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Chapter 4

Gorenstein coordinate rings

of blow-up schemes

Let Y = Proj(A) be a closed subscheme of lP’Z’"l, and let X be the blow-up
of YV along T = I, where I is a homogeneous ideal in A. If I is generated by
forms of degree < d, we have already shown that for any ¢ > de + 1 the ring
k[(I¢).] is the homogeneous coordinate ring of a projective embedding of X in
IP’,ICV“l, where N = dimg(/¢).. In this chapter we are interested in the (quasi-)
Gorenstein property of the rings k[(I°)c). The results work in the case of the

. . ~1
blow-up of the projective space e

If the Rees algebra is Cohen-Macaulay and the associated graded ring is
Gorenstein we will determine exactly for which pairs (c, e) the ring k[(1¢).] is
quasi-Gorenstein and, in particular, we will obtain that there is just a finite set
of diagonals with this property. This result can be applied to several families
of ideals. In particular, to any complete intersection ideal, extending in this
way [CHTV, Corollary 4.7], and to the ideal generated by the maximal minors

of a generic matrix.

After that, we show that there are always at most a finite number of
rings k[(I¢).] which are quasi-Gorenstein and we give upper bounds for such
diagonals whenever R4 () is Cohen-Macaulay.

Finally, we prove that under some restrictions the existence of a diagonal
(c,e) such that k[(I¢).] is quasi-Gorenstein forces the associated graded ring

to be Gorenstein.
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At the end of the chapter we apply our results to Room surfaces. These
surfaces are obtained by blowing-up ]P’% along (d"QH) points, d > 2, which do
not lie in any curve of degree d — 1 and then embedding in IP’%‘HQ. We will
show that the only Room surface which is Gorenstein is the del Pezzo sestic
surface in P%, so recovering that well known result (see [GG, Example 1]).

4.1 The case of ideals whose form ring is Goren-

stein

Throughout all the chapter we shall use the following notations. A4 =
k[X1,..., Xp] will denote the usual polynomial ring with coefficients in a field k,
and I C A a homogeneous ideal minimally generated by forms fi,..., f, of de-
grees dy < ... <d, =d. We put u = ;Zldj. Let § = k[Xy,.., X, Y1,..., Y]
be the polynomial ring with the grading obtained by setting deg X; = (1,0)
for i = 1,...,n, deg¥; = (d;,1) for j = 1,...,7; so that R = Ru(I) and
G = G4(I) can be seen in a natural way as bigraded S-modules. We will

assume n > r > 2.

Notice that any diagonal Sa of the polynomial ring S is Cohen-Macaulay
by Corollary 2.1.8. We begin this section by showing that, on the contrary,
Sa is Gorenstein only for a finite number of diagonals. Furthermore, we may

determine them.

Proposition 4.1.1 Sa is Gorenstein if and only if £ = %—Q =1l €Z. Then
a(Sa) = —1. '

Proof. Let T'= Sa = @,>¢ Us, where Us is the k-vector space generated by
the monomials X[ -+ X4 Ylﬂ REEE Yf’“ with o, 8; > 0 satisfying the equations

i1 i+ 2= 45 = cs
(%)
9:1 B; =es
By Corollary 2.1.4, we have

Hitm" Y T) 2 HY (S)a = ( P kX°YF)a.
«a<0,6<0

Therefore, K7 = Homy (H™M "~ H(T), k) = @,>1 Vs with V; the k-vector space
generated by the monomials X7 - X%n Ylﬂ1 Y and oy > 0, B; > 0 which
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satisfy (x). Since T is Cohen-Macaulay, T is Gorenstein if and only if Ko =
T(a(T)).

Assume first that £ = T—‘# — | € 7Z. Then, the multiplication by
X, - X, Y1+ Y, € T} induces an isomorphism T = Kp(l) and so T is Goren-
stein with a(T") = —L.

To prove the converse set (o, B) = (Q1y oevy Oy P, ooy Br) With @i, 55 > 0
and assume the contrary. This means that (1,1) is not a solution of (%) for
any s. On the other hand, the set of solutions of (%) for some s is partially
ordered by means of (o, ) < (v,0) <= & < Vi, B; < pj, Vi,j. Then, one
can easily check that for any ¢ = 1,...,n, j =1,...,r there exists a solution
of () for some s such that a; = §; = 1. This implies the existence of at least

two minimal solutions, and so T' is not Gorenstein. O

Remark 4.1.2 Note that the number of minimal elements in the set of solu-
tions of the system () coincides with the type of Sa. It is not difficult to see
that if Sa is not Gorenstein, then its type is > 7.

