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Introduccid

Des de la revolucié newtoniana, molts problemes fisics poden ser formulats com a solucions
d’equacions diferencials que defineixen sistemes dinamics continus. Anem a introduir un
escenari senzill per a aquests problemes. Sigui M una varietat suau i X : M — T M
un camp vectorial analitic real. Ens ocuparem de les solucions d’equacions diferencials
ordinaries donades per

z=X(2), (0.1)

per a z € M. El flux de (0.I), ¢ : R x M — M, defineix un grup uniparametric de
difeomorfismes suaus {¢; }er que determinen la dinamica sobre M sota X. Una altra
perspectiva per estudiar 1’evolucié d’'un sistema consisteix a estudiar les orbites d’un d’'una
aplicaci6é que actua sobre M com

Fr: M-—M
2z — F(2),

on les Orbites sén donades per les iteracions de F. Aquest sistema dinamic es diu discret. Es
possible construir sistemes dinamics discrets a partir dels continus de manera senzilla. Per
exemple, es podria considerar 'aplicacié de temps—1, ¢, o 'aplicacié de retorn de primer
ordre de Poincaré. La construccié de camps vectorials compatibles a partir d’aplicacions
és una qiiestio molt més subtil. Subratllem que, tot i que aquesta tesi tracta principalment
sistemes Hamiltonians no autonoms, per ara ens concentrarem en els sistemes autonoms
per claredat. Podriem considerar que aixo no és una restriccid, perque recordem que
qualsevol sistema dependent del temps pot ser autonomitzat estenent 1’espai de fase.

Certament podriem demanar estructura addicional sobre M, X, i F. Per exemple, en
mecanica Hamiltoniana, M és una varietat suau equipada amb una 2—forma diferencial
w que és simplectica, és a dir, tancada (dw = 0) i no degenerada. La condicié de no
degeneracié implica que M ha de ser de dimensi6 parella. També necessitem una funcié
suau H : M — R, el Hamiltonia. El camp vectorial X : M — TM associat a H es
defineix com

LxWw = —dH, (02)

on txw = w(X, ) és la contracci6 de la forma simpléctica amb el camp vectorial X.

A causa d’un teorema de Darboux, sempre existeixen coordenades canoniques (g, p) que
transformen localment la forma simplectica w en la forma simplectica estandard

d
w, =dpAdg = dez/\dqw
i=1
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on A és el producte exterior. En aquestes coordenades, les equacions de moviment donades
per (0.2) sén
- OH . oH

Aquestes sén les equacions classiques (canoniques) de Hamilton.

A partir de la magica férmula de Cartan podem veure immediatament que el flux de X
preserva l'estructura simplectica ja que

EXw = dLXw + Lxdw = 0,

on Ly és la derivada de Lie respecte al camp vectorial X i d és la derivada exterior. El
primer terme és zero perque tyw és una 1—forma exacta i el segon és zero perque w és
tancada per suposici6. Llavors, per a qualsevol ¢t € R, ¢, és un simplectomorfisme i {¢; }1er
és un grup uniparametric de simplectomorfismes. Que ¢; preservi la forma simplectica
també es pot escriure com

Piw = w, (0.3)

on ¢;w denota el pullback de la forma simplectica pel difeomorfisme ¢;, que ja sabem que
és un simplectomorfisme.

Si suposem que w és exacta, és a dir, existeix una 1—forma « tal que w = da, aleshores
observem que

0 =¢;da — dx
:d(¢:a - OC),

on hem utilitzat que el pullback i la derivada exterior commuten. En conseqiiéncia,
la 1—-forma ¢;ox — o és tancada. A més, es pot demostrar que la forma ¢;or — o és
exacta. Vegeu I'Apéndix [Al Es a dir, existeix una funci6 p; tal que ¢y — o = dp;. Direm
aleshores que ¢, és exactament simplectica o, equivalentment, un simplectomorfisme exacte.
L’estructura que tenim per al nostre sistema dinamic té implicacions sobre el tipus de
solucions que podem esperar i com les podem calcular. En aquest treball, ens ocuparem
principalment d’objectes invariants per als quals la geometria ens ajudara a demostrar
la seva existencia i en el seu calcul. Ara mostrarem algunes implicacions de naturalesa
geometrica en la dinamica.

Considerem una funcié Hamiltoniana analitica real H : U — R, on U C R?" és un conjunt
obert, i sigui X : U — R?" el camp vectorial Hamiltonia construit a partir de (0.2).
Introduim el claudator de Poisson de dues funcions qualssevol f, g : U — R com

{fvg} = w(Xf’Xg)a

on Xy i X, sén els camps vectorials Hamiltonians associats a les funcions f i g. En
coordenades canoniques (g, p), el claudator de Poisson es pot expressar com

_~=0fdg Of 9y
{f,g} B ; Op; 0gq;  0q; Op;

D’aquesta expressio veiem que la variacié d'una funcié f al llarg de les corbes integrals del
camp vectorial Hamiltonia es dona per
d Z” of . of .
o) = . . (@]

i=1 g
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" Of OH Of E)H)
— — o
(; dq; Op; Op; 0q; b

= {H. f}oo. (04)
Conseqiientment, si el claudator de Poisson {f, H} és nul, f és una integral de moviment

per al sistema dinamic definit per H. Cal notar que aquesta conclusié també és valida per
a una forma simplectica arbitraria w en una formulacié sense coordenades com segueix

{fH} = w(Xy, Xy) = ([”Xfw)(XH) = —df(Xy) = =Xy (f) = —Lx, [,

on hem utilitzat (0.2). Per tant, si {f, H} =0, f és una integral de moviment per al flux
Hamiltonia donat per H. Les implicacions de I'existencia d’integrals de moviment en un
sistema Hamiltonia son clares a partir del segiient teorema ben conegut [Lio55] [Arn89]

Theorem 0.1 (Liouville-Arnold). Suposem que tenim una col - leccié de n funcions
{H)") en involucié sobre una varietat de 2n dimensions, és a dir,

{H;,H;} =0 peri,j=0,...n—1,
i considerem el conjunt de nivells
My={2:H;=¢ peri=0,...,n—1}

Suposem que dH; son linealment independents a cada punt de My. Llavors:

1.) My és una varietat suau, invariant sota el flur Hamiltonia de H,.
2.) Sila varietat My és compacta i coneza llavors és difeomorfa a un tor n—dimensional.
3.) El flux de Hy sobre My és quasi-periodic.

4.) Les equacions canoniques amb Hamiltonia Hy es poden integrar per quadratures.

Un corol - lari del teorema anterior és que si My és difeomorfa a T", existeix una trans-
formaci6 simpleéctica a coordenades d’accid-angle (0,1) = 1(q,p) de manera que el nou
Hamiltoniana H (6, I) = Hyo1)(p, q) adopta la forma H(0,I) = h(I), pera § € T"i I € R™.
Conseqiientment, la dinamica governada per H és trivialment donada per

0=—, I=0. (0.5)

Les accions I sén constants i el moviment en T" és una rotacié rigida amb freqiiencia
w = 0rh(I). Si w és racionalment independent, llavors les trajectories sén denses en T™.
En resum, si s’aplica el teorema de Liouville-Arnold, tot I'espai de fases esta foliat per
tors invariants i diem que el sistema és integrable en el sentit de Liouville-Arnold. Un
exemple classic d’un sistema integrable és el problema de dos cossos, també conegut com
el problema de Kepler—que és de fet super integrable, ja que hi ha cinc integrals primeres
independents per a un espai de fase de sis dimensions. Ara ens preguntarem sobre sistemes
que es poden escriure com una pertorbacié d’'un de integrable. Aix0 inclou, per exemple,
els models restringits dels tres cossos, que de fet van ser un dels principals motius per
estudiar aquesta classe de sistemes.
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Suposem que tenim un sistema Hamiltonia integrable amb Hamiltonia analitic real h = h([).
Quan el Hamiltoniana integrable és pertorbat com

H(O,I) =h(I)+f(0,1,¢), (0.6)
per algun ¢ petit i f analiticia real, les solucions del sistema governat per h continuen
estant presents d’alguna manera per al sistema governat per H? Estudiar els sistemes
Hamiltonians de la forma és considerat per molts com el problema fonamental de la
dinamica—que va ser expressat per primera vegada per Poincaré. Aquests sistemes son
anomenats sistemes Hamiltonians gairebé integrables i son especialment adequats per a
I’aplicacié de tecniques de teoria de pertorbacions.

Una nova revolucié en I'estudi d’aquests problemes va sorgir d’una competicio cientifica
organitzada en nom del Oscar II rei de Noruega i Suécia sobre l'estabilitat del nostre
sistema solar. El problema era en realitat demostrar la convergencia de les series formals
de la solucié del problema dels n cossos que va estudiar Weierstrass. El premi va ser
atorgat a Poincaré pel seu tractat [Poi90]—mno per demostrar la convergencia de les séries,
sind pel seu extens i revolucionari treball que es resumeix en demostrar que el problema
dels tres cossos no és integrable en el sentit classic. De fet, hi va haver un error en el
treball presentat a la competicid, pero aquest només es va descobrir i corregir després
d’atorgar el premi. La versio corregida contenia noves idees que Poincaré va continuar
desenvolupant en els famosos volums de Les Méthodes Nouvelles de la Mécanique céleste.
Per tal d’obtenir una visié historica, vegeu [Duml4].

L’enfocament classic per demostrar la integrabilitat consisteix en realitzar canvis canonics
(simpléctics) de variables per transformar el Hamiltonia gairebé integrable H a la forma
H = h(J), on J sén les noves accions. Aleshores, la dinamica és de la forma i el nostre
Hamiltonia transformat és integrable. Ara il - lustrarem per que aquest procediment formal
no es pot esperar que convergeixi sota condicions generiques. En el temps de Poincaré,
aquest procediment es basava en funcions generadores de transformacions canoniques amb
variables mixtes, pero il - lustrarem les obstruccions amb ’enfocament modern equivalent de
les seéries de Lie. Considerem el Hamiltonia i suposem que tenim un altre Hamiltonia
analitic real ¢g. No és dificil mostrar que el Hamiltonid transformat H = Ho¢?, on ¢9 és el
flux per al Hamiltonia g, i per tant un simplectomorfisme, adopta la forma

N _ _ t2 _ tS
on hem utilitzat (0.4]). Com que la perturbaci6 és de mida &, buscarem un Hamiltonia g
tal que en les noves coordenades (p, J) = ¢;7(0, 1), H = Ho¢;? sigui integrable a a primer
ordre en €. Observem que a partir de ((0.7)) obtenim
H="h+e(f+{g, h}t)+O(). (0.8)

Podem agafar ara t = 1, és a dir, el nostre canvi simplectic de coordenades és I'aplicacio
de temps—1 del Hamiltonia g, i requerir que ¢ satisfaci ’equacié homologica

f+{g,h} =0,

de manera que H sigui integrable fins a 'ordre un en e. Escrivim ara f i g com la segiient
serie de Fourier

Flo, J)= 3" ful D)™™ 2 glp, J) = > Gu(J)e*™ ™,

kEZn keZn
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on ¢ és la unitat imaginaria. Aleshores, si utilitzem les expressions anteriors per a f i g, la
soluci6 formal a I’equacié homologica ve donada per

X —J
p— 0-9
I = ik W’ (0.9)
on recordem que w = w(J) = 9%(.J) depeén de les accions J. Anomenem w(.J) I'apliacacié

de freqiiéncies. Repetiriem aleshores el procés de normalitzacié per "empenyer' els termes
d’ordre €2 als termes d’ordre €* per a k > 2 i esperariem eliminar tota dependéncia de
I’Hamiltonia transformat en els angles després d’'un nombre infinit de transformacions.

Veiem immediatament que si volem tenir alguna esperancga que el procediment formal
convergeixi, necessitem que fo = 0, és a dir, necessitem que la mitjana de f sobre T™ sigui
zero. Suposarem aixo sense perdre generalitat. Observem que sempre podem considerar
f={(f)+ f, on (-) denota la mitjana sobre T" i (f) = 0, i reemplacar h pel Hamiltonia
integrable h + £(f). També necessitem la condicié de no ressonancia k - w # 0 per evitar
divisors iguals a zero. A més, si inspeccionem ((0.9) més detingudament, veiem que fins i tot
per a w no ressonant el denominador a pot ser arbitrariament a prop de zero. Aquest
és el problema dels petits divisors. Aquests petits divisors constitueixen una obstruccio a la
integrabilitat classica, ja que les normes dels coeficients de Fourier poden créixer per
a conjunts oberts de condicions inicials en les accions, fent que la serie no convergeixi
uniformement a una funcié analitica real.

El problema dels petits divisors va ser resolt per primera vegada per Siegel en [Sied42] per
al que s’anomena problema de linearitzacié o simplement el problema de Siegel. En la seva
prova, Siegel va utilitzar condicions diofantiques per controlar quantitativament els petits
divisors que apareixen en el problema. Parlant en termes generals, el vector de freqiiencia
w € R? és diofantic si els nombres racionals I’aproximen malament de manera quantitativa.
Volem subratllar que normalment hi ha dos tipus de condicions diofantiques:

Deont (7, 7) = {w € R : [k -w| > 7|k} VE € Z4\ {0}, (0.10)
Diise(7,7) i={w €RY: |k-w—n| >~]k|™"} VkeZ\ {0}, ncZ, (0.11)

ambdues per a algun v > 01i7 > d — 1 per el conjunt D,,,; i 7 > d per el conjunt Dy;,..
La condici6é apareix freqilentment quan treballem amb sistemes dinamics continus,
mentre que la condicio és tipica del cas discret. Observem que, si suposem que
w(J) a és de la forma Dy (v, 7), aleshores del decaiment exponencial de fk per
I’analiticitat de f resulta que la serie convergeix absolutament—per a J tal que
wW(J) € Deont(7y, 7). Podriem dir que la convergencia té lloc en el conjunt d’accions

D' (y,7) i ={J €R": |k-w(J)| > ~|k|"} Vkez\{0}.

En el que segueix, requerirem que w(J) sigui no degenerat, és a dir, det ]g—;ﬂ # 0, de
manera que 'aplicacié de freqiiencies sigui un difeomorfisme local. Subratllem que els
conjunts D(v, 7) de (0.22)-(0.23) sén de tipus Cantor i, com que w(J) és un difeomorfisme,
també ho és, D (v, 7).

Recordem que la convergencia de la série és només el primer pas per transformar
el Hamiltonia en forma integrable. La manera de realitzar el procediment infinit
va ser tragada per Kolmogorov [Kol54] i provada pel seu alumne Arnold [Arn63al per a
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Hamiltonians analitics. L’enfoc seguit per Kolmogorov en [Kol54] consisteix a transformar
el Hamiltonia en una forma normal de Kolmogorov

K=E+w-J+Q(p,J),

on E € RiQ = O(|J?) per a la qual T" x {0} és un tor invariant. Cal notar que
Kolmogorov considerava w fixa, a diferencia de considerar-la una aplicacié sobre ’espai
d’acci6. Val la pena esmentar que Arnold va provar el Teorema de Kolmogorov seguint
un enfoc lleugerament diferent. Concretament, va construir funcions generadores per
transformar el Hamiltonia , després de k canvis canonics de coordenades, en

Hil(p, J) = hi(J) + 2 fulip, J).

El terme €2” mostra la convergencia quadratica dels metodes iteratius de tipus Newton, que
permeten superar els petits divisors a cada pas del procediment. El cas de la diferenciabilitat
finita va ser provat per Moser utilitzant les técniques de suavitzat de Nash per superar
la perdua de derivades en el que ara es coneixen com a metodes iteratius Nash-Moser
[Mos62]. Aquests treballs van donar lloc al que avui es coneix com la teoria KAM, que
rep el nom dels seus fundadors Kolmogorov, Arnold i Moser.

Recordem que originalment el desenvolupament de la teoria KAM va ser motivat per
problemes de mecanica celeste. No obstant aixo, un ingredient clau en les proves de
Kolmogorov, Arnold i Moser és la suposicié que la pertorbacié és prou petita. En
[Arn62, [Arn63b], Arnold va provar la persisténcia del moviment quasi-periodic en el
Problema Pla de Tres Cossos per a una rad prou petita del semieix major. No obstant
aix0, com va assenyalar Hénon [Hén66], aquests resultats, tot i ser de gran importancia
teorica, no tenen aplicabilitat als sistemes planetaris realistes a causa de la necessitat que la
pertorbacié sigui extremadament petita, de 'ordre de 107333 per al treball d’Arnold. Aixo
és una sorpresa, ja que les expansions formals efectuades feia temps pels astronoms, on van
trobar divisors petits, van ser ttils per aproximar trajectories. El fet que els tors invariants
persisteixin per a valors grans del parametre de la pertorbacié va ser fortament suggerit
posteriorment per experiments numerics amb 'arribada de 1'ordinador. Potser el treball
més famés en aquesta direcci6 és el de 'aplicacié estandard de Chirikov [Chi79], per la
qual, utilitzant el criteri de Greene desenvolupat en [Gre75], no existeix cap cercle invariant
amb el nombre d’or com a nombre de rotacié per a € > e. = 0.97163540324. Aquest valor
de € esta fora del regim pertorbatiu de la teoria KAM classica. No obstant aixo, durant les
darreres dues decades hi ha hagut una quantitat significativa de treball en la teoria KAM
no pertorbativa, que ha permes provar—amb tecniques assistides per ordinador—que per
a e = 0.9716 existeix un cercle invariant d’or [FHL17]. Ara ens endinsarem en aquest
enfocament modern de la teoria KAM.

Un aveng important va sorgir precisament per deixar de banda la suposicié que la pertor-
bacié és prou petita. Aixo es va fer a [dILO1, dAILGJV05] amb 'objectiu de desenvolupar
el que inicialment es va anomenar teoria KAM sense variables d’acci6-angle. Els autors
van obtenir teoremes per a l'existencia de tors invariants de dimensié maximal en sistemes
Hamiltonians. L’existencia es va obtenir a partir de la convergencia d’un procediment
iteratiu en una escala adequada d’espais de Banach. El seu enfocament és conceptualment
molt diferent del de la teoria KAM classica. Concretament, en lloc de transformar el
Hamiltonia, 'estratégia és buscar directament una incrustacié (embedding) d’un tor que
satisfaci una equaci6 funcional triada per tal d’establir la invariancia del tor i per tant
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anomenada equacid d’invariancia. 11 - lustrem aquest enfocament per a un sistema dinamic
discret sobre R?™ (o algun subconjunt obert d’ell) i una aplicacié F : R* — R?". Volem
trobar una incrustacié K : T" — R?" tal que

FoK — KoR =0, (0.12)

on l'aplicacié R : T" — T™ representa la dinamica interna en el tor K := K(T") donada
per F'. Sil'aplicacié F' té estructura addicional, com ara que F' sigui un simplectomorfisme
exacte, podem utilitzar la geometria per resoldre de manera eficient. Observem que
demana que la incrustacié K conjugui la dinamica sobre K donada per F' amb la
dinamica donada per R sobre T".

En comptes de ser una petita pertorbacié d’un sistema integrable, el que és necessari
en aquest enfocament és que la incrustacié satisfaci amb un error prou petit.
Anomenarem K la parametritzacio del tor. El punt de vista es coneix generalment com a
el metode de parametritzacio i s’estén molt més enlla de la teoria KAM i de les aplicacions
simplectiques exactes. Una observacié important sobre els tipus de teoremes que es poden
construir amb aquest enfocament és que segueixen una formulacié a posteriori: si hi ha
una solucié aproximada de l'equacié d’invariancia que compleix algunes condicions de
no degeneracid, llavors existeix una solucié exacta propera. L’existéncia es conclou a
partir d’assegurar que es compleixen certes condicions, les quals es poden comprovar a
partir d’alguns dades a priori en un nombre finit de calculs. En combinacié amb tecniques
numeriques rigoroses, és possible realitzar proves assistides per ordinador d’existéncia, com
les de 'aplicacié estandard de Chirikov mencionades abans.

L’objectiu d’aquesta tesi és contribuir al punt de vista modern de la teoria KAM sota
el metode de parametritzacio. Concretament, obtenim teoremes per a l'existencia de
tors invariants de dimensié baixa i parcialment hiperbolics i dissenyem algoritmes per al
seu calcul que son adequats per a realitzar proves assistides per ordinador. Ens centrem
en sistemes Hamiltonians dependents del temps on la dependéncia és periodica o quasi-
periodica, motivats per les pertorbacions del Problema Restringit Circular de Tres Cossos

(CRTBP).

L’estructura d’aquesta monografia és la segiient. El Capitol [l proporciona prerequisits i
context. En el Capitol 2] dissenyem un meétode de parametritzaci6 basat en esquemes KAM
per a calcular tors invariants parcialment hiperbolics i els seus fibrats invariants en sistemes
Hamiltonians quasi-periodics. Busquem tors i fibrats invariants sota aplicacions flux temps
T per T adequades, que permeten reduir la dimensié del tors a calcular en un. El recompte
d’operacions per manipular funcions creix exponencialment amb el nombre de variables de
la parametritzacié. Per tant, la reduccié permesa pels metodes d’aplicacions de flux és
avantatjosa computacionalment. Si la parametritzacié s’aproxima amb N coeficients de
Fourier, el pas iteratiu requereix un emmagatzematge de O(N) i O(N log N) operacions,
en lloc dels metodes de Newton obtinguts directament a partir de la discretitzacié de les
equacions d’invarancia, que requereixen un emmagatzematge de O(N?) i O(N?) operacions.
Aquest guany en eficiencia prové de les propietats geometriques de l'espai de fase (és a
dir, geometria simpléctica), els sistemes (és a dir, simplecticitat exacta), els tors (és a
dir, isotropia, Lagrangianitat), aixi com les propietats dinamiques (és a dir, reducibilitat).
En particular, la reducibilitat de la linealitzacié de la dinamica al voltant del tor a una
matriu triangular per blocs es coneix habitualment com a reduccié automatica, i és una
propietat important tant en teoria com en aplicacions. Els algoritmes s’han implementat i
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aplicat en el Problema Restringit El - liptic de Tres Cossos per calcular un gran conjunt de
tors invariants 3-dimensional no resonants amb els seus fibrats invariants. Els continguts
d’aquest capitol han estat publicats a [FMHM24b).

Al Capitol 3] ens basem als métodes descrits en el Capitol 2] 1 obtenim un teorema a
posteriori per a tors invariants parcialment hiperbolics i els seus fibrats invariants de rang
1 en sistemes Hamiltonians quasi-periodics. L’enfocament emprat permet que el teorema
sigui aplicat a sistemes Hamiltonians autonoms, periodics i quasi-periodics i constitueix la
demostracié de la convergeéncia dels meétodes d’aplicacié de flux de [HM21] i del Capitol [2}
A més, obtenim simultaniament els fibrats estables i inestables, la qual cosa proporciona
una imatge geometrica clara de I'espai tangent al tor. La demostracié es fonamenta en
propietats geometriques de caire simplectic que es compleixen aproximadament quan
les parametritzacions satisfan les equacions d’invariancia de manera aproximada. Hem
demostrat lemes geomeétrics sobre aquestes propietats que controlen I’error en el procediment
iteratiu KAM. L’error nou en les equacions d’invariancia es controla mitjancant constants
explicites que requereixen un tractament cuidadds de la perdua d’analiticitat amb cada pas
iteratiu. La demostracié conclou obtenint condicions per a la convergencia del procediment
iteratiu KAM. El teorema a posteriori obtingut és adequat per a realitzar proves assistides
per ordinador. Un preprint esta disponible a [FMHM24a].

Els tors parcialment hiperbolics mencionats al capitol 2 tenen varietats invariants associades,
les trajectories de les quals s’apropen exponencialment, ja sigui temps endavant o temps
endarrere, al tor. Aquestes varietats s’anomenen whiskers (“bigotis”). Al Capitol , hem
desenvolupat esquemes KAM per a calcular expansions de Fourier-Taylor d’ordre alt dels
whiskers en sistemes Hamiltonians autonoms i quasi-periodics. A diferencia dels metodes
que calculen ordre a ordre, que calculen terme a terme els tors i els seus fibrats abans
de calcular els whiskers, I’enfocament seguit a aquesta tesi calcula simultaniament tant
el tor com els whiskers utilitzant el mateix metode iteratiu KAM. Aquest marc unificat
millora 'eficiencia del calcul dels whiskers, tot duplicant el nombre de termes correctes a
I’expansié amb cada iteracio. Els continguts d’aquest capitol s’han recollit en el preprint
[EMHAILM24].

Finalment, a I’Annex, incloem un lema sobre la funcié primitiva dels simplectomorfismes
exactes, algunes proves sobre mitjanes necessaries per al teorema KAM a posteriori, i
algunes notes sobre deformacions simplectiques per fibra que poden tenir interés per si
mateixes. Concloem aquesta monografia amb taules que contenen les constants explicites
que apareixen en el teorema KAM.
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Introduction

Since the Newtonian revolution, many physical problems can be formulated as solutions
of differential equations that define continuous dynamical systems. Let us introduce a
simple setting for such problems. Let M be some smooth manifold and X : M — T M be
some real-analytic vector field. We will be concerned with solutions of ordinary differential
equations given by

z=X(2), (0.13)

for z € M. The flow of (0.13), ¢ : R x M — M, defines a (local) one parameter group
of smooth diffeomorphisms {¢;}cr that dictate the dynamics on M under X. Another
perspective to study the evolution of a system consists on studying the orbits of a map
acting on M as

Fr: M—M
z— F(z2),

where the orbits are given by the iterates of F'. Such a dynamical system is said to be
discrete. 1t is possible to construct discrete dynamical systems from continuous ones in
a straightforward manner. For instance, one could consider the time—1 map ¢; or the
Poincaré first return map. Constructing compatible vector fields from maps is a much more
subtle question. We emphasize that albeit this thesis concerns mainly non-autonomous
Hamiltonian systems, as of now we shall concentrate in autonomous systems for the sake
of clarity. We simply recall that any time-dependent system can be autonomized by
extending the phase space.

We could certainly ask for additional structure on M, X, and F'. For instance, in Hamilto-
nian mechanics, M is a smooth manifold equipped with a symplectic form w which is a
differential 2—form that is closed, i.e., dw = 0, and non-degenerate. The non-degeneracy
condition implies that M needs to be even dimensional. We also need a smooth func-
tion H : M — R, the Hamiltonian. We can then define its associated vector field
X : M — TM implicitly from

Lxw = —dH, (0.14)

where txw = w(X, ) is the contraction of the symplectic form with the vector field X.

Due to a theorem of Darboux, there always exist canonical coordinates (g, p) that locally
transform the symplectic form w into the standard symplectic form

d
Wo :dp/\dq = dez/\dqw
=1
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where A is the wedge product. In these coordinates, the equations of motion given by
(10.14)) read
- OH . oH

These are the classical Hamilton’s equations.

From Cartan’s magic formula we can immediately see that the flow of X preserves the
symplectic structure since
EXw = dLXw + Lxdw = 0,

where Ly is the Lie derivative with respect to the vector field X and d is the exterior
derivative. The first term is zero because txyw is an exact 1—form and the second one is
zero because w is closed by assumption. Then for any ¢ € R, ¢, is a symplectomorphism
and {¢;}ier is a one-parameter group of symplectomorphisms. That ¢; preserves the
symplectic form can also be written as

prw = w, (0.15)

where ¢;w denotes the pullback of the symplectic form by the diffeomorphism ¢;, which
we already know is a symplectomorphism.

If we further assume w is exact, i.e., there exists a 1—form a such that w = da, then we
observe that

0 =¢;da — dx

where we used that the pullback and the exterior derivative commute. Consequently, the
1—form ¢;a — av is closed. Furthermore, the form ¢; o — a can be shown to be exact, See
Appendix @ That is, there exists a function p; such that ¢jo —a = dp,. We shall say then
that ¢, is exact symplectic or, equivalently, an exact symplectomorphism. The structure
that we have for our dynamical system has implications to the type of solutions that we
can expect and on how we can compute them. In this work, we will mostly be concerned
with invariant objects for which the geometry will aid us in proving their existence and in
their computation. We shall now show some implications in dynamics of geometric nature.

Consider a real-analytic Hamiltonian function H : U — R, where U C R?" is some open
set and let X : U — R*" be the Hamiltonian vector field constructed from (0.14]). Let us
introduce the Poisson bracket of any two functions f,g: U — R as

{fv g} = w(Xf7Xg)>

where Xy and X, are Hamiltonian vector fields associated to the functions f and g. In
canonical coordinates (g, p), the Poisson bracket is expressed as

_=0fdg Of 9y
SR 12::1 Opi 0q;  Oq; Op;

From this expression we see that the variation of a function f along integral curves of the
Hamiltonian vector field is given by

d, . (&of.  of .
afoqﬁt - (; aQiqZ + apzpl> ¢t

xxii



" Of OH Of E)H)
— — o
(; dq; Op; Op; 0q; b

={H, f}oor, (0.16)
Consequently, if the Poisson bracket {f, H} vanishes f is an integral of motion for the

dynamics system defined by H. Note that this conclusion also holds for an arbitrary
symplectic form w in a coordinate-free formulation as follows

{f\H} = w(Xy, Xy) = ([”Xfw)(XH) = —df(Xy) = =Xy (f) = —Lx, [,

where we have used (0.14]). Therefore, if {f, H} = 0, f is an integral of motion for the
Hamiltonian flow given by H. The implications of the existence of integrals of motion in a
Hamiltonian system are clear from the following well-known theorem [Lio55) [Arn&9]

Theorem 0.2 (Liouville-Arnold). Suppose we have a collection of n functions {H;}!=y in
involution on a 2n-dimensional manifold, i.e.,

{H;,H;} =0 fori,j=0,...n—1
and consider the level set
My={2:H =¢ fori=0,....,n—1}

Assume that dH; are linearly independent at every point of My. Then:

1.) My is a smooth manifold, invariant under the Hamiltonian flow of Hy.

2.) If the manifold My is compact and connected, then it is diffeomorphic to the
n—dimensional torus.

3.) The flow of Hy on My is quasi-periodic.

4.) The canonical equations with Hamiltonian Hy can be integrated by quadratures.

A corollary of the previous theorem is that if My is diffeomorphic to T", there exist a
symplectic transformation into action-angle coordinates (0, I) = (g, p) such that the new
Hamiltonian H (0, I) = Hyo(p, q) adopts the form H(0,1) = h(I), for 6 € T and I € R™.
Consequently, the dynamics governed by H are trivially given by

0=—, I=0. (0.17)

The actions I are constant and the motion in T" is a rigid rotation with frequency
w = Orh(I). If w is rationally independent, then trajectories are dense in T". In summary,
if the Liouville-Arnold theorem applies, the entire phase space is foliated by invariant tori
and we say the system is integrable in the sense of Liouville-Arnold. A classical example of
an integrable system is the two-body problem also known as the Kepler problem—which is
in fact super integrable since there are five independent first integrals for a six dimensional
phase space. Let us now wonder about problems which can be written as a perturbation
of integrable problems. This includes, for instance, restricted three body problems, which
were in fact one of the main reasons to study these problems.
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Suppose we have an integrable Hamiltonian system with real-analytic Hamiltonian h = h(I).
When the integrable Hamiltonian is perturbed as

H(O, 1) = h(I) +cf(0,1,¢), (0.18)

for some ¢ small and f real-analytic, are solutions to the system governed by h somehow
still present for the system governed by H#? Studying Hamiltonian systems of the form
is considered by many the fundamental problem of dynamics—which was first stated
by Poincaré. Such systems are called nearly-integrable Hamiltonian systems and are very
suitable for the aplication of perturbation theory techniques.

A new revolution in the study of such problems came from a scientific competition organized
in the name of Oscar II king of Norway and Sweden on the stability of our solar system.
The problem was actually to prove the convergence of formal series solution of the n—body
problem that were studied by Weierstrass. The price was awarded to Poincaré from
his treatise |[Poi90]—not for proving the convergence of the series but for his extensive
revolutionary work which summarizes as proving that the three-body problem is not
integrable in the classical sense. There was actually a mistake in the work presented to
the competition but this was only unveiled, and corrected, after the award. The corrected
version contained new ideas that Poincaré continued to develop in the famous volumes of
Les Méthodes Nouwvelles de la Mécanique céleste. For a historical overview see [Duml4].

The classical approach to prove integrability consists in performing canonical (symplectic)
changes of variables to transform the nearly-integrable Hamiltonian # into the form
H = h(J), where J are the new actions. Then, the dynamics is of the form and our
transformed Hamiltonian is integrable. We shall illustrate now why this formal procedure
cannot be expected to converge under generic conditions. In the time of Poincaré, this
procedure was based on mixed variables generating functions of canonical transformations,
but we will illustrate the obstructions with the more modern equivalent approach of Lie
series. Consider the Hamiltonian and suppose we have some other real-analytic
Hamiltonian g. Then, it is not hard to show that the transformed Hamiltonian H = Hog?,
where ¢7 is the flow for the Hamiltonian g, and hence a symplectomorphism, adopts the
form

=t o+ (g Lo BN+ Lo (o (0 AN+ (019

where we used (0.16). Since the perturbation is of size ¢, we will look for a Hamiltonian
eg such that, in the new coordinates, (p, J) = ¢;7(0, 1), H = Ho¢;? is integrable at order
one in €. Observe that from ([0.19) we obtain

H="h+e(f+{g,h}t)+O(). (0.20)

We can then take t = 1, i.e., our symplectic change of coordinates is the time—1 map of
the Hamiltonian g, and require that ¢ satisfies the homological equation

f+{g,h} =0,

so H is integrable up to order one in €. Let us now write f and ¢ as the following Fourier
series

Flo, J)= 3" fulD)e™™ 2 glp, J) = > Gu(J)e*™*,

kEZn keZn
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where ¢ is the imaginary unit. Then, if we use the previous expressions for f and g, the
formal solution to the homological equation (0.20) is given by

X —f
= 0.21
o= ik w (021)
where recall that w = w(J) = —g}}(J) depends on the actions J. We call w(J) the frequency

map. We would then repeat the normalization process to “push” the terms of order &2
into terms of order € for & > 2 and hope to remove all dependence of the transformed
Hamiltonian on the angles after an infinite number of transformations.

