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Abstract

Topology and dynamics of the escaping set

by Sergio Hernandez Antén

The set of points that escape to infinity under iteration is a fundamental object in
complex dynamics, often providing valuable insight into the global behavior of iterates
and their relationship with the Fatou and Julia sets. The aim of this thesis is to study
the topological and dynamical properties of the escaping set for polynomials, as well
as transcendental entire and meromorphic functions.

As an original contribution, we show that for the function f(z) = z — tan(z), the
Julia set becomes connected upon adjoining infinity and contains a the escaping set,
which is totally disconnected. This is the first known nontrivial example exhibiting
such behavior.

2020 Mathematics Subject Classification: 30F10, 30F20, 37F05, 37F10, 51M10.
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Introduction

This thesis fits withing the field of complex dynamics, also known as holomorphic
dynamics, which deals with the study of discrete dynamical systems generated by
the iteration of holomorphic maps. More precisely, given a holomorphic function
f:C — C, one aims to understand the sequence

{/"(2)}n>0,
where z € C and f" denotes the n-th iterate of f.

The roots of holomorphic dynamics can be traced back to the late 19th century.
During the 1870s, Schréder and Cayley pioneered the dynamical study of holomorphic
function iteration by examining complex versions of Newton’s root-finding method,
as documented in [1, 2]. Their work marked the beginning of a new mathematical
perspective, setting the groundwork for future explorations in this area.

While early investigations by Bottcher [3], Koenigs [4|, and Siegel [5] primarily ad-
dressed the local dynamics near fixed points, a major advancement came in 1912 with
Montel’s Theorem on normal families [6]. This powerful result became a cornerstone
that enabled Fatou and Julia to independently build the foundations of modern holo-
morphic dynamics between 1910 and 1920, largely spurred by the prestigious Grand
Priz des Sciences Mathématiques of 1918.

Employing Montel’s Theorem, Fatou [7] and Julia [8] demonstrated that the Riemann
sphere, denoted by C := CU{o0}, could be split into two disjoint sets characterized by
drastically different dynamical properties. These sets are now known as the Fatou set
and the Julia set. Informally, for a holomorphic function f, the Fatou set F; consists
of the points whose nearby orbits under iteration exhibit similar behavior, reflecting
stability. In contrast, the Julia set J; comprises the points where such regularity
breaks down, giving rise to chaotic dynamics.

In addition to this classical partition of the Riemann sphere, another key concept in
the field is the escaping set, denoted by Zy and defined as the set of points in the
complex plane whose iterates diverge to infinity

I; = {zGC|f”(z)moo}.

Here, we are assuming that f is a polynomial or that oo is an essential singularity,
hence oo is a "special" point in the dynamical plane. While the Fatou and Julia sets
emphasize local stability and chaos, respectively, understanding the escaping set often
provides a structure to the dynamical plane, crucial for the combinatorial analysis.

The central goal of this thesis is to examine the topological structure and dynamical
features of the escaping set, particularly for polynomials and transcendental functions,
both entire and meromorphic (maps holomorphic except at poles). Recall that tran-
scendental functions have an essential singularity at infinity, while rational maps are



the quotient of two polynomials and extend analytically to C. For clarity and consis-
tency, we will use specific notation throughout the thesis to refer to these classes of
holomorphic functions.

e Rat := {f | f is rational},

e Pol:={f|f is a polynomial of degree d > 2} C Rat,
e Ent := {f| f is transcendental entire},

e M = {f|f is transcendental meromorphic}.

For rational functions, the point at infinity is no different from any other. In contrast,
for any polynomial p of degree d > 2, the point at infinity is always a superattracting
fixed point. As a result, there exists an open set of points whose orbit under iteration
tends to infinity; this set is known as the basin of attraction of infinity, and it is
defined as
Ap(00) = {z eClp(z) — oo} :

n—oo
We will show that, in the case of polynomials, the Fatou and Julia sets admit a
particularly simple and elegant characterization in terms of the basin of attraction of
infinity. Specifically, if we define the filled Julia set as

Kp:=C\ Ap(o0) = {z € Cl{p"(2)},>0 18 bounded} ,

then the Julia set 7, coincides with the common boundary of these two complementary
sets

T = 0K, = 0.A,(c0).

Consequently, the Fatou set can be expressed as F,, = Ap(co)Uint(ICp). An illustrative
example is shown in Figure 1.

FIGURE 1: Dynamics of p(z) = 22 — 1. The yellow region represents

the points whose orbits remain bounded (the interior of the filled Julia

set), while the purple region is composed by the points escaping to
infinity. The boundary between these regions is the Julia set.

Therefore, if p is a polynomial of degree d > 2, then the escaping set coincides with
the basin of attraction of infinity, i.e. Z, = Ap(c0). In particular, Z, is an open set
containing infinity in its interior.



A natural question then arises regarding the connectivity properties of Ay,(oco). Inter-
estingly, the connectivity of Ay(oc0) is determined entirely by the dynamical behavior
of the critical points, i.e. the set of points ¢ € C for which p’(¢) = 0. Theorems A
and B highlight the deep relationship between the topology of the escaping set and
the dynamics of the critical points.

Theorem A. Let p € Pol. Then, Ap(c0) is connected.
Theorem B. Let p € Pol.
i) If no critical point of p belongs to Ap(c0), then IC, is a connected set.

ii) If at least one critical point of p belongs to Ay(c0), then ICp is disconnected and
has infinitely many connected components. Additionally, if A,(oc0) contains all
critical points of p, then K, = J) is totally disconnected, i.e. a Cantor set.

In sharp contrast to polynomials, transcendental entire functions display far more
intricate and unpredictable dynamical behavior. This increased complexity stems from
the fact that infinity is an essential singularity, as emphasized by the Great Picard
Theorem. Building upon this foundational result, Fatou made the first substantial
advances in the iteration theory of transcendental entire functions in 1926. The subject
was further developed through the influential work of Baker, particularly in [9, 10],
and was later formalized by Eremenko in the late 1980s. Notably, Eremenko was
the first to rigorously define the escaping set in the context of transcendental entire
dynamics. However, this concept had already appeared implicitly in earlier works,
such as McMullen’s study concerning the area of Julia sets for transcendental entire
functions in [11].

The Great Picard Theorem implies that every neighborhood of infinity is mapped by
a transcendental entire function f onto the entire complex plane, with the possible ex-
ception of a single point. This remarkable behavior emphasizes the extreme complexity
introduced by the essential singularity at infinity, distinguishing transcendental entire
functions sharply from polynomial maps. At first glance, such chaotic behavior near
infinity might suggest that orbits { f"(2)},,~, could never truly escape, as they would
be repeatedly “thrown back” into the finite complex plane after approaching infinity.
In this light, one might be led to conjecture that escaping to infinity is dynamically
obstructed for transcendental entire functions.

Surprisingly, Eremenko demonstrated in his seminal 1989 paper [12] that this intuition
is incorrect. He proved that there always exist points whose orbits under iteration tend
to infinity, establishing the nonemptiness of the escaping set. This groundbreaking
result marked a turning point in the study of transcendental dynamics and established
the foundation for much of the subsequent research in the field. This theorem reads
as follows.

Theorem C. Let f € Ent. Then, the escaping set Ly is nonempty.

Although Eremenko’s proof of Theorem C is both the earliest and perhaps the most
well-known approach to establishing the existence of escaping points for transcendental
entire functions, in this thesis we adopt the method introduced by Dominguez in [13].
The primary motivation for this choice lies in the broader applicability of Dominguez’s
construction: her method is not only elegant and intuitive, but it also generalizes
to the transcendental meromorphic setting, which is also treated in this work. This
flexibility makes it a particularly suitable foundation for our study, which encompasses
both entire and meromorphic dynamics. Moreover, Eremenko’s original proof, while



highly influential, relies on Wiman-Valiron theory: an advanced analytical framework
that, although powerful, can obscure the underlying ideas for those unfamiliar with
its technical machinery. In contrast, Dominguez’s constructive and more accessible
argument offers clearer insights into the behavior of escaping orbits.

Eremenko’s contributions to the field, however, extend far beyond proving that the
escaping set is nonempty. Notably, he demonstrated that the Julia set of any tran-
scendental entire function coincides with the boundary of its escaping set, a result
that underscores the centrality of the escaping set in understanding global dynamical
behavior. Furthermore, he proposed what became known as Eremenko’s conjecture,
which posits that every connected component of the escaping set of a transcenden-
tal entire function is unbounded. This conjecture inspired a vast body of research,
leading to numerous partial results and refined formulations. The original conjecture
remained open for decades, until it was recently disproven in [14], thereby raising
further questions regarding the fine structure and topology of escaping sets in tran-
scendental dynamics.

Once the existence of the escaping set is established, it is natural to investigate its
topological and dynamical properties. In contrast to the polynomial case, the escaping
set of transcendental entire functions exhibits a much wider variety of behaviors.
For example, there exist transcendental entire functions f for which the escaping set
contains open subsets, while for others, Z; consists of curves with empty interior
(see Figure 2). Another remarkable distinction is that, in general, the escaping set
of a transcendental entire function is not contained in the Fatou set. In fact, more
commonly we have Zy C J;, as we will present with an example later in this thesis.

i

=

(A) f(z) =142+4¢€" (B) f(z) = Le*

FIGURE 2: Dyamics of two transcendental entire functions. In the left

image, the escaping set contains open regions, as the orbits of points in

the blue area tend towards infinity. In contrast, in the right image, the

escaping set consists of a collection of curves with no interior, while

points in the yellow region converge to an attracting fixed point. In

both cases, the Julia set is depicted in purple, and its interior is a
result of numerical approximation.

As with transcendental entire functions, transcendental meromorphic functions have
an essential singularity at infinity. However, the presence of poles introduces additional
layers of complexity. Unlike in the polynomial or entire settings, orbits under iteration
in the meromorphic case may approach, accumulate at, or even pass through poles,

4



which can significantly influence the global dynamics. This added intricacy makes the
study of transcendental meromorphic functions particularly rich.

A natural question arises: which dynamical properties known for transcendental entire
functions persist in the meromorphic setting?

In recent years, the study of Julia and Fatou sets for meromorphic functions has
been developed considerably. The interplay between essential singularities and poles
gives rise to complex dynamical structures, including Baker domains, wandering do-
mains, and disconnected Julia sets. Current research focuses on both topological and
measure-theoretical aspects of these sets, investigating their connectivity, dimensional
properties, and relationships with singular values.

Unlike in the polynomial or entire cases, the escaping set of a transcendental mero-
morphic function can be totally disconnected. This behavior was already implicit in
[15, 16|, where the authors proved that for real parameters A € R with 0 < |A| < 1,
the Julia set of the map T)\(z) := Atan(z) can be totally disconnected and contain the
escaping set.

This observation naturally leads to the following question.

Question. Is there any transcendental meromorphic function f: C — C such that
Jy is connected (in C or C), Zy C Jy and Zy is totally disconnected?

Although it is believed that a broad class of transcendental meromorphic functions
could exhibit such behavior, a general characterization remains elusive. In Section
5.1, we show that this situation can occur in the trivial case where the Julia set
coincides with the real line. However, no explicit examples with a nontrivial Julia set
(for instance, a fractal) have been identified until now. In this thesis we present the
following.

Theorem D. Let f(z) = z —tan(z). Then, JyU{oo} is connected, while Iy C Jy is
totally disconnected.

To the best of our knowledge, this is the first nontrivial example of a transcenden-
tal meromorphic function answering the previous question affirmatively, leading to
a better understanding of the topological dynamics of transcendental meromorphic
functions.

Under the framework outlined, the purpose of this thesis is to analyse, compare,
and understand the escaping set of polynomials, and transcendental entire and mero-
morphic functions. These three classes of functions each exhibit distinct dynamical
behaviors, particularly in relation to the escaping set, which motivates a comparative
approach. To facilitate this analysis, we have organized the thesis as follows.

In Chapter 1, we introduce several foundational concepts that support the material
presented in the subsequent chapters. This chapter is divided into three sections,
each addressing a distinct topic: complex analysis, Riemann surfaces, and hyperbolic
geometry. These tools are indispensable for understanding various results throughout
the thesis and, in particular, are required to prove Theorem B.

Chapter 2 focuses on both the local and global theories of complex dynamics, which
together form the theoretical backbone for analysing the behavior of escaping sets.
In the former, we examine periodic points and the linearization problem, highlighting
how the local behavior near fixed or periodic points influences global dynamics. In the
latter, we define the Julia and Fatou sets and establish several of their key properties.



Of special importance is the classification of connected components of the Fatou set,
i.e. Fatou components, which is crucial for understanding the decomposition of the
complex plane under iteration.

The remaining chapters are devoted to the escaping set. Given the added complexity
of transcendental functions, we begin with the polynomial case, which provides a
clearer and more structured starting point. We then transition to transcendental
entire functions.

The primary objective of Chapter 3 is to prove Theorems A and B. Along the way,
we demonstrate that infinity is a superattracting fixed point for any polynomial of
degree at least two, and we analyse the associated basin of attraction. The chapter
also includes additional insights that lay the groundwork for the transcendental cases.

Chapter 4 opens with the proof of the non-emptiness of the escaping set for transcen-
dental entire functions. Building on this, we explore several important results derived
from Theorem C. Then, we introduce the Cantor bouquet (a set homeomorphic to
the Cartesian product of a Cantor set and the real line) and present an example of a
transcendental entire function whose Julia set exhibits this structure.

Finally, Chapter 5 turns to transcendental meromorphic functions. We begin with
a concise overview of their key properties and illustrative examples. We then ex-
tend several results from the entire case to the meromorphic setting. The chapter
culminates with Theorem D, which demonstrates the possibility of a nontrivial and
connected Julia set containing a totally disconnected escaping set. The final section
of the chapter is devoted to the proof of this result.



Chapter 1

Preliminaries

The aim of this chapter is to introduce all relevant concepts and results that will
serve as important tools later on. It is divided into three sections: complex analysis,
Riemann surfaces, and hyperbolic geometry.

1.1 Complex analysis

This first section, which is divided into three parts, provides the necessary background
in complex analysis for our study. The first part introduces the concept of normal
families, with the main material drawn from [17]. Next, we discuss singularities of the
inverse, i.e. points at which some local branch of the inverse of a holomorphic map
is not well-defined; for a more in-depth treatment, see [18|. The final part presents a
miscellany of results that do not fall under the previous categories; references for each
statement are provided therein.

1.1.1 Normal families

The notion of normality was introduced by Montel in 1912 and played a crucial role
in the work of Fatou and Julia in the field of complex iteration.

Definition 1.1 (Normal family). Let F be a family of meromorphic functions,
we say F is a normal family if and only if every sequence {f,}, in F contains a
subsequence that converges uniformly on compact subsets.

A useful criterion for determining normality is the following.

Theorem 1.2 (Montel Theorem). Let F be a family of meromorphic functions on
a domain Q C C. If there exist three distinct points in C which are omitted by every
f € F, then F is a normal family.

1.1.2 Singularities of the inverse

To understand the global dynamics of holomorphic functions, it is essential to study
the singularities of their inverses. These singularities govern the behavior of orbits
and often determine the structure of the Julia and Fatou sets. Here we introduce the
concept of singularity and provide some of their properties.

Definition 1.3 (Conformal, univalent). Let 2 be an open set and let f: Q@ — C.
We say that f is conformal or univalent if and only if it is holomorphic and one-to-one.

Definition 1.4 (Regular value, singular value). Let f : C — C be meromorphic.
We say vg is a reqular value if and only if there exists a neighborhood V' of vy such
that all branches of f~! are well-defined (and, hence, conformal) in V. Otherwise we
say that vg is a singular value. We denote the set of singular values of f by S(f).



Chapter 1. Preliminaries 1.1. Complex analysis

These singularities can be classified in three different types: critical values, asymptotic
values and the accumulation thereof.

Definition 1.5 (Critical value, asymptotic value). Given a value vy € ((A:, we
say that vy is a critical value if and only if there exists zp € C such that f'(29) = 0
and f(z9) = vo. We say that zg is a critical point. Moreover, we say that vy is an
asymptotic value if and only if there exists an unbounded curve ~y(t) — oo such that
f(v(@) oo Yo Then, we say that v is an asymptotic path (or curve) of vy.

The following lemma makes explicit the relation between, singular, critical and asymp-
totic values.

Lemma 1.6. Let f: C — C be meromorphic. Then,

S(f) = {critical and asymptotic values}.

The next proposition ensures the existence of a proper local branch in a neighborhood
of a critical point, which becomes crucial in Chapter 3.