Remark 4.1.3 Throughout the chapter we assume 7 2 2. In the case that
r = 1 we have that I is a principal ideal, and Ra(I) = 5 = k[ X1,...,Xn Y]
Then, it is easy to check that S is always Cohen-Macaulay, and S is Goren-
stein if and only if A = (n+d,1).

The last proposition leads to the question of whether there exist diagonals
(¢, e) such that k[(I¢)] be quasi-Gorenstein, and how we can determine them.
Our answer will be partially based on the following proposition which links
the diagonal of the canonical module of R A(I) to the canonical module of the
diagonal of Ra(I). Tt is stated and proved for complete intersection ideals in
[CHTV, Proposition 4.5, but in fact the same statement and proof are valid

in general. We include the proof for completeness.

Proposition 4.1.4 Kp, = (KRr)a.

Proof. Let us consider a presentation of R as S-module
0-C—8—R—=0,

which leads to the bigraded exact sequence of local cohomology modules

0— Hy ' (R) — Hy2(C) — HE2(S) — 0.
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Similarly, we get the graded exact sequence
0 — Hp (Ra) — HMH(CA) — H2FL(S4) — 0.

On the other hand, by Corollary 2.1.4 we have a commutative diagram

0 = HY'YR)a — HW*C)a — HYYS)a — 0
okt et 1 Pt e
0 — HJ(Ra) — HIYCA) — HIFYSA) — 0
where w’é“, gog“ are isomorphisms, and so ¢% is also an isomorphism. There-

fore HT(Ra) = HEF(R) A and we get
Kr, = Homy (Hyp, (Ra), k) = Homy (H ' (R) o, k) =

= Homy, (Hy' (R), k)a = (Kg)a. O

Remark 4.1.5 The hypothesis n > r > 2 fixed before is only used in this
chapter to prove Proposition 4.1.4, and of course its applications. Nevertheless,
the isomorphism Kr, = (Kg)a is also valid if n,r > 2, I is equigenerated and
R is Cohen-Macaulay. To prove this, assume r > n (otherwise we may apply
Proposition 4.1.4). Let us consider the bigraded minimal free resolution of R
over S

O0—=Dr1—=...2 D =-Dy=S5S—->R—0,

with Dy = D4 p)en, S(a,b). Since R is Cohen-Macaulay, we have —b < r — 1
and —a > —bd for all (a,b) € Qg by Lemma 3.4.10. On the other hand, recall
from Corollary 2.1.7 that H},(5(a,b))(es,es) # 0 if and only if lc":g <s <
_be“’", so we get Hy (Dp)a = 0 for all p. Since r > n, we also have that
Hjy, (Dp)a = Hiy,(Dy)a = 0 for all ¢ > n. Then, by Proposition 2.1.10 and

Proposition 2.1.3 we have that gog"'l is an isomorphism, and the same proof

as in Proposition 4.1.4 shows that Kg, = (Kg)a-
This means that all the results we are going to prove in this chapter are
also valid if n,r > 2, I is equigenerated and R,4(I) is Cohen-Macaulay.

In view of Proposition 4.1.4 any information on the bigraded structure of
Kpr will be of interest. Let B be a d-dimensional local ring, d > 1, which has
a canonical module K5 and I C B an ideal of positive height such that Rg(I)
is Cohen-Macaulay. In [TVZ, Theorem 2.2] it is given a description of K Ri(l)
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in terms of a filtration of submodules of K. Assume now that B = @0 Bn
is a positively graded ring of positive dimension over a local ring By, \jvhich
has a canonical module Kp. Let I C B be a homogeneous ideal of positive
height. Then, the Rees algebra Rp(I) has a bigraded structure by means of
[Re(D]i,) = (I7);# for all 4,5 > 0. We also have a bigraded structure on the
form ring by means of [Ga(I)]u,j = (I1);)(I7+1); for all 4,5 > 0.

