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1 | INTRODUCTION AND HISTORICAL CONTEXT

Let f be a holomorphic endomorphism of S, where S might be either the Riemann sphere,
€ = CuU{oo}, and so f is a rational map, or S = C, f does not extend to C (i.e., infinity is
an essential singularity) and f is a transcendental entire map. A central theme in complex
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dynamics is the study of the asymptotic behaviour of the iterates, or self-compositions, f”, as
n — oo. Building on early foundational work by Schréder, Koenigs, Leau, Montel, and others,
the systematic study of one-dimensional holomorphic dynamics began in the early 20th century
with the pioneering contributions of Fatou and Julia. One of their key insights was the partition
of the dynamical space S into two complementary sets: the set where the sequence (f™) forms
a normal family and the behaviour is stable under perturbation, today known as the Fatou set
and denoted by F(f), and its complement J(f) = S \ F(f), the Julia set, where the dynamics is
chaotic, and small changes in initial conditions can lead to vastly different outcomes. The fun-
damental properties of these two sets were already established in the early works of Fatou and
Julia, but several questions were posed, some of which took decades to be solved, or still remain
unsolved.

Following these foundational developments, the field entered a relatively quiet period. Never-
theless, important contributions continued to appear, notably from Baker and Brolin. A significant
revival occurred in the 1980s, largely spurred by computer-generated images of the Mandelbrot
set and related structures. These visualisations illustrated that even simple functions, such as
quadratic polynomials, could give rise to extremely complex and aesthetically striking dynami-
cal behaviour. Perhaps even more decisive was the new perspective brought by Sullivan, drawing
connections between the iteration of rational maps and quasiconformal deformations of Rie-
mann surfaces via his celebrated proof of the nonexistence of non-preperiodic components of
the Fatou set [76]. With these new techniques, Douady and Hubbard introduced a system-
atic framework for studying the dynamics of quadratic polynomials and developed powerful
tools such as polynomial-like mappings [27, 28], leading to renormalisation theory, a corner-
stone of today’s modern complex dynamics. The introduction of such tools in the field and this
renewed interest led to a period of intense activity and development, which continues to this
day.

A singular value of a holomorphic map f is a point w around which some single-valued
analytic inverse branch of f can be continued; equivalently, w is a critical or an asymptotic
value. The singular set S(f) is the closure of the set of singular values. Rational maps exem-
plify finiteness: they have no asymptotic values and only finitely many critical values; thus S(f)
is finite. Transcendental entire functions are different: infinity is an essential singularity, the
(topological) degree is infinite, and S(f) may be infinite; asymptotic values can occur (e.g., 0
for e#). Additionally, by Picard’s theorem, in any punctured neighbourhood of infinity at most
one value is omitted, hence the global behaviour is significantly more intricate and harder to
control.

It is in this setting that Eremenko and Lyubich, building on Baker and Herman’s earlier work,
began a systematic study of the iteration of transcendental entire functions. In a series of papers
beginning in the 1980s they laid down the foundational tools and ideas for the field, for example,
see [33]. Their work introduced new techniques from classical complex analysis into holomorphic
dynamics and proposed a number of challenging questions that have since guided the develop-
ment of the subject. Central to this narrative is the pathological examples paper, published in
English in 1987 in the Journal of the London Mathematical Society [32]; its contents trace back
to work undertaken in Kharkiv (Ukraine) in the fall of 1983 [30], with an announcement in 1984
[31]. Despite its modest length of 11 pages, it had a lasting impact on the field. In this paper, the
authors present a refined version of Runge’s classical approximation theorem and combine it with
Arakelyan’s theorem to construct five transcendental entire functions, each exhibiting surprising
and at the time previously unseen dynamical behaviours.
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The significance of their article lies in two aspects. First, it initiated the use of classical approx-
imation theorems from complex analysis, particularly Runge’s and Arakelyan’s theorems, as a
method for constructing transcendental entire functions with prescribed dynamical features.
This approach has since become a standard tool in the field. Second, the examples provided in
the paper revealed new dynamical behaviours, considered at the time pathological in compari-
son to the relatively tame and better understood world of rational dynamics, and posed natural
questions, some of which still remain open. Nearly four decades later, these examples are no
longer viewed as anomalies but rather as foundational and even emblematic of the richness
and depth of transcendental dynamics. What once seemed exotic, unnatural or even patho-
logical is now regarded as insightful, paradigmatic and central to our understanding of the
subject.