We immediately see that if we want to have any hope on the formal procedure to converge,
we need fp = 0, i.e., we need the average of f on T" to be zero. We shall assume this
without loss of generality. Note that we can always consider f = (f) + f, where () denotes
the average in T" and (f) = 0, and replace h by the integrable Hamiltonian h 4 £(f).
We also need the non-resonance condition k - w # 0 to avoid zero divisors. Furthermore,
if we inspect further, even if w is non-resonant the denominator in can be
arbitrarily close to zero. This is the so called small divisors problem. These small divisors
constitute an obstruction to classical integrability since the norms of the Fourier coefficients
0.21) can grow, for open sets of initial conditions in the actions, resulting in the series

0.21)) to not converge uniformly to some real-analytic function.

The small divisors problem was first solved by Siegel in [Sie42| for the so called linearization
problem or simply the Siegel problem. In his proof, Siegel used Diophantine conditions to
control quantitatively the small divisors appearing in the problem. Roughly speaking, the
frequency vector w € R? is Diophantine if it is badly approximated by rational numbers in
a quantitative way. Let us emphasize that there are typically two types of Diophantine
conditions:

Deont (7, 7) = {w € R : [k -w| > 7|k} VE e Z4\ {0}, (0.22)
Diise(7,7) i={w R |k-w—n| >~]k|”"} VkeZ\ {0}, necZ, (0.23)

both for some v > 0 and 7 > d — 1 for the set D.,,; and 7 > d for the set Dy;s..
Condition frequently appears when working with continuous dynamical systems
whereas condition is typical in the discrete case. Observe that if we assume w(J)
in t0 be in Deons (7, 7), then the exponential decay of f; from the analyticity of f
results in the series to converge absolutely—for J such that w(J) € Dent(y, 7). We
could say that convergence takes place in the set of actions

D' (y,7) i ={J eR": |k-w(J)| > ~|k|”"} Vkecz\{0}.

In what follows, we will require than w(J) is non-degenerate, i.e., det \g—‘;] # 0, so the

frequency map is a local diffeomorphism. We emphasize that the sets D(v,7) from
(0.22)-(0.23)) are Cantor-like and, since w(J) is a diffeomorphism, so is D’ (v, 7).

Recall that the convergence of the series is only the first step to transform the
Hamiltonian into integrable form. How to carry the infinite procedure was first
outlined by Kolmogorov [Kol54] and proved by his student Arnold [Arn63a] for analytic
Hamiltonians. The approach followed by Kolmogorov in [Kol54] consists in transforming
the Hamiltonian into a Kolmogorov normal form

K:=E+w-J+Q(p,J),
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where £ € R and Q = O(|J|?) for which T" x {0} is an invariant torus. Note that
Kolmogorov considered w to be fixed as opposed to considering it a map over the action
space. It is worth mentioning that Arnold proved the Theorem of Kolmogorov following a
slightly different approach. Namely, he constructed generating functions to transform the
Hamiltonian , after k canonical changes of coordinates, into

Hyl, J) = hy(J) + €% fulep, J).

The term 2° shows the quadratic convergence of Newton-like iterative methods which
allows to overcame the small divisors at every step of the procedure. The case of finite
differentiability was proved by Moser using the smoothing techniques of Nash to overcome
the loss of derivatives in what are now called Nash-Moser iterative methods [Mos62]. These
works gave birth to what is today known as KAM theory after their founders Kolmogorov,
Arnold, and Moser.

Let us recall that originally KAM theory was motivated by problems in celestial mechanics.
However, a key ingredient in the proofs of Kolmogorov, Arnold, and Moser is the assumption
that the perturbation is small enough. In [Arn62, [Arn63b], Arnold proved the persistence
of quasi-periodic motion in the Planar Three-Body Problem for a small enough ratio of
the semi-major axis. However, as pointed out by Hénon [Hén66], these results, albeit of
significant theoretical importance, lack the applicability to realistic planetary systems
due to requiring an extremely small size for the perturbation—which is of order 107333
for the work or Arnold. This comes as a surprise since formal procedures carried out
long ago by astronomers, where they encountered small divisors, proved to be useful in
approximating trajectories. The fact that invariant tori persist for large values of the
perturbation parameter was subsequently strongly suggested by numerical experiments
with the advent of the computer. Perhaps the most famous work in this direction is that
of the Chirikov standard map [Chi79], for which, using the Greene criterion developed in
[Gre75], no golden invariant circle exist for € > €. = 0.97163540324. Such value of ¢ is
beyond the perturbative regime of classical KAM theory. Nonetheless, over the last two
decades, there has been a significant amount of work in non-perturbative KAM theory
that allowed to prove—with computer-assisted techniques—that for ¢ = 0.9716 there exist
a golden invariant circle [FHLI17|. We shall now delve into this modern approach to KAM
theory.

A significant breakthrough came precisely from dropping the assumption on the pertur-
bation being small enough. This was done in [dILOT, [dILGIV05] for what was originally
called KAM theory without action-angle variables. The authors obtained theorems for the
existence of invariant maximal dimensional tori in Hamiltonian systems where existence
is obtained from the convergence of an iterative procedure in a suitable scale of Banach
spaces. Their approach is conceptually very different from that of classical KAM theory.
Namely, instead of transforming the Hamiltonian, the strategy is to look directly for an
embedding of a torus satisfying a functional equation. This equation implies invariance
of the manifold parameterized by the embedding. Let us illustrate this approach for a
discrete dynamical system on R?" (or some open subset of it) and a map F : R*" — R?".
We want to find an embedding K : T® — R?" such that

FoK — KoR =0, (0.24)
where the map R : T" — T" represents the internal dynamics in the torus I :=

K(T") under F. If the map F has additional structure—such as F being an exact
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symplectomorphism—we can use geometry to solve (0.24]) efficiently. Observe that (0.24))
asks that the embedding K conjugates the dynamics on K under F' to the dynamics R on
T.

In exchange of the small enough perturbation, what is necessary in this approach is that
the embedding satisfies with an error that is small enough. We shall call K the
parameterization of the torus. The approach is generally known as the parameterization
method and extends well beyond KAM theory and exact symplectic maps. An important
remark about the kind of theorems that are possible to construct with this approach is
that they follow an a-posteriori formulation: if there is an approximate solution of the
invariance equation satisfying some non-degeneracy conditions, then there exists a true
solution nearby. Concluding existence follows from ensuring that certain conditions hold,
which can be checked starting from some a-priori data in a finite number of computations.
In combination with rigorous numerical techniques, it is possible to perform computer-
assisted proofs of existence like those mentioned previously of the Chirikov standard
map.

The objective of this thesis is to contribute to the modern approach on KAM theory under
the parameterization method. In particular, we obtain theorems for the existence for lower-
dimensional, partly hyperbolic invariant tori and design algorithms for their computation
that are suitable to conduct computer-assisted proofs. Motivated by perturbations of
the Circular Restricted Three-Body Problem (CRTBP), we focus in time-dependent
Hamiltonian systems where the dependency is periodic or quasi-periodic.

The structure of this monograph is the following. Chapter [1| provides the necessary
background material and the setting. In Chapter 2| we design a parameterization method
based on KAM schemes to compute partly hyperbolic invariant tori and their invariant
bundles in quasi-periodic Hamiltonian systems. We look for tori and bundles invariant
under suitable time—7T maps that allow the reduction of the torus dimension to be computed
by one. The operation count to manipulate functions grows exponentially with the number
of variables of the parameterization. Therefore, the reduction allowed by flow map methods
is computationally advantageous. If the parameterization is approximated with N Fourier
coefficients, the iterative step requires O(N) storage and O(N log N) operations as opposed
to Newton methods ontained from directly discretizing the invariance equations, that
require O(N?) storage and O(N?) operations. This gain in efficiency comes from the
geometric properties of the phase space (i.e. symplectic geometry), the systems (i.e. exact
symplecticity), the tori (i.e. isotropy, Lagrangianity), as well as from dynamical properties
(i.e. reducibility). In particular, the reducibility of the linearized dynamics around the
torus to a block triangular matrix is commonly known as automatic reducibility and it
is an important property both in theory and applications. The algorithms have been
implemented and applied in the Elliptic Restricted Three Body problem to compute a
large set of non-resonant 3—dimensional invariant tori with their invariant bundles. The
contents of this chapter have been published in [FMHM24b)].

In Chapter [3| we build on the methods described in Chapter 2] and obtain an a-posteriori
theorem for partly hyperbolic invariant tori and their rank—1 invariant bundles in quasi-
periodic Hamiltonian systems. The approach followed allows the theorem to be applied

to autonomous, periodic, and quasi-periodic Hamiltonian systems and constitutes the
proof of the convergence of the flow map methods of [HM21] and Chapter . Additionally,
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we obtain both the stable and unstable bundles simultaneously, which provides a clear
geometrical picture of the tangent space on the torus. The proof relies on geometric
properties of symplectic flavor that hold approximately when the parameterizations satisfy
their invariance equations approximately. We obtain geometric lemmas for such properties
that control the error in the KAM iterative procedure. The new error in the invariance
equations is controlled by explicit constants which require the careful treatment of the
analyticity loss with each iterative step. The proof concludes by obtaining conditions
for convergence of the KAM iterative procedure. The obtained a-posteriori theorem is
suitable to conduct computer-assisted proofs. A preprint is available in [FMHM24a].

Partly hyperbolic invariant tori have associated invariant manifolds whose trajectories
approach exponentially, either in the future or in the past, the torus—these invariant
manifolds are known as whiskers. In Chapter [4, we develop KAM schemes to compute
high order Fourier-Taylor expansions of the whiskers in autonomous and quasi-periodic
Hamiltonian systems. As opposed to the order-by-order methods, which compute the
torus and its bundles before computing the whiskers term by term, the followed approach
simultaneously computes both the torus and whiskers using the same KAM iterative
method. This unified framework enhances the efficiency of whisker computation by
doubling the number of correct terms in the expansion with each iteration. The contents
of this chapter have been gathered in the preprint [FMHAILM24].

Lastly, in the Appendix, we include a lemma on the primitive function of exact symplecto-
morphisms, some proofs on averages necessary for the a-posteriori KAM theorem, and
some notes on fiberwise symplectic deformations that could be of independent interest.
We conclude this monograph with tables containing the explicit constants appearing in
the KAM theorem.

XXViii



Chapter 1

Preliminaries and setting

In this chapter, we provide the necessary background material and introduce the notation
used throughout the thesis. The reader may wish to proceed directly to Chapter 2 and
return to this chapter for reference as needed.

1.1 Basic notation

We assume all objects to be sufficiently smooth, even real-analytic. Furthermore, we
consider the vector spaces R™ and C™ equipped with the norm

lv| = max |v,
i=1,....,m

which induces the following norm in the spaces of n; x ny matrices with components in R
or C
|M‘ :i:max Z |Ml]|

1,... .
it ]:17-.-,712

We denote by M the transpose of the matrix M. Also, the n x n identity and zero
matrices are denoted by I, and O, respectively. Meanwhile, the n—dimensional zero
vector is denoted by 0,,. When it is clear from the context, empty blocks denote zero
matrices of suitable dimensions. Let T* = Rf/Z* be the standard /—dimensional torus.
For o € R?, we define the rotation map R, : T — T* as

Raolp) = (p+a) mod 1.
Similarly, for (w,a) € R4 we define the rotation map R, : T — T+ as
Rua(0, ) = (0 +w,p+a) mod 1.
We will also use the notation # := 6 4+ w and ¢ := ¢ + a.

1.2 Symplectic setting
We assume we have an exact symplectic form w, defined on an open set U C R?", with

matrix representation Q : U — R?"*?". We also assume we have an analytic quasi-
periodic Hamiltonian H : U x T* — R with frequencies & € R*. We can then construct

1



Chapter 1. Preliminaries and setting

X :U x T — R as
X(z,¢) = Q2)"'D.H(z,¢),

and on U x T¢, we can define the vector field X : U x T¢ — R?" x R! as follows

(;) — X (2 0) = (X(Z’ “0)> . (1.1)

Note that when ¢ € T, our system reduces to the periodic case. We can think of the
extended phase space U x T* as a bundle with base T and of X as a fiberwise Hamiltonian
vector field. In each fiber F, = 7 !(p), where 7 is the bundle projection, we have a
symplectic vector structure and a Hamiltonian vector field X (-, ¢) : U — R?". Note that
all these vector fields are coupled by the phase equation ¢ = &. We will see our objects
inherit this fiberwise structure in different contexts.

Let us denote the flow associated to X by ¢ : D € R x U x T¢ — U x T, where D is
the open set domain of definition of the flow. That is, for every (z,¢) let 1., C R be the
maximal interval of existance of ¢(-, z, ), then

D={(t,z,p) ERxUxT | tel,,}

Notice that ¢ adopts the form of a skew product flow
7 ¢(t> <, @))
t,z,p0) = , 1.2
itz = (%075 12
where on the torus we have a linear flow with the frequencies of the Hamiltonian, i.e.,

Yt p) = p+adt (1.3)

and the evolution operator ¢ satisfies

gt (t,2,0) = X (o(t, 2,0), Ut 90)t),  6(0,2,90) = 2.

From this point onwards, we will adopt the standard notations ¢(z,¢) = @(t, 2, ¢),
¢t(za 90) = (b(ta 2y 90)7 and wt(@ = w(t’ 90)

Since the symplectic form is exact, w = da, where « is the action 1-form. Then, the
matrix representation of w is given by

Q(2) = Da(z)" — Da(z), (1.4)

where a : U — R*" and a(z)" is the matrix representation of o at z. Also, because w is
exact symplectic, ¢, is a fiberwise exact symplectomorphism.. That is, for each ¢ € T*
and fixed ¢, ¢, satisfies symplecticity

D.6u(2,9) Q(61(, 0) ) Dad(2,9) = Q2)

and exactness

a(¢t(za (P))TDszt(za 90) - a(Z>T = szt(zv 90)7

for some primitive function p, : U x T — R, see Appendix |A| for a explicit form of
p: and its properties. The existence of the primitive function for the fiberwise exact

2



1.3. Analytic setting

symplectomorphism ¢, allows certain cancellations that are crucial in the iterative scheme
for the computation of parameterizations of invariant tori and bundles.

Let us also assume we have an almost-complex structure J on U, compatible with the
symplectic form, with matrix representation .J : U — R?"*?" That is, J is anti-involutive
and symplectic—in coordinates, these properties read

J(2)? = —Io,, J(2)'Q2)J(2) = Q(2).

The almost complex structure and the symplectic form induce a Riemannian metric g
with matrix representation G : U — R*"?" constructed as G(z) = —Q(z)J(z).

A particular example of a compatible triple (w, J, g) is when w is the standard symplectic

form, i.e.,
0, —I,
QO(Z) - (In On) ) (15)

g is the Euclidean metric, and J is given by the standard linear complex structure on R?"
coming from the complex structure on C".That is,

Go<z>:(éjl ?) Jo(z):<?: ;f)

1.3 Analytic setting

We assume we have a real analytic Hamiltonian. Therefore, we will work with real analytic
functions defined in complex neighborhoods of real domains. Let us construct the complex
neighborhood of T* as the following complex strip of width p

Y4 ¢ l
T = {6 € C'/Z" : [Im 0] < p}.

Furthermore, assume we have a holomorphic extension Ky : T¢ x T — C?" of a map
Ko : T¢ x T — RQ”,~for some d > 0 and r > 0. Let us then construct the sets U C C?",
UcCC™"xTE and U, C C*™ as
U:={zeC™:30,p) c T¢x T : |2 — Ko(0,¢)| < R},
U:={(z,0) €C" xTL:30 €T |z — Ko(0, p)| < R}
U, ={zcC™":30cT: |z — Ko(0,9)| < R},

for some R > 0. For analytic functions f : i/ — C, we consider the norm

1/l = sup [ £(2)]; (1.6)

that extends naturally for matrix-valued maps M : U — C™*"2 with M;; analytic, as

Ml = max 3 My (L7)

=1,...

J=1,...,n2
For their derivatives, we define the norms
o f
k
ID*flle = >

Iyoly 8211 N 8Zlk

. DMl = max > [[D*Mlu, (1.8)

u o 1j:17~'-7n2
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where each index [y, ..., [y goes from 1 to 2n. Furthermore, the action of the k—order
derivative on vy, ..., v € C" satisfies the bounds

ID*M (2)[vy, - el < DM foe forl - o]
where
(DFM(2)[or, - ,vk])ij = D*My;(2)[vs, . ., vx)
- l Zl azz yooe e ,azl (Z)<U1)l17 Y (Uk)lk.
I RTEE) k 1 k

Lastly, for analytic functions f : & — C we consider the norm

1fllz = sup £ (- )z,

€T

and the analogous norm to (1.7 for matrix-valued maps.

1.3.1 Spaces of quasi-periodic real-analytic functions

Let us denote by A(TZM) the Banach space of real-analytic functions f : Tﬁ*e — C—such
that f(T¢"*) C R—that can be continuously extended to the closure Tﬁ*e and endowed
with the norm

1fll, = sup |f(6,0)|

d+4
(Q’W)ETP

We will also use the notation A(T%)™ for the analogous space for functions f : T4+ — C™,
and the natural extension of the norm for functions M : Tﬁ*e — Cmxn2

M, = max Y[ Myl
1.

.....

For the derivatives of quasi-periodic real-analytic functions, we use Cauchy estimates. For
any 0 € (0, p), the derivative operator 9; : A(T¢™) — A(T%5) satisfies the bounds

1 d 0
10:llo-s = SIFllos 1Dofllo-s < SUflloy 1D fllp-5 < 511 Fllp-

Lastly, for functions f : i{ — C and M : Y — C™*™_we define the analogous norms to

(©6), (1.7, and (L.8).

1.4 Function representations

For every function f : T — R, we consider their Fourier series

FO.0)= > fuerUothe), (1.9)

(Jk)ez+t

where

foo= [, £(0.0)a0dp

is the average of f that we denote as (f).



1.4. Function representations

Remark 1.1. Note that, for analytic f, the Fourier coefficients go to zero exponentially
fast when

d l
|G k)= D [l + D (Rl
u=1 v=1

goes to infinity.

In a computer, we can only work with a truncation of (1.9)). That is, we consider Fourier
representations of the function f given by

fro S feimiosho),

(4,k)eT

where Z is some finite multi-index set with elements in Z4**. A Fourier representation of
[ is given by the finite set of coefficients { fji}(jr)ez-

As it is usual in the numerical implementation of the parameterization method in KAM-
like contexts (see [HCET16] for an overview), it is convenient to work also with a grid
representation of the function f. For some multi-index set I with elements in N, we
also consider representations of f of the following form

f~A{fistgmer

where fj, = f(6;, ¢x) and {(6;, px) }jrer is an equally spaced grid of values in T*™ indexed
by I. Let Np be the cardinality of the set { fjr}(jrer, i-e., the number of elements of the
grid of T4, Then, the {fjk}(j,k)el coefficients can be obtained from the set { fjx}(jrer
through the Discrete Fourier Transform (DFT) and vice-versa through the inverse DFT—at
a computational cost of O(Nplog Np) operations. We refer to the set of values { fji}(jrer
as a grid representation of the function f.

We will also encounter functions defined in T?* x R. A natural representation for these
functions is as Fourier-Taylor series. Consider the formal power series

f(97()07 5) = ifl(ev 90)81'7 (110)

where every f; : T4 — R is 1-periodic in each variable and can be expanded as a Fourier
series of the form . Naturally, we can only work in a computer with truncations of
. Let N be some truncation order. We consider Fourier-Taylor representations of f
of the following form

N

f D filfp)s' ~

N
ﬁjkeiQW(je-Fng)‘ (111)
=0 =0 (5,k)€T

Such representation is given by the finite set of coefficients { ﬁjk}?f,z)gg

As it is usual in the numerical implementation of the parameterization method in KAM-like
contexts (see [HCFT16] for an overview), it is convenient to work with a grid representation
of the f; functions. For some multi-index set I with elements in N | we also consider
representations of f of the following form

0<i<N
f~ {fijk}(j_,k)_ela

5



Chapter 1. Preliminaries and setting

where fij = fi(0;,¢r) and {(0;,0r)} e is an equally spaced grid of values in T,
We refer to the set of coefficients { fzjk}?f,z)gg as a grid-Taylor representation of f. This
representation is better suited, for instance, for the computation of product of functions
with variables in T%** x R and for the (numerical) application of the flow and its differential

to such functions which can be done using the Jet Transport technique. See the Section

.6l

Observe that function representations are not unique since we can consider different orders
of the Fourier-Taylor series as well as different number of Fourier coefficients for the f;
functions.

1.5 Cohomological equations

We will encounter cohomological equations in T4t and in T4 x R. We dedicate this
section to such type of equations that naturally arise in KAM theory. Albeit the theory is
well known, see e.g. [Rus75], we tailor the exposition to be well-suited for our purposes.
Let us include the definition of Diophantine vectors for the sake of completeness.

Definition 1.1. The rotation vector (w,a) € T?** is Diophantine if there exists v > 0
and 7 > d + £ such that for all n € Z and (j, k) € Z¢ x Z*\ {0}

v

ljrw+k-a—n|>—"——,
(I711 + k)

where | - |1 is the ¢!-norm.

1.5.1 Cohomological equations in T+

On the torus, we find two types of cohomological equations: small divisors and non-small
divisors cohomological equations.

Non-small divisors cohomological equations. For a,b € R such that |a| # |b], w €
R? and o € R, we define the cohomological operator £2, : A(T4) — A(T?) acting
on functions ¢ : Tﬁ” — C as

£ ¢ = af — bEoR a.

We also define the Riissmann operator R%, : A(T¢™) — A(T4) acting on functions
E ']I‘g“ — C as the solution of the cohomological equation

LnE=n. (1.12)
That is, £ = R2n solves (1.12). Expanding ¢ and 7 in their Fourier series, we obtain the

converging expansion

ab _ £ i2n(j0+kyp) £ ﬁjk
(‘%WTO (8’ SO) - Z gjke S gjk g — bet2r(jwtka)”
(5,k)ezdte

Additionally, we have the estimate

1
H§||p < 7”””0‘ (1.13)
[al = 18]

6



1.6. Jet transport

We will also use the notation £ = £% and R = R® when it is clear from the context.

Small divisors cohomological equations. We also define the cohomological operator
Loa  A(TIH) — A(TEH) as
Swag = f - gonon

and for any ¢ € (0, p], we define the Riissmann operator R, : A(T4H) — A(Tﬁff;) as the
zero-average solution of

£wa€ =n—- <77> (1'14)

That is £ = Ruan solves (1.14) with (£) = 0. Again, expanding & and 7 in their Fourier
series, we obtain the formal expansion

© o . ik
(Roan) (0,0) = 3 Eue™00H9, 0 & = s,
(j,k)EZdee —€

where the series is uniformly convergent in a narrower strip if (w,«) is Diophantine.
Moreover, we have the estimate

Cn
1€llp—5 < WHUHW (1.15)

where ¢y is the Ritssmann constant. See [Riis75] for details. We will also use the notations
Loa = £ and R, = K.

1.5.2 Cohomological equations in T x R

For a,b € R and for functions &,n : T4 x R — R, we will encounter the following
functional equations
af — bsoR), =1, (1.16)

where

R, T xR — T xR
(0, 0,8) — (0 +w, o+ a,As),

for A € R/{1, —1}. If we use Fourier-Taylor representations of the form (|1.11]) for £ and 7,
we obtain—for each order i—the cohomological equation

a{i - b/\iinRwa = "1;- (]_]_7)
These equations can be solved as described in Section [1.5.1] Note that for |a| = [bA| we
have small divisors cohomological equations for the term of order ¢ of the Fourier-Taylor
representation of €.

1.6 Jet transport

Suppose that for some W : T4 x R — R?", we want to compute the flow and its
differential on W. That is, we want to compute ¢ro(W,id) and D,¢ro(W,id). More

7
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specifically, we want to compute the coefficients ¢;, ®; : T¢* — R?" of the following
Fourier-Taylor representations of such objects

¢TO(VV7 ld) ~ Z:d)i(ev(p)sia (1'18)
(Dro(W,id) u~ 30,00, (119

for some generic v : T x R — R?". Such computations can be performed with Jet
Transport—which is a technique to propagate the jet of derivatives of a function. This is
done by replacing the floating point arithmetic of a numerical integrator with a (truncated)
formal power series arithmetic. In this Section we briefly cover the adaptation of the Jet
transport technique to compute the representations and . For details see e.g.,
[Pér1sl IGJICT23].

More specifically, assume we have grid-Taylor representations of W and u, i.e, we have
{wak}of,z;g and {uwk}of,zfg Recall from Section |1.4| that for the Fourier-Taylor repre-
sentations

N N
W~ Zm(9790)517 u~ Zui(97¢)5i,
i=0 i=0
we have
VVijk = VVi(Qj, <Pk), Uijre = ui<0j7 SOk),

where Wi, uijx € R*™, and {6}, px}(jner an equally spaced grid of T4** indexed by 1. Let
us define the truncated Taylor series

N
5) =y Wins', k(s Z Uijis".
=0

We can then propagate W (s) and u;(s) to obtain the following representations
¢To ]k»ld Z¢zgk3

(Doro(Wig,id)) w; ~ Z Dyps’,

i=0

for all (7, k) € 1. Therefore, we obtain {(b”k}of ,z<€]¥ and {®;; k}of ,zfg That is, we obtain grid-

Taylor representations for (|1 18)) and ([1.19). We can recover a Fourier-Taylor representation
with the inverse DFT. For some implementation details, see Section [4.4]




Chapter 2

Invariant tori and invariant bundles

The study of invariant manifolds constitutes the center piece in understanding dynamical
systems. It is a rather natural first approach—and often the only hope—to unveil
the qualitative behavior of a time-evolving system. Besides the intrinsic interest of
invariant manifolds, such structures have found their “real-world” analogues in celestial
mechanics, astrodynamics and mission design, plasma physics, semi-classical quantum
theory, magnetohydrodynamics, neuroscience, and the list goes on. In particular, celestial
mechanics has a long-held tradition in considering such objects, especially periodic orbits
and invariant tori carrying quasi-periodic motion. It is in fact one of the main fields that
promoted their rigorous and numerical study.

Astronomers used perturbative techniques for centuries in the form of formal series of
dubious convergence due to the existence of small divisors problems. As already mentioned
in the Introduction, progress had to wait until the pioneering works [Kol54. [Arn63al, Mos62]
that gave birth to the celebrated KAM theory and the subsequent proofs on the persistence
of invariant tori under small enough perturbations of integrable systems. In later works,
the KAM ideas were carried out far from the perturbative regime, without the need of
action-angle variables [dILGJV05], and rigorous results and algorithms were developed for
hyperbolic invariant tori and their whiskers [HdILOGa, [HAILO6D, [HAILO7]. The methodology
is based on the solution of functional equations in the spirit of the parametrization
method introduced in [CFIL03a, [(CFAILO3DL [CFAILOS] for invariant manifolds of fixed
points. Rather rapidly, the parameterization method lead to a plethora of rigorous
results [CCdIL13, [CH17Db| [FEAILS09, (GHAIL14, HAILS12l [LV11] and numerical explorations
[CCGdIL22, [CCH21), [CH17al, IGHAIL22, [HM21| [KAdIL22], in different contexts, to name
a few. See [HCET16| for a survey.

In this chapter, we design flow map parameterization methods building on [HM21] to
compute non-resonant partially hyperbolic invariant tori and their invariant bundles in
quasi-periodic Hamiltonian systems. Time-dependent Hamiltonians appear naturally in
astrodynamics and celestial mechanics as improvements of the CRTBP. There is a hierarchy
of models of increasing complexity that provide a closer behavior to the real solar system
dynamics, which is generally accepted to be given by the Newtonian attraction of the
celestial bodies described according to the JPL ephemeris [DTT17]. The improvements
of the CRTBP include the ERTBP, the Quasi Bicircular Problem of [And9§|, and the
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frequency models of [GMMO02], to mention a few. These improved models enable the
consideration of advanced space missions concepts and can serve as a seed to compute
bounded motion for several decades in the JPL ephemeris model [And(03]. The application
of the parameterization method ideas to non-autonomous complex models in astrodynamics
and celestial mechanics is our main motivation.

Flow maps methods allow the reduction of the torus dimension to be computed by one
[GMO1, [HM21]. Keeping in mind that the operation count to manipulate functions grows
exponentially with the number of variables of the parameterization, the reduction allowed
by flow map methods is computationally advantageous. This comes at the expense of
numerical integration, which can be easily parallelized. A similar argument can be made for
using the parameterization method instead of following a normal form approach. Normal
forms require to manipulate functions of the same number of variables as the dimension of
the phase space. Instead, the parameterization method requires to manipulate functions
with as many variables as the dimension of the invariant manifold. Furthermore, the
algorithms are very efficient—if the parameterization is approximated with either N sample
values in a regular grid or N Fourier coefficients, the Newton-like step requires O(V)
storage and O(N log N) operations.

This efficiency comes from the geometrical properties of the phase space (i.e. symplectic
geometry), the systems (i.e. exact symplecticity), the tori (i.e. isotropy, Lagrangianity),
as well as from dynamical properties (i.e. reducibility). In particular, the reducibil-
ity of the linearized dynamics around the torus to a block triangular matrix is com-
monly known as automatic reducibility and it is an important property both in theory
[CCdIL13| ICH14l [dILGJV05, [FAILS09, [GHAIL14| [HAILO06al [HAILO6D, HAILS12, LV11] and
applications [CCGdIL22, [HM21) [KAdIL22]. All these properties lead to the presence of
“magic cancellations” and allow the solution of the so-called small divisors equations, which
appear naturally in the algorithms and are the hallmark of KAM theory. Proving these
cancellations in our context has required the introduction of new geometrical constructs
such as fiberwise symplectic deformations. The technical details can be found in the

Appendices B} [C] and D}

Finally, a standard practice when working with non-autonomous systems is to consider an
extended phase space by defining extra angle variables and conjugated fictitious variables
to make the system autonomous. Although this is mathematically equivalent, this incurs
in increasing the dimension of the phase space which leads to less efficient algorithms. We
avoid this practice by considering appropriate functional equations. Another standard
practice to deal with non-autonomous systems, in particular periodic, is to use flow map
methods for a time-7T" map that make the discrete system autonomous, i.e., choosing for T’
the period of the system. Instead, we take T" as one of the internal periods of the torus
sought for. This enables continuation from an autonomous approximation of quasi-periodic
models starting directly from tori of the autonomous approximation computed via flow
map methods. Additionally, with such approach, we can construct a-posteriori KAM
theorems that work for both autonomous and quasi-periodic Hamiltonian systems. See

Chapter 3]
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2.1. Invariance equations for invariant tori

2.1 Invariance equations for invariant tori

We are interested in quasi-periodic solutions for the system given by , with frequencies
& € R™! and & € R —which correspond to the frequencies of the Hamiltonian. We
will refer to @ and to & as internal and external frequencies, respectively. Geometrically
speaking, quasi-periodic solutions lie in (d+ ¢+ 1)-dimensional tori K c Ux T’ In the light
of the parameterization method, we consider suitable parameterizations K : T4t —
U x T* that conjugate the dynamics in K to a linear flow in T4t*! with frequency (0, Q).
In particular, the frequencies @ and & need to be, at least, non-resonant or ergodic. That
is,
k-G+j-a#0 for (k,j)ez™ <7\ {0},

Then, for the range of K to be an invariant torus, the parameterization is required to
satisfy the functional equation

G0 K(6,9) — K(6 +&t,p + at) =0, (2.1)

where § € T o € T, and t € R.

Remark 2.1. By differentiating (2.1]) with respect to ¢, we obtain the following vector field
version of the invariance equation

X oK =D;Kd+D,Ka.

Recall that the extended phase space, U x T, has a bundle structure with T¢ as the base
space. Because of this bundle structure, we consider parameterizations for IC of the form

A A

K(b,¢) = (K(i’ ‘p)> ,

where K : T4+ — U parameterizes a (d + £ + 1)—dimensional invariant torus KcU.
Then, for K to satisfy (2.1]), it suffices that K satisfies

(K (0,0),0) — K(0 +6t, 0 + at) =0, (2.2)

for all ¢ € R. From a computational point of view, the cost to compute parameterizations
rapidly increases with the dimension of the torus. We therefore follow the trick from
[GMOT], [HM21] and look for a parameterization K : T4 — U of a (d + £)-dimensional
torus K C K, invariant under time-T maps where 7' is the period associated to one of the
internal frequencies of K. Note that if the frequencies @ are fixed, then so is 7.

