measure on S,, normalized so that

o(S,) = 1. Given o« > —1 and 0 < p < o0, a function f € H belongs to the weighted Bergman

space AP, if

1115 :/E 1£(2)|PdVa(2) < .

Here dV = dV} is the Lebesgue measure on B,,, normalized so that V' (B,,) = 1. The measure
dV, is given by dV,,(z) = ¢(n, a)(1—|z]*)*dV (z) with ¢(n, o) chosen to guarantee V,,(B,,) = 1.
We also denote by H*° the space of bounded holomorphic functions, equipped with the sup norm.
As is well-known, all the spaces above are complete, and when p = 2 they are Hilbert spaces
with the obvious inner product. By now there are many excellent references for H” and AP
spaces; we refer the reader to [36, 37, 38].

In the present paper, we characterize the boundedness of .J, : A2 — HY on the unit ball B,, for
all possible ranges 0 < p,q < oo and o > —1. For n = 1 this problem was studied by Wu [35]
who solved the cases 0 < p < ¢ < coand 2 < ¢ < p < 00, and left the case 0 < ¢ < min{2, p}
as an open problem. We will fill the gap by solving the open case 0 < ¢ < min{2, p} and extend
all these results to the setting of higher dimension.

Our main theorem is the following.

Theorem 1. Let oo > —1, 0 < p,q < oo and b € H. Then the following hold:
(1) If0 <p<min{2,q} or2 < p < q < o0, then J, : AY — HY is bounded if and only if
341-miia

sup [Rb(2)|(1 — |2]*)

z€B,,

(2) If2<p=q< o, then J,: A? — HYis bounded if and only if

< 00.

[Rb(2)|72 (1 |2*) =2 dV (2)

is a Carleson measure.
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(3) Ifp > max{2,q}, then J, : AL — HY is bounded if and only if

p—2
eo ([ imEsa- )
')
belongs to Lv-4(S,,).
4) If0<q<p<2 then J,: AL — HYis bounded if and only if

€ sup |Rb(z)[(1—[2) 7
2€r(e)

belongs to Lv-a (Sp)-

Here T'(§) = {z € B, : |1 — (2,&)| < (1 — |2]?)} is a Koréanyi approach region. Properties of
these regions together with the concept of a Carleson measure are discussed in Section 2.

The reader might find reading the theorem easier after examining Figure 1. The items of The-
orem 1 are labeled accordingly. The part of the boundary shared by items (1) and (4) belongs to
the item (1), and the part of the boundary shared by items (3) and (4) belongs to the item (4).

FIGURE 1. The main theorem summarized in (p,q) coordinates. The shaded
region corresponds to the cases that are new even in one dimension.

ooq 2)p=q>2
(D
2 3)
4
b
0 2 00

We mention here that the missing case 0 < ¢ < min{2,p} is contained in the items (3)
and (4). In addition, aside from the cases when J, acts only on Hardy or Bergman spaces, the
setting of the present paper is perhaps the most natural one, and the complete solution is rather
elaborate. All conditions above can be formulated in terms of some well-known function spaces,
such as various tent spaces and Triebel-Lizorkin spaces. However, due to the multitude of the
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parameters, we believe that the actual conditions are easier to read. An exception is the item (1),
L . . nyq_ntlia e
which is equivalent to b belonging to the Bloch type space B~ # | whose definition is the

necessary and sufficient condition given in item (1).

A reader who is familiar with the paper [35] might notice that our case 2 < p < ¢ < 0o seems
different from that of the reference. However, these conditions are known to be equivalent — it is
simply our personal choice to use a Bloch type semi-norm instead of s-Carleson measure condi-
tion. Our tools include Carleson measures, area techniques, Kahane-Khinchine type inequalities,
and some factorization tricks for tent spaces of sequences.

The paper is organized as follows. The proof of the main theorem is split in two sections:
Section 4 containing the proof for p < ¢ (that is, cases (1) and (2)) and Section 5 containing the
case p > ¢ (that is, the items (3) and (4)). The sections preceeding these mains results contain
some background materials and the tools used in the paper, as well as some key lemmas that are
needed along the way.

We will use notation, which is quite standard. For any two points z = (21,...,2,) and w =
(wy, ..., wy,) in C" we write (z,w) = 21w+ - -+ 2, Wy, and |z| = \/(z, z). Typically constants
are used with no attempt to calculate their exact values. Given two non-negative quantities A and
B, depending on some parameters, we write A < B to imply that there exists some inessential
constant C' > 0 so that A < C'B. The converse relation A 2 B is defined in an analogous
manner, and if A < B and A 2 B both hold, we write A < B. For two quasinormed spaces X
and Y, the notation X ~ Y means that these spaces are isomorphic. Given p € [1, 00|, we will
denote by p’ = p/(p— 1) its Holder conjugate. In this context we agree that 1’ = oo and oo’ = 1.

2. PRELIMINARIES

In this section, we collect the necessary preliminaries for the course of the proof of our main
theorem. The ideas listed in this section are used throughout the paper.