Proposition 1.7. Let f be a meromorphic function, zg a critical point of f and k > 1
satisfying f(z0) =0 for all 1 < i < k and f*)(z) # 0. Then, for any neighborhood
V of vo = f(20), there ezists a neighborhood U of zy such that f : U — V is a proper
map of degree k.

We now state two lemmas related to singular values and covering maps, which are
introduced in the next section.

Lemma 1.8. Let U C C and D* =D\ {0}.

i) If f is a holomorphic covering from U — D, then U is simply connected and f
1 univalent.

it) If f is a holomorphic covering from U — D*, then either U is conformal to
D* and f is equivalent to 2%, or U is simply connected and f is the universal
covering, hence equivalent to the exponential map.

Lemma 1.9. Let U,V C C and assume U is a connected component of f~1(V). If
VNS(f) =0, then f : U — V is a covering map. Moreover, if V is a simply
connected open set, then the covering f is conformal.

The latter lemma is a consequence of the former and the notions of local branches of
f~! and singular values.

Finally, we introduce the notion of proper map.

Definition 1.10 (Proper map). Let U,V be open domains and let f: U — V be
meromorphic. We say f is a proper map of degree k > 1 if and only if every point in
V has exactly k preimages in U, counting multiplicity.

An easier way to understand this kind of maps is the following. One may find it
proven in [19, Section 1.2].

Theorem 1.11. Let U,V be open domains. A meromorphic map f : U — V is
proper if f(OU) = dV.



Chapter 1. Preliminaries 1.2. Riemann surfaces

1.1.3 Other results

The Open Mapping Theorem ensures that holomorphic functions send open sets to
open sets, which may be used to prove topological statements (such as Proposition
4.3). One can find its proof in [20, Theorem 9.6.14].

Theorem 1.12 (Open Mapping Theorem). Let (X, ®) and (Q, V) be analytic
manifolds and let f: X — Q be a nonconstant analytic function. If U is an open
subset of X, then f(U) is open in Q.

A crucial result in the study of both transcendental entire and meromorphic functions
is the Great Picard Theorem, which shows the chaotic behavior of a holomorphic map
near an essential singularity. Its proof can be found in [20, Theorem 12.4.2].

Theorem 1.13 (Great Picard Theorem). Let f be holomorphic with an essential
singularity at zo. Then in any neighborhood U of zy, f(U) assumes each complex
number, with one possible exception, an infinite number of times.

The next one is a beautiful result due to Wolff and Denjoy (1926), which characterizes
the behavior of holomorphic maps from the unit disk to itself. A proof due to Beardon
(1990) is included in [17, Theorem 4.3.1].

Theorem 1.14 (Denjoy-Wolff Theorem). Let f be a holomorphic self-map of the
unit disk I, not conjugate to a rotation. Then, there exists p € D such that for all
z € D we have f™(z) — P

n oo

1.2 Riemann surfaces

The main goal of this section is to introduce the concept of Riemann surfaces. We
begin by focusing on the simply connected case, providing a classification that serves as
the foundation for understanding general Riemann surfaces. In addition, we examine
the structure of the group of conformal automorphisms associated with these surfaces.
Unless otherwise noted, the results and proofs presented here follow [21].

1.2.1 Simply connected surfaces

Here we focus on simply connected Riemann surfaces, which serve as the building
blocks for understanding the general theory. Using the uniformization Theorem, we
classify all simply connected surfaces up to conformal equivalence. This classification
is a key step toward the broader study of arbitrary Riemann surfaces.

Definition 1.15 (Riemann surface). We say S is a Riemann surface if and only
if it is a connected complex analytic manifold of complex dimension 1.

Definition 1.16 (Conformally isomorphic). Two Riemann surfaces S, S are con-
formally isomorphic (or biholomorphically equivalent) if and only if there exists a
conformal map from S to S’. In the special case S = ', it is called a conformal
automorphism of S.

Consequently, it suffices to study the simplest representative within each conformal
equivalence class. This motivates the result stated below.

Theorem 1.17 (Riemann Mapping Theorem). Let Q) C Cbea nonempty, simply
connected open set such that C\ Q0 consists of more than one point. There exists a
conformal map @ : Q@ —> D, which we refer to as the Riemann map. Moreover, given
2o € Q, there exists a unique Riemann map such that ¢(z9) =0 and ¢'(z9) > 0.

9



Chapter 1. Preliminaries 1.2. Riemann surfaces

Proof. Here, we focus on proving uniqueness, as it captures the essence of this type
of arguments. A proof of existence can be found in [20, Theorem 7.4.2].

Let us fix zp € Q and let 1,92 be two Riemann maps satisfying ¢;(z9) = 0 and
©i(z9) > 0, for i = 1,2. Then, f: D — D given by f(z) = ¢2 (4,01_1(2)) is a conformal
automorphism of D with f(0) = 0. By Theorem 1.21, there exists § € R such that
f(2) = e?%z. Thus, f'(0) = € and by the chain rule

- 1 ; 5(20)
F'(2) = ¢ (1'(2) =———— =€/ = f'(0) = eR,.
2 (o) ¢ (91 (2)) 1(20)
Hence, 0 € 277, i.e. f(z) = z for all z € D, which implies p; = ¢a. O]

Although there are uncountably many conformally distinct Riemann surfaces, there
are only three different surfaces in the simply connected case. The following result
can also be seen as a generalization of Theorem 1.17.

Theorem 1.18 (Uniformization Theorem). Any simply connected Riemann sur-
face is conformally isomorphic to the unit disk D, the complex plane C or the Riemann
sphere C.

We refer to these three cases as the hyperbolic, Fuclidean, and spherical types, respec-
tively. The proof of Theorem 1.18 is nontrivial and is not included in [21], but it can
be found in [22]. Thanks to this result, we can proceed more efficiently to the key
concepts in holomorphic dynamics.

1.2.2 Groups of conformal automorphisms

For any Riemann surface S, the notation G(S) will denote the group of all conformal
automorphisms of S. The identity map will be refered to as I = Is € G(5).

We first consider the case of the Riemann sphere C and show that g(@) can be
identified with a well-known complex Lie group. Thus, not only is it a group, but also
a complex manifold; therefore, the product and inverse operations for this group are
both holomorphic maps.

Lemma 1.19 (Mobius transformations). The group Q((@) 1s equal to the group of
all Mébius transformations

az +b
1o =cra
where the coefficients are complex numbers with ad — be # 0.
Next, we show that both G(C), G(D) can be considered as Lie subgroups of g(@)

Corollary 1.20 (The affine group). The group G(C) consists of all affine trans-
formations
F(2) = e +e,

with complex coefficients A # 0 and c.

Theorem 1.21 (Automorphisms of D). The group G(D) can be identified with the
subgroup of G(C) consisting of all maps

eig z—aQ

flz) =

1—az’

where a ranges over the open disk D and € ranges over the unit circle OD.

10



Chapter 1. Preliminaries 1.2. Riemann surfaces

To conclude this section, we provide a deeper study into the structure of these three
groups. For any holomorphic map f : X — X, it will be convenient to use the
notation Fix (f) C X to denote the set of all fixed points x = f(z). If f and g are
commuting maps from X to itself, i.e. fog=go f, note that

f (Fix(g)) € Fix(g).

If z € Fix(g), then f(x) = fog(z) = go f(x), hence f(z) € Fix(g). We first apply
these ideas to the group G(C) of all affine transformations of C.

Lemma 1.22 (Commuting elements of G(C)). Two nonidentity affine transfor-
mations of C commute if and only if they have the same fized point set.

Now we consider the group of G (@), though first we require the following definition.

Definition 1.23 (Involution). An automorphism g is called an involution if and
onlyif gog=1 and g # I.

Theorem 1.24 (Commuting elements of G(C)). For every f # I in G(C), the set
Fix(f) C (C contains either one point or two points. In general, nonidentity elements
f,g € g( ) commute if and only if Fix(f) = Fix(g). The only exceptions being pairs
of commuting involutions, each of which interchanges the two fized points of the other.

We want a corresponding statement for . However, it is better to work with the
closed disk D, in order to obtain a richer set of fixed points. By Theorem 1.21, every
automorphism of D extends uniquely to an automorphism of D.

Theorem 1.25 (Commuting elements of G(D)). For every f # I in G(D) = G(D),
the set Fix(f) C D consists of either a single point of D, a single point of OD, or two
points of OD. Two nonidentity automorphisms f,g € G(D) commute if and only if
they have the same fized point set in D.

1.2.3 Classifying arbitrary Riemann surfaces

In order to classify any arbitrary Riemann surface, we require the concepts of covering
map and deck transformation.

Definition 1.26 (Covering map). A map p : M — N between connected man-
ifolds is called a covering map if and only if every point in N has a connected open
neighborhood U within N which is evenly covered, i.e. each component of p~!(U)
must map to U by a homeomorphism. The manifold N is simply connected if and
only if it has no nontrivial coverings, i.e. if and only if every such covering map
M — N is a homeomorphism.

Definition 1.27 (Universal covering). For any connected manifold N, there exists
a covering map N — N such that N is simply connected. This is called the universal
covering of N and is unique up to homeomorphism.

Definition 1.28 (Deck transformation). Given a covering map p: M — N, we
say v : M — M is a deck transformation associated to p if and only if it satisfies the
identity p oy = p, i.e. the following diagram commutes:

M—" M

N

11
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Since the fundamental group 7 (N) and the group I' consisting of all deck transfor-
mations for the universal covering p : N — N are isomorphic (see |23, Proposition
1.39]), for our purposes we shall use I as 71 (IN). Note that this universal covering
p is always a normal covering of N. That is, given two points z,2’ € M = N with
p(z) = p(2’), there exists one and only one deck transformation mapping = to 2’. It
follows that N can be identified with the quotient N /T of N by this action of I'.

A given group I' of homeomorphisms of a connected manifold M gives rise in this way
to a normal covering M — M/T" if and only if the following conditions are satisfied.

i) I' acts properly discontinuously, i.e. any compact set K C M intersects only
finitely many of its translates (K) under the action of T

ii) T acts freely, i.e. all nonidentity elements of I' act without fixed points on M.

Now let S be a Riemann surface. Then the universal covering manifold S inherits
the structure of a Riemann surface, and every deck transformation is a conformal
automorphism of S. According to Theorem 1.18, since this universal covering surface
S is simply connected, it must be conformally isomorphic to one of the three model
surfaces. Thus, we have the following statement.

Theorem 1.29 (Uniformization for arbitrary Riemann surfaces). Every Rie-
mann surface S is conformally isomorphic to a quotient of the form S/I‘ where S is
a stmply connected Riemann surface (which is necessarily isomorphic to either D, C,
or (C) and where I' 2 w1 (S) is a group of conformal automorphisms which acts freely
and properly discontinuously on S.

The group G (§ ) has been studied in Section 1.2.2. It is a Lie group, and in particular
has a natural topology. Since the action of I on S is properly discontinuous, I" must
be a discrete subgroup of G(5).

We can now give a rough catalogue of all possible Riemann surfaces. The discussion
will be divided into two easy cases and one hard case.

By Theorem 1.24, every conformal automorphism of C has at least one fixed point.
Therefore, if S = C /T is a Riemann surface with universal covering S = (C then the
group I' € G ( ) must be trivial. Hence, S is also conformally isomorphic to C.

By Corollary 1.20, the group G(C) consists of all affine transformations z — Az + ¢
with A # 0. Every such transformation with A % 1 has a fixed point. Thus, if
S = C/I' is a surface with universal covering S o C, then I' must be a discrete group
of translations z — z + ¢ of C. There are three subcases, which are listed below.

e [f I is trivial, then S itself is isomorphic to C.

e If I has just one generator, then S is isomorphic to the infinite cylinder C/Z,
where Z C C is the additive subgroup of integers. Note that this cylinder is
isomorphic to the punctured plane C* := C\ {0} under the isomorphism

z — exp(2miz).

e If I' has two generators, then it can be described as a 2-dimensional lattice
A C C, ie. an additive group generated by two complex numbers which are
linearly independent over R (two generators which are dependent over R would
not generate a discrete group). The quotient T = C/A is called a torus.

12
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In all three subcases, note that our surface inherits a locally Euclidean geometry
from the Euclidean metric |dz| on its universal covering surface. As an example, the
punctured plane C* has a complete locally Euclidean metric 27|dz| = |dw| / |w|. Tt is
convenient to use the term Fuclidean surface for these Riemann surfaces, though the
term parabolic surface is also commonly used in the literature.

In all other cases, the universal covering S must be conformally isomorphic to the unit
disk. Such Riemann surfaces are said to be hyperbolic. It follows from the discussion
above that @, C, C/Z, and the tori C/(Z @ 77Z) are the only nonhyperbolic Riemann
surfaces, up to conformal isomorphism.

The inclusions D — C —s C provide examples of nonconstant holomorphic maps
from the hyperbolic surface D to the Euclidean surface C and, then, to the Riemann
sphere C. However, no maps in the other direction are possible.

Lemma 1.30. Every holomorphic map from a Fuclidean Riemann surface to a hyper-
bolic one is necessarily constant. Similarly, every holomorphic map from the Riemann
sphere to a Fuclidean or hyperbolic surface is necessarily constant.

A particular interesting property is that any Riemann surface can be made hyperbolic
by removing at least three points.

Lemma 1.31. Let a,b,c € C be distinct. Then, S = C \ {a,b,c} is hyperbolic, with
universal covering S conformally isomorphic to D.

Theorem 1.32 (Little Picard Theorem). Every holomorphic map f: C —C
which omits three different values must necessarily be constant.

Proof. Tt follows immediately from Lemmas 1.30 and 1.31. If f omits three distinct
values a, b, ¢, then it can be considered as a map from the Riemann sphere C to the
hyperbolic surface C \ {a, b, c}. O

1.3 Hyperbolic geometry

The primary objective of this section is to extend the definition of the hyperbolic
metric from the unit disk D to an arbitrary hyperbolic surface S. In addition, we
present three formulations of the Schwarz—Pick Lemma: one for the unit disk, another
for simply connected domains, and a third for the general case. Finally, employing
the comparison principle, we demonstrate that the hyperbolic metric on S exhibits
behavior inversely proportional to the Euclidean distance from a point to the boundary
0S. As in the previous section, the material presented here is primarily based on [24],
which also includes all proofs unless explicitly stated otherwise.

1.3.1 The unit disk as the hyperbolic plane

The hyperbolic plane is the unit disk D endowed with the hyperbolic metric

2|dz|
1— |z

Ap(2) |dz| ==

This metric induces a hyperbolic distance dp(z,w) between two points z and w in D in
the following way. We join z to w by a smooth curve « in I, and define the hyperbolic

length lp(7) of v by
1n(7) = [ ol .
v

13
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Finally, we set

dp(z,w) == inf p(7),
y

where the infimum is taken over all smooth curves « joining z to w in D.

We need to identify the isometries of both the hyperbolic metric and the hyperbolic
distance. A holomorphic function f: D — D is an isometry of the metric Ap(z) |dz|
if and only if for all z in D,

Ao (f(2)) [/(2)| = An(2),

and it is an isometry of the distance dp if and only if for all z and w in D,

dp (f(2), f(w)) = dp(z, w).

In fact, the two classes of isometries coincide, and each isometry is a Mobius trans-
formation from D to itself.

Theorem 1.33. For any holomorphic map f: 1D — D, the following are equivalent.
i) f is a conformal automorphism of D;
it) f is an isometry of the metric Ap;
iit) f is an isometry of the distance dp.

In summary, relative to the hyperbolic metric and the hyperbolic distance, the group
G(D) becomes a group of isometries.

Theorem 1.34. The hyperbolic distance dp(z,w) in D is given by

1 +p]D(va)

= 2tanh ™! pp(z, w),
1 —pp(z,w) (z,w)

dp (2 w) = log

where pp(z,w) denotes the pseudo-hyperbolic distance and is defined as

pp(z,w) =

Z—w
1—zw|’

As hyperbolic isometries map circles into circles, preserve orthogonality, and leave the
unit circle invariant, we arrive at the following definition.

Definition 1.35 (Hyperbolic geodesic). Suppose z and w are in . Then the
hyperbolic geodesic, i.e. minimal longitude path, through z and w is C N DD, where
C is the unique Euclidean circle which passes through z and w and is orthogonal to
the unit circle 0. If v is any smooth curve joining z to w in D, then the hyperbolic
length of 7 is dp(z,w) if and only if 7 is the simple arc of C' in D that joins z to w.

The unit disk together with the hyperbolic metric is also called the Poincaré model
of the hyperbolic plane.

