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Abstract

Spatially entangled photon pairs are promising resources for free-space quantum communi-
cation but, unlike polarization encoding, spatial encoding is directly affected by turbulence-
induced wavefront distortions that reduce coherence between the spatial alternatives defin-
ing the quantum state. This thesis studies an effective two-qubit spatial state generated
by degenerate Type-I spontaneous parametric down-conversion, in which signal and idler
photons occupy two correlated transverse-path alternatives. Entanglement is quantified
through concurrence, determined by the off-diagonal coherence of the two-photon density
matrix. The atmosphere is modeled as an stochastic phase screen, and the change in con-
currence is expressed as an ensemble average of phase differences evaluated at the four
positions defining the spatial qubits. Theoretical predictions are derived from the phase
structure functions of the Kolmogorov and modified von Karmén models, using the Fried
parameter rg to characterize turbulence strength. Numerical phase screens are generated
through a finite Zernike-polynomial expansion with correlated coeflicients obtained from
model-dependent covariance matrices. Simulations use 500 Zernike modes and 1,000 sta-
tistically independent phase screens for each sampled value of ry. The numerical results
agree closely with theory for both turbulence models. Concurrence approaches zero for
strong turbulence and unity when the turbulent wavefront is coherent across the bipho-
ton state. Entanglement degradation is governed mainly by the relation between rg and
the effective transverse size Ap’, while the separation d between spatial alternatives has
a weaker influence. Both turbulence models give similar predictions at the scales consid-
ered, with differences expected near the inner turbulence scale. The framework directly
connects atmospheric phase statistics with spatial-entanglement degradation and provides
a basis for more robust spatial encodings and future laboratory validation using spatial
light modulators.

Keywords: spatial entanglement, spontaneous parametric down-conversion, atmospheric
turbulence, concurrence, phase screens, Zernike polynomials, Fried parameter, Kolmogorov
turbulence, modified von Karméan model, free-space quantum communication.
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1 Introduction

Quantum technologies have become a relevant research field due to their potential impact
on computation, communication, sensing and information security. In particular, quantum
communication studies show that quantum states can be used to transmit information and
correlations between distant parties, enabling protocols whose performance and security
rely on the physical principles of quantum mechanics rather than only on computational
complexity. This reliance offers security grounded in physical laws, like the measurement
disturbance and the no-cloning theorem, that enables communication paradigms that are
impossible to exploit through classical resources. One of the most representative examples
is quantum key distribution (QKD), introduced with the BB84 protocol, which allows two
users generate a secret key while detecting the presence of an eavesdropper through the
disturbance produced by measurements on non-orthogonal quantum states [1, 2|. Even
though QKD is one of the most mature applications of quantum communications, the
field is broader and also includes entanglement distribution, high-dimensional encoding,
quantum networks and other protocols based on the transmission of single photons or
entangled photon pairs [3]. Recent advances in space quantum communication and satellite
based QKD have brought up the interest in free space optical quantum links as a solution
for long distance, and eventually global scale, quantum networks [4, 5]. These motivate
the study of how quantum states of light propagate through realistic channels and, in
particular, how atmospheric effects impact the properties that make them advantageous
for quantum communications.

1.1 Quantum Communication Over Free Space Optical Channels

Once a quantum state has been generated and the information encoded, the performance of
a quantum communications system is strongly determined by the physical channel through
which the state is transmitted. Optical fiber is the most established transmission medium
for terrestrial quantum links since it provides guided propagation, is compatible with exist-
ing telecommunication infrastructure and has relatively stable environmental conditions.
However, fiber based quantum communication is limited by optical attenuation, which
reduces the probability of detecting the transmitted photons as the propagation distance
increases. Unlike classical optical communication, this loss can’t be compensated without
affecting the quantum state. For this reason, direct fiber links become increasingly ineffi-
cient over long distances, which motivates the use of alternative transmission channels for
long range quantum networks [2, 4]

Free space optical (FSO) links provide one of the main alternatives to fiber transmission.
In this case, the quantum states propagate through the atmosphere or through space rather
than a guided medium, making FSO channels especially relevant for satellite-to-ground,
ground-to-satellite, inter-satellite and terrestrial line-of-sight links. However, FSO presents
its own challenges originating from diffraction, pointing errors, atmospheric absorption,
scattering and turbulence, all of which modify the probability that a transmitted photon
is collected and detected [4].

The initial motivation for this work is connected with the satellite QKD performance
model proposed by Jordan-Parra et. al. [5], developed in the context of satellite-to-ground
quantum communications. Their framework models the entire communication chain, in-
cluding state preparation, free space propagation, receiver losses, and classical postpro-
cessing, in order to estimate the final secret key generation performance metrics. In this
type of model, the channel transmissivity is an important parameter, since it determines
how many photons contribute to the detected signal. This makes the atmospheric effects




a central part of quantum links performance analysis.

Although QKD has been discussed as a representative application, the present work
is not centered on secret key generation but on the study of atmospheric turbulence as
part of the free space optical channel, and on the development of phase masks that repro-
duce its effects under controlled experimental conditions. These phase masks can be used
to simulate turbulence in laboratory studies of different quantum communication applica-
tions, including QKD, where atmospheric distortions affect beam propagation, collection
efficiency and channel transmissivity [4, 6].

Various quantum communication applications exploit distinct encodings and protocols
that are impacted differently by atmospheric turbulence. In systems such as polarization
encoded QKD, turbulence is mainly considered as a source of loss. Meanwhile, other encod-
ing schemes, with their own interesting applications, suffer from other turbulence induced
effects on relative phase and spatial coherence, which directly degrades the quantum states
carrying the information [7, 8]. Transverse spatial modes represent one such encoding,
which has interesting applications in quantum communication protocols. However, the
behavior of spatial correlations in turbulent environments remains understudied, making
it a relevant study scenario for free space quantum communications.

1.2 Spatial Entanglement and Atmospheric Turbulence

Entanglement is one of the main resources used in quantum communications. In biphoton
systems, entanglement may appear in different degrees of freedom, such as polarization, fre-
quency, momentum or transverse position. Spatial entanglement is particularly interesting
because it can provide access to higher dimension quantum states and spatial correlations
that may be useful to transmit information encoded in higher dimension qudits instead
of being limited to a two level qubit [7, 9, 10]. A common source of spatially entangled
photon pairs is Spontaneous Parametric Down-Conversion (SPDC), where a pump photon
in a non-linear crystal is converted into a pair of lower energy photons, usually called signal
and idler. Due to the energy and momentum conservation, the generated photons present
strong correlations in their transverse spatial variables [11, 12, 13].

These spatial correlations can be used to define effective two-qubit states based on
alternative transverse paths, known as spatial modes (the physical setup generating these
alternative paths is illustrated in Figure 1 and will be explained later in Section 2.3). In
this description, the relevant information is not only the probability of detecting both
photons in a given pair of paths, but also the coherence between the possible two-photon
spatial modes. The degree of entanglement can be quantified through measures such as
the concurrence, which depends on the off diagonal coherence terms of the two photon
density matrix. This connects the optical coherence properties of the biphoton field with
the quantum entanglement present in the spatial two qubit state |14, 15, 16].

When such a spatially entangled state propagates through the atmosphere, turbulence
introduces random fluctuations of the refractive index. These fluctuations distort the opti-
cal wavefront and produce effects such as beam wander, scintillation and phase aberrations
[6, 17]. For classical optical links, these effects are usually described in terms of intensity
fluctuations, beam spreading or coupling losses. However, for spatially entangled quan-
tum states the phase perturbations are relevant because of their affection in the spatial
coherence in the two-photon system, thus degrading their entanglement [18].

