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We propose a scheme for quantum-simulating the one-dimensional anyon-
Hubbard model with Rydberg atoms. Starting from the generalized Jordan—
Wigner transformation, which trades anyonic exchange statistics for a density-
dependent Peierls phase, we encode the truncated local occupations {|0) , |1) ,[2)}
in the internal levels of Rydberg atoms driven by Raman lasers with site-
dependent phases. Adiabatically eliminating the far-detuned intermediate states
in the dispersive regime yields an effective bond Hamiltonian whose four tun-
nelling amplitudes we obtain in second-order perturbation theory. First, we
show that the Raman scheme allows one to simulate pseudo-fermions with
bosons, but not generic anyons: Floquet driving is necessary to engineer a
generic statistical phase. In fact, we find that single-tone Floquet driving leads
to density-dependent amplitudes, but it is not sufficient to achieve the desired
density-dependent tunnelling. This calculation suggests that to achieve the
phases one needs a drive with several tones, each resonant with one occupation-
resolved process and each carrying its own phase, a mechanism similar to the
one employed in the recent few-particle realization of the anyon-Hubbard model
with ultracold neutral atoms in optical lattices.
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1 Introduction

Quantum statistics is usually introduced as a postulate: the wavefunction of a system of
identical particles is required to be either symmetric or antisymmetric under the inter-
change of any two of them, giving bosons and fermions. Leinaas and Myrheim showed
that this restriction is not an independent axiom but a consequence of the topology of
the configuration space [1|. Because configurations that differ by a permutation of the
particle labels describe the same physical state, the classical configuration space of N iden-
tical particles is not the Cartesian product of the one-particle spaces but the identification
space obtained by identifying such points, and this space has a different global topological
structure. Quantizing directly on it, no symmetrization postulate need be imposed: the
admissible statistics follow from the topology itself.

The number of possibilities depends on the dimension. The essential observation is that
exchanging two particles twice is equivalent to transporting one of them in a closed loop
around the other [2]. In three or more dimensions such a loop can always be contracted to
a point, so a double exchange must act trivially and a single exchange can only produce
+1: bosons and fermions are the only options, corresponding to the two one-dimensional
representations of the permutation group. Equivalently, a rotation by 47 is topologically
equivalent to the identity in SO(3), so the eigenvalues of a 27 rotation can only be +1 for in-
teger and —1 for half-integer spin—the topological content of the spin—statistics connection
[3]. In two dimensions a loop encircling another particle cannot be shrunk without passing
through it, the winding number is well defined, and trajectories are instead classified by
the braid group, which is infinite where the permutation group has N! elements. A double
exchange need no longer return the system to its initial state, so a single counter-clockwise
exchange may multiply the wavefunction by an arbitrary phase,

¢(1’171‘2) — €i¢1/1(r1a1“2)7 (1)

with ¢ = 0 and ¢ = 7 recovering bosons and fermions. Particles with intermediate values
of the statistical angle are called anyons, a name coined by Wilczek while showing that
composites of a charge and a magnetic flux tube realize this behaviour: the Aharonov—
Bohm phase accumulated when one composite encircles another interpolates continuously
between the bosonic and fermionic cases, and the composite carries a correspondingly frac-
tional spin [4|. This fluz-attachment picture remains the standard way of thinking about
anyons and underlies the Chern—Simons description of fractional quantum Hall states |1, 2].
When the states carrying a given set of particle positions are degenerate, braiding acts as a
matrix rather than a phase; such non-Abelian anyons are the basis of proposals for topolog-
ical quantum computation, in which information is stored non-locally and manipulated by
braiding, making it intrinsically robust against local perturbations [2]. Anyonic physics of
this kind is no longer confined to solid-state settings. Since the first proposals for comput-
ing with individually addressed, laser-controlled atomic systems [5], ultracold gases have
matured into a general-purpose platform for quantum simulation |3, 6], offering the con-
trol over band structure and lattice geometry that such engineering demands [7], and a
small fractional quantum Hall state—the setting in which anyons were first predicted—has
recently been assembled atom by atom [8].

One dimension is a special case, and it is the one relevant here. Two particles on a line
cannot be interchanged without passing through one another, so statistics cannot be defined
by braiding at all; a hard-core repulsion alone already makes bosons equivalent to fermions




[2]. Statistics nevertheless survives as a genuine degree of freedom. In the continuum
treatment of Ref. [1]| the coincidence point becomes a boundary of the configuration space,
and requiring only that probability be conserved there admits a one-parameter family of
boundary conditions 9,9|,—o = n1|.—¢ in the relative coordinate z = |x; — x2|, with n =0
describing bosons, 7! = 0 fermions, and a continuum of intermediate values describing
particles that are neither. On a lattice the same freedom reappears in a form that can be
engineered. The paradigmatic lattice model is the anyon-Hubbard model (AHM), in which
the statistical phase is traded, through a generalized Jordan—Wigner transformation, for
a density-dependent Peierls phase in an equivalent bosonic model [9, 10]. A boson then
picks up a phase equal to the statistical phase ¢ times the occupation of the site it tunnels
from or to, so that the statistics is encoded in the tunnelling itself. This is more than
a change of variables: varying ¢ drives statistically induced quantum phase transitions
[9], and the ground-state phase diagram hosts pair superfluid, dimer, and partially paired
phases together with asymmetric momentum distributions [10]. Dynamically, the model
displays asymmetric expansion and supports chiral solitons. Remarkably, both features
have been observed [11] in the chiral BF theory [12], which is the continuum limit of the
anyon-Hubbard model [13, 14]. A complementary route to one-dimensional anyons, in
which the statistical phase is imprinted on a continuum Bose gas rather than on a lattice,
has also been demonstrated [15].

The anyon-Hubbard model belongs to a wider family of Hubbard Hamiltonians that
cold atoms can realize. The most general such Hamiltonian contains, besides the usual
tunnelling, on-site and extended interaction terms, an interaction-assisted tunnelling con-
tribution in which the tunnelling matrix element itself depends on the occupations of the
sites involved; this term is normally discarded in the Wannier expansion, and its rein-
statement defines the class of Hubbard models with occupation-dependent parameters |[3].
The anyon-Hubbard model belongs to this class, with the particular feature that what the
statistics makes occupation dependent is not the modulus of the tunnelling but its phase.
This distinction matters throughout: a linear coupling can readily be made to give an
amplitude that depends on the density, but not a phase.

Realizing the AHM therefore amounts to engineering an occupation-dependent tun-
nelling phase. The routes proposed with ultracold atoms all work in the same way: the
interactions split the occupation-resolved tunnelling processes apart in energy, and a drive
that is resonant with one of them at a time imprints a phase on that process alone. The
original proposal uses Raman-assisted tunnelling in a tilted lattice, where the internal
atomic structure supplies the occupation selectivity [9]. Greschner and Santos showed
that no additional lasers are needed: by shaking a tilted lattice with strong on-site inter-
actions, resonant photon-assisted tunnelling against the tilt acquires a number-dependent
Peierls phase |10, 16]. These are not competing alternatives—the recent realization of one-
dimensional anyons with arbitrary statistical phase in a quantum-gas microscope, where
the anyonic Hanbury Brown—Twiss effect and asymmetric transport were observed directly
[17], implements this Floquet scheme. A variant modulates the depth of the lattice rather
than its position: since the various occupation-dependent hops are energetically distinguish-
able, a multicolour modulation can address each of them with its own frequency component
and its own phase [18]. In every case the phase is carried by a drive tone resonant with
a single occupation-resolved process. The analysis below shows that this is the ingredient
the scheme developed here lacks.

Periodic driving is by now a standard tool for band-structure and gauge-field engineer-
ing in optical lattices [19, 20]. Suitably designed forcing renders the tunnelling matrix
element complex, with a Peierls phase tunable continuously over the full range (0, 27) [21],




and generalizations produce non-Abelian gauge structures and topological bands [22]. A
clear demonstration of this control is the realization of the topological Haldane model,
in which circular modulation of a honeycomb lattice induces the complex next-nearest-
neighbour tunnelling the model requires, with the imaginary part of that tunnelling—and
hence the topology of the band—set by the phase of the modulation [23]|. Driving also
causes heating: a driven many-body system generically absorbs energy from the drive [24],
though at large drive frequency the heating rate is exponentially suppressed, leaving a
long-lived prethermal window in which the engineered Hamiltonian governs the dynamics
[25].

Rydberg atoms offer a complementary platform. Their strong, distance- and state-
dependent interactions provide the large, configuration-resolved energy scales needed to
make a given tunnelling process resonant while detuning all others, and individual atoms
can be positioned and addressed with single-site resolution [26, 27]. The platform this
points to is the optical-tweezer array, whose geometry is programmable and whose sites
are prepared and read out one by one: where an optical lattice fixes the interaction energy
once the lattice depth is chosen, here that role is played by the separation and orientation of
the traps, which can be set independently of the coupling strengths. Using this interaction
as a resource goes back to the proposal of Jaksch et al. for a fast two-qubit gate between
neutral atoms [28], which established the two features the present construction inherits.
The first is that the dipole-dipole energy of a pair of laser-excited Rydberg atoms can
be made so much larger than the mechanical scales of the trap that the atoms may be
manipulated as if pinned in place, the internal dynamics decoupling from the external one.
The second is the hierarchy u > ) between that interaction and the Rabi frequency of
the exciting laser—the blockade regime—in which the interacting pair state is detuned
out of resonance by the interaction itself and is therefore only virtually populated, yet
still controls the phase acquired by the pair. Both recur below: the interaction energies
supply the offsets that put the transitions between two Rydberg states of a single atom
off resonance, Eq. (13), and super-exchange transitions in which two neighbouring atoms
exchange their states simultaneously occur at second order in the Rabi frequencies. This
process can be interpreted as physical tunnelling by mapping the internal levels of the atoms
to particle occupation. That multi-level encodings of this kind can realize lattice models has
recently been demonstrated: encoding two spin states and a hole in three Rydberg levels
of 8"Rb realizes a doped quantum antiferromagnet—a hard-core bosonic t-J-V model—
in which the dipolar tunnelling, the spin exchange and the hole-hole interaction have
different distance and angular dependences and can therefore be tuned separately through
the geometry of the array [29]. This suggests encoding the local occupations of the AHM
not in the motional state of atoms in a lattice, but in the internal levels of Rydberg
atoms, with the tunnelling generated as an effective second-order (super-exchange) process
between them.

This thesis develops such a scheme. We encode the truncated local Hilbert space
{]0),]1),]2)} of the AHM in three internal levels of each of two Rydberg atoms, drive
them with Raman lasers carrying site-dependent phases, and eliminate the far-detuned
intermediate states to obtain an effective bond Hamiltonian. Matching this to the AHM
shows that a purely static protocol is restricted: the phases of the four independent tun-
nelling amplitudes are not independent, and the statistical phase is locked to the values
¢ € {0,7}. The value ¢ = 7 is not trivial. It describes pseudofermions—particles that
are antisymmetric under exchange between different sites while still allowing multiple oc-
cupancy [16, 30]—and in a random-walk experiment they would display the antibunching
characteristic of fermions. In other words, the static Raman scheme can realize pseud-




ofermions, but not arbitrary one-dimensional anyons. We then add a periodic drive on the
doubly-occupied levels and derive the resulting Floquet effective Hamiltonian. Matching it
to the anyon-Hubbard bond shows that the restriction is not lifted: the phases available—
two laser phases together with one gauge shift—are occupation independent, whereas the
statistical angle enters only those processes that leave a doubly-occupied site behind, so
the matching conditions force ¢ = 0. What the drive delivers instead is a renormalized
Bose-Hubbard bond with widely tunable parameters.

Outline. The remainder of this section introduces the anyon-Hubbard model and the
mapping that underlies the whole construction. Section 2 presents the Rydberg encoding,
the second-order perturbation theory, and the flux-locking restriction. Section 3 develops
the Floquet treatment of the driven bond. Section 4 compares the resulting effective
Hamiltonian with the anyon-Hubbard model. Section 5 critically summarizes the results
of this thesis and discusses the research direction it opens. The interaction geometry and
driving parameters assumed throughout are collected in Table 1; plausible experimental
parameters chosen to illustrate the spectrum and the dynamics of the effective Hamiltonian,
the full derivations, and the experimental considerations are given in the appendices.