We now show that the hyperbolic distance dp is additive along geodesics. By contrast,
the pseudo-hyperbolic distance pp is never additive along geodesics.

Theorem 1.36. If u,v,w are three distinct points in D that lie (in this order) along
a geodesic, then dp(u,w) = dp(u,v) + dp(v,w). For any three distinct points u,v,w
in D; p]D)(u7 U)) < p]D)(U, ’U) + pD(Uv w)

14
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Theorem 1.37. The topology induced by dp on D coincides with the Euclidean topol-
ogy. The space D with the distance dp is a complete metric space.

The Euclidean metric on D arises from its embedding in the ambient space C, but is
not complete when restricted to ID. In contrast, a notable property of the hyperbolic
distance dp is that it tends to infinity as a point z approaches to the boundary 0D;
informally, every point on 0D is "infinitely far away" from any point in . This
behavior reflects the fact that D, when equipped with the hyperbolic metric Ap, forms
a complete metric space. This completeness provides a compelling reason to favor the
hyperbolic metric over the Euclidean one on D.

Lemma 1.38 (Schwarz-Pick Lemma). Suppose that f : D — D is holomorphic.
Then either

i) f is a hyperbolic contraction; that is, for all z and w in D,

dp (f(2), f(w)) < dp(z,w), Ap(f(2))]f(2)] < Ap(2);

it) f is a hyperbolic isometry; that is, f € G(D) and for all z and w in D,

dp (f(2), f(w)) = dp(z,0),  Ap(f(2))|f'(2)] = An(2).

Hyperbolic geometry had been used in complex analysis by Poincaré in his proof of
Theorem 1.18. The work of Pick is a milestone in geometric function theory, it shows
that the hyperbolic metric is the natural metric for much of the subject. Although
the definition of this metric might seem arbitrary at first, up to multiplication by a
positive scalar it is the only metric on the unit disk that makes every holomorphic
self-map a contraction, or every conformal automorphism an isometry.

Theorem 1.39. For a metric p(z)|dz| on the unit disk, the following are equivalent.
i) For any holomorphic self-map of D and all z € D, p(f(2))|f(2)| < p(2).
i) For any f € G(D) and all z € D, p(f(2)) | (2)| = p(2).

iii) p(z) = cAp for some ¢ > 0.

1.3.2 The hyperbolic metric on simply connected regions

Theorem 1.17 enables us to transfer the hyperbolic metric from D to any simply
connected region S of C. Let f be a conformal map of a simply connected plane
region S to D. Then, the hyperbolic metric Ag(z) |dz| of S is defined as

As(2) = Ap (f(2)) | £ ()] (1.1)

We need to show that A\g is independent of the choice of the conformal map f used in
(1.1), since this implies that Ag is determined by S alone. Assume f is a conformal
map of S to D. The set of all conformal maps of S to D is given by h o f, where h
ranges over G(ID). Any conformal automorphism h of D is a hyperbolic isometry, so
that for all w in D,

Ap(w) = Ap (h(w)) ‘h’(w)‘ .

If we now let g = ho f, w= f(z) and use the chain rule, we get

Ao (9(2)) g ()] = Ap (B (F(2))) [B (F(D] £/ (2)] = Ao (£(2)) [/ (2)

)
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so Ag as defined in (1.1) is independent of the choice of the conformal map f.

Thus, every conformal map of a simply connected region of C to the unit disk is
converted into an isometry of the hyperbolic metric. The hyperbolic distance dg can
be defined in two equivalent ways. First, one can pull-back the hyperbolic distance on
D to S by setting ds(z,w) = dp (f(2), f(w)) for any conformal map f:S — D and
verify this is independent of the choice of conformal mapping to ID. Alternatively, the
hyperbolic length of a path v in S is

I5() = / As(2) ldz],

and one can define

ds(z,w) = inflg(7y),

where the infimum is taken over all piecewise smooth curves v in S that join z and
w. These two definitions of the hyperbolic distance, which is complete on S, are
equivalent. Moreover, a path v in S connecting z and w is a hyperbolic geodesic in
S if and only if f o~ is a hyperbolic geodesic in D. Also, for any a € S and r > 0,

f(Ds(a,r)) = Dp (f(a),r).

In fact, the entire body of geometric facts about the Poincaré model D transfers,
without any essential change, to an arbitrary simply connected region of C with its own
hyperbolic metric. If f:.S — D is a conformal map, then f is an isometry relative
to the hyperbolic metrics and distances of S and . As an immediate consequence
of this, we can assert that all conformal maps between simply connected regions are
isometries relative to the hyperbolic metrics and distances of said regions.

Theorem 1.40 (Conformal invariance). Let S1,S2 be simply connected regions of
C and f a conformal map from S1 to Sy. Then f is a hyperbolic isometry, i.e. for all
z,w € Sy,

/\52 (f(Z)) ‘f/(zﬂ = )‘51 (z)7 dS2 (f(Z), f(w)) = dS1 (Z7w)'

Note that if 7 is a smooth curve in Sy, then lg, (f o) = ls, (7).

This result implies that each element of G(S) is a hyperbolic isometry, which we use
to state an extension of Lemma 1.38 for simply connected regions.

Lemma 1.41 (Schwarz-Pick Lemma - simply connected regions). Let Si, Sy
be simply connected regions of C and let f be a holomorphic map from Sy to So. Then
either

i) f is a hyperbolic contraction, i.e. for all z and w in Sy,

ds, (f(2), f(w)) <ds,(z,w), sy (f(2)) [f'(2)] < As,(2);

i) f is a hyperbolic isometry, i.e. f is a conformal map from Sy to Se and for all
z and w in S,

ds, (f(2), f(w)) = ds, (z,0),  As, (f(2)) [f'(2)] = As, ().
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This is the appropriate place to point out that neither the complex plane nor the
Riemann sphere have a metric analogous to the hyperbolic in the sense that the
metric is invariant under the group of conformal automorphisms.

Theorem 1.42. Let d be a distance function on the complex plane or the Riemann
sphere that is invariant under the action of the full group of conformal automorphisms,
then there exists t > 0 such that d(z,w) =0 if z = w and d(z,w) =t otherwise.

1.3.3 The hyperbolic metric on a hyperbolic region

To transfer the hyperbolic metric from the unit disk to multiply connected regions,
we require the following result (which uses the concepts presented in Section 1.2.3).

Theorem 1.43. Let S be a hyperbolic region and let h: D — S be a holomorphic
universal covering. Then, there exists a unique metric Ag(w) |dw| on S such that
As (h(2)) [W (2)]|dz| = Ap(2) |dz|. Moreover, the metric is independent of the covering.

The unique metric Ag(w) |[dw| is called the hyperbolic metric on S. The hyperbolic
distance dg, which is complete on a hyperbolic region, is defined by

dS(za w) = inf ls(r)/)a

where the infimum is taken over all piecewise smooth paths «+ in S joining z and w.
Unlike the case of simply connected regions, a holomorphic covering f : D — S to
a multiply connected hyperbolic region is not an isometry, but only a local isometry.
That is, each point a € S has a neighborhood U such that f|; is an isometry. In
general, one can only assert that dg (f(2), f(w)) < dp(z,w) for z,w € D. When S is
multiply connected f is not injective, so there exist distinct z, w € D with f(z) = f(w).
Thus, ds (f(2), f(w)) =0 < dp(z,w). In particular, each holomorphic self-covering h
of S is a local isometry of the hyperbolic metric, and every h € G(S) is an isometry.

Lemma 1.44 (Schwarz-Pick Lemma - general version). Let Sy, So be hyperbolic
regions and let f : S1 — Sy be a holomorphic map. Then, for all z € S,

As, (F()) [f'(2)] < Asy (2)- (1.2)

Moreover, if f : S1 —> Sa is a covering, then As, (f(2))|f(2)| = As,(2) for all
z € S1; and if there exists a point in Sy such that equality holds in (1.2), then f is a
COVering.

1.3.4 The comparison principle

There is a powerful, and very general, comparison principle for hyperbolic metrics,
which we state here only for simply connected plane regions. This principle allows
us to estimate the hyperbolic metric of a region in terms of other hyperbolic metrics
which are known or, at least, can be easily estimated. In general, it is not possible to
explicitly calculate the density of the hyperbolic metric, so estimates are useful.

Theorem 1.45 (Comparison principle). Let S1, Sy be simply connected regions of
C. If S1 C Sy, then A\s, < Ag, on Si. Furthermore, if Ag,(2) = As,(2) at any point
z of Sa, then S1 = S2 and A\g, = \g,. Moreover, if S1 C S, then there exists some
= (S1,52) <1 such that A\g, < p g, .

The last part of Theorem 1.45 is based on the Definite Schwarz Lemma, covered in
[25, Section 7.5].
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In other words, the comparison principle asserts that the hyperbolic metric on a
simply connected region decreases as the region increases. Such metric on the disk
D, ={z € C||z| < r} is 2r|dz|/(r? — |z|?), which decreases to zero as 1 goes to oo.

The comparison principle is used in the following way. Suppose that we want to
estimate the hyperbolic metric Ag of a region S. We attempt to find regions S7, S
with known Ag,, Ag, such that S; C S C Sy, to then get A\g, < Ag < Ag,. The next
result is probably the simplest application of Theorem 1.45, and it gives an upper
bound of the hyperbolic metric of a region S in terms of the FKuclidean distance to
the boundary of S.

Proposition 1.46. Let S be a simply connected region of C. Then, for all z € S

2

As(2) < G0 a5y

and equality holds if and only if S is a disk with centre z.

To obtain a lower bound we first require the following result due to Bieberbach (1916),
which was first proved in [26].

Theorem 1.47 (Koebe 1/4 Theorem). Let f be holomorphic and univalent in D.
Then the region f(D) contains the open Euclidean disk with centre f(0) and radius

£ (0)1/4.
Proposition 1.48. Let S be a simply connected region of C. Then, for all z € S

1

m < As(2),

and equality holds if and only if S is a slit-plane.

Therefore, Propositions 1.46 and 1.48 show that the hyperbolic metric in S, in fact,
behaves as the inverse of the Euclidean distance up to the boundary 9.5

1 2

3d(2.09) =B = )
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Chapter 2

Holomorphic dynamics

We now turn to the study of dynamical systems arising from the iteration of complex
analytic maps. We begin by examining the local behavior near periodic points, with
particular emphasis on the existence of canonical coordinate systems, also known as
normal forms, near such points. Subsequently, we partition the phase space into the
Fatou and Julia sets to introduce key concepts from the global theory. The material
presented in this chapter is part of the standard curriculum of this master’s program.
Therefore, we provide detailed proofs only for those results that are of particular
relevance to the thesis. For further details, the reader is referred to [17, 21, 27].

2.1 Local theory

In this section we define periodic points and the notion of conjugacy, both of which
are essential for introducing normal forms. Unless stated otherwise, f denotes a non-
constant meromorphic map as explained before.

2.1.1 Periodic points

We first introduce the concepts of forward and backward orbits, as they are funda-
mental for defining periodic points.

Definition 2.1 (Forward and backward orbit). We say the forward orbit of a
point zg is the set OT(29) = {f™(20) }n>0. Similarly, if f is invertible, we can define
the backward orbit of zy, denoted by O~ (z0) = {f " (20) }n>0. Furthermore, we often
write O(zg) == O™ (z0).

Definition 2.2 (Fixed, periodic and preperiodic point). We say zy is a periodic
point of f with minimal period p > 0 if and only if fP(z9) = 2o and f*(z) # 2o for
all 0 < k < p. The set (z0) = O(20) = {20,..., fP ' (20)} is called the periodic orbit
of zp. In the special case p = 1, zq is a fived point of f. Additionally, if f¥(zg) is
periodic for some k£ € N but zg is not periodic, we say zg is preperiodic.

Given a periodic point zg of period p, we define its multiplier as X :== (fP)'(z0). By
the chain rule, one can see that

p—1
e | FACEY)

n=0

and, hence, the multiplier is the same for every point of the periodic orbit. Thus, we
call it the multiplier of the orbit, and periodic points can be classified using it.

Definition 2.3 (Classification of periodic points). Let (zy) be a periodic orbit
and A its multiplier. The cycle (zp) is called
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e attracting if and only if 0 < |A\| < 1;

e superattracting if and only if A = 0;

e repelling if and only if |A| > 1;

e rationally indifferent (or parabolic) if and only if A = e2™  where 6 € Q;
e irrationally indifferent if and only if A = ¢*™ where § € R\ Q.

The reason behind the name attracting is the following. Let zy be an attracting (or
superattracting) fixed point. We start from

Fla) ’f(Z) — f(z0)

zZ— 2

[f'(20)| = A < 1.

Z—20

For any ¢ > 0, there exists |A\| < p < 1 such that if |z — 29| < ¢, then F(z) < p.
Hence, |f(2) — f(20)| < p|z—20|. By repeating this argument, and because f(z9) = 2o
and p < 1, we obtain

[f"(2) = 20l = |f"(2) = [ (20)| < p"|z = 20| ——= 0,
n—oo
which implies that the iterates {f"(z)}n>0 converge to zp in a neighborhood of z.
This justifies the name (super)attracting and leads to the definition below.

Definition 2.4 (Basin of attraction). Let (z9) = {20, 21, ..., 2p,—1} be an attracting
periodic orbit. We define the basin of attraction of (zg) as

A((20)) ={z| [™(2) — for some 0 <i<p-—1}.

The connected component of A((zp)) containing the cycle is called the immediate
basin of attraction of (zp) and is denoted by A*((z0)).

2.1.2 Conjugacies and equivalences

Conjugacies are the main tool used for comparison and classification of dynamical
systems. Unless stated otherwise, let X, Y be topological spaces and let f : X — X,
g:Y — Y be continuous maps.

Definition 2.5 (Topological conjugacy). We say f and g are topologically conju-
gate if and only if there exists a homeomorphism A : X — Y such that ho f = goh,
i.e. the following diagram commutes.

x 1 x

h h
vy 2y
We write f ~ 9 if the topological conjugacy h needs to be specified.
op

If h can be chosen to be C", with 0 < r < oo, we say that f and g are C"-conjugate. If
X,Y C C we shall also use the term conformally conjugate if the map h is conformal.
Notice that the definitions also make sense locally.

Perhaps their most important property is that conjugacies preserve orbits. Indeed, if
f ~ 9, then f™ o~ g". Hence, O¢(20) is mapped bijectively onto Og4(h(zp)) by h. In
op op
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particular, periodic orbits are mapped to periodic orbits of the same period. We can
therefore name the properties preserved under conjugacies.

Definition 2.6 (Conjugacy invariants). A property or a quantity associated to
a dynamical system which is preserved under topological (resp. C”, conformal, etc.)
conjugacy is called a topological (resp. C", conformal, etc.) invariant.

An example of a Cl-invariant is the multiplier of a periodic orbit.

Many properties of dynamically defined sets are preserved under topological conju-
gacy. We are also interested in sets which remain invariant upon iteration.

Definition 2.7 (Invariant set). A set U C X is called forward invariant under f
(or f-invariant) if and only if f(U) C U. Similarly, U is backward invariant under f if

and only if f~1(U) C U. Additionally, U is totally invariant (or completely invariant)
under f if and only if f(U) =U = f~1(U).

Lemma 2.8. Topological conjugacies between f and g map f-invariant sets to g-
mwvariant sets. The same statement holds for backward and totally invariant sets.

Dynamical systems which are not conjugate may still be semi-conjugate. This happens
when there exists a continuous function h : X — Y satisfying h o f = g o h without
being a homeomorphism. As a result, many properties are still transferred from f to
g, but some are lost. For instance, orbits of f are mapped to orbits of g, but a p-cycle
of f might be mapped to a p’-cycle of g, with p/|p.

A weaker but still useful concept is that of equivalence between dynamical systems.

Definition 2.9 (Topological equivalence). We say f and g are topologically equiv-
alent if and only if there exist homeomorphisms hA; and hy such that the following
diagram commutes

Equivalences do not preserve orbits, so the dynamics of f and g may differ consid-
erably. Nonetheless, if f and g are topologically equivalent, there exists a bijection
between the critical points of f and the ones of g, and the same is true for critical
values. We shall see that these concepts play a crucial role in holomorphic dynamics.
In this context, being equivalent means to belong to the same "family" of maps.

2.1.3 Normal forms

We now focus on the dynamical behavior of a function near a periodic point. Since
periodic points of f correspond to fixed points of some iterate f™, with n € N, it
suffices to consider fixed points. Our objective is to represent f in its simplest form
near these fixed points; that is, to determine its normal form. To this end, let zy be
a fixed point of f with multiplier A.