Then, the proof of [TVZ, Theorem 2.2] may be ”bigraded” and we thus
obtain a description of the bigraded structure of Kpp(ry- Namely, we get:

Theorem 4.1.6 With the notation above assume that Rp(I) is Cohen-
Macaulay. Then, there exists a homogeneous filtration { Ky }m>0 of Kp and

isomorphisms of bigraded modules such that

KRB(I) = @ [Km]l’

(l>m)> m>1

Koy @ [Kn-al/Knl
(lam):mzl

Several other results of [TVZ) may also be "bigraded”. In particular [TVZ,
Lemma 4.1] which makes precise when the canonical module of the Rees alge-

bra has the expected form. Recall that Kpyn has the expected form if
Kpyn = Bt@Bl@ ~oBloltt e e,

for some [ > 0. This definition was introduced by J. Herzog, A. Simis and
W. Vasconcelos in [HSV2]. We still use the same notation and again omit the

proof.

Corollary 4.1.7 Assume Rp(I) is Cohen-Macaulay and Gp(I) is quasi-
Gorenstein. Set a(Gg(I)) = (—b,—a). Then Kp = B(=b) and

Kryn= €D [t s,
({,m),m>1

where I™ = B if n < 0.

Note that —a coincides with the usual a-invariant of Gp(I). By Ikeda-
Trung’s criterion [IT] it is always negative if Rgp(I) is Cohen-Macaulay, and
it has been calculated in many cases (see for instance [IRZ], [GH]). As for
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b, it is clear that under the hypothesis of Corollary 4.1.7 we get —b = a(B).
It is then also easy to compute the bigraded a-invariant of Rp(I). Namely,
we get that if a = 1 then a(Rp(l)) = (—d; + a(B),—1), and if a > 1 then
a(Rp(D) = (a(B), —1).

Remark 4.1.8 Assume that B = A = k[Xy,...,X,] and I is a complete
intersection ideal. Then, the Eagon-Northcott complex provides a Z?-graded
minimal free resolution of R4(I). Following the proof of Yoshino [Yos] it is
possible to see that

KRA(I) = J((T’ ha 2)d1 — n,—l)

with J = (fI72, f172 t, .., [T 2 7" 2) R4 (I).
Observe that in this case a(Ga(I)) = (=n,—r) and by Corollary 4.1.7

KRA(I) = @ [Im_r—*_l]l_n.

(bym),m>1

A straightforward computation shows that, in fact, multiplication by f] -2

provides an explicit isomorphism

P I, =2 (e = 2)dy —n, -1).

(tm), m>1

Let us now assume that I C A = k[X1,...,X,] is a homogeneous ideal
whose form ring is Gorenstein. We are now ready to prove the main result of

this section determining the quasi-Gorenstein diagonals of R4 (/). Namely,

Theorem 4.1.9 Assume ht (I) = 2, dim(A/I) > 0, and G4(I) is Gorenstein.
Set a = —a?*(Ga(I)). Then k[(I¢).] is quasi-Gorenstein if and only if % =
% =lp € Z. In this case, a(k[(I¢).]) = —lo.

Proof. Note that the Rees algebra R is Cohen-Macaulay by using a result
of Lipman [Li, Theorem 5]. Now, by applying Corollary 4.1.7 we have that
b= —a(A) = n and Kp = @ m)m>1I" " i—n, so that by Proposition
4.1.4 we get Kpy = (Kp)a = @51 1% oy Let lp =min{l € 2|1 > 2},

s =a—1—elp. We shall now distinguish three cases.

If s = 0, then the first non-zero component of Kg, is [Kpr,]i,
[Ielo—a+1]clo_” = Agiy—n, so that if Ra is quasi-Gorenstein clp —n = 0 and we
get that [p = = :%l and a(Ra) = —~lp. Conversely, if lp = 2 = % then
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[KRalto+m =[relo—oti+em) y emon = [[7"]em = [Ralm for all m and so Ra is
quasi-Gorenstein.

Ifs <0, let [, = min{l | el—a+1>0,cl—n = di(el—a+1)}. Thenly > o
and the first non-zero component of Kr, is [Kralu = [reh—atl} ;. _,. In par-
ticular, a(Ra) = —l1. Assume Ra is quasi-Gorenstein. Then Kgr, = Ra(—l)
and so [Kral, = k. This implies that cy —n = di(ely —a+1):
cly —n—dy(ely —a+1) =7 >0 we may choose two lineary independent forms
g,h € Ay such that gfeh- —otl p el —otl g [reh—atl], _, =k, which is a con-
tradiction. From the isomorphism one gets that Kpg, is generated by [ ehi—atl
as Ra-module. Now let f; ¢ rad (1) (it exists because ht (I) > 2), and choose
m such that m(c — dje) > d;j — di and there exists f € Agytem—d;(em-+1)
such that (f,f1) = 1. Then fel1 “fem“f e [Ieh=otitem) ) o —atl)tem =
fehe atlirem], ., and we get fem+1f € (f1) which is a contradiction.