This expository note is devoted to a careful examination of the 1987 paper, its context,
techniques, and enduring influence on the modern theory of transcendental dynamics.

2 | APPROXIMATION RESULTS: THE TECHNIQUE

The topic of approximation theory in complex analysis deals with how well functions that are
analytic or continuous on a set can be approximated by analytic functions defined on a larger
set. Classical results like Runge’s theorem (1885) show that any function analytic on a neighbour-
hood of a compact set K with connected complement can be uniformly approximated on K by
polynomials. This idea was later extended by Mergelyan and Arakelyan, whose theorems allow
approximation even on certain unbounded sets, as long as the sets satisfy certain regularity con-
ditions at infinity. These results can be used to construct analytic maps with specific properties by
carefully choosing the functions to be approximated. For more information on the topic, see the
recent survey [42].

In the context of dynamical systems, the underlying idea is rather simple: one wants to
know whether certain model dynamics can occur for entire functions. To explore this, one
prescribes the desired behaviour using a model map, defined and being analytic in pieces (or
patches) of the plane, and whose analytic extension to the whole plane might not be possi-
ble. The goal is to “upgrade” this partially defined map to an entire function, accepting some
approximation error in the process. The main challenge lies in designing model maps that are
flexible enough to capture the desired dynamics, whilst still allowing control over the approx-
imation errors, so that the resulting entire function retains, even after iteration, the intended
properties.

Precisely to deal with the iterative aspect, one typically deals with infinitely many sets, often
arising from iterated images of a given one, forcing the errors to decease as the moduli of points
get larger. This reveals a limitation of Runge’s theorem—it only allows approximation on a single
region—as well as of Arakelyan’s. To overcome this, Eremenko and Lyubich extended Runge’s
result in the following way, adding some useful additional control in the process.

Lemma 2.1 [32, Main lemma, p. 460]. Let (G;) be a sequence of compact subsets of C with the
following properties:

(i) C\ Gy is connected, for every k;
(i) Gy nG,, =0, fork # m;
(iii) min{|z| : z € G;} > o ask - .
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Let z, € Gy, ¢, > 0 and 1 holomorphic on G = U,‘:’Zl Gy.. Then, there exists an entire function f
satisfying

1f(2) —9(2)| <&, forz € Gy;
f@) =9, f'E)=9(z), keN

The proof consists of successive applications of Runge’s theorem: for every m > 1, they obtain
a polynomial f,, approximating 1) — Z:’;l ;jonG, and0on G, U..UG,_, UK, where K, is
an increasing sequence of compact sets exhausting the whole plane. The errors are small enough
to ensure that )’ f,,, converges uniformly on compact subsets of C to an entire map f which also
approximates i on each G,, as required. By using a geometric lemma (suggested by Ju. I. Ljubich),
the polynomials can also be chosen to satisfy

Zfi(zk) =9(zx), and Zfi,(zk) =9'(z,), 1<k<m.
i=1 i=1

Hence, f satisfies the prescribed values and derivatives at the points z; .

In the coming sections, we shall illustrate how this result is used to construct some of the exam-
ples. Let us note, however, that although this method, when it works, guarantees the existence of
an entire function with the desired dynamics, it provides no information on the function outside
the region where the model map was defined. In particular, it neither describes how the func-
tion behaves globally, nor provides any information about the number or location of its singular
values, crucial in determining the global dynamics of the map. To overcome this problem, often
at the expense of flexibility, other approaches have been developed that offer more control over
the resulting function. These include (dynamical) quasiconformal surgery, see, for example, [23],
quasiconformal folding methods [20], constructions via Cauchy integrals [65, 70], and techniques
based on Hormander’s solution to the g—equation [35]. See also [43] for an extension of Lemma 2.1
to Stein manifolds, and [22] for a recent improvement of Runge’s theorem that allows construction
of maps with a bounded set of singular values.