We also want to know in which cases we can conjugate f to a linear function. This
is known as the linearization problem, and consists on finding the conditions under
which there exists a conformal map ¢ such that f is ¢-conjugate to the linear map
w — Aw, i.e.

o(f(2)) = Ag(z) = [ (¢ (w)) = ¢~ (Aw);
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which is also known as the Schrider equation.

(a) Attracting and repelling fixed points. In these cases, f is locally conformally
conjugate to its linear part z — Az. The precise statement is due to Koenigs (1884),
and one can find its proof in |21, Theorem 8.2].

Theorem 2.10 (Koenigs’ linearization). Assume |\| # 0,1, then there exists a
neighborhood U of 0 and a local conformal conjugacy w = p(z), where ¢ : U — @(U)
satisfies p(0) =0 and g o f oo~ (w) = Aw in ¢ (UN f~1(U)). The conjugacy ¢ is
called a linearizing map of f at the fized point and is unique up to multiplication by a
non-zero constant.

This is clearly a local result. However, for 0 < |\| < 1, the linearizing map can
actually be extended to the whole basin of attraction of the fixed point, though at the
expense of its bijectivity.

(b) Superattracting fixed points. The superattracting case corresponds to a holo-
morphic map f with a fixed critical point at the origin. Then f is locally conformally
conjugate to the normal form w — w™, where m — 1 is the multiplicity of the critical
point. The original statement is due to Bottcher (1904) and, because of its relevance
in Chapter 3, we include its proof here.

Theorem 2.11 (Bé&ttcher coordinates). Let f(2) = amz™ + amyp12™ ™ + -+,
with ap, # 0 and m > 2. There exists a neighborhood U of 0 and a local conformal
conjugacy ¢ : U — C conjugating f to w — w™. Moreover, the conjugacy ¢ is
unique up to multiplication by an (m — 1)st root of unity.

Proof. Let us prove existence and uniqueness separately.

e Existence: Given a neighborhood D(0,r) with » > 0 small enough, there exists
C > 1 such that |f(2)| < C|z|™, for all z € D(0,r). By induction, we obtain

n—1 j n mm
f7(2)] < CZi=0 ™ [2|™" < (Clz))™,

and we can choose r such that Cr < 1, which implies f"(z) — 0 for all
z € D(0,7). Applying the change of variables ¢(z) = bz, where b~ ! = 1/a,,,
we obtain

L) = & (@b ) = b =2

SO we can assume a,, = 1. Now, consider for any n € N

-n —-n

=z(1+--)"

n n )m

SDn(Z) = (f”(z))m_ = (zm + ...

which are well-defined in a neighborhood of 0 and satisfy

—-n

on(f(2) = (f"(2)" = (enpr(2)"

Therefore, if we prove that ¢, — ¢, then we will get o f = ¢™ and ¢'(0) # 0
(since ¢, (0) = 1), obtaining a non-constant conjugacy ¢. Since

—-n

ﬁj:<miy”ylz<@yvm
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and

3=

prof" <(fn(z))m + At (F(2)™ T 4 )
o 71(2)

we obtain, for any z € D(0,r) with Cr < 1,

= (L4 @ f"(2) + )7,

—-n
n

(p;zl B ((1 + a1 f(2) + - )7)m =@+o(fr =N =

3|~

=1+0(m™)O ((C’z)mn> =1+0(m™).
Hence, on D(0,r) the product
ﬁ Pn+1
n=1 #n
converges uniformly. Thus, {¢,}, converges to a local conformal map .

e Uniqueness: Assume ¢, ¢ satisfy

pofop H(w)=uw™=¢o fop  (w).
By considering ® := w0 ¢!, we obtain

¢ (w™)=®ogofog H(w)=pofop lod(w)=(B(w)".

Since ®(0) = 0, then ®(2) = c¢1z + ---. The condition above tells us that
c’lﬂ_1 = 1 and the other coefficients are 0. Therefore, ¢ = c1¢, where ¢ is a
(m — 1)st root of unity. O

The map ¢ is called a Béttcher map or Béttcher coordinate. Since w — w™ is not an
invertible map, we cannot extend ¢ to the whole basin of attraction as it can be done
for 0 < |A| < 1. However, it is still possible to extend the real map || : U — R, U{0}
to the whole basin.

Theorem 2.11 has important applications to the dynamics of polynomials near infinity,
which is a superattracting fixed point for any p € Pol. We will deepen into it in the
following chapter.

(c) Parabolic fixed points. In this case we assume that the origin is a fixed point
whose multiplier A is a gth root of unity. By taking the qth iterate of the map we
reduce to the case A = 1. Hence, we consider maps of the form

f(z) =2+ az™ + 0 (zm+2) , where m > 0 and a # 0.

The integer m + 1 is called the multiplicity of the parabolic point, which is the order
of the zero of f — Id at the fixed point.

In order to describe the dynamics around the parabolic fixed point, some additional
concepts are required.

Definition 2.12 (Attracting and repelling petals). Assume f is defined and
conformal in a neighborhood U of the origin. An open set P C U is called an
attracting petal for f at the fixed point if and only if
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Chapter 2. Holomorphic dynamics 2.1. Local theory

i) f(P) cPu{o};
i) N, " (P) = {0}.
An open set P C f(U) is called a repelling petal for f at the fixed point if and only if

P is an attracting petal for f~! : f(U) — U, where f~! denotes the branch of the
inverse of f fixing the origin.

The following result is due to Leau, Fatou and Julia in successive approximations.

Theorem 2.13 (Parabolic flower Theorem). Assume f has a parabolic fized point
with multiplier A = 1 at the origin of multiplicity m + 1. Then there exist 2m petals
{Pj}iz, numbered cyclically around the origin and such that P; is attracting or re-
pelling according to whether j is odd or even, respectively. Each petal P; intersects
only its two immediate neighbors Pj_1 and Pji1 (indices are taken mod 2m), and are
disjoint from the rest. The petals can be chosen so that the union

{0}UPLU---U Py,

forms an open neighborhood of the origin, as illustrated in Figure 2.1.

Ps3 Ps

774 732
Pr

Ps P1
Ps Pro

FIGURE 2.1: Distribution of the invariant petals around a parabolic
point with multiplier A = 1 and multiplicity 4 (left) and 6 (right).

Suppose f is globally defined and has a parabolic fixed point at the origin of multiplier
A = 1. If the orbit of 2z # 0 is infinite and converges to 0, it needs to belong to one
of the attracting petals P in Theorem 2.13 from some iterate and onwards. Then, we
say that the orbit converges to 0 through P. This motivates the following definition.

Definition 2.14 (Parabolic basin of attraction). Let zy be a parabolic fixed point
of f with multiplier A = 1 and let P be an attracting petal. We define the parabolic
basin of attraction of zy associated to P as

Ap(zp) = {z eC\ U ™ (=z0) | f"(2) — % through 73} .

n>0

Additionally, we define the immediate parabolic basin of attraction, denoted by A% (20),
as the forward invariant connected component of the basin.

Notice that if the parabolic fixed point has multiplicity m + 1, then it has exactly
m disjoint parabolic basins. Even though f is not conjugate to its linear part in a
neighborhood of the parabolic fixed point, it turns out that some kind of linearization
is possible inside each of the petals.
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Chapter 2. Holomorphic dynamics 2.1. Local theory

Theorem 2.15 (Parabolic linearization). For every attracting and repelling petal
P, there exists a conformal map ¢ : P — C, called the Fatou coordinate in P, which
conjugates f to the translation w — w + 1 on PN f~1(P). That is, the following
diagram commutes.

PP —Lsp

3l 0

C w—w—+1 C

If 0 is a parabolic fixed point of f with multiplier A = 24 # 1 and if f¢ has
multiplicity m+1 at 0, then the number of attracting and repelling petals in Theorem
2.13 is m = kq, for some k € N. The m attracting petals are forward invariant under
f% and can be chosen so that they form k forward invariant cycles of petals of period
q under f. The petals in a cycle are mapped among themselves with rotation number
p/q, see Figure 2.2. Moreover, the k cycles of petals of period ¢ give rise to k disjoint
parabolic basins of attraction for the parabolic fixed point.

FIGURE 2.2: A parabolic fixed point of multiplier A = ™% and
multiplicity 6 for f° (hence k = 1). There is one cycle of attracting
petals with combinatorial rotation number %

(d) Irrationally indifferent fixed points. Here the origin is a fixed point with
multiplier A = €™ with # € R\ Q. The fundamental question is which conditions on
0 ensure that f is locally conformally conjugate to its linear part z — Az. If so, we
say f is conformally linearizable around the fixed point. In contrast to the previous
cases, the complete answer is still open in some particular scenarios.

Definition 2.16 (Siegel and Cremer points). We say that an irrationally indiffer-
ent fixed point is either a Siegel point or a Cremer point depending on whether a local
linearization is possible or not. The connected component on which f is conformally
linearizable is called a Siegel disk, with the fixed point zg as its centre.

The linearization problem depends on the number theoretical properties of 6. Notice
that 6 is taken modulus 1 and, therefore, we can assume without loss of generality
6 € (0,1), though it is not required for the definitions below. We recall here that
0 € (R\Q)N(0,1) can be expressed as a continued fraction

1

QZF:[CL(),CH,...,G”,...],

a1+.'
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Chapter 2. Holomorphic dynamics 2.2. Fatou and Julia sets

and one can consider the rational number representing a finite sequence

D _ [a1,...,an] —— 0.
qn n—oo

Several classes of numbers have been defined using these concepts. Although they
are not required for our purposes, we include the definitions of both Diophantine and
Bryuno numbers for completeness.

Definition 2.17 (Diophantine numbers). Let § € (R\ Q) N (0,1), we say 6 is
Diophantine of order k, denoted by D(k), if and only if there exists ¢ > 0 such that
for all n > 0 we have

k—1
n+1 < Cqy .

Definition 2.18 (Bryuno numbers). Let § € (R\ Q)N (0,1), we say € is a Bryuno
number, denoted by B, if and only if

o0

lo
Z g dn+1 < oo
qn

n=0

Using these, in 1942 Siegel showed that if 6 is Diophantine, then there is a Siegel disk
around the fixed point. This condition was later improved by Bryuno and Riissman
in the 1960s, and it was shown to be the best possible optimization by Yoccoz in 1988.

Theorem 2.19. Let f(z) = e*™ 2 + O(22) be defined in a neighborhood of the origin
and 8 € R\ Q. If0 € B, then f is holomorphically linearizable in a neighborhood of 0.
Conversely, for any 0 ¢ B, the quadratic polynomial f(z) = e*™z + 22 is not locally
holomorphically linearizable.

In other words, for the family of quadratic polynomials, the Bryuno condition is
optimal for linearization. It is conjectured by Douady this is also the case for the
whole class of rational maps.

The local dynamics around Cremer points is complicated and interesting. When
linearization is not possible, there is always a compact invariant set with nontrivial
topology around the fixed point. For a deeper study on Cremer points, see [28].

2.2 Fatou and Julia sets

The aim of this section is to explore global properties of the dynamics of holomorphic
functions by combining Montel’s theory of normal families with the local dynamical
theory developed in the previous section. Unlike earlier, where the focus was broader,
here the holomorphic map f is restricted to belong to either the class Rat or Ent,
since some results that do not hold for the M class are included.

We will revisit these concepts in Chapter 5, where the emphasis shifts to meromorphic
functions. There, we discuss the main challenges and differences that arise when
extending the theory to this broader setting, as well as identify which results from the
current section remain valid in the more general context.
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Chapter 2. Holomorphic dynamics 2.2. Fatou and Julia sets

2.2.1 Definitions and properties

We begin by defining the Fatou and Julia sets, which partition the phase space into
regions of stable and chaotic behavior, respectively. This section also summarizes
their essential properties that underpin much of the theory in complex dynamics.

Definition 2.20 (Fatou and Julia sets). Let f be holomorphic. We define the
Fatou set of f as the points z such that there exists a neighborhood of z where
{f"}n>0 is normal, we denote it by F;. In contrast, the Julia set is denoted by J¢
and is defined as the complement of the Fatou set, i.e. Jy:=C\ Fy.

Example 2.21. Consider the quadratic map f(z) = 22, which is holomorphic in the
Riemann sphere. Its fixed points are determined by f(z) = z, whose solutions are 0,
1 and oo. In order to classify them, we shall study their multipliers. Since f’(z) = 2z,
1 is repelling, while 0 and oo are superattracting (notice that for co we must take its
respective local chart f*(w) =1/f(z2)).

0

Let us now express the complex number z in polar coordinates, i.e. z = re', and

observe the following:

o If z €D, then f7(2) = 22" =r2"e?"? —— 0.
n—oo

o If 2 ¢ ﬁ, then f”(z) = 2" — T2"€2”i9 0.
N—00

e Finally, if 2 € 9D = S!, then f(2) is just a rotation and f"(z) € S'.

One could now study the normality of { f"},>0 in these sets in order to determine the
Fatou and Julia sets. However, by Proposition 2.26, we immediately obtain F = C\S!
(since f € Rat) and Jy = S', which is illustrated in Figure 2.3.

FIGURE 2.3: Representation of the dynamics of f(z) = z2. Points

whose orbits converge to 0 are shown in yellow, while the ones escaping
to oo are in purple. The Julia set is the boundary of both regions,
which corresponds to the unit circle S*.

In order to state properties of the Fatou and Julia sets, we first need to define grand
orbits and exceptional points.

Definition 2.22 (Grand orbit). The grand orbit of zy is defined as the set consisting
of all z whose orbits eventually intersect the orbit of zg. That is,

GO(z, f) ={z]| f"(20) = f™(z) for some n,m > 0}.
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Definition 2.23 (Exceptional points). A point z is called exceptional under f if
and only if its grand orbit GO(zp, f) is a finite set. The set of exceptional points is
denoted by E(f).

Lemma 2.24 (Finite grand orbits). The set E(f) of a rational map has at most
two points which, if exist, must always be superattracting periodic points of f. If f is
transcendental entire, then E(f) has at most one point.

We finish this section with the statement of some results for the Fatou and Julia sets in
the form of two propositions. The first one contains some of their general properties,
while the second one classifies periodic points into one of them.

Proposition 2.25. Let f € {Rat,Ent}. Then,
i) The Fatou set is open, while the Julia set is closed.
it) The Fatou and Julia sets are completely invariant.
iii) For any k > 0, Fpo=Fy and Jpe = Jy.
iv) Let zg € Jf and U be a neighborhood of zy disjoint from E(f). Then

S\E(f) cl .

v) Either Js has no interior point, or Jr = S.
vi) The Julia set is perfect (closed, nonempty and without isolated points).
vii) The Julia set is either connected or has uncountably many components.
viii) If zo € C\ E(f), then T C U0 [ "(20)-
iz) If A is a closed, backward invariant subset of C containing at least three points,
then the Julia set is contained in A.
Proof. We only prove ix) due to its particular relevance in Chapter 4.

iz) Let S be the complex plane C or the Riemann sphere C depending on whether f
is entire or rational, respectively. Since A is backward invariant, we have f~1(A) C A
and f(S\ A)NA=0. Hence,

U s\4ana=0.

n>1

Since A contains at least three points, by Theorem 1.2 we get that S\ A C Fy, which
implies J; C A. O
Proposition 2.26. Let f € {Rat,Ent}.

i) Every attracting periodic orbit and their attracting basin are contained in the
Fatou set. Moreover, the topological boundary of the basin of attraction is equal
to the entire Julia set.

i1) BEvery repelling periodic orbit is contained in the Julia set. Additionally, repelling
periodic points are dense in Jy.

ii1) Parabolic periodic points are contained in the Julia set. However, their basins
of attraction are contained in the Fatou set.
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iv) All Siegel points and their respective disks are contained in the Fatou set. On
contrast, Cremer points are in the Julia set.

2.2.2 Fatou components

To gain a deeper understanding of the possible limit functions arising from the itera-
tion of f within its set of normality, we introduce the concept of Fatou components.
These components are the connected subsets of the Fatou set, where the family of
iterates {f"},,~, forms a normal family and exhibits stable, well-behaved dynamics.
Analyzing these components allows us to classify the local and global behaviors of the
system and provides insight into the different types of dynamical phenomena that can
occur in holomorphic iteration.

Definition 2.27 (Fatou component). A Fatou component U is a connected com-
ponent of the Fatou set.

Since the Julia set always surrounds Fatou components, they must be mapped to
another components with the exception of at most one point, which must be an
asymptotical value (because it is locally omitted). Therefore, rational maps send
Fatou components to Fatou components properly, i.e. f: U — V holomorphic such
that f(OU) = oV.

