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Chapter 1

Introduction

1.1 Brief avatar animation introduction

Previous to the very core introduction of this work should come an abridged description of the location
this work will occupy in the field of avatar animation, just for the sake of informing the reader about where
we are going. | will start with a description of how an avatar’s mesh is built and how it can be animated.

1.1.1 An avatar’s mesh

There are many kinds of meshes that can be used to build an avatar. In this case, we will focus on closed
triangular meshes.

These meshes are formed of a set of vertices, edges and faces. The way these items are connected and
positioned in space is what sculpts the avatar we want to create.

Closed triangular meshes restrict the faces to be triangles, meaning that each face is formed of three
vertices connected by three edges and all the edges are included in exactly two triangles. This way, the
mesh is entirely formed of triangles and all of them are connected to another triangle through each edge.
Moreover, each face is assigned an outward normal vector which we will also use in this work. An example
can be seen in Figure 1.1.

Figure 1.1: Three vertices and three edges are selected on the left. On
the right, the resulting face surrounded by these items is shown. The
exterior facial normals can be seen in both pictures in green.

As one can easily imagine, if we only had this mesh, the way to animate it would be to move all the vertices
of the mesh adequately until it adopted the desired pose, and we would have to do this for each keyframe
of the animation. When the mesh is very coarse, this simple methodology could be feasible; however, this
is not normally the case, especially nowadays when computational power increases so drastically every



year, making it possible to create and control meshes of millions of vertices. Following this need, many
structures aimed to control the mesh and animate it have been built. In the following subsection I will
briefly introduce the skeletons and the free-form deformations (FFD). Only these two will be mentioned,
because the FFD’s will be used in this work and the skeleton is the most commonly used and it’s important
to point out the advantages of the method proposed in the paper Green Coordinates.

1.1.2 Two methods to animate a mesh

A skeleton is a hierarchical structure formed of bones. Additionally, a map defining the influence every
bone has on each vertex is built, namely a weight map. These influences are specified in a vector stored
per vertex. This vector’s dimension is the number of bones in the skeleton, and on each coordinate the
influence level is indicated. The influence is a value ranging from 0 to 1, 0 meaning that the bone has no
influence on the vertex, and 1 means that the vertex moves with the bone.

These two things together (and some other possible control substructures that don’t apply to this work)
form a rig. An example of a 3-boned rig controlling a cylinder can be seen in Figure 1.2.

Figure 1.2: At the top left corner, the cylinder and the 3-boned rig
can be seen (the root bone is the one at the bottom, namely bone0).
At the top right corner we can see how the vertices move adequately
when we rotate the second bone in the hierarchy; thus, the coordinates
of the vertices which moved are (b0,b1,b2) where b1>0. At the bottom
we can see the same skeleton and mesh but with a different weight map,
as the vertices are not moving at all with bonel; thus, all the vertices
coordinates are (b0,0,b2). We can also see that all the influence comes
from bone0 as the mesh moves when we rotate it; then, all the vertices
influence vectors are (b0,0,0).

This structure is currently widely used in computer graphics because of its simplicity, its ease of use,
its adaptability to different meshes and the possibility of adding extra controls very straight forward to
improve the mesh movements. However, it has some limitations that may be too difficult to control by
these extras in the rig. These are due to the fact that the influences in the weight map can’t guarantee
conformal deformations, what makes the mesh deform inadequately sometimes (see Figure 1.3).



Figure 1.3: The picture on the left shows the mesh without any defor-
mation and the picture on the right shows how the shape of the muscles
around the elbow is not preserved when only a slight rotation to start a
greeting animation is done

The other structure is a free-form deformation (FFD). This is basically a coarser mesh that encloses the
mesh we want to animate. We will call this latter mesh a cage. A simple example can be seen in Figure
1.4.

Figure 1.4: Free-form deformation controlling a sphere. Original de-
formation on the left, and result after moving one of the cage’s vertices
on the right

This also needs an influence vector per vertex in the original mesh determining how much it moves with
each vertex in the coarser mesh or cage. There are different methodologies for assigning the influences to
the vertices, but none of these deal with the limitation that the former structure has. The main goal of
the paper Green Coordinates [1] is to set a map that does guarantee a deformation keeping the original
shape of the mesh as much as possible. This deformation won’t exactly be a conformal map; however, the
authors argue that an holomorphic map in the case of a 2D mesh and an adequate map in 3D have been
empirically shown to be sufficient to minimize the shape deformation (only drastic deformations of the
cage won’t work). In fact this makes sense, as the difference between an holomorphic map and a conformal
one is that there are no zeros in its derivative, but due to the analytic continuation principle, the set of
zeros of the derivative of the holomorphic map is discrete, with no accumulation points in the domain.
Then, it’s rare to find one of these points, so we can argue that the map will be generally conformal.

The paper Green Coordinates was published in 2008. This paper presented a method to represent a point
using the vertices and the faces normals of a simplicial surface (the coarser mesh mentioned earlier could
be an example of a simplicial surface), which can either be in 2D or 3D. This representation will be linear
in nature and the coordinates assigned to each vertex or normal will be derived mainly using Green'’s



identities and the fundamental solution of the Laplace equation which will be denoted as G(&,7). A more
detailed description of these concepts is given in Annez I

Another paper titled Deriwation and Analysis of Green Coordinates 2| was published in 2010. This latter
paper was aimed to describe the proposed coordinates in a bit more mathematical detail. This is what I
used to understand the ins and outs of the original paper.

I have to say that this paper required extra effort. It was very common to find errors in almost every proof
given. Then, the work done was not merely based on understanding the paper, but also on correcting the
inadequacies, what happened very often. Nevertheless, the results were correct, as we corroborated in the
end.

Regarding the structure followed to organize this work, chapter 2 will be focused on finding formulas to get
the influence vectors (called coefficients as we will see in short) of the exterior cage over the finer interior
mesh. These formulas will be first derivated for interior points, meaning those points of the finer mesh
which are totally enclosed by the cage, and they will be later extended to points in the exterior of the
cage. At the end of each, we will get close-form formulas for the influences, which will be programmable.
These formulas will vary depending on whether we are in 2D or 3D. Chapter 3 will aim to describe the
piece of software done to calculate these influences (the algorithms in pseudocode can be seen at the end
of Annex II'). This software will provide the implementation for the 2D case. Chapter 4 will provide the
results obtained after programming it. And Chapter 6 will include the conclusions after having done this
work.



Chapter 2

Derivation of the Green Coordinates

This chapter will start with the definitions and the goal we would like to achieve, and it will end with a
closed-form formula determining the exact coordinates each point will have with respect to the vertices
and normals of the given simplicial surface (or cage). All the calculations will depend on whether we are
working with a 2D mesh or a 3D one, what will directly imply that we have also a closed piecewise curve
or a closed piecewise surface as the exterior cage, respectively.

Let’s denote by P = (V,T) the cage we will use, where V = {v;}icr, C R? (d € {2,3}) are the vertices in
the cage and T = {t;};er, are its faces (edges (2D) or triangles (3D)). Thus, each element ¢; in the set T
will be formed of d vertices: t; = (vj,,...,v;,). We will also denote the outward unitary normal of each
face t; by n(t;).

Now we can reformulate the main goal of the paper as finding a closed-form formula for the coefficients in
a linear combination of {v;} and {n(t;)}, which we will denote by F(n; P). For every point n € R? and a
given cage P = (V,T), we would like to have

n F(; P) = dilmvi+ Y ¥ (n)n(ty) (2.1)
i€ly JElT
The coefficients we are seeking for are ¢;(n) and (1), named Green Coordinates in the paper.

Once we have these coefficients, the expression above will allow us to control the finer mesh (the way it
was described in the section including FFD’s) just by moving the vertices of the cage (we will denote the
deformed cage by P’ = (V',T')) and recalculating the normals accordingly:

ne F(i P =" gi(n)vi + Y whj(n)s;n(t)) (2:2)

icly JEIT

The variable s; will control the deformation so that the map is least-distorting. By map I mean the change
that one point  makes due to movements of the vertices in the cage to its new position F(n; P’).

We will see later in this chapter the properties these coefficients have, which will be of great use in
the control of the deformation of the finer mesh, because holomorphic maps will be achieved in 2D and
least-distorting deformations will be obtained in 3D.

We will start by considering points enclosed in the cage, and in later subsections we will find an extension
of the already defined formula to the exterior points.



2.1 Deriving the Green Coordinates for interior points

Let u be a harmonic function! in a certain domain D C R enclosed by a piecewise continuous boundary
0D. Let’s also introduce the fundamental solution to the Laplace equation with pole 7, which is denoted
by G(&,n) for &,n € RY:

o= € —nlP™? d>3
G(&,n) = (2.3)
o= log||€ — ]| d=2

We know by definition that A¢G(€,1) = &,, and in particular G(-,n) is harmonic in R%\7. See more details
in Annex I1.

We will derive the coordinates we need for the linear map mentioned before from Green’s third identity.
This derivation is the result of making the right substitution for one of the functions involved in Green'’s
second identity.

Theorem 2.1. Green’s Third Identity:

Be D a bounded domain in R™, with 9D a regular hypersurface oriented with the unit outward normal n.
Let u € C3(D) N Har(D). Now, ¥n € D™ = interior(D) we can express

an = [ (w0 G cten %)) doe (2.4

where dog¢ is the surface element in 0D.

Proof. Given a point 1 € supp(u)?, let U = D\B(n, ¢) where € > 0 is small. Notice that u,G € Har(U)3?,
because U does not include its pole 7.

By Green’s Second Identity (see Annex I), we obtain (no parameters will be included to simplify the
expression):

oG ou
/U (WAG — GAu) dA = /8 ) (uan - Gan) do (2.5)

Since u, G € Har(U), the left-hand side vanishes. Consequently, we can rearrange the non-zero terms in
(2.5) and split the integrals with respect to the integration domain (0U = 0D U dB(n,€)).