Let us first define & =: 7(w, 1) and & =: 7, where w € R? and a € R’. In what follows,
we will require of (w, ) stronger non-resonance conditions. We will assume (w, «) to be
Diophantine, see Definition . We then assume 0 = (0,6y), for some fixed 6, € T and
with # € T?, and consider a parameterization for K of the form K (0, o) = K(0, 64, ). If
we look at the invariance equation for t =T we observe that

¢T(K(079d7@)7@) _k<0+waed+ 1790+Oé> = 07
from where we obtain the following invariance equation for K

¢TO(K, id) — KoR,a =0, (2.3)

11
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where the map R, defines the dynamics in K as
Rua: TIxT' — T xT
0,p) — (9—|—w,go+a>
and (K, id) stands for the following bundle map over the identity
(K,id): T?*x T — U x T*
(0,0) — (K(0,9),¢).

We refer to w and « as the internal and external rotation vectors, respectively. We can
recover a parameterization for K, and consequently for IC, from the parameterization of K
as

K(é, ) = Pg,r (K(9 —gw, o — 040), 0 — Gda>. (2.4)

In what follows, we refer to IC as the generator of K and to T as the flying time of IC. We
emphasize that, although we began by considering a (d + ¢ 4+ 1)—dimensional invariant
torus K living in the extended phase space U x T¢, this torus is completely determined by
(d + ¢)—dimensional tori K living in U. Consequently, with this formulation, we not only
manage to reduce the dimension of the phase space but also of the invariant tori to be
computed.

Remark 2.2. For invariant tori K and IC, the parameterizations K and K are not unique.
For a € R4 if K satisfies Eq. (2.2), K (0 + a, ) is also a solution parameterizing the
same torus. Similarly, for a € R? and 7 € R, if K satisfies Eq. (2.3)), ¢, (K(G +a,p), go) is

also a solution generating the same torus as K. Consequently, Eq. . determines A up
to a (d + 1)—dimensional phase shift and Eq. . determines K up to a d-dimensional
phase shift and up to a translation within the torus K. Hence, for both K and K, we have
(d+ 1) degrees of freedom in their parameterizations.

Remark 2.3. The frequency and the rotation vectors @ and w, respectively, are defined up
to unimodular matrices. To the frequency vector A®, with A € Z@+Dx@+D  corresponds
the reparameterization (é, Q) K (121*19, ©). Similarly, to the rotation vector Aw, with
A € Z%4 corresponds the reparameterization (6, ) — K(A710, p).

Remark 2.4. When the Hamiltonian is periodic with period T}y, it is somewhat standard
to look for tori invariant under time-Ty maps, see e.g. [CJ00]. Let us illustrate our
motivation for taking time—T maps, where T is the period associated to one of the internal
frequencies, with a simple example commonly found in applications. Assume we have a
Ty —periodic Hamiltonian of the following form,

H(z,¢) = Ho(2) +eHi(2,¢),

where € € R is some parameter not necessarily small. Also assume that we have computed
a parameterization Ky : T — U of a d-dimensional generating torus for the autonomous
system given by Hy. It is then natural to consider a parameterization K, : T¢ x T — U
of a d + 1-dimensional generating torus for the system given by H that can be obtained
from K, by continuation methods in . If we take time-7" maps where 7" is the period
associated to one of the frequencies of the torus parameterized by K, we can construct
K. ate=0as

Ke(ev 90) = K0<0)7 (25)

from where we can directly start the continuation in €. See Section 2.6 The same argument
also holds for the quasi-periodic case.
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2.2. Invariance equations for bundles of rank 1

2.2 Invariance equations for bundles of rank 1

In the present work, we focus on (d + ¢ + 1)-dimensional partially hyperbolic invariant
tori with d = n — 2. Our choice is motivated by applications such as quasi-periodic
perturbations of the Restricted Three Body Problem—this will be the test case explored
in Section . The results can easily be adapted for Lagrangian tori (d + 1 = n) and
for the lower dimensional case (d +1 < n — 1). In the later case, a complication is that
partially hyperbolic invariant tori are not necessarily reducible. Nonetheless, there exist
strategies [HdIL0Ga, HAILO7, HAILST2]. Following the results from Section [2.1], we will
directly consider rank 1 bundles of K and K instead of bundles of K.

Let us first consider bundles of rank 1, W, with base K, invariant under the linearization
of ¢; on IC, where the dynamics on the fibers is uniformly contracting or expanding. We
then look for a parameterization W : TH+! — R2" satisfying

.4 (K (0, 0),0)W(0,0) = W (0 + it, 0 + at)e’,

with x € R. If y < 0, W = W is the stable bundle and if y > 0, W = W* is the unstable
bundle. We again reduce the dimension of the object by using time—7" maps and look
instead for a parameterization W : T — R?" of a bundle W with base K satisfying

D.¢ro(K,id)W — WoRuaA =0, (2.6)

with A = e?X. We can recover the parameterization of the bundle W as

A

W(é, ) = e_edTXngbng (K(é’ —Oqw, p — 00), 0 — HdCJz)W(H — Qqw, p — G400).

Note that the dynamics on the fibers is a uniform contraction when A\ < 1 and a uniform
expansion when A > 1. We will also refer to W as the generator of W, to A as the Floquet
multiplier of K, and to x as the Floquet exponent of K.

Remark 2.5. Rank 1 stable and unstable bundles are reducible (to constant A). In general,
one could consider higher rank bundles that might not be reducible [HdILO06al, [HAILO7,
HAILS12].

Remark 2.6. We are implicitly assuming the bundles are trivial or that can be trivialized
(e.g., by using the double covering trick [HAILO7]).

Remark 2.7. The invariant bundle W and W are the linearization on K and K, respectively,
of certain manifolds defined on the annulus: the whiskers. We will come back to these
objects in Chapter [4]

2.3 Geometric properties of invariant tori

Until now, we have only considered the geometric properties of the phase space. Nev-
ertheless, invariant tori of exact symplectic maps under non-resonance conditions carry
certain geometric properties. Because of these geometric properties, there exists a set of
coordinates given by a symplectic frame that reduces the linearization of ¢ on K to upper
triangular form constant along the diagonal. The reducibility of the linearized dynamics
allows the efficient computation of invariant tori and bundles and is a property known as
automatic reducibility in a variety of contexts.

13



Chapter 2. Tori and bundles

For each ¢, consider tori K, C K with parameterizations K, : T¢ — U constructed as
K,(0) = K(0,¢). If we think of U x T* as the total space of a bundle with base T* and
projection 7, each fiber F, = 7~ *(¢) contains the torus K, see Fig. for a sketch. Let

RQn

¥

Figure 2.1: Sketch of the torus K, within the torus K.

us denote the symplectic form on K, as Qpg : T4 — R?>™?" and constructed from the
pullback of w by K, as

Qo := (DK ) QoK DK, = (DgK) Qo KDyK.

Lemma 2.1. For each ¢ € T, K, is an isotropic torus.

Proof. We need to show that for each ¢ € T¢, Qpg = 0. That is,
(DpK) QoKDyK =0 (2.7)
for all ¢. From the symplecticity of ¢ and the invariance of C we have the identity
T
QoK = (D.¢r(K,id)) QoK oRq D.ér(K,id). (2.8)

Also, from the invariance of XC, the tangent bundle of K, parameterized by the columns
of DK, is transported by the differential of ¢r as

D.¢ro(K,id)DgK = DK oR 0. (2.9)
Then, using (2.8) and ([2.9), we have
(DoK) QoKDyK = (Dg K 0Rye) QoK 0RyaDgKoR e,

which is constant due to the ergodicity of (0, ¢) — (0 + w, ¢ + «), coming from the fact
that, for fixed (6, ¢), {(0 + jw, p + ja)}jez is dense in T4 x T*.

Also, since Q = (Da)' — Da, the left-hand side of (2.7) reads
Dy (a0 k) DK — (D) Dy(aoK) (2.10)

14



2.4. Adapted frames for K

and each entry ij of (2.10)) can be expressed as
Z 891' (akoK) 89]' Kk - 69,7- (akoK)ﬁgiK’“
k
= Z 891' (akoKﬁngk> — akoKﬁgingk
k

— Ops (ko KO K*) + ago KOsy K*
= Z 891‘ (akoKﬁngk) - agj (akOKagiKk) .
k

Observe that the average of each entry ij of (2.10)) is zero since we are taking averages of
derivatives with respect to #. Consequently, since (2px is constant and with zero average,
it is identically zero which concludes the proof. [

We think of K as a ¢-parameterized family of d-dimensional isotropic tori and we say that
K is fiberwise isotropic.

As we will see in Section [2.4] because of the isotropic character of I and the invariance of
W, there exists a set of coordinates given by a symplectic frame P : T+ — R?"*2" guch
that the differential of the flow map on K reduces to an upper triangular matrix-valued
map—constant along the diagonal. That is,

(PoRyo) 'D.gro(K,id)P = ( A Ai ) : (2.11)

I L
v () e () 012

and S : T — R™ ", The reducibility of the linearized dynamics is commonly known as
automatic reducibility and it is an important property both in theory and applications. See
e.g. [CCdIL13, ICH14, ILGJV05, [FAILS09, (GHAIL14, HdILOGa, HAILO6D, HAILS12, [LVII]
for several references on the parameterization method and reducibility in different contexts
relatively close to the one of the present paper and [CCGAIL22, [HM21l, [KAdIL22] for
recent applications to Celestial Mechanics and Astrodynamics.

where

2.4 Adapted frames for I

In this section we cover the construction adapted frames P such that the linearized
dynamics on the torus reduce to upper triangular form. Furthermore, P can be chosen
to be symplectic with respect to the standard symplectic form Qg; recall [1.5] That is, P
satisfies the following

P'QoKP = Qq. (2.13)

Observe that then the inverse of P is straightforward and is given by
P! = —QyP' QoK. (2.14)

The symplecticity condition (2.13) shows that the symplectic form restricted to the torus,
in the coordinates given by the frame P, reduces to the standard symplectic form. It also

15



Chapter 2. Tori and bundles

suggests to construct the frame P : T4t — R2"*2" a5 the juxtaposition of two subframes
L,N : T — R?™n e,
P=(LN) (2.15)

satisfying w(L;, L;) = w(N;, N;) = 0 and w(N;, L;) = ;;, where §;; is the Kronecker delta.

Therefore, P constitutes what is known as a symplectic basis. In fact, any symplectic
vector space admits such a basis, see e.g., [CdSO01].

The subframe L can be chosen to be tangent to the torus whereas the normal subframe N

complements L to a full symplectic basis of TcU, i.e., the tangent bundle of U restricted
to K.

2.4.1 Construction of the subframe L

A necessary condition for the frame P to satisfy (2.11)) is that L needs to be invariant
under the differential of time-T" maps on K. Consequently, L is required to satisfy

D.¢ro(K,id)L — LoRya A = 0 (2.16)

Note that, according to and , Dy K and W are invariant under the differential
of time-T" maps and they are therefore suitable to partly generate the subframe L. For
autonomous Hamiltonian systems, the Hamiltonian vector field is invariant under the
differential of time-7T" maps and, consequently, this suffices to construct the subframe L,
see [HM21]. For periodic and quasi-periodic Hamiltonians, this is no longer the case due
to the time dependency. We need to construct a new object invariant under D,¢pr—this
is the key element to apply the same ideas of flow map parameterization methods for
autonomous systems to our setting.

Let us differentiate Eq. (2.3) with respect to ¢ to obtain
D.¢ro(K,id)D,K + Dy,¢ro(K,id) — D, KoR, = 0. (2.17)

For the flow ¢, let us consider o
$0r 0 di(2,9) (2.18)
at t = 0 and observe that we have the identity

<DZ¢T(Z,<p) D¢¢T(z,s@)> <X({, w)) _ (X<¢T(Z7<P)a73a(‘ﬂ))> (2.19)

Orxan I &

A

«

for any (z, ). Then, using (2.17)) and evaluating (2.19)) on the torus, i.e., at z = K (0, ¢),
it is easy to show that

D,¢ro(K,id)X — XoR,, =0, (2.20)
where
X = Xo(K,id) — D, K& (2.21)

is a geometric object defined on the torus that is invariant under D,¢,. Additionally,
at each (0, ), X(0, ) complements the column vectors of DyK (0, ¢), tangent to K, at

K(0,¢), to a full basis of the tangent bundle of the range of K(-,¢) at K(0,¢). Such
interpretation follows from differentiating ([2.4)) with respect to 6.
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2.4. Adapted frames for K

From ({2.6)),(2.9), and (2.20)) it is immediate to see that the subframe L, given by
L= (DgK X W) (2.22)

satisfies (2.16). Additionally, L has full rank since for each ¢, DyK and X generate the
tangent bundle at IC, of the (n — 1)-dimensional torus defined by K(-, ) and W generates
its stable or the unstable bundle.

Since we require for P to be a symplectic frame, i.e., to satisfy , this adds another
layer of structure to the subframe L. More specifically, the subframe L needs to be a
fiberwise Lagrangian subframe. That is, for each ¢ € T L(-, ) generates Lagrangian
subspaces on the tangent space of U over the isotropic torus K. More specifically, for each
(6, ) € T*, L generates a Lagrangian subspace on T (g, U. Then, for Q; : T4 — R*"
constructed as

QDK QDK)\?' QDKW
QL = LTQOKL = QXDK QX QXW > (223)
QWDK QWX QW

where

QDK = (DQK)TQOKDQK, QDKX = (DQK)TQOKX, QDKW’ = (DQK)TQOKVV,
QXDK = XTQOKDQK, QX = XTQOKX, QXW = XTQOKVV,
QVVDK = WTQOKDGK, QWX = WTQOKX, QW = WTQOKVV,

L is a fiberwise Lagrangian subframe if and only if 2, = 0. Note that because €2 is
SkeW—Symmetric, we have QXDK = —QDKXT, QW’DK = —QDKW’T, and QW’X = —QXH/T.

Proposition 2.2. The subframe L constructed as in (2.22) is a fiberwise Lagrangian
subframe.

Proof. 1f L is fiberwise Lagrangian, it needs to satisfy
Qr=0.
Since € is skew-symmetric, it suffices to prove the following:

1) QDK = 0, 111) QDKW = O, V) QXVV = O,

11) QDKX == O, IV) QX == O, Vl) QVV == O

From Lemma , we have that IC is fiberwise isotropic. Hence, [i)|is immediately satisfied.
Additionally, and are the symplectic product of vectors with themselves; hence
trivial. Note that |[vi)|is also true for stable and unstable bundles of higher rank. The proof
uses a similar contraction argument to the one we use here to prove and , which is
the following. For any positive integer k, let R°* denote the composition of R, with
itself £ times, i.e.,

RZ’J’; = Rea© 0 Rya -

k times

17



Chapter 2. Tori and bundles

For k < 0, we define R2® as the composition of the inverse of R, with itself k& times.
From the symplecticity of ¢ and the invariance of ', we obtain

QoK = (D,¢ro(K, id))T QoKoR D, pro(K,id). (2.24)

If we apply (2.24) recursively k times in and [v), and use the invariance of Dy K, X', and
W, we obtain the identities

(DoK) QoKW = (DgK)' oR2EQo KoREW o RN,
X'QoKW = XToRFEQo KoREW o R NP,

Let us now assume the dynamics in W is contracting, i.e., A < 1. Then by taking £ — oo,
we conclude and [v) hold. For the case where the dynamics in W is expanding, we can
consider the invariance of K under ¢_; and proceed analogously.

For the proof of , we substitute (2.24) in Qpgy and use that Dy K and X are invariant
under D,¢r. Then, we have

(Do) QoKX = (DgK) 0R o Q0K 0R o X0 R,

which is constant by the ergodicity of the rotation R, . Recall that (-) denotes the average
with respect to # and ¢. Let us then take the average of Qpgy after expanding X'. That is,

(i) = <(D9K)TQ0K(X0(K, id) — D@K&)> .

From the first term, using that Q(2)X (z,¢) = D.H(z,¢)", we obtain

<(D9K)T(DZH(K, id)>T> — <(D9 (Ho(K, id))>T> —0

since we are taking averages of derivatives with respect to #. For the second term, we use
that Q@ = (Da)" — Da and obtain

<(D9K)TD¢,(aoK) - (Dg(aoK))TD¢K> a. (2.25)
Then, each term 77 in (2.25)) is obtained from
< S 0 K0, (ar0 ) — Oy (a0 K )0, Kk>
k
_ < S 0, (a0 K O K*) — axo K03, I
k
O (aro KO, M) + akch‘?giw-Kk>

— <Z&pj(akoK89¢Kk) — ﬁgi(akoK&ijk)> = O
k

since we are taking averages of derivatives with respect to # and . Therefore [ii)| also

holds. OJ
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2.4. Adapted frames for K

2.4.2 Construction of the subframe N

We now proceed to complement the subframe L with a subframe N : T4 — R?"*" such
that the frame P is symplectic with respect to the standard symplectic form. Note that
the symplecticity of P implies the subframe N also needs to be a Lagrangian subframe.
There exists several ways to construct the subframe N, see [HCET16| for adapted frames
to Lagrangian tori. We will use the almost complex structure and the Riemannian metric
to construct NV as

N =N + LA, (2.26)
for certain A : T4 — R™*" where
N = JoKLB, (2.27)
B =G,
G =L'GoKL

Let us emphasize some properties of these matrix-valued maps. A needs to be symmetric
to preserve the symplecticity of P and (G, is invertible since K is a fiberwise embedding.
That is, for each ¢ € T¢ K(-,¢) : T* — U is an embedding. Lastly, both G} and B
are also symmetric. The role of A is to obtain simultaneously the stable and unstable
bundles of the invariant torus but its use is not necessary. We can take A = 0 and the
frame P := (L N ) is symplectic and reduces the linearized dynamics on the torus to
upper triangular form—in fact, this holds for any symmetric A. See Section [3.2.9] and
[3.2.10. To obtain both the stable and unstable bundles let us denote the torsion of the
normal bundles parameterized by N and N , when transported by D.¢r on K, by the
matrix-valued maps 3, S : T4 — R™" je.,

S = NToRuu QoK oRyaD.dro(K,id) N, (2.28)
S = N'oRuo Q0K oR o D.opro(K,id)N,

where a straightforward computation reveals

S=84+AA - AToR A (2.29)

Recall definition (2.12). From (2.11]) and (2.12)), observe that if we choose A such that S

adopts the form
S— (%) | (2.30)

where S : T4t — R(=1Dx(=1) then the last column of P, that we denote by W, satisfies
D.¢ro(K,id)W — WoR A = 0. (2.31)
Therefore, W and W parameterize both the stable and unstable bundles of IC, respectively.

Let us define splittings for S and A into blocks of sizes (n — 1) x (n —1),(n — 1) x 1,1 x
(n—1),1x1as

5 S1 S A A
S=1%" = A= ) 2.32
(Sg S4> ’ <A3 A4 ( )
Then, using (2.29)), condition (2.30)) reads
S=5+ A —AloR,., (2.33)
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Chapter 2. Tori and bundles

0=25,+ Ay — AloR,o A7, (2.34)
0=258;4+ A3 — AloRa, (2.35)
0=2584+ My — AjoRua A1, (2.36)

where we can take A; = O,,_1—consequently S = Sl—and solve ([2.36)) as described in

Section [1.5.1} Notice that (2.34]) and ([2.35]) are coupled non-small cohomological equations
that can be rewritten as

0= (S2A + S5oRua A ™) + Ash — Ao RN, (2.37)
0= (85 + 8joRua) + Ads — A" Az B2 (2.38)

wa?

where R2? stands for R, 0Rue. Then, we can solve (2.37) and (2.38) as non-small
divisors cohomological equations. We will also refer to § as the reduced torsion or the

shear. Observe that we need A to be symmetric in order for P to be symplectic, but so
far we do not know if for a symmetric A (2.29) is solvable for S of the form ({2.30]).

Proposition 2.3. The torsion S satisfies the symmetry condition

ATS - (A18) =0, (2.39)

For the proof, see Section . From , the torsion S satisfies Sy = S}.[A—l. Then,
since Ay and Az are solutions of and , it follows that Ay = A}. Consequently,
for S as in (2.30) we can find a suitable symmetric A such that holds. Using this
symmetry, instead of solving (2.37)) and (2.38)), we can solve

0=39+4 Ay — AyoR o X! (2.40)

as a non-small divisors cohomological equation and take Az = Al.

Remark 2.8. From (2.33)), it is possible to further reduce S to a constant matrix S = <§1>
by solving
£A; = (S1) - 8.

We summarize the construction of adapted frames with the following algorithm.

Algorithm 2.1 Computation of adapted frames

Given (K, W, \) satisfying (22.3) and ([2.6]), compute the frame P and the reduced torsion
S by following these steps:

1) Compute X from ([2.21)).
Compute L from (2.22)).

)
) .
) Compute N from @

) Compute S from @, set Ay =0,_1,and § = S,
)

)

)

)

w N

>~

Ut

Compute A, by solving (2.40) and take Az = AJ.
Compute A4 by solving ([2.306)).

Compute N from ([2.26]).
Compute P from ([2.15)).

(=)

w0~
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2.5 Computation of invariant tori and bundles

Given (K, W, \) that approximately satisfy equations (22.3]) and (2.6)), our aim is to improve
such approximations and find exact solutions of the invariance equations. Let us define
the error in the invariance of C and W as Ey, By : T — R?" given by

By = ¢po(K,id) — KoRya, (2.41)
Eyw = D.gro(K,id)W — WoR.a . (2.42)

Note that the geometric properties of Section only hold when we have exact solutions
of (2.3) and (2.6). Nonetheless, as we will see in Section [3.2.10} since K and W are

approximately invariant, K is approximately reducible. That is, there is an error in the
reducibility of the linearized dynamics controlled by Fy and Ey, as

Al S

(PoRoua) 'Dudro (K, id)P = ( xa

) + O(|Ex]) + O Ew ),

for some suitable norm. Also, the frame P is approximately symplectic. Therefore, we
have

P = —QoP'QoK + O(|| Exl|) + O([| Ewl)),
from where we can obtain an approximate inverse.

The strategy is to design an iterative procedure to constructs sequences for K, W, and A such
that for the limiting objects K, W, and Ay the errors satisty ||Ex_ || = 0 and ||Ew, || = 0.
The sequences are obtained recursively by choosing corrections AK, AW : T4+ — R?",
and AX € R such that for K = K+ AK, W =W + AW, and A = A+ A, and
vanish at first order. In this section, we describe non-rigorously one step of the iterative
scheme—the rigorous description is postponed to Section and the convergence of the
scheme to Section [3.4.2]

2.5.1 One step on the torus

Let us begin with (2.3). We compute the correction of the torus parameterization AK :
T4+* — R?" in the coordinates given by the frame P. That is, we choose AK = P¢y,
where & @ T4 — R?" satisfies

DZ¢TO<Ka ld)PSK - PORwa&KORwa = _EK (243)
up to first order in Ex and Ey. Let us left-multiply the linearized equation (2.43) by

the approximate inverse of PoR,,, —that is, —QyP oRo Q0K oR,,—to obtain, after
neglecting higher order terms,

(%) §k — EkORua = Nk, (2.44)

Nk = QOPTORwa QoKoRya k. (2'45)

where

21



Chapter 2. Tori and bundles

We can now write {; and ny into (n — 1) x 1 X (n — 1) x 1 components as

é};( ni(
RS _ | K

éf\ S?{ ) NK 77?( )
33 i

and rewrite system (2.44)) as follows

5}( + 85?( - 5}(07?'0.104 = 77}(, (246)
A2 — E20R e = 1%, (2.47)

5}1’ - f?(ona = 77?{ - <77?&’>7 (248)

AR — EkoRuwa = Tk (2.49)

Observe that we have subtracted (n3) in (2.48)) in order to overcome the obstruction in the
small divisors cohomological equation—in Appendix [B| we prove that (n3.) is quadratically
small in Ey so its contribution in (2.48)) is of second order. Then, we can obtain & for
1=2,3,4 as

& = "M, (2.50)
& = R + (&), (2.51)
& = R g, (2.52)

where (£3.) is free. Recall the definition of the Riissmann operators from Section We
can then require

(&) = ()" (nkc — S%n}) (2.53)
given the non-degeneracy condition det (S) # 0. Then
ek = %ok - St + (1)) ) + (eh) (254

where (£},) is free and we can simply take as zero. This freedom has to do with the freedom
to choose the phase of the generating torus K, see Remark [2.2]

The iterative step on the torus is summarized with the following algorithm.

Algorithm 2.2 Iterative step on the torus

Let (K, W, \) satisfy equations (2.3 and ({2.6) approximately. Obtain the corrected
generating torus by following these steps:

1) Compute P and S by following Algorithm
2) Compute the error Ey from (2.41]).
3) Compute 7y, the right-hand side of the cohomological equations given in ([2.44]), from

E5).
4) Solve (2.47) and (2.49)) as non-small divisors cohomological equations and obtain &%

and &} from and (2.52).

5) Solve as small divisors cohomological equations in order to obtain its
zero-average solution QRn3-.

6) Compute (£3) from and & from (2.51)).

7) Set (£k) = 0 and solve as small divisors cohomological equations to obtain &}
from ([2.54]).

8) Set K < K + Péy.
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2.5.2 One step on the bundle

For the parameterization of the invariant bundle, we proceed in an analogous manner and
add corrections AW : T — R?" and A\ € R to the parameterization of the generating
bundle and to the Floquet multiplier, respectively. We compute as well the correction in
the coordinates given by the frame P. That is, we take AW = P&y, where & : T4 — R?"
satisfies -

D.,opro(K,id) P&y — PoRyaéwoRuar — WoR o AN = —Ey, (2.55)

and
— 1
By = Ey + / D2pro(K + sAK, id)[AK, W]ds. (2.56)
0

We emphasize that albeit we compute AK in the previous section, we linearize around K
and not K = K + AK. This allows us to use the same frame P to correct the torus and

the bundle.

Let us make some comments on possible variations. When linearizing (2.6)), it is possible
to consider -
Eyw = Ey +D2¢ro(K,id)[AK, W] (2.57)

which can be easier to compute than in practical applications. However, for the
proof on convergence, requires upper bounds on the norm of D3¢, whereas @
requires bounds only of D?¢7. It is also possible to compute first K and consider @
around K. Then, we can obtain &y and A\ from

D.¢ro(K,id) P&y — PoRuyalwoRual — WoRLa AN = —Egw, (2.58)

where P_is the frame for the corrected parameterization K and Ejyy, corresponds to (2.42)
but on K instead of K.

Notice that then we do not have to compute D2¢7 but we have to compute two frames: for
K and for K. Computationally, this is an interesting option and it is in fact the approach
followed in the numerical explorations of Section and in [FMHM24b|. However, for
the KAM theorem, it would require to control both frames P and P.

Regardless of which option we choose, let us left-multiply the linearized equation
again by the approximate inverse of PoR,q, i.e., by —QyPToRq QoK oR,,. If instead
we would like to follow the approach , we would proceed analogously with an
approximate inverse of PoR,,. Then, after neglecting higher order terms, we obtain

Al S
( AT ) Ew — EwoRuwa A = nw + e, AN, (2.59)
where -
nw = QP oR e Qo KoR o Fy, (2.60)
On—l
o 1
" On—l
0
Using analogous splittings for ny and & as in Section [2.5.1] system ([2.59)) reads
5111 + S&SV - gll/VonocA = 7]11/1/7 (2.61)
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AR — €2 0Rua X = 0y + AN, (2.62)
gl?/’V - glz/%’[/ORwa)\ = 77%/’7 (263)
/\_IS%’ - é.éVona)‘ = 77?1’ (264)

We can then take A\ = —(n?,) and

5%1/ = R (7711/1/ - 5%1/\77%/')7 (2-65)
1

& = iy + (&), (2.66)

&, =R\ (2.67)

&= Rm Mk (2.68)

where (£2,) is free and we can take as zero. This freedom is related to the freedom in
the length of W, analogous to the underdeterminacy of the lengths of eigenvectors in an
eigenvalue problem.

The iterative step on the bundle is summarized with the following algorithm.

Algorithm 2.3 Iterative step on the bundle

Let (K, W, \) satisfy equations (2.3 and ({2.6) approximately. Obtain the corrected
generating bundle and Floquet multiplier by following these steps:

1) Choose whether to follow approach (2.55) or (12.58]).
2) If approach (2.55) is chosen, take P and S as computed in Algorithm . Else,

compute P and S by following algorithm for K.

3) Compute the error E} from . -

4) If approach is chosen, compute Fy from or .

5) Compute ny, using the chosen frame P or P, from ([2.60]). For the case , take
Eyw = Ey.

6) Solve (2.63)), , and as non-small divisors cohomological equations in order
to obtain &, &, and &y from (2.67), (2.68), and (2.65).

7) Take AN = —(n3,).

8) Set (£2) = 0 and solve as a small divisors cohomological equations to obtain &3
from (|2.66|).

9) Set W« W + P&y or W < W + P&y and A A+ AN

2.6 Continuation with respect to parameters of 4

Let us assume we have a family of Hamiltonians H. that depends analytically on some
parameter ¢ € R. Given (K, W, \). for certain value of € that satisfies equations and
(2.6), we want to compute parameterizations of a generating torus and generating bundle
(with the corresponding Floquet multiplier) for a different Hamiltonian H... As commonly
done in continuation methods, see e.g. [AG03], we will provide a methodology to compute
the tangent to the continuation curve with respect to ¢ from where we obtain a first order
approximation in ¢ of the invariant objects for H..

Let us assume equations (2.3) and (2.6) define implicitly (K, W, \). as functions of e.
Then, we want to compute 0.K,0.W, and 0.\. In the following, for the sake of notation
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2.6. Continuation with respect to parameters of H

clarity, we will omit the dependency of (K, W, \) and of ¢7 on . Let us begin by taking
Eq. (2.3) and differentiate it with respect to € to obtain

D,¢ro(K,id)d.K + 0.¢r0 (K, id) — 0.K 0Rye = 0,

where 0.¢7 is the variation of the map ¢ with respect to € that can be computed through
variational equations. We now express the derivatives in the frame such that 0.K = P& k.
The previous expression then reads

DZ¢TO(K7 ld)PgdK + 8&¢T0(Ka ld) - PORwa&)gKORwa = 0. (269)

Notice that now we have exact solutions of (2.3 and (2.6)) so reducibility holds exactly.
Then, after left-multiplication of (2.69) by (PoRya )" we have

Al S
( AT ) §o.x — Co.k ORuwa = Mok (2.70)
where
N = QP ToRua QoK 0Ry Dopro (K, id). (2.71)

The cohomological equations given in can be solved as described in Section m
Observe that the systems of cohomological equations and are the same. Then,
for to be solvable, we encounter again small divisors cohomological equations for
&5 i (recall the splittings defined in Section that require (773 ;) = 0. Using fiberwise
symplectic deformations, see Appendix [C, we prove in Appendix [D] that, for 7, x defined
as in ([2.71), (93 x) = 0.

In order to obtain 0.W and 0.\, we differentiate with respect to € to obtain
0. (ngbTo(K, id))W + Dabpo(K, i)W — WoRwadA — 0 WoRun A = 0,
which can be rewritten as
D,o7ro(K,id)0.W — O.WoR oA — WoR,a 0N = —Eaw, (2.72)
with

Eow = O- <Dz¢To(Ka id)>W
= 0.D.¢ro(K,id)W + D2¢ro(K,id)[W, 0.K].

(2.73)

Then, by using the frame such that 0.W = P&, and after left-multiplication by
(PoRya) ™!, expression (2.72) reads

Al S
( =T ) Sow — Low ORua A = Now + €0, (2.74)

with
No.w = Q()PTORWQQOKE()S[/V. (275)

These cohomological equations can be solved as described in Section [2.5.2]

The computation of derivatives of (K, W, \) with respect to parameters is summarized
with the following algorithm.
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Chapter 2. Tori and bundles

Algorithm 2.4 Computation of derivatives with respect to parameters
Let (K, W, \). be implicit functions of € by equations and . Find 0.K, 0.W,
and 0.\ by following these steps:
1) Compute P and S by following Algorithm
2) Compute 7, x, the right-hand side of the cohomological equations given in ,
from .
3) Solve and with 7y as non-small divisors cohomological equations in
order to obtain & ; and & .
4) Solve with 7y, as small divisors cohomological equations in order to obtain its
zero-average solution QR .

5) Compute <§38K> from with 7., and &, = Rn3 , + <’535K>'
6) Set (f}) ) = 0 and solve with 7y as small divisors cohomological equations to
obtain &} .
) Set 8€K — ng)gK.
) Compute Eyy from (2.73).
9) Compute 1y from .
) Solve , , and with 7, as non-small divisors cohomological
equations in order to obtain &3, &5, and &3y, respectively.
11) Take 0.\ = —(n3 ). - '
12) Set (£3,) = 0 and solve with 75y and 9.\ as a small divisors cohomological
equations to obtain &y, = 813 ;.
13) Set 8€W — PSOJV'

2.7 Comments on implementations

For every function ¢ : T — R, we use its Fourier representation and their grid
representation. The Fourier representation is given in terms of Fourier coefficients {fk]} eC,
with k € Z? and j € Z*, and the grid representation is given by the values {(;;} of ¢ in an
equally spaced grid of T4, We can switch between both representations with the linear
one-to-one map provided by the Discrete Fourier Transform (DFT). Operations such as
phase shifts, differentiation, or solving cohomological equations can be done efficiently in
Fourier space whereas numerical integration or evaluation of vector fields can be done more
efficiently in the grid representation. We switch between both representations according
to the operations to be performed.