1.1 Anyonic statistics and the generalized Jordan—Wigner transformation

One-dimensional lattice anyons are described by operators a; obeying the deformed com-
mutation relations

ajaz — eiPsen(i=k) azaj =0k, (2)

ajay — e %800k g 0, =0, (3)
where ¢ is the statistical angle. The sign function makes the algebra non-local: on a single
site (j = k) the phase factor is unity and the operators are ordinary bosons, [a;, a;] =1, so
that several anyons may occupy the same site, whereas on different sites the exchange pro-
duces e*®. Lattice anyons at ¢ = 7 are therefore pseudofermions: they are antisymmetric
under exchange between different sites but still allow multiple occupancy [16, 30].

The anyons are obtained from bosonic operators b;, with n; = bj-bj, through the gener-

alized Jordan—Wigner transformation

a; =b; exp(igban), a;- = b} exp( — igban), (4)

1<j I<j

which attaches to each particle a string counting the total occupation to its left. Because
the string runs only over sites [ < j it commutes with b;, and the local occupation is left
invariant, n; = a;aj = b;bj. The full verification that (4) reproduces (2)—(3) is given in
Appendix C.

1.2 Density-dependent tunnelling and the anyon-Hubbard Hamiltonian

The anyon-Hubbard model is the Hubbard model written in terms of these anyonic opera-
tors,

H= —JZ (a}aﬂ_l +H.c.) + %Zn](n] —1). (5)
j j

Inserting (4), the strings on neighbouring sites cancel up to the occupation of the site being

left, >, <jt1Mm — 2oi<jmu = nj, so that the tunnelling becomes a}ajﬂ = b;- eoniby g,
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while the interaction is untouched. The model is thus equivalent to a Bose-Hubbard model
with a density-dependent Peierls phase,

b U
H = —JZ (b}L 61(1571] bj+1 + HC) + 5 an(nj — 1) (6)
J J

A boson tunnelling out of site j acquires a phase ¢n; set by the occupation of that site:
the exchange statistics has been converted into an occupation-dependent tunnelling phase,
and it is this bosonic form that is engineered in the laboratory [9, 10, 16, 17]. Note
that a boson tunnelling to the left instead acquires —¢n;_1, so the model breaks spatial
inversion symmetry. This asymmetry shows up in the momentum distribution [10, 17], but
it is not on its own a signature of fractional statistics: a static gauge field with a phase
¢j linear in position shifts the momentum of the ground state away from zero and makes
the momentum distribution asymmetric in exactly the same way. What distinguishes the
anyonic case is that the phase is set by the occupation rather than by the position. For
¢ = 0 one recovers the Bose-Hubbard model, and for ¢ = 7 the pseudofermionic limit.

1.3 Truncated local Hilbert space and the bond Hamiltonian

Everything that follows is derived on a single bond. This is not a restriction: the Hamilto-
nian (6) is a sum of identical nearest-neighbour terms, and the implementation of Sec. 2
is translationally invariant, so the effective Hamiltonian of the whole chain is obtained by
repeating the one derived for the bond (j,7 + 1) on every bond. It is therefore sufficient
to work out a single bond in full.

The scheme developed below realizes a single bond of (6) with two atoms, each carrying
at most two particles, {|0),]1),|2)}, where the bosonic operators truncate to

b=10)1|+v2 102, n=[1)A+22)(2, =0 (7)

Such a two-body hard-core constraint is not merely a convenience: it is an ingredient of
the proposed realizations [10] with neutral atoms in optical lattices, where triply occu-
pied sites are strongly affected by three-body losses. It is nevertheless a genuine physical
restriction rather than a purely technical one. The unconstrained model, in which arbi-
trarily many particles may share a site, has been studied separately and hosts additional
structure, including an emergent statistically induced exclusion that stabilizes the den-
sity even at vanishing interaction, and a two-component partially paired phase near the
pseudofermionic limit [31]. On a bond (j, 7+ 1) the density-dependent tunnelling connects
Inj,mj41) — |nj+1, njy1 — 1) with amplitude —J €™ /mj1./nj + 1, giving the four
independent processes

0,1) = |1,0) : —J, 0,2) = [1,1) : — JV2,

4 4 8
11,1) = 2,0) : — JV2¢e, 11,2) —=2,1) : —2J €. ®)

The statistical phase appears only in those processes that leave a doubly-occupied site
behind, which is the structure that any physical implementation must reproduce. Equa-
tion (8) is the target of the remainder of this thesis; the explicit 9 x 9 bond Hamiltonian
is given in Appendix C.




2 Rydberg-atom implementation

2.1 Encoding the local states and the Raman coupling

The physical platform is an array of individually trapped atoms. Single atoms are held
in optical tweezers imprinted by a spatial light modulator or an acousto-optic deflector;
because the traps load stochastically, defect-free arrays are assembled by imaging the loaded
configuration and rearranging the atoms into the target geometry, which routinely yields
filling fractions above 98% for arrays of up to about a hundred atoms [27]. Each atom can
then be addressed and read out individually, which is what makes a single bond (j,j + 1)
an experimentally meaningful object.

The three local occupations |0),|1),|2) of each site are encoded in internal (Rydberg)
levels of an atom, and the two sites j = 0, 1 of the bond are addressed by Raman lasers. The
04+ 1 and 142 transitions are driven with Rabi frequencies €1, and 23 and site-dependent
phases,

Hq = Z {Qa(eiaj ’1>j<0‘j +e |0>j<1’j) + Qﬂ(eiﬁj |2>j<1’j +e P ’1>J’<2‘j )}7 (9)
j=0,1

with the site-dependent phases oj = ja and 3; = jf3, ie. ap = o, a1 =2a, Bo =B, 1 =
23 for the two atoms of the bond. In the taxonomy of Hubbard Hamiltonians realizable
with cold atoms, (9) is the on-site Rabi term: the part that describes coherent transitions
between the internal states of an atom, driven by laser-induced Raman fields, as distinct
from the tunnelling term that moves atoms between sites [3]. A Raman coupling is essential
here, and a microwave coupling would not do: the wavevector of a microwave field is of
order 1/mm, so on the micrometre scale of the array it would give o; = 5; = 0 and no
position dependence at all.

The reason for choosing a Raman process, rather than any other coupling between
the internal levels, is that a Raman process imprints a phase that advances linearly with
position. Each site j therefore carries a; = ja and 3; = jf, and in a super-exchange
process built from two opposite Raman transitions on neighbouring sites the two phases
do not cancel: what survives is a phase difference proportional to the separation of the
sites, and hence a non-zero Peierls phase on the bond. This is the same mechanism that
produces a constant synthetic flux in synthetic-dimension lattices, where a one-dimensional
optical lattice dressed by Raman transitions becomes a synthetic two-dimensional lattice
pierced by a uniform magnetic field, the tunnelling along the synthetic direction carrying
a phase €Y7 that advances linearly with the spatial index j [32]. Through the encoding,
the truncated anyon-Hubbard model can likewise be viewed as a three-leg ladder, though
with an unusual pattern of tunnelling amplitudes.

Two properties of Rydberg states make this semi-synthetic ladder a natural one to build.
Transition dipole moments between neighbouring levels scale as n?, so that Rydberg states
are coupled to one another by microwave or two-photon fields with Rabi frequencies of
many megahertz at modest power, while radiative lifetimes grow as n® and reach hundreds
of microseconds at n =~ 60 [26]. The phases «; and j3; are then properties of the driving
fields rather than of the atoms, and are set directly by the experimenter. Which three levels
are used is constrained by the requirement, imposed in Sec. 2.2 below, that the Rydberg—
Rydberg interaction be diagonal in the occupation basis. What the construction needs is
that the initial and final states of a super-exchange process differ in energy only by the
difference of their on-site Hubbard interactions, which is of the order of the second-order
tunnelling amplitude itself and, by assumption, far smaller than the Rydberg—Rydberg
interactions; measured against the latter the process is then effectively resonant. Two




encoded levels that are resonantly dipole coupled, by contrast, exchange their internal
states already at first order, which would swamp the second-order process engineered here.
The encoding must therefore be built from levels for which that first-order exchange is
off-resonant. Multi-level Rydberg encodings of this kind, with one internal state per local
occupation, are already in use—two S levels and one P level of 8”Rb realize a t-J-V model
in a tweezer array [29].

Written out, the eight elementary processes are

Hy = 06 (10l + Qe ™ 0)g{Lly + Qse [2)4 (1], + Qe 1) (2,
£ 1), (0] + Qae ™2 [0, (1]y +2pe [2), (1], + Qe 1,021, (10)

2.2 Rydberg interactions and the dispersive regime

Before the derivation begins it is useful to fix, once and for all, the parameter set used
in every numerical evaluation and every figure of this thesis. It is collected in Table 1.
These values are not derived from a specific set of 8’Rb levels: they are a representative
set, chosen to be of the order of magnitude that dipole-dipole couplings between Rydberg
states with principal quantum number n &~ 50-60 take at micrometre separations |20,
27|, and constrained by the one relation the construction actually requires, the resonance
condition 2C1; = Cpz of (13). A quantitative determination of the Cj; for a named triple
of levels would require a full pair-interaction calculation including the Forster defects and
the angular dependence of each channel, which is beyond the scope of this thesis; what
matters for the argument developed below is the hierarchy of scales, C;; > €, 3, and
the resonance condition, not the individual numbers. Every energy quoted in megahertz
therefore inherits its scale from Table 1, and rescaling all C;; by a common factor rescales
all second-order amplitudes by its inverse.

Symbol Value Unit Meaning

Coo 0 MHz interaction shift of |0) |0) (reference)

Co1 20 MHz interaction shift of |0) [1)

Cn 15 MHz interaction shift of |1)|1)

Co2 30 MHz interaction shift of |0) |2); set by Cpa = 2C1y
Ci2 45 MHz interaction shift of |1)|2)

Coy 55 MHz interaction shift of |2)|2)

Qo 1 MHz Rabi frequency of the 04+ 1 Raman coupling
Qs 1 MHz Rabi frequency of the 14+2 Raman coupling
W 40 MHz Floquet drive frequency (Sec. 3)

K 1.2 — modulation index of the drive (Sec. 3)

Table 1: Reference parameters assumed throughout this thesis, unless a figure states otherwise. The
derived combination 2C71 — Cy1 = 10 MHz sets the scale of the second-order denominators. See App. A
for the values that follow from them, and Sec. 2.2 for the physical assumptions behind the hierarchy
Cij > Qa’g.

The two sites interact through configuration-dependent energy shifts,

He = Z Cij( mo |j>1<i|o<j|1 =+ |j>0 ’i>1<j|o<i|1 )» (11)

1, j<i
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so that H = Hq + H.. Written out over the nine two-site configurations this reads

He = 2Coo ‘0>0 ’0>1<O|0<O’1
+ Co1([1)g 10)1(1]o(0[; + [0 [1)(0[o(1]; )
+2C1 1) 1)1 (1oLl
+ 002( ’2>0 |0>1<2‘0<O|1 + ’0>0 ‘2>1<0‘0<2|1 )
+ C12([2)g 1)1 2lo(Lly + [1)g [2)1 (Lo(2l1 )
+ 205 (2)(2)1(2[0(2]; -

(12)

H, is therefore diagonal in the occupation basis, assigning each two-site state |ng,ni)
its interaction energy: Eg1 = Co1, F11 = 2C11, Epg = 2Ch, Ege = Cp2, E1a = Cho,
FEoo = 2(C5. We work in the dispersive regime

’Cz - Cmn| > Q (Z] 7é mn), (13)

so that single-hop (first-order) processes are strongly off-resonant and the dynamics within
each degenerate manifold is governed by second-order (super-exchange) processes [26, 27].
Super-exchange of this kind is the standard route to magnetic couplings in optical lattices,
where it has been resolved directly through the short-range spin correlations of fermions
in a tunable lattice [33].

Condition (13) is the same hierarchy on which the original Rydberg gate rests, and the
contrast between its two limits fixes what the second-order treatment of Sec. 2.3 is and
is not doing. Reference [28] considers two atoms whose ground states are laser-coupled
to a Rydberg level with Rabi frequency 2, the doubly excited pair state being shifted by
the dipole-dipole energy u. When 2 > u the laser simply transfers the population to the
Rydberg level, the pair is held there for a time At, and the shift is read out as the dynamical
phase ¢ = u At: the atoms spend that time actually excited and actually interacting, and
pay for it with the mechanical force the interaction exerts on them. When instead u > )
the excitation of the second atom is blocked while the first is excited, so the doubly excited
state is populated only virtually; the conditional dynamics then arises because the pulse
sequence acts differently on blocked and unblocked pairs, and in the adiabatic version of
that gate the interaction enters only through the dispersive shift ~ Q2/u of the dressed
level connected to the doubly excited configuration [28]. The scheme developed here works
throughout in this second regime, of which (13) is the statement, but puts the virtual
excursion to a different use. There it produces a phase on a pair state that does not
change; here it must transport an excitation across the bond, so the object of interest is
the off-diagonal second-order amplitude (15) rather than a diagonal shift—and, as Sec. 2.4
will show, it is this change of role that makes the accompanying phase so much harder to
control.