3 | EXAMPLES 2 AND 3: UNIVALENT WANDERING AND BAKER
DOMAINS

3.1 | Background

Recall that for an entire map f, its Fatou set F(f) is the set of stability and it is defined as
the domain of normality of the family of iterates. In particular, F(f) is, by definition, an open
set, not necessarily connected. We call each of its connected components a Fatou component. A
Fatou component is periodic of period p > 1 if fP(U) C U, and preperiodic if there exists ¢ € N
such that f9(U) is contained in a periodic Fatou component. A periodic Fatou component of
period one is called invariant, and a Fatou component that is not preperiodic is called a wander-
ing domain. Equivalently, a wandering domain U is a Fatou component with the property that
fMWU)n f™(U) # @ only when n = m.

The behaviour of an entire map on a periodic Fatou component is fairly well-understood.
Invariant Fatou components can be classified into four types: attracting basins (when the iterates
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converge to an attracting fixed point) in U, parabolic basins (when orbits converge to a fixed point
with derivative 1 in the boundary of U), Siegel discs (when U is conjugate via a biholomorphic
map to an irrational rotation of the unit disc) and Baker domains (when f"|; — o0 as n - o
and oo is an essential singularity). See, for example, [13, Theorem 6] for details.

Observe that, by definition, Baker domains can only occur for transcendental functions. The
first example was given by Fatou [40, §15], who showed that the map z = e™* + z + 1 has a Baker
domain containing the right half-plane. Similarly, wandering domains also occur exclusively for
transcendental maps: Sullivan [77] famously proved in 1985 that no rational map (and there-
fore no polynomial) may have a wandering domain, after Baker had already constructed the first
example of a transcendental entire map with a wandering domain in 1976 [5]. As a result of the
absence of these types of Fatou components in the rational world, Baker and wandering domains
flew under the radar for a long time, with fewer examples and a poorer understanding of their
general properties.

One question of particular interest is whether the iterates on these components can be univalent
or, on the contrary, whether the degree must always be larger than one. We say that a Fatou com-
ponent is univalent if the restrictions of the iterates to this component are all univalent. A Siegel
disc is, by definition, univalent, whilst attracting and parabolic basins cannot be univalent, as they
must contain at least one singular value. No general results of this kind had been established by
the 1980s for Baker or wandering domains, and only a few examples were known. Fatou’s exam-
ple with a Baker domain is not univalent, as it contains critical points. Baker’s wandering domain
from 1976 is multiply connected and the degrees of the iterates increase, as shown in [6]. Herman
provided a couple of additional examples at the time. Namely, the map z — z + Asin(27z) + 1
is shown in [48, §11] to have a simply connected wandering domain, for certain values of 1 € C.
Another example is z — z + 271 — 1 + 7%, described in [6, p. 564].

These examples naturally lead to the question of whether univalent Baker and wandering
domains exist. The existence of univalent wandering domains is also relevant in view of Sullivan’s
proof of his no wandering domains theorem for rational maps: one first reduces to a simply con-
nected wandering domain on which the dynamics is eventually univalent, and then propagates
a Beltrami form supported there to obtain a nontrivial family of quasiconformal deformations.
For rational maps this contradicts the finite dimensionality of the parameter space, so wandering
domains cannot exist. For transcendental entire functions, by contrast, the space of quasiconfor-
mal deformations can be infinite dimensional; thus, the existence of a wandering domain would
not contradict deformation theory. Rather, it would show that Sullivan’s starting point—eventual
univalence—can still occur, whilst the dimensional obstruction disappears.

3.2 | The examples

Examples 2 and 3 in the paper we are studying give a positive answer to the question above:
they exhibit entire functions with a univalent wandering domain and a univalent Baker domain,
respectively. A sketch of the constructions is as follows.