In practice, we can only work with truncated series. Furthermore, the DF'T only provides
approximate coefficients, that cannot in general be directly identified with the Fourier coef-
ficients. Instead, for each coefficient ékj, we use the DFT coefficient that best approximates
it, see e.g. [Hen79] for details.

The unstable Floquet multiplier of IC can be large, which would compromise the convergence
of the method. In the numerical explorations of Section instead of solving Egs.
and (2.6), we follow a multiple shooting approach. We consider multiple tori {K;}}",
and bundles {W;}7";" parameterized by {K;}7," and {W;}7,! with K, : T%* — U and
W, : T — R?" such that

¢r,,0(Ki,1d) — Kiy10Ru,a, =0, (2.76)
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2.7. Comments on implementations

DZ¢TmO(Ki7 ld>m - >\mVVi+1Omeam == O (277)

fori = 1,....,m — 1, where T,,, = T/m, \,, = A, Wy = w/m, and o, = a/m. The
subindex in K and W is defined modulo m. We choose m such that both |A[# and
|)\|_W1 are small enough. The methodology described generalizes with some extra work for
Eqgs. and . For the sake of clarity, we have described the method for m = 1.
Nonetheless, the generalization from m = 1 to m > 1 is analogous to the generalization in
the autonomous case which can be found in [HM21].

The evaluation of flow maps and the variational equations require numerical integration
that can be costly for high-dimensional tori. Numerical integration is easily parallelizable
by assigning trajectories to different cores.

To prevent numerical instabilities, we implement a low-pass filter after each iterative step
on K and W for the approximate Fourier coeflicients of the parameterizations, i.e., at the
end of Algorithms [2.2] and For simplicity, assume K is a 2-dimensional torus with a
grid of size N; x No—which is the test case of Section [2.8] The filtering strategy consists

of setting to zero the coefficients for |k| > k; and |j| > j; for the values k; = r; - N; and

11

Jjr =1rf- No, where ry € [17 5) is some filtering factor. Because of this filtering strategy,

the effective number of approximate Fourier coefficients is not Ny X N.

Since we are working with truncated Fourier series, we need to decide on the number
of Fourier coefficients. This number needs to be large enough so the series allow the
parameterizations to meet their required error tolerance in the invariance equations. The
necessary number of coefficients might change throughout the continuations so we also
need a strategy to adjust the grid sizes of the invariant objects. Since our objects are
real analytic, their Fourier coefficients decay exponentially fast. Our strategy is based on
controlling this decay. In order to do so, we compute the tails of the truncated series. For
functions ¢ : T? — R, we compute the tails in the internal phase § and the external phase

© as

()= > |€ij|7 t(Q)= Y |<Akj|a

|k|>Fke,7]1<jt |k|<ke,|5]1>7¢

for k; = r, - N1, ji = ri - Na, where 7, is some tail factor such that r, < ry. For the case
where ¢ : T? — R*"| we consider ¢y and t,, to act component-wise.

Furthermore, throughout the continuations on ¢, the necessary step size of the continuation
procedure needs to be adjusted. We conclude this section with a proposal in Algorithm
for the continuation of generating tori, bundles, and Floquet multipliers that is an
adaptation to our case of Algorithm 3.6.1 in [HM21]. The main difference is that in
the algorithm of [HM21], a strategy to reduce the number of Fourier coefficients in the
parameterizations is necessary whereas in Algorithm [2.5 we require a strategy to control
the decay of the coefficients in the different phases of K and W to adjust the grid sizes of
the parameterizations.

Let us represent the parameterizations of the invariant objects and the Floquet multiplier
for some parameter € as 7. = (g, K, W, ), for which we consider the norm

12l = (22 + A2 + (IK1I3) + CIWI3))
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Chapter 2. Tori and bundles

where || K||2 stands for the map (6, @) — || K (0, ¢)||2 and || - ||2 denotes the Euclidean norm
in R?". The map ||W||, is analogous. Let us estimate the error in the torus and bundle as
follows

errye(To) = maxc || B (k/N1, j/No)oo: (2.78)
0<j<N2

erry (7:) = max || Ew(k/N1,J/N2)| cos (2.79)

0<k<N1
0<j<N2

where || - || stands for the supremum norm in R?". Then, a proposal for the continuation
of tori and their bundles is summarized in the following algorithm.

Algorithm 2.5 Continuation implementation

Let 7. be an approximately invariant torus, bundle, and Floquet multiplier for some value
of the parameter ¢ and some values of the flying time 7" and rotation vectors w and a. Let
K and W have grid representations of size N1 x Ny, let e, ew, £; be tolerances, r; some tail
factor, and n,,4z, Ne, Naes, ¢ be integers. Assume we have a suggested continuation step Ae.
Compute a new torus, bundle, and Floquet multiplier 7., for a new value of the parameter
¢’ and fixed T, w, and « as follows:

1) Compute 0.K,d.W, and 9.\ following algorithm [2.4] and set the continuation direction
§ <+ (1,0.-K,0-W,0:)\).

2) Set AT. + §/||9]| and Tz < Tz + AcAT..

3) Perform Newton steps on 7. by following algorithms and until errg (7)) < e
and erry (7o) < ey or up to Nyg, times.

4) If errg (7o) < ex and erry (7o) < ew, let ny; be the number of Newton iterations and
go to step [§

5) Go to step [2] with Ae « %As up to n. times.

6) Compute [|tg(K)||oo and ||t,(K)||oo-

7) If ||[to(K)|loo > € and ||t,(K)||oo > &, set Ny <= 2N; and Ny <— 2N,. Otherwise, set
Ny <= 2Ny if ||to(K)|loo > ||to (K)o and Ny <= 2N5 if ||t,(K) |00 > [|t6(K) |- Go to
step [I} try up to n; times.

8) Set T. = Tor, Ac < 742+ Ac and go to step .

2.8 Numerical experiments: the Elliptic Restricted
Three Body Problem

In this section, we apply our method to the periodic Hamiltonian system given by the
ERTBP. The strategy we follow consists of taking families of 2D partially hyperbolic
invariant tori in the CRTBP and lift them to the elliptic problem as 3D partially hyperbolic
invariant tori through continuation in the eccentricity as described in Section [2.6] In
practice, we compute parameterizations of 2D generating tori together with their stable,
unstable, and center generating bundles.

For the numerical explorations, we have used a machine under Debian 12 with two
processors Intel(R) Xeon(R) CPU E5-2630 0 @ 2.30GHz with 6 cores each and two threads
per core for a total of 24 threads. The algorithms were written in C, compiled with GCC
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2.8. Numerical experiments: the Elliptic Restricted Three Body Problem

10.2.1 and linked against Glibc 2.31, LAPACK 3.9.0, and FFTW 3.3.8. The numerical
integration was parallelized using OpenMP 4.5.

2.8.1 Dynamics

The Elliptic Restricted Three Body Problem models the motion of a small body of negligible
mass in the gravitational vector field generated by two other massive bodies, known as
primaries, moving in elliptical orbits according to two-body dynamics.

Let us denote by m; and msy the masses of the primary bodies and let us also define the
parameter p = 2. It is possible to define a rotating and pulsating frame after a
suitable rescaling in space and time where the primaries of mass m; and ms are at (u,0,0)
and (u — 1,0,0), respectively, and their period of revolution is 27, see [Vic67] for details.

The dynamics for the third body are then given by the periodic Hamiltonian

1
H(z,p,¢) = 5[(pr +22)" + (p2 = 21)" + p + 23]
N
1+ecosf

1—
M_i_ﬁ’
r T2

1
i(xf +x+a3) +

with o € R? positions, p € R® momenta, r? = (z;—pu)? +a2+22, 72 = (01 4+1—p)?+ 22 +22,
and e € R the eccentricity of the elliptic orbit of the primaries. The true anomaly f := 27,
with ¢ € T, is the angle that parameterizes the orbit of the primaries and moves according
to the frequency ¢ = & = 1/2.

The ERTBP has five fixed points, known as the Lagrange points, denoted by L; with
1=1,2,...,5. The coordinates of these equilibrium points coincide with the coordinates
of the fixed points in the circular problem. The collinear solutions Lq, Lo, and L3 are
unstable for any combination of  and e whereas the stability of the triangular points, L,
and Lj, depends on these two parameters. For their values in the Sun-Earth system, that
is u = 3.040357143 - 107% and e = 0.01671123, the triangular Lagrange points are linearly
stable (see e.g. [Vic67] for details).

The persistence of the fixed points in the elliptic problem does not generalize to other
invariant objects. Periodic solutions only exist in resonance with the frequency of the
primaries. Furthermore, the frequency of the primaries, i.e., the external frequency &,
is added to invariant objects such as periodic orbits and invariant tori of the CRTBP
increasing the dimension by one of their counterparts in the elliptic case. That way, (non-
resonant) periodic orbits survive as 2D tori while the classical Lissajous and quasi-halo
orbits become 3D tori—this will be our case study.

2.8.2 From the CRTBP to the ERTBP

As we mentioned previously, we will lift invariant tori and bundles from the CRTBP to the
ERTBP. In this section, we include some details on the families of tori that we computed
in the circular problem. Note that we can obtain the Hamiltonian of the CRTBP from
that of the ERTBP for e = 0.
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Chapter 2. Tori and bundles

The L; point in the CRTBP is of type centerxcenter xsaddle; that is
SpecDX (L) = {8270, —i270), i2m@), —i2r@y, A%, —A°},

with a value of the Hamiltonian h°. Thus, there is a 4-dimensional center manifold
generated by the central part of L, that contains invariant objects.

The Lyapunov center theorem (see e.g. [MHOOQ9, [SMT71]) ensures that there exists two
2-dimensional manifolds inside the center manifold filled with families of periodic orbits:
the planar and the vertical Lyapunov families. These families present bifurcations that
give birth to new families such as the halo family and other more exotic orbits (see e.g.
[DDP03]). We can parameterize the orbits in these families in a large neighborhood of the
Ly point by their value of the Hamiltonian.

Besides the 2-dimensional manifolds of periodic orbits, the center manifold is also filled
with 2-dimensional tori that exist around periodic orbits with a central part. Let us focus
on the tori around vertical Lyapunov orbits. Let @, and @, be the frequencies of any torus
such that &, — &) and &, — &) when h — h°, see Remark [2.3 on the non-uniqueness of
the frequencies. Following [HM21], we define the rotation number as

p =0,/ 0, — 1.

We can then use the Hamiltonian h and p to represent the family of 2-dimensional tori
around the vertical Lyapunov orbits. These two parameters uniquely determine each torus.

Analogous representations can be obtained for the tori around planar Lyapunov and halo
orbits, see [GMO1l, [HM21] for a full description.

For 1 = 3.040357143 - 1075 and e = 0, we selected 77 equally spaced values of p between
0.03565 and 0.0961 for the Sun-Earth system and “nobilized’ﬂ them with an absolute
tolerance of 1.6 x 10~*. Then, we performed continuations in the flying time 7" for each
value of w = p, following the methodology from [HM21], and obtained the family of tori
around vertical Lyapunov orbits in the CRTBP. The results are gathered in Fig.
where we plot the rotation number and the Hamiltonian as well as the grid size of the
parameterizations in the color map for each of the 8971 tori computed.

2.8.3 Numerical explorations in the ERTBP

In this case study, the generating tori IC are 2-dimensional and the generated tori K are
3-dimensional. To initialize the algorithms, we use the autonomous tori from the CRTBP
with a grid size in the internal phase as given in Fig. [2.2] For the initial grid size in the
external phase, we took Ny = 16. Since the generating tori in the CRTBP are 1-dimensional,
we obtain the 2-dimensional generators by setting the approximate Fourier coefficients fkj
to zero for |j| > 0. Equivalently, we can construct the generators as in . In algorithm
2.5, we use e = 107, ey = 107°, g, = 1072, 1 = 1/5, e = 6,1 = 3, nges = 4, and
n; = 2. We set a maximum of 2048 Fourier coefficients in each phase and for the multiple
shooting approach, we take m = 4. We set the continuations to reach the eccentricity
of the Sun-Earth system; that is, e = 0.01671123. It is worth mentioning that we set

LA noble number is one whose continued fraction expansion coefficients are equal to one from a position
onward.
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Figure 2.2: Energy-rotation number representation in the CRTBP for the Lissajous family
around vertical orbits around L; for the Sun-Earth mass parameter. The color map
represents the grid size of the parameterizations.

ex = 1079 for such an exhaustive numerical exploration, but we manage to get errors in
the invariance equations of the order of 107! for some tori.

The results of our numerical explorations are gathered in Figures[2.3land 2.4 We emphasize
that these results constitute an improvement with respect to the results presented in
[FMHM24b] due to improvements in the continuation strategy. Out of the 8971 tori
computed in the CRTBP, 6840 reached the Sun-Earth eccentricity. Each torus in the
Figures is labeled by its value of the internal rotation number and the value of the
Hamiltonian of the torus in the CRTBP used to initiate the continuations. Note that we
use h simply as a label with no dynamical implications. In the color map of Fig. [2.3] we
represent the grid size in the internal phase 6 (left) and the external phase ¢ (right) only
of the tori that reached the eccentricity of the Sun-Earth system and in we represent
the value of the unstable rate of expansion of the invariant tori.

0.1
256
0.08 128
S8 64
0.06
32
0.04 16
-1.5004 -1.5002 -1.5 -1.5004 -1.5002 -1.5
h h

Figure 2.3: Energy-rotation number representation in the ERTBP for the Lissajous family
around vertical orbits around L; for the Sun-Earth mass parameter. The color map
represents the grid size of the internal phase (left) and the external phase (right).

We can observe that not all continuations reach the required value of the eccentricity.
Certain empty “lines", where the continuations fail, are present, which suggests the
existence of a dynamical barrier. It turns out that these lines correspond to resonances
between the frequencies of the 3-dimensional tori, see Section [2.8.4] For values of p < 0.06,
there is also a gap in the energy-rotation number representation. The lack of convergence in
this region is related to resonances and also to the existence of homoclinic and heteroclinic
tangles. We will come back to this issue in Section [2.8.5]
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Figure 2.4: Energy-rotation number representation in the ERTBP for the Lissajous family
around vertical orbits around L; for the Sun-Earth mass parameter. The color map
represents the unstable rate of expansion

From the numerical explorations we can see that, generally, tori in the ERTBP do not
need a large number of approximate Fourier coefficients in the external phase, see Fig.
2.3| (right), which suggests that our tori are more analytic in the phase ¢. Note that ¢ is
essentially time and tori tend to be more analytic in the temporal direction, which is in
agreement with our results.

Close to resonances, the number of coefficients needed increases. We also observe an
increase in the number of coefficients for the tori surrounding the region where homoclinic
and heteroclinic tangles are present. Resonances and homoclinic and heteroclinic tangles
are responsible for the breakdown of tori, see [Chi79, dILO06l, [(OS87]. The fact that more
coefficients are necessary for the parameterizations close to such cases reveals that the tori
are losing regularity because they are breaking down.

In order to lift the autonomous tori to the elliptic problem, we see that it does not suffice to
simply add coefficients in the external phase. When we compare Fig. and Fig. (left),
the number of coefficients in the internal phase changes. Throughout the continuations,
it was seen that for a given torus, sometimes it was necessary to increase the number of
coefficients in the phase # and sometimes in the phase ¢. It is therefore key to control the
decay of the Fourier coefficients as it has been described in Section [2.7]

Lastly, we include in Fig. [2.8.3 some plots in the configuration space of 3-dimensional tori
(red) and their 2-dimensional generators (black) for a family with p = 0.071461. They can
be seen as “fattened" with respect to their CRTBP. Such “fattening' is clearly seen in the
results from Section 2.8.5

The behavior of the family of tori for fixed p is qualitatively very similar to their autonomous
counterparts in the CRTBP, see [HM21]. The family begins with a torus close to a vertical
Lyapunov orbit and, for higher energies, tori increase in size and start to bend. Then,
they approach a vertical Lyapunov orbit of higher energy where the family collapses.

Remark 2.9. To obtain the results presented in Fig. [2.3] we did several runs of Algorithm

for different values of the filtering factor for the low-pass filter described in Section [2.7]

To give an idea of computational times, we provide in Table [2.1] details for a few continua-
tions from e = 0 to e = 0.01671123. That is, a few continuations of tori in the CRTBP to
the Sun-Earth ERTBP, see Algorithm [2.5] In the table we include: the initial and final
number of Fourier coefficients, Ng, and N, respectively, the value of the Hamiltonian
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Figure 2.5: Projection onto the configuration space of 3-dimensional generated tori (red)
and 2-dimensional generating tori (black) for the family p = 0.071461.
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of the initial autonomous seed h, the rotation number of the invariant curve of the au-
tonomous seed, the number of continuation steps, the norms for the torus and bundle
invariance errors, ||Ex|| and ||Ew || respectively, and the elapsed time. The norms that we
use are those in —. For the specifications of the machine that we used see the
second paragraph of Section . Note that when Ng, # Nf,, the continuations require to
increase the number of coefficients because convergence was not possible for Ng,. This
incurs naturally in larger computational times. See Algorithm [2.5

Table 2.1: Computational times for continuations from e = 0 to e = 0.01671123.

Ng, Np h 0 steps | Ex| | Ew | t

f

1.72-1072 9.25-1071° 1.81s
6.39-107% 1.10-107'  2.94s
9.98-107"" 2.81-107% 36.43s
6.75-107"  7.29-107%  6.63s
2.73-107'" 4.02-107" 77.31s
5.90-107" 3.92-107% 33.27s

(64,16)  (64,16) —1.50032 0.0747
(64,16)  (128,16) —1.50034 0.0507
(128,16)  (256,32) —1.50011 0.0547
(256,16)  (256,16) —1.50022 0.0411
(256,16)  (512,32) —1.50020 0.0460
(1024,16) (1024,16) —1.50024 0.0492

N Ot N W NN

2.8.4 Resonances

The vector of internal frequencies w and the vector of external frequencies & were assumed
to be sufficiently non-resonant; that is, Diophantine. When this assumption does not hold,
there is a dynamical obstruction to the existence of invariant tori.

Let k = (K1, K2, k3) be a 3-tuple. The vectors of frequencies & = (
p-order resonance when |k|; = p and

) and & = 5- are in
us

il

P
T

1 1
RK = Iﬁlﬁ + Ko— + K3—

2.80
T T 271’ (280)

becomes zero. The numerical explorations were done for fixed values of p but throughout
the continuations, the flying time 7" varies. For certain k, p, and T, Ry might become
small, revealing that the continuations are approaching resonances. Note that for given
k, with |k|; = p, Ry = 0 defines p-resonant lines. To visualize these resonances in the
energy-rotation number representation, we first examine the tori computed in the CRTBP.
We look for 3-tuples & such that Rz < €® up to a maximum order p. We took e® = 1074
and p = 10. Once we obtain the 3-tuples K, we compute the lines Rz = 0 and obtain
px = px(T). Then, we use the values of h, p, and T of the grid of tori computed in the
CRTBP to obtain through inverse cubic interpolation, for each line Rz = 0, the curve
pi = pr o T'(h). The results are shown in Fig. 2.6

It is clear that when lifting the tori from the CRTBP to the ERTBP, the frequencies
can become resonant for a large subset of the autonomous tori. We observe that for
h 2 —1.5002, there is an accumulation of resonant curves in the energy-rotation number
representation which explains the gap of Figures 2.3|and [2.4] The accumulation of resonant
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Figure 2.6: Resonant curves up to order 10 for the tori in the ERTBP for the Sun-Earth
mass parameters.

curves also explains why, when comparing Fig. and Fig (left), more coefficients are
necessary for the parameterizations of the tori that reached the Sun-Earth eccentricity.

Note the correspondence between the resonant curves and the results from Fig. 2.3} —the
absence of tori in the region surrounded by tori with Ny = 32 in Fig. (right) corresponds
to order 4,6, and 8 resonances. The fact that even order resonances cause larger gaps of
non-existence of invariant tori is likely caused by symmetries but we did not investigate
this phenomenon further. Other resonant curves can be appreciated but are more subtle.
Due to the presence of resonances, performing continuations for each torus in the CRTBP
is a more robust approach than performing them in the ERTBP. When the method tries to
compute a resonant torus, it will simply fail and move to the next, whereas if continuations
where done in the ERTBP, the method would have to jump through all the resonances it
encounters.

2.8.5 Poincaré representation

As we pointed out, the Hamiltonian in the ERTBP is not constant. Therefore, we cannot
obtain the isoenergetic sections of the center manifold commonly seen in studies for
the CRTBP, see e.g. [JM99, (GMO01], (GJSMO01a]. Nonetheless, in this section we show
some analogous results. In addition to the numerical results already presented, we have
also taken tori in the CRTBP around vertical and halo orbits within a level set of the
Hamiltonian, lifted them to the Sun-Earth ERTBP, and computed a Poincaré section with
Y ={z,p e R® 23 =0,p3 > 0}.

We explore the level set H = —1.5002. The results are gathered in Fig. 2.7 On the left,
we show (in red) the intersections of the tori of the CRTBP that, when used as seeds of
continuations in the eccentricity e, reach the Sun-Earth ERTBP. The intersections of the
3-dimensional tori in the Sun-Earth ERTBP are shown in Fig. right. In order to have
some reference of where the families of tori end, we show in black the intersections of the
last tori computed in the CRTBP around vertical and halo orbits.

We first observe that since the tori in the ERTBP are 3-dimensional, the intersections
with 3 are 2-dimensional. This allows us to somewhat see the “fattening” of each torus
due to the time dependency of the Hamiltonian.
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Figure 2.7: Intersections in red of Lissajous and quasi-halo tori with ¥ in the CRTBP (left)
and in the ERTBP (right). In black, we show the intersections of the last tori computed
for each family in the CRTBP. The tori were computed from the level set H = —1.5002 in
the CRTBP.

In the CRTBP, there is a range of the Hamiltonian where there exist tori that approach
double homoclinic connections of planar Lyapunov orbits. For larger energy values, there
exist heteroclinic connections between the so called “axial” orbits. These connections
act as separatrices between the Lissajous and quasi-halo families. An example of a torus
approaching such connections is shown in Fig. 8 of [HM21], where a torus around a vertical
orbit approaches two vertically symmetric quasi-halo tori. The existence of transverse
homoclinic and heteroclinic points is one known mechanism for breakdown of invariant
tori, see [Chi79, [dILO06, [OS87], and the tori in the CRTBP that approach connections
were found for small values of p, see [HM21].

Non-resonant periodic orbits in the CRTBP survive as 2-dimensional tori in the ERTBP,
so there might be even more connections than in the CRTBP. Together with the fact that
tori in the ERTBP are higher dimensional, suggests that there might be a larger set of
tori in the ERTBP that are sufficiently close to homoclinic and heteroclinic connections
for the method to fail.

Lastly, in Fig. @, we show in the configuration space plots of the largest Lissajous (red)
and quasi-halo (blue) tori, and their projections, computed for Fig. That is, the
largest Lissajous and quasi-halo tori that reached the Sun-Earth ERTBP from the level
set H = —1.5002 in the Sun-Earth CRTBP. For easier visualization, of the two symmetric
quasi-halo tori of the energy level, only one is shown. We can observe the proximity
between the tori in the configuration space (similar plots can be obtained with other
projections) and how they almost merge.

36



2.8. Numerical experiments: the Elliptic Restricted Three Body Problem

0.015
0.015
0.01
0.01
0.005 0.005
g 0 g 0
-0.005 -0.005
-0.01 001
-0.015 =
-0.985 -0.01 015
099 9905 001 © %908 -0.094 20.99 20.986
Ty X Ty
0.015 0.015
0.01 0.01
0.005 0.005
g 0 S 0
-0.005 -0.005
-0.01 -0.01
008508 -0.994 -0.99 -0.986 0015501 0 0.01
x T2

Figure 2.8: Largest Lissajous (red) and quasi-halo (blue) tori, and their projections,
computed in the Sun-Earth ERTBP from the level set H = —1.5002 in the CRTBP
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Chapter 3

A-posteriori KAM theorem

In this chapter, we provide the proof of the convergence of the methods of Chapter 2]
That is, we build on [HM21, FMHM24b] and obtain an a-posteriori theorem for partly
hyperbolic invariant tori and their invariant bundles in quasi-periodic Hamiltonian systems.
The a-posteriori formulation summarizes as follows. If there is an approximate solution of
the invariance equation satisfying some non-degeneracy conditions, then there is a true
solution “nearby”. This kind of theorems require some initial data from where a condition
for existence can be checked in a finite number of computations. In combination with
rigorous numerical techniques, it is possible to perform computer-assisted proofs. This
approach led in [FHLI17| to the formulation of a general methodology for such kind of
proofs—using the parameterization method—for Lagrangian invariant tori. A modified
approach that leads to sharp estimates for the condition for existence was introduced in
[Vil17] and similar ideas for systems with extra first integrals were developed in [FH24].
For Lagrangian tori in quasi-periodic Hamiltonians, see [CHP25].

As in Chapter [2, we use flow maps related to the natural frequencies of tori to reduce the
dimension of the tori by one and do not use an autonomous reformulation by introducing
fictitious action coordinates. This point of view allows the theorem to be applied to both
autonomous and quasi-periodic Hamiltonian systems and constitutes the proof on the
convergence of the flow map methods of [HM21, FMHM?24b]. Additionally, we obtain
both the stable and unstable bundles simultaneously which provides a clear geometrical
picture of the tangent space on the torus. The proof relies on geometric properties of
symplectic flavour that hold approximately when we have parameterizations that satisfy
their invariance equations approximately. We obtain geometric lemmas for such properties
that, together with the lemma on quadratically small averages obtained in Appendix [B]
control the error in the KAM iterative procedure. We emphasize that convergence can
still be proved without such lemma but then we would need to use a translated curve
theorem and a vanishing lemma. The new error in the invariance equations is controlled
by explicit constants that we provide in Appendix [E] which require the careful treatment of
the analyticity loss with each iterative step. The proof concludes by obtaining conditions
for convergence of the KAM iterative procedure.

The structure of the chapter is the following. In Section we describe partly hyperbolic
invariant tori and our main result: the KAM theorem. In Section we state and prove
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the geometric lemmas that we use to control the new errors after one step of the iterative
procedure; for which we obtain estimates in Section [3.3] Lastly, in Section we conclude
the proof of the KAM theorem and in Appendix [E] we provide tables with all the explicit
constants obtained in our estimates.

3.1 Existence of partially hyperbolic invariant tori

In this chapter, we provide the proof on the convergence of the iterative method of Chapter
2}—let us recall some key ideas.

We are interested in (d + ¢ + 1)—dimensional tori with frequencies & € R*™! and & € R—
invariant for the vector field —and in their invariant bundles. Equivalently, for
& =: 7(w,1) and o := AT, where w € T¢ and o € T*, we can look for (d + ¢)—dimensional
tori K, invariant for the flow map ¢, and in bundles VW with base K, invariant under the

differential of ¢, see Sections [2.1] and

In the spirit of the parameterization method, we are interested in fiberwise embeddings
K : T — U and W : T4 — R?" with rate A € R/{1, —1}, satisfying and (2.6).
Without loss of generality, we can assume 0 < |A\| < 1. We will refer to K and W as the
parameterizations of L and W, respectively.

It can be shown, see Section [3.2.6| and [3.2.10} that if (K, W, \) satisfy and (2.6),
then there exists a set of coordinates given by a frame P such that the differential of the
flow map reduces to an upper triangular matrix-valued map—constant along the diagonal.
That is, the linearized dynamics in the coordinates given by P reduce to Ap : T4t — R?"
as

(PoRua) 'D.oro(K,id)P = Ap, (3.1)
where
Al S
Ap =
A—T

We can construct the frame P as described in Section 2.4l

The convergence of the iterative process described in Section leads to a-posteriori KAM
theorem on existence of partially hyperbolic invariant tori and its invariant bundles. In
what follows, recall the definitions for the sets & and U from Section [1.3, We now state
the main result.

Theorem 3.1 (KAM theorem for partially hyperbolic tori). Let w = da be an ezact
symplectic form defined in an open set U C R*™ and let J be an almost complex
structure on U compatible with w. Let g be the induced metric and H : U x T — R be
a real-analytic quasi-periodic Hamiltonian with frequencies & € RY. Ford =n — 2, let
weRY T >0, and o = &T be such that (w,«) is Diophantine with constants v > 0,
7 > d+( and suppose we have K : T — U, W : T4 — R? and |\ < 1. Assume
the following hypothesis.

H, There exists some r, R > 0 such that the geometric objects w, a, J, and g can be
analytically extended to the complex set U C C* containing U. Moreover, for all
t €1[0,7] and all (z,9) €U, ¢i(z,p) exists. Then, there exist constants such that:
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— the matrix representations 0, a, J, and G satisfy

12| < ca, IDQy < cpa, ||Dallu < epay |(Da)" |lu < payrs
ID%lu < ep, || < ey, Tl < ey, IDJ ||l < epy,
(D) N < ey |Gl <ca, DGy < epe-

— The Hamiltonian H, the vector field X, and the flow map ¢r satisfy

1 X1z < ex, 1 Xz < e, DXl <evx,  [DX) g < coxys
ID2H ||y < coenr, ID:07llg < cvons 1(D207) g < cosry, D207]lg < cpze,.

Hy There exists p € (0,r) such that K € A(T4)?, DK € A(T4H)2<H0 and W €
A(Td—i—f)Qn
d .

— Moreover, there exist constants such that

Do K|, < op,K; ||(D9K)T||p < O(pyK) DK, < op,x, ||(D<pK)T||p <O,k

W1, < ow, W, < owr, 1N, < oy, INT]l, < o,
1B, < os.

— Also, there exist oy < 1 and oy > 1 satisfying
N <oy, [N < oy

Hs There exists a constant o g1 such that the shear S in (2.30)), which coincides with the
block Sy in (2.32)), satisfies the non-degeneracy condition ‘(S)_l‘ < Opgt

Then, for every ps € (0,p) and & € (0,2=F>=), there exist a constant € such that if the
muvariance errors
Ex = ¢ro(K,id) — KoR,a,
EW = ngbTO(K, ld)W - WORwa)\,

satisfy
¢
where 1]
FE
£ = max{ ,yzng, ||EW|yp}, (3.3)

then there exist Ao, an invariant torus Ko = Koo (T) and an invariant bundle Wy, =
Woo (T4 satisfying:

i) Koo,Wo € A(TEH)? and Koo (T4 C U.

1) Koo, Weo, and the associated objects NOO,BOO, and Ss satisfy Hy and Hsz in the
complex strip T4
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i1i) The dynamics on Ko, are conjugated to a rigid rotation with rotation vector (w, «)
and on Wy, to a constant contraction with rate |A\|.

iv) The limiting objects are close to the original ones in the following sense

[Koo = Kllpe < €aké, (3.4)
Caw

Ao — Al < CaNE, (3.6)

(3.7)

w w
~N O

N — XY < CapiE

Remark 3.1. In hypothesis Ho, it is not strictly necessary to assume bounds for N since we
can control them automatically from the bounds on J, L, and B. Nonetheless, we include
it in the hypothesis for the sake of flexibility in order apply the theorem to particular
problems.

Remark 3.2. Note that since we use the matrix-valued map A to reduce the torsion to the
form ([2.30)), we obtain a parameterization W, of the complementary invariant bundle to

Weo—Woo—satisfying (2.31]).
Remark 3.3. The theorem applies to autonomous systems with minor modifications—it
only requires setting to zero some quantities.

3.2 Error estimates of approximate geometric proper-
ties

For the proof of Theorem [3.1] we first need to control certain geometric properties that
only hold approximately when the parameterizations of tori and bundles satisfy their
invariance equations approximately. In this section we obtain upper bounds for these
properties in terms of the error in the invariance equations.

3.2.1 Adapted frames control

Let us begin by controlling the adapted frame we use throughout the iterative scheme. Let

Cy:=cx + UD¢K|CAY|, C'XT =cy+ |&T|0-(D,¢K)T7 (3'8)
CL = O-D(;K _I._ CX + O‘VV’ CLT = Inmax {O-(DQK)T7 CXT, O-I/VT}' (39)
Then,
1X], < C, 1€7]l, < Car,
IL||, < Ct, I, < Cyr.

If we define Cp := C, + o5 and Cpr := max {Cyr, oz}, we can control the frame P as
IPl, < Cp, 1P|, < Cpr. (3.10)

Similarly, let Cg := ogrcacp 4,05 and Cgr := 0grcacp, 4,70 5. Hence we have the following
estimates for S and ST

151, < Cs, 157, < Cor. (3.11)
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In order to control the frame P, let us first obtain estimates for || A||, and ||A'||, as follows
[All, < max {[[ Az, [|Asll, + | Aall,},
1AT], < max {[| 4G, 1143, + [ Aall,}.
Note that As and Az satisfy (2.37) and (2.38]), respectively. Therefore, we can use estimate
(1.13) and obtain

|4zl < |Sallo AL+ 1S5 1,071 5 [14sll, < (IS5l + 15311,) »

#O #
X = (Al X = (Al
1 N N B 1 N N
14511, < 577 IS lA + 1Ssl, X)) 143, < <=7 (1S311, + 115211,) -
X = (Al X = (Al

Also, Ay satisfies (2.36)) so

A, < Ml_wnémp.
Then,
14|, < Ml_wmax{||§2||p|)\| + IS3HLIX, 1850, + 1520, + 1154}
< Mmax{r|é|\p + 15517, 181, + 1531171}
< Ml_w (131, + 15711,1x1)
< 1_1|M (15,0 + 157,
Similarly,
14T, < M_lll_wmax{nﬁgnp +1Ballr 1STHo A + 1S5 l61X7H + 1154}
< Ml_wmax{nﬁgnp + 181X, 1530, + 15161271}
< ml—w (171, + 181,1571)
< 1= (1T + 151,).