The shifts Cj; originate in the electric dipole-dipole interaction Vgq ~ dida/ deq R
between the two atoms, and take two qualitatively different forms depending on which
pair of levels is involved [27]. When both atoms occupy the same Rydberg level, V4 has
no effect at first order, because such a state carries no average electric dipole moment; the
interaction appears only at second order through virtual transitions to opposite-parity pair
states detuned by A, giving a van der Waals shift Cg/R® with Cg ~ d*/A. When the two
atoms occupy different, dipole-coupled levels, for instance [nS) and [nP), the pair state is
instead coupled directly to the exchanged configuration already at first order; this produces
a resonant dipolar shift +£C3/R3 together with the coherent exchange of the internal states,
and is anisotropic, varying as 1 — 3 cos® © with © the angle between the internuclear axis
and the quantization axis; this angular structure is common to all dipolar systems [34].
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Both scales are large—van der Waals coefficients grow as n'!, and interaction energies of

order 1-10 MHz are reached at micrometre separations for principal quantum numbers
n ~ 50—which is what allows the splittings between different two-site configurations to
satisfy (13) while the Rabi frequencies remain comparatively small. These two regimes
are what underlie the standard mappings of Rydberg arrays onto quantum spin models:
same-state van der Waals interactions realize Ising Hamiltonians, whereas dipole-coupled
states realize XY models whose exchange term o (Uﬁraﬂ + Uiai) is the spin analogue of a
particle hop [27]. The density-dependent exchange engineered below is a generalization of
this second case, in which the amplitude of the hop is made to depend on the occupations
and to carry a tunable phase.

A third arrangement, the one adopted in Ref. [28], removes the distinction between
the two cases by applying a constant electric field £ along the quantization axis. The
linear Stark effect splits a given manifold n into states |n, ¢, m) with AE,;, = 3ngeap€/2,
and these Stark eigenstates carry a permanent dipole moment p = 3ngeag/2 along the
field, so that two atoms interact through Vyq already at first order even when they occupy
the same level. For the outermost Stark state of the hydrogenic manifold the shift is
u(R) = —9[n(n — 1))%(ap/R)3e?/8megag, growing as n* rather than as the n'! of the van
der Waals case, and in alkalis n is replaced by the effective quantum number v [28]. A
field of this kind is a useful additional knob in the present context, because the six shifts
of (12) are not free parameters: besides being mutually well separated in the sense of (13),
they must satisfy the resonance condition 2C7; = Cpo used throughout Sec. 2.3, and the
field strength, the choice of Stark states and the geometry of the pair together supply the
freedom to impose it. The price is that the Cj; then inherit the stability of the applied
field, and that the nondiagonal part of Vgq, which couples adjacent m manifolds, must be
suppressed by an appropriate choice of Stark eigenstate [28].

Throughout this thesis the two atoms are treated as pinned at a fixed separation R, so
that the C;; are numbers rather than operators and the problem reduces to one of internal
levels alone. The conditions under which this is legitimate were set out in Ref. [28]. The
first is that the extent a of the atomic wavepacket be small compared with the separation,
n = a/R < 1, so that the interaction may be expanded about R; the leading correction
is a state-dependent force, F' = 3u/R for a 1/R3 shift and 6u/R for a van der Waals one,
which kicks the atoms whenever the corresponding configuration is populated. The second
is that the protocol be short compared with the period of the motion in the trap, so that
internal and motional degrees of freedom never become entangled.

The second condition is not met by a second-order protocol of the present kind: the
exchange amplitudes computed below are of order 1072-10~! MHz, so the bond dynamics
unfolds over tens to hundreds of microseconds, far longer than a trap period. What matters
here, however, is not the absolute force but its difference across the states that are actually
populated, since a force common to a degenerate manifold displaces the atoms without
distinguishing their internal states. In the N = 1 manifold {|0,1),[1,0)} the two states
are related by exchange and carry the same shift Cpy, so no differential force arises at
all. The N = 2 manifold is more delicate. Its degeneracy is not a symmetry but the
tuned condition 2C71 = Cyg, imposed at one separation, and if the two shifts have different
distance dependences—as they do when 1) |1) is a same-state pair interacting through van
der Waals while |0) |2) is dipole coupled—then it is broken as soon as the atoms move,

§(2C11 — Cp2) ~ (—6+3)Co %% = —3Cp %% (14)
With Cyo ~ 1 MHz a relative displacement of one per cent already detunes the resonance by
~ 30 kHz, which is comparable to the exchange amplitudes themselves. Tight confinement

12



in the Lamb-Dicke sense of Ref. [28] is therefore not a technicality of the readout but a
precondition for the resonance condition on which the whole construction rests, and the
same estimate applies to the site-to-site uniformity of 2C1; — Cya required when the bond
is extended to a chain.

2.3 Effective exchange from second-order perturbation theory

For a degenerate transition the second-order amplitude is

g = i ) "

m

and for a non-degenerate transition (F; # E¢) we use the symmetrized form

1 1 1
Aisg = 5 ST Halm) (m| Ho li) (E Bt E Em> . (16)

m

Both expressions are instances of the standard construction of an effective low-energy
Hamiltonian in the strong-coupling limit, in which a unitary e is chosen to decouple
manifolds separated by a large interaction energy and the series is developed to second
order in the ratio of tunnelling to that energy [3]. The symmetric combination of the two
energy denominators in (16) is the pair of resolvents QZ + Q ¢ that the general second-order
formula places between the two tunnelling operators, and it keeps the effective Hamiltonian
Hermitian when the initial and final states are not degenerate. Each transition proceeds
through two intermediate paths (A and B) built from the same pair of elementary hops in
opposite order; they share a common phase and differ only in their energy denominators.
We use the resonance condition 2C; = Cypo throughout, and abbreviate

1 1 1 1
= —+ y K - + ’
Co1 — Co2  Co1 — 2Co T Cp—-Cra ' Co2 - Co
1 1
— + )
Ci2 —2C9  Cia — Cp2

The four processes are worked out one at a time in App. D, where each is resolved
into its two virtual paths and its energy denominators; Figs. 10—17 there show the path
diagram, the two-site level picture and the photon picture of each. The results are collected
n (18) below.

K,
(17)

K3

2.4 Effective Hamiltonian and the flux-locking restriction
Collecting the four amplitudes gives the effective second-order Hamiltonian at resonance,
HE =02 o=@ [ (11,0)(0,1] + H.c.) + Q2,05 @729 Ky [1,1)(0, 2|
+ Qa5 072 Ky 12,00(1, 1] + Q% e 7P K3(]2,1)(1, 2] + Hee) + He..  (18)

Matching each second-order amplitude to the corresponding target amplitude of the anyon-
Hubbard bond, Eq. (8), the conditions on the drive parameters become

O2e Ky = —J, QaQp e Ky = —JV2, (19)
Q2,83 P20 ¢, = —JV2e?, Q%e*m[(g = —2J ¢,
Dividing the third condition by the second fixes the synthetic flux,
elB=20)=(a=20)] _ ¢i3(f=0c) — ¢i¢  — ¢ = 3(f — ) (mod 2n). (20)
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Consistency of the magnitudes follows from the first, second, and fourth conditions, Q2 |K7| =

J, QaQp| K| = V2., Q%]K?)] = 2J, which fixes

QQK QQKQ 22
UKl @) 2

= =1 = |K;]* = |Ki||K3], 21
02| K| Q2[Ky| - B[y 22 |Ka|* = |K1|| K] (21)

i.e. the interaction energies C;; must be tuned so that K5 = K1 K3 (up to sign), while the
Rabi frequencies satisfy Q3/Q, = /2| K1|/|K3].
The magnitude ratio also fixes
QuOslKa| _ QulKa| _ 1
OFIKs|  QslKs| V2

(22)

so that dividing the third condition of (19) by the fourth and using this ratio leaves
sgn(Ko/K3) e?f=®) = 1. If Ky, K3 share a sign (uniform tunnelling, no spurious 7 shifts)
this requires ¢2(6=% =1, ie. f — a = mn. With (20) the flux is therefore quantized,

¢ =3t = ¢ € {0,7} (mod 27). | (23)

A static second-order Raman protocol thus locks the statistical phase to the values {0, 7}.
This means that pseudofermions can be realized experimentally with this scheme, by taking
a =0 and § = 7. However, we cannot realize anyons with an arbitrary statistical phase ¢
(e.g. ¢ = 7/2), which is what is required to simulate chiral dynamics [19, 20]. Whether a
time-dependent (Floquet) drive can lift this restriction is the subject of Secs. 3 and 4.

The conditions derived here are stated for a single bond, but they extend directly to
every bond of a chain. The Raman phases are linear in position, a; = jo and 3; = j3, so
the second-order process on the bond (7, 7+ 1) depends only on the phase difference across
it and is therefore the same on every bond: the construction is translationally invariant,
and it is enough to derive the effective Hamiltonian on one bond. The phase bookkeeping
is summarized in Table 2.

Transition Site-0 hop (phase) Site-1 hop (phase) Net phase

|0,1) — |1,0) 0 — 1 (e™) 1—0 (e ) e
0,2) — [1,1) 0—1 (') 2 — 1 (e72) ei(a=28)
11,1) — |2,0) 1—2 () 1—0 (e 72) eHf=2)
11,2) — [2,1) 1—2 (e) 2 — 1 (e7%20) e 8

Table 2: Phase accumulated in each second-order transition; the two paths share this phase and differ
only in their energy denominators.

The whole construction of this section is summarized in Fig. 1, which shows how the
off-resonant states are eliminated, which transitions survive inside the resonant manifold,
and how each of them is assembled from two virtual paths.

3  Floquet engineering of the statistical phase

We now ask whether the restriction of Sec. 2.4 can be lifted by making the drive time
dependent. Both doubly-occupied levels are periodically modulated and the resulting
time-dependent problem is solved by transforming to a rotating frame, expanding the
accumulated phase with the Jacobi—Anger identity, and applying a Magnus expansion in
the secular approximation.
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(A) Coupling of |1, 1) to virtual (off-resonant) states

A —— @O 22
[l @ ® k2

[ @@ 2
= 0@ v

. e O-O-@—Q-Os —— @@ 1y

e @0 po
n @O 1o
> O@ 1
>—— OO wo

Figure 1: One-dimensional Rydberg lattice: the active bond (j,j + 1). Kets are written |n;,n;j41),
the occupations of the two atoms of the bond. (A) Encoding. Each site j is represented by an atom
in a tweezer driven between three Rydberg states, labelled 0, 1 and 2 and representing n = 0,1, 2
particles respectively; the Raman beams , (0 <+ 1) and Q3 (1 <+ 2) move one excitation across the
bond, imprinting €’ on a hop j — j + 1 and e~ on the reverse hop. Starting from |1,1) at energy
E,,, a single hop reaches every other two-site configuration, but none of them is energy-matched: the
interaction energies C,,,,» put them at Ey £+ A,,, the upper group being the higher virtual states and
the lower group the lower ones. Because |A,,| > ) these states are never populated—they are virtual,
entered and left within one drive cycle. Eliminating them to second order in €2 leaves an effective

Hamiltonian acting only inside the resonant manifold, which is panel (B). Panels (B) and (C) are
continued overleaf.
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(B) Resonant subspace and its four transitions ]
navy = « rung (0 <> 1), orange 3 rung (1 <
2); boxed kets are the resonant levels of (B)

(C) The two virtual paths behind each transition |

Energy

A — @@ 2y

ab ﬁ/"}

[1,1)

_ @ O |2,0) 12,1)
A

[I2,0)

\ ] 11,2)

—Q@O® ‘

(I, 1))

[1,0)