GG e DU [ PO oule)
[, (0% ~aen®5 ) ar= [ we® oy [ cenTia eo

From now until the end of these calculations we will assume we are in 2D, then, d=2. The 3D case is
analogous to this one changing the parametrization of dB(n,€). This gives us a concrete expression for
G(&n) = 2= log € = nll = 4= log [I€ —n]|*.

As we are in 2D, we can parametrize every point & € dB(n,€) as £(0) = e’ + n, where § € [0,27]. We

§&-n _ eet? 610

can also calculate the outward normal accordingly: n = =l =

1 d  9%u __

i=1 92
2supp(u) stands for the support of the function u, which is the closure of the set {& : u(¢) # 0}
3u € Har(D) if u is a harmonic function in D, then, V&€ € D Au(€) =0

u is a harmonic function if it is a solution to the Laplace equation: Au=V  -Vu =3



We will compute the first integral on the right side of (2.6) first:

9G(&,m) d(log || — n|1%)
TSN gy = Aoel — 0l ) 4
/8 G /d R

We calculate the normal derivative ‘g—g(f, n) = VG(&,n) - n using that

1 (0 (loslis—nl?) 0 (lglle-nl”)\ 1 ¢y

VG(E&n) = - 96, ’ &2 2 flE =l

Therefore, in terms of the parameterization,

oG 1 &-=n &-—n 1 1 1
el — VG . = — = e 11— o,
an (&m) (&m)-n o = 77||2 1€ =] 27 |€ —n|| 2me

Since do = ||£’|| df = edf, we get then

d(log [|€ — nl*) /27r iy 1 I 0
—d = v —_— d9 = — v d@
/ o wOTEE I o = [ty ) e = o [ ato )
Letting the radius € tend to 0:
1 2m )
lim — / u(n + ee®)dd = u(n)
0

e—0 27

This result is due to the following (and the dominant convergence theorem at the final step) :

1 27 ” 1 21
- wy <
27T/0 <u(77+ee ) u(n)) dG‘ < 277/0

Now we can calculate the second integral in equation 2.6.
Let us show that

e—0

u(n + ee®) —u(n)|do == 0

lim G(&,7) u(¢)

do =0
e—0 dB(n,€) on

The previous parameterization gives

. 1 A l12 1
_ 10 _ 0 _ 2
G(éa 77) - G(T] + ee 777) - 7471_ log €e 7471_ loge

and therefore

ou(§) B 2 q 9 Ou(n+ eew) B e(log 62) 2m ou(n + ew)

Again, if we make € go to 0 we find what we expected (u € C?(D)):

27 max |Vul =%

2y om i0 2
e(log e )/ du(n + ee )dﬂ‘ < e(log €)
47 0 on 7




Finally, let ¢ — 0 in 2.6 and find:

OGEN e PO (o
| (0%~ 616 %5 ) do = uta) + 0 = utn)

what is exactly equation (2.4), as we wanted to show.

The purpose until the end of this section is to transform the formula we have just shown ( 2.4) into the
linear expression we need (expression (2.1)) for controlling the finer interior mesh. The subsequent step
after having found the appropriate coefficients expression is to iteratively place the pole of the fundamental
solution to the Laplace equation, denoted by 7 in this piece of work, in every coordinate of every vertex
of the finer interior mesh and get the coordinates for that vertex. After that, the expression F(n; P') will
let us control the finer mesh using the set of coefficients we just built.

Adapting Green’s Third Identity to be our linear expression

We apply the formula (2.4) to the region D limited by the cage. Thus, dD is made of all the faces in our
cage (edges in 2D, triangles in 3D). Moreover, the function u will be the coordinate function ux(n) = &

(being & the k-th component of the point 1 and the function u(n)), so %uk
n

Mk = (/50(} /G@ ng(t )
jEIT

Overall, this means that we have to use the former expression of Green’s Third Identity (2.4) for every
coordinate, and its vectorial form v = £ : R" — R results into:

(e oo

The next step is to make this last equation turn into the final linear equation shown in (2.1). In order
to do so, we have to introduce the vertices in the cage as well. We will do this through writing ¢ in
barycentric coordinates regarding the set of vertices {v1,...,v4} in each face t;:

=Vug-n=e1-n=ng.

k=1

Let’s rewrite the previous formula with the barycentric coordinates bearing in mind that the normal is
constant for every face, we get:

J (Roron) e ) o f e

J

|

JEIT

Grouping the same vertices together and denoting by N{v;} the set of all the faces that include v; as one
of its vertices (i € Iy, the set of indexes of the vertices in the cage):

_ 96 m) o\
Y (e

iely
=Y dimvi + Y wi(m)n(t;)
icly J€lr



where we finally give shape to the coefficients we were seeking for:

() = (©2¢&n
o= [ Tie% g o, ety 29

Yi(n) = — G(&,n)do, j€ It (2.9)
ety

Before stating the properties of the map F(n; P), let’s summarize what we have up to now. We started
with a figure or mesh that can either be in 2D or 3D, which is enclosed by a coarser mesh (or cage); this
last mesh is what we will use to control the finer mesh inside of it. The method to control it is divided
into two steps: in the first step there is no movement of the exterior cage (namely P) and what we do is
building a set of coordinates for every point inside the coarser mesh. Hence, for each point 7 € P™ the
coordinates vector will represent the components of the vertices and the normals of the cage; thus, the
coordinates space will have dimension #{V} + #{T}. These calculations are done only once, as once we
have the coefficients we can move the vertices in the cage, what will make the enclosed mesh vary following
the linear expression

ne P P) =Y dlmvi + > wi(n)s;n(t))

i€ly JE€lT

which will tell us where every point € P should go. The following properties will refer to the defor-
mation of the interior mesh every time we modify the cage.

2.2 Properties of the Green Coordinates expression

The expression F'(n; P) should fulfill with a list of properties in order to be of good use for our purposes.
We must also take into account that we have not defined the variable s; yet; these properties will help us
do so. Let’s analyze them one by one:

1. Linear reproduction: This property refers to being able to reconstruct every n-point coordinates using
a linear expression: 1 = F(n; P), for n € P In our case, the expression F(n; P) is linear by nature and
if we choose s; = 1 by construction we get exactly a linear reproduction of the point 7.

2. Translation invariance: The translation invariance comes from the following:

Let P = (V,T) and P’ = (V',T'), where Vv; € V v} = v; + t, and t € R? an arbitrary constant vector.
Observe that n(t;) = n(t;). Then, given an n € P™:

n=Y_ v+ >_ win)n(t;)
i€ly JjElT
and therefore
W=n+t=> ¢:ilmvi+ > wimn(t)) = dln)(vi+t)+ > _ wi(n)n(ty)
i€ly JjElT i€ly Je€lT
If we substract the first equation to the second one we get:

t=> dimt=1tY ¢i(n)

i€ly i€ly



Since we want this to be possible for all possible translations ¢ € R%, we see that the translation invariance
property is equivalent to

> i) =1, VnePpP™ (2.10)

i€ly

3. Rotation and scale invariance: given an affine transformation consisting of a rotation and/or an isotropic
scale U, we should have that F(n; UP) = Un.

n=FmUP)=> ¢:i(mUvi+ Y ;(n)Un(t))

i€ly JeIT
If we choose s; = [[U]| we get Un(t;) = s;jn(t)).

Let’s build two simplicial surfaces: the first one (named S) will be formed of the face t; and the vertex
vj, +n(t;), and the second one (named $”) will be formed of ¢’ and the vertex v} +n(t}), what at the same
time is the result of applying the affine transformation U to the first simplicial surface (5’; =U(S;)). We
would like to get least-distorting deformations, so we should choose an appropriate s;. It should represent

the stretch applied to the face and compensate for that stretch. In 2D, this is very straight-forward,
LAl
lIt511
obvious. Be o1 and o9 the eigenvalues of the linear map taking the face ¢; to t;-. Then, some average value
between these two is what was finally chosen, as it empirically took to least-distorting deformations:

because the faces t; are edges, so the stretch of the face is exacly s; = However, in 3D it’s not so

o1+ 09
Sj = 9

However, this expression implies that we have to find the eigenvalues of every deformation made to each
face. We then look for a more straight-forward formula depending only on the faces themselves. Let
u,v be the vectors defining the face ¢t; and u/,v’ the images of those vectors with respect to the affine
transformation U, a computation shows that:
, 2
o)~ Il () (2.11)

This formula differs from the one in the paper, which does not correspond to the value s; above.

2 2 2 2
/I o1+ Jlall® 1o 11* = o) (

Ml
8area?(t;)

S5 =

4. Smoothness: Observing the expression of the coordinates ¢;(n) and 1;(n) we can see that they are
infinitely differentiable when n € P™. Then, F(n; P) must also be so.

5. Conformality: the authors argue that they only show that the map F'(n; P) is holomorphic because
they empirically found that the deformation was mostly conformal, and only when the cage was drastically
modified conformality was not achieved. This proof will only be done for the case d=2, because in 3D we
can’t build a conformal map. The argumentation for this last statement can be found in the paper [3].
Hence, until the end of the proof of this property, we will assume that d=2.

Theorem 2.2. For d=2 the deformation n — F(n; P') defined by equation (2.1), with the coordinates
defined in (2.9), is holomorphic in P™ for all P'.