Finally we obtain

1
[All, < = (o) (Cgor 4 Cgr) =: Ca, (3.12)
1
||AT||p < m (CSWO',\ + Cg) = CAT. (313)
We can now control N and NT as
NI, < IN]l, + ILI,l|All, < o5 + CLCx =: Ch, (3.14)
INTp < INTl 4+ AL, < ogr + CarCrr =: Cyr, (3.15)
and the frame P as
”P||p< Cp+Cy=:Cp, (316)
||PT||p < max {Cpr, Oy} =: Cpr. (3.17)
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3.2.2 Approximate invariance of the subframe L

Let Ep, : T — R?*™ denote the error in the invariance of the subframe L. That is,
Ep :=D,¢po(K,id)L — LoR,,A. (3.18)
Also, let us define
AX =Xo(pro(K,id), Ra) — X0 (KoRya, Ra)

1
0

where the last equality only holds in ¢ for sufficiently small Ex. More specifically,
suppose we want to obtain upper bounds for ||[AX|,_s. Then, we need that for all
(97 30) € Tﬁ—& X Tf)—é

(K0,9)+ sEx(0,9),8) € U.

Equivalently, for all (6, ) € T%_5 x T)_; and all s € [0,1], we need some 6* € T¢_; such
that -
[K(0,8) + sEx (0, ¢) — Ko(0",2)| < R.
Observe that if
1 Exllo
R— | K — Kol|,

<1 (3.19)

holds, we can take 6* = 6 and, consequently, AX is well-defined in ']I‘z_(; X ']I‘f)_(;. We will

encounter the need of hypothesis (3.19) in order to guarantee that analogous norms for
various objects are well defined. Therefore, in what follows, we assume (3.19) holds.

Lemma 3.2. The error in the invariance of the subframe L is given by
Ey = (DoEx | Ex | Bw), (3.20)

where
EX =AX — D@EKCAY.

Additionally, for any ¢ € (0, p)

CF,
1ELllp-s < —SEl1Excll, + Cp Il Ewll,, (3.21)
- .
||EL||p—5 < TLHEKH;J + CEEHEVV

) (3.22)

Proof. Let us first differentiate (2.41]) with respect to both # and ¢ to obtain

DyEg = D.¢ro(K,id)DyK — DyKoR q, (3.23)
D,Ex = D.¢7o(K,id)D K + D, ¢ro(K,id) — D, KoR . (3.24)

The first term in (3.20)) is immediate from (3.23)). Also, the last term in (3.20)) is precisely
definition (2.42)). For the second term, we need to show that

D.¢ro(K,id)X — XoRy, = Ex.
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Let us use identity at z = K (0, ) to obtain
Do6r(K (6,),) X (K (6.0), ) + Do (K0, 0), )& = X (61(K (6.). ), Ral9))
Then, after using and some manipulation, we finally obtain
D.éro(K,id)X — XoRyq = AX — D, Exé.
For the estimate (3.21)), note that for any 4 € (0, p)
[Exllp-s < 1AX o5 + De Bl 5|4

and from assumption (3.19), AX is well-defined. Then, we can obtain the estimates

|| E Ey
IBnlls < (ev.x6 + o) L8 < o IEED (3.5
T A T
1E%Mo—s < I(AX) Nlp-5 + |&"| (DpBrx) [l,-5 (3.26)
N Bk | Ex|]
S 2n (C(DZX)T(S + O{T) Tp S CE")F(TP
Lastly,
1ELllo-5 < Do Lk llo-s + | Exllp-s + | Ew|lp-s
d Cg
< g||EK||p + TXHEKH;) + [ Ewll,
(d—l— Cg )
< %HEKHp + [ Ewll,
CE,
< 5 1Bkl + Cg,l1Ew |,
IELo-5 < max{||(D9EK)T||p_5, IEY o5, ||EWT||[,_5}
2’[’L CET
< o {2185, Bl 201 Bl
E.-
< max {2n, CE;}H g‘”P + 20| Ew]|,
i
E
< —- 11 Exll, + Cr |l Bl
]

3.2.3 Approximate isotropy of

Recall that, for each ¢ € T?, we denote the coordinate representation of the pullback of
the symplectic form w by K as

Qpx = (DeK) Qo KDyK.
Let us also define

AQ :=Qog¢ro(K,id) — Qo KoR,, (3.27)
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1
- / Do (K 0Rua + $Ex) Excds,
0

where, similarly as in Section the last equality only holds in U for sufficiently small
Ex.
Lemma 3.3. The approzimate isotropy of K is given by Qpx = R (L£Qpr ), where

LOpx = Qpx — QproRua (3.28)

= (DK oRuwa ) AQDyK oR e + (DgKoRua ) Qopro(K,id) DgEy
+ (DyEx)" Qogro(K,id) D.gro(K,id)DyK.

Additionally, for any ¢ € (0, p)

Co,..
Qx| -5 < 75711‘1 | Exk |- (3.29)

Proof. From the symplecticity of ¢ and (3.23))
T . T . .
Qpie =(DyK)' (D2pro(K,id)) Qogro(K, id) D.¢ro(K,id)Dyk
T
—(DQKORW + DQEK> Qogro(K, id) (DgKona + DQEK)
=(DpK oRys) Qogro(K,id) DK oR e + (DgK oR e ) Qodro (K, id) Dy Ey
+ (DeEx) Qopro(K,id) D.gro(K,id)DyK.

Then, using the previous expression, the definition of £, and (3.27) we obtain (3.28]). We
also need to show that (Qpx) = 0. Observe that since Q = (Da)" — Da

Qo = (Do(aok)) Dok — (Do) Dy(aoK)
and each entry ij of Qpg reads
(QDI(>1'j = Z 891‘ (akoK))angk — agj (akOK)agiKk
k
=3 Oy (akoKagj K’“) — a0 K2y K"
k

— Ops (ko KO K*) + a0 K O3y K*
= Z Opi (akoKﬁngk> — Opi (akOKagiKk>.
k

Then, (Qpr) = 0 since we are taking averages of derivatives with respect to §. Therefore,
Qprx = R (LQpg ). For the estimate (3.29)), note first that—similarly as in Lemma AQ
is well-defined by assumption (3.19). Then, we can obtain the following estimate from
(13.28)

1€ || -5 < (‘7 (Dy ) CDROD, KO + Oy gy Cad + 2nCQCDZ¢TUD9K> HE(I;HP (3.30)
<y, 1L
and, using the Riissmann estimate , we obtain
[Ocl-2s < 22 i, < S i
0
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3.2.4 Approximate Lagrangianity of the subframe L

Recall that the Lagrangianity of the subframe L is given by €, defined in (2.23). Using
the symplecticity of ¢r, (3.18]), and definition (3.27)), we obtain that €2, is a solution of
the following equation

Qr — AN QroRuaA =A"L'oR,AQLoR oA + AN LToR o Qopro(K,id) B, (3.31)
+ B} Qopro(K,id) D, ¢ro(K,id)L.

Lemma 3.4. The approzimate Lagrangianity of the frame L, is given by

Qo = R(L0x), Qprcr = R(Lxr ) Qprar = R (L),
Qe = R(L0mr ), Q= 0, Q= R (L),
Qo = R ppre ), Qur = Ry, Qy =0,
where

Ly = (DgK oRua ) AQX R o + (DgKoR ) Qogro(K,id) Ex
+DyEx Qogpo(K,id) D.éro (K, id) X,
L0y = (DeK oR o) AQWoR o A + (DK 0R e ) Qodro(K,id) By
+ DyEx Qogpo(K,id) D.dro (K, id)W,
LQvpx = XToRLa AQDYKoR o + X 0R e Qopro(K,id) DyEy
+ B} Qopro(K,id) D,¢ro(K,id)Dy K,
L0 = XToRLa AQWoR o A + XToR e Qodro(K,id) By
+ E—é‘r( QO¢T0(K> ld) DZ¢TO(K7 ld)I/Va
Lo = AWToRLa AQDgK 0R e + AW 0R e Qodro(K,id) DgEy
+ By Qopro(K,id) D,¢po(K,id)Dy kK,
L0y = AW ToR W AQX R o + AW 0R Qodro(K,id) Ex
+ By Qopro(K,id) D,¢ro(K,id)X.
Additionally, for any § € (0,p/2)
K

CQ
12|25 < 7541 1Ex 11, + Co, I Bl (3.32)

Proof. Note that Qpy is already controlled by Lemma Also, the expressions for the
cohomological operator applied to each block of Q, follow directly from (3.31)). Additionally,
.y is trivially zero and, in the case of 1—dimensional bundles, 2y is also trivially zero. We
also need to show that pyy has zero average and, consequently, so does Qypx. Observe
that

Quicr = (DgK) Qo K (X o(K,id) — D, K&).

For the first term, if we use that Q(2)X(z,9) = D.H (2, )", we obtain

<(D9K)T(DZHO(K, id))T> - <(D9 (Ho(K. id))>T> —0,
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since we are taking averages of derivatives with respect to 6. The second term, using that

w is exact, reads
<(D9K)TD@(aoK) - (Dg(aoK)>TD¢K>07.

Then, each entry i of (Qpyy) is obtained from
<QDAX Z<2891K 0 oI akoK) —agi(akOK)a¢ij>@j
= Z < Z @,j (CLkOKagiKk) — akOKangk
j k

— O (ax0 KOu K*) + ayo K, Kk>a/'
—0

since we are taking averages of derivatives with respect to 6 and ¢. For estimate (3.32]),

note first that
Q2L —26 < max {HQDKHp—z& + 1R | p—26 + [ Qprw || -5,
192x0x -2 + ||l p—s + Q2w |l -5,

[0ricls + [ wllp-s + 1w s

(3.33)

and that AQ is well-defined by assumption (3.19)). We proceed then by obtaining estimates

for each block. Let us first estimate

1 £k [ p—s < (U(D ) rcpnCy0 + O—(DHK)TCQCEX + 2ancDZ©TCX> ||E§ P
< Pl ),
HSI’\QDKWHp—cS < (0<D K)TCDQO'W'O',\(S + QnCQCDZ@TUW’) ||E§”p + (O'(Dg TCQ) | Ewll,
< S 5 Ol B
|1 €2k || p—s < (C/\/TCDQO'DUKé + Cyread + CE}CQCDZ¢TUD0K) HE(I;”’)
< o,
||£1>\QXWHp—5 < (CXTCDQO'WO')\(S + Chpr CQCDZQTUW) HE(];HIJ + (Cxreq) HEWHp

CE
gl Q
< = Exll, + Ctg,, 1 Ewllps
| Ex |l

J

HSD\QWDKpré < (U,\UWTCDQUDOMS + U)\UWTCQd) + (2nCQCDZ¢)TUD0K) HEWHp

K
< Oﬂu Qwor
- )

+C ]/\QWDKH WHP

1Bkl
)

1€ Qx5 < (Or0wrepaCd + oroywcaCE,) + (2ncacp.e, Cx) [ Ew ||,
Ok,
gl sz
< = B[l + Cg, N Ewllps
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where we used Lemma 3.2

We are now in the position to use Riissmann estimates and ( and obtain

CmC,QQ » OQ .
Qx| p—25 < ,YT—&-LI”XHEKHP < 5;:!3 | Ex |l (3.40)
1 Cang
| Qprw (| -5 < o, ( MU Ekll, + C SMQDM ||EW||p) (3.41)

CSI)(DKII" w
S T HEA’HP + CQDAW HEVVHP’

RO 200 Cne
||QXDK||p—25 < T_SDIHEKH;; < 5;211 ||EK||p» (3.42)
1 Cong
HQXW”pr S 1— o ( 5 A HEA ”p + 1,\QXu HEWHP) (343)

Cg/’\,’l’[’ w

L (Conom
||QWDK||p76 S 1— o (5 E Hp + EUQn DK HEW P (344)
Qi
S =5 Exll, + C& N Ewll,,
1 Caing
||QWX||p—5 S 1— o) ( SHaUIEY HEK + MQMA’“EVVHP) (345)

< G g Ciy |l B
TH K||P+ Quq{” LVHP'

Lastly, from ({3.33]), we obtain

A k|
HQLHP*% < max{ (CQDK + CQDKX + Cgpmvfyd ) ,yér—i-lp + Cgll)wx ’EWHP’

) 1Ex]
(o + G 177) St + il il

K K ||EI<|| w w
(C Qo + CQWX) ) ’ + (CQWDK + CQLW) HEW“P
S max {CQDK + OQL)KX + 05D111775T7 CQ/’\,’DK + O{{XVV’Y(ST,
K K A Ex I,
<OQWDK + CQWX) 0 } 57—&-1

w w w
+ max {ng, Copwr Cpne T CQM}HEWHP

< G g, + O 1B
AT Kllp Q=W e
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3.2.5 Approximate symplecticity of the frame P

Let E

mpp - T4TE — R denote the error in the symplecticity of P. That is,

- L' QoKL  LQoKN +1,
= P QoKP—Qy=| _ R Ry (3.46)
N QoKL —1, NQoKN

E

bYHlpP

Lemma 3.5. The symplecticity error E_, » is given by

0,
Esympﬁ’ = (347)
50,8
Additionally, for any § € (0,p/2)
CK
||Esymp]5||l7_2§ S 6::113 ||EK||P + CE ||EW7”P' (348)

Proof. Let us compute

L'QoKN = LTQoK(N+LA) I,

N'QoKL = I,,
N'QoKN = B'Q.B,

where we used (2.27). From these expressions and the definition of E_ 5, (3.47) follows
directly. In order to obtain estimate (3.48|) notice that

By lo-2s < 192 25 mace {1, B2}
We can now use Lemma [3.4] to obtain

1B gyl < 1225 max {1, ()2}

s,
= (75#1 1 Exll, + Cgvz[:HEI/VHp) max {1, (03)2}

CK

P
5 :’Il HEKHp—i_ CEsxmpP

| Ew|l,-

3.2.6 Approximate reducibility of the frame P

Let us define the error in the reducibility of the linearized dynamics in the coordinates
given by the frame P as Eqp : T4t — R?"*2" given by

. . A
B pp = =P 0oRua Qo KoR o D2¢ro(K,id) P — . (3.49)
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3.2. Error estimates of approximate geometric properties

First, let
n_ g2
Eredﬁ' — redP red P
21 22
EILdP ErodP
where
ElleldP - NTORWO& QOKORwa Dz¢TO(K ld)
E1162dP NTORWO& QOKORwa DZ¢TO (K 1d)
EIQ(ilP = LTORwoz QOKORwaqubTO(K i )
E1202dP = LTORUJOé QOKORwa D2¢To (K ld) —A T

Lemma 3.6. The reducibility error E_,p, is given by

B =NToR,,QoKoR.Er,
Ellc?iP = O
E2 = —QpoRua A — LToRy, Qo KoR 0 Ey,
B2 = LToR,a AQD,¢ro(K,id) N
+ AE] Qogro(K,id) D.¢ro(K,id)N.
Additionally, for any § € (0,p/2)
K

[ Ereapllp—25 < 5&”{ 1Eklly + CE_ I Ewll,. (3.50)

Proof. First, recall the definition ) for S. Then, E'? . is identically zero. For E! .,
let us use - to obtain

11
EredP

= NToRuo Q0K oR o (LoRua A+ EL) — A
= N'oRy, QoKoR,, Ey

Similarly, for E21 we have

EZp = —L'oRya QoK oR oD dro(K,id)L
= —LToRyo QoKoR,a (LoRuo A+ EL)

= _QLORwaA - LTORwa QOKORwa Er.
Lastly, using the symplecticity of ¢, and (3.18)) we have

22
EredP

= —ATLT(D.or) o (K, id) Qo K oR o D.dpro (K, id) N
+ A E] QoK oRuoD.¢ro(K,id)N — A"
= AL (D.oér) o(K,id) AQD, ¢ro (K, id) N
+ A E] QoK oRyaD.¢ro(K,id)N
= LToRua AQD,dro(K,id) N
+ ATE] Qodro(K,id) D.dro(K,id)N.
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Chapter 3. A-posteriori KAM theorem

For estimate (3.50)), first note that A2 is well-defined by assumption (3.19)), that
IIA] = max {1, |A|} <max{l, 0,} =1,
|A7!|| = max {1, |)\’1]} <max {1, o)1} =01,

and
| Breapllp-as < max {| B pllo-as, 1 E2pllpm25 + I EZ2pl o2 }-

We proceed then by computing estimates for each block Er’gd p as

”ErlehP”P S JVTCQCK ! §Hp + UNTCQCE/LHEW”/J (3.51)
Cin
< ’”‘PHEKHpJFC | Ewll,,
E.
1E2 25 < (O, + CureaCH 707 ”7 2 (CH, + CureaCl ) I1Bwls  (352)
OK
5;f{ |Exll, + Cp o | Bl
FE
B2 s < (cLTcDQcD 0050 + 031 Ol coc 5,0 )“ §||,, (3.53)
+ 01 Crreacn.o.0 || Bl
Cre
< “dp||EK||p+C 2 | Ewll,,
where we used Lemmas [3.2) and [3.4 Finally,
x Ex A [ Ek|]
| Ereapllp—26 < maX{C EY. s £+ 11 ||EW||p> < B2, +OE2j“ 70 > 757—+1p
(OEm + O >||EW||,;}
. A Ek]
< max {Cfy 307, Ol +Cfin 707 ot
—l—max{CEu > CE21 CE22 }HEWHP
I
5;3;”; |Exll, +CE_IEwl,
L]

3.2.7 Approximate invertibility of P

Let Ee : T4 — R?"*2" bhe the error in the invertibility of the frame P under the
assumption that P is symplectic. That is,

By i= P (~QP'Q0K) = I, (3.54)

In what follows, we will need certain matrix to be sufficiently close to the identity. In
particular, we will need I, — QoEwmp » to be invertible in T‘”e 9s- Lhis can be ensured if

||Esymp13'||,0—25 <v<l (355)
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3.2. Error estimates of approximate geometric properties

For instance, if (3.55)) holds, then P~ is invertible with inverse
P = — (Ign — QOEsympIS) QQP QoK.

In the remaining of this section, we will assume ([3.55]) holds.

Lemma 3.7. The error in the invertibility oflfj s given by

Einer = PQEp (1= QB yp)  QP'QoK. (3.56)
Additionally, for any § € (0,p/2)
OK
[F PRET S 5T+1HEK|Ip+CEW Ewll,- (3.57)
Proof. Note that
—QW P QoKP =1—-WE,, »
Therefore, we obtain
P (=QPTQoK) = P(I = QoE, ) P!
N —1 A
=1+ PO 0 (1= QEp)  QP'QoK
and .
Eines = PQEp (1= QEpp)  QPQoK. (3.58)

For estimate (3.57), since [|E,,, sll,-25 < P < 1 by assumption,

1 1
< .
—1-7

H (n — QE

-1
symplf’ )

S I e—

p—26 k=0 svmppHP*ms

Then, from (3.58)) and Lemma , we obtain

“E’iIIVIf’HP—Q(S < 1 — CPCPTCQH ympP”P 26

K

C lll VP
ydTHL 1 Exll, + C(EW

w | | P

3.2.8 Approximate symmetries of A~'S and A
The use of the matrix-valued map A to reduce the torsion is equivalent to applying the
following transformation to the frame P

p=p . (3.59)
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Chapter 3. A-posteriori KAM theorem

This transformation is symplectic—and consequently so is P—if A is symmetric. Recall
that according to remark A is symmetric if the symmetry condition holds,
which only holds approximately when K and W satisfy and approximately.
In order to control the approximate geometric properties of the frame P, we need to
control the error in the symmetry of A which in turn is controlled by the error in the
symmetry condition . Let us define the following errors in the symmetry of A—*S
and A E_, 15, Eqma : T — R be defined as

B s = A5 — (A718),
Egma = A— A",

Lemma 3.8. For any § € (0, p/2) the torsion S satisfies

K

CY ..
1131l 25 < #IIEKH,J + Ol Bw - (3.60)

Proof. Let us inspect the symplecticity of the reduced dynamics under the frame P with

respect to €2, i.e., the symplecticity of the following matrix-valued map
N Al S
P= AT

A straightforward computation reveals

Esymp/\ﬁ L= A—IEDQOAﬁ - Q0 (361)

A5 (a18)

Then, from (3.49) and (3.54])) we obtain
Egupr, = — P1(D.7) 0(K,id) Q0 KoR o PoR e QP oR e QoK oR o D.dro (K, id) P
— PT(D.¢r) o(K,id) Q0 K 0R o PORua Eap — EL pQ0Ap — Qo
=P'(D.¢r) o (K, id)( Qogro(K,id) — AQ)(I + EisoRua ) Dero (K, id) P
— PT(D.¢r) o(K,id) Q0K 0Ryo PORua Epp — EL 5QAp — Qo
and using the symplecticity of ¢ and (3.46)), we have
Eopr, =E_ 5 — EL 5Q00 5 — PT(D,¢r) o(K,id)AQD, ¢ro (K, id) P

sympP
—|—y];r(DZ¢T)To (K,id)Q0 K 0 R B 0Ra Dadro (K, id) P
— P'(D.¢7) o(K,id) Q0 K 0R o PoRya Broyp.
Lastly, from and lemmas , and , we obtain
B, x5 =B QB — B8 — N'(D.¢r) o(K,id)AQD.¢ro(K,id)N  (3.62)
+ N'(D.¢r) o (K,id) Q0 K 0R o EiypoRua Do (K, id) N
— N'(D.¢7) o (K,id)Qo K oR, PE®,
from where estimate follows. O
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Lemma 3.9. Let A : T4t — R™™ satisfy (2.34)-(2.36), where

A _ Onfl A2
Ay Ay
Then, for any 6 € (0,p/2), A satisfies
K
| Eqymallp—25 < 5;}; 1Bk, + CE N Ewll,- (3.63)
Proof. First, notice that
-
A—AT= ‘ A = A
Ay — A} |

If we multiply (2.34) by A and subtract the transpose of (2.35)), we obtain
£ (Ay — A7) = SoA — S
Similarly, we can multiply the transpose of (2.34) by A and subtract it to (2.35) to obtain

£ (A3 — A}) = 85— AL

Therefore
HA2 - A—?EHP*% < ’)\| HSQ S’;HP*% < |>\| HSAT gTHP*%?
45— ATl < 1_—w||53 Allas < T I3~ A8 ]

from where we obtain the estimate

N A 1
[ Egymallp—26 < ISAT = AST||, 25 < 1_70,)\”Esy1nA’1§HP_25’

1
1= [Al

where we used that ||A||=1. We can now use Lemma [3.8 and obtain (3.63)).

O]
3.2.9 Approximate symplecticity of the frame P
Let Egupp : T4 — R?2" denote the error in the symplecticity of P. That is,
Eyyupp := P'QoKP — Q. (3.64)
Lemma 3.10. For any § € (0, p/2) the symplecticity error Egu,p satisfies
K
||EsympP||p—26 < 5.;?{ |EK||p + CENHPP”EW“/)- (3-65)
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Proof. From definition (3.64]) and transformation (3.59) we obtain

I I,
EsympP = E symp]5

AT 1 \ I

‘
+

Consequently,

1 Bamprllp-25 < (14 A7) (14 [AlL) | Euppllo-25 + | Epmallp-25
S (1 + OAT) (1 + OA) ‘|Esympﬁ||P_25 + ||EsymA||p—25'

Then, using Lemmas and , result (3.65) is a direct computation. O

3.2.10 Approximate reducibility of the frame P

Let us now define the error in the reducibility of the linearized dynamics in the coordinates
given by the frame P as E,qp : T — R?"2" given by

Al S
BEreap = — QP oR o QoK oR o D.dpro(K,id)P — —- (3.66)
A

Lemma 3.11. For any 6 € (0,p/2) the reducibility error E..qp satisfies

K

CE,
| Erearllp—25 < 757”11{ |Exll, + CE .

[ B[ (3.67)

Proof. As in the proof of Lemma we use definition (3.66)) and transformation ({3.59)
to obtain

I, | —AToR I, | A

E redP — ‘ red P 3

I, I,

where we used that A solves (2.29). Then,

1 Earllp-25 < (14 14T1o) (1 + [1Allp-26) 1Byl -2
(14 Car) (14 Ca) [|Brgpll 25,

from where we obtain (3.67)). ]

3.3 Torus and bundle corrections
In this section, we provide two lemmas to control the error in the torus and bundle

parameterizations after one step of the iterative scheme. The lemmas rely on the bounds
for the approximate geometric properties obtained in Section
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3.3. Torus and bundle corrections

3.3.1 The linearized equation for the torus

Let us now inspect the new error in the invariance equation after the iterative step of
Section [2.5.1} i.e., after choosing & that solves (2.46))-(2.49)). A straightforward calculation

reveals

Ep i—dro(K + AK,id) — KoRun — AKoRy. (3.68)
:EK + DZQSTO(K’ ld)AK - AKORwa + A2¢T7

where

1
A2y = / (1— $)D2pro(K + sAK,id) [AK, AK] ds
0

is only well-defined in U for sufficiently small AK. Similarly as in Section [3.2.2 can
guarantee so if

[AK | p-25
<1. (3.69)
R—||K — Ko,

Also, we will need Iy, — Qo Egumpp to be invertible in Tﬁfgé. This condition is granted if

| Esymppllp-26 < v <1 (3.70)

holds—recall the analogous assumption (3.55]) in Section |3.2.7, For the remaining of this
section, we incorporate (3.69) and (3.70]) to our assumptions.

Lemma 3.12. The new error in the torus invariance equation after correcting K by

solving (12.44)) is given by

lin

1
E[_( = PORwa (IZn - QOEsympPona> EK + AQ(bT? (371)

where

Onxl
Ef = Eapéx + Qo LgyinproRua i 0ORua — | (n})

lel
Additionally, for any § € (0,p/2)
CEK CEW
[Ellp25 < ,YT(;ZTHEK“i + 7275"27HEKHPHEWHp- (3.72)

Proof. Let us begin by inspecting the sum
Ex +D,¢ro(K,id)AK — AKoR .

If we left-multiply it by —QqPToR o Q0K oR,,, and by its inverse, we obtain

EK + DZ¢TO(K7 ld)AK — AKORwa = (_QOPTORMQQOKOR“)Q)il ( — MK

+ Ap&k + Erearéx — (] on — QoEsympPORwa)fKORwa)
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0n><1

-1
= (_QOPTORwoa QOKORUJOL) EredP&K + QOFJ’sympPo,]?'woz gKona - <77?(>
lel

lin»

— (—QOPTORW QoKoRm) EK

where we used definitions (3.64)), (3.66)), and that £ satisfies (2.46)-(2.49). Recall that by

assumption || Egmpp|lp—20 < v < 150 Iop — QoEgmppoRuq is invertible. Then, from the

previous expression, that

-1

-1
< - QOPTORwaQoKona) = PORwa (]271 - QOEsympPona) )

(3.73)

and (3.68)), we obtain (3.71]). For estimate (3.72), we first obtain estimates for each 7’ as

Inklle < Crreall Excll, < Cpp 1B,
Inklle < Cwreall Exll, < Cz 1B,
Inicllp < max {op, OXT}cQHEkup < CyllExlly,
Inille < owreall Exll, < Cyy | Excll,,
and for each ¢} we obtain the following estimates from (2.50))-(2.54)

1Bkl

3 T

|<€K>| < O-(S)_l (C,,}(75 +CS‘C%CT/§(> 757— — 757- ||E HP?
. 1Exll, _ Ce
I€kllo-25 < e (Cprd” + Cs (enCiy + Cuey)) "5t < g1 il
1

1€k lle < T——Clp[IBkll, < CfKHEK”m

5 1Ekll, _
165115 < (cmc@ +Cie) 57 75, &) Bl

(%D
1€k, < ?mcnggﬂEKHp < Ce | Ek|l,-

Therefore,

T T T HEI’H C
||€K||P—25 S max {Cg}(, Cg%(ny(Sz ) Cg}(’}/(s ; 05%7252 } 72(;27.10 S 72§12(T||EK||Pa

and, for AK = P&y, we have the estimate

FE
IAK]|,—25 < (CLmaX {Cq, Car?0™} + Cymax {Cy 107, 05%72527})“72;”;’
< Cak
= 2527— ”EA ”P

In order to obtain estimates for [(n3.)], let

s [(DgKoR ) Qo KoR o By s
N = =
XTORwa QOKORwa EK TI??

We now make use of the following lemma from [FMHM24b],
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3.3. Torus and bundle corrections

Lemma 3.13. The averages of 13t and n3? are

(nic) = ((DoEx) Ala+ (DgK oRua) Aa),
(mif) = (A*H) — ((Ala) Dy Exa) — ((A%) Dy K oRua &),

where the Taylor remainders A' of order i in EX are given by
Ala :=ao¢ppo(K,id) — a0 KoRq
:/01 Dao(KoRua + sEx ) Ex ds,
A%q :=aopro(K,id) — ao KoRyq — DaoKoR ,q Ex
- /0 - $)D%a0 (K oRuq + sEx ) [Ex, Ex] ds,
N’H :=Ho(¢ro(K,id), Ro) — Ho(K oRua, Ra) — D:Ho(K0oRya, Ra)Ex

1
= [0 = D20 (Ko Ru + 5By, R B, By ds.