Ielo a—{—l] clo—n — Aclo —n

If s > 0, the first non-zero component of Kp, is |

o if RA is quasi-Gorenstein we get clg —n = 0. Furthermore, for all m >
1 we have [KRrplig+m = I8y —ntem = [[—5Fem] g, = [I¢™)em,. Since
s > 0 and [I)gm C [I75F"]em this isomorphism is possible if and only if
(1™ e, = [T *+™]em. Now choose X; such that X; ¢ rad (I) (it always exists
because dim(A/I) > 0) and m with em —s =2 1. For any j consider Fj =
a]jem s where a; = cm—dj(em—s) = 1, and assume [T = [T em
Then Fj € [I°™°]em and so X; Jfem s ¢ 1o, Now let f{*... ff such that
e+ ... e >r(em— s). This implies that there exists | with ¢g > em — s
and so XO1fe . fo = XU L famemEs | fer e Jerketerts, since
ayp > a; for all . Thus we get XO‘Ih Th*s for h >> 0, which implies that
X* e I° C I since Ra(I) is Cohen-Macaulay (see [TVZ, Lemma 4.3]). But

this contradicts X; ¢ rad (I) and so Ra is not quasi-Gorenstein. 0

The remaining cases ht (I) = 1, n in the above theorem are studied sepa-

rately in the following remarks.

Remark 4.1.10 If ht (I) = 1 then k[(I¢).] is never quasi-Gorenstein. In fact,
by [TVZ, Proposition 4.6}, a 2(G4(I)) = —1 and so a = 1. Following the same
proof as in Theorem 4.1.9 we have that s = —elp < 0. On the other hand,
since ht (I) = 1 we may write I = g/, with ht (J) > 2, J = (f1,- .., f.) and
fi= f g for all j. The same argument as in Theorem 4.1.9 for the case s <0
but taking fj ¢ rad (f;) and f € Agyyem—dj(em+1) such that (f, f;) =1 leads
7o F £ ¢ (7)), which is a contradiction.

to J§




IDEALS WHOSE FORM RING IS GORENSTEIN 78

Remark 4.1.11 If dim(A/I) = 0, then the condition b=l oz
sufficient but not necessary for k[(7¢).] to be quasi-Gorenstein. For instance,
let A = k[X;,X,,X3] and I = (X1,X9,X3). Note that n =3 > r =3 > 2,
G is Gorenstein and a = 3. Then, by Corollary 4.1.7 we have that Kp =
@(l,m),mgl[fm_2]1~3- According to Proposition 4.1.4, by taking the (3,1)-

diagonal we have

Kpy = @[11_2]3(14) =P Asq-1) = (6P A3)(~1) = Ra(-1),

I>1 I>1 1>0

and so Ra = k[I3] is quasi-Gorenstein. In this case, D =1#2 :“—;l.

As a consequence of Theorem 4.1.9 we obtain the following result for the
case of complete intersection ideals. It generalizes [CHTYV, Corollary 4.7]
where the case of ideals generated by two elements was considered.

Corollary 4.1.12 Let I C k[Xy,..., X, be a complete intersection ideal min-
imally generated by r forms of degrees di < ... < d, = d, with r < n. Then
Jor ¢ > de+ 1, k[(1°).) is Gorenstein if and only if 2=t =1, €z Inthis
case, a(k[(1¢).]) = —l.

Proof.  Since a?(G4(I)) = —r, by Theorem 4.1.9 we have that E[(I9).] is
quasi-Gorenstein if and only if D= 7‘%1 =lp €Z. But thenu+ (e —1)d —n <
rd+ed—d—n= (r—l)d—f-de—n:e%d—l—de—n:n(e—‘t—c)+de§de <cg,
and according to Proposition 3.4.5, k[(1°) ] is also Cohen-Macaulay and so
Gorenstein. O

We may also study the ideals generated by the maximal minors of a generic
matrix. We thank A. Conca for suggesting to consider this case.