Thus, Fatou components can only be:
e Periodic: fP(U) = U for some minimal p > 1. If p =1, it is a fized component.
e Preperiodic: f"(U) is periodic for some n > 1.
e Wandering: f*(U)N fi(U) =0 for all k # j.

The behavior of successive iterates of f on periodic components is well understood.
The following result, originally stated by Fatou, summarizes the different possibilities
we might have (see Figure 2.4).

Theorem 2.28 (Classification of Fatou components). If U is a periodic Fatou
component of period p, then exactly one of the following holds.

i) U is an attracting domain, i.e. there exists an attracting periodic point zg € U
of period p such that f™"P(z) —— 2o, for all z € U.
n—oo

it) U is a parabolic or Leau domain, i.e. there exists a parabolic periodic point
2o € OU of period p such that f"P(z) —— zp, for all z € U.
n—oo

i11) U is a Siegel disk, i.e. U is simply connected and there exists a conformal map
¢: U — D such that ¢ (f? (¢7'(2))) = e?™0 2, for some § € R\ Q.

i) U is a Herman ring, i.e. U is a doubly connected set and there exist an an-
nulus A, = {1 < |z| < r} and a conformal mapping ¢ : U — A, such that

10) (fp (¢_1(z))) =¥, for some § € R\ Q.
v) U is a Baker domain, i.e. there exists zyp € OU such that f™P(z) — % for
all z € U, but fP(zg) is not defined.

Although the following result does not rely on the notion of Fatou components, we
include it here due to its significance in the study of attracting and parabolic domains.
Its proof can be found in [21, Lemma 8.5, Theorem 10.15].
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(A) Attracting domain (B) Parabolic domain (c) Siegel disk

(p) Herman ring (E) Baker domain

FIGURE 2.4: Schematic representation of the different types of Fatou
components.

Theorem 2.29. Let zg be an attracting or a parabolic fized point. Then, the immediate
basin of attraction of zg contains at least one singular value.

In contrast to periodic Fatou components, wandering domains can display far more
intricate dynamical behavior. Their study provides insight into the global structure
of the Fatou set and the function’s long-term dynamics. The existence of wandering
domains strongly depends on the class of holomorphic functions under consideration.
For rational maps, Sullivan established in [29] that wandering domains do not exist in
this setting, resolving a major open question in one-dimensional complex dynamics.
The formal statement is as follows.

Theorem 2.30 (No wandering domains). Let f : C —> C be a rational map with
deg f =d > 2. Then, every Fatou component is either periodic or preperiodic.

This result highlights a deep rigidity in the dynamics of rational maps. However, in the
setting of transcendental entire and meromorphic functions, wandering domains not
only exist but can exhibit diverse behaviors. Their presence reflects the richness and
complexity of transcendental dynamics, which is not constrained by the compactness
of the Riemann sphere.

For a foundational exposition of these ideas, see Sullivan’s original paper [29]. How-
ever, may you be interested in an overview of meromorphic dynamics, including the
role of wandering domains, see [30]. On the other hand, Milnor’s [21| provides an
accessible introduction to the subject, including a clear discussion of Theorem 2.30.
For more advanced results on wandering domains in transcendental settings, the work
of Mihaljevi¢-Brandt and Rempe [31] is highly recommended, particularly in connec-
tion with escaping sets and the Eremenko—Lyubich class, i.e. transcendental entire
functions with bounded singular set.
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Chapter 3

The escaping set of polynomials

The primary goal of this chapter is to prove Theorems A and B, the latter through the
use of hyperbolic geometry. In the first section, we apply Theorem 2.11 to establish
that infinity is a superattracting fixed point, leading to the conclusion that its basin of
attraction is an open and connected set. The second section addresses the connectivity
of the Julia set for polynomials, providing a complete characterization and illustrating
each case with explicit examples. Further discussions on these topics can be found in
[17, 21].

3.1 The dynamics of polynomials

Throughout this chapter, we assume that p € Pol, i.e. a polynomial of degree at least
2. This case is of particular importance, as it is the only one in which infinity lies
in both the domain and the image of the functions under consideration. In fact, this
provides a natural context in which to introduce our main object of study.

Definition 3.1 (Escaping set). Let f be a non-constant meromorphic map, we
define the escaping set of f, denoted by Iy, as the set of points whose orbit tends to
infinity. That is,
Iy ={2€C| f"(2) —— oo}.
n—oo

In the case of polynomials, the phase space can be partitioned into the escaping set
and filled Julia set, denoted by K,,. This set consists of all points whose orbits under
p remain bounded, and it includes both the Julia set and the bounded components of
the Fatou set. Formally,

KCp = {2z € C| Oy(2) is bounded}.
This leads to a fundamental property for our analysis
0L, = 0K, = Jp,

which highlights the Julia set as the common boundary between the escaping and
non-escaping dynamics.

The following result guarantees that we may refer to the escaping set and the basin
of attraction of infinity interchangeably.

Proposition 3.2. Let p € Pol, then z = oo is a superattracting fized point of p.
Proof. We first see that z = oo is indeed a fixed point of p(z):

p(00) = lim p(z) = co.

Z—00
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Chapter 3. Polynomials 3.2. Connectivity of the Julia set

We shall now prove it is also superattracting. We consider the local chart ¢(z) =1/z
in order to obtain the expression of p(z) in a neighborhood of oo, i.e.

p(z)=popop t(z)= !
p(Z)—gO poy () p(l/z)

Since p(2) = ag + a1z + - - - + agz?, with aq # 0 and d > 2, we get the following:

. 1 1

p(2) = 1
d
1 =z .
() p( /Z) ao+a1/2+---+ad/zd (aozd—i—alzd—l "'+al>

Thus, p(0) =0 (i.e. p(occ) = o0) and (p)’ (0) =0 (i.e. p'(c0) = 0). O

Remark 3.3. Notice that A, (co0) = Z,, since both share the same definition.
The following are direct implications of the previous remark:
o Ky =C\ Ay(o0),
o J, =0K, =0A,(c0),
o F,=A,(0c0) Uint (Kp).
Moreover, the escaping set is connected when considered within the Riemann sphere.

Theorem A. Let p € Pol. Then, Ap(c0) is connected.

Proof. Since oo is superattracting, there exists a neighborhood U of co such that
f(U) CU. We can assume U is the largest open connected subset of A, (c0) satistying
this property by enlarging it if necessary. If Ay,(oco) is disconnected, then there exists
a connected component V' C Ay,(c0) such that U NV = . Since Fatou components
are mapped to Fatou components and co € U, there exists an integer £ > 0 such that
pF(V) = U. Thus, V contains a (pre)pole, which leads to contradiction. O]

Remark 3.4. From 7, = A,(c0) Uint(K,), we get that the escaping set is open. In
fact, by Theorem A, it is a Fatou component. Therefore, K, is closed and both I,
and J, = 0K, are compact.

Hence, the basin of attraction of infinity, i.e. the escaping set, is an open and connected
set that surrounds the Julia set. What remains is to determine whether A,(c0) is
simply connected, which will follow from an analysis of the connectivity of 7.

3.2 Connectivity of the Julia set

Since J, = 0I,, its topological structure plays a crucial role in understanding the
global dynamics of the polynomial p. In this section, we address this question by first
establishing a few preliminary results that will allow us to characterize precisely when
Jp is connected.

Lemma 3.5. Let p € Pol. There exist R € Ry and X\ > 1 such that if |z| > R, then
[p(2)] = Al2|.

Proof. Since p(z) = aqz® +aqg_12%"' 4+ -+ a1z +ag, with d > 2 and ag # 0, we have

for all z# 0
— ad—1 ai ao
Ip(2)] = |2 ‘Zd 1‘ ‘ad+ — ttaat )
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Therefore,

a ao

d— ad—1
p)] 2 Ae| = |27 Joa + 2 o L 4 90>

for some A > 1. Note that

aq— a a
lim A=A <oo= lim ‘zd_lHad+L+...+ d11+%’
|z]—o00 |z]—00 z z4= z
so there exists R € R satisfying the statement. O

Prior to the next lemma, we shall introduce the concepts of Jordan arc and curve.

Definition 3.6 (Jordan arc, Jordan curve). Let a,b € R such that a < b and let
C : [a,b] — C be continuous. We say C'is a Jordan arc if and only if C' is injective.
Also, we say C'is a Jordan curve if and only if C'(a) = C(b) but C'is injective in (a, b),
i.e. C is a closed and simple curve. Moreover, if C' is a Jordan curve, we denote by C
the bounded component of C delimited by C| including its boundary.

Notice that for a complex polynomial p, the set of singular values S(p) only contains
critical values, i.e. images of critical points. Let us also denote the set of critical
points as Crit(p).

Lemma 3.7. Let p € Pol and let C be a Jordan curve.

i) If CNS(p) = 0, then p~1(C) is a set of Jordan curves C4,...,Cq which are
either equal or disjoint.

i) If CNS(p) = {wo}, then p~1(C) is a set of Jordan curves C1,...,Cy which are
either equal or intersecting at most on p~1(vg), the latter satisfied at least once.

In both cases, C1,...,Cq satisfy that p|5: a —Cisa proper map. Its degree is
given by

degp|ci =:d; = # (Crit(p) ﬂ@) +1,

where critical points are counted with multiplicity. Moreover, if we only count repeated
curves once, the sum of all d; is d.

Proof. Since polynomials are proper maps and C is compact, p~(C) is compact.
Therefore, every connected component of p~1(C) is closed and bounded.

i) Let us fix w € C. Since w ¢ S(p), p~*(w) = {21,...,24} are distinct points. Let
W be a neighborhood of w such that W N S(p) = 0, which exists because the
number of singular values is finite. By Proposition 1.7, there exist Uy, ..., Uy
neighborhoods of 21, ..., 24, respectively, such that p: U; — W is a proper map
of degree 1, i.e. biholomorphic. By reducing W if necessary, we may assume
that Uy, ...,Uy are pairwise disjoint. Therefore, p~1(C) N U; is a Jordan arc
containing z; in its interior. This implies that p~!(C) has no self-intersections
and no endpoints, hence p~1(C) is a Jordan curve. Since p has degree d, there
exist d preimages of C' counted with multiplicity, all of them Jordan curves.

ii) Now suppose that C contains one singular value vy and consider " = C'\ {vp}.
By the same argument above, p~1(C’) cannot have self-intersections. Thus,
the connected components of p~*(C) can only self-intersect at critical points in
p 1 (vg). Since vg must have at least one critical preimage, let ¢y € p~!(vg) such
that p’(co) = 0. Let W be a neighborhood of vy such that S(p) "W = {vg} and
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let V be the connected component of p~! (W) containing ¢g. Then p|,,: V. — W
is proper of degree d’ > 2. Hence, every point of W (except vg) must have at
least two distinct preimages. This implies that at least two preimages of C' must
intersect at cg.

In both cases, if C; is a Jordan curve mapping to C, p <a> =C by Theorem 1.12.

Moreover, since p is proper, p|z: /C\z — C has degree d; = # (Crit(p) N a> O]

Lemma 3.8. Let U,V C C be open, simply connected sets satisfying V C U, let ¢ be
a conformal map from U to V and let dy denote the hyperbolic distance on U. Then,
forall zyw e U

dy(p(2), p(w)) < pdy(z,w),
where 0 < p < 1 only depends on the domains U,V .

Proof. Let us denote by dy the hyperbolic distance on V. Then, for all z,w € U

dy (p(2), p(w)) < pdy ((2), p(w)) = pdy(z,w),

where we have applied Theorem 1.45 on the inequality (which also provides u) and
part i) of Theorem 1.41 on the equality, since ¢ is conformal. O

We now present the result that addresses the question of the connectivity of 7,. One
may either state a general theorem valid for all p € Pol, or restrict to the quadratic
case in order to obtain a more precise characterization. Both versions are given below;
however, only the first part of the statement is proven in the general case.

Theorem B. Let p € Pol.
i) If no critical point of p belongs to Ap(oo), then ICp is a connected set.

i) If at least one critical point of p belongs to Ay(00), then KCp is disconnected and
has infinitely many connected components. Additionally, if A,(oco) contains all
critical points of p, then K, = J, is totally disconnected, i.e. a Cantor set.

Proof. i) Lemma 3.5 provides us a radius R > 0 such that if |z| > R, then [p(z)| > A|z|
for some A > 1. Let us define Dy := {z € C||z| < R+1}, which satisfies 0Dy C Ap,(c0)
is a Jordan curve. Notice that, by Lemma 3.5, every point outside Dy goes further
away; thus, Dy contains all its preimages. Moreover, every zg € Dy \ p~1(Dp) is also
in A, (00), since p(z9) ¢ Do implies |p(zp)| > R.

From Lemma 3.7 and the fact that 0Dy does not contain any singular value, we get
that p~' (0Dy) is composed of d Jordan curves, which must either coincide or be
disjoint. We are going to prove the latter is not possible. Thus, let us assume d — 1
preimages coincide and p_l(aDo) = C7 U (5, where (1,5 are two disjoint Jordan
curves. Sin/q\e 0Dy is contained in the escaping set, no critical value belongs to C1 UC5.
Hence, p: C; — Dy is a proper map for both ¢ = 1,2. Their degree is given by the
number of critical points contained in C; plus 1. Since we have d — 1 critical points
and they must all be contained in either C; or Cy by hypothesis (otherwise such
point would belong to Ay,(c0)), the sum of both degrees gives d + 1, which leads to
contradiction (it should not exceed d). Therefore, C; = Cy and D; := p~(Dyp) is an
open, simply connected set such that Dy C Dy and p: D1 — Dy is a proper map of
degree d.

34



Chapter 3. Polynomials 3.2. Connectivity of the Julia set

Iterating through the same process, one gets a chain
Do>oDyD>---DDpD---

such that D,, C D,,_;, which means {Din}n>O is a decreasing nested sequence of
nonempty compact and connected subsets. Therefore,

-
n=0

is also a nonempty compact and connected set.

ii) Let us assume p(z) = 22+ ¢ (with unique critical value ¢) without loss of generality
and consider the same radius R > 0 as before. We define Dy := {z € C||z| < R+ 1}
and, by enlarging R if necessary, we may also assume p™(0) € Dy, for some m > 1.
Then, ¢ € p~™*(8Dg) and p~™*! (Dy) C --- Cp~! (Dy) C Dy for similar arguments
as in i). Therefore, D, = p~!(D,_1) is an open, simply connected set such that
D,, C D,_1, the map p: D,, — D,_ is proper of degree 2 and 0,c € D,,, for all
1<n<m-—1.

Since ¢ € 0D,,—1, we cannot iterate in the same way any further. Let us denote
D := D,,_ for the sake of simplicity. By part i) of Lemma 3.7, the whole preimage
of 0D consists of two Jordan curves, say C1,Ca, such that C; N Cy = {0}. Moreover,
since p(z) is an even map, the curves C, Cy are symmetric with respect to the origin.

By denoting I; = int (/C\Z>, we define the proper biholomorphic maps ¢; : D — I,
for ¢ = 1,2, such that p o p; = Id. Notice that since I, I3 are conformally conjugate
to D, they also contain an infinity-shaped region mapped to I; U Is inside each of
them. Let us denote by I;; the subset in I; mapped to I; via p, with 4, j € {1,2}. By
iterating this procedure, we obtain

Lsgsys, = {2 € UL |pF(2) € I, for all 0 <k <n},

where s; € {1,2}. Another way to understand these sets is by considering images of
©1, 2. For instance, we have I1 = ¢1(D) and 12 = ¢1(I2) = ¢1 0 p2(D), see Figure
3.1 for a showcase of n = 1. In general,

Lsgsy s = Psg © sy 0 095, (D) = p(Isgsysn) = 510 0 05, (D) = L),

Let us now define I" = {I5,s,..s, | Si € {1,2}} and d,, = maxse» diam([), which
exists because the diameter of I and I coincide. Notice that a point zg is contained
in K, if and only if z9 € (72", so it suffices to prove d,, —— 0. If we prove
n—oo
that there exists some 0 < p < 1 such that d, < pd,_1 for all n > 1, we will have
dp < p" dg —— 0. Therefore, all elements of IC), are points and K, = J,, is a totally
n—oo

disconnected set.