—O® 2 o

— @O no / g7

b <

Figure 1: (continued) (B) Effective Hamiltonian. The drive conserves the total occupation N =
nj + nji1, so the resonant states, all lying within ~ E,,, split into blocks: N = 3 {|2,1),(1,2)},
N =2{|2,0),|1,1),]0,2)} and N =1 {|1,0),]0,1)}, separated here by the wider gaps. Only four
second-order processes connect states inside a block; every other pair of levels is left untouched. Each pair
carries two directed arrows. Reading upward, the four upward transitions acquire e ~*® for |0,1) — |1,0),
e@=28) for 10,2) — |1,1), e!B=2% for |1,1) — |2,0) and e~ for |1,2) — |2, 1)—the four net phases
of Table 2—and the downward transitions their complex conjugates, as required by hermiticity. The
three N = 2 levels are degenerate only when 2C7; = Cyo; that resonance condition is what selects
density-assisted tunnelling and makes the phase occupation dependent. (C) Second-order processes.
Every arrow of (B) is a two-photon process running through one virtual state above the pair and one
below. Boxed kets are the resonant levels of (B) and sit at the same height (dotted guides); unboxed
kets are virtual. Each leg is labelled by the phase it imprints and coloured by the rung it uses—navy for
a, orange for 3. The legs are not labelled individually: a leg acting on site j contributes e™* and one
acting on site j 4+ 1 contributes e =2/, where ¢ stands for the beam phase of the rung it uses, since
wj = and ;1 = 2¢. The two paths of a process use the same two rungs in opposite order, so they
carry the same total phase and differ only in their denominators Ay, Ao—the interaction differences of
(17), read off the pair of virtual states of each loop—giving A = Qe (A" + A'). The circular
arrow marks that closed loop and ¢ is the phase it encloses: reading along the drawn circulation, ¢ =0
for the N = 3 and N = 1 loops, whose two legs use the same rung, while ¢ = o — 2 for |0,2) — |1,1)
and ¢ = —(f8 — 2a) for |1,1) — |2,0). Since the two N = 2 processes share |1, 1), they merge into a
single chain.
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Periodic driving replaces the static Hamiltonian by a time-periodic one, H(t + T) =
H(t), for which the Floquet theorem, the temporal analogue of Bloch’s theorem, guaran-
tees solutions |¥(t)) = e~ |®(t)) with |®(t + T)) = |®(¢)) and a quasi-energy ¢ defined
only modulo the drive frequency [19, 35]. Expanding both the Hamiltonian and the Flo-
quet states in harmonics e~ turns the time-dependent problem into a time-independent
eigenvalue problem in an extended Hilbert space, in which the harmonic index m behaves
as a coordinate along a fictitious “Floquet direction” and the drive frequency acts as a
uniform field along it [35]. The physical content of the drive is then a ladder of side-
bands separated by the drive frequency; when that frequency is large the rungs become
energetically well separated and a high-frequency expansion—here the Magnus expansion
of Sec. 3.4—is controlled [20, 35]. The photon index ¢ introduced below is this Floquet-
direction label. The specific mechanism we exploit—that the phase of the drive is inherited
by the induced tunnelling matrix element—is the same one behind the experimental real-
ization of continuously tunable Peierls phases [21] and of the topological Haldane model,
where the modulation phase fixes the imaginary part of the induced next-nearest-neighbour
tunnelling [23].

Driven lattice systems fall into two broad classes [36]. In the first the drive frequency
is off-resonant with every intrinsic energy scale, as in a uniformly shaken lattice. In the
second—the one relevant here—large static energy offsets inhibit the bare tunnelling, and
a modulation resonant with those offsets restores it in a controlled way, generating complex
tunnelling matrix elements in the process. In the usual realization the offsets are provided
by a superlattice or a Wannier—Stark ladder; here they are supplied instead by the Rydberg
interaction energies Cj;, whose role in the dispersive condition (13) is to suppress the direct
hops that the drive then restores. The formal treatment of such resonantly modulated
systems proceeds by splitting the Hilbert space into sectors separated by multiples of Aw
and removing the offsets by a time-dependent unitary before expanding in 1/w [36], which
is the route followed in Secs. 3.2-3.5.

3.1 The driven two-site Hamiltonian

The total Hamiltonian is split into a part that is diagonal in the occupation basis and the
Raman coupling,

H(t) = Hc + HFloquet (t) +HQa (24)
Hdiag(t)

with Hg and H. as in (10) and (12). The drive acts on the doubly-occupied level of each
site,

Hrloquet () = Z 02§(t) 12);(2; = 020(t) [2)0(2lg + 21(¢) 2)1 (2], (25)
J

where each modulation consists of a static offset plus a pulsed sinusoid of duty cycle T]’
within the period Tj,

82;(t) = vjhw; + A Y O(t —nTy) ©(nTp + Tj —t) cos(w'(t — nTp)), w' = —. (26)

n=—oo

Adding (25) to H, gives the full diagonal part Hgiag(t).

3.2 Rotating frame

We now transform to a frame rotating with the diagonal part of the Hamiltonian, the
standard route to effective Hamiltonians for periodically driven lattices [19, 22|. Since
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Hgiag (t) is diagonal at all times, [Hqiag(t), Hdiag(t')] = 0 and no time ordering is required:
t ‘ t

Un(t) = exp =i [ Hang(r)dr| = 32 e ® il 500 = [ 6oy(r)ar, (21
0 n,m 0

which written out over the nine configurations reads

Up(t) = et 100)(00] + ¢~*C011|01)(01] + e~ 1C0zt+21(0)] |02 (02
+ e 1001t [10)(10] 4 721t |11)(11] + e~ U2t 21(0] 12) (12

+ e~ 1Co2tF20(0] 190) (20| 4 ¢~ (Cr2tFPo(] 21) (21| 4 ¢RI P(OFN1(D] 199) (2] .
(28)
Transforming the coupling, Hyo(t) = Ug (t)HqUy(t), leaves the a-rung terms carrying only
their static phase and the bare detuning,

Hr((()):;)( ) Qaei[a+(001—2000)t] ’10> <00’ 4 Qaei[OH‘(QCH—C()l)t] ’11> <01‘
+ Quellot(@r=Co)tl 112 (02] 4 Q¢! 2(Co1=2C0)M 1) (00| (29)
+ Q120+ CC=Contl 117) (10| + Qe (C12=Co2)t] 191)(20] 4 H.c.,

while every ([-rung term, which by construction couples to a doubly-occupied level, is
dressed by the accumulated drive phase F;(t) = e'®(),

Hyg) () = Qpell? om0ty (1) [20) (10] + QP Q22 7y 1) 21) (11
+ QpellBT 02 =0l 7 (¢ )|22><12|+Qgel[25+(002 CoVt] 74 (£) 102)(01]

+ Qe+ (C2 =200 1y (1) 112) (11 + Qpel2A+H2C2 =)t 7, (1) [22) (21| + H.c.,
(30)
with Hyor = H@ + HY).

rot rot *

3.3 The Floquet factor

Integrating the drive (26) to obtain the accumulated phase ®;(t) = [J da;(7)dr and ex-
panding the result with the Jacobi—Anger identity gives, in the continuous-drive limit
T =T

J )

*F](t _ el@ (t Z JZ i(ﬂj+€w/)t’ K

l=—00

g, 17]‘ = yjhwj. (31)
The drive therefore splits each S-rung coupling into an infinite ladder of sidebands sep-
arated by «’ and weighted by Bessel functions of the modulation index x. This Bessel
renormalization is the same effect that produces dynamic localization in shaken lattices,
where a sinusoidal force rescales the bare tunnelling matrix element by a Bessel function
of the scaled driving amplitude and can suppress it entirely at the zeros of that function
[19]. Here the factors Jy(x) play the same role for each sideband, and it is this amplitude
control-—independent of the phase control provided by ¢ ;—that is used in Sec. 3.6 to satisfy
the magnitude conditions. The general pulsed case of finite duty cycle, the stroboscopic
condition, and the derivation of (31) are given in Appendix E. This continuous-drive limit
is assumed from here on, since it is what makes a rigorous Magnus expansion possible.
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3.4 Magnus expansion and Fourier mode decomposition

What we compute is the high-frequency approximation to the Floquet Hamiltonian H*
defined by requiring that exp(—iTH F / h) reproduce the evolution over one driving period,
so that stroboscopically the driven system behaves as if governed by a time-independent
Hamiltonian [19, 37]. Expanding it in the Magnus series Heg = H, éflf) +H e(é), the first order
vanishes for the same reason as in the static Raman case of Sec. 2.3. There the interaction
shifts Cj; were chosen, through (13), so that every single-atom transition is off resonance,
which is what removes the first-order term and leaves the second-order exchange as the
leading process. Here the same choice, made in the rotating frame, means that every mode
Vu of Hyot carries a strictly non-zero frequency wy,: the drive contributes multiples of w’
and the interactions contribute the offsets Cj;, and no combination of them vanishes. The
period average therefore has no term to survive it,
g _1 [Ty @ _ —t (T M

o = T/o rot () dt =0, Hg = o7 dty ; dty [Hyot(t1), Hrot(t2)].  (32)
To evaluate the time-ordered integrals we decompose H,qt into transition modes, separating
the time-independent operators from their dynamical phases,

Hrot (t) = Z Vueiwuta (33)
I

where p indexes a transition pathway and hermiticity guarantees a conjugate mode with
V—u = VJ and w_, = —w,. A decomposition of this kind into Fourier harmonics is the
standard starting point of the inverse-frequency expansion, in which the n-th order contri-
bution to the Floquet Hamiltonian is of order 2~ and is built from nested commutators
of the harmonics [37].

Two caveats attach to this construction. First, what the Magnus series produces is the
stroboscopic Floquet Hamiltonian, whose higher-order corrections depend on the Floquet
gauge—the choice of initial time within the drive cycle—while the micromotion between
stroboscopic times is carried by a separate kick operator; a manifestly gauge-invariant
expansion for the effective Hamiltonian is also available [37]. Since we compare populations
at stroboscopic times, the stroboscopic form is the appropriate one here. Second, the
Magnus series is not guaranteed to converge, and in general it is not known whether it is
asymptotic or has a finite radius of convergence; for the finite-time evolution considered
here, with a drive frequency large compared with the effective couplings, the short-period
expansion is nonetheless well behaved [37].

The two technical tools used in this thesis are closely related. The adiabatic elimination
of Sec. 2.3 is a Schrieffer—Wolff transformation, and the inverse-frequency expansion used
here is its extension to driven systems, the large interaction splitting (13) and the large drive
frequency playing formally parallel roles [37]. The static a-drives form single-frequency
modes, for example

Vi0.00 = Qae™ [10)(00], w1000 = Co1—2Co0; Vit10 = Qae*[11)(10], w1110 = 2C11—Cor,
(34)

whereas the Floquet-modulated -drives expand into an infinite ladder of modes labelled

by the photon index ¢, each rung displaced in quasi-energy by fw’ and weighted by Jy(k)

— the sideband structure of the extended Floquet space [35],

Vasho = QaJe(k)e [20)(10],  wig)yy = Coo — Con + i + b,

O (0) 28 (©) . , (35)
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3.5 Secular approximation and commutators

Substituting (33) into (32) and performing the inner integral, [i'e™ 2dty = (e™vit —
1) /iw,, gives

Vi, Vi , .

H(Q) - _ [ Lrp 'vl / z(wu—i-wl,)tl _ Llwput dt ) 36
eff 2T iy 0 (6 e ) 1 ( )
In the limit of many driving periods % fOT et = 00,0, so the first term survives only for

wy, = —w, while the second vanishes identically, and the infinite sum collapses to

2 ~[Vi Vi
HEY =% — o S+ ). (37)
mv

Two classes of term contribute. Type I pairs V# and V, that are conjugates, which satisfy
wy +w, = 0 inherently; using [|a)(b], |b){(a|] = |a){a| — |b)(b| they generate AC Stark shifts,

e.g.

2 % o (0) (2 0 2
Vitol|* Va0l Vo111l Vi2a1l

AFE|1 = + — E 0 — E (Z) . (38)
W11,01 W11,10 ¢ wy ¢ Wiz

Type II pairs form a pathway across three states |a) — |b) — |¢),

2) 1 11
Hof o = 3 VanVhe (= =) 86 + wne) ) (], (39)
and survive only when initial and final states are bridged by an integer number of drive
quanta. For the cross-site |12) <> |21) transition through |11) this imposes
o — i

— =q, (40)

(6) ) _ r_
worqr twipe =0 = (-0 = o
so the term exists only if the commensurability parameter ¢ is an integer, which is enforced
below by a Kronecker delta 64z.