A useful way to model this effect is to represent the atmosphere as a phase screen that
multiplies the optical field by a random phase factor. In the case of spatially entangled
two photon states, the turbulence contribution can be expressed through an ensemble
average of phase differences evaluated at the transverse positions associated with the two




alternatives, which modifies its concurrence. Therefore, the main problem addressed in
this work is the simulation and characterization of this turbulence-induced reduction of
spatial coherence [18].

To describe realistic atmospheric perturbations, statistical turbulence models are needed.
The Kolmogorov model provides the classical description of refractive index fluctuations,
while the von Karman spectrum includes finite scale considerations that produces more
accurate results. These spectra can be translated into phase statistics and summarized
through parameters such as the Fried’s parameter, which quantifies the effective strength
of the turbulence along the propagation path and can be measured through meteorological
stations [19, 6].

Since the phase perturbations are random, numerical phase screen generation is a prac-
tical tool for studying how different atmospheric conditions affect spatial quantum correla-
tions, plus it can be implemented into an experimental setup through the use of a Spatial
Light Modulator (SLM). This work follows a phase screen generation method based on
Zernike polynomials, which provide a basis for describing optical aberrations over a cir-
cular aperture. It is possible to generate phase screens with controlled spatial statistics
that follow either Kolmogorov or von Karman models, and then be extended to dynamic
turbulence |20, 17, 21].

The main objective of this work is therefore to build a consistent framework that con-
nects spatially entangled photon pairs generated by SPDC, their description as spatially
entangled two-qubit states, the degradation of their coherence by atmospheric turbulence,
and the numerical generation of static and dynamic phase screens capable of reproducing
the relevant atmospheric statistics. This provides a basis for studying the impact of tur-
bulence on FSO links, and specifically spatially entangled states, beyond just an average
loss description.

2 Theoretical Framework

2.1 Two-Qubit Entanglement

Quantum entanglement is a fundamental phenomenon where two or more parts of a system
have non local correlations, meaning their quantum states cannot be described indepen-
dently of one another, regardless of the spatial distance separating them. Two qubits may
present different kinds of entanglement depending on the mode that is correlated between
them, for example, a two qubit system with spin entanglement can be described as the
superposition

) =ty Dy + B )1 1) (1)

where |1) ; and [4) ; represent the two spin states on qubit j = 1,2, and the constants
a, B are the respective probability amplitudes of the combined states. A measurement in
this basis gives the outcome [1), [{), with probability |a/?, and the outcome ||}, |1}, With
probability |3|2. When both amplitudes are nonzero and the state cannot be factorized
into a product of single qubit states, the two qubits are entangled.

Pure states, such as the one in Eq. (1), represent quantum systems whose state is
completely specified by a single state vector |¢)). However, not every quantum state is
pure. In many physical situations, the system must be described as a statistical mixture
of possible pure states, where |1);) occurs with probability p;. This mixture is known as




a mized state, and its general representation is usually provided by the density matrix
formalism:

0= sz‘ [viXail (2)

with p; > 0 and >, p; = 1.

Once a quantum state is represented by a density matrix, it is also necessary to dis-
tinguish between separable and entangled states. A two qubit state is separable if it can
be written as a statistical mixture of product states of the two subsystems. If this is not
possible, the state is entangled. Therefore, in addition to representing the state itself, an
entanglement measurement is needed as a quantitative way to determine how much non
classical correlation is present in the system.

One way to measure entanglement in a system is through the entanglement of formation.
Conceptually, it quantifies the minimum number of maximally entangled Bell pairs needed
to prepare a given state, which makes it a crucial metric in quantum communication
for evaluating the usable quantum resources that survive transmission through a noisy
channel. For mixed states, this quantity is the minimum average value of von Neumann
entropy, which is defined as F(¢) = — tr{¢ 4 logy ¥4} with 14 as the partial trace of |¢) )|
over either of the two subsystems, over all ensembles of € [15]. However, computing this
minimum over all possible pure state decompositions is a complex problem that is difficult
to handle analytically. Therefore, a more practical way of measuring entanglement that is
related to the entanglement of formation is the Hill and Wootter’s concurrence C 15, 16],
which ranges from 0 to 1 and is monotonically related to E as E(Q2) = £(C(2)), where £
is a monotone function obtained from the binary entropy function [16].

This way, the concurrence is an entanglement measure on its own, and can be defined
for any mixed state 2 as [16]

C(Q) = maX(O, /\1 - )\2 - )\3 - )\4) (3)
where the )\; values are the eigenvalues, sorted in decreasing order, of the Hermitian

matrix R = \/v/Q02/Q (or alternatively the eigenvalues of the non-Hermitian matrix Q).
In this context, 2 = (oy ® 0y)¥* (0, ® 0y) represents the spin-flipped density matrix, with
oy being the Pauli matrix Y
0 —
Ty = (z 0 ) ' (4)

2.2 Spontaneous Parametric Down-Conversion

Spontaneous parametric down-conversion (SPDC) is a phenomenon that occurs in non-
linear crystals in which a single photon undergoes a frequency conversion process with a
certain probability to "split" into a pair of photons with lower energy [11]. The conventional
naming for these photons are pump (p) for the higher energy photon, and signal (s) and
idler (i) for the lower energy resulting photons. For SPDC to occur, the process has to
fulfill the phase-matching condition: k, = ks + k;; and energy conservation: w, = ws + w;.
For the degenerate case, which is being considered in this work, ws = w; = wp/2.
From a quantum formalism, the state of the crystal before SPDC can be seen as

[%0) = [),10),10);, ()




where |a>p describes a coherent state in the pump, meaning it doesn’t get affected by
the destruction of its single photons. This can be assumed because the SPDC process is
very ineflicient since it has a low probability of happening, thus the amount of photons
taken out from the pump is negligible. The states |0), and |0), describe the vacuum state
for signal and idler photons.

The quantum Hamiltonian of the electromagnetic field in the SPDC crystal can be
described as [13]

H =Y ho(k)al i, + / &1 X By (rp, 1) Ba(rs, t) Ei(rs, 1), (6)
kv

where the first term is the linear contribution of each photon vy € {p, s,i} and the second
term corresponds to the non-linear part with )2;28)2 as the non-linear susceptibility that
depends on the frequency of the pump, signal and idler, and the electric field observables
E for each. These observables can be separates into its positive and negative frequency
contributions as £ = E(H) 4+ E() so that () contains an annihilation operator ay , and
E) = [EM]* contains a creation operator &Lv' [22]

Since the pump is a coherent state, which is an eigenstate of both EM) and E(_), the
electric field associated with the signal and idler are the negative frequency ones, thus,
the SPDC is described quantum mechanically as an annihilation of the pump photon and
creation of a signal-idler pair, so that the resulting biphoton state for a thin crystal can be
described as [11, 12, 23]

|'¢SPDC> = Cl |O>S |O>Z + 02/ dQSinV(QS + Qi) |q57 0'5>5 ‘q’iv Ui>i (7)

where C, Cy are constants, gs, g; are the transverse components of momentum (k, ky ),
and og,0; are the polarizations of signal and idler photons respectively. The angular
spectrum of the pump laser v(gs + q;) is then transferred to the created single photons,
and so they inherit its spatial properties [12]|. The resulting photons are spatially entangled
in their momenta, as can be identified in the second term of the system [11, 12, 23, 24].

There exist different types of SPDC depending on the polarization of the signal and
idler photons with respect to the pump polarization [25]. This type classification also
indicates the spatial distribution of the resulting photons. For our case-study we will
consider a Type-I SPDC process as is often the case in quantum information experiments
[13], meaning the signal and idler photons are generated at opposite directions along the
pump laser axis following the respective phase-matching conditions.