Since—by assumption—the integral Taylor remainders are well defined, we can obtain the
estimates

12517

’<7]K >| < (2”013@ T O (p,K) D% 2) 5 < 77/\ | Excll;, (3.85)
Erl|? ,
’<77?s2>| (27150 pay|&| + (cpzr + 2nlepyop, i |G |)2> | :;H = ][‘ |EA|| (3.86)
e 1Bz _ C
K 3
[(mie)| < max {Cy. Clumy }r—? < =8| B2 (3.87)

To control Eyypp, we will use Lemma which applies if HESymp pllp—2s < U < 1; which
recall is one of our assumptions. Therefore, using Lemmas and |3.11], we obtain

A\ 1Ex]3
||EK|| HEWH
+ (CEWredP + Cg/'symp}’) CEK ,}/5527— s
X i
= 7353:];1H K”/z) ,}/25137— |EKHPHEI/VHP'
Observe that using Neumann series,
_ 1

|(Ton = Q0 Bomr) 25 < 7= (3.:89)

Also, note that A%¢7 is well-defined by assumption l} Hence,

1 1 1Ek|
[A%¢7 ]| p-2s < §CD§¢THAKH§_25 < §CD§¢T(CAK)2 7454Tp'

We now have all the estimates to obtain

K KW
Cp [ Cgx 2, Cpx L 20 (Car)®) oo
1Bz llp-2s < 7— ( 3537+1HEK|| 2(SQTIIEKII 1Ewllo | + =5 521, (3.90)
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Cr i | HEAH2 CP ww 1Bl Ewll,
< (1 CElm Y0 + 2CDZ¢TCAK) 454 CEhu 2627—
]Kf]if ]Kflﬂ/
= 4647—HEK||2 2627—HEK|| ”EW HP

3.3.2 The linearized equation for the bundle

Let us now inspect the new error in the bundle invariance equation. First recall definition
(2.56)). The new error in the bundle invariance equation is the following

Ey :=D.¢ro(K + AK,id)(W + AW) — (WoRua + AWoRu J(A+AN)  (3.91)
=FEy + D.oro(K,id)AW — AWoRua A — WoRua A
+ AD,¢r[AW] — AW oR 0 AN,

where, for any ¢ : T — R,
1
AD.6r[(] = [ D2oro(K +sAK id)[AK, (Jds
0

Lemma 3.14. The new error in the bundle invariance equation after correcting W by

solving (2.59)) is given by

Eyy = PoRyq (Ion — QOESymppona) W L AD.¢r[AW] — AWoRua AN, (3.92)

hn

where
E]YK = rch£W + QOfasympPO,]?fwa (fﬂfona)\ + enAA)

Additionally, for any § € (0,p/3)

iz;g%f ww }%flﬁf
1B [l o35 < 755L§;HEKH§+ e+ 3537HEAH 1w [l (3.93)

Proof. Let us first inspect the sum
Ey +D.gro(K,id)AW — AW oR o X — WoRua AN,
If left-multiply it by —Q¢P oRys QoK oR,, and by its inverse, we obtain
(—QOPTORW QoKon)_l ( —nw + Ap&w + Erearéw
— (Lo — QEqymproRua ) (EwoRwa A + €, AN)
= (~QPToR .0 QoK oR.,) (Eredpfw + Q0 Eogunpp©Resa (€70 Rusa A + enA)\)>

— (—QOPToRonKoRm) BV

lin »

where we used definitions (3.64)), (3.66]), and that &y satisfies (2.59)). Result (3.92) then

follows from using this last expression in (3.91)), the assumption || Egympp||,—26 < v < 1, and
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3.73)). In order to obtain estimate (3.93)), note that AD,¢r is well-defined by assumption
3.69) and that

K
= | Ex By
HEWpr% < CDE(&TCAKUW 7252”;) + HEWHp = 251217 ”EA Hp C%,HEVVHP' (3-94)

Then, we proceed to obtain estimates for each n} as

K
v llp-25 < Crea ( C;é% 1Exllo + [| Ew ) (3.95)
OK
< 2527 SN Exell, + Gt 1 Bl
CK
7757l p—25 < Crea ( 252 N Ex o + |1 Ew ||p) (3.96)

K

< oo 2527 HEK Hp C%/VHEWHW

CK
I 25 < max {op, . Cor e ( ooz |1 Bl + | B Hp) (3.97)
s
w w
< 72527 Exllp+ Cp 1 Ewll,,
OK
1751l p—25 < owrca ( 25QT | Exll, + | Ew ) (3.98)

C%V .
S WHEK“P + Cnév”EW/Hp;

and for each &, we obtain from (2.65)-(2.68)) the following

1 CsCE \ || Exll CC%
1 K K p w i
e llp-2s < — A((levﬂL 1_@) g T\ Ol 1o | 1Bl (399)
K
< 2527HEKHp+C 1Ew |,
CRO OK
RO \-1
e lpmss < 2% ( | Bl + OggquWnp) (3.100)
K ng
— 3537” ]\HP 5I74-/||EVV||P’
1 Ch
1€ 1l p—25 < o ( 2527||EAH,3+C'W||EW ||p) (3.101)
K
— 2527||EK||P+C ||E‘V||Pa
O CK
L N ( 1Bl + C,%HEWHP) (3.102)
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CK
S| Eiell, + CY | B,

- 72527'
Then,
CK CK ng
16w llp—35 < max{ 2gor 1Bl + Cer [|Bw]l s 3537 1Exll, + (;TV 1Ewll,,  (3.103)
K

CE
Bl + CY 1Bl S 1Bl + O 1l |

2527’ 2527’

K 7 K ST LBk |
< max {C'%fyé Cfg, Cea 707, C’ ¥ } 353#’

+ maX{C 1707, C%z , C"%/VyéT, C 5T} ” ,ygTHp

Cg, Cfu
< W”EKH/) + == Ewll,

We can then control the correction of the bundle parameterization and the rate of contrac-
tion as

K CK ng
[N schax{ 1Bl + Ol Bl 55 Bl + g:HEwup} (3104)
C’gv C’K
+ Cymax WHEKHP & | Bwllps 252THEAHp +Cg || Ewll,
K T K K K T HEK“P
< (Cpmax {Cf 707, C& } + Cymax {CE , CK 1707 i
W _er AW wo w1 1 Ewll,
+ (C’Lmax {Cgl Yo", CS%V} + Cymax {Cfg‘v’ Cgév}wé ) o7
oK oW
< %H wllo + AWHEWHm
Ca X, W
[AA] < 725‘2VT||EK||,,+ 1 Ewll, < 252T||EK||p+CAA||Ewl\p- (3.105)

In order to control £}, we will use Lemmas and Recall that Lemma applies
from the assumption || £, 5| < 7 < 1. Therefore, we can proceed as follows

1B Nl o35 < 11 Erear | p—26 11w | o=s5 + | Exyunppll p—25 1€ [l p-38 | Al + | Exyunpp [l p—25| AA|

(3.106)

< (Sarym, + ¥ 1Ew ) (S, + S
= \yortt Kllp Epeap 15W llp 4337 Kllp ~OT Wilp

Cli ympP Cg Cg‘[‘/
—+ 57’-&—1 ||EA||p+CE\mpP | VVHP 7353T||EK”P+ 767 I

CE, CAy w
5 ymp P
+ (Sl + O Bl ) (S5, + OB
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3.3. Torus and bundle corrections

<(CE CE 4+CE Ko +CE Ok o I Eicll;
- < EledP 611 s\mpP gU O—/\ + Es\mpP A)\ ) 7464T+1
CF O 4Ol Wl oer) 1B
( Eu‘dP §W + EsympP £VL 0-)‘ + sympP A)‘ ) pyéT
K w T—1
(CEerPC&I’ + OEsympP Cgl’l (CEerP Cfu C snin Cé'”) 5
. N\ BBy
+ CV[Z\mpPCAA/yé + OES\mpP W>\/y262 1) H f‘y’;é“ST Hp
Ogé( , KW CWW ,
lin lm lm
< 74(547+1|| wll; + Ny |ExllollEwll, + —2[Ewl,
Lastly, we can control the remaining terms in (3.92) as
C o
|AD. g7 [AW ]| p-s5 < cp2p, Car ( 555T||E1g|!2 %ZHEKHF,HEWHp) (3.107)
KK
M” 12 MHE L1 Ew |
= ’}/5557_ K 3537_ K w P
CK.CK oW CV
e e 2 (3.108)
oK OV + O CK
+ Al Agg(sngW B Exllo | Ewll,
C N4 o
< %@AII w5 + ,yAg,%V;ﬁAIIEKII | Ewll, + AWMIIE |2

We can now use the assumption ||Egmpypl/,—25 < v < 1 and (3.89) to finally obtain the

estimate (3.93)) as

KK KW WWwW
CP EIYK 2 hn C hn
1B llp-3s < 7— Sigir 1Bkl + g |Exlloll Ewll, +

KK

=l Ew ||2) (3.109)

CAD
SOT[AW
1B |2 + =228 gl B,

,75557' 3537’
CKK CKW C
+ %13’5§A||E 1% + A;g/géAHEKH 1Ewll, + AWMHE A2
Y Y
Cp . HEKﬂz
< (1 B0+ CRD. gpaw] + CAWAA) p=a
Cp | Exllp | Bl
+ <1 — VC 5+ CAD grfam) + CAWA/\) BT
Cp | Ewl|?
o/ e ) ’
+ <1 — EY AWA)\ 757-
KK KW E/‘—W
< 555TH Ex|% + 3537HEKH 1Ewll, + gz I Ewll2.
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3.4 Proof of the KAM theorem

As mentioned previously, the iterative scheme described in Section allows the construc-
tion of a sequence of objects. The key idea for the proof of Theorem [3.1] consists in showing
that the sequence for K, W, and A converge—under certain conditions—to solutions of
(2.3) and . First, we obtain an iterative lemma and derive conditions such that, if
satisfied, the iterative lemma can be applied again to the objects obtained after one step
of the Quasi-Newton method. Convergence then follows from ensuring that the conditions
necessary for the iterative lemma are satisfied at every step of the iterative process.

3.4.1 The iterative lemma

After one step of the iterative scheme, we obtain the new parameterizations I_(f— K+AK
and W < W + AW and the new rate of contraction A <— A+ AX. From K, W, and A\, we

obtain the new objects N, B, and S. The following lemma allows the control of the new
objects—and consequently the control of the iterative procedure.

Lemma 3.15 (The iterative lemma). Assume the hypothesis of Theorem . For every
d € (0,p/3), there exists a constant Ca such that if

Ca
Yo7

£<1 (3.110)

holds, where

Eo
€ = max { |’,y2§2HTp7 “EWH/J}»

max {725%", Cax } dCak -1
Car:=max{Cg.~0", 0", o, 3.111
: { P TR K= Rall, " o — IDoKT, (31

(CAK 7—— 2nCak _
op,x — [P K], I(DyK) — (Do K],
QTLCAK ~ —1 CAW QHCAW
o, — DL KT, Cow = W, o = VT,
C

Cap N Caxr Asy™!
o = 1Bl," oy = IN]," ogr = INTI," o5 — |(S)7

CA/\ 57’ CA)TI 5T } :

)

then we have new parameterizations K € (A(Tgfgé))%, W e (A(']I‘ng(;))?n and their
associated objects satisfy
Do Kl p-35 < ovyic, (3.112)
DK p-35 < op, (3.113)
(Do K) lp-ss < O (Do) ( )
1K) o35 < o1y (3.115)
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IWlp-35 < ow, (3.116)
||WTHp—35 < oy, (3.117)
INllp-35 < o5, (3.118)
INT[|ps5 < og, (3.119)
|Bllp-35 < o5, (3.120)
1
’<S> ’ <oy (3.121)
Furthermore, the hyperbolicity is controlled by
N <oy, N <on, (3.122)
and the new objects are close to the original ones in the following sense
IK — Kl|p—25 < CAkE, (3.123)
_ dC
IDoK = DyK 55 < =5, (3.124)
_ o
DK — Dy K|[p-35 < (SAKE, (3.125)
_ 2nC'
[(DpF)" = (DK s < = 57E. (3.126)
_ 2nC'
[(DoK)" = (DK [lp-55 < ==, (3.127)
= Cay
W = W|,oss < —2€, (3.128)
Yo7
- 2nCay
W= W], < T 2Wg, (3.129)
yoT
- Cap
|B — B35 < —-&, (3.130)
707
v _ N Caw
IN = Nllp-35 < g, (3.131)
Yo7
T T CANT
[N = N lp-36 < vz g, (3.132)
<5‘>_1 — 8y < Casr (3.133)
= 757 9 .
A=A < CanE, (3.134)
AT =X < Op €. (3.135)
Lastly, the new errors in the invariance equations
E];’ = ¢TO(K7 ld) - Konaa
Ei = D.¢po(K,id)IW — WoRua A\,
satisfy
2 CEW 2
|Exllp—2s < CpL€%  ||Ew|lp—3s < & (3.136)

Yo7
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Proof. Recall that in order to use Lemmas and [3.14] we need hypothesis (3.55)), (3.70]),
(13.19), and (3.69) to hold. Let us take for the values of # and v the following

p=(CE A0 +CY)E=Cr LE. (3.137)
v=(CE, 0 +Cl )E=Cp,,E (3.138)

which clearly satisfy [|E,,,pllp-2s < ? and HEsymppH P 25 < v. It is not hard to show
that 7 < v; see Table E 3| Then from hypothesis (3.110) for the ﬁrst term in (3.111))

we conclude that (3.55 and are satisfied. For and , observe that by
hypothesis (3.110|) for the second term in ((3.111])

max {72067, Cax 707 €

— < 1.
— 1K = Koll, o7

Then, from the definition of £ and estimate ([3.84)), we conclude that (3.19) and (3.69) are
also satisfied. Furthermore, estimates (3.123)), (3.128)), and (3.129)) are immediate from

(3.84) and (3.104]), respectively. For estimates (3.112))-(3.115]), we proceed as follows
dCak

WH i lp»

(Cag
2ot Bl

Do K lp-35 < [DoK |, + [IDeAK | p-35 < [[Do ]|, +

”Dcp—f(Hp—?:& < ||D50K||p + ||D¢AK||,)_35 < ||DeoK||p +

— QHCAK
1D E) o35 < (Do)l + (Do AK) |35 < [|(DoJ)']l, + et Il

2nCAK

I(DE) Nl p-55 < I(DE) l, + [(DpAK) |35 < [[(Dp K[|, + 252T+1HEKHp,

where we used Cauchy estimates on AK. Note that these Cauchy estimates result directly

in ((3.124))-(3.127). Then,

_ dC
DK [|p—55 < Dok ||, + —22

)
CaK
) &
QTLCAK

)
2nCax

J

and by hypothesis (3.110)—in particular for the third to sixth terms in (3.111)—we
conclude

g,

||D@R||pf35 < HDsoKHp +

1(De &) [lp-35 < |(DoE)" ], + g,

1D E) o35 < D E)',, + 2

DK || ,—35 < O,k (D K) [l p—s5 < T (Do)

IDGK || p—35 < Op,1, (D K[| —35 < O, k)

Similarly, for the corrected parameterization of the bundle, from estimate (3.104]) we have

- CRy OAW
||W||p—35 < HWHp 3537||EK||9 HEWHp (3-139)

Caw
< [|W —¢£
— || ||P + ,}/57- )
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_ 2nCE 2nCY
T T AW AW
(Wl o35 < W, + g | Ex|l, + ~or | Ewll,
2nCaw
< |lwT E
< W7+ 222

By hypothesis (3.110)) for the seventh and eighth terms in (3.111), we obtain estimates
(3.116]) and (3.117)). In order to control L, note that

AL : L—L—(DQAK‘E(—DwAK@

AW) ,

where

. 1
AX = / D.Xo (K + sAK,id) AKds,
0

which is well-defined in T¢ .5 x ']I‘f;_% by hypothesis (3.110|) for the second term in (3.111]).
Then, using (3.84)), (3.104]), and Cauchy estimates, we obtain

- N B Ey oW
I Lo < ((d+ 016] + p.x6) Cagcryem + Oy ) ey Caw gy 5 140)

73537‘ 757’
CAL CXL
< WHEKHp + WHEWHp
< Car ,
S5
. on A A
1" = L]lp-s5 < max § —=[|AKlp—25, 200 | coxy + == | |AK |25, 20]| AW |35
(3.141)
2n T
< max {1, cip.x 8 + |87 IAK p-25 + 20| AW g5
N _ E 2nCV;
<2n (max {1, Co.xy0 + ‘OCT|}CAK’Y5T L CKW) ||73§3”Tp + Vﬁw | Ewll,

CK . cW.
< AL Bk, + 2L Ewll,
739 Y0

OALT
< E

Let us now control AB := B — B. First, for the restricted metric, we have that
G; — G, =L"AGL+ L'GoKAL+ AL'GoKL,

where

_ 1
AG = GoK — GoK = / DG (K + sAK) AKds,
0

which is well-defined in Tﬁdé X Tf;% by hypothesis (3.110|) for the second term in (3.111]).
Then,

HGZ — GL”p,35 S OLTCDGCL”AKprQ(i + CLTCGHALHP,&; + CGcLHALTHp,35 (3142)
| Exll,
,-)/3537'

< (CrrepaCrLCar0™ + CrreaChp + caCLCX )
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| Ew ||,
Yo7

+ (OLTCGCK/L + CGOLCX/LT)

C36u g, + 985 B
= agar 1TRIe T g I

Cag,
6T

<

£.

We will now use the following result that is presented for matrices but extends to matrix
valued maps [FH24].

Lemma 3.16. Let M € C"*" be an invertible matriz satisfying |IM~| < o and assume
that M € C™™ satisfies -

o?|M — M|

— < 1

o—|M~Y
Then, M is invertible and

MY <o, |M™7'—M* <o M- M)|.

Note that by hypothesis (3.110)) for the ninth term in (3.111])),

(UB)2||GE - GL||/7—36
os — ||Bll,

Therefore, applying Lemma to Gz (0, ) and GL(6, ), we obtain (3.130) and (3.120))

as

< 1.

1B = Bllp-35 < (05)*1GL = Grllp-3s (3.143)

(O_B)QOKGL ||EK|| + (O—B)ZCXVGL ||E[’[’||
— 73637 14 757 Ve
Xy Oy
< 22 ||Ey —== By
= 73537—“ [§||P+ ,757— H W ||P
< Can
> ’}/(ST
1Bllp-35 < 0.

9

Let us proceed and control AN := N — N and ANT:= NT— N7, Note that

N—N=JoKLAB + JoKALB + AJLB,

where .
AJ = JoK — JoK = / DJ(K + sAK)AKds
0

is well-defined in ']Tﬁ_% x T s by hypothesis (3.110]) for the second term in (3.111). Then,
we obtain (3.131]) and (3.132)) as

IN = Nly-ss < csCLllAB|p-s5 + s | ALl 3505 + cos| AK | p-25C1r05 (3.144)
E
< (CJ (CLCKB + CgLUB) + CDJOAKCLGBV‘ST) H,yggip
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W W [ Ew |,
+cy (CLCAB + CALUB) ~oT
K CWA
AN AN
< g | Ekll, + WHEWH;)
< CAN87
ST
T T T
HN — N Hp,35 S CLTCJTHABHP,&; + O'BHAL prg(;CJT -+ O-BCLTC(DJ)T27/LHAKHp726 (3145)
E
S (CJT (CLTCKB + UBCKLT) + UBOLTC(DJ)TQTLCAK’Y(V) |L/3§3!_p
+ cyr <CLTCX/B +opCY, T) HEWHp
AL 757’
Char Caxr
S Sigor 1Exl, + WHEpr
< Mg'
Yo7
Also, by hypothesis (3.110]) for the tenth and eleventh terms in (3.111])),
~ A C.«
IN|p—s5 < INl, + —2XE < oy,
Yo
T T Can
IN Mlp-3s < [IN"[l, + € <oym
Yo7
so we have estimates (3.118) and (3.119)). Note that, according to (3.11]), the new torsion
satisfies .
15l p-35 < Cs.

Similarly as for AN, we obtain

IS = Slp-s < orcacno | AN |55 + 05005 (cpacn.s, + cacze, ) [AK 2 (3.146)

+ |ANT| p—sscacD.0 05

K
< (O-AZ\”[TCQCDZ(#TOAN + ooy (CDQCDZ@T + CQCD%T) Caryo™

+ OENTCQCDZ%O'N) 73637_/) + <0'NTCQCDZOTOAWN + CZVNTCQCD;OTJN> 757 p
K w
< 588, 1 S35y |
- 73637’ p 757’ 14
< CAS
S o

In order to obtain estimates (3.121)) and (3.133]), we need to control the reduced torsion S.
We will use Lemma [3.16] which holds if

<1. (3.147)

Observe that
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and by hypothesis (3.110|) for the twelfth term in (3.111]),

(0151) 118 = Sll-ss _
Osyt — ‘<5>71‘

Therefore, (3.147)) holds, <S > is invertible, and

=1 _ 2 2 4
()" =487 < (75) 15 = Sllp-ss (3.148)
2 2
<MHE [ +MHE [
= A3 §3T Klip ~OT Wiip
K w
< 26 ), + S g,
°0°T Yo7
Cr ot
< TAE) €.
Yo7
—\—1
(S) 7| <o

For the new rate of contraction, observe that
AL AT+ AN AT < X+ AN,
Therefore, the hyperbolicity controls (3.122)) hold if
AN AN
A 1, 7| | - <L
oy — | A oyt — X

Note that from bound (3.105) and hypothesis (3.110|) for the thirteenth term in (3.111]

|A)\’ 1 CA/\ 1974 CA)\
< E +C Ey < ————¢E< 1 3.149
o) |/\| = 0y |)\| 7252T|| KHp A/\H WHp = o) |)\| < ( )

Also, hypothesis (3.110)) for the last term in (3.111]) allow us to use Lemma and obtain

[AXTH] < (0,1)°CanE, (3.150)
’5\71| S O')\—l.

For estimates (3.136)) we will use Lemmas and From (3.72) we have that

1Ekllp—2s < (CEX +CEY) €2 < Cp 2. (3.151)
Also, from (3.93)), we obtain
KK Ww KW 52
1B llp—ss < (CEX + CEY + CEY) n (3.152)
< %52‘
<5
O
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3.4.2 Convergence of the iterative procedure and proof of the
KAM theorem

We show that under the assumptions of Theorem , condition (3.110)) in Lemma
holds at every step of the iterative scheme. Therefore, Lemma [3.15 can be applied infinitely
many times. In the limit, the sequences of objects converge and define invariant tori and
its invariant bundles.

Consider the objects at the iterative step j denoted by K;, W;, A, Nj, Bj, and S;.
Consider also the errors Ex; and Ey, in the invariance equations , respectively,
the analyticity domain p;, and analyticity bite d;. For the step j = 0, consider the objects
declared in theorem (3.1} That is, take Ko = K, Wy = W, Ag = A, No = N, By =
B, S =38, po=p, 0g =0, and & = £. Note that the domain of analyticity of the objects
decreases at every step according to

pj = Pj—1 — 30j-1,

where 0, is the domain bite chosen for step j. Let us then choose the following geometric
sequence of bites

)
5J - &,
for some a > 1-—which results in the limiting width
a
o =P — 30—
P P a_1
and
_ P~ P
a=—"-.
P1 — Poo
Let us now define
E = 7HEK]’HPJ' | Ew. || Ce. = {E* 7 Fi 5} (3.153)
J max 7252'7- ) Willp; (> g — max Kja ’ ijy J [ .
J
gj 2
7 257 kj =a " Leg X

and assume (3.110]) in Lemma holds for the objects up to step j — 1. Then,
A S aQTOgjil%?_l S Rj—1251

and
2T 2
ki < a”Cgkj15-1 < Kj_q,

where the last inequality holds as long as C¢; < Cg,_,. In order to apply Lemma [3.15
again we need to hold for the objects in the step j. Notice that Ca in (3.111)), as
well as the constants therein, depend on §;—polynomially by construction—and on 7; and
vj. See Appendix |[E| and definitions and . Let us now assume k := ko < 1
and vy < 1, which are included in assumption [3.2] Recall that 7 < v. Additionally,
the assumption x < 1 implies decreasing sequences for 0;, v;, Cg,, kj, »;, and &;. In
particular,

2 27
/ﬂjél*{j 1<K
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2 £2 2527 201 K\
Ej <7055 <705 TRy s < <a?7> E. (3.154)
In order to prove convergence, it will be necessary to control the constants within Ca
uniformly with respect to j. Hence, the constants within C'a are taken for the largest
values of 9, 7, and v, i.e., d = &g, U = Iy, and v = 14y. Nonetheless, the explicit J in Ca
can be taken to be the corresponding ones for the step j, i.e., they can be taken to be

We will now use estimate (3.154]) to check condition (3.110)) for step j. For the first term
in (3.111)), condition (3.110]) reads

Cg

sympP

5j<1

and, using (3.154]), we have

k \J
CEsympng S CEsympP ((127-> g S CEsympPg < 1

where the last inequality holds from the assumption vy < 1. For the second term in (3.111]),
let us first compute

2T

CAK(-C" = Q:AKga

(3.155)
where we used (3.123]) and (3.154)). Notice that the previous bound holds for all j—hence,
we can obtain estimate (3.4). Similarly, using Lemma [3.15] we obtain the estimates

(13.5)-(3.7). Let us now consider the inequality
’}/2(5]2-783'
R — HKJ - KHPj

Jj—1 j—1 i
K
15 = Kllpy < 3 Wit = Killoo < Can€ X () <
i=0 i=0

a?” — K

<1

which is satisfied if
725J2-ng + Cax€ < R
or, alternatively,
V2677 & Cax
R

where we used that J; < § and £; < £. It is not hard to show that the previous condition

implies (3.110)) for the second term in (3.111)) at every step; which is included in assumption
(3.2). In order to express condition (3.110)) for the third term in (3.111]), we need to control
|DoKjl|,,- Notice that we can recurrently obtain the bound

E <1,

L dCak

i=0 0;
dCAr & K \*
< |Do K|, + 5 ;) <a27_1) €
dOAKazT_l
5(a27—1 _ Ii)

Do K[, < DK ||, + Ei

< [IDeK ||, + € < op,k;
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where the last inequality holds if

dCAK a27—1
(op,x — [DeK||p) a*™+ — &

£ <1,

which is included in assumption . Notice that this condition guarantees for the
third term in (3.111)). We can proceed similarly and obtain conditions such that
holds at every step for the remaining terms in . Such conditions are then included
in for which we have the explicit constants

¢ := max {aQTCg, @AWV}, (3.156)
Q} Q:AD K _ Q:ADAK _
Ca:=max{Cgp 70", u 0", " O H £ U H
{ 1 R op = DK, onk — DK,
Q:A(DHK)T 75771 Q:A(DgaK)T v T—1 Q:AW’
T pprcy” — I (Da )T o,y — (DK, Cow — W],
Canr CaB Cry Cpir Q:A(SYL
owr =W, o5 = 1Bll," oy — INl," ox = INTIl," o5 — [(S)7]
Can Caxt
0", 0" 3,
o= N e =t
where
5 a27’—1 a27’—1
€y =707 + Caxk, Capyi = 7 —AdCak, Capx = 5 {lCax,
a — K a — K
27—1 a’
€A(D9K)T = anCAK ) CA(DY,K)T = Q:A(DgK)Ta Caw = o — Caw,
a’ a” a”
Capr = 2nCay CAp = C Civi=—CLxo
AW O — K nUAw, AB O — K AB)> AN O — K AN
a” a” a2'r
Cpgr = ar — ECANT’ QtA(S)’l = ar — HCA<8>_1’ Cax = a2 — RCA)\
CLZT
Q:A)\_l = a,2T o K;CA)\_I‘

Observe that the first term in (3.156|) corresponds to the condition of having a decreasing
sequence of errors whereas the second term corresponds to the conditions necessary for
applying Lemma [3.15] infinitely many times.

73






Chapter 4

Whiskered tori: a unified approach

Both in theory and applications, it is of great interest to identify the asymptotic behavior of
the orbits of a dynamical system—specially when the orbits approach invariant sets. Such
kind of behavior is described by the stable and unstable manifolds of hyperbolic objects,
e.g., fixed points, periodic orbits, or whiskered tori. A torus is said to be whiskered if there
exist invariant directions in its tangent space that contract and expand exponentially under
a flow or a map. These hyperbolic directions correspond to the invariant bundles which
are the linear analogues to the stable and unstable manifolds of the torus—also known as
whiskers. Hyperbolic tori and their dynamical connections have deep implications in the
kind of dynamics to be expected and provide a framework to study dynamical systems
both locally and globally.

The existence of homoclinic and heteroclinic orbits was already known to Poincaré, in what
he called doubly asymptotic solutions [Poi87], which began to unravel the complexity of
dynamical systems exhibiting homoclinic and heteroclinic phenomena. In [Arn64], Arnold
suggested that transition chains of whiskered tori constitute a general mechanism for
diffusion in dynamical systems which has been studied extensively. See for instance the
perturbative geometrical methods of [DAILS06] and references therein. Rigorous proofs of
chaotic behaviour came from the work of Smale who showed that if a dynamical system has
transverse homoclinic solutions, there exist an invariant Cantor set containing such solutions
where the dynamics is topologically conjugate to the horseshoe map and, consequently, to
the shift automorphism on the space of bi-infinite sequences [Sma65l [Sma67].

In applications, dynamical systems techniques have been used in space mission design
over the last decades [GLMSO01, [GSLMO01, [GISMO01al, (GISM01b]. Dynamical connections
between hyperbolic objects can serve as zero-fuel trajectories; for instance, the Genesis
[HBWOT] and Artemis [SBAT14] space missions used trajectories close to heteroclinic
connections for the design of their itineraries. Given the fundamental role of stable and
unstable manifolds in shaping system dynamics, considerable effort has been devoted to
developing rigorous and computational methods for identifying and analyzing whiskered
tori across various dynamical settings.

Under the parameterization method, invariant tori and their whiskers were computed
in [HAILOGDL, HAILOGa] for quasi-periodically forced maps. Following the same paradigm,
[FdILS09] obtains a-posteriori theorems for the existence of whiskered tori in exact sym-
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plectic maps and exact symplectic vector fields. Similarly, fast iterative schemes were
described in [HAILS12] for both Lagrangian and whiskered tori in Hamiltonian systems.
For resonant tori see [KAdIL21a] and for a different approach based on quasi-periodic
Floquet transformations for response tori see [GJNO22]. The invariant bundles and
whiskers can then subsequently be used to compute dynamical connections. For instance,
numerical techniques were developed in [BMOQ09, BMO13] to compute families of het-
eroclinic and homoclinic connections between periodic orbits in Hamiltonian systems
whereas computer-assisted methods for individual connections were used in [WZ03|, [ WZ05].
Naturally, dynamical connections between higher dimensional objects also exist. See for
instance [GKLT04, [CMO08] for the CRTBP and [KAdIL21a, KAdIL21b] for connections
between resonant tori in the planar circular and elliptic problems, respectively. For entire
families between center manifolds see [BHM24].

The goal of this chapter is to contribute in the computation of invariant tori and their
whiskers by means of KAM schemes. We provide a unified approach to compute tori
and whiskers simultaneously by solving a functional equation extending the framework of
[HAILS12]. We focus in the case of rank—1 whiskers but the methodology can be adapted
to the case of whiskers of arbitrary rank. Following the low map methods of Chapters
and [3] we obtain tori and whiskers in autonomous and quasi-periodic Hamiltonian systems.
As opposed to the order-by-order methods, which compute the torus and its bundles before
computing the whiskers term by term, we correct every term of the parameterizations and
double the number of correct terms with each iteration.

The obtained parameterizations provide a local picture that can later be globalized to
study dynamical connections. Due to computational limitations, the local description is
affected by the order of the expansions and the quality of the computed coefficients. In
order to maximize the region of the phase space where we have an accurate description
of the dynamics, we take careful consideration into the order of the parameterizations
and the quality of the output of the iterative scheme, i.e., we aim to maximize the so
called fundamental domain of the parameterizations provided by our methods. We have
applied our techniques in the CRTBP where we compute a large set of non-resonant
2—dimensional invariant tori and their stable/unstable manifolds. Furthermore, we outline
the schemes for the quasi-periodic case and compute a few 3-dimensional tori and their
invariant manifolds in the ERTBP.

The structure of the chapter is the following. In Sections and 4.2| we discuss whiskered
tori and their geometric properties for autonomous and quasi-periodic Hamiltonian systems,
respectively. These sections also describe the construction of adapted frames and iterative
schemes for the computation and continuation of whiskers. Section discusses how
to study the fundamental domain of the parameterizations and Section addresses
computational aspects of the methods of Sections and [£.2] Lastly, in Sections and
[4.6] we apply our techniques to the Circular and Elliptic Restricted Three-Body Problems,
respectively.

4.1 Whiskers in autonomous Hamiltonian systems

We will first cover the computation of whiskered tori for autonomous Hamiltonian systems
and leave the quasi-periodic case for Section The setting is analogous to that of
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4.1. Whiskers in autonomous Hamiltonian systems

Section [I.2] For any smooth function H : U — R, we can construct a Hamiltonian vector
field X : U — R*" as

X(2) = Q(2)"'DH(2), (4.1)

where Q : U — R 2" is the matrix representation of the symplectic form w. Let
¢: D CRxU — U denote the flow for the vector field X where D is the domain of
definition of the flow, open. We will use the standard notation ¢(t, z) = ¢.(2).

For fixed ¢, the diffeomorphism ¢, is exact symplectic—that is, ¢; preserves the symplectic
form as

pjw = w,

and the 1-form ¢fa — « is exact for some smooth primitive function, see [HM21] for the
primitive function in an autonomous setting and Appendix [A] for the primitive function in
quasi-periodic Hamiltonian systems.

We follow the approach of Chapter [2| and consider (d + 1)-dimensional invariant tori
K c U with frequency vector & € R%! and d = n — 2. For a suitable T, we can look
for a codimension 1 generating torus K C K, invariant under ¢r, see Section . More
specifically, let us define @ := %(w, 1), where we assume w € R? to be Diophantine. We
can look for parameterizations K : T — U that conjugate the dynamics in T¢ under ¢
to a rigid rotation with rotation vector w. That is, we require the parameterization to
satisfy the following invariance equation

¢proK — KoR, =0, (4.2)

where the map R, defines the dynamics in K and is given by

R,: T*— T¢

0+— 0+ w.
An invariant torus K is whiskered if it has directions that contract exponentially fast
in the future and in the past under iteration of the differential of ¢r. These directions
are the invariant bundles of the torus and together with the tangent to the torus and
its symplectic conjugate, span the tangent bundle of U restricted to K. Tangent to
the exponentially contracting directions, the torus has attached invariant manifolds that
converge exponentially fast to the torus—the whiskers.

In order to make the definition precise, let us first revisit the invariance equation (4.2))
and observe that K is invariant under the map

%n ::¢TO"‘O¢T-
—_——

n times

Note that since ¢! = ¢_7, we can define ¢5" for all n € Z.

Definition 4.1. An invariant torus K = K (T?) is said to be whiskered if for every § € T¢,
Tk U admits an invariant splitting

Tko)U = Ef9) ® Ex (o) D Exo)
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Chapter 4. Whiskered tori: a unified approach

such that there exist constants C' > 0,A < 1, and p > 1, satisfying Ay < 1 and

v € Ejy <= | (Do oK) ()| < CA"o| n >0
v € Ejyy <= (Do o K ) (v)| < CA"o| n <0
v € B g — |<D¢%"OK>(U)| <ol nez.

It is possible to make Definition in terms of cocycles instead of using the map D¢3".
We leave such formulation for the quasi-periodic case of Section

Remark 4.1. We consider rank-1 bundles—hence reducible to constants. Also, since ¢r is
symplectic, the rates of contraction/expansion of the stable and unstable subspaces are
reciprocals.

4.1.1 Invariance equation for whiskers

We are interested in an invariant manifold W, containing a rotational torus K and its
associated whisker. We look for a parameterization W : T¢ x R — U such that under the
map ¢, the parameterization conjugates the dynamics on the torus to a rigid rotation
and the dynamics on the whisker to a constant contraction. Note that we can do this
without loss of generality since the case where the dynamics on the whisker are conjugate
to a constant expansion is completely analogous but for the symplectomorphism ¢_7.
Therefore, in what follows, we assume |A| < 1. The conjugacy condition translates into W
satisfying the invariance equation

droW — WoR) =0, (4.3)

where the map

RY: T'xR-—T!xR
(0,5) — (0 + w, \s)
represents the internal dynamics of VW under ¢7. Note that at s = 0, we recover the
invariance equation for K which is parameterized by K(6) := W (6,0).

If we differentiate the invariance equation (4.3)), we obtain
DoroW DW = DWoR) DR, (4.4)

where

I

DRA = | ¢
A

This expression reveals that the invariance equation for W carries a bundle invariant under
Dor.

Remark 4.2. If the vector field X is reversible, like the CRTBP, we can obtain parameteri-
zations of the unstable whisker from that of the stable whisker. More specifically, if there
exists an involution o : R?" — R?" satisfying

Xop=—-DpX,
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4.1. Whiskers in autonomous Hamiltonian systems

then we can obtain a parameterization of the unstable whisker, say W, from the stable
whisker, and vice versa, as W = poW. Note that the torus K parameterized by W(8,0) is
different from the torus parameterized by W (#,0). Nonetheless, both T (#,0) and W (4, 0)
generate the same torus K, see Chapter .