By definition of d,,, there exist I* € I"™ and z9,wo € I* such that dp(zp,wo) = dp,
where dp denotes the hyperbolic distance on D. By applying p, we get two points
21 = p(20) and w; = p(wp) belonging to the same connected component of 1"~ 1. Let
i € {1,2} such that zp = ¢;(z1) and wy = @;(w1). Since ¢; is a conformal map,
dp(z0,wo) = dp(pi(21), pi(w1)). By applying Lemma 3.8, we get, with 0 < p < 1,

dn = dp(pi(21), pi(w1)) < pdp(z1,w1) < p max, diam(I) = pdp—1. O
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Chapter 3. Polynomials 3.2. Connectivity of the Julia set

FIGURE 3.1: Showcase of the construction Iy, ..., for n =1.

In the case of a quadratic polynomial, there is a unique finite critical point, say zg.
This leads to a natural dichotomy based on whether zj lies in the escaping set.

Theorem 3.9. Let p be a quadratic polynomial and let zg be its finite critical point.
i) Kp is connected if and only if zo ¢ Ap(00).
i) Kp = Jp is totally disconnected if and only if zo € Ap(c0).

We conclude this chapter with Figure 3.2, which illustrates the various types of Julia
sets described in Theorems B and 3.9.

(a) p(z) = 2" -1 (B) p(z) = 22 +1i

(c) pz) = 2° — 0482 +
0.706 + 0.5034 (D) p(z) = 22 +1+1i/2

FiGURE 3.2: Filled Julia sets of polynomials of degree 2 and 3.
Bounded orbits are represented in yellow, and the boundary between
the yellow and purple regions is the Julia set of p. Notice that (A)
and (B) show connected Julia sets, while the ones in (C) and (D) are
disconnected and totally disconnected, respectively.
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Chapter 4

The escaping set of a transcendental
entire function

In this chapter we study the escaping set for f € Ent, i.e. entire maps with an
essential singularity at infinity. A key feature of such functions is that infinity is
always an asymptotic value. This motivates the study of the escaping set, which
captures the long-term behavior of points whose orbits tend to infinity.

The first section is devoted to the topological structure of the escaping set, including
key results that distinguish this setting from the polynomial case. In the second
section, we explore how the escaping set can contain rich and intricate structures
such as continua. In particular, we construct a Cantor bouquet using the exponential
family to illustrate how connected components may be organized in this context. The
contents of each section are primarily based on [32, 33|, respectively.

4.1 The topology of the escaping set

The central result of this section is Theorem C, which establishes the non-emptiness
of the escaping set for transcendental entire functions. Although this theorem was
originally proved by Eremenko in [12], we present here the proof given by Dominguez in
[13], as it offers a more accessible and instructive approach. Following this, we explore
several key topological properties of both the escaping and Julia sets, laying the
groundwork for understanding their complex structure and interplay in transcendental
dynamics.

4.1.1 Non-emptiness of the escaping set

Before proving Theorem C, we must first establish three foundational lemmas. These
intermediate results clarify the asymptotic behavior of transcendental functions and
provide the necessary tools for constructing points whose orbits tend to infinity.

Lemma 4.1 (Bohr’s Lemma). For all p € (0,1), there exists a positive constant ¢
such that if h : D — C is holomorphic with h(0) =0 and

M(p,h) = |m\ax]h(z)| >1,
zl=p

then 0D(0, R) C h(D) for some R > c.

Proof. Let us assume that such ¢ does not exist for some p € (0,1). Then there exists
a sequence {hy, }, of holomorphic maps satisfying the hypothesis such that

¢n =sup{R >0]0D(0,R) C h,(D)} —— 0.

n—oo
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Hence there exist ay, b, € C with |a,| = ¢, and |b,| = 2¢,, such that h,(z) # a, and
hn(z) # by, for all z € D. The functions g, : D — C defined by

hn(2) — an,

9n(2) = b, —a

satisfy gn(z) # 0 and g, (z) # 1 for all z € D. By Theorem 1.2, {gy }, forms a normal
family. However,

—ay, |ay|
0)] = = 17
‘gn( )‘ bn —a, — ‘bn| _ ‘an‘
while Mok )

|bn| + lan]  —  3cq

and thus M(p, g,) —— oo. This contradicts the normality of the sequence {gy,}n.
n—oo

O

The optimal constant ¢ in Lemma 4.1 was established by Hayman in [34] and is given
by

For a bounded domain G C C, we denote by U(G) the unbounded connected compo-
nent of C\ G. Moreover, we call T(G) = C\ U(G) the topological hull of G. Thus,
T(G) is the union of G and the bounded connected components of its complement.
One could informally consider T'(G) is obtained from G by "filling holes". Notice that
a bounded domain G is simply connected if and only if T'(G) = G.
Let us also define
G) = mi .
wG) = min |2

If u(G) > 0, then
w(G) = sup{R > 0| D(0, B) € T(G)}.

Moreover, if h satisfies the hypothesis of Lemma 4.1, then p (h(D)) > c.

The following technical results enable the construction of orbits that tend to infinity
and establish an important property of topological hulls, respectively.

Lemma 4.2. Let f € Ent, r > 0 and 0 < p < 1. Let also ¢ > 0 be the one provided
in Lemma 4.1. Then,

u(f (D0, 1)) = eM(pr, f) — (1 +¢) [f(0)].

Proof. We denote M = max|,—,. |f(2) — f(0)| and consider

with M(p,h) > 1 for any 0 < p < 1. Furthermore,

f(rD) — f(0)

A(D) = =

< f(D(0,7)) = h(D)M + £(0).
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By using u(kG) = |k| u(G) and pu(G + k) > p(G) — |k| for any k € C, we get

p(f(D(0,7))) = p (R(D)M + f(0)) = p (R(D)M) — [ f(0)] = p (R(D)) M — [f(0)] =

> cM —[f(0)] = ¢ max [f(z) = FO)| = [£(0)] = ¢| max [f(z)| = [f(O)]| — | f(0)] =

2l=pr |zl=pr

> ¢ max [f(2)] — ¢[f(0)] = [f(0)] = e M(pr, f) = (1 +¢) [F(0)]. M

|z|=pr
Lemma 4.3. Let f € Ent and let G be a bounded domain in C. Then

F(T(@)) € T(£(@)) (4.1)

and

T (f(G)) € f(OT(G)). (4.2)

Proof. Since both (4.1) and (4.2) share arguments, we only prove the former. We first
notice the following:
i) 0f(G) C f(9G), by Theorem 1.12.
ii) int (U(GQ))NG =0, since G € T(G) and T(G) NU(G) = 0.
iii) U (G) C 90G, due to OT(G) C 9G.
iv) Any curve from z; € G to z2 ¢ G must meet 0G.

By the sake of contradiction, let us assume x € T(G) and f(z) =y ¢ T(f(G)), so
y € U (f(Q)). Let us denote W = int (U(f(G))) and let V' C T(G) be a neighborhood
of z. By Theorem 1.12, f(V) is a neighborhood of y in f (T(G)). Thus f(V)NW # 0,
which means that there exists some 2’ € T(G) such that /' = f(2') € f(T(G))NW.

Now let v be a curve in W connecting ¢’ and co. Since co ¢ f(T(G)), there exists
some z € v C W such that z € 9f(T(G)). However,

Af(T(G)) C f(AT(G)) C f(9G) C £(G) = f(G).

Hence, z € int (U(f(G))) N f(G), which is a contradiction. O

We are now prepared to present the proof of Theorem C, having established the key
preliminary results.

Theorem C. Let f € Ent. Then, the escaping set Ly is nonempty.

Proof. Let us fix p € (0,1). It follows from Lemma 4.2 that if » > 0 is large enough,
say r > ro, then

p(f(D(0,7))) = e M(pr, f) — (1 +¢) [£(0)] = %M(PT, f) =2 (4.3)
By (4.2) and the defintion of ;(G) we have

p(f(@) = n(T(f(G)) 2 n(f(T(G))) = u(f (DO, u(G)))) (4.4)

for every bounded domain G. We deduce from (4.3) and (4.4) that if u(G) > ro, then

w(f(@)) = 2u(G).
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We now fix a bounded domain Gy satisfying u(Go) > 7o, for instance Gy := D(0,19).
By denoting G,, := f (Gp—1) = f"(Gg) for n > 0, we conclude

1 (Ga) > 201 (G ) > -+ > 2 (Go) = 2" 7. (4.5)
Moreover, by Lemma 4.3
OT(Gn) C (0T (G 1)) C -+ C " (9Go) = " (AD(0, 79))
Hence,
Ay = (0T (Gr))NOD(0,rg)

is a compact set such that A,4+1 C A, for all n > 0. Therefore,

A= An #0.

n=0

For z € A, we have f"(z) € 0T(Gy). Thus, |f™(z)| > 2"rg by (4.5) and z € Zy. [

4.1.2 Further results

A fundamental result in holomorphic dynamics is the non-emptiness of the Julia set.
While proving this can be challenging in the case of transcendental entire functions,
Theorem C offers a viable approach. Nevertheless, an additional auxiliary result is
required to complete the argument.

Lemma 4.4. Any f € Ent has at least one periodic point of period 2.

Proof. Let us assume by the sake of contradiction that there are no points of period
2. Thus there are no fixed points, so f(z) # z and f (f(z)) # f(z) for all z € C.

Let us also consider
ney o U =2
f(z) ==z
by the remarks above h(z) # 0,1 for all z € C. However, by Theorem 1.13, h can
omit at most one point. So it must be constant, i.e. h=c e C\ {0,1}.

Now let a € C be any non-exceptional point of f (which exists by Lemma 2.24) and
let z1,22 € C be two different preimages, i.e. f(z1) = f(z2) = a. Notice that both
21, z2 exist by Theorem 1.13. For i = 1,2, we have

f(E) =z _ fla) ==

h Za = = = C
(1) f(z) — z a— z ’
which implies
L= T —ac
1—c
is independent of 7. Hence, a has only one preimage, leading to contradiction. O

Theorem 4.5. Let f € Ent, then the Julia set Jy is nonempty. In fact, Jy contains
infinitely many points.

Proof. By Theorem C, there exists z; € Zy. If we also have 21 € J¢, then Jf # 0
and, since the Julia set is completely invariant, Jy contains infinitely many points.
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Let us assume then that 2; € Fy. By Lemma 4.4, f2 has a fixed point z5. Since z;
and zo cannot be in the same Fatou component of f, any curve connecting them will
meet the Julia set, so Jy # 0.

To prove that the Julia set is infinite we note that Z; contains the orbit of z; and
hence is infinite. Thus, the same argument as above will show that [J; is infinite once
we show that the set of points with bounded orbit is infinite (since z2 could belong to
the Julia set and be the common meeting point).

For the sake of contradiction, assume that this set is finite. Then f? has only finitely
many fixed points. Assuming without loss of generality that zo = 0 so that f2(0) = 0,
we find that g(z) := f2(2)/z defines a transcendental entire function g which takes the
value 1 only finitely often. By Theorem 1.13, g has infinitely many zeros. However, a
zero of g is also a zero of f2 and, then, has bounded orbit with respect to f. O

Once we know that 7y and Jy are infinite sets, the following result is easily proven.

Theorem 4.6. Let f € Ent, then 01y = Js.

Proof. If a Fatou component intersects Zy, then, by normality, it is completely con-
tained in Zy. This implies that 0Zy C Jr.

To prove the opposite inclusion, notice that Zy, C\ Zy and 0Zy are all backward
invariant. As seen in the proof of Theorem 4.5, the set of points with bounded orbit
and hence C\Z; are infinite. This implies that 0Z is also infinite. The conclusion now
follows since every closed, backward invariant set with at least three points contains
the Julia set (see Theorem 2.25, property iz)). O

As shown in Chapter 3, the Julia set of a rational map can, in some cases, be a Cantor
set. This phenomenon also occurs in the setting of meromorphic functions. However,
the following result, originally proved in [10], demonstrates that such behavior is
impossible for transcendental entire functions.

Theorem 4.7. Let f € Ent, then Fy has no unbounded multiply connected component.
Corollary 4.8. Let f € Ent, then J; contains nondegenerate continua.

Since the Julia set is the boundary of the escaping set, it is natural to ask whether
similar topological properties hold for Z; itself. It is relatively straightforward to
show that 7y may contain continua; for instance, the entire real line is contained in
the escaping set of the exponential map f(z) = e*. Moreover, even open subsets can
lie entirely within Iy, as in the case for g(z) = 14 z + ™% (see Figure 2). In fact,
a result from [32, Corollary 7.21] (presented here as a proposition) confirms that the
escaping set necessarily contains continua.

Proposition 4.9. Let f € Ent, then Z; has at least one unbounded connected com-
ponent. In particular, it contains continua.

4.2 The exponential family

In the previous section we have established that both the Julia and escaping sets of a
transcendental entire function always contain continua. Using the exponential family
E\ = Ae®, we now aim to show that the escaping set of f € Ent can, in fact, consist
of infinitely many disjoint continua. In this case, Z; is structured as the collection of
tails of a Cantor bouquet.
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4.2.1 Cantor bouquets

Cantor bouquets arise naturally in the study of the escaping set of certain transcen-
dental entire functions, particularly within the exponential family. These topological
structures consist of uncountably many disjoint curves, known as hairs, each tending
to infinity and accumulating only at infinity. Despite their seemingly intricate nature,
Cantor bouquets exhibit a highly organized and well-understood geometry, making
them a central object in transcendental dynamics.

Let £ € Ent be critically finite, i.e. which has finitely many singular values, and
denote the set of finite singular values by V. Let D C C be an open disk containing
V and let also I' be the complement of D, i.e. I' := C\ D.

Theorem 4.10. Let f € Ent be critically finite. Then,
i) any connected component T of E~1(T') is a disk whose closure contains oo;
it) the map E : T — T is a universal covering.

We call a component T' of E~! (') an exponential tract. In such a region, we may
write F(z) = exp (¢(z)), for z € T and some analytic map ¢.

Our goal is to understand the behavior of E on the Julia set near infinity. Points
leaving E~! (T") upon iteration fall into D and hence leave a neighborhood of oo, by
Theorem 4.10, so we exclude such points from consideration. Given an exponential
tract T', let Jg(T') be the points of the Julia set whose orbit is contained in 7', which
is a closed and invariant subset of Jg. Our aim is to analyze the topological structure
of Jg(T) as well as the dynamics of E on this set.

As in other types of dynamical systems, Cantor sets and shift automorphisms often
arise as invariant sets for entire maps. Let N € N and define

Yy o= {(5) = (508152 ) ‘ Sj € Z, |Sj| < N}

Notice that X consists of all infinite sequences of integers less than or equal to N in
absolute value. It is well-known that, with the product topology, ¥ is homeomorphic
to a Cantor set. The map o: ¥y — X defined by o(sgs1s2s3...) == (s15283...),
i.e. o "forgets" the first entry of a sequence, is called the shift automorphism. The
following properties of o are commonly known, see [35] for more details.

Proposition 4.11. Let o denote the shift map. Then,
i) periodic points of o are dense in Xy ;
i1) o has a dense orbit, i.e. o is topologically transitive.

Definition 4.12 (N-bouquet). We call an invariant subset C' of Jg an N-bouquet
for F if and only if all following conditions are satisfied.

e There exists a homeomorphism h: ¥y x [0,00) — C.

e Toh toEoh(s,t) = o(s), where 7: Xy x [0,00) — ¥ is the projection map.
o limy . h(s,t) = c0.

e lim, o E™ o h(s,t) = o0 if t # 0.

An N-bouquet is included naturally in an (N + 1)-bouquet by considering only se-
quences with entries less than or equal to N in absolute value.
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The invariance of C' requires that E(h(s,0)) = h(o(s),0). Hence, the set of points
A == h(s,0) is an invariant set on which FE is topologically conjugate to the shift. We
call A the crown of C. The curve hy(t) for t > 0 is called the tail associated to s.
We view each tail as comprising a piece of the "stable manifold" of infinity. A hair is
composed of the union of a point in the crown and its corresponding tail.

The following situation often arises for entire maps. Let C), be an n-bouquet and

assume Cp, C Cp+1 C -+ is an increasing sequence of bouquets. Then, the set
C = U Chn
n>0

is called a Cantor bouquet.

In the following section, we construct a Cantor bouquet for the complex exponential
family and demonstrate that it coincides with the Julia set. Moreover, we show that
the escaping set is precisely composed of the tails of this bouquet.

4.2.2 Constructing a Cantor bouquet

Cantor bouquets arise often in the dynamics of entire maps which are critically finite.
We describe the simplest example of a Cantor bouquet through the exponential family.
Let Ey = Ae(z), where 0 < A < 1/e. The graph E) on R is shown in Figure 4.1.

g p
(A)0< A< 1/e (B) A>1/e

FIGURE 4.1: Representation of E in the real line.