Proof. We will assume that the vertices in the cage are indexed clockwise, and we will also name the
edges in the same manner: t; = vj11 — v;. We will also need to introduce the linear operator L: R? — R?
making a counter-clockwise rotation of 5 radiants. In the complex plane this is:

10



L (z,y) =i(x +iy) = (~y,2)

145 1
21l
deform the cage, which will bé more useful for the proof of this theorem (and its lemmas):

Using the expression s; = we can find an equivalent expression for the linear map we will use to

| (. 1L
ne P P =" giln)vi+ > wi(n)syn(ty) =D dilm)oj + Y wj(n)H (Hff,), =
iely JEIT i€ly jelr J J
=Yt + > G (E)* (2.12)
i€ly JjElT
where
~ 1
Vi(n) = ——vi(n)
121l

The proof of the theorem is based on the following three lemmas:

Lemma 2.2. Be u € Har(D), where D C R?; then f = uy + iu, is holomorphic.

Proof. As u is a harmonic function:

Pu %

—Au= — + ——
0 “ 8m2+8y2

= Ugy + Uyy = Uzxr = —Uyy
The first equation comes from the Schwarz theorem, which says that we can reorder the variables with

respect to we are differentiating if the function is C2(D); which is the case because u is a harmonic function
so it’s C*°(D). K

Lemma 2.3. Be v € C, and be h,r : C — R. If the map h(z) + ir(z) is holomorphic then ivh(z) — vr(z)
is also holomorphic.

Proof. This proof is immediate as the second map is the result of multiplying the map h(z) by iv.

Corollary 2.4. Let v € R? and let h(z,y) and r(z,y) be conjugate harmonic functions in D C R?. Then
the mapping f : D — R? defined by f(x,y) = v h(z,y) — vr(z,y) is holomorphic.

Proof. This proof is also immediate because applying the operator L is the same as rotating § what, at
the same time, is equivalent to multiplying by i, and it makes this map to be exactly the same as the
resulting map from the previous lemma.

Lemma 2.5. Let v; € V be an arbitrary vertex of P. Denote by t;—1 and t; the faces (edges in this case)
Vi—1V; and v;vi11, respectively. Then ¢; and (; —;—1) are conjugate harmonic. In other words,

(i — Pi—1) +idi

is holomorphic.

Before proving this lemma let us see that it implies theorem 2.2, in conjunction with the current status.

We can observe that moving the whole cage and applying the change to the interior mesh is equivalent to
moving all the vertices one by one and applying the change to the mesh each time. Consequently, we can

11



show that the change of the interior mesh when we modify only one vertex in the cage is holomorphic,
and later apply the proof to the rest of the vertices.

Proof (Theorem 2.2). Let’s denote by P’ a cage configuration which differs in only one vertex v; from the
original cage P. Be t;_1 and t; the two consecutive edges that include the vertex v;, which are also the only
two edges that will differ from the original set of edges T. For every n € P the change done corresponds
to the difference between the final position of 1 induced by the map F(n, P’) and the initial position,
which due to the linear reproduction property, correponds to the result of the initial map F(n, P):

H(n)=F(n,P') = F(n,P) = ¢:i(n)(v —vi) + Y ()5 —t])
j=i—1,i

Leaving the coordinate ¢;(n) aside for one moment, let’s calculate what is this summation, bearing in

mind that ¢, = vi41 — v} and t;_; = v} — v;_1, because vy = v}, Vk # i,k € Iy:

> ) (8 — 1) = diman) (#5 — 651 ) + ) (45— 1)
j=i—1/

=vi-1(n) [(% — i)t — (v — Uz‘—l)ﬂ +i(n) [(Um — )" — (vig1 — Uz‘)ﬂ

Now we can use the fact that L is a linear operator:

- ~ L7 1
Z ¥;(n) <t;'l - tf) = i1(n) (v — vic1 — v + vie1) T+ 0i(n) (vigr — v — vig1 Vi) =
j=i1i

= (Gi-a(m) = Bulm)) (0] = v0)*

Let’s bring all the calculations together and get:

H(n) = F(n; P') = F(n; P) = (v = 0i)i(n) + (v} = 0}) " (hi-1(n) — ¢i(n))

Conclusively, from Corollary 2.4 and Lemma 2.5 (where the vector v = — (v} —v;)*) H(n) is holomorphic.
X

Proof (Lemma 2.5). In order to prove this lemma, for each set of three consecutive vertices v;—1v;v;+1
(indexed clockwise as it was indicated earlier) we build a triangle T'; thus, this triangle is formed of the
edges t;—1 = v;_1v;, t; = v;v;+1 and an extra edge e = v;11v;—1, as it can be seen in Figure 2.1.

Vi+‘|

Figure 2.1: Triangle used in the proof

12



The proof will be split into two cases: n ¢ T and n € T.

Let’s denote by B; the linear function defined over the triangle 7' that has the value 1 in the vertex v; and
the value 0 in the vertices v;_1 and v;41. Then, we can rewrite the expression found for determining ¢; in
(2.9):

oG oG oG oG
o= [ aGdos [ 85 0w [55do= [ 550

ti—1

We can add the edge e to the integration domain (in this case it’s N{v;} = t;_1Ut;) because [, 5;% %o =0,
as f; is 0 along that edge. Thus, we can complete the integral on the whole boundary of the trlangle T
(ti—1 Ut; Ue = 9T). Now we can apply Green’s First Identity (see Annex I) and get:

One of the conditions of Green’s Theorem is that the boundary must be positively oriented. As we didn’t
force any parameterization, we can suppose we are orienting the boundary positively and get the integral
above.

Since n ¢ T the function G is harmonic in 7" and
an = [ BGadr = [ (Vea () VG o)

Let us compute the coordinates 1;(n). We will need an explicit parameterization of the edge we are
integrating in. We parameterize the edge ¢;_1 as:

E(t) =vi—1 + t(v; —vi—1), t€][0,1]

Therefore, the function ; which is 1 in the vertex v; and linearly goes to 0 at v;—1 is 3;(£(t)) = ¢. Thus,

VBi(§(X)E'(t) = Bi(§(1)) (vi — vie1) =1 (2.13)
On the other hand, since on the edge t;—; do = ||'(t)|| dt = ||(vi — vi—1)|| dt = ||ti—1]| dt, we obtain:

1 1
i) = i) = — G nydo = / G(E(t), ) 1t | dt = / G(E(t), )t

||tz 1]l tiall Je; llti—1l

By (2.13) we have

Bioa(n / G(E(), MV BE(L)) (v — vy 1)t

Finally, we note that do* = &'(t)dt = (v; — vi_1)dt. Therefore:

Jii(n / GEW, MVBED) (i —vi)dt = — | GE V()T

ti—1

Analogously, we can find the equivalent expression for ¢;(n). We only have to bear in mind that 5;(£(t)) =
1 —tin t;. This last adjustment changes the sign of the integral, while the rest remains analogous, hence

13



- [ clenvaez

Now bringing back the coefficient ;1 we get:
Gialn) =it == [ GEnVAEOI
i—1 7

Similarly to what we have done previously, we can add the edge e to this integral because 3; = 0 all along
that edge; therefore

Bl === [ clenva©i? = [ clenvae

In order to compute the value of this integral, we use Green’s Theorem (see Annez I).

Let Q@ = GVp; = (A, B), and let’s parameterize the boundary of the triangle 7': {(t) = (&1(2),&2(t)) =
(z(t),y(t)).

Then,

/ Qd = / (A, B)(EL (1), £4(t))dt = / (A€ () + BEL(t))dt = / Adz + Bdy
oT oT oT oT

By Green’s Theorem we get:

B  0A
/ Ad;v—i—de:/ (8—a>dagdy:—/v-Qldv
oT 7\ O y T

where the last equivalence is due to the fact that @~ = (—B, A). The negative sign comes from the fact
that we oriented the boundary of T negatively, thus, we get the negative resulting integral.

Since Q = GVB; = 2% 695 e have that QL = fGaﬁi,Gaﬁi . Then,
or’ Oy dy ox

. , 23 . 23,
vV.Ql=— a$<G%§z>+ay<G35z>__0G3ﬁz o976  0GOBi | OB

,G

oz Oz oy B 0yox + 67y oz + 0xdy
o : B 0*B;
But §; is a linear function, so dyor ~ 0xdy 0, and
0G 0B;  0G IB; 0G 0G 0B 0B;
0t = 22 il — _ — . L
V@ ox 6y+8y Oz <6a; 8y> ( 8y’8aﬁ> VG- (V)

If we add this to the integral, we finally get:

Bi(n) — Gica(n / VeG(n,€) - (VeBil€))-dV

Let’s bring together the results we found:

:/VﬁiV§G dV(f)Z/ (B2Gz + ByGy) dzdy
T T
iln) — Gia(n) = /T (VB - VG dV (€) = /T (=B8,Ga + BuG) dady

14



Then,

(1/;1(77) - 1@—1(77)) +idi(n) = /T [(_/ByGw + B:Gy) + i(B:Gy + ByGy)} dr dy =
— [ Gy +iGp + (-G + 16,5, o dy -
= /T (Gy +1Gy) Bz +i(iGy + Gy) By dx dy =

_ /T (G +iGa)(Be + iB,)dx dy

Observe that (8, +if,) is constant, because f; is a linear function, therefore, all that matters is the factor
(Gy +1iGy). We have to note that the variable we are interested in is 1 while the derivative of G are taken
with respect to & = x 4+ iy. However, one of the properties of the fundamental solution to the Laplace
equation is that it is symmetrical (see its expression in (2.3), or see Annex I). Then,

Hence, we can now apply Lemma 2.2 and get what we were looking for. This completes the case n ¢ T

Let’s assume now that n € T'; what we will do is building the same proof as before excluding the point 7
from the triangle, splitting all the calculations in two. Therefore, for each of these triangles we will do the
same process we went through in the case where n ¢ T'.

Let’s denote by w the middle point between v; and 7: w = % Also consider the following vectors
% . .

€y = wWv;_i, e = V1w and e = vﬂ?. The triangles that can be formed with these edges are denoted

Ty = vi_lvﬂ? and T7 = vivi+1%j7. All these new variables can be seen in Figure 2.2.