2.1. Carleson measures and embedding theorems. Let us recall the concept of a Carleson
measure, which will be important for our analysis. For £ € S, and 6 > 0, consider the non-
isotropic metric ball

Bs(&) ={z€B, : |1 - (2] <d}.
A positive Borel measure 1 on B, is said to be a Carleson measure if

u(Bs(&)) < 0"

forall ¢ € S,, and 0 > 0. Obviously every Carleson measure is finite. Hormander [16] extended
to several complex variables the famous Carleson measure embedding theorem [8, 9] asserting
that, for 0 < p < oo, the embedding I, : H? — LP(u) := L”(B,,, du) is bounded if and only if 4
is a Carleson measure. More generally, for s > 0, a finite positive Borel measure on B, is called
an s-Carleson measure if ;1(Bs(§)) < 0™ forall £ € S, and § > 0. We set

lullers, == sup  w(Bs(§))o "
£€Sp,6>0

(8
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For simplicity, we write || u||cas for the || ]| ca, - It is well-known (see [36, Theorem 45]) that
is an s-Carleson measure if and only if for each (some) ¢t > 0,

(1 —lal*)*
2.1 su
ot Ja, [T = (a,2) "7
Moreover, with constants depending on ¢, the supremum of the above integral is comparable to
|pelleas,- In [13], Duren gave an extension of Carleson’s theorem by showing that, for 0 < p <
q < 0o, one has that I; : H? — L%(u) is bounded if and only if x4 is a ¢/p-Carleson measure.
Moreover, one has the estimate

du(z) < oo.

1
1 Zall 0 2y =< ey,

A simple proof of this result, in the setting of the unit ball, can be found in [26] for example.

We will need the following well-known embedding theorem for Hardy and Bergman spaces.
The first part is a consequence of Duren’s theorem, but it can be proven in a much more elemen-
tary manner (see Theorem 4.48 of [37]). The second part follows by writing | f|? = | f|97?| f|?
and using the standard pointwise estimate for the factor | f|977:

_ (nt+1+0)(q—p)

[f1TP S (1= 12]%) I
Theorem A. Let o > —1 and 0 < p < ¢ < oo. Then
q
HP An(q/pfl)*l
and
AP C A,

with 5 = (n+ 1+ a)(q/p — 1) + o Moreover, the inclusion mappings are bounded.
We will also need the following Dirichlet type embedding theorem, which can be found in [6].
Theorem B. Assume that f € H with f(0) = 0. If0 < q < 2, then
Ifllge S TR llas,-
If0 <p < q < oo, then

[ fl[re S NRS Lz

2.2. Area methods and equivalent norms. For v > 1 and ¢ € S,,, define the Kordnyi (admis-
sible, non-tangential) approach region I, (£) by

€)= {z€Bu: 1 - (28| < 20— 1)}

In this paper we agree that I'(§) := I'y(&). It is known that for every » > 1 and v > 1, there
exists v/ > 1 so that

2.2) U DG cTy©),

2€Ty(€)

+np/q—n—1"
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where D(z, ) is the Bergman metric ball of radius r centered at z (we refer to Chapter 1 in [37]
for an account on the Bergman metric). We will write I'(€) (and sometimes I'(€)) to indicate this
change of aperture.

Given z € B,,, we can define the set I(z) = {{ € S, : z € ['(§)} C S,,. Since o(I(z)) <
(1 — |z|*)™, an application of Fubini’s theorem yields the following important formula:

23) | et = [ (/ i o)) do(©)

where ¢ is any non-negative measurable function and v is a finite positive measure.

Let us now recall the following Hardy-Stein (or Littlewood-Paley) inequalities, which will be
very important for our arguments. The proof of these variants can be found in [37].

Theorem C. Let 0 < p < oco. If f € H and f(0) = 0, then

1 5o X/IB [F)P2IRF(2)P(1 = [2]%)dV (2).
In particular,

1117 = ] [RF(2)[*(1 = [2[*)dV (2).

The next estimate is the celebrated Calderdn’s area theorem [7], which was proven for 1 <
p < oo by Marcinkiewicz and Zygmund [24]. The variant we will use can be found in [1] or in
[26, 29], where it is proven in a more general form.

Theorem D. Let 0 < p < oo. If f € H and f(0) = 0, then

115 = /S (/F(E) [Rf(2)*(1 - \er“)l’“‘dV(Z'))p/2 do(§).

The above result can be formulated in terms of R*f for any k € N, or even more general
fractional derivatives. See, for instance [27, 31].
Given a positive Borel measure 1 on B,,, then for £ € S,,, we define

e du(z)
ile) = /r@ 0P

The following result is known as Luecking’s theorem, and is originally from [22]. The present
variant can be found in [26], for instance.

Theorem E. Let 0 < s < p < 0o and let i be a positive Borel measure on B,,. Then the identity

Iy« HP — L*(u) is bounded, if and only if, the function [i belongs to LP/*=5)(S,)). Moreover,

~nl
| all ooy = Nl s,
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2.3. Poisson transform and maximal functions. Let us recall the invariant Poisson transform

(see Chapter 4.1 of [37]):

(1—[=[*)"

P = _
[f1(2) - 11— (z, &)

which is defined for f € L'(S,).
Given 6 > 0 and ¢ € S,,, we define
1(§,0) = {2 €Sy : |1 = (2,6)| < &°},
and for f € L'(S,,) let M|[f] denote the Hardy-Littlewood type maximal function defined as
1
MUIE) =sup s [ 17(0)ldo(0)
16 = swp ey [ 17©lao (@

The classical Hardy-Littlewood theorem (see Theorem 4.9 of [37] for this version) states that
24 IM[Allersy S W fllees,),  p € (1,00).

We will need another kind of maximal function. For a continuous f : B,, — C, we define the
admissible (non-tangential) maximal function N|[f] by

NIfI(&) = sup [f(2)]

zel(€)

f(§)da (),

Let us state the following well-known result on the L”-boundedness of the admissible maximal
function that can be found in [34, Theorem 5.6.5] or [37, Theorem 4.24].

Theorem F. Let 0 < p < oo and f € H. Then
INU Il zesay S I e

Finally, the following theorem (Theorem 4.10 of [37]) connects the Poisson transform and the
two maximal functions.

Theorem G. For f € L'(S,), we have
NIP[fI(&) < M[f1(E).

2.4. Kahane-Khinchine inequalities. Consider a sequence of Rademacher functions ry () (see
[14, Appendix A]). For almost every ¢ € (0,1) the sequence {ry(¢)} consists of signs 1. We
state first the classical Khinchine’s inequality (see [14, Appendix A] for example).