Notice that FE) has two fixed points ¢ < 1 and p > 1 which are attracting and
repelling, respectively. Since F) maps the vertical line = p onto the circle of radius
p, it follows that all points with Re z < p lie in the basin of attraction of q. Hence,
JE, lies to the right of this line. In fact, more can be said.

Proposition 4.13. The basin of attraction of q is open and dense in C. Moreover,
JE, 15 the complement of this basin.

Proof. Let us assume that D is an open disk in the complement of the basin of q.
Hence, Re (E}(z)) > p > 1 for all n > 0 and all z € D. Therefore, |(E}) (2)| > 1,
so EY expands D for each n. In particular, there exists m > 0 such that EY'(D)
contains a disk of radius larger than 2w. Consequently, there exists zg € D such that
Im (EY"(2)) = (2k + 1)m, for some k € Z. Thus, Ey"*!(2) € R_, contradicting the
fact that Re (E;”“(zo)) > 1. This proves that the complement of the basin of ¢ is
nowhere dense. It also shows that the family of iterates of F is not a normal family at
any point in the complement, which establishes the second part of the statement. [
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We end this section proving that Jg, is a Cantor bouquet. We first describe the crown
of an N-bouquet. Let N € N, for each k € Z with |k| < N, we construct a rectangle
By, whose boundaries are

e = =log(1/A) on the left;
e y = (2k + 1) w above and below;
e = = v on the right, where v satisfies \e¥ —v > (2N + 1) 7.

Clearly, there exists vy such that, if v > v, (3) holds. The construction described
above is illustrated in Figure 4.2. Let us define

A::{ZE(C

N
Ei(z) € |J By for allz’ZO}.
k=—N

By
E
31/‘
-
&

By

B

B_»

FIGURE 4.2: Representation of the crown construction.

We now show that A is homeomorphic to a Cantor set.
Proposition 4.14 (Crown of an N-bouquet).

i) A is homeomorphic to Y.

it) E)|, is conjugate to the shift on Y.
Proof. Each By, is mapped by Xy to the annulus 1 < 7 < Ae” and covers each other
Bj. Moreover, |E}(z)| > 1 for all z € UN__ v Bi. Therefore, the preimage of Bj in
By is a quadrilateral completely contained in the interior of By. Standard arguments
similar to the Smale horseshow construction, see [35], now complete the proof. A

nested sequence of appropriate inverse images, by Theorems 1.14 and 1.17, converges
to a unique point in A with pre-assigned symbol sequence. O

Therefore, A is a Cantor set. We now turn our look to the existence of the tails for
points in A. Let S, denote the strip

Sy, ={2€C|Re(z) > v, Im(2)] < (2N + 1) x}.
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We want to show that if v is large enough, the set of points whose orbits remain for
all time in S, is homeomorphic to X X [v,00). In order to do so, we require three
technical lemmas not proven here. One can see their proofs in [33].

Lemma 4.15. There exists v1 such that if v > vy and if both z, Ex(z) € S, then
Re (Ex(2)) > 2Re(2).

Lemma 4.16. Choose v > vy such that Ae¥? > 1. Suppose v > vo and Ei e S, for

Let t € R and define for any integer k the square A(t+ 27ik) of sidelength 27 centred
at t + 2mik. Notice that the horizontal boundaries of A(t + 2mik) lie along the lines
y = (2k £ 1) 7 and hence are mapped to R_ by E). We also define the substrip
Sy(j) € Sy to be

Sy()={2€8,|(2)—1)m<Im(z) <(2j+1)7}.

Lemma 4.17. Let A(t+2mik) denote the square of sidelength 2w centred at t + 2mwik.

i) Suppose v3 > log ((2N +2)mwe™/[A(e" —1)]). If t > vs, then the image of
A(t + 2mik) covers A (E\(t) + 2mij) for any j with |j] < N.

ii) Let v > v3 + m. Suppose Eﬁ\(t) €S, forj =0,1,..., k. Let sg,51,...,8,—1
be integers with |sj| < N. Then, there exists z € S, with E{(z) € S,(s;) and
EX(2) = EX(1).

Remark 4.18. The content of the second part of Lemma 4.17 is that F) behaves
very much like E)|p on the set of points whose orbits remain for all time in S,,.

Let Log be the branch of the natural logarithm taking values in |Im(z)| < 7. Addi-
tionally, let Ly be the branch of the inverse of E) which takes values in S, (k), i.e.
Li(z) == Log(z/\) 4+ 2mik. Let s = (sps182...) € X n. For each k > 0 we define

D (s,t) == Lgy 0+ 0 Lg, 0 EYTL(2),

with ¢ sufficiently large. Note that each &y is well-defined by Lemma 4.17.

Proposition 4.19. Let 7 > v; + 7 for i = 0,1,2,3. Then, for each s € X, ®r(s,t)
converges uniformly on [1,00) as k grows to infinity.

Proof. We have
Sk+1

|Prs1(s, t) — Di(s, t)] = \Lso 00 Lo, 0 EYT2(t) = Lgy o0 Ly, oEi““(t)) =

= |Ly 0oLy, (E’;“(t) + 2m’sk+1) Ly o--oLy, (E’;“(t)) ‘ .
By Lemma 4.16,
Bjin(s,t) — Dr(s,8)] < e "D N + 1) (4.6)
This gives uniform convergence in ¢. O
In particular, this proposition defines, for ¢ > 7, a continuous curve ®(s,t) in S, for

each s € Xn. If r = (soS1 -+ SkTh41Tkt2 -+ ) € LN, then (4.6) implies that ®(s,t) is
close to ®(r,t), thus ® is continuous in s. Moreover, ® is easily seen as a one-to-one
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map on Xy X [1,00). Let A; == {z € S ]Ef\(z) € S; for all j}. We now prove that
Q: Xy X [r,00) — A, is also surjective. If z € A;, then there exists a well-defined
sequence s € Yy associated to z, since the horizontal boundaries of S, (s;) are mapped
out of S, into R_ by F). Furthermore,

\(Ei)' (2)

Then, any small disk U about z is eventually expanded so that the diameter of its
image exceeds 27. Hence, there is a sequence of points {2} in U which converges to
z and which satisfies E{(z;) € S,(s;) for j < k but Ef(z;) € R. Let us denote by t*
the supremum of the real parts of points in U. It follows immediately that

— OQ.
j—0o0

EX (%) > E5(21)-
Consequently, zp = ®k(rg,tr) for some r, € X and tp < t*, and the sequence
O (7k, tg) converges to z. We have proved the following.
Proposition 4.20 (Tails of an N-bouquet). A; is homeomorphic to ¥ X [1,00).

Let z be any point whose orbit lies for all time in Sy,g1/) and which does not lie in
A, i.e. z does not lie in the crown of the N-bouquet. It follows that there exists an
m for which EY'(z) € A,. Hence, we can pull back the curve in A, through any such
point. It follows that

Cyy = {z eC ‘ Fi(2) € Sog1» for auj} — |J A, ua

>0

is an N-bouquet, see Figure 4.3. Thus, the Cantor bouquet

is the Julia set Jg,, while Zy is composed by all tails.

FIGURE 4.3: Schematic representation of the Cantor bouquet C.
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Chapter 5

The escaping set of a transcendental
meromorphic function

Transcendental meromorphic functions exhibit significantly richer behavior than their
entire counterparts. In particular, the presence of poles introduces new dynamical
phenomena, including prepoles and logarithmic tracts, which strongly influence the
geometry of both the escaping and Julia sets. We begin with foundational results on
the escaping set, emphasizing its non-emptiness, structure, and relation to singular
values. These topics build upon and extend the theory developed for transcendental
entire functions. The first two sections are based on [30, 13|, respectively.

5.1 Definitions and properties

In this section, we introduce the basic terminology and fundamental properties rel-
evant to the study of transcendental meromorphic functions. In contrast to entire
functions, meromorphic maps may exhibit isolated singularities in the form of poles.
The presence and distribution of these poles, as well as of their preimages, i.e. prepoles,
play a central role in shaping the global dynamics of these functions. In particular,
they significantly influence the structure and topology of the escaping set. We begin
by formally defining these notions and exploring their implications for the iteration
of meromorphic maps.

Definition 5.1 (Poles, prepoles). Let f € M, we say a point z € C is a pole if
and only if f(z) = co. Similarly, we call z a prepole if and only if there exists n > 2
such that f™(z) = oco. We denote the set of poles and prepoles by P(f).

With the inclusion of poles, some definitions must be updated. For instance, since
now orbits {f"(2)},, may be truncated at some m € N, we need to add a condition
in the definition of the Fatou set.

Definition 5.2 (Fatou set - meromorphic case). We define the Futou set of f as
the points z such that there exists a neighborhood of z where {f"},>¢ is defined and
normal.

The definition of the Julia set remains unchanged: it is the complement of the Fatou
set. However, in the context of transcendental meromorphic functions, this definition
implies that the Julia set also contains all poles and prepoles. Notably, not only is
P(f) contained in the Julia set, but is in fact dense within it. This fundamental
property is formalized in the following result, originally established in [36, 37].

Proposition 5.3. Let f € M. Then, Jy = P(f).

The right inclusion follows from P(f) C Jy, since the Julia set is closed. We do not
discuss the left inclusion, since it is a direct consequence of [30, Theorem 4]. However,
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Chapter 5. Transcendental meromorphic functions 5.2. The escaping set

we remark this only holds because f is transcendental, otherwise another assumptions
should be made for it to be true.

In general, the theory presented in Chapter 2 remains the same with the aforemen-
tioned restrictions. We want to highlight, though, that proofs for transcendental
meromorphic functions must be divided into two cases, since functions with finitely
many poles behave very differently to the ones with infinitely many. Some results
might even hold for only one case, like the following result proven in [13].

Theorem 5.4. Let f € M with finitely many poles. Then, the Julia set cannot be
totally disconnected.

We end this section by introducing the tangent family fi(z) := Atan(z), which is
an important and elementary example of a transcendental meromorphic function.
Though it is already studied in detail in [15, 16], we require some remarks for the
proof of Theorem D. In particular, that both the escaping and Julia sets can be
totally disconnected in this setting (by Theorem 5.4, f must have an infinity of poles),
differing from the case of transcendental entire functions.

In the aforementioned works, the authors proved that if A € R and 0 < |A] < 1,
then the Julia set of f\(z) is a Cantor set. Since the Julia set is the boundary of the
escaping set (Theorem 5.9) and the latter is nonempty (Theorem 5.6), the escaping
set is also totally disconnected.

To show that the Julia set can be connected (in (E) and contain a totally disconnected
escaping set, we consider fy(z) when A € R and A > 1. In this case, Jy, is the real
line and all other points tend asymptotically to one of two fixed sinks located on the
imaginary axis. Hence, all escaping points must belong to the Julia set. However,
repelling periodic points are dense in the Julia set (see [30, Theorem 4]), so the
escaping set must be totally disconnected.

Therefore, transcendental meromorphic functions are more complicated to study, since
their behavior changes drastically when altering their parameters. This also makes
the study of escaping points essential to understand global dynamics.

5.2 The escaping set

The aim of this section is to prove the basic results from Section 4.1 in the transcen-
dental meromorphic case. Hence, we shall prove the non-emptiness of both the Julia
and escaping sets, in addition to showing that [J; is the topological boundary of Zy.
Additionally, we present Theorem D, whose proof is given in the following section.

We have already mentioned in the previous section that the behavior of transcendental
meromorphic functions varies heavily depending on whether the set of poles is finite or
not. Therefore, to prove that the escaping set is nonempty we require both Theorem
5.5 and Theorem 5.6.

Theorem 5.5. Let f € M with only finitely many poles. Then, Ty # (. In fact,
for any curve v with n(vy,0) # 0 and such that d(0,7) is sufficiently large, we have

Ifﬂﬁ/#o.

The proof of Theorem 5.5 follows the same approach as Theorem C. Nonetheless,
instead of a disk D(0,7) we now consider the annulus A, := {R < |z| < p}, where
R > 0 is such that D(0, R) contains the finite set of poles of f(z). One can check [13,
Theorem F, Theorem G| for the particular details.
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Theorem 5.6. Let f € M with infinitely many poles. Then, Iy # 0. In fact, in any
neighborhood of a pole there are points of Ly.

Proof. Let p1 be a pole of f(z) of order k¥ € N and define Dy := D(py,r1), with
r1 > 0. Hence, f(D;) is a neighborhood of co. Since p; is a k-fold pole of f(z), for ry
sufficiently small there exists a simply connected neighborhood Vi C Dy of p; which is
mapped locally univalently except at p; onto {|f| > R;}, for some Ry > 1. Therefore,
we can find a pole ps in {|z] > Ry} and a disk Dy := D(pa,r2) C {|z] > Ry}, with
ro very small, such that |pa| > |p1]|. By the aforementioned argument, ps € Vo, where
V5 is a simply connected neighborhood of Dy which is mapped locally univalently by
f (except at py) onto {|f] > RQ} for some Ry > 2R;. We may take a branch of f~1
analytic in V5 so that Uy := f~ (Vg) C V.

By repeating the same argument, we can take a pole p3 in {|z| > R3} and the disk
D3 := D(ps,r3) (with r3 very small) such that ps € V3, where V3 C Dy is a simply con-
nected neighborhood mapped locally univalently by f (except at ps3) onto {| fl > Rs},
where Rz > 2R,. We might take a branch of f~! analytic in V3 so that f~ ( ) C V.

By induction, we get f~" ( n+1) =U, C Vi C Dy and D, := D(pn,rn) —— 00,
n—oo
with n € N. Then,

U= ﬂ U, # 10
n=1
and 8 € U satisfies f"(8) € Dyp41. Therefore, Dy contains 3 € Zy. O

Remark 5.7. In Theorem 5.6, we have p3 € V3 so that Uy = 2 (Vg) contains a
point f~2(p3) = f~3(c0). In general, U,, contains a preimage f~"(oo) and we could
choose 7, so small that U is a single point 8. Additionally, since preimages of poles
are in the Julia set, we then have 5 € J;.

In order to prove Theorem 5.9, we require Lemma 5.8, which is included in [37, Lemma
1]. Notice that there is only one exceptional point for transcendental meromorphic
functions, which is the omitted Picard value of Theorem 1.13.

Lemma 5.8. Let f € M. For any q € Jy and any p & E(f), q is an accumulation
point of O~ (p).

Theorem 5.9. Let f € M. Then, J; = 01y.

Proof. 1t follows from Theorems 5.5 and 5.6 that Z; # (. Moreover, since for any
z € Iy all f*(z), n € N, are different and in the escaping set, Zy is infinite. Thus, we
can choose three different points 3,v,6 € Iy such that f(5) =~ and f(y) = 6. Now
take a point o € Jy and let V' be a neighborhood of a. Since there are at most two
exceptional points, by Lemma 5.8 there exists a preimage o* € V of one of the points
B,7,0. The point o belongs to the escaping set, so J; C ff However, periodic
points are dense in the Julia set and do not belong to the escaping set. Hence, the
interior of Z; is contained in F; and Jy C 8If.

To prove the opposite inclusion, let a € 0Zy and assume that o € F; for the sake
of contradiction. Let V' C F; be a neighborhood of a. Then, V' contains points of
Ty, all f* are analytic in V' and f" — in V. This implies that V' C Zf, which

contradicts the assumption that o € 8If O
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The following result establishes that the escaping set is not an open subset of the
complex plane. In the case where the meromorphic function has infinitely many
poles, this can be shown easily using Remark 5.7. For functions with only finitely
many poles, the argument relies on techniques similar to those employed in Theorem
5.5. For this reason, we omit its proof here.

Theorem 5.10. Let f € M, then Ty N Jy # 0.

During this thesis we have seen that the escaping set is always connected for polyno-
mials, and that it contains a continua for transcendental entire functions. We have
also seen in the previous section that in the transcendental meromorphic case both the
Julia and escaping sets can be totally disconnected. However, there are no instances
of a transcendental meromorphic function with a nontrivial Julia set connected (in C
or @), and containing a totally disconnected escaping set. Theorem D provides the
first such example.

Theorem D. Let f(z) = z —tan(z). Then, JrU{oo} is connected, while Ty C Jy is
totally disconnected.

Notice that the same argument provided in Section 5.1 cannot work here, since the
Julia set is now a fractal.

5.3 Proof of Theorem D
Let us consider

f(z) = z — tan(z)
and k € Z for the remainder of this section.

The proof of Theorem D is structured in three parts. First, we analyze the Fatou and
Julia sets to understand the global dynamics of f. Next, we characterize the escaping
set by showing that it consists of points whose real part tend to infinity upon iteration.
Finally, we confine Z to specific regions where f acts expansively, allowing us to apply
the contraction properties of its inverse branches to conclude the argument.