We start with Example 3 of a univalent Baker domain, the simplest construction in the paper.
Our goal is to approximate the following dynamics: the univalent map z — 2z is prescribed on a
right half-plane, P,, whilst attracting dynamics generated by the map z — e® — 6 are prescribed on
aleft half-plane, P, (see Figure 1). The approximation theorem to use is Arakelyan’s theorem, since
the domains are unbounded, yielding an entire function f which approximates this model with an
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FIGURE 1 Left: schematic of Example 2 (univalent wandering domain): disjoint vertical strips iterate to
+00; the separating vertical lines belong to an attracting basin containing the unit disc. Right: schematic of
Example 3 (univalent Baker domain): dynamics modelled by z — 2z on a right half-plane bounded by a line L
that maps to a basin of attraction.

error less than 1/2. This is enough to see that a right half-plane D, C P, has Re(f(z)) > Re(z) +
1/2 for all z € D, hence all orbits in D, converge to infinity and D, belongs to a Baker domain.

Injectivity of f is guaranteed by the Cauchy integral formula for derivatives in a right half-plane
D D D,,. The straight line L = 0D is then shown to map into P,, which ensures the existence of a
univalent Baker domain D contained in D and containing D,,.

We point out that Herman, [49, III, §9], independently and at around the same time, gave
explicit examples of functions with univalent Baker domains, namely z — z + % sin(2zz) + b
and z — z + 2mia + €%, for suitable choices of a, b, « € R. This fact is also mentioned in [32]. In
the same work, Herman stated additionally that if f has a univalent Baker domain, then f has an
infinite-dimensional space of quasiconformal deformations.

In the case of wandering domains, Example 2, the model map one aims to realize is defined on
a sequence of disjoint closed vertical strips IT”/ , m > 10, of width increasing to 1 and centred on
the line {z : Re(z) = 3m}. The model map is linear and expanding on each strip IT”" and sends it
onto a vertical strip I1,,,; D I1,, + 1” of width exactly one, see Figure 1. One can check that the
iterates of a substrip IT* C 1'[’1’0 of width 1/2 remain inside the union of strip regions, where the
model map is defined, and hence tend to +oo along the real direction.

A subtlety here is that, even if one succeeds in extending such a model map to an entire function,
there is no guarantee that the resulting strips will lie in distinct Fatou components: they could
all be part of a single Baker domain. To prevent this, the model map also sends the closed unit
disc, D, compactly inside itself (ensuring the existence of an attracting fixed point inside) and the
boundaries of the strips II,,, inside D. This forces the wandering vertical strips to lie in different
Fatou components (of the final entire map), as desired. See Figure 1. This key idea is further refined
and exploited in subsequent publications, as we discuss in Section 4.

The approximation theorem used in this case is also Arakelyan’s theorem (with a slight mod-
ification to allow errors €,, — 0 on the strips IT//, as in Lemma 2.1), since the regions where the
model is defined are not compact. The transfer of univalence from the model map to the resulting
entire function is made possible by carefully controlling the approximation errors—chosen
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sufficiently small on each IT/ —and using the Cauchy integral formula for derivatives to ensure
that the derivative does not vanish and the distortion remains within the required bounds. The
entire function obtained therefore has a wandering domain D D IT*.

3.3 | Subsequent developments

Eremenko and Lyubich’s approach was later used to construct further examples of Baker domains.
In [68], univalent Baker domains of arbitrary period p > 1 are constructed, whilst [9] provides
examples of spiralling Baker domains. Incidentally, the only unbounded Fatou components whose
boundary may be a Jordan curve in C are precisely univalent Baker domains [8].

The understanding of Baker domains—both univalent and not—has advanced considerably
since the example of Eremenko and Lyubich. Building on Cowen’s results on the iteration of
holomorphic functions on the unit disc [25], a complete classification of simply connected Baker
domains has been obtained, together with a description of the space of quasiconformal deforma-
tions supported on this type of stable component, see [37, 52]. Further related examples were later
constructed in [19, 37, 51], and a comprehensive overview of later developments concerning Baker
domains can be found in Rippon’s survey [67].

Likewise, wandering domains are generally not univalent. In fact, multiply connected wander-
ing domains are never univalent; see [18] for a description of the dynamics in multiply connected
wandering domains. Simply connected wandering domains, on the other hand, exhibit a much
wider range of behaviours, as established in [12]. We shall discuss these results in the following
section. Further examples of wandering domains for meromorphic maps constructed following
this technique include [7, 69, 72]. For analogous constructions to those in [32] yielding self-maps
of C*, see [53].