3.6 Final second-order effective Hamiltonian

Assembling all commutators gives Héﬁ) = Hc(ﬁa)g + H(()?f)_diag. To write the diagonal block

compactly we abbreviate the a-type shift and the Bessel-weighted §-type sum by

02 > J2(k)
Ay = 22 (X) =03 —
X X’ S]( ) ﬁ€£X+ﬁj+€w’

(41)

The AC Stark shifts are then

O _

diag = 2A¢01-2040 [00)(00]

[Acoi—2c00 — A2cii—cor — S1(Co2 — Cor)] [01)(01]

[S1(Co2 — Co1) — Acy,—Cys ] 102)(02]

[“4001 2Co0 — ‘AZCU*COI - 80(002 - 001)] |10><10|

(2401, oy — So(Crz — 2C11) — 81(Cha — 2C11)] [11)(11] (42)
[.A012 Cos T+ 31(012 — 2011) 80(2022 — 012)] |12><12|

[S0(Coz2 — Co1) — Aci,—cia] 20)(20]

[A012 —Cps +S0(Cr2 —2C11) — §1(2Co2 — Clg)] |21)(21]

[S0(2C22 — Ci2) + S1(2Cs2 — Ch12)] |22)(22].
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Every off-diagonal term is conditionally gated by a Kronecker delta, guaranteeing conser-
vation of quasi-energy up to Floquet quanta,

(2) _ 02 —ix i
H g = O | oo — 20111_001] (e7 [10)(01] + €' [01)(10] )

O

0Nz QQQ’B [201117001 o 012i002:|JN0("{) (ei(ﬂ_Qa) 20)(11] + H'C‘)

i(o— 43
+onz - Qalls [20111—001 a C12iCo2}JN1(K) (e (o=20) [11)(02] + H'C'> (43)

bz 03[ S TS (e 21 (2] + He),

{=—o00

where the first line is the degenerate exchange (AE = 0), the second and third are the
Floquet-assisted transitions [11) <« |20) and |02) <> |11), and the last is the cross-site
commensurate transition |12) <+ |21). The integer resonance parameters count the Floquet
quanta needed to bridge each gap,

2C11 — Co2 — g 2011 — Co2 — 1y U — 1
NO = s ) Nl = o ) q= o (44)
and the virtual-state summation factor for the cross-site coupling is
1 1
2y (45)

T Cp— 20y + 7o+ ' 209 — Cho + 0o + Lo’

Comparing (43) with the target amplitudes (8), the statistical phase now enters through
the combinations (=22 and ¢(®~2%) weighted by the Bessel factors Ja; (k) and Jy, (),
whose magnitudes are set independently by the modulation index k.

3.7 Resolving the spectrum by particle number

Before turning to the dynamics it is worth asking what the spectrum of H, é?f) looks like once

the two-site operator is promoted to a chain, H =}, Héfo)jo- Every term of (42) and

(43) moves exactly one quantum between neighbouring sites, so the total particle number

2

N=Y"d;, a;=3 nln)(nl, (46)
J

n=0

commutes with H éfo). The Hamiltonian is therefore block diagonal in N and every eigen-

state carries a definite integer N: the pair (E,,, Ny,) is unambiguous, and no state has
to be assigned a fractional particle number. This makes the exact diagonalization cheap
enough to be done in full—each of the 2L + 1 blocks is diagonalized separately and the
blocks concatenated, giving all 3% levels rather than only the low-lying ones, since the
largest block has dimension 8953 rather than 59049 for L = 10. This is the standard
route to making exact diagonalization tractable: whenever an operator commutes with
the Hamiltonian, the Hilbert space splits into sectors of definite eigenvalue and the single
large diagonalization is replaced by several small ones, which both reduces the memory
requirement and gives access to a far larger number of excited states than a sparse solver
would return [3].

Figure 2 shows the complete spectrum for a chain of L = 10 sites, i.e. all 3'0 = 59049
levels, at the parameters used throughout this section. Panel (a) plots E against the
eigenvalue of N; panel (b) is the intensive version, F'/L against the average number density

n=N/L, (47)
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whose eigenvalues are the values N/L, spaced by 1/L and bounded above by n = 2 because
the local space is truncated at |2). Dividing both axes by L is what makes panel (b) more
than a relabelling of panel (a): it is the combination that stays finite as L grows, and hence
the form in which chains of different length may be compared.

Two features matter for what follows. The energies below are obtained by diagonalizing
the effective Hamiltonian of Sec. 3.6 numerically at the reference parameters of Table 1;
they inherit their absolute scale from the C;; and €, g assumed there, and are quoted in
megahertz for that reason alone. First, the lower envelope Ey(V) is flat at small filling:
the sectors N =0, ...,4 span only —0.900, —0.912, —0.919, —0.919, —0.910 MHz, a spread
of 0.019 MHz across five different particle numbers, and the global minimum falls at N = 2
rather than at unit filling. The lowest six levels of the whole spectrum are distributed over
the four sectors N = 1,2,3,4, and the global gap F; — Ey = 1.3 x 10~ MHz connects
N =2 to N = 3: it is an inter-sector spacing, not an excitation at fixed filling. States of
different particle number are thus nearly degenerate at the bottom of the band, so which
sector holds the global minimum is decided by small changes in the drive parameters, and
any statement made about the unconstrained ground state is correspondingly fragile. The
remedy is to work at fized filling, which is legitimate precisely because N is conserved
exactly—restricting to one block is not an approximation—and this is what makes the
sector-resolved treatment of the dynamics in Sec. 3.8 well posed. Second, the spectrum
is strongly asymmetric in N even though the Hilbert space is particle-hole symmetric in
dimension, dim(N) = dim(2L — N): the total bandwidth is 1.436 MHz and the highest
level lies in N = 15 rather than in the largest sector N = 10. That asymmetry comes
from the AC-Stark diagonal (42), which is not particle-number neutral, and it is the same
feature that flattens the low-filling envelope.

(a) extensive: all 31° levels vs N (b) intensive: E/L vs A
—e— Eo(N) A —e— Eo(N)/L PL o
—m EmaeN) — N —B EmaM)/L -t ~
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J

(spacing 1/L = 0.10)

Figure 2: Spectrum of the effective chain Hégf) plotted against the conserved particle number, for L = 10

sites with open boundaries. All 310 = 59049 eigenvalues are shown (pale points, jittered horizontally
inside each sector) together with the sector envelopes Ey(N) and Ey.x(N); the star marks the global
ground state. (a) Extensive view: E versus the eigenvalue N of N, Eq. (46). (b) Intensive view: E/L
versus the average number density n = N/L, Eq. (47), whose eigenvalues are spaced by 1/L = 0.1 and
bounded by 7 = 2 through the truncation at |2); the dotted line marks unit filling. Parameters as in
Fig. 3, with w’ = 40 MHz and drive phases a = 0, 3 = 6 = 0. Because [He(?,l\?] = 0 the spectrum
splits into 2L + 1 blocks and each level carries an integer IV, so the figure contains the entire spectrum
and not a truncation of it. The envelope Ey(NV) is flat to within 0.019 MHz over N =0, ... 4, so the
lowest levels come from several different sectors and the global gap is an inter-sector spacing.
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3.8 Time evolution

Because H é? is static, the dynamics follows from the matrix exponential

() = e et b (0)) . (48)

This describes the evolution at stroboscopic times. The rapid micromotion within a driving
period is carried by a separate kick operator, and its effect on observables depends on
the details of the modulation scheme, so that the effective Hamiltonian alone does not in
general capture the full time evolution [36, 37]; the curves below should be read accordingly.
Figure 3 shows the resulting population dynamics for each initial configuration of the bond.

The oscillations are the direct signature of the engineered exchange. Because H éfzf)
conserves the total occupation N = ng + ni, the dynamics decomposes into the manifolds
identified in Fig. 1(B): the N = 1 and N = 3 blocks are two-level systems in which the
population flops completely between |01) and |10), and between |12) and |21), at a rate set
by the corresponding off-diagonal element of (43); the N = 2 block forms the three-state
chain |02) <> |11) <> |20), whose two legs are the Floquet-assisted transitions and whose
beat pattern reflects their relative amplitude; and |22) is uncoupled and therefore stationary.
Reading off the oscillation periods thus gives the effective tunnelling rates directly, while
the asymmetry between the two legs of the N = 2 chain is where the statistical phase
enters.

Physically these are resonant dipolar exchange oscillations. Two Rydberg atoms pre-
pared in different, dipole-coupled states have their pair state directly coupled to the ex-
changed configuration by the dipole—dipole interaction, so that an atom pair initially in
one arrangement coherently evolves into the other and back—the “flip-flop” oscillation,
with a rate scaling as C3/R3 in the resonant dipolar case and Cg/RS for van der Waals
coupled pairs [27]. This is the process that the second-order treatment of Sec. 2.3 produces,
dressed here by the drive. Oscillations of this form have been resolved between individual
atom pairs in Rydberg tweezer arrays. There the number of atoms never changes; what
is followed in real time is the population of each internal level of one atom as the pair
coherently exchanges its internal states, and the exchange rate is tuned through the orien-
tation of the pair relative to the quantization axis [29]. The populations themselves are
directly observable: both tweezer arrays and quantum-gas microscopes provide single-site
resolved readout of the atomic state, which is what makes site-resolved occupations and
their correlations experimentally accessible [27].

Two experimental scales should be kept in mind when reading Fig. 3. The interaction
energies assumed there (Cj; of tens of MHz) are of the order reached between Rydberg
atoms at micrometre separations, where interaction strengths of 2 1 MHz are routine for
principal quantum numbers n ~ 50 [27]. Rydberg lifetimes, however, are only of the order
of a few hundred microseconds [27], so while the fast oscillations of the N = 1 manifold
(periods of a few tens of microseconds) are comfortably resolved within the coherence time,
the slower N = 3 traces extending beyond a millisecond exceed it; observing those would
require either stronger couplings, obtained at smaller separations or higher n, or a longer-
lived encoding such as Rydberg dressing. The trade-off is the one identified already in the
original gate proposal [28]: the dipolar interaction grows as v* with the effective principal
quantum number while spontaneous emission and photoionization by the driving lasers
fall as v~3, so the ratio of useful coupling to loss improves rapidly with v, and the natural
strategy is to push the interaction up rather than the decay down. How far this can be
taken is limited by the geometry rather than by the atoms: with ¥ = 18, R = 300 nm and a
field of 100 V/cm, Ref. [28] quotes u = 1.8 GHz, three orders of magnitude beyond the shifts
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assumed here, but at such separations the single-site addressing on which the encoding of
Sec. 2.1 depends is no longer available, and the micrometre spacings of a tweezer array are
the compromise. One caveat attaches to the scaling argument: the estimates of Ref. [2§]
neglect blackbody-induced transitions, which is justified there for v < 20 but not at the
n = 50 assumed here, where blackbody redistribution contributes appreciably to the finite
lifetime quoted above.

3.8.1 Analytic solution within each manifold
)

Because H_j' is block diagonal in N, each manifold can be solved in closed form and
the curves of Fig. 3 admit exact expressions. The two-level blocks give generalized Rabi
oscillations, in which the residual detuning between the two levels—itself generated by the
AC Stark shifts (42)—reduces the contrast.

Degenerate exchange [01) <> [10). With the coupling read off from the first line of
(43),

1 1
Vi — 02 — 49
oL10 ¢ (Cm —2Ch 207 — C'o1> ’ (49)

the populations are
4V021,10
Ay 10 +4Vii 10

. t
Plo(t) = SIII2 <2 \/Agl,lo + 4‘/021’10) y P01 (t) =1- Pl()(t), (50)
which manifestly conserve probability within the block. Subtracting the diagonal shift
of |10) from that of |01), the €, contributions cancel exactly and the detuning is purely
Floquet-assisted,

00 1 1
A2 72 ( _ ) . (51
whe Beg_:oo () Co2 — Co1 + 1 +lw’  Coo — Co1 + 1 + L' o1

Cross-site commensurate exchange [12) < |21). Provided the commensurability
condition ¢4z = 1 holds, the same structure applies with the coupling of the last line of
(43), Vigo1 = Q% >0 Je(k)Je—q(K)Xy, giving

2

B 4Vi5 91

=2 p)
Afg o1 T4V 9

. t
Py (t) sin? <2\/A%2721 + 4V122’21) , Plg(t) =1- Pgl(t), (52)

with, again after exact cancellation of the 2, terms,

s 1 1
A9 = Q2 J? -
12,21 B ZIZOO ¢ () <012 —2C11 + 101+ Cha —2C11 + g + Lo’

(53)

1 1
+2022 — Ci9 + 17 + b’ B 2C99 — Ch1a + I -l—&u’)'

Floquet-assisted V-type block |11) <+ {|02),]|20)}. Here the central state is coupled
to two others, with amplitudes differing only through the Bessel factors Jy; (k) and Jas (k).
Assuming exact multi-photon resonance, so that the detuning vanishes, |11) couples to a
single bright superposition of |02) and |20) with effective Rabi frequency

1 1
2C11 —Co1t Ci2 —C2

Qetr = [ \/ T3 () + J%, (), (54)
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and the populations are
P11(t) = cos? (Qegt),

J2 (K
Foalt) = Jm(nﬁvl( J)ﬁﬁ(m i @ent). Pult) = e Gy o (Cet)

The orthogonal (dark) superposition is decoupled and never populated. The branching
ratio between |02) and |20) is therefore controlled entirely by the two Bessel factors, so
that tuning the modulation index « redistributes weight between the two legs of the chain—
visible in Fig. 3 as the unequal amplitudes of the |02) and |20) curves.