Since f(z) is the Newton’s method of sin(z), we have the result below (which was
firstly proven in [38]).

Proposition 5.11. The Julia set of f(z) is a connected subset of C, i.c. Jr U {oo}
is connected. Equivalently, every Fatou component is simply connected.

It is clear that Proposition 5.11 plays an important role in our proof. Notice that we
can restrict our study to a strip of width 7 because tan(z) has period 7. Indeed,

f(z+km) = z+ kr — tan(z + kr) = z — tan(z) + kn = f(2) + km, (5.1)
fl(z+kn)=1—(1+tan®(z + kr)) = —tan®(z + kr) = —tan?(2) = f'(2). (5.2)

Our next step is to compute the fixed points, poles and asymptotic values of f(z). In
fact, since

f(2) =2z <= z —tan(z) = z <= tan(z) = 0 <= z = km,
the points ¢, = k7 are the only fixed points of f(z). Moreover, since

(k) =0 and f"(km) =0,
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they are all superattracting fixed points of order 3 (it is easy to check that f"/(km) # 0).
We also have an infinity of poles at py = § + k7, i.e. the zeros of cos(z). In fact, all
¢ and p are contained in invariant lines, as shown in the following result (see [39]).

Proposition 5.12. Let t € R, i == {cx + it} and ly, = {py +it}. Then,
f(ry) = fleg +it) = e +1ig(t) =i, C Fy,

Fle) = f (P +it) = pi + ih(t) = I, U {oo} € Ty U {oo},
where g(t) =t — tanh(t) and h(t) =t — cotanh(?).

Proof. We begin with the computation for the lines ry.

Fleg + it) + it — tan(cy, + it) + it — tan(it) Lo teioe
cr + it) = ¢ + it — tan(c + it) = ¢ + it — tan(it) = ¢ + it — ————— =
2 2 k k K P
et —et
:Ck‘i"bt—Zm:Ck‘i"b(t—tanh(t)).

Similarly, we now prove the invariance of [.

T
f(pk+it):pk—l—it—tan(pk—f—it):pk+it—tan<§+it) =

lexp(5i—t) —exp(—5i+t je~t 4 jet
=pr+it — - p(72r ) ull ?T ):pk+it+i%=

1 exp (51 — t) + exp (—51 + t) et —1e

= it — 1 ———— = i (¢ — cotanh(t)) . O

Prt it = pk + i (t — cotanh(?))

We can see the behavior of 7, and [}, by plotting both g(¢) and h(t) (see Figure 5.1).
Notice that the only special points are c; and pg, both at £t = 0.

7

(A) g(t) =t — tanh(t) (B) h(t) = t — cotanh(t)

FIGURE 5.1: Plots of g(t) and h(t) from Proposition 5.12

On the other hand, in [16] the authors showed that the only asymptotic values for
Atan(z) are +\i, with asymptotic paths Im(z) — +o0o. Nonetheless,

lim f(z)= lim z—tan(z) =zF1. (5.3)

Im(z)—4o0 Im(z)—+o0

This means that any asymptotic path (¢) must satisfy Re(y(t)) — 400, but by
Proposition 5.12 the path «(t) intersects some invariant line /. Thus, f(z) has no
asymptotic values aside from oco.
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The following proposition can be found in [39, Example 7.2| and [40, Proposition 4.1].

Proposition 5.13. Let Uy be the immediate basin of attraction of cx and denote by
Ji the connected component of J; in C containing the line ly,. Then,

i) the basins Uy, are the only periodic components of Fy,
i1) the map f(z) has no wandering domains,

i11) the Julia set Jy is the union of all Jy.

Therefore, Zy C Jy and the Fatou and Julia sets (illustrated in Figures 5.2 and 5.3)

F=UJ Uy ad J=Jn

k€Zn>0 kEZ

are of the form

FIGURE 5.2: Dynamical plane of f(z) = z — tan(z). The Fatou set is
composed by the red shaded regions, while the Julia set is the union
of the yellow lines and their decorations dividing these regions.

FIGURE 5.3: Dynamics of f(z) = z — tan(z) near a pole pg. The red
region outside the biggest yellow oo-shaped line is contained in some
basin Uy, while the regions inside of it are preimages of other basins.

Inspired by (5.3), we now show that the absolute value of the real part of z upon
iteration grows to infinity if and only if z is in the escaping set. To proceed with the
proof, we first require the following lemma, which is a quantitative version of (5.3).
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Lemma 5.14. For all e > 0, there exists M = M(e) = 3 log (1 + 6i+4) > 1log(2)
such that

i) if Im(z) > M, then |tan(z) —i| <e¢;
i) if Im(z) < —M, then |tan(z) +i| <.
Proof. i) Let € > 0, we have |tan(z) — i| = | tan(z + iy) —i| =

sin(z + iy)
cos(x + iy)

1e™¥ (cos(z) +isin(z)) — e (cos(z) — isin(z))
i e Y (cos(x) + isin(x)) + e¥ (cos(z) — isin(x))

—1| = —1| =

2e7Y
= Jcos(z) (e¥ + e7Y) +isin(x) (e7Y — e¥)|

2e Y (cos(x) + isin(z))
cos(x) (e¥ 4+ e7Y) +isin(z) (e7Y — e¥)

Since
‘cos(l‘) (ey + e_y) + i sin(x) (e—y _ ey)| _

= \/cos2(ac) (€2 + €29 + 2) +sin?(x) (€2 + e~2 — 2) =

= \/62?/ + 72 + 2 (cos?(z) — sin®(z)) = \/e2V + e~2¥ + 2 cos(22) > Ve — 2

if y > £ log(2) (which we show below), we have

2e7Y 2e7Y 2 9 9
tan(z) 1| < —— < e <= | —— <l e=de W <e W - e
ftanz) il < 2 ()

By denoting e?Y = u and e72Y = 1/u, we get

244
|tan(z) —i| < € <= u?® —2ue —4>0<=u>1+ <t ,
€

due to u > 0. Therefore,

244 244 1 244
sy YTt <:>2y>log<1—|— <t )<:>y>2log<1—|— <t )
€ € €

It remains to see

| 274\ 1
M:10g<1+ 6: >>210g(2), Ve > 0.

1 244 4
M>§10g(2)<:>1+\/%>2<:>\/1—|——2>1,
€ €

which is satisfied for all € > 0.

Indeed,

If Im(z) < —M, then y < 0 and we take the hypothesis —y > %10@;(2). Thus, the
proof of ii) is analogous. O

Proposition 5.15. A point z belongs to Iy if and only if |Re (f"(2))| — .
n oo

Proof. The right implication follows from |Re (f"(2))| < |f"(2)|.
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Let us now assume that z9 € Zy and consider z, == f"(20) = xn + iyn. Now fix € >0
very small and M > 0 be as in Lemma 5.14. Then, for all z such that Im(z) > M,
there exists N € N such that Im (f"(z)) < M for all n > N. Indeed,

|z —i— f(z)| =|tan(z) —i| <e=Im(2) =1 —e <Im(f(2)) <Im(z) —1+e

On the other hand, for all z such that Im(z) < —M, there exists N’ € N such that
Im (f™(z)) > —M for all n > N’ due to

lz4+i— f(z)| =|tan(z) +i| <e=Im(2) + 1 —e <Im (f(2)) < Im(z) + 1 +e.

Therefore, there exists m € N such that {yy, }n>m is bounded, so it must be |z,| who
grows to oo. O

We now want to determine the regions on which |f/(z)| > 1. To tell such points apart,
let us define the following strips (represented in Figure 5.4)

Ap = {—Z-ﬁ-k‘ﬂ' < Re(z) SZ—I—/{W},

Ty = {Z+k7r<Re(z)<3I+k7r}.

Ag To
) [ ) [ [ ]
-5 o 7 po 3%

FIGURE 5.4: Representation of the strips Ag and Tj.

Proposition 5.16. Lett € R and I3 = {+75 +it}. Then,
i) 1f'(2)] <1 if and only if z € A, and hence |f'(z)| > 1 if and only if z € Ty;

ii) f(le) = f (5 +it) =% (5 — i) + (¢ — tanh(20));
i) Ay, C Uy C Fy.
Proof. i) By taking the expression in (5.2), we get
1f'(2)] = | — tan®(2)| > 1 <= |tan(z)|? > 1 < |sin(z)|* > | cos(2)|?.
Since

Isin(z)[* = |sin(z + iy)|* = sin?(z) cosh?(y) + cos®(z) sinh?(y)
lcos(2)[? = |cos(x + iy)|* = cos?(x) cosh?(y) + sin®(z) sinh?(y),
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we have
|f'(2)] > 1 <= (sin®*(z) — cos®(z)) (cosh®(y) — sinh?(y)) > 0.

But cosh?(y) — sinh?(y) = 1, so

2
|f'(2)] > 1 <= sin?(z) > cos?(x) <= |sin(z)| > | cos(x)| <= |sin(z)| > \2[,
and the result follows from
2
| sin(z)| > \2[ = z € T.
it) Let z = § +it, then
o) = LA sin ( + zt) T sin (%) cosh(t) + ZiC(‘)S (%) s?nh(t) _
4 cos (5 +it) 4 cos (§) cosh(t) — isin (%) sinh(t)
=T cosh(t) + isinh(t) cosh(t) 4-isinh(t)
4 cosh(t) — isinh(t) cosh(t) + isinh(t)
T i cosh?(t) — sinh?(t) + 2i sinh(¢) cosh(t)
= — 1T — =
4 cosh?(t) + sinh?(t)
m . l+4idsinh(2t) =« 1 ,
= — t——— "= — ———— t —tanh(2t)).
4 i cosh(2t) 4 cosh(2t) il anh(2t))
The case when z = —7% + it is analogous.

i7i) Since cosh(2t) > 1 for all ¢, the points in the boundary of Ay are sent to the
interior of Aj. Thus, the strips Ay, are contained in U C Fy. O

Let us define

ST _ Re(z)

Re(z) — T = min 1

z€Jo

d = min

z€Jo ’

where both terms coincide by the symmetry of the function f(z).

Now denote by ¢ and ¢ the points where d is achieved in {7 < Re(z) < 5} and
{Z < Re(z) < 2T}, respectively, and consider ¢ = d and M(d) from Lemma 5.14.
We define By := By + km, where By is the rectangle delimited by the horizontal lines
{Im(z) = £M(d)} and the vertical lines {Re(z) = ¢+ } (see Figure 5.5). The following
result ensures that only points in Ji N By can leave Jy, after one iterate.

Proposition 5.17. Let z € Ji \ By, then f(z) € Ji.

Proof. By Lemma 5.14, for all z € Jj with Im(z) > M (d), we have |tan(z) —i| < d.
Then, w =z — i — f(z) = tan(z) — i also satisfies |w| < d, while z — f(z) = w + 1.
Thus,

[Re (z = f(2))] = [Re(w)| < |w| < d. (5.4)

The same argument works for all z € Jj, with Im(z) < —M(d). In particular, (5.4)

holds for all z € Ji \ Bg. The result follows from the fact that Jj is the only connected
component of J; in the strip T}. ]
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FIGURE 5.5: Dynamical plane of f(z) = z — tan(z) highlighting the
construction of the regions By, (the black boxes).

Since Zy N P(f) = 0, we may define an itinerary for z € J¢ \ P(f)
s(z) = {(s0s182--+) [ si € Z},

where s;(z) = k if and only if f*(2) € Ji. Let us also denote by p,(2), with n € N,
the number of changes in the entries of the itinerary of z after n iterates. Formally,

pn(2) = #1{0 < i <nlsi(z) # sit1(2)}-

The following proposition, which is a direct consequence of Propositions 5.15 and 5.17,
ensures that any z € Zy satisfies that p,(z) —— oo.
n—oo

Proposition 5.18. Let z € Jr \ P(f). Then, the following are equivalent.
i) z € s,
i) Isa()] ——> oo,
i) #{i € Z| f"(z) € J;, for somen >0} = oco.

In particular, for any z € Iy we have

lim pp(2) = oc.
n—0o0

Our next step is to define some branches of the inverse map. We start with the
branches of the inverse f~! mapping T}, to itself, there are two of them. If we denote
by T, the connected component of f~1(T}) containing Iy N {Im(z) > 0} and by T,
the one containing I N {Im(z) < 0}, there exist ¢}, ¢, such that

o f: T,:E — T}, is conformal,
o v : Ty — T is conformal
o Tk & is conformal,

o fmpled.

(gpf),(z)’ < 1.

Let us now define

= {’Re(z)— (5 +#m)| > %”}
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Since a neighborhood of a pole is mapped to the whole complex plane one-to-one,
there exist Qp C T} and ¢, such that

o f: Q) — Q) is conformal,
o ¢p: Q) — Qy is conformal,
o fogp=1Id

This construction is illustrated in Figure 5.6. We now show that the branches of the
inverse gog, ¢ > Pk are contractive in Tj.

FIGURE 5.6: Representation of the dynamics of f(z) = z—tan(z) near
a pole pi. The points a4, 4+ denote py + %Tﬂ and py, + 7, respectively.

Lemma 5.19. Let x € {+,—}. Then, there exists A\ < 1 such that
i) |(g0,’2)' (z)‘ <1 for all z € Ty,
i) |(¢) (2)] < A for all z € Q)N f(By).

Proof. i) Follows from Proposition 5.16.

ii) Since 7 is a pole of | f'(2)]|, there exist § > 0 and j; > 1 such that |f'(z)| > py for
all z € D (g, 5) and BoND (%, 5) # (). By (5.2), we may take the same ¢, 1 for all k.
Hence, we can apply Weierstrass Theorem in Dy, := By \ D(pg,d) in order to obtain
|f/(2)| > p2 > 1 for all z € Dy.

Now define p := min{uq, u2}, which satisfies |f/(z)| > u > 1 for all z € By. Therefore,

‘(Qbk)/(z)‘ <—-=A<1,

==

for all z € Q). N f(By). O
We can now prove the main result.
Proof of Theorem D. We have already proven that the Julia set is connected in C and

that Zy C Jy. It remains to see that Z; is a totally disconnected set.

Let us denote by Vj a connected component of the escaping set and V,, = f"(Vp).
Since the images of connected components are contained in connected components,
we have s(z) = s(w) for all z,w € Vp. Thus, we shall consider s(Vp) == sgs1s2... and

p(Vo) = p1p2ps . ..
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Since s(Vp) undergoes infinitely many changes by Proposition 5.18, we can assume
without loss of generality that for a given n > 0 we have s, # sp41. Then, V,, C B,
and

Vo Cthoo---ovy, (Bs,),

where 1)y is the composition of the ¢}’s prior to the first change in s(Vj). Moreover,
for all i € {1,...,pn}, 1; denotes the composition of one ¢ and the ¢;’s before the
(¢ + 1)-th change in s(Vp). Hence, we have exactly one change in s(Vj) for each v

applied (except vy).

Now denote by m; > 0, with ¢ € N, the number of iterations between the (i — 1)-th
and i-th changes in s(Vf). For n = m; and n = my + mg + 1, respectively, we have

mi)

Vo C 90 (Bsy,) = @5y © -+ © 5 (Bsg)

ma)

Vo C g oy (B5m1+m2+1) = 1) 0 g, © (p:mﬁ_l o--o 90:m1+1 (Bsm1+m2+1) ,
where * € {4+, —} depending on each particular case.

The result now follows from Lemma 5.19, since

diam (Vp) < diam (¢pg o --- 01, (Bs,)) < AP diam (B,,) —— 0. O

n—oo
Notice that we have also proved that points are the only connected components of the
Julia set which undergo an infinite number of changes in their itinerary.

We end this thesis by showing, as a curiosity, that every point of Z; is a buried point.
For a deeper study on such points, see [41].

Definition 5.20 (Buried points). We say z € J¢ is a buried point if and only if it
does not belong to the boundary of a Fatou component. The set of all buried points
of Jy is called the residual Julia set, and is denoted by jjﬁ.

Proposition 5.21. The escaping set Iy is a subset of the residual Julia set JJQ.

Proof. We shall see that if z € Jy is not a buried point, then z ¢ Z;. By Proposition
5.13, the Fatou set is the union of U, and their preimages, i.e.

Fr=J U .

k€Z n>0

Now assume z € df ™™ (Uy+), for some k* € Z, n* > 0. Since the Julia set is invariant
and all Uy are periodic, we have

2€f T (Ups) = f (2) € OUj» = f™(2) € OUy~, for all m > n*.

However, QU+ C Jp«_1 U Jp+ and the result follows from Proposition 5.18. O

o8
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