4 | EXAMPLE 1: AN OSCILLATING WANDERING DOMAIN

The examples of wandering domains discussed so far are escaping, in the sense that all their iter-
ates tend to infinity. Formally, this means that the family of iterates, (f"),,, when restricted
to the wandering domain, converges to the constant function taking the value infinity. In fact,
it follows from standard arguments that all limit functions (i.e., limits of subsequences (f");)
in a wandering domain are constant [39]. However, there is a priori no reason to expect that all
such subsequences converge to infinity—the pairwise disjoint Fatou components in the orbit of
the wandering domain could have finite limit functions as well, either in addition to or instead
of infinity.

Example 1 in [32] provides the first (and still one of the few known) instances of a wandering
domain with infinitely many limit functions, infinity being one of them. In the modern termi-
nology, such a domain is known as an oscillating wandering domain, meaning that the iterates
accumulate both at infinity and at least one (and thus infinitely many) other finite value. The
rough idea of their construction is as follows: using their “infinite version” of Runge’s theorem,
Lemma 2.1, the authors prescribe translations between a sequence of balls (B,,,) tending to infinity,
with radii r,, — 0; see Figure 2. Around each of them, a half-annulus Q,, is mapped to an appro-
priate domain 9, in B, successively closer to 0, ensuring that iterates of a neighbourhood of
9,, remain within the collection of balls for sufficiently long, and that f™*1(9,,, ) is contained
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FIGURE 2 The original figure in [32] illustrating the construction of an oscillating wandering domain

containing <,. For m > 0, the model map translates every ball B,, to the right so that a,, is sent to a,,, ;. After m
iterates, 2,, maps inside Q,,, which in turn is mapped inside 2, , creating an oscillating pattern. Sets and errors
are carefully chosen so that the resulting approximation map satisfies the same inclusions, and hence a, = Ois a
limit point for every orbit in 9. Hence, each a,, and oo occur as limit functions.

in the half-annulus Q,,,,, creating an oscillating behaviour. All parameters in the construction,
including radii and errors, are chosen with sufficient care to ensure that the resulting entire map
has a Fatou component, necessarily a wandering domain, replicating the prescribed dynamics.

Following their construction, the authors posed the question of whether there exists an entire
function with a wandering domain for which all limit functions are finite. This question remains
open to this day and is considered one of the most prominent open problems in transcendental
dynamics. Various formulations and variants of this question, attributed to the authors and oth-
ers, along with progress towards their resolution, are compiled in Hayman and Lingham’s open
problems list [46, Problems 2.67, 2.77, and 2.87].

4.1 | Subsequent developments

As mentioned earlier, the construction methods in [32] give no information about the global fea-
tures of the resulting map f. In particular, one knows neither the number nor the location of its
singular values. The singular set S(f) plays a crucial role in holomorphic dynamics; indeed, every
stable component is associated with at least one singular value, so one may say that this set of
“special” points governs the dynamics of f; see [13, §4.3], [14] or [10].

For polynomial and rational maps, this set is always finite. It is therefore natural to look for
parallels between the dynamics of such maps and those in the Speiser class S, consisting of all
transcendental entire functions with a finite number of singular values. This class, which includes
exponential and trigonometric maps, retains some of the “tameness” characteristics of rational
dynamics. For example, Eremenko and Lyubich [31] (see also [34, Theorem 3]), and independently
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Goldberg and Keen [44, Theorem 4.2], proved in the 1980s that functions in S do not have wan-
dering domains. A natural extension of the class S is the Eremenko-Lyubich class 13, consisting of
all entire functions for which S(f) is bounded. Shortly after, Eremenko and Lyubich showed that
functions in B cannot have escaping wandering domains [34, Theorem 1], although it remained
an open question for nearly 20 years whether they could have wandering domains at all.