2.3 Spatial Two-Qubit States

The previous sections introduced two elements needed for the model used in this work.
First, the concurrence provides a quantitative measure of entanglement for two qubit states.
Second, SPDC generates photon pairs with strong correlations in their transverse spatial
variables. However, the transverse position and momentum degrees of freedom are con-
tinuous, while the concurrence formalism introduced above applies to a finite two qubit
system. To connect these descriptions, one can define an effective spatial qubit for each
photon by selecting two alternative transverse paths, or spatial modes (ps1, ps2, Pi1, Pi2)-
The biphoton state is then described using a discrete basis associated with the possible sig-
nal and idler path combinations, while the coherence between these alternatives determines
the amount of spatial entanglement [14].




In this work, we consider the setup proposed by Jha and Boyd [14] as shown in the
Figure 1. An SPDC crystal is illuminated with a pump laser, generating pairs of signal and
idler photons with transverse spatial correlations. Each photon may propagate through
one of two alternative paths (labelled 1 and 2) before reaching its corresponding detectors.
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Figure 1: Diagram of two spatially entangled qubits preparation via SPDC. The aperture positions are
selected so that the correlated alternative transverse paths (ps1,pi1) and (ps2, pi2) dominate, while
the cross alternatives transverse paths (ps1, pi2) and (ps2, pi1) are negligible.

The four possible combinations of signal and idler paths define the spatial basis
{lps1, pi1) ; |ps1, Pi2) 5 |Ps2, Pi1) 5 | Ps2, pi2) }. However, the SPDC source and the transverse
position of the apertures are chosen so that the generated photons are strongly correlated
in position. As a result, the probability amplitudes associated with the cross alternatives
|ps1, pi2) and |ps2, pi1) are negligible compated with the correlated alternatives |ps1, pi1)
and |ps2, pi2) }. Therefore, the density matrix is written as

7 (8)

where a is the probability that the signal and idler photons are detected in |ps1, pi1),
b is the probability that the signal and idler photons are detected in |ps2, pi2), and c is
a measure of coherence between the states |ps1, pi1) and |ps2, pi2). Consider that since
density matrices are hermitic and tr{{,} = 1, then a + b = 1, where a,b are both real
quantities and ¢ = d*.

The electric fields present at the detectors for signal and idler photons v € {s,i} can
be described as [14]

By, t) = b B (raa)e™ 0700 4 kip B ()i 00, (9)

where k.1, ky2 are constants that depend on the physical size and geometry of the holes
at transversal positions p,1, p42; and the positive frequency electric fields associated with
annihilation operators are considered since photons are being absorbed by the detectors.
Note that ry = (p,, 2).

The probability per unit of time squared that a signal photon is detected at 75 at a
time ¢ and an idler photon at 7; at a time ¢’ is known as the coincidence count rate [22]:

Rai(rs,mi) = s tt{Qup EC) (g, ) B (i, ) B (0, ) B (g, 1)), (10)




where ag, a; are the quantum efficiencies of the detectors. Thus, using the expression
from Eq. (9) one can derive the expression for the count rate [14]:

Ryi(rs, i) = K28 (rg1,7i1) + k25 (142, 7i2) + kikaW P (141, 751, 72, 7i0)

w etlws (ts1=ts2)+wi(tin—ti2)] | c.c., ()

where c.c. indicates the complex conjugate of the last term, constants are grouped as

k1 = Jasaiksikin and ko = \J/asa;ksakio,

WO (rg, v, 750,72) = tr{ QBT (ra ) EC (ri)) ES (ri) B (r2)}  (12)

is known as the the two-photon cross-spectral density function and

SO (ra,ra) = WO (ra,rit,ra,min) (13)

as the two-photon spectral density.

The two-photon cross-spectral density function W) is a very important expression,
since it allows for quantifying the coherence between the two photons. One can actually
map the term from Eq. (11) to their physical meaning in the two qubit density matrix
expression [14]: taking a proportionality constant accounting for the total rate as

-1
n= [R%S(z) (rs1,mi1) + k35 (12, TiQ)} (14)
it becomes evident that the probability of the two photon state being in the different
alternative paths and the coherence between both alternatives when arriving at the same
time at the detector are

a= ﬁk%S(Q) (rs1,7i1) (15)
b=nk3S® (re, 1) (16)
¢ = nkikaW® (1,731, 750, 7i0). (17)

Now, considering the concurrence C as our entanglement measurement [14], we may
apply the spin-flip transformation to the two-qubit density matrix:

Qtp = (oy ® Uy)pr(Uy ® oy) (18)
b* 0 0 da*
0 00 O

10 0 0 0] (19)
c 0 0 af

And taking the simplified matrix (taking ¢ = d* and real values for a, b)

ab+|c> 0 0  2ac
~ 0 0 0 0
Qthtp = 0 0 0 0 ) (20)
2bc* 0 0 ab+|c|?

with eigenvalues




A = (Vab + [])?, (21)
Ao = (Vab — [¢])?, (22)
A3 =0. (23)

Then, using Eq. (3) we find the expression for concurrence for our two qubit system as

C(Qp) = 2|c]. (24)

And in terms of spectral densities given our setup:

21 ko| WP (g1, 1i1, T, i2) |
C(Qp) = . 25
) = G (ry 71) + KBS O (1, m13) (25)

2.4 Effect of Atmospheric Turbulence on Spatial Entanglement

For the setup described in the Figure 1, we will consider that the two photons travel through
a turbulent atmosphere before reaching the detectors. The effect of the turbulence can be
accounted for by considering a phase change in propagating light at plane z such that it
modifies the electric field’s expression [26]:

EM () = M EH) (), (26)

where ¢(7) is the phase value introduced by the atmosphere at each transversal position.
Now, with this consideration we can obtain an expression for Eq. (12) that takes phase
changes into account as:

WO (rgy, i1, 72, i) = <e‘i[‘b(rsl)_¢(T52)+¢(”“)_¢(”i2)]>
5 VB (1 VB (o) B (27)
X tr{QupEyy ' (rs1) By (rin) By (ri2) By (Ts2) }-

As we can see, the effect of the turbulence from the atmosphere can be accounted for
by a single parameter we may denote as [18]:

Lurb = <e*i[¢(7‘sl)*¢(7‘52)+¢(7‘¢1)*¢(7‘¢2)}> ) (28)

The turbulence factor introduced above shows how atmospheric phase fluctuations eaf-
fect the coherence term of spatial two qubit state. To evaluate this quantity, the random
phase must be related to realistic atmospheric turbulence statistics. This requires a model
for refractive index fluctuations in the atmosphere and for the corresponding phase distor-
tions accumulated during propagation.

2.5 Atmospheric Turbulence Models

Atmospheric turbulence emerges from random fluctuations of temperature and pressure,
which produce local variations of the refractive index [27]. As light propagates through
the turbulent medium, different parts of the wavefront accumulate different phases. In this
work, these phase fluctuations are the relevant atmospheric effect, since they modify the
relative phases between spatial alternatives of the biphoton state.