Khinchine’s inequality: Let 0 < p < co. Then for any sequence {c,} of complex numbers, we
have

p/2 1
k 0 | &

The next result is known as Kahane’s inequality, and it will be usually applied in connection
to Khinchine’s inequality. For reference, see for instance Lemma 5 of Luecking [23] or the paper
of Kalton [19].

p

dt.
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Kahane’s inequality: Let X be a Banach space, and 0 < p, ¢ < oc. For any sequence {x;} C
X, one has
P

1 1/q 1 1/
(2.6) </0 Zrk(t) T idt> = (/0 HZrk(t) JﬁkH;dt> )

Moreover, the implicit constants can be chosen to depend only on p and ¢, and not on the Banach
space X.

2.5. Separated sequences and lattices. Let 5(z,w) denote the Bergman metric on B,,, and
D(a,r) = {z € B, : f(a,z) < r} be the Bergman metric ball of radius » > 0 centered at a
point a € B, (see [37, Chapter 1]). A sequence of points Z = {a;} C B, is said to be separated
if there exists § > 0 such that 5(a;, a;) > 0 for all ¢ and j with i # j. This implies that there
is 7 > 0 such that the Bergman metric balls D(ay,r) = {z € B, : 5(2,ax) < r} are pairwise
disjoint.

We need a well-known result on decomposition of the unit ball B,,. By Theorem 2.23 in [37],
there exists a positive integer N such that for any 0 < < 1 we can find a sequence {a;} in B,
with the following properties:

(i) B, = U, D(a,7);
(ii) The sets D(ay,r/4) are mutually disjoint;
(iii) Each point z € B,, belongs to at most N of the sets D(ay, 47).

Any sequence {ay} satisfying the above conditions is called an r-lattice (in the Bergman metric).
Obviously any r-lattice is a separated sequence.

Our main application of separated sequences is in context of the following important result.
It 1s essentially due to Coifman and Rochberg [12], and can be found in Theorem 2.30 of [37].
Note that we only need one part of the cited theorem, and it is easily seen to be valid for all
separated sequences.

Theorem H. Ler 0 < p < oo, @« > —1, and s > nmax{1l,1/p} — n/p. For any separated
sequence {ay}, and A = {\;} € (P, the function

(1 — Jag]?)®
f(Z) = )‘k ntlta
; (1= (z,a))"" 7

belongs to AP, where the series converges in the quasinorm topology of AX. Moreover,

[Aller-

fllaz S

2.6. Tent spaces. Tent spaces were introduced in the paper of Coifman, Meyer and Stein [11]
to study problems in harmonic analysis. They provide us with simple, yet general framework for
questions regarding important spaces such Hardy spaces, Bergman spaces and BMOA. Luecking
[22] used tent spaces to study embedding theorems for Hardy spaces on R™. These results have
been translated to B,, by Arsenovic and Jevtic [5, 18].
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Let 0 < p,q < oo and v be a positive Borel measure. The tent space 77, consists of v-
measurable functions f on B,, with

116, = [ n ( / . !f(Z)!qu(Z)) " do(e) < oo

Analogously, the space T%, , consists of v-measurable functions f on B,, with

p
T / ( sup !f(z)!) do(€) < oo.

z€l'(€)

The essential supremum is taken with respect to the measure v. The case p = oo is different. For
non-zero u € B, we define ¢, = u/|u| and set Q(u) = {z € B, : |1 — (2, ()| <1 — |ul*}. We
agree that Q(0) = B,,. The space 775, consists of v-measurable functions f on B,, with

vV

1 1/q
[ fll7g, = sup ( WD A [y /Q(u) |f(2)]"(1 = |Z|2)”dl/(2)) < 0.

£€Sn \uer(€)

By comparing with the discussion in Section 5.2 of [37], we notice that f € T, if and only if

dug(z) = (1 = [2*)"|f(2)|%dv(z) is a Carleson measure on B,,. Moreover, | f||7zc < [

The aperture v > 0 of the Koranyi region is suppressed from the notation, and it is well-
known that any two apertures generate the same function space with equivalent quasinorms.
When v(z) = (1 — |2|*)*, we write TP, = TP,,. The spaces T%, , are obviously independent of
«, and we simpy write 7%.. Note that Theorem D states that f € H belongs to H? if and only if
Rf € Tﬁ |_n» and Fubini’s theorem shows that A? consists of holomorphic functions in 77, ..
This explains the special role of the number 2 in Theorem 1.

We will employ a discretization scheme. For this purpose a particularly important case is given
when v = ), d,,, where Z = {a} is a separated sequence and J,, are the usual Dirac point
masses at points aj. We denote f(ay) = A, and say that A = {\;} € TP(Z), if

Wi = [ | 2 k] do©) <oc,
Sn ar€l(§)

when 0 < p,q < oo, and A = {\,} € T2 (Z), if

p
A7z () ::/ sup |Ag| | do(§) < oo.
~ Sn akGF(E)
Finally, A = {\} € T;°(2), if

1/q
1
[Mlze(z) = sup | sup T Z IAR]9(1 = |ax )" < 00.
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As before, we have that A € T.°(Z) if and only if the measure duy = Y, [Me|?(1 — [ax]?)"dq, is

a Carleson measure. Moreover, ||A|[7s(z) =< ||/MH1/q

We will need the following duality result for the tent spaces of sequences. For the proof, see
[5, 18, 22].

Theorem L. Let 1 < p < oo and Z = {ay} be a separated sequence. If 1 < q < oo, then the
dual of TP (Z) is isomorphic to T’i/(Z) under the pairing:
(\ 11722 Zxkuk (1 —la)", NeTIZ), peTh(2).