Example 4.1.13 Let X = (X;;) be a generic matrix, with 1 < i < n, 1 <
Jj =mand m < n. Let us consider I C A = k[X] the ideal generated by the
maximal minors of X, where k is a field. In this case, the Rees algebra R A(l)
is Cohen-Macaulay and the form ring G 4(I) is Gorenstein [EH, Theorem 3.5].
Moreover, it has been proved by A. Conca (personal communication) that all
the diagonals of R4(I) are Cohen-Macaulay (see also Example 5.2.23).

Now we want to study the Gorenstein property of these diagonals. Note
that I is an equigenerated ideal whose Rees algebra is Cohen-Macaulay, so

we can apply Theorem 4.1.9 thanks to Remark 4.1.5. Since I is generically a
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complete intersection, we have that a?(GA(D) = =t (I) = —(n—m+1). We
shall distinguish two cases.

If m < n, then ht (I) > 2, and we get that k[(I®).] is Gorenstein if and
only if 2t = 2= ¢ 7. So there exists always at least one diagonal which is
Gorenstein by taking ¢ = nm,e =n —m.

If m = n, note that I is a principal ideal and so the Rees algebra is
isomorphic to a polynomial ring. Then the only diagonal which is Gorenstein
occurs when ¢ = n(n + 1),e = 1 by Remark 4.1.3.

4.2 Restrictions to the existence of Gorenstein di-

agonals. Applications.

In Section 4.1 we have proved that under the assumptions of Theorem 4.1.9
there is just a finite set of diagonals (¢, e) such that k[(I)c] is quasi-Gorenstein.
Our next result shows that this holds in general.

Proposition 4.2.1 There ezist al most a finite number of diagonals (c,e)
such that k[(I¢).] is quasi-Gorenstein.

Proof. Let wy,...,wn € Kg be a homogeneous system of generators of Kgr
as R-module with degw; = (a4, 3;) for all i, and so Kr = ) ;% Rw;. Note
that since R is a domain Kp is torsion free. For any diagonal A = (c,e) we
then have by Proposition 4.1.4 that for all [ > 1

(Krali = > [Py
i=1,...,m,el—F; >0

If R is quasi-Gorenstein there exists an integer [ such that [Kg,]i = k and
so [1% il _q, # O for some ¢ (x). We shall distinguish two cases.

Assume first that I is an equigenerated ideal in degree d. Then condition
(%) implies that el —8; =0 and cl—a; > 0or el—F; > 0 and cl—a; > d{el—f;).
If el — B; = 0, then k = [Kp,]i O Aci—a,w; and since K is torsion-free we get
cl — «; = 0. Hence (c, e) satisfies % = % = | € Z and the statement holds. If
el — f3; > 0 then k = [Kg )i D [T¢=P4] 4 _o,w; which is impossible since Kr is
torsion free and ol — a; > d(el — ;).

Assume now that I is not equigenerated. Condition (x) implies that el —
B =0andcl—a; > 0orel—0 >0andcd—o 2 di(el = ;). In the



RESTRICTIONS TO THE EXISTENCE. APPLICATIONS 80

first case we may proceed as before to get the statement. In the second case
we have that £ = [Kg,]; D [Iel_ﬂi]cl_aiwi and so ¢l — a; = dy(el — ;) and
di < dg. Then oy —diff; = cl —dyel > ¢ —dje > (d — dy)e since [ > 1 and
¢ > de + 1> de. Thus we obtain the inequality e < a“%_% and for each e,
we have ¢ < die + o; — d15;. In any case, these inequalties hold for at most a

finite number of diagonals and so we get the result. O

For a real number z, let us denote by [z] = min{m € zZ | m > 2}. If
the Rees algebra R4(I) is Cohen-Macaulay we can also give bounds for the
diagonals (c, e) such that k[(I¢).] is quasi-Gorenstein.

Proposition 4.2.2 Assume that ht (I) > 2 and Ra(I) is Cohen-Macaulay.
Let a = —a?(Ga(I)). If k[(I¢).] is quasi-Gorenstein, then e < a — 1 and
¢ < n. Moreover, if dim(A/I) > 0 then [¢] —1 =2 € Z. In particular, if

a =1 there are no diagonals (c,e) such that k[(I°).] is quasi-Gorenstein.