To describe these fluctuations statistically, the power spectral density ®, (k) of the
refractive-index fluctuations is used [6]. This function indicates how the turbulence strength




is distributed among different spatial scales. The scalar wavenumber k is related to a char-
acteristic turbulent eddy current of size L through k£ = 2%’ so that small values of k
correspond to large scale refractive index variations, and large values of k correspond to
small scale variations. In isotropic turbulence, the spectrum depends only on the mag-
nitude k, not on its direction [6]. Kolmogorov theory describes the inertial subrange of
atmospheric turbulence, where energy is transferred from large eddies to smaller ones with-
out significant energy injection or viscous dissipation. In this range, the refractive index

spectrum follows

@, (k) oc C2E~11/3, (29)

where C2 is the refractive index structure constant, which represents the strength of the
atmospheric fluctuations. This expression is valid between the outer and inner turbulence
scales. For k < ko, eddies larger than the outer scale Ly = %, the Kolmogorov theory
does not predict the spectral shape. For k > k,,, corresponding to eddies smaller than the
inner scale [y = ,3—1, viscosity becomes relevant and the spectrum decays rapidly. [6]

Assuming Lo — oo and lyp — 0 gives the Kolmogorov limit, while the more realistic

modified von Karméan spectrum is defined as
2
exp [— (2;’520) ]

o

®,,(k, z) = 0.00969 C2(2)

(30)

For a thin turbulent layer and a plane wave, this refractive-index spectrum is converted
into a phase spectrum by the optical wavenumber factor (27/\)2. After integrating the
turbulence strength into Fried’s parameter rg, the phase spectrum can be written as [21]

exp |- (25)’]

(152

O(k) = 0.022975 "/

(31)

This expression connects the atmospheric turbulence model and the random phase
¢(r) introduced in the previous section. The spectrum ®(k) determines how strongly each
spatial frequency contributes to the phase screen, while the parameter ry sets the overall
strength of the phase fluctuations. Therefore, smaller values of ry correspond to stronger
wavefront distortions and to larger phase differences between separated transverse positions
of the two photon state.

The Fried parameter is a compact way of expressing the integrated turbulence strength
along the propagation path. Physically, it represents the characteristic transverse length
over which the propagating light keeps approximately coherent phase [28]. For a path of
length L it is

- [0‘423 (2/<T>2/[)L 2 <1 - z) 365 dz] —3/57 )

where dg, = 0 for a plane wave and ds, = 1 for a spherical wave. In the homogeneous
plane-wave case, C2 is constant along the path and dtp = 0 so the integral reduces to the
dependence on C2L. Therefore, the turbulence induced phase distortions increase with
both the refractive index fluctuation strength and the propagation distance.




3 Phase Screens Generation Methodology

The previous section established how atmospheric turbulence affects spatially entangled
two photon states via phase fluctuations introduced by the atmosphere or turbulent media.
It also introduced the turbulence models used to describe those fluctuations statistically
with Fried’s parameter rg as a compact measure of turbulence strength. However, in order
to evaluate this effect numerically and apply it to the spatial two qubit system, these
statistical models have to be converted into explicit realizations of the turbulent phase
#(p). This section describes the methodology for this conversion. Phase screens are used
as numerical representations of the atmospheric phase perturbations over a transverse
plane.

There are different methods for creating the phase screens that simulate turbulent at-
mospheric effects. Two of the most commonly used methods are the Fourier Series and
the Zernike polynomials as basis sets. The main drawback of the Fourier Series method is
that it doesn’t adequately account for low frequencies that shift the centroid of a propa-
gating beam, known as beam wander [29]. Although there are ways for solving this and
other issues with this method, such as the addition of subharmonics and random midpoint
displacement, the Zernike polynomials provide in general a more accurate simulation of
Kolmogorov turbulence [29].

This work follows the Zernike-based methodology of Lu and Cai [21], where the phase
screen is generated from Zernike coefficients correlated through a covariance matrix derived
from the modified von Kérmén spectrum, and the time evolution is drawn from temporal
power spectra.

The developed framework includes also the generation of dynamic phase screens through
time dependent Zernike coefficients and atmospheric wind parameters. However, this ex-
tension is not required for the concurrence calculations presented in this work. Since con-
currence is obtained from an ensemble average of phase realizations with fixed atmospheric
statistics, the temporal order of the generated screens does not modify the final averaged
result. For this reason, the dynamic phase generation method is presented in Appendix A.
This extension may still be useful for future studies involving time dependent propagation
effects or experimental implementations where the temporal evolution of turbulence needs
to be reproduced.

3.1 Zernike Basis

Zernike polynomials can be used to describe optical aberrations, such as piston (constant
phase shift), tilt, defocus, etc. [17] as shown in Table 1.

Table 1: Optical aberrations classified by Noll index, radial degree, and azimuthal frequency

Noll index j Radial degree n  Azimuthal frequency m Optical Aberration

1 0 0 Piston
2,3 1 1 Tilt
4 2 0 Defocus
5, 6 2 2 Astigmatism
7,8 3 1 Pure Coma
9, 10 3 3 Zero Curvature Coma
11 4 0 Spherical
12, 13 4 2 5% order Astigmatism
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The single index j is only a compact ordering of the two Zernike indices (n,m). The
radial degree n determines the order of the radial polynomial, while the azimuthal frequency
m determines the angular dependence. Only pairs satisfying 0 < m < n and n—m even are
allowed. For m = 0 there is one radial mode, while for m > 0 there are two real modes with
the same (n,m), one proportional to cos(m#f) and the other to sin(m#). Following Noll’s
convention, the modes are ordered by increasing radial degree n, so that j = 1 corresponds
to piston, 7 = 2,3 to the two tilt modes, 7 = 4 to defocus, and so on. Therefore, the phase
over a circular aperture is expanded in real Zernike modes as |20]

N
p)=>_a;Zi(p.0), (33)
j=2

where p is a coordinate in the pupil at radius p and angle 0, a; is the Zernike coefficient,
and N is the highest mode kept in the simulation. The piston term is ignored because a
constant phase offset does not change the turbulence effects that matter in this study, so
the expansion starts at j = 2.

Using Noll indexing, the real Zernike functions are written as |20, 21|

V2(n+ 1) R™(p) cos(mf), m #0, j even,
Z;(p,0) = { A0 1) R (p)sin(mb), m #0, j odd, (34)
Vn+1R%(p), m = 0.

The direct expression for the radial polynomial is

(=m2 s )
R0 =Y e e (35)
s=0 2 2

This expression becomes slow and numerically fragile for higher order modes as it sums
larger terms. To avoid this, the recursive approach discussed by Lu and Cai and later
tested in more detail by Li et al. uses the recurrence |21, 30|

Rp) = p [ R (p) + R (p)] — Ria(o), (36)

with RJ(p) = 1 and invalid terms set to zero. This keeps the calculation stable when
the number of modes is increased.

3.2 Stationary Coefficient Statistics

In the Zernike-based method, the coefficients are generally not statistically independent.
The covariance between modes has to be included, especially when the screen is generated
from a finite number of modes [17, 21].

For the modified von Karmén spectrum, Lu and Cai provide the covariance between
two Zernike coefficients as

5/3
Ciyr = (ajaj) = (—1)<”+"’—2m>/25zo‘o7rﬂ (f)) (n+1)(n + 1)
T 27rf) Jwi1(2nf) 2 flo\? (37)
df +1 exp [— ] .
/ + (R/Lo) } 1/6 <5.92R)
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Here J,, is a Bessel function of the first kind, rg is the Fried parameter, Lg is the outer
scale, and [y is the inner scale. The selector ¢, is one only when the two modes are allowed
to be correlated:

6, = (m =m') N [parity(j,5") U (m = 0)] . (38)

If Lo — oo and lp — 0, Eq. (37) reduces to the Kolmogorov/Roddier result [17]. This
is useful as a limiting case and as a quick consistency check.
Once all Cj; are computed, they form the covariance matrix

C:E{AAT} , A= ag,as,...,an]T. (39)
The method then applies a Cholesky factorization,

c=vUT, (40)

and draws a standard Gaussian vector B ~ N(0,T). The correlated Zernike coefficients
are obtained by

A=UB. (41)

This can also be read as a Karhunen-Loeve (K-L) expansion. Substituting Eq. (41)
into the phase expansion gives

N-1
¢(p) = Z(p)UB = Y biKi(p), (42)

=1

where each Kj is a linear combination of Zernike modes. While these Cholesky-built
modes are not strictly orthogonal K-L modes in a mathematical sense, they provide a
major computational advantage by drawing independent b; successfully reproduces the
desired atmospheric covariance in A [21]. This transformation defines the mode-correlated
basis used by the methodology.