If0 < q <1, then the dual of Té"’( ) is isomorphic to T? (Z) under the same pairing.

2.7. Estimates involving Bergman kernels. Let us next recall the following well-known (Forelli-
Rudin) integral estimates that have become very useful in this area of analysis (see [37, Theorem
1.12] for example).

LemmaJ. Lett > —1 and s > 0. Then

/ =g 5 s S (L=

/ (1 — |u|2)t dv(“) < (1 - |Z’2)75

. |]_ _ <Z7u>|n+1+t+s ~

and

forall z € B,
We also need the following discrete version of the previous estimate.

Lemma K. Let {a;} be a separated sequence in B,, and let n < t < s. Then

1 _
Z = ALl SA=1zP)  zeB,.

zak

The following more general version of Lemma J will be used, whose proof can be found in
[25].

LemmalL. Lets > —1,s4+n+1>rt>0,andr+t—s>n+ 1. Fora € B, and z € B,,
one has

[ L brav i
s, L= Gl L= (@) ~ [T= (= afFr

Finally, we will use an integral estimate connecting the Kordnyi regions and the Bergman type
kernels. Its original form is due to Luecking [22], and the present version can be found in [5]
and [18]. Note that the converse inequality also holds, and is quite trivial to prove.

Lemma M. Let 0 < s < oo and 6 > nmax{1,1/s}. If u is a positive measure, then

/| [ | <%>ed’“‘(z>rd"@ < [ uryaste
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3. LEMMAS ON DISCRETIZATION

We will on several occasions use Kahane’s and Khinchine’s inequalities throughout the proof
of our main theorem. These tools provide discretized versions of the conditions we really need.
In this section, we show how to obtain the continuous characterizations from the discrete ones.
For Bergman space analogues of these lemmas, see [21].

Lemma 2. Let 0 < p,q < oo and B > —n — 1. There exists ro € (0, 1) so that, if 0 < 1 < 19
and Z = {ay} is an r-lattice, then

P
q

/Sn (/F(§)|f(z>|q(1—|z|2)ﬂdv<z))gda(£)§/8n 7 1 faR)f(1 = a7 ) do(9),

ar€l(§)
. . . p
whenever | is holomorphic on B,, and in T .
Proof. It is clear that

1— |z ﬁdV 1—z Bav
/F(£)|f()l( 2P) Z/ 2PV (),

akEF

where f(f) is an approach region with a larger aperture. By using the standard reproducing
formula for f(z) — f(0) followed by a change of variables with the corresponding ball automor-
phism (compare with the proof of Theorem 2.3 in [21] or see Lemma 2.2 in [20]), we obtain for
z,u with B(z,u) < r < 1/2 that

)= s 5ot [ it v,

where the constant implied by ”<” does not depend on r. Thus, an application of Fubini’s
theorem gives us

a1 — |2]2)8 P
2 f = o=y

ar€l'(€)
E (1 — |ag|*)"* )
Ik AV (w)(1 = |22)PdV (=
/D(ak r) / (ar,1) | |1 — <W,ak>|2"+2 ( )( ’ | ) ( )

akEF 5)
13 [l el ()
a, €l (€) Plawl)
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The last inequality is due to (2.2), and f(f ) is an approach region with aperture larger than f(f ).
Therefore,

3 / 11— |2V ()

akel“
<2 / F@I L~ V) + Y @l )
auel(@” 7" ar€r(€)
<pd /:( | @)1 = JwP)PdV(w) + > [Fla)|(1 — lag?) .
N ax€L(€)

Recall that different apertures define the same tent space with equivalent quasinorms. Raising to
power p/q and integrating over S,, yields

[ ([ 1rera-teerave) e

p/q

< / S @)1 = a2+ | do(e)

ar€l'(€)

e [ (1 |z|2>ﬁdv<z>)p/q )

Since the constants in ”’<” do not depend on r, we will find the desired ry, which completes the
proof. U

By a similar argument, we obtain the following lemma.
Lemma 3. Let 0 < p < oo and > 0. There exists ro € (0,1) so that, if 0 < r < ry and

Z = {ay} is an r-lattice, then

/ sup [F()P(L— |2 do(€) < / sup | f(a)P(1 — Ja ) do(€).
S S

n 2€D0(E) n ak€L(E)

whenever [ is holomorphic on B,, such that the left-hand-side is finite.

Proof. Note first that, by Lemma 2.24 in [37],

2P(1 = |2?)° —1 w)[P(1 — |w]?)PdV (w
FEP0 = FP) S qroppgee [, P = ) dv(w)

1
< w)|P(1 = |w]?)PdV (w
~ (1 - |Z|2)n+1 L(ak72r) |f< )| (1 | | ) dV( )7

for some ay, in the lattice. Therefore, for 0 < r < 1/4, we have

sup [f(2)[(1— [2[*)” < sup : /D( 2)If(w)l”(l— [w]*)?dV (w).

2€0(¢) aret(e) (1= lax[?)m+
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A small modification of the corresponding argument in the previous lemma gives us

sup | f(2)[P(1— |2)”

2€l(€)
S osup [f()P(1—[2*)7 + sup | f(an)P(1 — |ax]®)”.
2€D(€) ar€L(§)
Integrating over S,, gives the desired result, by the same reasoning as before. U

4. THE CASEp < ¢

In this section we prove the items (1) and (2) of our main theorem. When n = 1, these result
can be found in the paper of Wu [35]. However, our proofs differ substantially from his. We also
note that Theorem 4 is formulated in terms of a Bloch type condition, which we find easier to
use in practice than the s-Carleson condition in [35]. Let us start with the following.