From the 1990s onwards, building on the foundational work of Eremenko and Lyubich,
research in transcendental dynamics largely focused on specific families of functions, such as
exponential and cosine maps, or on general properties of functions in the class 5. For overviews
of the dynamics in this class, see [74] and the recent survey on escaping dynamics [17]. During this
period, the study of wandering domains continued but received comparatively less attention until
2015, when Bishop developed his technique of quasiconformal folding and used it, amongst other
things, to construct the first example of a function in 3 with an oscillating wandering domain [20].
This result revived interest in the topic, and several variants of Bishop’s construction soon fol-
lowed, yielding functions in /3 with additional features such as unbounded oscillating wandering
domains [54] and univalent ones, [38]. Subsequently, using quasiregular interpolation, Marti—
Pete and Shishikura [55] constructed functions in /3 with oscillating wandering domains with the
additional property of being of finite order of growth. In parallel, Bishop also constructed, via
an infinite product, a function with multiply connected wandering domains whose Julia set has
Hausdorff dimension 1, [21], thereby solving a long-standing problem in transcendental dynamics.

These developments renewed momentum in the study of wandering domains and brought fresh
attention to the techniques introduced by Eremenko and Lyubich in the paper at hand, which have
recently found striking and unexpected applications that we now describe.

The classification of periodic Fatou components outlined in Section 3 dates back to Fatou’s
work a century ago. However, certain Fatou components admit a finer classification. This is the
case of Baker domains [37] and much more recently, of simply connected wandering domains [12]
and multiply connected ones [41]. Benini et al. [12] provided a framework for understanding the
different types of behaviour that can occur in these domains. Their approach takes into account
both the hyperbolic distances between iterates and how orbits interact with the boundaries of the
wandering domains, leading to a classification into nine distinct dynamical types. The construc-
tion of examples realizing each of the nine different types is heavily inspired by the techniques
developed in [32]. In particular, they use a slightly refined version of Lemma 2.1 that allows for
the prescription of additional orbits. Using this extended version of the lemma, the authors con-
struct escaping wandering domains that are, roughly speaking, translated copies of a disc, with
extra care taken to control the location of the boundaries, proving that these could even be Jordan
curves. The exact prescription of a certain number of points allowed by the key Lemma 2.1 plays
a crucial role here, since it determines the type of the wandering domain that is obtained.

Further constructions using techniques from approximation theory include examples of
bounded oscillating wandering domains [36], and of unbounded wandering domains exhibiting
different internal dynamics [35].

The control of boundaries in the construction of wandering domains was taken significantly
further by Thaler in [78], who showed that any bounded, connected, regular open set whose clo-
sure has connected complement can be realized as an escaping (or as an oscillating) univalent
wandering domain of an entire function. Recall that a domain is regular if it coincides with the
interior of its closure. In particular, this result implies that the boundaries of bounded simply-
connected wandering domains can be arbitrarily well-behaved, for instance, even analytic, in
contrast to invariant Fatou components, whose boundaries are known to be generally highly
non-smooth; see [3] and [11, Theorem C].
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Perhaps rather surprisingly, the exact prescription of the boundary is again achieved using the
approximation techniques introduced by Eremenko and Lyubich. However, Boc Thaler intro-
duced a crucial new idea: rather than approximating the entire forward orbit of a domain in a
single step using Lemma 2.1, the construction proceeds inductively by applying some version
of the lemma infinitely many times. More precisely, a sequence (f,,) of entire functions is con-
structed, converging uniformly on compact sets to a limit map f. At each step n, the map f,
is defined so as to approximate f,_; on a large disc that contains the images of the wandering
domain under the first n — 1 iterates. Additionally, f,, is carefully defined on a new region where
the nth iterate will lie, so as to shape the domain in the desired way by mapping “layers” of points
to an attracting basin. This inductive control allows the construction to “sculpt” the boundaries
of the resulting domain precisely.

Building on Boc Thaler’s techniques, Marti-Pete, Rempe, and Waterman [57] pushed the
boundary control even further, showing that any bounded simply connected domain D such that
€ \ D has an unbounded connected component W with W = 4D can be realized as an escap-
ing wandering domain of a transcendental entire function. This significantly broadens the class
of admissible domains, allowing for examples with highly intricate geometry, like, for example,
a Lakes of Wada continuum, where the complement C \ D has two or more (possibly infinitely
many) connected components, all of which share the same boundary dD. This marks the first
appearance of Lakes of Wada continua in holomorphic dynamics. For related results in the
meromorphic setting, see [56].