Proof. By Theorem 4.1.6, there exists a homogeneous filtration { K b0
of K4 such that Kr = @,,51 Ky and K¢ = @51 K1/ K. Bigrading
the proof of [TVZ, Corollary 2.5], we have that K,, = Hom A(, K1) for
every m 2> 0. Note that K4 may be viewed as an ideal of A. Assume that Ra
is quasi-Gorenstein. Then there is an integer Iy such that [Kg, ], = k. By
Proposition 4.1.4 we may find an element f € [Key o, = [KR(cloyeto) f # 0,
KRA = Raf.

CLAIM: K., = Af.

To prove the claim we first show that for any g € Ky, g # 0, then ¢
has degree > clg. Assume the contrary: deg g = k < clp. Then [Ag]y, =
Acto—kg C [Kelplety = k. But since clg — k > 0, dimy Ay > 1, s0 we get a
contradiction.

Now let g € K. If degg = clo, then g € Af because [Key e, = kf. Let us
assume that deg g = k > clp. Then, for each [ > 0, [I¢],f + [Iel]c(zo+l)—k9 C
[Keto+1)]e(tors) = [I¢Y],; as k-vector spaces, and so [IEZ]C(ZOH)_kg C [I%)af.
Now let I¢ = (Fy,...,F,) where F; is a homogeneous polynomial of degree
< del for all 1, and set o = c(lp + 1) — k — deg F;. Note that for [ >> 0,
a>c(ly+1)—k—del = (c—de)l+ clo —k > 0 and we can find h € A, such
that (h, f) = 1. Then hgF; € [I*)yq01n-19 C [I#af C Af and we have that
gF; € Af for all i. Thus I°g C (f) and writing g = dg, f = df with (f,o) =1
we get 199 C Af. If g ¢ Af, then f ¢ k and so I¢ C (F) which is absurd
because ht (1) > 2.
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Now, as grade(l) > 2 we have K,,, = Ky, for all m < elg, which implies
that K4 = K¢, and so ¢ < clp = n. Furthermore, e < el < min{m | K, ¢
Kpoa}—-1l=a-1

Finally assume that dim({A/I) > 0. We shall distinguish two cases. Ife = 1
we have that Kj 11 & Kio: If not, then I = [Kigy1]egt1) = [Afleor1) = Ac
which is absurd if dim(A4/I) > 0. Therefore a = lp+1 =24+ 1. If e > 1,
let A = (¢,1) and R = R4(I¢). Note that RZ = R is quasi-Gorenstein.
Applying the case before we obtain that —a(Ga(I®)) = Z + 1. By [HRZ,
Proposition 2.6}, a(GA(I®)) =[] = —[%] andso [¢] -1 =2 =]y € Z. O

e e

Our next result shows that in some cases the existence of a diagonal (c, e)
such that k[(I¢).] is quasi-Gorenstein forces the form ring to be Gorenstein.

It may be seen as a converse of Theorem 4.1.9 for those cases.

Theorem 4.2.3 Assume that Ra(I) is Cohen-Macaulay, ht (I) > 2, [(I) < n
and I is equigenerated. If there ezists a diagonal (c,e) such that k[(I¢).] is
quasi-Gorenstein then G 4(I) is Gorenstein.

Proof. Let A = (c,e). Assume first that e = 1. We have seen in the proof
of Proposition 4.2.2 that there exists a homogeneous filtration {K, }m>o0 of
K4 such that Kp & @,,>1 Km and Kg = @,,51 Km—1/Km, and an in-
teger lp = —a(Ra) such that Ky = ... = Ky, = Af, with f € Kg and
deg f = clp. It is then clear that for all m > 0, I""f C Kj,4m and so
I™emf C [Kigtmleo+m) = [I™]em since Ra is quasi-Gorenstein. This im-
plies that [Kigtm]eto+m) = [ em S

We want to show that Kj 4, = [™f for all m > 0. Suppose that there
exists mo such that I"™0f ¢ Kj 1m,. Then let ¢ € Kjyqmy, g € I™ f be a
homogeneous element of degree k. Note that from the inclusion Kjyim, C
K, = Af we also have g = fg with g & I"™°.