Theorem 4. Let 0 < p < min{2,q} or2 < p < q < oo and « > —1. Then J, : A? — His
bounded if and only if

|6]|5v == su]Bp |Rb(2)|(1 — ]z|2)7 < 00.
ze n

with v = % +1-— ("ﬂ%a). Moreover;

Jollaz—ma = |10l 8-

Proof. Let us first consider the necessity. By the standard pointwise estimate for the derivative
of Hardy space functions, we have

FENRb() S (1= [P Nl g ma - 1]z

Now, taking
n+l4+a
(L[ >
f(u) = fo(u) =
(1 - <u7 Z>)8
for large enough s gives that
n _ntlta
sup [Rb(2)|(1 = [2[)s ™ S ol ag e < 0.

z€By,

and the necessity is proven.
Next, we look for the sufficiency. Note that p and ¢ of the theorem satisfy either p < ¢ or
p = q < 2. In the former case, by using the second part of Theorem B,

[ Tof e S IR f) 4z

p+np/q—n—1
1/p
_ ( [ 1rerimera- |z|2>p+"P/q-“-1dv<z>)

S bllsy - (1 1Lz
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In the case ¢ = p < 2, we use the first part of Theorem B:

1/p
bl < RO, = ([ 1FPIRMPG = 2 aves) )

o SR T

Therefore, in both cases,

1ol 4z S (0]l
This completes the proof. U

We next prove item (2) of our main theorem.

Theorem 5. Let2 < p < oo and o« > —1. Then J, : AL — HP is bounded if and only if
dnn(2) = [Rb(2)[72 (1 = [22) 7 dV(2)

p—2
a2 re = ||l s

Proof. For any f € AP consider the measure du s, (2) = |f(2)|?|Rb(2)|[*dVi(2). Then

» p/2
1) n%ﬂ@pxlg(Z%Jﬂ@ﬁWM@Paﬁ%ﬁﬁ) do(€) = A?ﬁ?/@MdQ-

We now first prove the sufficiency part. For any h € H 72, we have by Holder’s inequality

|h(2)]dpse(z) = Ih( If(2) P Rb(2)[*(1 = [2*)dV (2)

is a Carleson measure. Moreover,

By
p—2

(/'m IR R ave)) T,

SIAl, 52, - il i - 1% -
The last inequality is due to du;, being a Carleson measure. Therefore, we proved that the identity
Iy: Hvz — L(duyy) is bounded. By Luecking’s theorem (i.e., Theorem E), we have

/ﬁm”@w@<m
Sn
with
17 8y = Wl S Wil 11

—2
Thus J, : A®, — HP is bounded and || Jy||az sp» < || ,ubHZ?J. This concludes the proof of the
sufficiency.
Let us next consider the necessity. Assume that J, : A? — H? is bounded. Then for any
f € AP, by (4.1), we have

| o) S 1l 11 < o

n
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We see that the measure dji s, satisfies the conditions of Theorem E for parameters 1 and 17%2. It

follows that for any h € H p%’ we have

/B h(2)ldppo(2) S N Tollag s me - 1 I3g - NP1 2y

Now define the measure dvy, ;(z) = |h(2)||Rb(z)[*dV;(z), and then the estimate above can be
written as:

] |[f ()P dvns(z) S Wl e - 1 g - DI 2,

This is a Carleson measure condition for the Bergman spaces. Therefore, since p > 2, by the
results in [23] (see also Theorem B in [28]), we have for any » > 0

. ~ unp(D(z,7))
Unp(2) = (1 = [z[2)ntatl

€ Lv3(B,,dV,)

and Hﬁh’bHLﬁ(dVQ) S 6l s e Hh||Hp%2 By subharmonicity (see Lemma 2.24 in[37]), we
have

vnb(D(z,7)) 2 [h(2)]|Rb(2)[*(1 — [2[*)"*2,
and this estimate together with corresponding norm inequalities give us

2p
2

p

; piﬁ\ ) ||h||P72
p )4 .
AR —HP i

(4.2) [1(2)]72 | Rb(2)|7=2 (1 = [2*) 7= dV (2) < [ 4]
Bn
For a € B,, we define h := h,(2) = (1 — (z,a))~?, where 3 > n(p — 2)/p. By the standard

integral estimates,
1

(1= fap)rs

Inserting this into (4.2) shows that dyu;, satisfies the condition (2.1) with s = 1. Therefore dpu, is
—2

~

=]
1all” %, =
a HP%Z

p—=
a Carleson measure and || || 57y < || Jb]| a2 — e, Which completes the proof of the necessity.
U

5. THE CASEp > ¢q

We have proven the items (1) and (2) of Theorem 1 in the previous section. In this section,
we will use a factorization trick for the tent spaces of sequences to solve the remaining case for
p > q. Here we also solve the case 0 < ¢ < min{2, p}, which is left open in [35]. It is contained
in Theorems 7 and 8.

We recall a fact about the factorization of quasinormed spaces of sequences X,Y and W.
We say that W = X - Y, if forz = {z;,} € X andy = {yx} € Y, we have |[{ziur}|lw <
lz||x|ly|ly, and every w = {wg} € W can be expressed as {wi} = {xpyr} with [|w|w 2
inf ||| x||y||y, where the infimum is taken over all possible factorizations of w. Note that then
the linear functional 7 € W*, if

IT(zrye ) S lzllxllylly
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foreveryz € X andy € Y.

We will use the following result concerning factorization of sequence tent spaces. A similar
result for tent spaces of functions over the upper half-space was proven in [10] by Cohn and
Verbitsky. This version is also likely known to specialists, but we were unable to find a proof in
the literature.