3.3 Generated Phase Screens and Validation

Using the described methodology, we generate phase screens as illustrated in Figure 2,
where the grayscale gradient indicates the phase shift (ranging from 0 to 27) applied to
the light passing through each pixel. As Fried’s parameter ry increases from the left figure
to right, the strength of the atmospheric turbulence decreases, resulting in visibly smoother
phase wavefronts. Other examples of generated phase screens are displayed in Appendix
C.

To ensure the physical accuracy of the simulations, the numerically generated phase
screens must be validated against theoretical atmospheric models. Given that the screen
generation relies on a finite basis of Zernike polynomials, this validation confirms that
the discrete numerical approach successfully reproduces the continuous spatial statistics
of real turbulence. Specifically, we evaluate the phase structure function, which quantifies
the expected phase variance between two points separated by a transverse distance vector
p. For an ensemble of generated screens, this empirical structure function is defined as:

Dy(p) = (|o(x+ p) — 6(x)*) . (43)

12



o

.

\

(a) 7o =0.1 cm (b) 70 = 0.5 cm (c)ro=1cm

Figure 2: Comparison of the representation of atmospheric phase screens using the modified von Karman
model for different values of Fried's parameter (rg). All screens are generated with a fixed aperture
diameter D = 2 cm, outer scale Ly = 10 m, and inner scale [p = 1 mm.

This average is then compared to the theoretical baseline of the chosen turbulence
model. If the atmosphere is modeled using Kolmogorov statistics, the generated screens
should follow the structure function:

p |53

DKol(p) = 6.88
To

(44)

Alternatively, for the modified von Karman model, the simulated screens are validated
against the following algebraic approximation, which is valid in the spatial regimes where
p<Llgorly<p<KlLly [27]:

2\ —1/6 1/3
P ) —1.319 (l°> . (45)
Lo

Dk (p) ~ 7.754 75 2153 p|2 (1 +2.033 ‘z
0

For the validation of the temporal spectra the covariance of the generated G ; are
compared with the theoretical values they should follow, indicated by the diagonal of the
covariance matrix for each Zernike’s j-th order. It is also verified that the normalized
temporal spectra of different j-th orders follow a v~17/3 asymptote at high-frequencies, for
which the cutoff frequency is higher at higher j-th orders.

4 Modeling of Atmospheric Turbulence Effect on the Two Qubit Spatial
Correlations

4.1 Concurrence model

With the framework established for generating phase screens that simulate the phase shifts
experienced by light in a turbulent atmosphere, we can now simulate these effects on spatial
correlations. By selecting two arbitrary alternative paths for the signal and idler photons,
we calculate pgyr, as defined in Eq. (28). Averaging this over an ensemble of generated
phase masks for various values of Fried’s parameter ry allows us to characterize the impact
of turbulence on two photon spatial correlations via their concurrence.

Because we assume a plane wave for the atmospheric models, we must apply the same
plane wave wavefront for our two photon system. Consequently, the phase independent
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cross spectral density function is given by \/ S@ (rs1,71)S@ (rs2, mi2) [18]. Assuming
identical geometric and detection rate conditions for all apertures and alternative paths,
meaning k1 = ko and S(z)(rsl,rﬂ) = 5@ (7s2,Ti2), the expression for concurrence from
Eq. (25) simplifies to:

C(p) = |ftturd| = ‘<€_i[¢(rsl)_¢("'52)+¢(ril)_¢(ri2)]>‘ (46)

Figure 3: Example of transversal positions of signal and idler photons in two alternative paths at a
generated phase screen.

Based on the setup described in Section 2.3, several geometric properties of the two
qubit system provide useful physical insights. Using the transverse positions of the signal
and idler photons for both alternative spatial modes at plane z, the position of the phase
screen, as depicted in Figure 3. We then construct the following displacement parameters:

_ Ps1 + pi1 _ Ps2 + pi2

Ap=p; —
P1 5 P2 5 P=pP1— P2
p’lzpsl—pﬂ plgzpsz—ma AP,:PQ—PIQ
g PLT P
5

By considering a Type I SPDC (detailed in Section 2.2) and by momentum conserva-
tion, the transverse position of the signal photon is opposite to the idler’s (ps = —p;).
Thus, the two photon transverse position vector difference is Ap = 0. Meanwhile, the
magnitude difference of the two photon asymmetry vectors, Ap’ = |Ap’|, describes the ef-
fective physical size of the two qubit system, and d = |d| represents the separation between
the alternative apertures. Following the spatial mode convention |p)| > |p5|, we find that
d> Ap' /2.

We can now derive theoretical expressions for the concurrence as a function of Fried’s
parameter rg to serve as a baseline for our simulation results. The detailed derivation is
provided in Appendix B. These expressions rely on the spatial statistics of each model and
take the form:
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Crm(ro) =

1 1
exp {_2 [zp e <2Ap’) + 2Dy (d)

1 1
—D ptrg <d + 2Ap/> — D <d — 2Ap/)] H

where D4y, represents the phase structure function for the chosen model M (either
Kolmogorov or modified von Karméan), which depends on ry.

(47)
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0.8 A 0.8 A
) ©
] ]
§ 0.6 7 —— Ap'=0.1Y2 cm § 0.6 1
3 0.4- Ap’=0.5\/?cm 2 0.4 — d=071cm
5 s — d=1cm
S —— Ap'=1.0V2 cm S
0.2 A / V2 024 — d=13cm
. — Ap'=1.5V2 cm : d=1.6cm
— N0'=2.0V2 — d=
0.0 P cm 0.04 d=2cm
0 5 10 15 20 0 5 10 15 20
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(a) Kolmogorov model with fixed d = 2 cm. (b) Kolmogorov model with fixed Ap’ = 1.41 cm.
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Figure 4: Theoretical calculations for the concurrence (C) of a two qubit system as a function of the
Fried's Parameter (rg) of the atmosphere. The top row (a, b) employs the Kolmogorov model, while
the bottom row (c, d) uses the modified von Karman model (lp = 1 mm, Ly = 10 m). The left column
shows concurrence for a fixed d with varying spatial separations Ap’, whereas the right column shows
a fixed Ap’ with varying d. The values for d and Ap’ are representative values for the unit circle of the
system's aperture (considered to be 2 cm).

Figure 4 shows the theoretical model values for concurrence of the two qubits in different
atmospheric turbulence scenarios characterized by rg. The physical description of the two
photon system is also modified to better understand its effect on the spatial correlation’s
resistance to atmospheric turbulence. The left panels of the figure show that for a fixed
value of d, increasing the effective spatial size Ap’ of the two photon system shifts the
concurrence curve toward larger values of rg. Therefore, larger spatial separations require
weaker turbulence in order to preserve the same amount of entanglement. This effect is in
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line with the understanding of the Fried parameter as the diameter of the area where the
light remains undisturbed when traveling through the atmosphere, since having the two
photons closer together means that the spatial coherence is better maintained.

The right panel of Figure 4 show the complementary case of varying the separation
parameter d when Ap’ is fixed. In comparison to the effect of the previous parameter, the
influence of d is much weaker, as the curves remains closer to each other for all turbulence
strengths considered. This shows that the concurrence degradation is mainly controlled
by the effective physical size of the correlated two photon state rather than the absolute
separation between the two alternative apertures.

Another relevant observation from Figure 4 is that both theoretical models for con-
currence based on Kolmogorov and modified von Karmén atmospheric models yield the
same results. This is not immediately obvious from the theoretical expressions derived
for each, since their respective phase structure functions differ from each other. However,
the difference between models starts to reveal itself when the effective physical size of the
two photon system Ap’ is small enough to compare with the inner scale [y selected for the
modified von Karman structure, but that effect arises from the assumptions made in the
model.