4.1.2 Geometric properties and adapted frames for W

It is a classical result that tori invariant under exact symplectic maps with dynamics
conjugate to ergodic rotations are isotropic manifolds—for the proof in the quasi-periodic
case see the proof of Lemma 2.I] Such result also holds for the invariant manifolds of
whiskered tori due to hyperbolicity. In fact, we can construct invariant Lagrangian frames
for W that allow the existence of coordinates that reduce the linearized dynamics to upper
triangular form. The construction is analogous to that of Section and is as follows.

Recall that, according to (4.4), DW is invariant under D¢r. Additionally, a quick
observation reveals that
DoroW XoW = XoWoR), (4.5)

where we used the commutativity of flows and the invariance of W. Consequently
XoW is also invariant under the differential of ¢ on W. Let us construct a subframe
L:T4 xR — R>™ ag

L= (DQW XoW DSW). (4.6)

Proposition 4.2. The subframe L constructed as in (4.6 is a Lagrangian subframe.

Proof. 1f L is a Lagrangian subframe, it needs to satisfy
Q= L'QoWL =0.
First note that from and we have that
DopoW L — LoRMA =0, (4.7)

where A is as in (2.12)). Therefore, we can see that L is invariant under DgproW. Addi-
tionally, using the symplecticity of ¢r, (4.3)), and (4.7)) we obtain

A_TQL - QLORL)‘\) A= 0. (48)
Let us split Qf, into blocks of sizes (n — 1) x (n —1),(n—1) x 1,1 x (n—1), and 1 x 1 as

11 12
QL QL
21 22
QL QL

Qp =

Then, (4.8) translates into

Qi = QoR; =0,
QP2 — AQPoR) =0,
A0 - QEoR) =0,
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A2 NQPoR) =0,
and if we use Fourier-Taylor series, we obtain

Z (Qll) (1 o ZQW]CUJ)\]
k

.7’

)

Z (Qf)j (1 — ‘%kw)\wrl) 2k g j
)
)e

6127rk0

Jk

Z(QQl)j ( - 127rkw)\]

Js

ez27rk:9

k
(QZQ) ( - 127rkw)\3+1 127rk9

J.k

for all # and s. Hence, necessarily, Q' = (Qf')0, QF = QF = QF = 0—which shows that
Q) is constant. Therefore, we can inspect the Lagrangian character of L on the torus K.
That is,

Qr(0,s) =Q.(0,0).

Furthermore, it is known, see e.g. [HM21], that L generates Lagrangian subspaces on
TicU, i.e., Q(0,0) = 0. Therefore, Q;, = 0. For the proof in the quasi-periodic case, see
the proof of Proposition [2.2]

It remains to be shown that DW and X oW generate an n—dimensional subspace. This
can be done without much work by looking at the vector field invariance equation for the
whisker generated by W. O

Remark 4.3. Note that the fact that L is a Lagrangian frame implies that W is an isotropic
manifold, i.e,

(DW) QoWDW = 0.

Let us now complement the subframe L. In particular, we can complement L with a
normal bundle N : T¢ x R — R2"*" to a full symplectic basis of TyyU given by a frame
P:T%x R — R a5

P:= (L N), (4.9)
where
N := JoWLG;! (4.10)
and
G :=L'GoWL.

Note that every Lagrangian subspace can be complemented with another Lagrangian
subspace to a full symplectic basis [CdS01]. We emphasize that the frame P has geometric
properties that are fundamental in our methods. In particular, by construction, P is
symplectic with respect to the standard symplectic form. That is,

T, o o —In
P QoWP =, = (4.11)
I,

This identity shows that, on W, the symplectic form in the coordinates given by P reduces
to the standard symplectic form. If we right-multiply (4.11]) by P! and then right-multiply
it by —€2g, we obtain the following formula for the inverse of P

Pl = —QyP'QoW. (4.12)
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4.1. Whiskers in autonomous Hamiltonian systems

Also, the differential of ¢ on W in the coordinates given by P reduce to an upper
triangular matrix-valued map constant along the diagonal. That is

Al S
(PoR))'DppoWP = —1 (4.13)
A

where S : T% x R — R™" is known as the torsion of W and is defined as
S = N'oRAQoWoRADgroW N. (4.14)

The reducibility of D¢y on W follows from and that P satisfies symplecticity, i.e.,
(4.11)). Recall that in Chapter [2] we further reduced the torsion S on the torus K so we
could obtain both the stable and the unstable bundles simultaneously as part of the frame
P. This followed from constructing the subframe N as in to obtain such reduction.
Following the analogous approach on the whisker, it is only possible to reduce the torsion
by means of a linear symplectic transformation to

(o)  (SP)s
(SP)s (53)s”

S:

Therefore, the torsion S can be reduced to constant in T¢ and only with terms up to
order 2 in the coordinate s—consequently we cannot obtain both the stable and unstable
whiskers by means of a linear symplectic transformation on P.

4.1.3 Computation of invariant tori and whiskers

For the computation of W, assume we have a parameterization W : T x R — U and
A that satisfy approximately. Let us define the error in the invariance of W as
E : T? x R — R?" given by

E := ¢poW —WoR). (4.15)

Similarly as in Section our objective is to find a map AW : T¢ x R — R?" and A\ € R,
such that for W = W + AW and A = A + A, the new error E satisfies ||E| = O(||E||?)
for some suitable norm. More specifically, we will construct sequences for W and A by
means of an iterative scheme such that in the limit we have an exact solution of .

In the approximately invariant case, where the invariance equation is satisfied approxi-
mately, the range of W will be approximately isotropic. Consequently, the frame P will be
approximately symplectic and the reducibility of the dynamics will only hold approximately.
The error in these properties is actually controlled by the error in the invariance equation
similarly as in Chapter [3] In the iterative scheme we can neglect these errors, as their
contribution is at least of second order and still have a quadratically convergent procedure.
We focus here in the algorithms and leave the rigorous treatment of the iterative process
as well as convergence for future work.

We require that in the linearized invariance equation, the corrections are such that they
cancel . That is, we require

DoroWAW — AWoR) = —E + 0,WoR), Als.
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If we express AW in the coordinates given by P, i.e., AW = P&, and use (4.2.1]), we

obtain
(PoR}) ' DéroWPe — £oR) = (PoR}) < ~E+ 85W0R3A>\s>.

We can now use (4.12) and, after neglecting higher order terms, we obtain

Al S \
£~ EoR) =0+ e,
A—T
where

On—l

T 1

ni= 0 (PoR)) QoWoR} E, e, :=

Onfl

0

¢ n'
& U
§= o , n= ;
'S n'

and S into blocks of sizes (n —1) x (n—1),(n —1) x 1,1 x (n— 1), and 1 X 1 as

(Sl 52>
S = ;
S35t

we obtain the following system of cohomological equations

fl T 5153 + S2§4 - £1OR;\) — ?71
A+ SPE% + S — PoR) =1 + Ads

5'3 o 6307?,)\ — 773

)\7154 - 54072,)\ — 4.

w

(4.16)

(4.17)

Let us choose Fourier-Taylor representations for £, S, and 7. See Section [I.4, We can first
solve for &* as described in Section[I.5] Note that we can solve for &3 up to (&) if (n3) = 0.
This average is actually quadratically small in F, see [HM21] for the proof, so it can be
neglected in the iterative scheme. Once we have solved for £ and for &2 with (£3) free, we

obtain the following equations for &' and &2

51 . éloRi\, — (')‘1
)\52 o ngRi\) — 52
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4.1. Whiskers in autonomous Hamiltonian systems

where

§ti=nt — 5%t - She? (4.24)
6% =% — S — P 4+ Ads. (4.25)

Note that in we have an obstruction at order 0 and in we have an obstruction
at order 1, see Section . Therefore, in order to solve for ¢! and for &2, we need that
(68) = 0 and (67) = 0. We can use the freedom in (£3) and the parameter A) to adjust
these averages. Let

& =8 +(&), (4.26)

where (£3) = 0, and let us define
=t — 52t - §1¢3 (4.27)
(P =0 = St - 538 (4.28)

We then choose (£3) and A\ such that

1 3 1
(s &) _ (@) 129)
(ST) | =1 ) \AA (¢7)
given the non-degeneracy condition
det(S5) # 0. (4.30)

Recall that at order 0 and at order 1 are small divisors cohomological
equations—therefore, (£}) and (£3) are free. This underdeterminacy reflects the freedom
in the choice of K, and in the choice of the first order approximation of W, i.e., the
freedom in the scaling of the invariant bundle of K, see remark [£.4] A simple choice is to
take (£4) = 0 and (£7) = 0. Then, we can solve for £ and €2 as described in Section [L.5]
Lastly, we obtain the corrected parameterization and the corrected rate of contraction as

W =W + P¢ and A = A + A, respectively.

Remark 4.4. The parameterization W is not unique—we can scale the coordinate s by
some scaling factor p and obtain the reparameterization W,(0, s) = W (6, ps). Using the
Fourier-Taylor representation of Section the coefficients of W, are W, (0) = p*W,(6).
Albeit, formally, all parameterizations are mathematically equivalent, for normalization
purposes, we can choose an scaling factor such that the norms of the coefficients of the
parameterizations neither grow nor decrease too fast with k. For such a purpose, we can
take p = 1/r, where r the radius of convergence of the series in s that we can obtain with
a root test.

Remark 4.5. Suppose we represent W as a Fourier-Taylor series, see Section [I.4] and
assume we have, for instance, the torus and the bundle. That is, we have the terms
Wy and Wi. Similarly as in Chapter [3] it can be shown that the iterative procedure is
quadratically convergent. Consequently, after it iterations we have 24T — 1 terms for W.

We conclude this section with algorithm for one step of the iterative scheme.
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Algorithm 4.1 Iterative step
Given W and A satisfying (4.3)) approximately, compute the corrected parameterization
W and rate of contraction \ by following these steps:

Construct L, N, and P from (4.6)), (4.10), and (4.9), respectively.
Compute S from to (4.2.1)).

)

)

) Compute the error in the invariance equation E from (4.15)).
) Construct n from the definition .

) Solve ([4.21)) to obtain &2.
)

)

)

N R

Ut

(=)

Solve (4.20) to obtain £* with (£3) = 0.

Compute ¢! and ¢? from ([4.27) and (4.28)), respectively.

Solve the linear system (4.29)) given the non-degeneracy condition in order to
obtain (£3) and AM.

9) Construct £ from and compute 6! and §? from (4.24]) and (4.25)), respectively.

10) Set (£5) = 0 and (£7) = 0. Solve ([4.22) and (4.23) to obtain &' and &>.

11) Set W < W + P¢ and X < A+ AN,

~J

Q0

4.1.4 Continuation with respect to T

Assume we have a ¢r invariant torus and its whisker. That is, we have (W, \) satisfying
. We are now interested in another solution (WW*, A*) of , defining a ¢ invariant
whisker W* for some T # T'. As is standard in continuation methods, we provide in this
section a method to compute the derivatives of (W, \) with respect to T from where we
can compute a first order approximation of (W*, A\*).

Let Eq. (4.3) define implicitly W and A as functions of 7. Then, differentiating (4.3]) with
respect to T', we obtain

D.proWorW 4+ XoWoR), — 9rWoR} — DWoR}drAs = 0.

If we express OrW in the coordinates given by the frame P, i.e., OrW = P¢, and

-1
left-multiply the previous expression by (PoRi‘J) , we obtain the following system of
equations

On—2
Al S |
£ —EoR) = . (4.31)
A_T aTAS
On

This system is completely analogous to (4.16|), but with

n=1 -1 (4.32)
On+1

and Or ) instead of AX. In this case, we have £* = 0 and &3 = (£3). We can choose (&)
and Or\ to adjust averages for the equations for &' and €2 to be solvable. That is, we
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4.2. Whiskers in quasi-periodic Hamiltonian systems

choose (£3) and Or such that

<Sé> <€8> _ —€n-1 7 (433)

3y | -1 ) \ora 0

where e, is as in (4.17)). Then, we have no obstructions in the cohomological equations
for £ and €2 and we can proceed as in the previous section.

The computation of derivatives of (W, \) with respect to 7" is summarized with algorithm
4.2

Algorithm 4.2 Computation of derivatives with respect to T’
Let (W, A)r be implicit functions of T' by equation (4.3). Find 9;W and drA by following
these steps:

1) Construct L, N, and P from (4.6)), (4.10), and (4.9)), respectively.

Compute S from (4.2.1]).
Construct n from the definition (4.32).

)

)
4) Set & = 0.

) Solve the linear system given the non-degeneracy condition in order to
obtain (£3) and O \.
) Set &% = (£5).
) Compute 4! and 62 from and ([£.29]), respectively, with dp\ instead of A
8) Set (&) =0, (€2) = 0, and solve and to obtain &' and €2, respectively.
) Set 8TW = PS

4.2 Whiskers in quasi-periodic Hamiltonian systems

Let us now follow the quasi-periodic setting of Section [I.2] We will introduce some
constructs that simplify the definition of whiskered tori in quasi-periodic systems. These
constructs, besides providing simplicity, lead to interesting connections between partly
hyperbolic invariant tori and hyperbolic operators.

Suppose we have K satisfying (2.3). Let us then define the transfer matriz M : T —
R2"*2" defined on the invariant torus K as

M(Ga 90) = D2¢T (K<97 90)7 90) .
In order to study the dynamics under iteration of M, for n > 0 let us define
M™ = MoR2™Y MoR,oM,

where
on ,__
Row :=Ruwa© - 0Ruq -

n times

Observe that M satisfies the cocycle relation

M(ntm) — M(”)ORZZLM("‘),
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which we can use to define M as
M = (MR

where
RZEM_”) =R 4, 40 -0R 4 4.

n times

Definition 4.3. An invariant torus K = K (T9*) is said to be fiberwise whiskered if for
every (0, ¢) € T, Tk, U admits an invariant splitting

Tr0.0)U = Ek(p.0) ® Ex(o,0) © Eko,0)

such that there exist constants C' > 0,\ < 1, and g > 1, satisfying Ap < 1 and

V€ Ejpp <= IM™ ()| < CX"v| n>0
v E E}L((e,go) — |M(")(U)] <CX"v| n<O
v € Efp ) <= IM™M ()| < Cullp] neZ

The transfer matrix M induces a transfer operator whose spectral properties are directly
linked with the dynamical properties of the invariant torus . We will not follow such
approach here but it is useful to acknowledge this relationship. For some references see
e.g., [Mat68| [SS74, [HPS70, Man78, HCFT16).

4.2.1 Geometric properties and adapted frames for W

Assume we have W : T4t x R — U satisfying the invariance equation
pro(W,id) — WoR), =0, (4.34)
where

RA . TR — T xR
(0,0,5) — (Rua (0, ¢), As).

That is, we have a parameterization of a whiskered torus and its stable/unstable whisker
W invariant under ¢y and with dynamics conjugated to R, .

Similarly as in Section [£.1.2] we can construct adapted frames for W that reduce the
linearized dynamics around W to upper triangular form. This is possible due to geometric
properties analogous to those of Section which in this case hold fiberwise.

For each ¢ € T, let us construct a subframe L : T x R — R?"*" invariant under the
differential of ¢7. First, differentiate (4.34]) with respect to the 6, ¢, and s coordinates to
obtain

D.éro(W,id)DyW = DgWoR),,

D.éro(W,id)D,W + dy¢r0(W,id) = D,WoR),, (4.35)
D,¢ro(W,id)D,W = D,WoR> .
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Observe that the bundles parameterized by DyW and D W are invariant under D,¢7 on
W whereas the bundle parameterized by D,W is not.

Similarly as for the construction of the subframe L for the torus, see Section [2.4.1] we can
use (4.35)) and (2.19) at z = W (0, ) to show that the following holds

D.gro(W,id)X — XoR), =0,

where

X = Xo(W,id) — D,Wa.

Consequently, the subframe L constructed as
L := (DQW X DSW> (4.36)

satisfies
D.¢ro(W,id)L — LoR), A = 0.

Naturally, at s = 0, we recover ([2.16)).

In the quasi-periodic case, the isotropy of W holds fiberwise. That is, for each ¢ € T,
the manifold parameterized by W (-, ¢) is isotropic. Due to the fiberwise isotropy of W,
the subframe L is fiberwise Lagrangian. The proof is analogous to that of Proposition [4.2]
which generalizes fiberwise. Therefore, we can proceed as in Section and complement
the subframe L with another fiberwise Lagrangian subframe N such that we obtain a
symplectic frame satisfying the analogous condition to and reducing the linearized
dynamics as

Al S
(PR3, ) " Doro(W,id)P = —|.
-

where the torsion S : T x R — R™ " ig defined as
S =N'oR), QoWoR), Dpro(W,id) N.

An iterative procedure for the computation of whiskers for quasi-periodic Hamiltonians
follows—mutatis mutandis—from Section [4.1.3 We include some numerical results in
Section (.6l

4.3 Fundamental domain

In this section we study the domain of validity of the parameterizations. We focus in the
autonomous case which is the main case study for the numerical explorations of Section [£.5]
Nonetheless, the same ideas apply to study the fundamental domains of parameterizations
in the quasi-periodic case.

Assume we have a parameterization W given by a truncated Fourier-Taylor series at order
N. The series W will only be valid in T¢ x D for some open interval D C R—we refer
to D as the fundamental domain of W. Let us consider the following norm for the error
(4.15))

|E||p := sup || E(8, s)||co- (4.37)

et
seD
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Then, we can define D as the largest interval where
IElp <e, (4.38)

holds for some ¢ > 0 small. If we proceed formally, we can construct a Fourier-Taylor
series for E of the form

E,s) = i E;(6)s. (4.39)

Then, using the definition (4.37)), we have the inequality

1Bl = sup [ 3 E;(0)s7 [l < 3 | sup [ E5(0)5” |

d - - d
N s
and if we define
1E;l := sup || Ej(0)]lee, D :=sup]|s], (4.40)
0eTd s€D
we can estimate the fundamental domain by requiring
IEllp < > IEIDT+ > [IE;|I1D7 <e. (4.41)
j=0 j=N+1

Observe that if we want (4.41)) to hold, necessarily for any &
| Ex||DF < e. (4.42)

Let us now inspect which term contributes the most in the sums of (4.41)) so we can obtain
a useful bound for D from (4.42).

Observe that Ej, for j < N, should be small since these are the terms that we control
with our iterative procedure. The terms for j > N are terms of order j of ¢roW since we
do not have terms of order higher than N for W. Consequently, let us consider that the
term that contributes the most in is in the infinite sum. Note that the true radius
of convergence for the series 7 say D, satisfies D < D since we have

[E|lp < oo, [Elp <e,

where D = [—D, D] Furthermore, E is analytic so we can bound each E; using Cauchy
estimates by
C
< =
1B < =
for some constant C'. Consequently, in the infinite sum, we can bound each term by
DN/
°(3)
D

from where we see that the largest upper bound corresponds to the term 7 = N + 1. We
can then obtain the following necessary condition for D

1

e\ VE
D<|— . 4.43
(umm) (4.43)
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Alternatively, for some grid of values {6, }jc1, where I is some index set, and some partition
of the interval [—D, D], we can estimate || E|p as

|Ellp = max (llor (W (0;, 5:)) = W(0; +w,Asi) ) (4.44)

0<i<p

where p is some positive integer, so = —D, s, = D, and s; < s;31. To estimate the
fundamental domain, construct a sequence {D;};—o where D;,; = D; + AD, for some AD
small. Then, we obtain the estimate D = [—Dy, Di] where Dy € {D,},—o is the largest
element in the sequence satisfying for ||E||p estimated as in as in (4.44)).

4.4 Comments on implementations

Throughout this section, assume d = 1—which is the case for the numerical experiments
of Section [4.5}—and that we have the following Fourier-Taylor representation

N
Wi(0)s' ~ S 5" Wie™ 0t (4.45)

1=0 keZ

W(,s) ~ '

N
=0

for some finite N and where each W; is given by Ng Fourier coefficients.

We follow [HM21, FMHM24b] and implement a low-pass filter after each iterative step of
Algorithm This is, for some filtering factor ry € [i, %), we set to zero the coefficients
Wi for |k| > 7y - Np. In order to decide the number of coefficients for the Fourier series,
i.e., Np, we control the exponential decay since our objects are real analytic. In particular,

for any W;, we compute the tail as

A

tW) = > Wikl

|k:|>rt-NF

where r; < ry is some tail factor. Then, we can decide to increase Np if we detect the tails
do not decrease sufficiently fast with k.

Recall that, according to Remark [4.4] we can scale the series in the coordinate s by its
estimated radius of convergence for the sake of normalization. A possibility is to run
algorithm {.1] twice: the first to estimate the radius of convergence and the second, after
the scaling has been done. However, if we are interested in high order parameterizations,
say up to a maximum order N,,.., estimating the radius of convergence after performing
algorithm to order N,,., might not give good estimates. For this reason, we run
algorithm first to order N; < N,,... Then we estimate the radius of convergence of
the parameterization and scale the series. Then, we iterate at order N;,; > N; until the
radius of convergence is close to 1 or until N; = N,,4,. See algorithm [4.3]

Furthermore, in order to mitigate the hyperbolicity, we follow [HM21, [FMHM24b] and
implement a multiple-shooting strategy. For some positive integer m, we look for whiskers
{Wit b and parameterizations {Wi}!, where W' : T?x R — U, such that the following
system of functional equations is satisfied

o1, oW = WToR)m =0, fori=0,...,m—1 (4.46)
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where the superscript of W is defined modulo m, T, := T/m, w,, :=w/m, and A, := A
Assuming |A| < 1, we choose m such that the expansion rate |/\|771 is small enough. For
the sake of simplicity, we described the methodology for m = 1—the generalization to
m > 1, albeit cumbersome, presents no additional complications.

Lastly, we parallelize the integration of jets, both for the flow and the variational equations.
Our Jet Transport implementation substitutes the floating point operations of a RKF78
integrator by a simpler yet similar version of the truncated formal power series manipulator
described in chapter 2 of [HCFT16]; which is publicly available. It does so by means of a
C—++ wrapper that overloads the arithmetic operators of a RKF78 C routine. The step
size control performed is Fehlbergh’s but taking into account all the coefficients of the jet.
This is justified by the fact that, assuming analyticity, a shot calculation shows that the
error in all the coefficients of the jet is of the order of the numerical integrator in the step
size. Reference |[GJJCT23] shows actually more: the jet of coefficients obtained through,
e.g., Taylor and Runge-Kutta methods is the same (up to rounding errors) as the one that
would be obtained by integrating the variational equations up to the order of the jets. For
publicly available implementations see [JZ05, [PHB19]

We conclude this section with a proposal for a practical implementation of the iterative

scheme of Section in Algorithm

Algorithm 4.3 Practical implementation
Let A be some approximate rate of contraction and let W, and W; be zero and first order
terms of W satisfying approximately for some fixed T" and rotation vector w. Let
e, €w, € be tolerances, n;, n; maximum number of iterates, 7 € (0,1) a radius of
convergence, AN an integer increment, /V; an initial order for scaling, N a desired order,
and Np, . a maximum number of Fourier coefficients. Compute A and W at order N by
following these steps:

1) Compute the tails ¢(Wp) and ¢(W7). If max {t(W,), t(W1)} > & set

Np < min{2Ng, Ng, . }. Try up to n; times.
) Perform Algorithm 4.1} at order N; until ||E,|| < ew or up to n; times.
) Estimate the radius of convergence as r || Ey, ||~/
) If r <7 or r > 1, scale the series for W by 1/r. Else, go to step @
)
)

T o= W N

If N; = N, go to step[6] Else, set N; < min {N; + AN, N} and go to step [
Perform Algorithm at order N until ||Ey]|| < & or up to ny times. Obtain W at
order NV and \.

(=)

4.5 Numerical experiments: whiskers in the CRTBP

We test our algorithms in the Hamiltonian vector field of the CRTBP. That is, we have
a vector field generated by the gravitational attraction of two massive bodies, known as
primaries, moving in circular orbits around their common barycenter. Let m; and msy
denote the masses of the primaries and let us also define the mass parameter p := 72—,
For a suitable rescaling in space and time, we can define a rotating frame, also known as a
synodic frame, such that the position of the primaries is fixed in z; axis, see e.g. [Vic67].
The coordinates of the primaries are then (u,0,0) and (u — 1,0,0) and their period of

revolution is 2. The motion of the infinitesimal body is then described by autonomous
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Hamiltonian

1 l—p p
H(Sc,p)25(19?+P§+p§)—x1p2+x2p1— T ry

where z,p € R3, r{ := (z1 — p)? + 23 + 23, and 13 := (1 — p + 1)* + 23 + 3.

The CRTBP has five fixed points denoted by L; with ¢ =1,2,...,5. We focus on the L,
point, which is the one located between the primaries, for the Earth-Moon systems. That
is, for the value of the parameter u = 1.215058560962404 - 10~2. For some qualitative
information on the CRTBP, see Section [2.8.2]

4.5.1 The Lissajous family

In order to identify each torus of the Lissajous family, we follow [GMO1, [HM21] and define
the rotation number, denoted by p, as in Section [2.8.2

For the computation of the Lissajous family of whiskered tori and their whiskers, we have
two main options: to perform continuations in 7" for families with fixed p following Section
or to compute tori from approximate solutions of following the iterative scheme
of Section [4.1.3] Since we are interested in high order expansions, we choose the later
approach because running continuations in T—for large step sizes—is only effective at low
orders. In other words, keeping high order terms for the parameterizations does not help
convergence since for large step sizes the error in the high order terms is large. It is more
effective to perform continuations at low order and then increase the order with algorithm
4.1 We have run some tests which show that for orders say N < 10, the continuations in
T are effective for moderate step sizes.

For the second approach, we need approximate parameterizations. To this end, we follow
the methods of [HM21] and compute parameterizations of invariant tori and their invariant
bundles for the Lissajous family—that is, we have the terms W, and W; of the Fourier-
Taylor expansion of W. The tori obtained are included in Figure [£.1} where the color bar
labels the number of Fourier coefficients used. For the tori represented in the Figure, the
rate of expansion is roughly between 500 and 3000.

0.09 1024
512
0.07¢
Q 256
0.05
128
0.03¢ 64
-1.6 -1.55 -1.5

Figure 4.1: Energy-rotation number representation of the Lissajous tori around the L,
point computed following the approach of [HM21]. The colorbar labels the number of
Fourier coefficients of the parameterizations.
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Remark 4.6. We emphasize that albeit in Figure [{.1] we represent the total number
of Fourier coefficients used to compute tori and their bundles, the effective number of
coefficients is lower than that represented in the Figure because of the low-pass filter
implemented to prevent numerical instabilities, see Section [4.4]

4.5.2 Computation of Lissajous whiskers

In this section, we apply Algorithm to each torus obtained for Figure [4.1] Recall that
in the previous section, we obtained the terms Wy, and W; that we can use as seed for the
iterative procedure. We first compute parameterizations up to order N = 10, 12, 16, 20, 50
with e, =107% ey =6=10"% n; =1, ny =7, 7= 0.9, AN =10, and Np, . = 1024.
See Algorithm . For the multiple-shooting strategy, we take m = 4, see .

In order to asses the quality of the parameterizations, we construct an observable d,,q. to
measure pointwise the maximum distance in phase space (up to the discretization) between
tori and the limit of validity of their whiskers parameterizations in the corresponding fiber.
That is, we consider

dma:c = mgf( HW(Qm Si) - W(ejv O)||27 (447)
J

0<i<p

where {6} ,¢1 is an equally spaced grid of T¢, I is some finite multi-index set with elements
in N4, p is some positive integer, sp = —D,s, = D, s; < s;41, and D = [—~D, D] the
fundamental domain of W. For the estimates of the fundamental domain, we tested both
of the methods described in Section . That is, using the upper bound and by
requiring to hold using . Both for € = 10~7. We obtained very similar results
being the estimate provided by slightly larger. This shows that the main source of
error is the truncation error which we cannot control. In what follows, we use criterion
(4.38) with the approximation to estimate the fundamental domain.

We include in Figure the observable d,,,, in the energy-rotation number representation.
We have also computed the observable d,,,, when we use the linear approximation of the
whiskers, i.e., when N = 1. The results are not included in the Figure since in this case
Az 18 O(107%). We emphasize that d,,q, reflects the validity of the parameterizations in
phase space whereas D reflects the validity in the coordinates of the parameterizations—
which depend on the scaling of W;. We can observe that increasing the order of the
parameterizations from N = 10 to N = 30 results in larger domains for almost all tori.
However, if we increase the order to N = 50, there are tori for which we obtain larger
domains but, in certain region of the energy-rotation number representation, we obtain
worse parameterizations. In other words, increasing the order of the parameterizations
does not always result in larger fundamental domains. It is then clear that if, we want to
maximize the fundamental domains for each tori, we need to choose suitable orders for
each parameterization.

Let us now explore individual truncation orders and set a maximum order for the parame-
terizations Ny, = 50. For the tori obtained at order 50 in Figure [£.2] we truncate the
series as follows. For each torus, we consider Fourier-Taylor representations for the error,

92



4.5. Numerical experiments: whiskers in the CRTBP
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Figure 4.2: Observable d,;,, for fixed orders (from left to right) N = 10,12, 16, 20, 30, 50.
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defined in (4.15)), at order N,,.,. That is, we consider

Nmaa:

E0,s) ~ ; E;(0)s'.

Then, we truncate the parameterizations for each torus at the largest order N < N, 4, for
which

I1E;]| < tol (4.48)

holds for all j < N and some tol > 0. We run tests for tol = 1074, 1 and include the
orders obtained in Figure and the observable d,,., in Figure [£.4f Note that in the
truncated series for F, the term F; contributes tot the error as | E;||D? where D < 1.

50 50
0.09 0.09 \
f 40 40
0.07 0.07
Q 30 « J 30
0.05 0.05 |
20
20
0.03 10 0.03
-1.6 1.6 1.55 1.5

Figure 4.3: Truncation order for tol = 10™* (left) and tol = 1 (right).

0.6 0.6

0.09 05  0.09 05

0.08 04 0.08 0.4

0.07 03 .07 0.3

20.06 02 <0.06 0.2
0.05 0.05

0.04 01 0.04 0.1
0.03 0.03

Figure 4.4: Observable d., for tol = 107* (left) and tol = 1 (right). Colorbar in
logarithmic scale.

We can observe that, with this approach, we improve the results obtained in Figure
for most tori, we obtain values of the observable d,,,, larger that the obtained for the fixed
order results of Figure This shows that for each torus in the energy-rotation number
representation requires different number of Fourier coefficients and different truncation
orders in their Fourier-Taylor parameterizations. Recall that the number of Fourier
coefficients was determined by the seed that we used for the computation of whiskers
coming from [HM21] and from their tails, see Algorithm

As a last experiment, we proceed to compute the optimal orders of the parameterizations
via direct computation. More specifically, we use the parameterizations obtained in Figure
M.2 at fixed order N,,q, = 50. Then, for some N < N, and j = 1,..., N we construct
increasing sequences for the fundamental domains in phase space of truncated parameteriza-
tions at order j according to Section . That is, we construct the sequences {d, .. }1<j<n
where N is the largest integer for which {d’ . }1<j<n is strictly increasing. Then, we take

max
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such NV as the order that optimizes the fundamental domain of the parameterizations. The
results are included in Figure where we can observe that the results are rather similar
to those obtained in Figures using criterion for tol = 1. Lastly, we include a
contour plot in Figure for the observable d,,,, obtained with criterion and via
direct computation. It is then clear that criterion with tol = 1 is a suitable choice
for choosing truncation orders that maximize the fundamental domains in phase space. It
is worth mentioning that the computation of the optimal orders via direct computation
cannot deal with folds since we are only constructing the sequences {d .. }1<j<y. We do
not, in general, expect folds locally close to the invariant tori. If necessary, one could
instead inspect the computationally more expensive sequences {d, . }i<j<n,., if folds are
expected.

50 0.6
0.09 0.09 05
40 0.08 0.4
0.07 0.07 03
Q 30 «0.06 0.2

0.05 . 0.05
| 20 0.04 0.1

0.03 _ 10 0.03

1.6 -1.55 -15
h

Figure 4.5: Optimal orders (left) and maximum distance (right) obtained via direct
computation.
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0.04 oy 004 o
0.03 0.03

0 0

16 16

Figure 4.6: Observable d,,,, obtained from criterion (4.48)) for tol =1 (left) and optimal
distance obtained via direct computation(right).

We end this section with an illustration of the computing times of the procedure. We
run Algorithm but without scaling the bundle, i.e., we run only the steps 1) and 2)
at N; = N. In particular, we take the torus labeled by h = —1.5319 and p = 0.0723 and
compute its stable whisker for different numbers of Fourier coefficients and at different
orders, see Table We also include the error of invariance in the torus, bundle, the
last term of the Fourier-Taylor representation, the limit of the fundamental domain in
the coordinates of the parameterization (denoted by D), and the observable d,,,,. For
the specifications of the machine used for the computations see the second paragraph of
Section

We first observe that when for Ny = 64, we do not have enough Fourier coefficients
to obtain parameterizations satisfying the invariance equation with an error smaller
than O(1078). Also, note that while ||Ey|| grows with N, its contribution to the error
is |[Ey||DY. Therefore, large values of ||Ey|| do not result in large errors. It simply
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implies that D needs to be sufficiently small to guarantee an accurate description of the
parameterizations in the fundamental domain of W. Also, we have observed that the
computational time grows linearly with Np. This is not surprising since a profiling of
the code reveals that 98.4% of the total time is numerical integration. Regarding the
computing time behaviour with the order, from an operation count standpoint, a quadratic
increase of computing time with order should be expected. Profiling tests have also shown
that quadratic growth is not observed in Table because of the computational effort
required by the book-keeping and memory management related to the manipulation of
power series in the Jet Transport implementation.