I3, (k) (55)

Population dynamics under H')
Coo =0, Cop =20, C11 =15, Cop =2Cy3 =30, C1,=45, C2 =55 MHz
Q,=1, 0p=1, W' =40, A=48 (K=A/W' =12), Uo=V1= —40, a=m/4, B=1/3
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Figure 3: Population dynamics under Hé? for the six initial two-site configurations, obtained from (48).
Parameters (in MHZ) are COO = 0, COl = 20, C11 = 15, C()Q = 2011 = 30, 012 = 45, 022 = 55,
with Q, =Qs =1, 0w =40, A=48 (sok = A/w' =1.2), iy =1 = —40, a« = 7/4 and 8 = /3.
The N =1 and N = 3 manifolds show two-level exchange, the N = 2 manifold the three-state chain
|02) <> |11) <> |20), while |22) is decoupled and remains stationary.

3.8.2 From the bond to the chain: spacetime dynamics

A

The bond dynamics above extends directly to a chain, H = >, H, e(f2f) JEmE Because N is
conserved, Eq. (46), the evolution never leaves the sector of the initial state, so (48) can
be evaluated exactly by diagonalizing that one block—this is the fixed-filling statement
of Sec. 3.7 put to use. Releasing a single doubly-occupied site into an otherwise empty
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L = 10 chain, [¢(0)) = 0,0,0,0,2,0,0,0,0,0), confines the dynamics to N = 2, a block of
dimension 55, and the site-resolved occupation (71(t)) follows without approximation.

Figure 4 shows the result. Panel (b) is a reference: a single excitation released from
the same site can only use the degenerate-exchange channel A; of (43), labelled as in
(75), and produces a clean single-particle light cone that reflects off the open ends and
reconstructs, with revivals near ¢ ~ 340 and 530 us. Panel (a) is the doublon. It stays bound
for ¢t < 100 us—breaking it costs the AC-Stark diagonal (42), while the Floquet-assisted
amplitudes that can break it are small, A5 = A3 = 0.017 MHz against A; = 0.050 MHz—
and only then dissociates, the occupation at the initial site falling to a minimum of 0.079
and 1.92 of the two quanta having left it by ¢ ~ 577 us. The contrast between the two
panels is the clearest statement that the doublon propagates as a composite object rather
than as two independent particles: it is slower by roughly the ratio A4/A; and it survives
long before spreading. The left-right imbalance of panel (a), 0.58 against 1.32 at the end
of the window, is a boundary effect of releasing the doublon off centre (site 4 of ten) and
not a signature of statistics.

Two caveats apply. First, these are stroboscopic occupations: the micromotion within
a driving period is excluded, as noted at the beginning of this subsection. Second, the
doublon channels are slow. With A4 ~ 0.01 MHz the dissociation unfolds over hundreds
of microseconds, which is comparable to Rydberg lifetimes; resolving the late-time struc-
ture of panel (a) would need the stronger couplings or longer-lived encoding discussed
above, whereas the early bound plateau and the single-particle light cone of panel (b) lie
comfortably inside the coherence time.
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(a) Doublon at site 4: ]0,0,0,0,2,0,0,0,0,0), N=2 (sector dim 55)
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Figure 4: Spacetime maps of the site-resolved occupation (7;(t)) under Hgf) on a chain of L = 10
sites with open boundaries, obtained from (48). Colour runs from white at (f;) = 0 to deep violet at
the maximum. (a) A doublon released at site 4, |0,0,0,0,2,0,0,0,0,0), so N =2 and the evolution is
exact inside a block of dimension 55. (b) A single excitation released at the same site, which can only use
the Ay channel and therefore shows the bare single-particle light cone with its reflections. The evolution
uses the four amplitudes Ay, ..., A4 of (75) with the signed values A; = —0.0500, As = A3 = +0.0166
and Ay = —0.0101 MHz; parameters as in Fig. 3 with w’ = 40 MHz and 6 = 0, the value the drive
actually realizes (Sec. 4.6). Time is in units of 1/MHz, i.e. microseconds.

What a non-zero statistical angle would look like. The matching of Sec. 4 works
at the level of the effective Hamiltonian. It is therefore worth asking whether the same
conclusion can be reached from the full dynamics alone, without analysing the effective
Hamiltonian at all—that is, what an experiment measuring site-resolved densities would see
if the statistical phase could be engineered. Figure 5 repeats the doublon release with the
bond phases set to the pattern (91,92, 93,94) = (0,6, —26, —0) obtained from o« = 0, 5 = 0,
whose flux through one elementary loop of the configuration graph is —29 + o + 3 =
—0, and which the diagonal gauge with 79 — 2y, = —26 carries onto the anyon-Hubbard
target (0, ¢,0,¢) with ¢ = —0. The angle changes the dynamics substantially: the largest
deviation from the § = 0 map, max ; [(7;)9 — (72;)0|, reaches 0.66 out of 2, and it does so
at @ = 47 /3 rather than at 6 = m, taking the values 0.435, 0.451, 0.408, 0.657 and 0.361
at 0 = /3, 2w/3, m, 4w/3 and 57/3. At 6 = 47 /3 the doublon migrates steadily along
the chain, reaching site 7 by ¢ ~ 500 us, whereas at § = 57/3 it barely leaves its initial
neighbourhood—so a directed, phase-controlled transport of the composite object is the
signature to look for.

That the circle must be sampled in full, rather than only on [0, ], follows from a
symmetry that is easy to misread. Since the diagonal is real and only ¥J9,14 carry the
phase, H(—0) = H(#)*; with a real initial state this gives [1)(t; —0)) = |10(—t;0))" and
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hence
(7(t)) -6 = (1 (—t))o- (56)

This is not evenness in #: that would additionally require the dynamics to be time-reversal
symmetric, which it is not. Reversing the statistical angle runs the density backwards in
time instead of leaving it unchanged, so # and 2w — 6 are different evolutions rather than
mirror images—which is why 47 /3 and 57/3 differ by nearly a factor of two in the table
above.

It must be stressed that Fig. 5 is a statement about the target model and not about
the drive of Sec. 3, which delivers only ¢ € {0,7} (Sec. 4.6). Indeed the uniform bond
pattern used there cannot be produced by any assignment of laser phases to the sites:
Y1(j) = j — aj41 = 0 forces o to be constant, ¥4(j) = —6 forces ; = o + jb, and then
Y2(j) = Bj — aj+1 = Bo + jO — o grows linearly with j and cannot equal the constant ¢
unless = 0. This reproduces the restriction of Sec. 4.6 from a different direction—per-
bond flux rather than the linear system of Table 3—and shows what is lost by it: the
transport asymmetry of Fig. 5 is the observable that an occupation-selective, multi-tone
drive would unlock.
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Figure 5: The doublon release of Fig. 4(a) repeated at six values of the drive phase 6 covering the full
circle, with the bond phases (0,6, —26, —0) that are gauge-equivalent to the anyon-Hubbard pattern
with statistical angle ¢ = —§. The colour scale is common to all panels, white at (72;) = 0. The angle
controls both how far and in which direction the doublon moves: at 8 = 47/3 it migrates to site 7 by
t ~ 500 pus, while at # = 57/3 it stays near its initial site. Because of (56) the density is not even in 6,
so 0 and 2w — 6 are distinct evolutions and the whole circle must be sampled. This figure characterizes
the target model: the single-tone drive of Sec. 3 realizes only # = 0 and § = m, as established in Sec. 4.6.

4 Matching the effective Hamiltonian to the anyon-Hubbard model
Sections 2—3 produced an effective Hamiltonian H e(? = Hgig +H (E?f)-diag for the driven two-
atom bond. Section 1.3 fixed the target: the anyon-Hubbard bond, with on-site interaction
U and the four tunnelling amplitudes (8). It remains to ask under what conditions the
former can be made equal to the latter. We treat the diagonal sector first, where the
matching fixes the effective chemical potential and interaction, and then the off-diagonal
sector, where the matching turns out to be restricted.

Throughout this section we abbreviate the two families of AC Stark shifts appearing
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in (42) as

02 0?2 02

Ar= % Dp=_ o Ag=_ 57
"7 Cor — 2C00 7201 - Co 57 C1a — Coo (57)

J? (k) J7 (k)

— QQ 4 — QQ 4
5 5;002—0014-17—1—&0/7 52 5%:012—20114—54-&0” ( )
58
J7 (k)

=02
53 BgQCQQ—Clg-Fﬁ-i—&J”

ie. A; = Ax and 5; = S(X) of (41) evaluated at the relevant denominators, having
anticipated the condition 7y = 91 = U that Sec. 4.4 will impose.

4.1 Diagonal sector: chemical potential and interaction
The diagonal elements Dy, n, = (n1,n2| H, (giig |n1,ng) are the quasi-energies of the nine con-
figurations. For a Bose- or anyon-Hubbard bond with local energy Fy, chemical potential

w1 and interaction U, the target spectrum is

Eoo = Ep, Eoy = E10 = Eo + p, Eyy = Eo + 24, (59)
Eoy = Eoo = Eg +U +2u,  Ei9=FEyn=FEy+U+3u,  Ew=FEy+2U +4p.

Requiring the spacings of H, (g.inig to reproduce this ladder gives a set of consistency conditions.
Demanding that adding the first particle cost the same as adding the second, Dy — Doy =
DH — D()l, yields

2A1 — 2A2 = Sl — SQ, (60)

in which case the chemical potential is well defined and equal to
n = 3A1 — AQ — Sl. (61)

Similarly, requiring the combination U 4 p to be the same for the transitions 01 — 02,
11 — 12 and 12 — 22 gives two further constraints,

Doy — Doy = D12 — D17 = —A1 +3A5 —2A3+ 251 — 353+ S35=0,

62
D13 — D11 = Dy — D1z = Az — A3 — 253 +253 =0, (62)

under which the Hubbard interaction is
U= —4A1 +2A9 — A3+ 35]. (63)

4.2 Effective chemical potential, interaction, and their ratio

Independently of whether the consistency conditions hold exactly, one may read the low-
occupation energies directly off H ggg,
Eop = —2Aq, Eo1 = Ay — Ay — 57, Ep2 = 51 — As, (64)

and define the effective parameters from the first and second particle addition energies,

peft = Eo1 — Eop = 3A1 — Ay — 51, Uet = Eo2 — 2E01 + Eoo = —4A1 +2A2 — A3+ 351,
(65)
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which reproduce (61) and (63). Written out,

Helt =%%a | Cor — 2000~ 2011 — Con P~ Cop— Cor+ i + lw'’
2 4 1 > JZ (k)
Uup = Q2 { = ~ } +3072 Nt
of “12C11 —Cn Cyn —2Cy  Cra — Coa B Z:z—:oo Co2 — Co1 + U + L'
(67)
The dimensionless ratio that controls the physics of the Hubbard model follows as
3 1 >
- —r
Meff _ 3A1 - AQ - Sl _ 001 — 2000 2011 — 001 (68)
Uest 351 —4A1 +2A9 — A3 2 4 1 +3r E’

201 —Con Co1 —2Co0  Ciz — Cog
where the overall factor Q2 cancels between numerator and denominator and we introduced

03 °° J3 (k)

== by .
" Q%’ Z:Eoo Coo — Co1 + 7+ 4!

(69)

The ratio is therefore controlled by only two experimentally accessible knobs, the Rabi-
frequency ratio r and the modulation index x entering through X, at fixed interaction
geometry.