V’H‘I

Figure 2.2: Triangle in case n € T'

Moreover, we will also define two more linear functions 89 and 3!, where:

BAE) = Bil€), VEeti
(2.14)

BHE) = Bi(§), VEet;

Similarly to §;, these two new functions will vanish in the edges eg and e, respectively:

15



{ BY(E) =0, V&€ e
(2.15)

Bi(€) =0, VE€e

Under these notations, let’s compute again the coefficients:

Ly

tio1 an

/ 8G§nd+/ﬁ 8G577 g (22)

z

60

= 0(¢) 26(E:m) 1 OG(E)
a /ti1 Ueo IBZ <§) on do + /tiUe1 Bz (é) on do

Note also the fact that 87(¢) = B1(€) on e, and that e has opposite sense in Ty and T}, hence:

/ﬂ?gida—/ ZlngU

Therefore, we can complete the boundaries of both triangles Ty and 77 as integration domains of the
integrals:

() — 0 9G(&;n) 1 9G(&,m) _
o= [ fOTg s [ alie g

= 0(6)2¢(&:n) 100G
_/75;‘1LJ(5()L_J66Z (5) an dg+/U61U 8/81(5) 871 do

B 9G(&,m) 9G(&:n)
= [ o g e [ sl o

Analogously to the case where n ¢ T we can apply Green’s first identity bearing also in mind that we
excluded n from the integration area, so G is harmonic in both triangles Ty and 77. We finally get the
following expression for the coefficient ¢;(n):

di(n)= | VBY-VG AV + | VB -VG dV
To Ty

We can do a similar process to find the coefficients zﬁi_l(n) and zﬁi(n), skipping the steps already made in
the calculation where 1 ¢ T' so as not to be too repetitive:

151'71(77) = ‘tzl—IH " G(&ﬂ?) do = — " G(Ev W)Vﬁz(é) d7 (2é4)
- [ cenve ad - [ clenvae i
ti—1 ti—1Ueo

. 1 )
i) === [ G(&n) do G(&,m)VBi(€) dd =
¥i(n) IIti\IL (&m) / B

- [eenvai@ a7 = [ aenvale a?

16



Finally, we can put it all together and get the other function we need (applying also here the fact that the
integral on the edge e is compensated on both integrals):

G~ = [ cEnvae @@+ [ Glenvale a7 -

-/ G(e,mVAE) dT + / G(&, mVALE) dT =
ti—1JeoUe tiUeiU—e

- [ Genvee ad + [ clenvale a7
0Ty 0T

Apply Green’s first identity once more:

i) —ima(n) =~ [ VG- (VA dV — [ VG- (VB aV.

To T

We can observe now that we are under the same conditions as in the case n ¢ T. Therefore, we can use
the same reasoning and thus conclude the proof. X

2.3 Closed-form formulas for 2D and 3D

In this section we will find explicit formulas for the coefficients for 2D and 3D. Their expression will vary
depending on the dimension, so we will regard them separately. Throughout this section we will suppose
that 7 is fixed.

2.3.1 A two-dimensional cage (d=2)

As it was exlicitly indicated in (2.3), the fundamental solution to the Laplace equation with pole 7, in
the case where d=2 is:

1
G(&n) = glogllf .l

We will start establishing the formula for 1;(n) starting from the definition given in (2.9). We need a bit
of notation beforehand. Let’s denote by v;,v;41 € V the vertices that form the edge ¢;. Moreover, let’s
also denote a; = v;11 — v; and b; = v; — 1. The parameterization we will use for the edge t; will be

E(t) = v + t(vig1 —vy) = v +ta;, t €[0,1]
Hence, as do = ||€'(t)|| dt = ||a;]| dt:

1

1
Yi(n) = — G n)do =5 | logllvi +ta; —n] [las]| dt
£et; ™ Jt=0

_ lall
2 Ji—

a1 2 L 12,2
=— log ([|b:|I” + 2(a; - by)t + ||a;||” t°) dt
471' 0

log ||b; + ta;||dt =
0

We can now use the primitive (see the Integration 1 in Annex II for detailed integration):

17



/log(qt2 +rt+ s)dt =

\/4qs — r? 2qt
:<t—|—r>log(qt2+rt—|—s)—2<t+r>+qSTarctan _sattr
2q 2q q \/4qs — r?

Making the substitutions:

q=llaill®, r=2(a; b)), s=]b?

and integrating in the interval [0,1] we will obtain an explicit value for ¢;(n).

Next, we will calculate the closed-form formula for the coefficient ¢;(n), starting from the definition given
in (2.9). Here
N{vi} =t;4 U t; = 0105 U 0041

and therefore,

o= Y [ e

k=i—1,

We will go a bit more in depth into the integrals separately:

For t;_1 we will use a parameterization almost identical as the one used above, although refering to the
previous edge (in the sense of the clockwise order defined on the edges):

§(t) = vi1 +a;—at, te(0,1]

Moreover, we need to compute

0G(&m) _
o VG n)-n
From the definition of G we have:
11 1 &—1
VGEn) =~ —m),2&—m)=-—"—93
4m ¢ —n)® 2m 1€ — |
a-
And we also need the outward normal of the edge, which is n(a;—1) = || 1_1” :
aj—1

Everything together results into:

VG(E,n) - nla; l)zi a;—1t +vi—1 —n ' al-l_l :i a;_1t+b;_1 ' al-L_l _
7 2w gt +vimr —nf)® \lail 27 ||aj_1t + bi1]|*  \ @i
_ 1 b a;iy 1
27 [lai—1t + b1 || llai-l]

Let’s add everything to the integral, including I';(£(t)) = ¢:

18



G 1 bi_1 - L 1
[ e - [ Ll lasa | dt =
tii1 on 0 27 ||lai—1t + bi—1|| |ai-1]]

L t

bi—1-a;_4 /1 dt
2 0 llai—1l” 2 + 2(ai—1 - bi—1)t + ||bi—1?

Using Wolfram Alpha (online version of Mathematica) [8] we can obtain the primitive:

/tdt_
gt +rt+s

L Jog (gt + 7t + 8) 4 t 2qt 47
= —log (¢t +rt+s) — | ———— | arctan | ——
2q q\/4sq —r? V4sq —r?

We have to substitute

¢=llaiaa|®, 7 =2(ai-1-bic), s =|lbica?
and integrate on the interval [0,1].

We can do a similar process to calculate the integral in the edge ¢;:

€t =v; +ait, tel0,1]

Taking into account this parameterization and the fact that in this case the function I'; goes the other
way around (I';(£(t)) = 1 — t) we readily get:

/tin<s>5G€<fﬂ7>dU:_/ol(1_t)< boat 1 )Haz_”dt:

n 27T||ai7f—|-biH2 i

_bz‘ . af‘ /1 1—1¢ dt
2 Jo lail* €2 + 2(a; - bi)t + ||bi])?

In this case, the primitive for the integral was also computed using Wolfram Alpha, which returned:
t—1
/ e
qt? +rt+s

1 2q +r 2qt +r
= _—log (qt> +rt +5) — | ——=——— | arctan | ————
2q ( ) q\/4sq — r? \/4sq — r?
Again, we have to substitute:

q=llaill®, r=2(a; b)), s=]b]?

and integrate on [0,1].

The algorithm to compute these values can be seen in Algorithm 1, in Annex I1.
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2.3.2 A three-dimensional cage (d=3)

In this section the cage provided will be three-dimensional, therefore, all the formulas need to be adapted
accordingly, starting with the expression of the fundamental solution to the Laplace equation (see eq.
(2.3)), which in this case is:

1
4 (1€ = 7|l

Now the faces are triangles instead of edges, so we need three vertices to determine a face.
We will start with the coefficient 1);, which according to (2.9) is:

G(&n) =

Yi(n) = — G(&,n)do

Eet;

Denote by v;,v;+1,v;+o the vertices that form the face ¢;, and let p be the orthogonal projection of the
point n onto the plane defined by ¢;. With this new point we can split ¢; into three triangles, denoted by

A1 = (p,vi,vit1), Do = (P, Vig1,vitr2) and Az = (p, vig2, v;).

Vis

Figure 2.3: Triangle ¢; formed of the vertices v;, viy1, vit2

As p is the orthogonal projection of n, Pitagoras Theorem yields, for & € ¢;:

e = nll = y/In — oI + lIp — €]

Since || — p||* is constant, we can denote it by c.

We will assume that p € ¢; (as in Figure 2.3) and later on we will argue that it doesn’t really matter where
the projection of 7 lies.

We will calculate the integral of i; by splitting the area of integration into the three triangles A1, Ao, As.
We will start with triangle A, and once we have an expression for it, we will be able to apply it to the
other two triangles.

Let’s denote two angles of A by a = 4L(pv;viy1) and 8 = L(viy1pv;) and change to polar coordinates
with origin at p. A picture can be seen in Figure 2.4.
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(8]
] A

. \ N A

Vi Vi«2 D AB

Figure 2.4: Denoted angles in A; and the change to polar coordinates

The integral on A is

G(&,n)do

1 / 1
= —— —do’ =
et T Jeens\Je st p - ¢

WL Ll s N B
= ——drdf = —— c+ R(0 2d9> +
47 /9:0 /rzo Ve +r? 4m </9=0 ( ) 4m

From the law of sines we can find R(f) explicitly:

RO) _ lpvill _ — llpvill |1p¥% | sin(a)

sin(a)  sin(y)  sin(m —a —6)

= RO)= —F"—=
(©) sin(m — a — 0)
Before substituting R(6) in the integral above, let’s add some notation to make it clearer:

Denote by A = Hﬁ\ﬁ sin?(a) and § = m — o, and apply a translation over the parameter 6 (p = 6 — 3+ 6).
Then:

)

/;Wda:/@

e+ ——dp
—5-8 sin? ()

Using Wolfram Alpha we get the primitive for this last integral:

/‘/c—l—sin(;(t)dt:

_ V2sin(t)\/c+ acsc?(t) [ﬁarctan(

B v/ —2a — ¢ + ccos(2t)

V2\/a cos(t)
v/ —2a — ¢ + ccos(2t)

) + +/clog (\@ﬁcos(t) +v—2a—c+ ccos(2t))]

The same procedure yields the integrals over Ag and Asg, finishing thus the whole integral.
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In case the projection of 1 was to lie outside of the triangle ¢; notice that, if the triangles are oriented the
same way (in this case, we will suppose it’s a clockwise order), the integral on the areas out of the triangle
t; cancel, as they will be covered once on each orientation. An example can be seen in Figure 2.5.