The constructions in [57, 78] are further modified in [63] to produce an example of an oscillating
wandering domain with the property that, in a precise sense, nearly all of its forward iterates are
contained within a bounded domain, a problem closely related to the fundamental question of
existence of wandering domains with all its limit functions in a bounded set.

But perhaps the most unexpected and celebrated result building on the paper we are surveying
is the construction, in the same article [57] by Marti-Pete, Rempe, and Waterman, of a counterex-
ample to Eremenko’s conjecture. This conjecture, posed by Eremenko in 1989 [29], asserts that
every connected component of the escaping set of a transcendental entire function, defined as

I(f)={zeC: f'(z) > 0 asn — oo}, (4.1)

is unbounded. This conjecture has been a driving force in the field for many years, motivat-
ing a large body of results and establishing connections to other important questions; see the
introduction of [57] for details.

5 | EXAMPLES 4 AND 5: JULIA SETS OF POSITIVE AREA
SUPPORTING INVARIANT LINE FIELDS

For the last two examples constructed in [32], attention shifts from the stability of the Fatou set
to the dynamics on its complement, the Julia set. Due to the expansive nature of a meromorphic
function f on its Julia sets, J(f) is either the entire complex plane (or, if f is rational, the Riemann
sphere C), or it has empty interior. Examples of rational functions with J(f) = € arise from the
multiplication theorems of elliptic functions, particularly the class of Lattés maps, see, for exam-
ple, [61, Theorem 7.3]. For entire functions, the first known example was given by Baker, [4], who
showed that J(1ze?) = C for a suitable value of 1. Later, Misiurewicz [62] confirmed a conjecture
of Fatou by proving that J(e?) = C.
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FIGURE 3 Schematic of the construction of Example 4, a Julia set of positive measure which is not the
entire complex plane.

Example 4 in [32] provides an instance of an entire function f for which J(f) # C, yetJ(f) has
positive Lebesgue measure. The idea behind the construction is as follows. Consider a sequence
of pairwise disjoint unit squares Q, arranged along the real axis, each containing the point 4k,
for k > 0. Around each Q,, take a slightly larger square, Qllc, of side length 1 + ¢, and inside each
Qy, select four smaller squares Q ik (for j =1,...,4), arranged so that the remaining set E; :=
Q. \U  Qj i has area tending to zero as k — oo, see Figure 3. Using Lemma 2.1, one constructs
an entire function f that maps each Q; ; univalently onto Qy, with sufficiently large derivative
to ensure strong expansion. An attracting fixed point is also introduced in the construction to
guarantee that the Julia set is not the entire complex plane.

The set of points in Q, that remain in the sequence of squares under iteration, that is, those
obtained by taking successive preimages of the Q; , as k — oo, forms a Cantor set K. By construc-
tion, K C J(f), since the prescribed large derivatives enforce expansion on this set. Moreover,
K has positive Lebesgue measure due to two key features: the strong contraction of preimages
(caused by the large derivatives) and the fact that the area of the complement of the iterates of K
in the union of squares is controlled by the measure of the sets E, k > 0, which tends to zero as
k — oo.

Observe that K is not only contained in J(f), but, by construction, it also lies within the escaping
set I(f). In parallel with the work in [32], McMullen [59] showed that all maps in the sine family,
given by z — sin(az + f8), a # 0, also exhibit this property: their escaping set is contained in the
Julia set and has positive Lebesgue measure.

The authors show, additionally, that the map f in Example 4 supports a measurable invariant
line field on J(f). Following [32], for a field of straight lines defined on almost all z € J(f), let
0(z) € R/7Z be the angle of the line at z with the positive real axis, and encode it by

%@,z e J(f),

0, z € J(f).

u(z) =

The field is measurable if u is measurable, and it is non-trivial if mes(J(f)) > 0. It is f-invariant
when

['@)
If"(2I

2
u(f(z) = < > u(z) for almost all z € J(f). (GR))
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Equivalently, an invariant line field is a Beltrami coefficient u(z) supported on J(f) such that
|u(z)| = 1 and f*u = u. The relation between the two definitions is given by u(z) = exp(2i6(z)).