In fact the two enter only in one combination. Collecting the geometry factors of (68)
into

3 1 4 1 2

a= — , b= + — , (70
Co1 —2Cp  2Cnu — Cou Co1 —2Cp  Ciz—Cp2  2C1 — Cnt (70)

the ratio becomes a M&bius function of the single product = = r 3(k),
Ueff QA — T (71)

Ug 3x—10

with a pole at © = b/3, a zero at = a, the value —a/b at = 0 and the limit —1/3 as
|z| — oo. For the interaction geometry of Table 1, a = 0.0500 and b = 0.0667 MHz !,
so the pole sits at @ = 0.0222 and the two limiting values are —3/4 and —1/3. Two
consequences follow. First, r and x are not independent handles on the ratio: any pair
with the same r¥ (k) gives the same pef/Uesr, and the remaining freedom acts only on
the amplitudes. Second, since = > 0 whenever ¥ > 0, letting x run over (0,00) covers
(—00,—3/4] and (—1/3,+00) but never the interval in between:

3 Heff
—5 <
4 Uef‘f

< —% is unreachable for ¥ > 0. (72)

That window opens only where the Bessel sum changes sign: > vanishes at £ = 1.0585,
3.4910 and 4.2841, and for ¥ < 0 the product  runs over (—oo,0) and sweeps the excluded
interval. Choosing k below the first of these zeros is therefore the only way to reach it,
which constrains the modulation index rather than the drive powers.

Figure 6 shows the amplitudes of (75) against the ratio. Because A; oc 2 is blind to
both Q3 and &, while A4 Q% is blind to €),, no single sweep of two knobs moves all of
them; each panel therefore states the sweep it uses, €2, for Ay and Qg for Ay = A3 and Ay.
In every panel the curve splits into two branches on either side of the pole of (71), and
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the shaded strip is the forbidden window (72)—the x = 0.8 curves, for which ¥ < 0, are
the ones that cross it. At the reference parameters (2, = Qg = 1, £ = 1.2, starred) the
ratio is pler/Uet = —0.924 with A; = 0.0500, Ay = A3z = 0.0166 and A4 = 0.0101 MHz, i.e.
As /A1 = 0.332 and Ay/A; = 0.202 against the targets /2 and 2 of (8). The figure makes
clear how that shortfall can be reduced: moving along {23 raises Ay and A4 relative to the
fixed Aj, at the price of driving the ratio toward its —1/3 asymptote.

Two features of the curves are set by Bessel zeros rather than by the ratio. As = Ag
vanishes at x = 3.8317, the first zero of Ji, and A4 vanishes at k = 1.3292, 3.3175, 4.5008,
where the sum >4 of (75) changes sign. At such & the corresponding channel switches
off entirely while pefr/Ueg remains perfectly finite. The reference value k = 1.2 lies close
to the first of these, which is why A4 comes out an order of magnitude below A; there;
moving to x = 0.8 raises A4 by a factor of four.

Finally, the amplitude conditions of Sec. 4.4 interact with this ratio. At fixed interaction
geometry those three conditions fix Q,, {23 and x completely, hence fix x, hence fix the
ratio: pefr/ U is then no longer a free parameter. Solving them numerically for x € [0.3, 6]
gives six solutions, all requiring a strongly asymmetric drive Q3/Q, between 3.9 and 10.6,
and all landing in the narrow band

Heff
Ueff

€ [~0.303, —0.263], (73)

just above the —1/3 asymptote. So while the magnitudes pose no difficulty on their own,
matching them does pin the chemical-potential-to-interaction ratio to a small negative
value; tuning it elsewhere requires retuning the interaction geometry C;;, which is fixed by
the atomic states and the lattice spacing.
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Figure 6: The engineered amplitudes of (75) against the ratio peg/Ueg of (68), for three modulation
indices. Each panel is traced by the sweep that moves the amplitude in question: (a) A; oc Q2 by
sweeping 2, at Q5 =1, (b) Ay = A3 x Q.85 and (c) A4 Q% by sweeping Qg at 2, = 1. Each curve
breaks into two branches at the pole © = b/3 of (71); the shaded strip is the window (72), unreachable
when 3 > 0 and crossed only by the k = 0.8 curves, for which ¥ < 0. Stars mark the reference
parameters Q, = Qg =1, k = 1.2, where peg/Ueg = —0.924 and A; = 0.0500, A; = A3 = 0.0166,
A4 = 0.0101 MHz. The sharp dips of A> and A, are the Bessel zeros discussed in the text, at which a
channel switches off while the ratio stays finite. Interaction geometry as in Fig. 3, with w’ = 40 MHz
and N = 1.

The same information can be read the other way round. Figure 6 places the ratio
peft/Ue on the horizontal axis and asks what the amplitudes do; Fig. 7 instead places
the dimensionless couplings A;/Ueg there and asks what the chemical potential does. The
second reading is the one that connects to the Hubbard literature, because A;/Ueg is the
tunnelling-to-interaction ratio J/U in which Mott lobes are conventionally drawn, and
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A /U and Ay/Ueg are its density-assisted counterparts. Only three panels are needed:
the resonance lock 7y = 1 of Sec. 4.6 forces Ny = N7 = N, so A3 = A, identically and the
pair shares a panel. The two are equal in magnitude only—in H éfgf) they act on different
bond configurations and carry the phases ¢ and —2¢.

The axes behave differently under an overall rescaling of the drive, and the distinction
matters when quoting numbers. Every amplitude, pog and U.g carries a factor 92, so
under (Qq,3) = A(Qq,Q23) at fixed r and & the horizontal axis is invariant while the
vertical one scales as A2. The figure is therefore drawn at a stated £, = 1 MHz, the value
used in the exact diagonalizations of Sec. 3.7 and App. C; changing it slides every curve
vertically and does nothing else. That choice also keeps the construction inside its own
regime, since the smallest energy denominator appearing in H éfo) is 2C11 — Cp1 = 10 MHz
and the second-order expansion requires €2 well below it.

Three features are visible immediately. First, all four A; are positive by construction,
so the sign of A;/U.g is the sign of Ueg alone: the left half-plane of each panel is the
attractive side of the model, and the vertical asymptote separating the halves is the locus
Ueg = 0. For k = 1.2 this is crossed at 3/, = 1.842 and for x = 2.0 at Q5/Q, = 0.887,
whereas k = 0.8 has > < 0 and Ueg never changes sign. Second, pg stays bounded exactly
where A;/Ue.s diverges: approaching the pole, pieg — Q2 (a — b/3) = 0.0278 MHz, which is
the plateau the curves run into at large |A;/Ueg| on both sides. The divergence is entirely
in the denominator, not in the chemical potential. Third, in the opposite limit of a weak
second tone, peg — Q2a = 0.0500 MHz while A;/Usg — —3/4, so the accessible region
of each panel is bounded above and the useful tuning range is the steep descent between
the two plateaus. At the reference parameters (stars) the model sits at A; /Ueg = —1.064,
A /Uet = As/Ueg = —0.353 and Ay/Ueg = —0.215, with peg = 0.0435 MHz and Ueg =
—0.0470 MHz—strongly attractive, and with a tunnelling comparable to the interaction
rather than small against it.

Bare e against AfUer, sweeping r= Q3/Q2 at fixed k, at Qg = 1 MHz. A;> 0 always, so the sign of A/Usr is the sign of Ues: the left half-plane is attractive.
Stars: Qq =05 = 1 MHz, k = 1.2. A3 =A; identically, so the pair gets a single panel.
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N g —_— — — K

=1
o
)
o
)

Hert [MHZ] at Qy
(slides as A?)

—0.3 k=08 -0.3 k=08 -03 k=08

—_— =12 — k=12 — =12

— k=20 — k=20 — k=20

-0.4 -0.4 -0.4
-10+10%10%-10210=10"2 0 107210"10° 10' 10? 10° -10*+10%-104-102101072 0 1072107 10° 10' 102 10° -10+10%10-10210=110"2 0 107210*10° 10* 10% 10°
Ar/Uett AolUetr (= As/Uerr) AgUeit

Figure 7: The bare chemical potential pg of (66) against the dimensionless couplings A; /Uss, sweeping
r = Q%/Qi at three modulation indices. Panel (b) carries As and Az together because Ny = N
makes them identical in magnitude. The horizontal axes are invariant under (2., Qg) = A(Qq, Q23); the
vertical axis is not, and is drawn at €}, = 1 MHz. Since A; > 0 always, the sign of the abscissa is the sign
of Uegr and the left half-plane is attractive; the axes are symmetric-logarithmic so that both signs and the
divergence at Uz = 0 are visible. The curves run into a plateau at Q2 (a — b/3) = 0.0278 MHz as the
pole is approached, and tend to Q2a = 0.0500 MHz in the weak-Q limit. Stars mark Q, = Q5 = 1 MHz,
k= 1.2, where peg = 0.0435 MHz and U.g = —0.0470 MHz. Interaction geometry as in Fig. 3, with
w' =40MHz and NV = 1.
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4.3 Off-diagonal sector: target versus engineered amplitudes

Comparing the off-diagonal part (43) with the target amplitudes (8) gives the four corre-
spondences collected in Table 3. Each engineered element carries both a magnitude, set
by the Rabi frequencies, the energy denominators and a Bessel factor, and a phase, set by
the laser phases o and .

Transition — Target (anyon-Hubbard) Engineered element of H, &)

off-diag
01) — [10)  —J 02 {001_12000 _ anl_chefm
02) = |11)  —JV2 00 [z — e | v () €602
[11) = [20) —Jv2€? QQQB[QCnaCm _ clziCOZ]JAfo(H) (i(6—20)
12) = [21) —2J € 0[50, Jel) e ()5 e

Table 3: Matching of the four independent bond processes. The target column is Eq. (8); the engineered
column is read off Eq. (43).

4.4  Amplitude conditions

The two processes |02) — |[11) and |11) — |20) carry the same target magnitude Jv/2 but
are proportional to Jy;, (k) and Jag (k) respectively. Equality therefore demands identical
Floquet modulation on the two sites,

v = No=N =N, q=0, (74)

0=1"
which also justifies the single 7 used in (58). The magnitudes then reduce to three condi-
tions,

1 1
_ =J,
Co1 —2Cyp  2C11 — Con

@:@:%%' 1 1

A = Q2

«

[In (k)| = V2,

2C11 — Co1 Ci2 — Coo (75)
Ay = Q7 fﬁj%@( ! — ! ) =2J
B P ¢ Ciog — 2011 + 0+ 40w 2C9 — Cig + 0+ ' ’
subject to the resonance requirement
2C1 — Cpa — 7
NV o7 (76)
w

These are three equations for the four free quantities (2, {23, x and the interaction geometry
Cj, and can be satisfied simultaneously. The magnitudes therefore pose no difficulty.

4.5 Gauge freedom and the uniformity of the induced phase

The phases in Table 3 do not match the target phases (0,0, ¢, ¢) as they stand. This is not
immediately fatal, because the phase of a basis state is not physical: a local U(1) gauge
transformation may be applied without changing any observable.

It is important to be precise about what kind of freedom this is. In a genuine lat-
tice gauge theory the matter fields and the gauge field living on each link transform to-
gether: a local U(1) rotation acts as a@; — €'®a; on the matter and simultaneously as

ﬁj — el UjemHl on the link operator, so that the gauge-invariant tunnelling d} +1ﬁjdj
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is left unchanged, and the physical Hilbert space is the one annihilated by the Gauss-
law generators Gy = Lj — Lj—1 — Q; [38, 39]. The link variable is what absorbs the
site-dependent phase difference there. This structure is not only formal: the elementary
building block of such a theory has been assembled experimentally in a two-species atomic
mixture, with the gauge field carried by the collective spin of one species, the matter field
by the other, and the gauge-invariant coupling I;I)f)_l;v—the direct analogue of atUa—
implemented by heteronuclear spin-changing collisions [40]. Note already here what sup-
plies the gauge structure in that experiment: two-body collisions, not a one-body drive.
Comparable constructions extend to non-Abelian gauge groups, where the link variables
become matrix-valued and the local constraints correspondingly richer [41]. In the present
scheme there is no dynamical link variable: the phase carried by a hop is imposed exter-
nally by the lasers and the drive, not by a gauge field with its own dynamics and its own
constraint. The only freedom available is therefore the matter-field redefinition, generated
by a linear function of the densities,

U = exp[i(Yafia + Y0a) + i(h + Yob)], (77)

with v, the gauge phase per particle on each site and 7,05 constant vacuum offsets.
Since |ng,np) is a simultaneous eigenstate of both number operators, the transformation
acts directly on the eigenvalues,

1O(ng,

U [na,mp) = e ) g, mp) O(ng, ny) = Yana + W + Yoa + Yob- (78)

To see how this affects the tunnelling, transform the field operators. Using [a,af] = 1 and
the Baker—Campbell-Hausdorff lemma,

Ui Uf = e Mg,  UalUT = etea], (79)
and likewise on site b; note that the vacuum offsets 74, 705 cancel identically and so have
no physical effect. A single-particle hop from b to a therefore transforms as

(@tay) = (eM=al) (e"ay) = ') 4l a4y, (80)
so that every such hop acquires one and the same phase
AY =%a = - (81)

Because (80) is an identity between field operators, it holds irrespective of the occupations
of the two sites before or after the hop. The gauge shift is therefore strictly uniform: it
cannot distinguish between processes that differ only in how many particles are present.