Vis2

Vin D A1
L Az
L] As

Vi

Figure 2.5: Case where p ¢ t;. The triangle A1 = (p,vi,viy1) is
oriented negatively, and so is the triangle Ay = (p, vit1, vi+2); however,
the triangle Az = (p, vit2,v;) is oriented positively. This fact makes the
integral over the triangle outside ¢; to be exactly 0, because we integrate
twice over that area with opposite orientations. Moreover, the edge
(m,v;—1) is also covered twice with opposite orientations. Therefore, all
that is left, is the integral over the triangle ¢;.

This makes us notice that it’s very important to keep these triangles in the right orientation. We will
emphasize this in the resulting final formula by adding the sign of the orientation (sign(Ag)):

3
G(&,mdo =S sign(Ay,) /£  Glendo

£€ti k=1

Now we can derive formulas for the coefficients ¢;(n). We do so by reusing the formulas for 1;(n). For this
purpose, we will need to define some notation. First, we will define the set of vertices A{v;} consisting
of those which are connected by an edge to the vertex v;. As the mesh of the cage is closed and every
triangle in the mesh has exactly one neighbour triangle through each edge, we can form a set of continuous
triangles ordered in sequence and linked by the consecutive edges. For each of these triangles we form a
tetrahedron by adding the point 1 and building the three extra faces from the triangle to 1. An example
can be seen in Figure 2.6.
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Vis1 Vit

Figure 2.6: Example of polyhedron formed of the tetrahedrons that
can be created from each of the triangles and the point 7. In this case,
A{v;} = {Vi41,Vit2,Vits,Vita}, S0 there are four triangles on the base
of the polyhedron and four more tetrahedrons. Each tetrahedron shares
a face with the neighbour tetrahedrons.

Denote m = #A{v;} and A = |J 90T, where XN is the set of tetrahedrons. It will be convenient to name
TeX
the tetrahedrons. Let’s denote by Ty, the tetrahedron that has ¢;1; = (Viy Vit k1, Vitkt2) as its base

(k € {0,...,m —1}). In the example shown in Figure 2.6, the four tetrahedrons would be denoted and
formed as:

, with base t;

, with base t;411

Vi, Vi41, Vi+2, 1]

, with base t;49

= (

Tti+1 (U Vi4-2,Vi+3, 17
('U Vi3, Vit+4, 1
= (

—_— — — —

Vi, Vitd, Vi+1,7), with base t;13

We use A as area of integration for Green’s Third Identity, using the coordinates functions u;(§) = ¢;,

jed{1,2,3)
0G
?7] —/Agjandg—/AGn]dO',

—/ da—/Gnda

There is no restriction in assuming that 7 = 0. This will let us abuse the notation and identify the vertices
v; with the vectors UZ

and in vectorial form:

From the expression above we get:

/gda = / Gndo = Z —da (2.16)

O,

All the interior triangles (oriented clockwise) will lead to cancelled integrals. In order to check this, we
will split the set A in sets of two faces:

0 = {triangle A € A | viyp,me A} ke {l,...,m}
Op = {triangle A € A | Viyrviprrt € A}, k€ {1,...,m}
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The integral can now be rewritten as:

Z/ gdU_Z/Aeék da—i—z . —da

Each §;, includes two equal triangles with identic normals pointing in opposite directions; let’s denote these
triangles by 0 = {A", Ai"}. Consequently:

0G
Vk e {1...m}), :/ —d T il
{ } AES, g an 1n g A}Cn g 87’1

= EVG ndo + EVG (—n)do =0
Ain Ain

Moreover, each dj is formed of a triangle ¢;_1 from the base (k € {1,...,m}), that is, a triangle from
N{v;}, and another triangle that we will denote by A; ., which shares with ¢;,_; the two vertices that
are not v; (and includes n as well). Each set of these two triangles will be indexed differently; in fact,
the triangles Azqu have the index of the base triangle ¢;, ;1 plus 1, as one can see. We do this because
these indexes will we repeated many times in the explanation below and writing ¢ + k& — 1 would make the
expressions to be longer.

(Az-i-k)

If we consider every §j separately and multiply the whole integral on & by Brr) 07 we get that
N \Ri+k) - Vi

Vk e {l,...,m}:

/ £—da —/ SaGdU—I—/ f%do’ (2.17)
NI on titk—1 on A+k In

"_<Ai+k)/ ‘%;d(,:”_(AHk)./ G "(AW./ 2% (218
n(Aiyk) - v; AES, on n(Aiir) - v tirko 6n n( ) Risr on

Since n = 0, all £ € A, are actually vectors in the plane defined by the triangle. For this reason,
€ -n(Aj+r) = 0 and therefore

nSA¢+k) / é%d / (n(AHk) 5) GGd
n(AHk) * Vg z+k 67’L Ai+k n(AH_k) 871
So all that’s remaining is the first integral on the right hand side of (2.18). We now express the points

¢ in barycentric coordinates: &€ = S2°_ T (£)v;, where 4, are the ordered indexes {i,i + k,i +k + 1} (as
{vi, Vitk, Virks1} are the vertices of the corresponding face ;1 ,_1 from the base of the polyhedron):

n(Airr) oG
)0 / $opdo =

n(AZ+k tivk—1 on
n(Al+k) / oG / oG oG
=t [ @G ot [ D@ do b [ Taen(©do
n(Ai+k Ui ( titk—1 on i titk—1 i on A tivk—1 I on
(2.19)

As before, since = 0, the vertices v; 41, vi;x,1 are in the plane defined by A, x; hence, the dot-product
by the normal of the face they are in vanishes:
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n(Aitk) - Vigk =0, n(Aiyr) - Vigrg1 =0

We have to do a remark to make things clearer. The set of vertices connected by an edge to v; and the
edges connecting the vertices in this set form a 1-ring. There will be a moment when k + 1 is bigger than
the number of vertices. In this case, we will have to close the circle grabbing the first vertex again.

Finally, we get:

— =~ FZ g —do = Fl g —do = =
n(Aiyk) i Jigp ( )372 A ( )8n

And we can substitute the inner integral by (2.16), denoting by A¥, AX A% the triangles in each tetrahe-
dron which are not ¢;,45_1, thus, those triangles that share the vertex n as one of its vertices (Aff ey
vr e {1,2,3}):

ik

(9G4 _Bitk) - k 4
/t;-'-k)_1 Fz(g)%dU = = : <TZI TI,(AT) A Gdo + n(tHkl)/ GdU)

n(Aitk) - vi o

Looking at these integrals closely we see that they actually represent the same calculation that we did to
find the coefficient ¥;(n), so we already have a procedure to extract a final closed-form formula for ¢;(n).
Then, all we have to do is substituting and ordering the vertices of the triangles adequately.

A pseudocode algorithm for computing these coefficients can be found in Algorithm 2 in Annez I1I.

Final remark: When we were building the polyhedron used to obtain a formula for ¢;(n) we implicitly
assumed that n was not in the plane defined by ¢;1x—1. In case it was, the formula would have suffered a

drastic simplification, as — = 0, because the Green function is radial with its center at the pole, so each

n
radial direction is orthogonal to the normal. Therefore:

oG
/ Tivke—do =0, Vk=0,1,2
titk—1 on

2.4 Extension to the exterior of the cage
Up to now, all the points considered were located in the interior of the cage P. This is normally all what

is necessary to calculate the coordinates due to the fact that the cage is most often built to enclose the
finer mesh, as it can be seen in the following examples.
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(a) Image of FFD taken from [5] (b) Image of FFD taken from [6]

(c) Image of FFD taken from [7]

Figure 2.7: Examples of cages enclosing the mesh to be con-
trolled/animated

However, under some circumstances, the artist (the person who generated the interior mesh and the one
who will build the animation afterwards) may be interested in setting a cage that is closer to the mesh
in some areas, even intersecting with it. In this situation, there will be points outside the cage and we
would like to find coordinates for those points as well. In this chapter, we will exlain a strategy to assign
coordinates to exterior points by extending the coordinates in the interior.

By looking at the definition of the coordinates in (2.9), and bearing in mind that to calculate the
coordinates of a point n we place the pole of the Green function in that very point, we can see that if
n € OP =T, the coordinates are going to have jump discontinuities along the edge, including the pole.
Therefore, we have to find another way to determine the coordinates for the boundary points as well.

If we proofread the properties in the Properties section in this chapter, we see that the linear reproduction
is not fulfilled, in fact, we have the following:

Lemma 2.6. For n € Pt

D dimvi+ Y wi(n)n(t;) =0 (2.20)

i€ly JjElT

> di(n) =0 (2.21)

i€ly

Proof. As we saw when deriving Green’s Third Identity earlier in this chapter,

> dimvi+ Y bin(ty) = u(n) = /

i€ly JEIT
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where OP is the boundary of the cage (the piecewise linear curve/surface), and u(§) = &.