The existence of invariant line fields supported on the Julia set of an entire or meromorphic
function (which, by definition, implies that J(f) has positive measure) is central to the conjecture
known as density of hyperbolicity, which asserts that hyperbolic functions are dense in natural
families of meromorphic functions under suitable assumptions, one of the main problems in one-
dimensional real and holomorphic dynamics. For example, in the quadratic family z — z% + ¢,c €
C, the existence of non-hyperbolic components of the interior of the Mandelbrot set is equivalent
to the existence of polynomials with positive-measure Julia sets that carry an invariant line field
(see, e.g., [58, 60]). Although it was long believed that Julia sets of quadratic polynomials might
always have zero area, which would rule out invariant line fields, this was disproved by Buff and
Cheritat [24]. In transcendental dynamics, the relationship is less direct: for a family whose set
of singular values is unbounded, not even the set of structurally stable maps (a weaker condition
than hyperbolicity) must be dense—see, for example, [1].

In the paper at hand, Eremenko and Lyubich showed that the function built in Example 4 car-
ries an invariant line field in K, a subset of its Julia set. By adjusting the errors of the approximation
they show that

|arg f'(z)| < A Sy, forall z € Q ;,

where A is a constant and &, is a summable sequence. This implies that the series 6(z) :=
- Yisoarg f '(f*(2)) converges absolutely and uniformly on the union of forward images of the
Cantor set and defines a continuous function, which satisfies the invariance formula

6(f(2)) = 6(2) + arg f'(2),

or equivalently, satisfying (5.1). Hence, 0 is a non-trivial invariant line field on a subset of the Julia
set of positive measure.

Furthermore, Example 5 (a modification of Example 4) constructs a function with an infinite-
dimensional family of invariant line fields, something impossible for functions in class S.

5.1 | Subsequent developments

Further families and classes of transcendental entire functions have been shown to have Julia
sets of positive area, by proving that the escaping set is contained in the Julia set and itself has
positive measure. This strategy is particularly effective when f € B, since for such functions
it is always the case that I(f) C J(f). In some cases, it is even shown that the complement of
I(f) (or J(f)) in unbounded regions has finite area. Along these lines, Schubert [71] showed
that the Fatou set of the sine map has finite area in vertical strips of width 27, thereby com-
plementing McMullen’s result. Hemke [47], and later Wolff [79], studied families of functions
defined as linear combinations of exponentials and polynomials, providing conditions under
which meas(C \ I(f)) < oo.

Sixsmith [73] proved that for certain families generalizing exponential and sine functions, the
escaping set, and even its subset, the fast escaping set, has positive measure and exhibits a par-
ticular topological structure known as a spider’s web. Additional sufficient conditions for I(f) to
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have positive measure, stated in terms of growth estimates for functions in class 3, were given
by Aspenberg and Bergweiler [2], and were later shown to be sharp by Cui [26]. Further results
for functions outside class /3 with Julia sets of positive measure, based on growth and regularity
conditions, are given in [15, 16].

In McMullen and Eremenko-Lyubich examples, the Julia set has infinite positive measure.
In [81], Wolff refined the constructions in [32, Examples 4 and 5], using a more intricate grid of
squares with carefully prescribed dynamics to construct a transcendental entire function whose
Julia set has finite positive measure.

Functions in class S may have Julia sets, and even escaping sets, of positive area, as illustrated
by the example z — sin(z) discussed above. Nevertheless, it is conjectured that functions in S
admit no invariant line fields supported on their Julia set, in analogy to the so-called Fatou’s con-
jecture in rational dynamics, see [34, §8, p. 1016]. The absence of line fields supported on Julia
sets has been proved for certain classes of non-recurrent meromorphic functions in class B [66],
as well as for meromorphic maps satisfying specific conditions on the postcritical set [45]. More-
over, it is known that functions in class B cannot support invariant line fields on their escaping
set, unlike in [32, Example 4]; see [64, Theorem 1.2] and also [17, §8.6]. Several results concerning
functions whose Julia set has zero area (and therefore cannot support invariant line fields) can be
found, for example, in [34, 50, 75, 80, 82].
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