4.2 Numerical Procedure and Results

As previously mentioned, the method employed for estimating concurrence involves aver-
aging the computation of 1, over an ensemble of phase screens generated from specific
atmospheric parameters. The steps followed to achieve this can be summarized as follows:

1. Two arbitrary positions are defined for the alternative transverse paths of the signal
photon inside the aperture; the corresponding alternative paths for the idler photon
are then set opposite to their respective signal position. The relevant displacement
parameters Ap’ and d are obtained and used to compute the theoretical function for
the concurrence.

2. The phase screen is generated using the developed framework, based on the respective
atmospheric parameters of the chosen the model. In the Kolmogorov model, these
parameters are the system aperture D and Fried’s parameter rg, while the modified
von Karman model additionally considers the inner [y and outer Lg scales. For each
screen generation, 500 Zernike polynomials were employed, as previous studies have
shown that this number of terms produces accurate simulation results [17].

3. Once the static phase screen is generated, the phase shift values at the four defined
positions are extracted, and the exponential term from Eq. (28) is computed. Then,
a new phase screen with identical parameters is generated. Due to the stochastic
process employed in the framework, this screen is statistically independent from the
previous one, so a new value for the exponential term is computed. This process is
repeated 1000 times, allowing pturb to be calculated as the ensemble average of these
values.

4. Concurrence is then the absolute value of this resulting average, with its standard
deviation used as a measure of uncertainty. Because each simulated concurrence
value corresponds to a single ry point, an adaptive sample algorithm was utilized
to efficiently sample the parameter space. This algorithm specifically selected the
Fried’s parameter values in regions where the concurrence presented the most rapid
changes. This method is described in more detail in Appendix D.

16



1.0 1 ,,.—--o—-o--;: ::—;;_:;‘__:_:_:_1;.:.:-:—3—:-:—:—:;—:—:;:—3 1.0 T ';;':_'__;_:."T{;—’_—T‘Z—:;-: D )
b4 iE et Sl
0.8 ¢ ¥ 0.8 1 el
S topy S : [,,‘
" 'y
8 ] ¢ Fe 8 i (] '
064 ! ¥/ © 064 | w4
o 44 o N
= b g 5 A
3044 4 4¥ } Ap'=0.1,d=1.95 S04} ¢ } Ap'=0.1,d=1.95
c Vgl c ¢ i
S i pp'=1,d=15 S g Ap'=1,d=15
0.2 1 *;;’ I Ap'=152,d=1.83 0.2 1 *#’ I Ap'=152,d=1.83
0.0 - & ¢ Ap=2\/§,d=\/5 004 ® ¢ Ap=2\/§,d=\/§
0 5 10 15 20 0 5 10 15 20
Fried Parameter ro (cm) Fried Parameter ro (cm)
(a) Kolmogorov model (b) von Karman model

Figure 5: Comparison of the concurrence C as a function of the Fried parameter rq for various spatial
configurations (defined by spatial separation Ap’ and effective diameter d). The left panel (a) shows
the results using the Kolmogorov turbulence model, while the right panel (b) shows the modified von
Kéarman model. Dashed lines represent the theoretical calculations, and markers with error bars indicate
the corresponding numerical simulation results.

Figure 5 presents the results of the simulations for different positions of the signal and
idler photons that yield different displacement parameters. The simulation results agree
with the theoretical models both for Kolmogorov and modified von Karméan. There is,
however, a slight error in the simulation values at very low values of Fried’s parameter.
This can be explained from Eq. (46) that takes the absolute value of the py1, averages,
so it tends to average over zero. An individual of the results is shown in Appendix E.

Figures 4 and 5 show the dependence of the concurrence on Fried’s parameter rqy for
different spatial configurations of the two photon system. Since ry represents the coherence
length of the turbulent wavefront, small values of rg correspond to strong turbulence, while
larger values correspond to weaker phase distortions. In all cases, the concurrence tends
to zero for sufficiently strong turbulence and approaches one as the Fried’s parameter
increases. What this means physically is that spatial entanglement is degraded when the
turbulent phase varies significantly across the transverse positions of the two alternatives
of the biphoton state, while it is preserved when the turbulent medium is approximately
coherent over that region.

Overall, these results show that the atmospheric turbulence can strongly degrade spatial
entanglement when the size of the two photon state is large compared with the coherence
length r9. For free space quantum communications, this implies that spatially encoded
entangled states are more robust when their relevant spatial components remain within a
region of closely correlated atmospheric phase. On the other side, spatial modes with larger
transverse extension or wider separation are expected to be more sensitive to turbulence
induced decoherence, which may require optimized spatial encoding, adaptive optics or
turbulence compensation.

At the same time, the agreement between the numerical simulations and the theoretical
curves shows that the phase screen generation methodology accurately reproduces the
spatial entanglement statistics for a bipartite quantum system consisting on two correlated
photons generated through Type I SPDC. However, the phase screen analysis is not limited
by the simplifications and assumptions made for the theoretical derivations. Instead, this
methodology and framework may be applied to study any spatial entanglement between
different spatial bases, other SPDC configurations and higher dimensional or multipartite
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quantum states.

5 Conclusions and Further Work

The present work studied the effect of atmospheric turbulence on the spatial entanglement
of photon pairs generated through spontaneous parametric down-conversion. The main
objective was to go beyond a description of turbulence as a simple optical loss mechanism
and analyze how random phase distortions affect the spatial coherence terms that determine
the concurrence of a two photon spatial qubit state. In this sense, this work connects the
spatial correlations produced by SPDC, the description of atmospheric turbulence through
statistical phase models, and the quantification of entanglement through concurrence.

A first result of this thesis is the theoretical formulation of the turbulence induced
reduction of concurrence for spatial two-qubit states for both Kolmogorov and modified
von Kérmén descriptions. By modeling the atmosphere as a stochastic phase screen, the
effect of turbulence can be expressed through an ensemble average of phase differences
evaluated at the four transverse positions that define the two spatial alternatives of the
biphoton state. This leads to a compact expression that relates atmospheric phase statistics
to the loss of coherence. The theoretical expression for both models is an useful basis for
predicting how concurrence depends on Fried’s parameter rg, the effective size of the two
photon state and the separation between spatial modes.

The numerical results show that the degradation of concurrence is principally influenced
by the relation between the characteristic transverse dimensions of the biphoton system
and the atmospheric coherence length represented by rg. When the spatial modes are
kept within a region over which the turbulent wavefront remains approximately coherent,
concurrence is mostly preserved. In contrast, when the relevant spatial separations become
comparable to or larger than rgy, the random phase fluctuations reduce the coherence
between the alternatives and so the entanglement decreases.

Another important contribution of this work is the implementation of a phase screen
generation framework based on Zernike polynomials. Some open source tools for atmo-
spheric phase screen generation, such as WavePy and MegaScreen are already available
and provide useful references for turbulence simulation. However these tools are generally
based on spectral or multiscale synthesis methods, centered on Kolmogorov statistics. In
contrast, the framework developed in this thesis follows a modal approach, in which the
turbulent phase is decomposed into Zernike modes and generated from coefficients with
covariance determined by the selected atmospheric model. This allows the method to in-
corporate both Kolmogorov and modified von Karméan statistics. The framework is not
restricted to the specific two qubit concurrence calculation considered in this thesis, but
can also be used as a general tool for simulating atmospheric propagation in classical and
quantum optical systems.

Furthermore, the extension of the framework to dynamic phase screens adds to its
usefulness. Although dynamic ensemble averages lead to the same concurrence behavior
as static phase screens under the assumptions used in this work, the dynamic model is
important for propagation in time-dependent studies, experimental setups with spatial light
modulators, adaptive optics corrections and realistic communication scenarios in which the
channel evolves in time. Therefore, the dynamic phase screen generator method developed
here should be seen as a broader simulation tool, even if the main entanglement analysis
of this thesis focuses on averaged spatial coherence.