Bringing back Green’s Second Identity, which was used to derive the third identity; and using the fact
that in this case G(&,n) € Har(P) because nn ¢ P, we get (u was already defined to be harmonic in P):

oG ou
9= 6% do = AG — GAu)dV =
/{9P<uan Gan>da /Pm(u G — GAu)d 0

Therefore, equation (2.20) follows.

For the second statement we will use the translation invariance property. We will translate the origin by
a constant vector ¢ € R? making sure that n + ¢ ¢ P™. Using equation (2.20) again with the translated
set, of points we get:

Y b+ )it o)+ > i+ cn(t;) =0

i€ly j€lT

where we have to note that translating the vertices of the face leaves the normal vector invariable. Now,
due to the translation invariance property, ¢;(n) = ¢;(n + ¢) and ;(n) = ¢;(n + ¢), what produces

D dim)vi+e)+ Y w(mn(t;) =0

i€ly j€lr

By substracting equation (2.20) to the latter expression we get (2.21), which is the second statement we
wanted to show.

Extension through a face

In this section we will describe how each coordinate can be extended through a face t; (where | € It);
that is, how we can continuously determine the coordinates of the boundary or the exterior points as 7
approaches OP. In order to do so, we introduce some notation: let i1,...,44 be the indexes of the vertices
forming the face ¢;.

Our starting point is the linear expression of the map F(n; P) (2.1). By isolating the coordinates of the
vertices and the normal of ¢;, which are ¢;, (1), ..., ¢i,(n),¥1(n), we obtain:

d
n— Y gimvi— Y wimnlty) =D i (v, + Gi(n)nlt) (2.22)
i1 eig £l k=1

i€ly jelp

And isolating also the coordinates of the vertices of ¢; from the equation of the translation invariance
property (see (2.10)), we get:

d
L= > ailn =) e (2.23)
ii1,ig k=1
icly

Equations (2.22) and (2.23) can be seen as a linear system with unknowns ¢;, (n),. .., ¢i,(n),¢¥i(n). If
the system is invertible, it allows to define the values (in a unique way).

Lemma 2.7. The linear system (2.22), (2.23) with unknowns ¢;, (n), ..., ¢i,(n) and Yy (n) is non-singular.
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Proof. 1f there existed a non-zero vector w = (wq,...,wqy1) in the kernel of the system, it would fulfill

d
that > wg = 0 because of equation (2.23). Here we can isolate w:
k=1
d
wy=—Y w (2.24)
k=2

From equation (2.22) we get:

d

0= Zwkvik + wd_HTL(tl)
k=1

If we substitute the expression (2.24), we finally obtain:

d

0= wi(viy —viy) + wapan(t)
k=2

As v,k =2,...,d are vertices of the face ¢, the straight lines {v;, + Ag(vi, —vi,)} (where A\ € R) are in
the hyperplane defined by the face ¢;. Hence, the vectors (v;, — v;,) are orthogonal to the normal of the
face t;. Conclusively, they are linearly independent and therefore

(2.24)
wQ:...:wd:wdH:O = w; =0

M

Then, the kernel of the system is solely formed of the vector 0, and thus the system must be invertible. X

As we previously noted, this system provides a way to reproduce the coordinates of the normal of a face
t; and those of its vertices when the pole 7 is located in the interior of the cage. However, we can observe
that if we make the point n get close to the boundary of the cage and even go through the face ¢;, this
definition also provides a smooth extension of the components related to the face t; (the vertices and the
normal) when 7 goes through that face. The other components of the coordinates vector can be calculated
using the method we already had for interior points. A picture can be seen in Figure 2.8.

Figure 2.8: The point 1 goes to the exterior of the 2D cage through
the face ¢;, so the coordinates related to that face are obtained using the
system of equations previously proposed

In order to distinguish between the coordinates given as the solution to the linear system from the previous
ones, from now on we will denote them by *. Notice that ¢;(n) = ¢;(n) and 1;(n) = ¢j(n) when n € P

Let’s now try to find a simplified expression for the system (2.22), (2.23).

By Lemma 2.6, if € P¢®*, and we isolate all what refers to the face ¢; (vertices forming it and normal)
we get:

28



d
> oilmuit Do stinlis) = = D bi (s, —dilmn(i)
1£01 yeenyly j#l k=1
i€ly jelp

d
S bl == ¢i.(n)
k=1

i1, i
iely

As the components of the other faces remain the same, we can substitute this into the equations of the
system (2.22) and (2.23). We get the following:

d
L+ i () =Y b (n)
k=1 k=1
If we group by vertices and normals:
d
n=" (G m) = 60 () viy + (dln) = a(m)) m(t) (2.25)
k=1
d
1= (B (m) — 60.(m) (2:26)
k=1

Let’s denote

ay = ¢4, (n) — b3, ()
B = y(n) — i(n)

And if we substitute these into (2.25) and (2.26) we finally get:

d
n o= Y o + Bn(t)
=1
(2.27)
d
1 = > o
P

If we consider a; and 8 to be unknown and we solved the last system to find them, we would only have
to substitute here

‘l;ik (n) = Giy, (m+ar, k=1...d (2.28)

Yi(n) = i(n) + B (2.29)
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and get the values for the new coordinates components. This way, we split the calculations in two, making
it easier to compute.

From the first equation in (2.27) we see that 7 is expressed as an affine sum of the vertices in the face
t; in barycentric coordinates (the second equation guarantees that ZZ:1 aj = 1) and the normal of the
face. We can also interpret this as the unique affine coordinates of the point 7 in the simplex defined by
the points v;,,...,v;,,vi, +n(t;). We can reformulate the expression for the coordinates related to ¢; by
adding and substracting Sv;, to the first equation in (2.27), and denote this expression by L;(n; P):

Li(n; P) = (o1 — B)vy, ZakUZk+ﬁ(0u +n(t)) (2.30)
k=2

Bringing back (2.1) and adding (2.30) we get:

d
n="Y_¢imoi+ > vimnlty) + Y arvi, + Bn(t)) = F(n; P) + Ly(n; P)

i€ly jelT k=1
The resulting map when we animate the cage will be:
d

ne F Py =" g(n)vi+ Y di(m)sn(t;) + > apv), + Bsin(ty) (2.31)

i€ly jelT k=1

Likewise the case of the expression for interior points, we have to proofread the properties this new map
fulfills. We will also do it depending on the dimension the cage is enclosed in.

Properties of the case d=2

Before checking whether the map is still holomorphic we have to find a concrete expression for it. In this
case, we see that the system of equations (2.27) is equivalent to:

n = a1v;, + av;, + Bn(t;) (2.32)
l=0a1+ ay (2.33)

From the second equation, we see that ay; = 1 — ae, and thus simplify the linear map to:

F(n; P = Z di(n)vl + Z Yi(n + (1 — a2)vj, + v, + Bsn(ty) =
i€ly Je€lT
= > el + Y wi(m)sin(t)) + i, + as(vl, —of,) + Bsin(t])
i€ly jEIT

The values for ay and /3 can be found through the first equation in (2.32) and (2.33):

n=(1—ag)vi, + agui, + Bn(t) = viy + az(vi, —viy) + Bn(t;) =

=>nN—v = a2(vi2 - Ui1> + Bn(tl) (2-34)

Since (v, —v4,) - n(t;) = 0, equation (2.34) gives the value of as:
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(77 — Uil) i (Ui2 — Uil)
2
||vi2 - 1}1'1”

(0 —viy) - (Vi — v3y) = a2 [|vi, — vi,||> = @z =

Similarly,

(7 —vi,) - n(t) = B> "2 5

We already know by Theorem 2.2 that (2.2) is holomorphic when 7 € P™. Nevertheless, this theorem
can also be used when n € P!, Therefore, that this part of the mapping is holomorphic. Now, we have
to check that the new term is holomorphic too.

Lemma 2.8. L;(n; P), for n € P, is the unique linear holomorphic mapping taking the edge vy v;, to
the edge v} v

11 712”7

) / 7 1o : : :
Proof. Let’s check first that L;(n; P') takes the edge v;,v;; to v; v;,. We will do this by calculating the
images of the points v;, and v;,.

Let n = v;,. Then,

(Uil - vil) ’ (viz — Uil)

OéQ = 2 = O
Hvi2 — Uy H
B = (vil - Uil) : n(tl) =0
and therefore L;(v,; P') = vy, .
Let n = v;,:
ay = (Ui2 _Ui1) ’ (UiQQ_Uil) -1
HUZ'Q — Uiy H
B = (v, —viy) - nlty) =0

Then, the maps results into L;(vi,; P') = v, + (v], — v}, ) = vj,.

Moreover, if we substitute the actual values of ag and § we see that

/ /
Hviz Yy H

n— i) (Viy — viy)
Ly Py = ofy + @) Wi =) gy ey N =l (2.35)
Hvi2 — Uiy ” Hvlz — Uiy H
oy = || [ = vir) - (via — i) (0, — )
=) i, =%, 2 2 it UC 4 (n—wy) - n(t)n(t) 2.36
Mol | ool g g T ) @239

The previous map is holomorphic because it is linear (it depends on 7 and we can set the natural bijection
between R? and C). It has to be unique as it has 2 degrees of freedom in R?, and so has a linear conformal
mapping in 2D.

Now, we have to show that we actually built an analytic continuation of the linear mapping F(n; P’)
through the face t;.

Theorem 2.3. In the case d=2, fizing an edge t; and defining the coordinates szk (), k=1,2 and iy(n)
by (2.22) and (2.23), we get that for n € P“t F(n; P') + Li(n; P') is the unique analytic continuation of
the holomorphic mapping F(n; P') through the face t,.
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Proof. Given a point 7 € Pt and fixing an edge t; we know by lemma 2.7 and the system of equations
(2.22), (2.23) that F(n; P) is continuous through ¢;. Moreover,

Vn € P™  F(n; P) = F(n; P)

Therefore, due to the analytic continuation principle, the map F(n; P) must be the unique analytic con-
tinuation of the map F(n; P).