If £ > c(lo + mo) then for any m > mg we have I™f + I™"™0g C K4,
and s0 [I™|emf + I ™]cto4m)—k9 C [Kigrmleorm) = [[™em. Hence
L™ o+m)—k9 C U™ emf and we get that [I™7™0] . 1oy 4G C [I™]em.
Let A = c(lp+m)—k—d(m—mg) = (c—d)m+cly +dmg—k. For m >> 0 we
have that A > 0. Then, if Ayg C I we would have that g € (I"™°)*, the sat-
uration of I"™°. Since G4([) is Cohen-Macaulay, we have that the inequality
of Burch becomes an equality by [EH, Proposition 3.3}, that is,

j‘;gg{depth(A/Ij)} = dim A — I(I).
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Since I(I) < n, we then get depth A/I™0 > 0, and so (I"™)* = ™0 Hence
g € I, which is a contradiction. We may conclude that there exist A >
0, h € Ay such that gh ¢ I"°. On the other hand, g‘)h[[m*mo]d(m_mo) -
™™ ] 10 4m)—k C [[™)em. Since I is equigenerated we get ghl™= ™0 C [™,
Therefore, gh € (I™ : I"™™™0) = [ because R is Cohen-Macaulay. This is a
contradiction.

If £ < c(ly + mg), let us write k = ¢(ly + mo) — s with s > 0. Then
Asg C [Kigrmole(ig+me) = [I™)emo f, and § € (I™0)* = I"™ which, as before,
is a contradiction.

Hence we have proved that Kj 4., = I"f for all m > 0, so

@

Krp=flAt®- - @ At @ It .. ),

i.e. Kg has the expected form. By [TVZ, Theorem 4.2] this implies that both
R4(I') and G4(I) are Gorenstein.

Finally assume e > 1, and denote by A = (¢,1) and R = R4(1°). Then
}NBZ = Rp is quasi-Gorenstein and so there exists [y such that R4([/ EZO) is
Gorenstein. By [TVZ, Theorem 4.2] this implies again that G 4(I) is Goren-

stein. O

Example 4.2.4 (Room surfaces) Let k be an algebraically closed field. Set
t= (d'gl), with d > 2. Let Pp,..., P; be a set of ¢ distinct points in P4 which
do not lie on a curve of degree d — 1. We assume further that there is not
a subset of d points on a line if d > 3. We are going to study the rational
projective surfaces which arise as embeddings of blowing-ups of ]P’i at this set
of points via the linear system I;14.

Let I be the ideal defining the set of points {Pi,..., P;}. Since the points
are not on a curve of degree d — 1, we have that I is generated by forms in
degree d [GG], and so for any ¢ > d+ 1 the linear system I, gives a projective
embedding of the blow-up. For ¢ = d + 1 the surface obtained is called Room
surface.

Assume d > 3. Since there are not d points on a line, we also have that the
rational map defined by the linear system I give an embedding of the blow-up
in the projective space P (see [GG]), and the resulting surface is called White
surface. A. Gimigliano proved that White surfaces have the defining ideal given
by the 3 x 3 minors of a 3 x d matrix of linear forms, and it has a linear minimal
graded free resolution which comes from the Eagon-Northcott complex [Gi,
Proposition 1.1]. By applying Theorem 1.3.4, we obtain a(k[l;]) = —1 and
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so by Lemma 2.3.7 the reduction number of I is r(I) = a(k[l4]) + I(I) =
—1 4+ 3 = 2. Moreover, the analytic deviation of I is ad(J) = I(I) —ht (I) =1
and I is generically a complete intersection ideal. So according to [GN] we
may conclude that G4(I) is Cohen-Macaulay and hence a(Ga(l)) =r(I) —
ht (I) — 1 = —1 by [GH, Proposition 2.4]. Therefore, R4(I) is also Cohen-
Macaulay by using Ikeda-Trung’s criterion. From Proposition 4.2.2 we get
that there are not diagonals (c,e) such that k[(I®).] is Gorenstein, that is,
there are not Gorenstein embeddings for the blow-up. In particular, k[Igt1) is
not Gorenstein for d > 3.

If d = 2, by choosing the points to be [1:0:0], [0:1:0] and [0:0:1], we have
I = (X1 X5, X1 X3, XXs). Notice that I has u(I) = 3 = ht [+ 1 and A/I
is Cohen-Macaulay. Moreover, u(l,) < ht(p) for any prime ideal p O I.
Then G4(I) is Gorenstein with and a*(Ga(I)) = —ht(I) = —2 by [HRZ).
Now, according to Theorem 4.1.9, k[(I¢).] is quasi-Gorenstein if and only
if % = % € 7. Hence (3,1) is the only diagonal with the quasi-Gorenstein

property. This embedding corresponds to the del Pezzo sestic surface in PS.