Proposition 6. Let 0 < p,q < oo and Z = {a.} be an r-lattice. If p < p1,p2 < 00, ¢ < q1,q2 <

oo and satisfy

1 1 1 1 1 1
—+ —=—-, and —+ —=-.
p1 P2 b q1 q2 q

Then
1V(Z) =T (Z) - T (Z).
Proof. 1t suffices to prove
(5.1) 1(Z) =T5(Z)-1T°(Z), 0<p,q<oo.
Based on this we can obtain the desired result by using the following facts
TL(Z) =T(Z)-T2(Z),  TE(Z) =T3Z) - TZ),

So let us prove (5.1). We follow the idea from [10]. We begin by showing that, for sequences
a={a} € TL(Z) and B = {1} € T;°(Z), we have A = o - 3 € TP(Z) with

||>\||T§(Z) S ||04HT£O(Z) ‘ ||5||T;o(z>
We will use the inequality

(5.2) S ol 18l (1= ail®)" < o5y ) - 1811te
k

that can be proved in the same manner as some variants appearing in [11, 30] (see also [27]). We
have
p/q

(53) o Bller = [ | Xtk aoto)

a€l(C)
If p/q > 1, consider a positive function ¢ € LP/(P=9(S ). Then

[ (X Tl ) (01 % [ (Sl DY o000 0

ar€el(¢

= Z || [ Br|? (1 — |ak|2)n Po(ay),
k

where Py denotes the Poisson integral of . Recall that, when € T7°, the measure pg =
S i 1Bkl9(1 — |ag|?)™dq, is a Carleson measure with || 5]/ car < ||B||ﬁ_’m (z)- Hence

S 1P P D187 (1 = as)" S 1811z - ol s,
k
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This together with the estimate (5.2) and Holder’s inequality yield

/ S Janl? 1Bl 9(C) do(C)

" a€el'(C)
(r—a)/p q/p
< (Z | P(az) [P/ @D, |7 (1 — \ak|2>”> (Z ok [” [ Be]? (1 — rakP)")

k k
S lellero-as,) - lallze ) - 18170z

By duality, we obtain that ||oz Bllrrzy S llallrezy - |1Bllrge(z) when p > ¢. If p = ¢, this
inequality is a direct consequence of the estimate (5.2).

Finally, consider the case that p < ¢. In this case, starting from (5.3), we use Holder’s inequal-
ity with exponent ¢/p > 1 (that has conjugate exponent ¢/(q — p)), and then the estimate (5.2)
to get

p(g—p) p/q
q
o Bl 5 < sup |ag| S el [Bel” | do(C)
a(Z) arn€T(C)
" k ar€l(()
p/q
Pq p
<llollaci | | Z cl? |Bul do ()
Sn ak€l(¢

p(a—p) 9 iz
= ol | S lowl? 1817 (1 — laif)"

k
S HO‘HIQDF&(Z) : ”6”1050(2)

Next, assume that A € T?(Z) and let 0 < s < p. We define the function
1/s
1 s/q
o) = |~ [ (X i) aeo)]
I
) S\ 2,
and set oy, = a(ay,) for ar, € Z. We want to show that {ay} € TP (Z), which is equivalent to

o sup oyl € IP°(S,).
ar€l(§)
Writing
A)\(g) = Z |)‘j|q7
ajEF(E)
we note that |a(z)]* < P [Af\/ (2), which follows easily by noting that when £ € I(z), one has
11— (z,&)] < 1 — |z|* Therefore, according to Theorem G,

sup Jagl* S sup |a(2)|° < NIP[AY))(€) S MAYY)(€).
ar€l(€) z€l(§)
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Since p/s > 1, an application of the Hardy-Littlewood theorem (2.4) gives us that {ay} €
1%,(Z) and that |[{a } |7z, 2) S (IMl72(2)

We now set 3, = A/, and show that {3} € T7>°(Z): that is
pa =Y |Bl(1 = |ax]*)"s
k

is a Carleson measure. Let ¢ > 0 be chosen so that ¢/¢ > 1, s/e > 1 and
qe
q—¢€
If now dv is a probability measure on some space (2, then for any positive measurable function
f, Holder’s inequality yields

5>

q—

() s(frw) ([ree)”
()" ([ra)"

Using this estimate in case that 2 = I(z), dv = o(I(z)) *do and f = A}/“, gives us

Y 1 do(§)
@M= /1(2) AN(&)

Now, for a € B,,, we have
(1 —lal*) (1= Ja*)" - 2\n
f et - ZW'A’“'”%' RE
n ) k )
|/\k|q do(§)
a
9 T @ o (6

o
= (1= Jaly" / AA@) Z 1= (g, ©°©

ax€l'(€)
0P [ e e 3 ) aste
= oy [ 7

e OO
Sn ‘1 - <€’a>‘2n
The last inequality follows from Lemma J. We immediately obtain that {3} € 7;°(Z) with
the estimate [|{Sy}|7(z) < 1. Therefore, given A € TP(Z), there are sequences o € T%,(Z)
and 8 € Tp°(Z) such that A = « - 8 with [|al[zz ) - |BllTee(z) < Allze(z)- The proof is
complete. U
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Theorem 7. Let o > —1, 0 < ¢ < 0o and p > max{2,q}. Then J, : AL — HY is bounded if
and only if the function

p—2

2—2a 2p

lﬁ@%z<K¥JRM@ﬁZO—%d5P2“”WV@0

belongs to Lv-4(S,). Moreover, | Jpl| a2 e =< HUbHL%(S )

Proof. Since p/(p — q) > 1, it will be convenient for us to prove the equivalent claim in terms of
U € Lv-a(S,).