From the quantum information perspective, the framework developed in this work
provides a basis for studying atmospheric effects on more general spatial quantum cor-

18



relations. The two qubit model considered here is an useful minimal system because it
makes the connection between spatial coherence and concurrence explicit. However, the
same methodology can be extended to more complex spatial encodings, including higher
dimension qudits, orbital angular momentum modes and other spatial modes bases. This is
particularly relevant for free-space quantum communication since high dimensional spatial
encoding can increase the information capacity of a quantum channel and may be useful
in protocols such as high dimensional quantum key distribution and dense coding.

In fact, the study of the effect of turbulence higher dimension spatial states is one
of the many open directions for future work. Studying not only concurrence, but also
other entanglement measures and quality of channel metrics would allow a more direct
comparison between different spatial encodings to identify which modal bases are more
robust under realistic atmospheric conditions for different use cases and applications.

A potential extension of this work would be the experimental implementation of the
model. The generated phase screens, both static and dynamic, can be displayed on a
spatial light modulator to emulate controlled atmospheric turbulence in the laboratory.
This would allow direct experimental validation of the predicted concurrence degradation
and would also make it possible to test mitigation strategies, such as adaptive optics,
optimized spatial mode selection or turbulence aware encoding schemes.

Another possible direction is to study in more detail the extension of the relation
between turbulence and entanglement. In particular, this framework could be further
explored in contexts such as quantum metrology, where spatially entangled photons may
provide useful information about atmospheric turbulence.

Finally, the atmospheric simulation framework has potential applications outside spe-
cific quantum scenario considered here. Since the generated phase screens reproduce regular
turbulence statistics, they are also useful for classical free-space optical communication,
imaging through turbulence, beam propagation studies and adaptive optics simulations.
In this sense, the work developed in this thesis contributes not only to the study of spatial
entanglement under atmospheric turbulence, but also to the general modeling of wavefront
propagation through turbulent media.
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A Dynamic Screens

For a time-dependent atmosphere, the coefficients of the Zernike polynomials become func-
tions of time:

N
¢(p,t) = Gaj(t)Zi(p.0). (48)
j=2

The objective is that each G, ;(t) has a zero mean, the correct variance Cj;, and the
correct temporal power spectrum w, j(v). The temporal part follows Conan’s derivation
of wavefront temporal spectra and the inverse-Fourier sampling method used by Anzuola
and Gladysz [31, 32]. Wilcox et al. and Putnam and Cain are useful context for earlier
time-evolving Zernike approaches, but this methodology follows the Lu and Cai spectral
route [33, 34, 21].

The link between spatial and temporal spectra is Taylor’s frozen-flow hypothesis:

¢(pa l+ T) - ¢(p -V, t)’ (49)

which states that during a short time interval 7, the turbulent phase pattern is assumed
to remain unchanged and is transported by a wind velocity V. Thus, the wind velocity
controls the speed of the temporal fluctuations, as larger values shift the model spectra
towards higher temporal frequencies. Meanwhile, the turbulence strength determines the
variance of each coeffiecient.

For the simple homogeneous plane-wave case, with one layer moving along the x axis
at speed V, the temporal spectrum is

LC? v
wq,j(V) = TFa,j (V7L07l0> ) (50)
where
F 27T 2 o0 2
a,j(kx,Lo,lo) = 0.00969 N \Qj(kx, k:y)]
2
exp [— (%) (k2 + ki)} (51)
X dk,.

11/6
(k2 + k2 + L5?) /
Q; is the Fourier transform of the pupil-weighted Zernike mode, whose radial depen-
dence is

n 2
Q; (ks ky) o<\/n+1w, b= k21 k2, (52)

plus the cosine or sine angular factor for m # 0. The numerical integral in Eq. (51) is
even in ky, so it can be evaluated from 0 to co and doubled.

Wind direction can be added without recomputing the full two-dimensional problem
for every angle. If the wind makes an angle 6, with the x axis, Conan’s result used by Lu
and Cai gives, for m # 0,

Wa,j 0, (V) = cosz(mé?w) Waj0(V) + Sinz(mew) Wy i~ 0(V), (53)
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where j~ is the Zernike mode with the same (n,m) but opposite sine/cosine parity.
Modes with m = 0 are rotationally symmetric, so their spectra do not depend on wind
direction.

For a multi-layer atmosphere, the total temporal spectrum is a sum of the contribution
from each layer. For layer ¢, with thickness Az,, representative altitude z,, wind speed V,,
wind direction 6, turbulence strength ngq, and scales Lo 4 and lo 4, the plane/spherical-
wave form can be written as

@ Az, C2 30 bep
q-'n, Z 3 1% z
wagv) = 3 = (1 3) 7 B, (V( - ) Ll) (54)

q=1

For the plane-wave case, ds, = 0, so the extra spherical-wave factors disappear and each
layer simply adds a weighted spectrum. This expression provides the natural extension for
adding a wind profile and several turbulent slabs.

After computing wg ;(v) on the FFT frequency grid, the time sequence is generated by
filtering random Fourier coefficients:

Goi(Vk) = \Jwa j(vi) exp(ithy,), Yy ~ U(0,27). (55)

The inverse real FFT gives a time series G, (t). The series is then centered and
rescaled so that its standard deviation matches \/Cj;. If these sequences were inserted
directly into Eq. (48), the spatial covariance would become diagonal because every modal
time sequence was drawn independently. The procedure used by Lu and Cai is to normalize
the time sequences and apply them to the Cholesky-built modes:

Ga,iv1(t)

Gralt) = VCiiit’ (56)
N-1

d(p,t) = Y Gyi(t)Ki(p). (57)
i=1

This gives screens that keep the spatial covariance imposed by Eq. (37), while their
time evolution follows the temporal spectra from Eq. (50) or the multi-layer extension in
Eq. (54). The simulated phase is finally wrapped modulo 27 and converted to an 8-bit
grayscale image for the phase-only SLM [35].

B Derivation of a Theoretical Expression for Concurrence in Kolmogorov

and modified von Karman models

Since for our methodology we employ random Gauussiam1 variables for generating the phase
. 2
screens, we may apply the standard result (e ™"%) = e 27 to Eq. (46) so that:
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= [p(rs1) — B(rs2) + B(ri1) — Plri2)]
= ¢2(rs1) P(rs1)p(rs2) + (rs1)p(rin) — d(rs1)d(rio)
d(ra1)d(rsz) + ¢°(rs2) — G(rs2)d(rin) + ¢(rea)o(riz)
+ ¢(rs1)9(ri1) — D(rs2)d(rir) + ¢ (ri1) — d(ri1)b(riz)
— ¢(rs1)d(ri2) + B(rs2)d(rin) — d(ria)p(riz) + ¢°(ria)
= [b(rs1) — d(r)]” + [B(rin) — Blriz)]”

+2¢(ra1)@(rin) — ¢°(ra1) — ¢°(ran)
— 2¢(rs1)¢(riz) + ¢ (ra1) + 6% (ri2)
—20(rs2)(ri1) + ¢*(rs2) + ¢*(ri1)
+2¢(rs2)(riz) — ¢°(rsz) — ¢°(ri2)

= [p(ra1) — (r2)]” + [6(rir) — d(ria)]?
— [B(rs1) — (ri1))* + [B(rs1) — B(ria)])?
+ [p(rs2) — d(rin)]” — [b(rs2) — d(raz)]” .

It is then evident that the expected value of this expression consists of the sum of the
phase structure function evaluated at different transversal positions at plane z.