With more generality, we may consider the blow-up of lP’% at a set of ¢

arbitrary distinct points.

Example 4.2.5 Let k be an algebraically closed field. Let Pi,..., P be a
set of ¢t distinct points in ]P’%, and let T = P1N...NP;, where P; C A =
k[X1, X2, X3) is the defining ideal of F;. Now we consider the surfaces which
arise as embeddings of the blow-up of IP’% at these points via the linear systems
(I¢).. We want to study the Gorenstein property of the rings k[(I¢).].

Set d = reg(I). We will assume that Py,..., P, do not lie on a curve of
degree d — 1 and that there is not a subset of d points on a line. Then, I is
generated by forms in degree d and I, defines a projective embedding of the
blow-up [GG, Theorem Al].

On the other hand, observe that Ry, (I,) is Cohen-Macaulay for all p €
Proj (A). Let £ = TOx, M = 7*Opa2(1), where m : X — P2 is the blow-up of
P4 along Z. Then we have that Rin L =0foralle>0,7>0and mL°= Ie
for all e > 0 by Corollary 3.1.4. Therefore, for any s > 0, I'(X, L5 @ M) =
(B2, T (sd)) = (I*)*, and Hi(X, LS@M?%) = H' (P2, I*(sd)) = HiH (I°)sq for
i > 1. By [GGP, Theorem 1.1 and Corollary 1.4], we have a,(I*) <reg(I*) <
sd and (I®)%, = (I®)sq- Then, by Remark 3.1.1 we get Hi (k[I4))s = 0 for

m

all s > 0. Furthermore, recall that the fiber cone F' of I coincides with
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k(4] because I is generated in degree d, so we have a, (F) < —1, and then
7(I) < max;<3{a;(F)+i} <2 by Lemma 2.3.7 . The analytic deviation of I is
ad(I) = {(I) ~ht (I) = 1 and I is generically a complete intersection ideal, so
we may conclude by [GN] that G 4(I) is Cohen-Macaulay and hence by [GH,
Proposition 2.4]

a*(Ga()) <r(I) —ht (1) —1 < —1.

So Ra(I) is also Cohen-Macaulay by Ikeda-Trung’s criterion.
If r(I) = 2 then a?(G4(I)) = —1 by [GH, Proposition 2.4]. Then, accord-
ing to Proposition 4.2.2, there are not quasi-Gorenstein diagonals k[(1¢)].
Otherwise, 7(I) < 1. By [GN, Theorem 1.3], the case r(I) = 1 is not
possible, so r(I) = 0 and then G 4 (I) is Gorenstein. Furthermore, a®(G 4 (I)) =
—ht (1) = —2 by [GH, Proposition 2.4]. Therefore, by Theorem 4.1.9, k[(1°).]
1

is quasi-Gorenstein if and only if % = 2 € Z. So k[I3] is the only quasi-

Gorenstein diagonal.

Remark 4.2.6 All throughout this chapter we have treated the case where
A = k[Xy,...,X,] is the polynomial ring and [ is a homogeneous ideal in A4
satisfying r < n or the assumptions in Remark 4.1.5. This set up was used
to study the relationship between the canonical module of the Rees algebra
R and the canonical modules of its diagonals Rx. Now let A be an arbitrary
standard k-algebra and let I be a homogeneous ideal in A generated by r forms
in degree < d. Set @ = dim A. For any ¢ > de + 1, from the Mayer-Vietoris
sequence (see Proposition 2.1.3) we have a graded monomorphism

Y (Kr)a —» Kgr,
such that

(i) I I(I) <7 or r <7 or I equigenerated, then 1) is an isomorphism for

any s > 0.

(i) Assume I(I) < 7@ or a}(R) < 0. If ht (1) > 2, HT(A)y = 0, a(4) < ¢,
then 1 is an isomorphism for any s < 0.

(iii) Assume that R is Cohen-Macaulay. Then
H3(A)o =0

m

1 isomorphism <= { HI(1%), = for s >0
Hj\{/lz(R)(cs,es) =0 forsez
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In the cases where 1) is an isomorphism, some of the results of the chap-
ter can be extended. For instance, if R is Cohen-Macaulay and G is quasi-
Gorenstein, for any c, e such that 9 is an isomorphism and 2 = a—gl € 7 the

ring k[(1¢).] is quasi-Gorenstein.
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