Let us first take care of the sufficiency part. Using the area function description of the Hardy
spaces and Holder’s inequalities, we have

|mm%s/

Sn

q/2
(/ WWWWM%—MW”WQO do(€)
INE3)

a(p—2)

<[ ([, 1merta - E rave) T

: (/m 1F(2)P(1 - \z|2)a"dv(z)) % do(§)

p—aq

<([ v w©) " iy

This proves the sufficiency part with ||.Jy|| a2 e S ||U;,HL%(S X

Let us now consider the necessity. Suppose that J, : A?> — H?is bounded. A straightforward
approximation argument (see Lemma 7 in [31]) using the dilations b,(z) = b(pz) (0 < p < 1)
shows that it suffices to establish the corresponding estimate in the case where the left-hand-side
expression in Lemma 2 is finite. By Lemma 2 it is sufficient to prove that

a(p—2)
2p

(5.4) e | S IRb(an)[7E (1 — Jayf?) 72 € L (S,),
ar€r(§)

when Z = {ay} is an r-lattice and r is small enough.
Now consider the test functions

Fy(2) =) (1= lanl)"P Xeri(8) fie(2),

k
where A = {\.} € T¥(Z), 1y : [0,1] = {—1, +1} are the Rademacher functions, and
(1 _ |ak|2)b—(n+1+a)/p

(1= {z,ax)’

fi(z) =



20 SANTERI MITHKINEN, JORDI PAU, ANTTI PERALA, AND MAOFA WANG

are suitable kernel functions with b > (n + 1 + «)/p. Notice that A € T?(Z) if and only if

((1 — |ag|>)™? ) € £. We could naturally work with 7, but we will use a factorization trick,
which is more transparent in the tent space notation.

By the area function description of the Hardy spaces, the construction of F; and the atomic
decomposition of the Bergman spaces, we have for every ¢ € [0, 1],

q/2

/S(/F(g)‘Rb(z)Z(l—|ak|2)n/p/\krk(t)fk(z)‘20[‘/1—71(2)) do (&) S 119l MG 2
" k

Integrating with respect to ¢ and using Fubini’s theorem, we get

/Sn /01 (/F(g) ‘Rb(Z)Z(l — ag|)™P Xpri(t) fr(2) ?

k
SJ ||Jb||?4§ﬁ\Hq ) ||/\||ng(2)

qa/2
dvl_ncz)) dt do(€)

Next, we use Kahane’s inequality and Fubini’s theorem to obtain

LS

NRIEAlY

“AﬁﬁH‘I

) q/2
Z)Z(l— |ax )™ \erw (2) fi(2) dtdvl—n(z)> do(§)

’ H)‘Hng(Z)

Further, using Khinchine’s inequality gives that

q/2

/ (Z I | O \ak|2>2"/1’|fk<z>|2dv1_n<z>) Ao(€) S 119 - Ay

k
For 6 > nmax{2/q, 1}, using Lemma M we obtain

q/2

/ (Zw | (=05 \Rb(z)\?(l—\ak12>2”/f”rfk<z>r2dv1n<z>> o)

S Il o+ AN (2)-

Replacing the integral over B,, by an integral over D(ag, r), and using subharmonicity and stan-
dard estimates, we arrive at

q/2

2 6
/(Z ([ ) 1R~ |ak|2>2‘2“*“”p) o ¢)

5 ||Jb||?43;_>Hq ”)‘HT"(Z
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Finally, for every £ € S,,, summing over only the points a; € ['({) (and noting that a; € I'(§)
implies that (1 — |ag|?) < |1 — (ag, &)|) gives that

q/2
(5.5) / S IR0~ a2 205 | do(€) S 1% e - [Ny s,
Sn
ap€r(§)
Recall that by (5.4), we want to prove that
a(p—2)
2p
e | D0 IRb(a)] (1 — o) 2
ar€l(§)
belongs to LP/P~9(S,)). Write v = {1,}, where
v = | Rb(ag) (1 = |ay]*) 7717,
This means that we want to prove
vely '(Z2), n=———.
72 (p -2)
For every s > 1, this is equivalent to the statement v/'/* := {1/1/ Ve TR/ (7). For s large

enough, we have

= (1 @) = (@ i)

2s—q q

where the last identity is the factorization of the corresponding tent spaces of sequences given in
Proposition 6.
Let us take

p={m} € ((ni)Q) (2),

and factor it as suggested
=N T={n} e T (2), NeT!(Z).
25—q

Then (note that we may, without loss of generality, assume that all sequences are non-negative)

Z/Wk (1— |axl?)" Zr M (1= |ay )"
/ > A n) do(€)

ap€l(&)
’ 1*(1/23 q/23
<[ (X A we) o)
Sn " gper(e) ar€T ()
1/s

a/2
Wl o | [ O3 ) aote)

%= Sn arer(e)
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Here the two last inequalities are just applications of Holder inequalities with 2s/q and s, respec-
tively, which are legal by making s large enough.
Analyzing the second factor by using our earlier estimate (5.5), we establish

1/s n s S
N (R N KSR [ o [ R P
k 257@{
Taking infimum over all possible factorizations yields
1/s s
> (U= )" S NS all ey
k T(ns)/ (2)

We obtain (5.4) by the duality of tent spaces of sequences and || UbHL% ) < bl a2 e The

proof is therefore completed. U

The following result will complete our main theorem.

Theorem 8. Let 0 < g < p < 2and o > —1. Then J, : AY — HY is bounded if and only if the

function
p—l—a

Ve(€) = sup [Rb(2)[(1 — |2]")
z€l'(€)

laz—ma = (V3]| | pe.

belongs to L%(S ). Moreover, LP=4(Sp)’

Proof. Let us first prove the sufficiency. By Theorem D and Holder’s inequality with exponent
p/q > 1, we have

571 % [ (/ BRI - |z|2>1"dv<z>)w 4o (€)
< [ viter (/ IR |z|2>1—"—i<f’—1—‘”dv<z>)W 4o (¢)

/2 a/p
q . l—n—%( —1—a)
<l g (/ ([ Jrera =ty ave) do@)) .