¢ ¢
¢ ¢

B.1 Kolmogorov
Applying the Kolmogorov phase structure function

5/3

)

— Pb
To

([6(pa) — o(pp)]*), =688 |2

to the expression obtained above gives

6.88 5/3 5/3 5/3
<<P2>Kol 5/3 “Psl ps2| At lpin — pa2| /3 lps1 — pi1 /

5/3 5/3}'

+ [ps1 — pi2]”"” + |ps2 — Pil!s/g — |ps2 — pizl

In terms of the displacement parameters

_ Psitpi
P1 2 )
_ P2t Pi2
2 )
1
Ap=p—p2= §[psl_P52+Pi1_pi2]a
p,1 = Ps1 — Pil,
p,2 = Ps2 — Pi2,
Ap = p’l - p'2 = Ps1 — Ps2 — Pil T Pi2,
/ /
+ 1
d= P1 5 P2 5 [Ps1 + ps2 — (i1 + pi2)] s
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the relevant separations are

1
Ps1 — ps2 = Ap + iAp,’

1
pi1 — pi2 = Ap — §AP,,
1
Ps1— pit =d+ iAp’,
ps1 — pi2 =d+ Ap,
ps2 — pi1 =d— Ap,

1
P2 — Piz =d — 5API-

Therefore,
6.88 L 1. %3
2 _ 0@ - / - /
<90 >Kol N 7”8/3 ’Ap—i— 2Ap * ‘Ap 2Ap
1 %3 5/3 5/3
—‘d+2Ap +ld+ Apl? +|d - Apl
1 /5/3
—ld-=A
‘ =P

For type-1 SPDC, Ap = 0. Thus,

6.88
<¢2>K01 - TE’)W

Therefore, since

5/
2 llAp’

3 5/3
5 +2\d\5/3—‘d+;Ap’ —’ =

d— -Ap
9 p

5/31

the Kolmogorov turbulence factor is

3.44 [ |1 5/
[turb,Kol = €XD {—5/3 [2 ’2API
Ty

Equivalently,

1 1 1 1
Hturb,Kol = €XP {—2 |:2DK01 <2AP’> + 2Dxo1(d) — Dxol (d + 2A9/> — Dxol (d - 2API>} } .

B.2 Modified von Karman

For the modified von Karman model, the phase structure function is

7.033 o\ /6 Lo\ /3
14+ =22 pa — —1319 (2
< + L% |Pa — pol ) (LO) )

(16(pa) — 6o = o 1w~ pof?

mvK  ,.5/371/3
ro' Ly

where Lg is the outer scale and £ is the inner scale of turbulence.

Defining
. _ 7033 5_1319(60)1/3
L - Lo ’
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and
Fe) =[af | (1+alal?) " - 5],

we may write
7.754
Dk () = —F—F= F(x).
m r8/3Lé/3

Using the same displacement parameters as before, the expected phase variance is
7.754
2
<90 >m = 5/3,1/3
vK TO/ LO/
1
- F(d - 2Ap’) + F(d+ Ap)+ F(d — Ap)
F(d Ia )
5 2P
For type-I1 SPDC, Ap = 0. Therefore,
7.754 1
2 _ - /
() = STEPSVE HQA”
o Lo

—|—2|d|2 {(1 —|—Oé|d’2>_1/6 B B}

(1—1—04 d+ Ap

1 1
F<Ap + 2Ap/> + F(Ap — 2Ap’)

2

1
<1+a‘2Ap’

=

2
<1+a !

2) —-1/6 T ‘|
Finally, the modified von Kérman turbulence factor is

1 2

1
— ’d — pr'

3877 [ 1 1 1
Hturb,mvK = €XP {_W 2F <2AP/> +2F(d) - F (d + 2Ap/) - F (d — 2Ap’>} } .
0 0 -

Or, alternatively,

17 1 1
HturbmvK = €XP {_2 2Dk <2Ap/> + 2Dva(d) — Dk (d + API>

o fa- 24) )

B.3 Generalization

Both previous results can be written in terms of a generic phase structure function Dy,
where M denotes the chosen turbulence model:

1 1 1
Hturb, M (T0) = €xp {—2 [2DM,7"0 (QAp'> + 2D pro (d) — Dt (d + 2Ap’>

o334}

Here Dayr, is the phase structure function for either the Kolmogorov or modified
von Karman model. Its dependence on 1y determines the theoretical dependence of the
turbulence factor, and therefore of the concurrence, on the turbulence strength.
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C Generated Phase Screens

Below are displayed some examples of static phase screens generated via the framework
developed for this work.

a) Kolmogorov (Seed s = 137) (b) von Kérman (Seed s = 137)
(c) Kolmogorov (Seed s = 6767) ) von Karméan (Seed s = 6767)

Figure 6: Comparison of phase screens generated by the Kolmogorov (left column) and modified von
Kéarman (right column) turbulence models using identical random seeds. The top row uses seed s = 137,
and the bottom row uses seed s = 6767. Parameters are held constant across all images at D = 2 cm,
ro = 0.5 cm, Ly = 10 m, and [p = 1 mm. Note the structural similarities dictated by the shared seeds,
with high and low-frequency characteristic differences resulting from the choice of spectral model.

D Adaptive Sampling

In the numerical simulations, each value of concurrence requires the generation of an en-
semble of random phase screens and the evaluation of the turbulence factor w1, at the
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four transverse positions that define the spatial two qubit state. Therefore, evaluating the
concurrence for many uniformly distributed values of Fried’s parameter rg is computan-
tionally expensive. In order to reduce the number of evaluations while still resolving the
general shape of the curve, an adaptive sampling algorithm was implemented.

The main goal of the method is to concentrate numerical evaluations od C(rg) in the
parts where the function changes the most. This is useful because depending on the
geometrical parameters of the two photon system and on the selected turbulence model,
concurrence may either vary slowly with ry or change rapidly in a narrow range.

Let the numerically estimated concurrence be written as

Ns
Clro) = |5 2 exp i (6a(ra) = ulra) + Gulra) = ulra))] . (58)

S
where N is the number of generated phase screens and ¢, is the n-th random phase
screen. The adaptive algorithm treats this evaluation as an expensive function call.
The first step of the method is to evaluate concurrence at the endpoints of a selected
interval

T0,min <rg < T0,max- (59)

For any already sampled interval [a, b], the midpoint

a+b
2
is evaluated. The concurrence expected at the midpoint from a straight line connecting
the two endpoints is

m =

(60)

-~ -~

Cla) +C(b).

Gin(m) = 1 (61)
The local deviation from this linear behavior is then estimated as
£fas) = |Cm) = Cin(m)] . (62)

A larger value of €, indicates that the concurrence curve is less linear inside that
interval, which means that additional points are useful there. To avoid selecting only very
small intervals with small absolute relevance, the priority score used in the implementation
was

Slap] = €lap) (b — a). (63)
At each step, the interval with the largest score is selected and split into two subinter-
vals, [a,m] and [m, b]. The process is repeated until either a maximum number of sampled
points is reached or the largest estimated error is below a predefined tolerance.
The algorithm can be summarized as follows:

1. Evaluate CA(ranin) and 5(r07max).

For each active interval [a, b], evaluate its midpoint m = (a + b) /2.
Compute the local error estimate €|, from Eq. (62).

Assign the interval priority score Sj,y from Eq. (63).

Select the interval with the largest score and divide it into two new intervals.

AR I

Repeat until the stopping criterion is reached.

28



E Individual Simulation Results
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Figure 7: Comparison of theoretical models and numerical simulations for the concurrence C as a
function of the Fried parameter ry. The left column represents data fitted to the Kolmogorov model,
while the right column shows the modified von Karman model. Each row details a specific spatial
configuration, with ps fixed at (1.0,0.0) and varying pso coordinates. Error bars indicate the standard

deviation of the simulated data. (Part 1 of 2)
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Figure 7: Comparison of theoretical models and numerical simulations (Continued). The high R? values
indicate excellent agreement between the simulation and theoretical approximations.
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