Limitations on the region of conformality:

In this last subsection we will see that we can’t expect to have an analytic continuation of the coordinates
map to the whole space, when P’ is an arbitrary cage. That is, there is no entire function F(n; P’) such
that F(n; P') = F(n; P') for n € P™ for a general P’. What the authors argue is that we can place the
singularities in a flexible way so that we can have a reasonable region of conformality. The following
theorem will do so for the case d=2, although a similar result can be obtained for d>2.

Theorem 2.4. 1) There is no entire function F such that F(n; P') = F(n; P') for n € P™ for a general
P

2) Let P be subdivided into disjoint domains Oy, k € K, Pt = Urex Oy (Oy, is the closure of Oy),
such that for every j € It, tj is contained in some O, that is t; C Oy. Assume that for each k € K one

extends F to Oy, through a specific face ty, € Oy. Then F is analytic in Ukex Ok in exception of all the
faces t; € O which do not satisfy t; = Ly (t;; P').

Proof. In order to give the proof of 1) we will assume the opposite. The, let’s assume that there exists
such analytic continuation F'.

If we look back to Theorem 2.3, we can assure that the unique analytic continuation to the exterior of
the cage through the face ¢t; must be F(n; P') = F(n; P') + Lj(n; P'). However, the map 1 — F(n; P') is
holomorphic (practically conformal as we argued before) due to Theorem 2.2 everywhere outside the cage
(n € P*'), and since L;(n; P’) are entire (linear) functions, we can assure by the uniquess of the analytic
continuation that:

L(5P)=Ly(sP)=...=L(;P)

Consequently, all the linear transformations L;(n; P") coincide, what is impossible if we consider an arbi-
trary P’ as we can build different linear mapping for different cages as one can see in (2.36).

For the proof of the point 2, we will show an image of the possible subdivisions of the space so that is
easier to picture.

By Theorem 2.3 we know that F is analytic through all the faces t; € Og, and the extensions are

F(n; P') = F(n; P') + Li(n; P'). Then, for all the t; € Oy, which satisfy that t; = Ly (t;; P'), we know that
the extension in Oy, is analytic through t; (due to Theorem 2.3 and Lemma 2.8).

In case d=3, we already know that we can’t have conformality as it is argued in |3, therefore, we can’t
have continuation in the sense of real analiticity.

Theorem 2.5. The extended coordinate functions qgi, 1/;]- through a face t; are harmonic in their domain
of definition.

Proof. We saw at the beginning of this chapter that the functions ¢;, ¥; are harmonic in P™. The same
reasoning can be used to see that they are harmonic outside the cage too. On the other hand, the functions
bi (n) = b5, (0), Yi(n) = () (where k = 1...d) when n € P™, then, they are also harmonic in P™.
Moreover, if we bring back the equations for the coefficients <Z~5ik7 Yy from (2.29) (the simpler form of the
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(a) Example 1 (b) Example 2

Figure 2.9: In a) we can see how we subdivide the exterior in as many
regions as the number of edges the cage has. These edges can’t intersect
and the extension of the coordinates regarding every zone is done through
the edge included in the area Oy. However, in b) we can see that there
are less regions than the number of edges. Therefore, for every region
Oy we choose the edge from which we will define the extension (thicker
edges). From 7 crossing the chosen edge of the region Oy we can define
a path towards the exterior point we want to find the coordinates of.
Building a straight line crossing non-chosen edges does not guarantee
continuity of the coordinates through that edge.

system of equations introduced initially), we see they are the coefficients ¢;, , ¢; plus the additional terms
a = ag(n) and B = B(n). These last terms are linear functions of the coordinates of 7 as it can be induced
from (2.27); hence, they are also harmonic outside the cage. Since every extension is done through a face,
the different coordinates (with respect to the ones we defined for the interior of the cage earlier in this
chapter) are those of that face, and the rest remain the same. Therefore, the rest of the coordinates gZ)l
and 1;]- are equal to ¢; and 1); respectively, so they are harmonic as well.

Finally, we have to note that the system of equations (see (2.22) and (2.23)) used to define the coordinates
b, zz)j, the fact that this system is invertible (Lemma 2.7) and also the fact that the coefficients expressions
included in the system are C'°° functions. Conclusively, by continuity from both sides of the face t; we get
that the coordinates functions g?)ik, W (where k = 1...d) are harmonic outside the cage through the face
#.

We will get the uniqueness for these coefficient functions in the last theorem:

Theorem 2.6. Fizing a face t; and defining the coordinates qglk (), where k = 1...d and ¢;(n) by
the system of equations (2.22), (2.23) results in the unique real analytic continuation of the harmonic
coordinate functions ¢;,¢; through the face t;.

Proof. We have seen in Theorem 2.5 that the extended coordinates q@i,%— are harmonic in their domain of
definition. We know that being harmonic implies that they are also real analytic in that domain (d=2),
because a harmonic function is locally the real part of an analytic function. The analytic continuation
principle guarantees the unicity because if there was any other continuation gz_biN,@Z_Jj it would have to fulfill
that ¢;(n) = ¢i(n) and $;(n) = v;(n) for every n € P™. Therefore, f;(n) = ¢i(n) — di(n) = 0, g;(n) =
Yi(n) —j(n) =0,V n € P™. However, we can only have a discrete number of zeros in the domain (no
series of zeros with accumulation points); thus, f; = 0 and g; = 0, what implies that the two coordinates
extensions should be the same, ending thus the proof.
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Chapter 3

Implementation

The implementation that will be described below was done using Maya 2012. This choice was due to
the fact that generating meshes with it is very simple, and the vertices, edges, faces and normals of
those meshes can be accessed quite straightforward. One can gather these items either through the user
interface or through scripting. Maya offers the possibility of scripting in two languages: Python and Maya
Embedded Language (or MEL). T opted for the second one, as I was already familiar with it.

The case chose for the implementation was the 2D.

Before the scripting, given an initial mesh, we have to create the cage we will use to control that mesh.
In Maya, all the vertices, edges and faces are assigned an index. There is a set of indexes for each item
ranging from 0 to the number of items -1. If we create a general object in Maya, those indexes may not
be ordered the desired way, and they cannot be changed. In order to tackle this issue, one can either
store the desired index order separately or try to find a way to generate polygons (we are in 2D) forcing
a certain index order. I used the option “Create Polygon Tool”, because it was the only way I found to
generate a polygon (the cage) where the indexes of consecutive vertices were also consecutive. This saved
the work of searching for neighbour vertices each time or generating the order structure.

I created a GUI (Graphical User Interface) to call the script easily:

Figure 3.1: GUI to call the script

This window lets the user select the interior mesh or the cage (if they are named adequately: “intMesh”
and “cage”). And if the user presses the button “Generar Coordenades”, the algorithm to generate the
coordinates in 2D will be triggered. It is based on the pseudocode given in the article, which is available
in Algorithm 1 in Annez II.

As it was explained in chapter 2, the algorithm will generate the coordinates vector for every n given. As
the mesh is formed of vertices, and moving them suffices to move everything, we only have to place the
pole n in every vertex of the interior mesh.

The script will store two matrices: the first one will store the ¢; and the second one will store the ;.
There’s an important limitation that MEL has. Tt doesn’t allow to create variable-sized matrices. This
means that every time that we want to control a new mesh or create a new cage, is the number or vertices
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changes, the code will need to be changed accordingly. It is not a severe limitation as it’s a local problem
of MEL, translating the code into a programming language that allows to deal with dynamic memory
would solve it.

In addition to this, another vector storing the lengths of the edges of the original cage needs to be stored,
as we will use them to calculate s;.

Once the coefficients are generated, the button “Actualitzar Malla Interior” enables. Pressing it would
trigger the calculations related to the linear expression F'(n; P'), and thus get the resulting mesh defor-
mation.

Results can be seen in the following chapter.

The actual script and the example used in the pictures of the Results chapter will also be uploaded.

35



Chapter 4

Results

The mesh used to test the algorithm can be seen below:

Figure 4.1: Original mesh with cage enclosing it

I textured it with a checkerboard because this will show the deformation in the interior of the mesh, thus,
we will see something more than just the contour changing. The wireframe of the interior mesh (the
vertices and the edges) can be seen below. In fact, this is what will de deformed, and the area inside every
triangle will move accordingly.

Figure 4.2: Wireframe of the interior mesh and the cage

We will start testing the properties outlined and showed in chapter 2:
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(f) Uniform scale (cage only) (g) Uniform scale (deformation applied)

Figure 4.3: First four properties of the deformation. The smoothness
can be seen in the checkerboard.

We can see better the deformation algorithm the paper suggests by looking at how the mesh looks when
we change the mesh differently:
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(a) Only the cage (b) Deformation applied

Figure 4.4: Non-trivial deformation

By looking at the checkerboard we can see that the shape is kept as much as it can while adapting the
interior figure to the deformation of the cage.

Next, a more drastic deformation was applied to the cage, and the resulting deformation is the following:

(a) Cage only (b) Deformation applied

Figure 4.5: More drastic deformation

Finally, and even more drastic deformation was applied to the cage. In this case we can start detecting
issues in the checkerboard as the authors foresaw.

(a) Cage only (b) Deformation applied

Figure 4.6: Even more drastic deformation
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Chapter 5

Conclusions

The authors argue that the proposed method to deform the mesh guarantees having a quasi-conformal
map. This means that the distortion carried through is bounded. However, even though they constantly
say that the mapping is least-distorting, no explicit quantification of the distortion is made. The only
comment on this topic is that they empirically checked that it was least-distorting. Bearing in mind that
this paper has been widely spread, those empirical tests are bound to be numerous.

As it can be seen in the Results chapter, the method to control a 2D mesh deforms the interior mesh very
smoothly and keeping the shape reasonably well. This fact can be observed more easily if one textures
the mesh with a checkerboard, as it was done in the example.