We estimate the second factor of the line above:

[ 1Pty e
S Y G-lal) e [ jpave)

arel'(e) Dlax.r)

< D0 (o)t ( /
D

akef(f)

2/p
\f(Z)\pdV(z)) |

(ag,2r)
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Since p/2 < 1, we get

(/ |f<2>|2<1—lz|2>1"i@la>dV<Z>>p/25Z<1—|ak|2>‘*‘" / F)PaV(2)
') D(ay,2r)

akef(@
< / PP = 2P ndv(2).
')

Combining the estimates above gives that

a/p
00 S W0l ([ (f @PQ =Py av) aste))

a/p
Sl ([ ra-prave)

This yields the sufficiency of the condition

(5.6) € sup |Rb(2)|(1— |2[) 7" € L (S,).
zel'(§)

And moreover, || J,|| a2 s pa S H%HL%(SH).

Let us now turn to the necessity. By reasoning similar to the corresponding point in the proof
of Theorem 7, we may use an approximation argument. Let us assume that our r-lattice {ay}
satisfies Lemma 3. We can follow that argument of necessity in Theorem 7, using Kahane’s
inequality and Khinchine’s inequality together with similar techniques, leading to estimate (5.5).
By writing v = {v},}, where

v = |Rb(ax)|*(1 — Jag)?)» ),
it is sufficient to show that
v e T/ (7).

For every s > 1, this is equivalent to

ps

v = () € T 0 (2) = (TH (2) T (2))
2s—q q

by the factorization result in Proposition 6. The reader should notice here that if p < 2, then
2s —
L =L —1yp

ps 2s
for some p < 1. So the factorization and the duality can be carried over.

Now, the argument can be completed by carrying out the same reasoning as in the corre-
sponding place in the proof of Theorem 7. We only need to choose s large enough such that all
applications of Holder’s inequality are valid. The necessity will follow by virtue of Lemma 3,
and then the proof is complete. U

By combining the theorems in Sections 4 and 5, we obtain the whole proof of our main result.
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6. CONCLUDING REMARKS

6.1. Trivial case. Looking at Theorem 1, it is important to know when the conditions are void,
that is, when the only b € H generating bounded J, are the constant functions. In this case, we
always have J;, = 0. The following corollary follows easily from the main theorem.

Corollary 9. Let o > —1, 0 < p,q < oo and b € H. Then the following hold:
(1) Let O <p<g<oo. Ifa—p>n(p/qg—1) — 1, then J, : AL — H? is bounded if and
only if J, = 0.
(2) Let0 < g<p<oo. Ifa—p>—1, then J, : AL — H1 is bounded if and only if J, = 0.

Since AP decreases with respect to p, and increases with respect to «, it should not come as a
surprise that the deciding factor is the quantity o — p.

6.2. Comparison with J, acting between Hardy spaces. Since H? often appears as the limit
of A> when o — —1, it makes sense to compare our results with those of [26] where the
boundedness of J, : H? — H1is described. We list some remarks, which should be taken only
in the heuristical sense.

(1) If0 < p < min{2,q} or2 < p < g < oo, then as & — —1, the characterizing condition
becomes
sup [Rb(2)[(1 = [2[*)s 7+ < o0

z€B,
This agrees exactly with the H” case, when 0 < p < ¢ < oo. When p = ¢ < 2, this
becomes the Bloch condition, which is slightly weaker than BM OA condition for the
HP case.

(2) If2 < p = q < oo, then as &« — —1, the characterizing condition becomes that dj,(z) =
|Rb(z)\p%p2 (1— \212)%611/(2) is a Carleson measure. In the H? case one has the BMOA
condition, which is equivalent to | Rb(z)|*(1—|z|?)dV (z) being a Carleson measure. Note
that 2p/(p—2) > 2, but the conditions become the same as p — oo (i.e., 2p/(p—2) — 2).

(3) If p > max{2, ¢}, then as & — —1, the characterizing condition becomes that

p—2
2p

e (f LGS )7y (o)

belongs to L#s (S,). Similarly to the previous case, this agrees with the H” case in the

limit when p — oc. Indeed, by Theorem D, this agrees with b € H poa.
4) If 0 < g < p < 2, then as « — —1, the characterizing condition becomes that the

function & — sup,cpe) [Rb(2)[(1 — |2/ ) belongs to L»4(S,). In the terminology and
notation of [3 1], this means that be BTP a. It is not difficult to see that for any 5 > —1,

one has Hra C BT v C AP z , and no inclusion can be reversed.
6.3. Integration operators from Hardy to Bergman spaces. It is also interesting to study,

for b € H, the boundedness of J, : H? — A% fora > —1 and 0 < p,q < oco. We can
always assume that b(0) = 0, and by the characterization of Bergman spaces in terms of radial
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derivatives, we have || J, f||%s =< [|[R(J,f)|% . Using the basic identity R(J,f) = fRb we see
o a+q
that the boundedness is equivalent to

[ @I R (1= 2PV ) S 1
In other words, we have the embedding from H? into L9(p) with du(z) = |Rb(2)]? (1 —
|2|2)7T*dV (2). Thus, by the Carleson-Duren and Luecking’s theorems we get the following

result.

Theorem 10. Let b € H and o > —1. Then
(i) For 0 < p < oo, the operator J, : H? — AP is bounded if and only if du(z) =
|Rb(2)|P (1 — |2|*)PT*dV (2) is a Carleson measure.

(ii) For 0 < p < q < oo, the operator J, : HP — A% is bounded if and only if b belongs to

the Bloch type space BY with v =1 + W -2

p
(iii) For 0 < g < p < oo, the operator Jy, - H? — A% is bounded if and only if the function
HQ) = [RGBV (e
IN(S

belongs to LP/(P=9(S,).

In the one-dimensional case, part of the previous results were obtained by J. Rittyd in [33].
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