Table 4.1: Computational times

Ne N |E £l IEN| D dpee it
10 23-100% 6.5-107% 2.6-107° 0.333 0.122 5 2.68s
12 23-100% 6.5-100% 35-107% 0.424 0.162 5 2.76s
64 16 23-107% 6.5-1078 28-107° 0.534 0.214 5 3.05s
20 23-107% 6.5-107% 4.7-107% 0567 0.231 6 3.85s
30 23-107% 6.5-107% 3.4-107' 0.552 0.223 7 5.49s
50 2.3-107%  6.5-107%  2.0-10° 0457 0177 7 7.15s
10 1.4-107% 1.1-107" 1.1-107% 0.335 0.123 5 9.90s
12 1.4-107% 1.1-107% 1.3-107'% 0.427 0.163 5 10.25s
956 16 14-107% 1.1-107" 1.2-107° 0.557 0.226 5 11.02s
20 1.6-107% 1.3-107% 1.0-107* 0657 0.279 6 14.25s
30 1.6-107* 1.3-107% 1.4-107® 0.839 0.383 6 16.02s
50 1.6-107 1.3-107 3.7-107% 0.692 0.298 6 19.30s
10 1.5-107% 1.3-107% 1.6-107'% 0.335 0.123 5 37.99s
12 15-107% 1.3-107* 2.0-107'2 0.427 0.163 5 39.60s
1024 16 1.5-107% 1.3-107* 1.3-107% 0.557 0.226 5 42.07s
20 1.4-1071% 1.3-107 1.4-107% 0657 0279 6 54.78s
30 1.4-107% 1.3-107 1.5-107® 0.839 0.383 6 62.88s
50 1.4-107% 1.3-107% 38-107% 0646 0.273 6 76.07s

4.6 Numerical experiments: whiskers in the ERTBP

In this Section, we explore the computation of whiskered tori in the periodic Hamiltonian of
the Earth-Moon ERTBP, i.e., for parameters u = 1.215058560962404 - 1072 and e = 0.0549.
For some details on the dynamical system see Section [2.8.1]
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Our approach is the following. First, we compute invariant tori and their invariant bundles
as described in Chapter 2] Then, we use the methods of this chapter for quasi-periodic
Hamiltonian systems outlined in Section to compute invariant tori and their whiskers
with Algorithm adapted to the quasi-periodic case. In this case, we limit ourselves
to the computation of a few whiskers in the ERTBP and leave a systematic exploration
of the phase space for future work. In particular, we have taken two tori in the Earth-
Moon CRTBP labeled with different values of the Hamiltonian h and the same value
of p = 0.0644, see Section [2.8.2, We include in Table the initial and final number
of Fourier coefficients, the label h, the rate of expansion, the number of iterative steps,
the norms of the first and last coefficients of the Fourier-Taylor series of the error of
invariance, the observable d,,,, and the computing time. As in the previous section, for
the computing time we do not scale the bundle, i.e., we run only steps 1) and 2) at order
N = 30. Furthermore, simply for illustration purposes, we plot in Fig. [£.7 in red the
generated 3—dimensional invariant tori and in blue the whiskers of two out of the four
2—dimensional generators. Recall that we use a multiple-shooting strategy, see Section

Figure 4.7: First column, projections into configuration space. Second column, projections
into momenta space. First row, objects labeled by h = —1.56378. Second row, objects
labeled by h = —1.55032. In red generated 3—dimensional tori and in blue whiskers of
two 2—dimensinal generators.

Table 4.2: Computational times quasi-periodic whiskers

NFO NFf h A Steps ||EK|| ||E30|| dmax t

(64,16)  (64,32) —1.56378 1909.58 ) 1.1-1071 3.2-107° 0.379 2m 39s
(128,32) (128,32) —1.55032 1368.66 6 5.3-1072 1.2-107® 0.380 5m 32s
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Conclusions

In Chapter [2, we designed KAM iterative schemes for quasi-periodic Hamiltonian systems
with an arbitrary number of frequencies. These schemes are formulated using time-T
maps, where T' corresponds to the period associated with one of the internal frequencies
of the torus.

The benefits of this approach are twofold: it enables a convenient and straightforward
continuation from autonomous to quasi-periodic systems and it reduces the number
of coefficients required for the parameterizations. The latter can be attributed to the
following:

e The torus is more analytic in the temporal direction.

o The time dependency acts as a perturbation of an autonomous system. Then, if the
perturbation is small, the effect of the time-dependency is small and fewer coefficients
are necessary.

Overall, this approach is advantageous not only in terms of computational cost but also
because it provides the freedom to choose which frequency to remove. This can be beneficial,
for instance, for tori with fast and slow frequencies. We also designed continuation schemes
using geometric properties such that the prediction step is done as efficiently as the KAM
iterates. For the numerical experiments, we explored a large subset of the phase space
computing 3—dimensional (non-resonant) Lissajous tori and quasi-halo tori. The material
of this chapter has been published in [FMHM?24b].

In Chapter [3, we obtained an a-posteriori theorem for the methods of Chapter [2] This
theorem is suitable for conducting computer-assisted proofs on the existence of invariant
tori and their associated invariant bundles. By means of an extra symplectic transformation,
we obtain both the stable and unstable bundles. Moreover, since we have taken periods
associated with the internal frequencies of the torus, the theorem also applies to autonomous
Hamiltonian systems. In this case, it is enough to set certain quantities to zero in the
constants of Appendix[E]l For the proof of the theorem, we proved a lemma on quadratically
small averages that allows us to prove convergence of the KAM scheme without using a
translated curve theorem and a vanishing lemma. We also introduced fiberwise symplectic
deformations and moment maps that allow us to prove a zero average lemma that justify
the computation of derivatives of the parameterizations with respect to parameters. This
allows better predictions for the continuation of the invariant objects with respect to
parameters of the Hamiltonian. The material of this chapter have been collected in the
preprint [FMHM24a].
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In Chapter [, we designed KAM schemes to compute high order expansions of the
stable/unstable manifolds of invariant tori in autonomous and quasi-periodic Hamiltonian
systems. The scheme is based on an iterative method that solves for every term of the
expansion simultaneously as opposed to the order by order methods. This means that
if we have the torus and the bundle exactly, after it iterations of the scheme we have
parameterizations of the whiskers at order 2%*! — 1. Moreover, we include strategies
for continuation with respect to parameters following the spirit of Chapter 2] and some
strategies to estimate the fundamental domain of the parameterizations. For the numerical
explorations, we performed massive computations in the CRTBP by computing Lissajous
2—dimensional tori and their whiskers at different orders. We attempted to adapt the
parameterizations of each torus such that the fundamental domain of the parameterizations

are as large as possible. Lastly, we computed some 3—dimensional tori and their whiskers in
the ERTBP. The contents of this chapter have been collected in the preprint [FMHAILM24].

The framework, algorithms, and theorem obtained provide an excellent starting point for
future projects. In particular, the algorithms have been formulated for an arbitrary number
of frequencies of the Hamiltonian. Therefore, we have the tools to compute invariant
tori in models with more frequencies like the frequency models of [GMMO02]. Future lines
of research include the computation of homoclinic and heteroclinic connections between
invariant tori in quasi-periodic Hamiltonian systems. These connections can serve in the
design of space missions trajectories to conduct complex itineraries. Furthermore, in the
methods of the thesis, we reduced the dynamics in the invariant bundles to constant
contraction/expansion. Whilst effective, this comes at the cost of an additional analyticity
loss at each iterative step—which can be avoided by generalizing the methods hereby
described for invariant tori without reducing the dynamics in the bundles. Additionally,
designing KAM schemes for tori with bundles of arbitrary rank, extending the a-posteriori
theorem to this case, or obtaining sharp theorems in the spirit of [Vill7, [FH24] are
promising directions for future research.

100



Appendix A

On the primitive function of ¢;

We dedicate this section to the explicit expression of the primitive function of the unipara-
metric t—family of fiberwise exact symplectomorphisms ¢; : U x T¢ — U, for U C R?"
open and t € R.

Lemma A.1l. The primitive function p, : U x T — R of the fiberwise exact symplecto-
morphism ¢, : U x T — U is given by

P = /Ot (aT0gs Xo(gs, 1) — Ho(os, 1)) ds, (A1)

where recall that Vs(p) = ¢ + &s. That is, the primitive function p;, as given above,
satisfies

D.p, =a'o¢, D.or —a'. (A.2)

Moreover,

Dy = a’ogy Dyt — [ DpHo(gy,1)ds. (A.3)

Proof. In order to prove p; is as given in (A.1)), it suffices to show that p, satisfies (A.2)).
Let us begin by differentiating p, with respect to z

Dopi = [ (XTo(00, $1)Da06,D-6, + a709,D. X o (g, )0,
- DZHO<¢S7 ws)Dz(bs) dS.

We use that D,H = —X'Q and that Q = (Da)" — Da to obtain

Dopi = [ (X70(80,6.)(Da) 06.D.6, +a"06,D.X0(6,,4,)D-4, )ds
- [ ( (a0g)" z¢s+aTo¢sCZDz¢s)ds
- /0 ds(aToqbsngbs)ds
= aTo¢tDz¢t —a
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Let us now differentiate p; with respect to ¢

Doni = | t (X064 6)Da06,D,6, + a 06,D.X (65, D0

+ a"odyD, X 0(ds, ) — DuHo(dy, 1,)D sy — DyHo(d,, ws))ds,

which we can rewrite as
t d
DSOpt = /0 <XTO<¢sa wsxDa)Toqbngoqss + aTOQSS%DgoQSs - DQDHO(¢87 ¢5)>d8

= [ (& (To0,0.) - Dattofo ) Jis

= a"opDydy — /0 D, Ho(ds,bs) ds.
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Quadratically small averages

For the iterative step described in Section to be consistent, we need the averages of

n3 given by
- (DgK) "oRpa QoK oRu B B n3t
= ( XToR o QoK oR o Ex ) o (7732)
to be quadratically small with respect to the error in the torus invariance Fx. Note that

for some suitable norm, the derivatives of Ex can be controlled by || Ef|| using Cauchy
estimates. The following lemma provides the explicit formulas for (n?).

Lemma B.1. The averages of n** and 0% are given by
(™) = ((DeEx) Aa+ (DyK) 0 Ry A%a)

(™) = (A?H) - <(A1a)TD¢EKd> - <(A2a)TD¢KoRmd> ,
where the Taylor remainders A of order i in Ex are given by

Ala: = aopro(K,id) — a0 KoRq
- /0 1 Da(KoRua + sEx ) By ds,
A%a: = aopro(K,id) — ao KoRyq — DaoKoRq Ex
- /01(1 — 8)D%a(K oRua + sEx ) [Ex, Ex] ds,
A’H : = Ho(¢ro(K,id), R ) — Ho(KoRua, Ra) = DoHo(K0oRya, Ra)Ex

1
- / (1 $)D?H(KoRuq + 5Bk, Ra ) [Ex, Bx] ds.
0

Proof. Let us start with (n3!) by using the exactness of the symplectic form as expressed

in to obtain
(™) = ((DeK) 0R o (Da) 0 K oR o Erc) — (DK ) 0Rs Dao K oRoya Eic )
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Appendix B. Quadratically small averages

We now use that

0= <D9 (aToKona EK)>
=(ExDy(a0 K oRya ) + a'0 K oRya D Fic ),
so we have
<7731> - <(D9EK)TaoKon + (DgK) oR e (Ala — AQa))> :
We will now use
DoEx = D,¢ro(K,id)DgK — DgK oR e,
(DgK) oR a0 KoRya ) = ((DyK) acK ),
Eq. , and
Dy (pro(K, id)) = (aTO(bTo(K, id)D. dyo (K, id) — aToK> Do K

31) as

to rewrite (1)
(™) = (DyEx) Ala + (Dg ) oRa A%a)
- <(D9K)T((DZ¢T)TO(K, id)aodro(K, id) + aoK)>
— ((DyEx) A + (DoK ) oR oo A%) — <D9 (pro (K, id))T>
= ((DyEx)'Ala + (DyK) 0Rya M%) ,

For n®2, let us expand X as
(n) = (XTo(KoRya, Ra) Q0K 0Rug Exc ) — (4'(DyK) 0Ryo Qo K 0Ry B )
and define
n3? i= X o(KoRuya, Ra )0 KoR 0 Ex,
ns? = —&' (DyK) oR o QoK oR o B
in order to inspect each term of 1*? separately. We first use that D, H = —X'() to express
(ni?) as
(%) = = (D:Ho(KoRa, Ra)Ex) .
Hence,
(i) = (AH) — (Ho(pro(K,id), Ry) — Ho(K, id))
where we used that
(Ho(KoRya,Ra)) = (Ho(K,id)) .

We now use the fundamental theorem of calculus and obtain

Ho(¢ro(K,id), R, ) — Ho(K,id) = /OTCZ(HO(@O(K,M),%)) ds
_ /OT (DzHo(quo(K, 1d),¢s)xo(¢so(f<, id),z/;s)) ds
+ ' (D@Ho(@o(K, id),¢s)@> ds,
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Appendix B. Quadratically small averages

where the first integral varnishes because
D.HX = -X'QX =0.

Consequently,

<ni”2> _ <A2H> _ </0T (DWHO(@O(K, id)),%)&) d8>,
We now use to express (13?) as

<77:132> — <A2H> — <aTo¢To(K, id)D,¢ro (K, id)& — Dypro (K, jd)@>
= (A%H) — (a’o¢ro(K,id)Dyéro(K,id)ad) — (D.pro(K,id)D,Ka),

where we used
0 = (Dy(pro(K,id))) = (D.pro(K,id)D, K + Dypro(K, id)).
We then use that
D,Ex = D.éro(K,id)D,K + D,éro(K,id) — DyK oRun,
in order to rewrite (n3?) as

(n?) = (A’H) — (a’o¢ro(K,id)D,Exd) + (a'o¢ro(K,id)D.¢ro(K,id)D,Ka )
<a opro(K,id)D, Konaa> (D.pro(K,id)D,K &)

< > <a opro(K,id)D KORwaa>

<a opro(K,id)D,Exd — a ToKoR,,D Konaa>

where we used Eq. (A.2)) in the last equality and that
<aTOKDLpKOAé> = <aTOKORwa DgoKonad> :
We leave the term 732 as it is. For the term 752, we use to obtain
(13?) = (4"(D,K) oRyaDao K oR o By ) — <&T(D¢K)T0Rm (Da) o K 0R o Eic )

Then, we use that

0= <D¢ <aToKoRm EK) >

= <EKTD¢ <aoKoRm> +a"0oKoRa D¢Ekr>
and the definitions for Ala and A2a to obtain
-
(n?) = (a'oKoRuaDyExd) + <(A1a - A%) DwKona&> ,
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52) as

.
where we used that 73 (77 2) since 732 is a scalar. Lastly, we obtain (n

() = (") + (%)

< > <0J O(bTo K ld D EKOé— a OKORwaD KonaOC>
<a opro(K, id)D., Konaa> <a oKonaDwEKa>

+ <(A1a - A2a> D¢Kona&>

= (AH) — ((A'a)'DyExa) — ((A%a) D KoR o) .
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Fiberwise symplectic deformations
and moment maps

In this section we introduce the notion of fiberwise symplectic deformations and establish
their main properties. For a general exposition on symplectic deformations see [GHAIL14].

Definition C.1. A fiberwise symplectic deformation in U C R?*" with base G C R™ is a
smooth diffeomorphism

. UxG—UxG
(2,8) — (&1(2), 7(D)),

such that for all t € G, ¢ : U — U is symplectic. If for all t € G, ¢:(z) = ¢(z, 1) is exact
symplectic, we will say that the fiberwise deformation is Hamiltonian.

Remark C.1. The inverse of ® is given by
o' UxG—UxG
(z,t) — (65 (2), 771 (1).

Definition C.2. The primitive function of a fiberwise Hamiltonian deformation ® :
U x G — U x G is a smooth function p : U x G — R such that for all t € G, the function
pt = p(+, t) is the primitive function of ¢;.

Definition C.3. Let & : U x G — U x (G be a fiberwise Hamiltonian deformation and let
p: U x G — R be the primitive function of ®.

i) The generator of ® is the function F : U x G — R?™*™ defined as
F = Dypod™ !, (C.1)

where Fy(2) = F(z,t) = (fl(z,t) Pt ... fm(z,t)).

ii) The moment map of ® is the function M : U x G — R™ defined as
M= a'F = Dypod!,

where My(z) = M(z,t) = (Ml(z,t) M32(z,t) ... ./\/lm(z,t))T.
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Appendix C. Fiberwise symplectic deformations and moment maps

Lemma C.4. For allt € G and z € U, the moment map M satisfies

T

F=0! (DZM)

Proof. For i =1,2,....,m and t = (t1,...,t,) let us differentiate M*o® with respect to z
as

D, (MZOCI)> =D, (a—l—0¢ atz¢ - atzp>
— 406 8,D.6 + (8,6) Daod D6 — 8, <aTo¢Dz¢ - aT)
= GTO¢ O, Do+ (ati¢)TDao¢DZ¢ - GTO¢atiDz¢ - (ati@T(Dao(b)Tqub
= —(0,0)' Qo¢D.¢.
On the other hand, applying the chain rule we also have
D, (M%@) =D, Mo®D,é.
Then, we obtain

D. Mio® = —(9,,¢) Qog,

and evaluating at ®~1(z,¢) results in
. T
DM = —(0;,¢007") Q.

Equivalently, using the definition of the generator given by (C.1)), we conclude

T

Fi= Q—l(DzM‘)
0

Remark C.2. Note that, for i = 1,2, ..., m, the moment map M gives the Hamiltonian M®
for the vector field F* obtained by differentiating the symplectomorphism ¢; with respect
to tl

Let us now consider flows of a quasi-periodic Hamiltonian system, defined by the function
H, with frequencies & € R’. As described in Section [1.2, for each (z,¢) the flow ¢ :
I, xUx T — U x T*, where I., C R is the maximal interval of existence for initial
conditions (z, ¢), adopts the form

Qgt(Z, QO) _ ¢t<za 90)
Yi(p)

where ¥y (@) = ¥(t, ) = p + at is a linear flow on T with frequency & and the evolution
operator ¢ is fiberwise exact symplectic for all t € I, ,. We observe that for fixed ¢,
and each (z,¢), we can identify time-t maps with the following fiberwise Hamiltonian
deformations

¢: UxG—UxCG
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Appendix C. Fiberwise symplectic deformations and moment maps

(Z, t) — (¢t(2)7 T<t)>>

where G C R t = (t,¢), 7(t) = (t,¢t), Y = @+ at, and ¢(2) = Pi(z, ¥).

For a quasi-periodic Hamiltonian H. that depends on some parameter € € R, we can again
identify time-¢ maps with fiberwise Hamiltonian deformations as follows

o: UxG—UxG (C.2)
(,t) — (64(2), 7(8)),

where G C R2, t = (t,£,), 7(t) = (t,6,44), ¥r = ¢ + G(e)t, and i(2) = dre(2, ).
Note than in our case, &(g) = & is constant but we could allow the dynamics on the
base to depend on the parameter . Also, for the sake of notational symplicity, we will
omit the dependence of the evolution operator ¢; on the parameter € and simply write

P1(2) = d1(2, ¢).

We now consider the moment map M composed with ® of the fiberwise symplectic
deformation ((C.2]). Note that we could simply compute the moment map M, but in order
to prove Lemma we will need precisely the composition.

Lemma C.5. The moment map of the fiberwise symplectic deformation ® induced by the
flow of H. satisfies

Mo, = Hso(ébt,@/)t),

Meod, = /t 8€Hgo(¢s,ws)) ds,
Ot

Meo®; = [ D,H.0(,1,) ds.

where s = (s,¢€,p).

Proof. For Mto®y, let us use the definition of the moment map and the primitive function
of ¢; as given in (A.1))—which, for each (¢, ¢, ), coincides with the primitive function of
the fiberwise Hamiltonian deformation ®—to obtain

M'o®, = a'ogy Dy — Orpy
= HEO (¢t7 %) .
Note that this result could have been obtained directly from Remark [C.2]

For Mfo®d,, let us first differentiate the primitive function of ® with respect to ¢
t
aspt = 85 / (aTo(bon ((bw 2ﬂs) - Hz-:o (¢57 %))ds
0
t
-/ (XTo (65,15 ) Daog, 005+ a' 00, (DzXo (6515 ) 005
0

+0.X0(00,1) ) = DaHeo(00,10) 0.6, — 0:H.0 (64, %)) ds
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We use that D, H, = —X'Q) and to obtain

o= | t (XTo (65, 5) (Daog,) 0.0 + a0 g, (DzXo (05, t05)0-04

+0.X0 (60, 1s) ) - agﬂso(qss,zﬁs))ds.

We can rewrite it as

Ope = /0 t <js(a%¢s)as¢s - Jo@i(&@) — 0.H.o (¢, ¢S)>ds
and obtain

o= [ ((Z (a700,0.0,) — 0. H.o (6, ws)>ds
— dlogy dov— | 0. H.o (4,1, ds.

Then, by definition, we have
_/\/leo(I)t = aTo¢t asd)t - as:pt
t
:/ 85H80<¢87w8> ds.
0

For M¥o®,, we will use the the expression of D,p, given by (A.3)). Then for the primitive
function of ®, we have

Dy = a"ogu Dyt — [ Do (64, 04) ds.
Hence,
M¥od, = CLTOCthgoCbt — Dypt
_ /Ot D, H.o (4, 1) ds.
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Zero averages

For the continuation of an invariant torus K with respect to parameters of the Hamiltonian,
we need the averages of 1® given by

" (DpK)T0R o Q0K 0R o 0- 0 (K id])
XToR 0 20 K 0R o O-070 (K, id)

to be zero in order for the small divisors cohomological equations from Section to be
solvable. Recall the definition R, = ¢ + «, and let us define

P\ [(DeK) oRua 0 K oRyededro (K, id)
72) | XToRuQoKoRuddro(K,id) )

Lemma D.1. The averages of 13! and n*? are zero.

Proof. Let us consider the following fiberwise Hamiltonian deformation ® : U xG — U x G

. UxG—UxG
(2,8) — (&1(2), 7(D)),

with G C R*2 ¢t = (T,¢,¢), 7(t) = (T,é,i/}t ,and ¥y = Rq (@), where ¢4(2) = or(z, @) =
(T, z, ) is the evolution operator from (1.2)) associated to a Hamiltonian H. depending
on a parameter €. See Appendix [C] For the sake of notational symplicity we have omited
the dependence of ¢ on €. We can then use the definition of the generator F*¢ of the
fiberwise Hamiltonian deformation as given in (C.I)), the invariance of K, and Lemma
and obtain for (n3!)

(")

<(D9K)TORWQOKORW]:€O (¢tOK7 T(t))>
((DpK) 0R a0 K 0Ra Fo (K 0R o, 7(t)) )

(D0 R (D M) o (Ko R 7(8)
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— <D9 (MEO(KORW,T(t))>T>

=0

since we are taking averages of derivatives with respect to 6.
For (n®?), let us use Lemma and that

D,¢ro (K, id)X — XoRua
52

to rewrite (*?) as

(n) = <xTDZ <M5o (proK. T(t))>T> .

Since 1®? is a scalar, let us transpose the previous expression and use the explicit form of
ME? as given in Lemma to obtain

(%) = </0T (DZaEHEO((ﬁSOK, z/;s)DZ¢SoKX> ds>,

where s = (s,¢,) and s € R. We then expand X to rewrite (73?) as

() = < /0 ! <DZ85H80(¢50K, ws)ngbsoK(Xo(K, id) — DJ@)) ds>
and we use that
XO <¢t(za (p)v 1/55(@)) = Dz¢t(za QP)X(Z’ 90) + Dwgbt(zv 90)6‘7

see (2.19)), to obtain
T d
<7732> = </ (Dza€H€O<¢SOK, ¢s><¢soK>
0 ds
= D.0.Heo (60K, 1 ) Dagyo K D K
- DzaaHao <¢SOK7 %) Dap¢soK 65) d3>
We can then rewrite it as

() = < I (Dzaeﬂeo(@ofc vs) 5 (6,0)

4+ D,0.H.0 (¢>soK, ws)@ + D,.H.o (¢soK, ws)a

= D.0.Heo (60K, 1 ) Dago K D K

- D.0.Hoo( 90k, ws)Dmsom) ds>

to finally obtain

() = < [ o, (@Hao (60K, w)) ds> o
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+</0Tj<8Ho<¢soKws)> >
:< (Mo¢toKT >>

. + (0:H.0 (K oRya, Ra ) — d:-Heo(K,id))

where we used that 0.H.o (K , id) and 0.H_.o (K ona,Ra) have the same average and
that the average of derivatives with respect to ¢ is zero. [
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Appendix E

Compendium of constants involved in the
KAM theorem

Table E.1: Constants in Section B.2.1]

Object Constant Label
X Cx = cx + op,k|d| (3-8)

bl Cyr=cy+ |dT|a(DwK)T (3.9)

L Cr=opx +Cx +ow

L' Crr = max {0<D9 Ky O, O'WT}

P Cp=0Cp+oy
pPr Cpr = max{Crr, o5}
S Cg = 04Calp 4,05
s Cgr = 05700l 05
A Cy= ﬁ (Cgor + Cgr)
AT Cur = 1532 (Caron +C3) - (313
N Cy=05+CCy
NT Cyt=o0gr+ CyrChr
P Cp=Cp+Cy
P' Cpr = max {Crr, Cy} (3.17)
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Table E.2: Constants in Lemmas [3.2] 3.3} and [3.4

Object Constant Label
Ey Cg, = cp.x0 + (|G
EL Cr, = 2n (cpxyd + [aT])
Ey C§, =d+Cg, Cf =1 (3.21)
E; ng = max {2n, C’E;}, C’Z% =2n
Lk Ceoye = O, TCDROD, K0 + D, K)chd + 2ncaCp.p O, K (13.30))
Ly Cepr = I, K)TCDQCX(S + o p, K)TCQCEX + 2ncqcp.e, Cx (13.34))
L0 ar Cglmnm = 0,5 CDAOWON + 2nCaCD 6O, Cgfmnm = 0,7 C0
L£Qxprc Cee = Carepaon,kd + Cyrcad + Cpr cacp.o,0p, K (3.36)
L Cf}(lmm = Cyrepaoword + C ELCQCD.or OW CE{/\Q v Cxreo
L0 CQ“QH o = OATWTCDOOD, K6 + OrTyCad, CE{/\QWDK = 2NCqCp 4, 0D, K (3.38))
LAy CE“Q = o\oycpaCxd + oyoycoCE,, C’Efmm = 2ncqcp.y, Cx
Qpre Cape = cnCeayy,
Qpgy OQDKX = CEROQQDKX (3-40)
Qxpr CQXDK = CERCQQXDK
Qaw CE,., = ﬁ(}é{lmw, o = ﬁCE{AQW (3.43))
o Ol = ﬁcgmwy Clhme = ﬁ%ﬁmw
Qwa Ogm - C}:“QM Ogﬁ/x = i- a/\ CS“QW
Q CE = max {CQ + Gy + C 107, Clty + O 7107l + L )007

ey, =max{cy,,. c¥,,. i, +ck,| 632
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Table E.3: Constants in Lemmas [3.5] B-6] 3.7, 3-8, B-9]

[3.10], and [3.17]
Object  Constant Label
E b CEmmp = max {1, (0p)*} Cf , C%Vmpp =max {1, (05)*} C¢},
Ep  Cpn =owcalp, Cpu =ogcalCp, B.51)
B2y Cpn =Cf +CreaCindT, Cpa =Cf + CpricaCl,
EZp  Cpe = Crrepac.g 056 + 051Cpreacn.s,05,  Cpn = 0x1Cprcacn.s, 05
E b CEMP = max {C lloldpfy(ST CEgl +C i%mfy(V} CEmdP = max {CErlim’ CE,Qpldp + CE?(?(IP} (13.50))
Bue  CF,, = 150pCpcaCE ., CF = 15CpCprcaCy B3:59)
Emns O/I\{—ls = (UB) CQ + O {CD. )T (C’ (CDQOL(S + oy 1cC, ) YOT 4 €pacp.pp 05 Y0T T
T ot 6,05 O+ caCpCln w)
C’XV g = (03)205[/ + 05D, oy C <C§O'/\10 B, T CqubTO'NCEiWﬁ + Cp CEIQP?IP) (13.60))
Egwa  Cp,, = CK g OB, = ‘7)\ Cig
Eywr  CE,, , = (1 +Cyr) (14 Cy) CE L HCE L
Cy.,=(1+Ca)(1+C)CY +CY 6.69)
EBewr  Cf,,=QQ+Cy)A+Ca)CE . Cp =1+ Car)(1+Ca)CE (3:67)
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Table E.4: Constants in Lemma [3.12

Object Constant

Label
Nk C,1. = COnreq
n% Cyz = COnreq
ns C,3 = max {O'(Da ) CXT}
(n3-) Clyry = 2ncp, + U<D0K)Tchag, Clyzy = 2nlepay| &l + (cpzy + 2nlery,op, k| @l)2
Ciyty = max {Cupy. Clap)} (B.8%-(-87
i Cyp = oyrca (3.77)
() Cgy = o151 (Cp19” + CaenCig )
&k Cg =on(Op0 +Cs (anCyy + Ciey))
kO =50
K Cg =l +Cgy
S Cg =150
I3 Ce, = max {Cyy, Ce2n?6%", Cy o7, Ces 72077} (.83)
AK  Cag = Cpmax {Cg, Cgy?0%} + Cymax {Cg 107, Cyy?0%}
B O = (CK.. +CE,.) Ca + Coppr®, O = (CF,, + CE,,,.) Cex
Ei  CFN = {508 + ey, (Cax)’, CEY = L5ORY (3-90)
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Table E.5: Constants in Lemma [3.14]

Object Constant Label
Ey CE = cp,Carow, Cf =1
Ny C’f]é/ = C’NTCQC'B%, C’:fva = Cyrea (3.95))
nE, C’f;v = CNTCQC%v, C%/V = Cyrea
n3; C’% = max {O'(DGK)T, C_XT}CQC%, C’:;g/ = max {0(D9K>r, C’XT}CQ
N C’%V = O'V[/TCQC%, C%’V = oyco (3.99)
C.C%, CsCy

& cx =L (c;gv ; 1_;7;v>, cy - (%VV ; lgw) 559
&2, C’Igv = cmaxlclg, ngv = CmO')\—IC%/V (3.100])
6 Cf = 0l Ol = b0
& Ch =150 CVX = 5200 (3.102)
o CE = max {C {67, CE | CE b7, X w}

cy = max{c VabT, O O s, Y w} B.103)
AW C’fw = (' max {C £y, CK } + Cymax {Cé-g , CE }757

CYy = Crmax {C v, CW }+CNIH3X{C§3 , oY }757
AN Chr=0Cp. CR=Cp (3.105)
EY CREF BV CEedPCEI;{y +Cf Cfu o)+ C’E C’f/\ycv

CRY = Cf CE + C”:mpPC C+ (CK IPCW +CE CW) o7t

+ C”;mpPC’AﬂcV + C’EV pPC’AﬂQéQT*l
C’E’W =Cy ,Co + C’W\mPPC Loy + C’E ]PC’AW&T (3.106)

AD.or[AW] CXp 4 aw) = 20 CakCRw:  CAD.g,am] = 020 CanCRyy

| ([
= || =
jan] | faw]
ol | =

AWAA CAWA)\ = CAWCKM CKVIW//A)\ = CgWCK/)\ + vawcgm CAWAA OXVWCK/)\

By CEN = {2 CREve™ " + CRE gy iaw) + CAl ax

C C
Cpy =125 CEW + CRDogriaw) T Cawan Cky’ = 120" + CRiwan

S
—_
!
=
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Table E.6: Constants in Lemma [3.15

Object Constant Label
Euunr CEe = CE,,,, 7 08,
Eypr By = CE 467 4 CW [B.133)
w-w Caw = CRw + Ciw
L-L CR = (d+lal + ep.x6) Caxyd™ ' + CRw»  CRp = CRw> Car=CX +CX}
-1 CK = 2n (max {1 coxyd + |a |}CAKW - CAW> CW = 2nC,

Capr = CK 4+ CYs (3.1410)
G;— Gy, CKe, = CrrepaCrOard™ + CrreaCRy + caCrOk

Oy = CrreCO¥y + ccCL0Wr,  Cag, = Cke, + CON
B-B Cip = (05)* CAGL’ Cp = (0)° CXVGLa Cap = CRp+CXp
N-K CK o = s (CLCKp + CKLow) + ensCanCromd™

OV =c; (CLCUp + Clon), Cuy=CK o +CW. (3.144)
NT— AT CX o = ¢y (CrC%p + 08C) + 05C1mem,2nCax 6"
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Appendix E. Compendium of constants involved in the KAM theorem

Table E.7: Constants in Theorem B.1] from Section [3.4.2)

Constant Label
Cs = max {CE,—{GQT, C’wayé} (3.153)
Car = 2Ok (3-155)
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