A possible improvement over the current method could be done in this direction. The main goal would
be to calculate the quasi-conformality constant!, and thus quantify the distortion maximal bound.

This constant could also be useful to calculate the distortion of the mesh after every deformation. If we
consider a maximal distortion that we can tolerate, the method could recalculate the coefficients once this
is exceeded.

Reading this paper, trying to understand it and correcting the numerous errors that could be found very
often was a test to patience. Nevertheless, seeing the results once the algorithm worked made it worthwhile.
The process I went through has been very different from the one in the whole degree. Even though the leap
needed to understand the theoretical parts was reasonable, working with a paper with so many mistakes
makes one doubt about everything. It has nothing to do with studying your own notes or a book.

!The quasi-conformality constant is the maximum excentricity of an ellipse that is the image of a sphere. The excentricity
is the ratio between the length of the semi-minor axis and the length of the semi-major axis
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Annexes

I Green’s Theorem, Green’s Identities and the Fundamental solution to the Laplace
equation

In this section we gather the basic results used in the article. We follow [4].

Green’s Theorem

Be U a bounded domain in R? with a piecewise regular boundary U positively oriented, and be ? the

unit tangent vector to AU. Be Y = (P, Q) a vectorial field, where the components P, @) are differentiable

functions in a neighbourhood of U, so that the function rot(X) = %—? - %—]; is continuous in U. Then,

/ <Y,?>ds: Pd:z—i—Qdy:// (E)Q—ap>d:cdy
ou oU g \0x Oy

As the Green’s First Identity needs the divergence theorem, we will outline it first.

Divergence Theorem

Be U a bounded domain in R™, and be U a regular hypersurface oriented with the unit outward normal
. Be } a continuously differentiable vector field in U. Then,

/{jU <X N>dA= /U(dwf)dv,

where div? =V. Y

This theorem is also valid in case OU is a piecewise regular hypersurface.

Green’s First Identity

Be U a bounded domain in R™, and be 0U a regular hypersurface oriented with the unit outward normal

Let u,v € C?(U). Now we apply the divergenge theorem to the field 7 =uVu.

Here,

divX =V - (uVv) =Vu-Vo+uV - (Vo) =< Vu,Vov > +u

where the last step is because of the definition of the Laplace operator, so: V - (Vo).

Therefore, by the divergence theorem we obtain Green’s First Identity:

/<uvv,ﬁ>dA:/ Ly <Vu,Vv>dV+/uAvdV
oU oU 8? U U
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Green’s Second Identity

We will derive this identity from Green’s First Identity; therefore, let’s assume we are under the same
conditions.

We permute the functions 4 and v and consider the field ? = vVu. Following the same calculations as
before we get:

/<vvu,ﬁ>dA_/ Ay <Vu,VU>dV+/vAudV
oUu oUu ﬁ U U

By substracting this to Green’s First Identity we get Green’s Second Identity:

fu (“j‘ﬁ - ”%) a4 = [ (wao—vauav

The fundamental solution to the Laplace equation

In [4] we can see that this function is derived from imposing a radial function to be harmonic outside the
pole. T will also follow this procedure, as it shows its radial nature and due to its simplicity as well .

A radial function has the property that the image of every point in the domain only depends on the
distance from the point to the origin, that is, there exists a single variable real function ¢ : [0,00) — R
such that

f(@) = ()

Now we force f to be harmonic:

n an
Afzv-Vf:szo
=1 9

2
27
Ox;

or —x_ of ., O . a;

As one can readily see, we need to calculate the terms we will do it incrementally:

ox; r r

0? 2 1 a2
=% +e (%)

ax? 72 r 3

Let’s add this to get an expression for Af:

n
> 21 DL
1=

Af = SOH(T) i=12 +(Pl(r) T —(p/(’l") r3

Thus, the harmonicity is given by ¢”(r) + 2=1¢/(r) = 0. Then, ¢/(r) = Cr'™", where C is constant, and
integrating once more:

2—n

.
=k
p(r) =kig—

o(r) =kilog r+ky, ifn=2

+ ko, ifn>2
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where k1, k2 are constants. Both functions have a singularity in the origin (r = 0).

The function

dy 2P if n>2
G(z) =
is called the fundamental solution to the Laplace equation with a pole at the origin. If we translate the
pole to a point n € R™, the function G(z — n) is called the fundamental solution to the Laplace equation

with a pole in 7, what we will also denote by G(z,n). Then, this function is harmonic everywhere except
for domains that include its pole.

In order to determine the value of the constant d,,, we go to the proof given for the Riesz decomposition
theorem. We can see that d,, corresponds to

d { i ifn=2
" o=nen if n>2
where ¢, is the (n-1)-dimensional measure of the unit sphere.

In fact, the formula we showed in the beginning of Chapter 2 (equation 2.4) is exactly a Riesz decompo-
sition where the function # is harmonic. T will not go into the proof for the theorem as it’s not the goal
of this work.

We can also observe from the definition that this function has to be symmetric, because if we exchange
the variable and the pole we get exacly the same function:

e |z]|>", if n>2
G(xun) = — G(n,x)
5= log ||, ifn=2

What is most important about the fundamental solution G(§,7) is that A¢G(§,n) = &y in the sense of
distributions. This means by definition that

W e CPRY < AG, ¢ >= / G(€.m) AG(E) AV(E) = () =< 6,10 >
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II Explicit Integrals and Algorithms in pseudocode
Integral 1

The overall strategy will be integrating by parts and reducing the integral to one of a rational function.

Previous to this integral we will do some calculations with the polynomial involved in it:
r\? s 12\’
t+ — -—— = 24 A2
( +QQ> +(q 4q2> ] a(s"+ 4)

and A Vias—r?

2q

9 9 T s
gt +rt+s=q(t°+-t+-) =gq
q q
where

L4 —
s = —
2q

We can begin integrating now. As long as we get intermediate results the non-solved integrals will be
treated aside (this way we will avoid repetitions):

/log(qt2 + 7t + s)dt (ds—dt) / [logq + log(s? + AQ)] ds = slogq + /log (32 + AQ) ds

We will solve this last integral by parts, where:

2s
— log (52 + A2 f__ 25
{Z/—(l)g(8+ ) = Sy
V=S
Then,
log (82 + AQ) ds = slog (52 + AQ) — ids
s24 A2
where
252 2s% + 242 A2 1 <
/Mds_/32_|_A?d8_2/52+,42d8_28_2/1+(2)2d8_28_214 arCtan<Z> +C

If we bring all the integrals together and undo the changes:

/log (qt2+rt+s) dt = slogq + slog (82+A2) — 25+ 2A arctan (%) +C =

s
A

V4qs —r? 2qt
:<t+r)log(qt2+rt+s)—2<t+r>+qsrarctan _cattr +C
2q 2q q \/4qs — 12

= slog [q (32—|—A2)] —2s+2A arctan( ) +C=

where the only omitted calculation is:

s t+ 35 o 2qt+vr

A \/4qs—r2 a \/4(]8—7“2'
2q
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Algorithm 1

This algorithm computes the coordinates ¢j(n) and ¢;(n) given a cage P = (V,T) in 2D. It supposes that
the vertices and the edges are ordered clockwise.

Input : cage P=(V,T), set of points A =17
Output: 2D GC ¢;(n),0;(n), i € I,j € Ir, n € A
// Initialization:

set all ¢; =0 and ¢; =0

// Coordinate computation:

foreach point n € A do

foreach face j € Ir, with vertices v, ,v;, do

a = Vj, — U5

b:=wv; —n
Q:=a-a
S:=b-b
R:=2(a-b)
BA:=b- || n(t;)
SRT := /45Q — R?
L0 :=log(95)
L1:=log(Q+ R+ S)
L10:=L1—- L0
arctan(R/SRT)
A= —=
0 SRT
Al arctan((2Q+R)/SRT)
o SRT
Al10:= Al — A0

() = — ek [(45 - %2) A10+ 5110+ L1 2}

¢j2 (77) = (z)jz (77) - %;‘ [% o Alo%]

i (1) == ¢, (n) + 52 [%20 —Alo (2 + g)]

end
end
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Algorithm 2

Here we compute the coordinates ¢;(n) and v;(n) in 3D.

Input : cage P=(V,T), set of points A =17
Output: 3D GC ¢;(n),0;(n), i € Iy,j € Ir, n € A
// Initialization:
set all ¢; =0 and ¢; =0
// Coordinate computation:
foreach point n € A do
foreach face j € Ir, with vertices v, ,vj,,vj, do
foreach [=1,2,3 do
| v =51
end
p = (vj, - n(t;))n(t;)
foreach [=1,2,3 do
s := sign(((vj, —p) X (vj, 1, —p)) -n(t;))
Il = GC'I‘I‘iInt(p, Vi Vi 0)
11} := GCTrilnt (0, vj,, ,,Vj,,0)

qr = V5, X Uy
Ny == af|q|
end
3 3
I:=—| kzl selel;  Yi(n) = —I;  w:=n(t;)I+ kZI NIy,

if [jw|| > € then
foreach [=1,2,3 do

Ny
| Gin) = () +
end

end

end

end
Procedure GCTrilnt(p, v1,v2,7n)

(v := arccos <(U2 — Ul) : (p— vl)) ; B := arccos <(U1 —p) ' (U2 —p)>
[v2 — o1 |lp — va] o1 = pll [[v2 = pl|
A= |p— P sin(@)?  ci=|p—n]
foreach 0 =7 —a,7n —a—  do
S:=sin(f); C :=cos(h)

Ip = %”(S) [Qﬁafctan (%) +vAlog ((21\—505322 (1 - c(1+0)+A2f/A2+AcS2>>]

end
return — | o — Ir_a—p — /cB|
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