Equation (81) is the lattice gauge transformation in its standard form. For a Hubbard
model whose tunnelling carries phases ¢;;, the on-site redefinition b; — eiXi b; sends @;; —
©ij + Xi — Xj, the discrete counterpart of A — A + V¢; what survives it is the cumulative
phase around a closed loop, the Wilson loop, which is the lattice statement of the Aharonov—
Bohm flux [3]. Infinitely many assignments of link phases give the same set of loop fluxes
and hence the same physics, so a claim about a tunnelling phase has no content unless it
is referred to a closed circuit. This is why the restriction below is stated twice—once as
the linear system of Table 3 after gauge fixing, and once in Sec. 3.8.2 as a flux through an
elementary loop of the configuration graph—and why the experimental test proposed in
App. B must close a loop rather than measure a single bond.

This makes the structure of the restriction transparent. A tunnelling phase that can
be absorbed by (77) is pure gauge and carries no physical content; conversely, a phase that
does carry physical content must not be removable in this way. The density-dependent
Peierls phase €™ of (6) is of the latter type—which is why it encodes exchange statistics
rather than a choice of basis—and, for the same reason, it cannot be manufactured out of
«, B and A~, which between them supply only occupation-independent phases.
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4.6 Phase conditions and the locking of the statistical angle

All four processes of Table 3 move one particle in the same direction, so each acquires the
same shift Avy. Adding it to the raw phases and equating to the target phases (0,0, ¢, ¢)
gives the linear system

01) = [10):  —a+ Ay =0, 02) — [11) : (@ —28) + Ay =0,

|11) — [20) : (8 —2a) + Ay = ¢, 112) = |21): — B+ Ay = ¢. (82)

All four relations are equalities between phases, and therefore hold only modulo 27. The
first condition fixes Ay = a. Substituting into the second gives 2(a— ) = 0 (mod 27), i.e.
« — = mn with n an integer—not o = 5. Substituting Ay = « into the third and fourth
conditions gives

f—a=¢ and a—p=¢ (mod 27), (83)

which are compatible only if 2¢ = 0 (mod 27). The system is therefore consistent, and its
solutions are the ones already found for the static protocol in (23),

‘ p=mn — ¢ € {0,7} (mod 27). ‘ (84)

A single-tone drive thus neither lifts the restriction found in the static case nor makes it
worse: the statistical phase remains locked to {0,7}. As there, ¢ = 7 is attainable and
describes pseudofermions; what remains out of reach is a generic statistical phase such as
¢ =m/2.

The conclusion follows from the structure of the coupling, not from the particular choice
of parameters. The target phases (0,0, ¢,) are occupation dependent: the statistical
angle appears only in those processes that leave a doubly-occupied site behind, which
is the content of the density-dependent Peierls phase '™ of (6). The phases actually
available—two laser phases «, 8 together with one uniform gauge shift Ay—are occupation
independent, by (80). No choice of «, 5 and A~y can therefore generate a phase that depends
on nj, and the over-determined system collapses onto the two values ¢ = 0 and ¢ = 7 that
a global, occupation-independent phase can already supply.

There is a more physical way to see why this had to happen, which also explains why
the failure is one of phases and not of magnitudes. The Raman coupling Hg of (9) is a
one-body operator: each of its terms moves a single atom between two internal levels, and
the phase it imprints, « or 3, is a property of the laser driving that particular rung—not
of how many particles happen to be present. A second-order process is a product of two
such factors, so its phase is always a fixed sum of two laser phases, determined solely by
which rungs are traversed. What the occupation does control is the energy denominator,
and hence the magnitude: this is why the four amplitudes Aq,..., Ay of (75) differ from
one another. An occupation-dependent phase, by contrast, is an intrinsically many-body
object—the operator b}e""ﬁnﬂ' bj+1 of (6) is cubic in the fields—and it cannot be assembled
out of linear processes whose phases are fixed by the driving lasers. Linear couplings
can produce density-dependent amplitudes through their energy denominators, but not
density-dependent phases. Section 4.5 states this argument formally.

Contrast this with what running laser phases can achieve. In the synthetic-dimension
construction of Sec. 2.1, site-dependent Raman phases of the form used here do generate
a genuine synthetic gauge field—but a uniform one, a flux per plaquette fixed by the laser
geometry and depending on where a particle hops, never on how many particles are present
[32]. A one-body coupling yields a one-body gauge field. The anyon-Hubbard model asks
instead for a gauge field that responds to the local density, and that is a qualitatively
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different object. The distinction matters here: a geometric phase picked up by a particle
transported around a closed circuit is not the same thing as the phase produced when
one particle is carried around another, and only the latter is statistics [3]. What the
construction of this thesis delivers is a phase of the first kind; what the anyon-Hubbard
model requires is one of the second.

At ¢ = 0 the complex target amplitudes —Jv/2¢e'® and —2J e*® reduce to the real
bosonic values —.Jv/2 and —2.J, and the many-body wavefunction remains symmetric un-
der exchange: the scheme then realizes an effective Bose-Hubbard bond, with tunnelling
amplitudes and an interaction Ueg that are renormalized and widely tunable through (75)
and (67). At ¢ = 7 it realizes the pseudofermionic point of the anyon-Hubbard model,
which is a genuine—if not generic—anyonic statistics. What the scheme does not deliver
is a tunable statistical angle. Generating a genuinely occupation-dependent phase requires
an ingredient beyond the present scheme—a drive whose phase itself depends on the local
occupation, rather than the uniform shift permitted by (80).

This is also what indicates that a time-dependent drive is the right tool, and what it
must do. A periodic drive is not a static one-body coupling with a fixed phase: it carries its
own frequency scale, and because the interaction energies split the occupation-resolved pro-
cesses apart—by the Cj; here, and by the on-site interaction in a tilted lattice—frequency
selectivity becomes occupation selectivity. A drive containing several tones, each quasi-
resonant with one process and each carrying its own independently adjustable phase, can
therefore imprint a different phase according to the occupation, which is the nonlinearity
that the static Raman scheme lacks.

This is the mechanism behind the experiment on which the present work is modelled.
There a tilted optical lattice with energy offset E per site is modulated in depth with three
tones, resonant respectively with tunnelling from a singly-occupied site to an empty one
(at E), from a singly-occupied site to a singly-occupied one (at E+Up), and from a doubly-
occupied site to an empty one (at E—Uy), where Uy is the on-site interaction; offsetting the
phase of the E + Uy component by 6 relative to the other two is what realizes the density-
dependent Peierls phase, and hence the statistical angle [17]. The multicolour lattice-depth
modulation of Ref. [18] implements the same idea, and the resulting occupation-dependent
gauge fields map onto the anyon-Hubbard model.

A second and independent route reaches the same end from the interaction side. A
density-dependent gauge field is, by definition, a statement about how the vector potential
depends on the matter density, so demanding a particular matter-dependent gauge field is
equivalent to demanding a particular form of the matter—matter interaction [42]. Instead
of making the drive occupation selective, one may therefore engineer the interactions them-
selves: in a Raman-coupled Bose-Einstein condensate with imbalanced interstate scatter-
ing lengths, the low-energy description acquires the chiral, density-dependent interactions
of the chiral BF theory—a one-dimensional reduction of Chern—Simons theory—and hence
a density-dependent vector potential [42]. This is consistent with, rather than a counterex-
ample to, the argument above: there the nonlinearity is supplied by the two-body scatter-
ing, not by the Raman coupling itself. The same is true of the atomic-mixture realization
of local U(1) invariance discussed in Sec. 4.5, where the gauge-invariant matter-gauge
coupling is likewise collisional [40]. In every case the density dependence must originate
in something genuinely many-body—either two-body collisions [40, 42] or an occupation-
selective drive [17, 18].

Seen in this light, the restriction established above is specific to the drive employed in
Sec. 3, and is not a limitation of Floquet engineering as such. The single-tone modulation
used there offers only one drive phase ¢y, shared by every process that touches |2), so
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the phases it generates remain locked together and, after gauge fixing, collapse onto the
two occupation-independent values ¢ € {0,7}. Driving each of the resonances identified
in Sec. 2.3 with its own tone and its own phase—the direct analogue of the three-tone
protocol above—is therefore the natural extension of this work, and the analysis of this
section shows that some such occupation-selective drive is necessary, not just convenient.

5 Conclusions and outlook

This thesis has asked whether the one-dimensional anyon-Hubbard model can be realized
with Rydberg atoms, using internal atomic levels rather than motional states to carry the
local occupation.

The starting point was the generalized Jordan—Wigner transformation, which converts
anyonic exchange statistics into a density-dependent Peierls phase and so reduces the prob-
lem to a concrete engineering target: the four tunnelling amplitudes (8) of a two-site bond,
of which the two that leave a doubly-occupied site behind must carry the statistical phase
¢. The truncated local Hilbert space {|0),|1),|2)} was encoded in three internal levels
of each of two atoms—a synthetic-dimension construction in which the Raman couplings
provide the tunnelling along the internal direction and the running laser phases attach the
Peierls phases [32]. The configuration-dependent Rydberg interactions Cj; were then used
to place every single-hop process far off resonance, so that the bond dynamics is governed
by second-order exchange.

Three results follow. First, a purely static Raman protocol realizes part of the model
but not all of it: the four amplitudes are controlled by only two laser phases, and the re-
sulting consistency conditions force § — a = 7n, locking the statistical phase to ¢ € {0, 7},
Eq. (23). The value ¢ = 7 is a genuine result rather than a trivial one: it is the pseud-
ofermionic point of the anyon-Hubbard model, realizable experimentally by taking a = 0
and B = w. Thus the scheme allows for pseudofermions, but not for generic anyons; chiral
dynamics at, say, ¢ = m/2 is out of reach of any time-independent scheme of this kind. Sec-
ond, adding a periodic drive on the doubly-occupied levels yields a well-controlled effective
description. Transforming to the rotating frame, expanding the accumulated drive phase
with the Jacobi—Anger identity, and applying a Magnus expansion in the secular approxi-
mation gives a static effective Hamiltonian whose diagonal part is a set of AC Stark shifts,
Eq. (42), and whose off-diagonal part comprises four exchange processes, each gated by
a Kronecker delta enforcing conservation of quasi-energy up to Floquet quanta, Eq. (43).
The Bessel factors Jy(k) renormalize the couplings—the same mechanism that produces
dynamic localization in shaken lattices—and the effective chemical potential and interac-
tion, (66) and (67), are controlled by the Rabi-frequency ratio and the modulation index
alone. Third, and centrally, matching this effective Hamiltonian to the anyon-Hubbard
bond shows that the magnitudes can be matched while the phases cannot: the amplitude
conditions (75) are three equations for four free quantities and are simultaneously satisfi-
able, whereas the phase conditions, once the residual gauge freedom has been fixed, again
admit only ¢ € {0,7}. A single-tone drive therefore neither lifts the restriction found in
the static case nor makes it worse. Promoting the bond to a chain makes that result mea-
surable rather than merely formal: because N is conserved exactly the dynamics can be
evaluated without approximation at fixed filling, and the doublon released into an empty
register propagates symmetrically at the reachable values of ¢ while acquiring directed
transport at generic ¢ (Sec. 3.8.2)—the observable the construction misses, and the one
the experiment of App. B is built around.

This last result follows from the structure of the coupling. The Raman coupling is a
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one-body operator: each of its terms moves a single atom and imprints a phase belonging
to the laser driving that particular transition, not to the occupations of the sites involved.
A second-order process is a product of two such factors, so its phase is a fixed sum of two
laser phases, while the occupation enters only through the energy denominators. Linear
couplings can therefore render tunnelling amplitudes density dependent—which is why the
four amplitudes of (75) differ from one another—but not tunnelling phases. An occupation-
dependent phase is an intrinsically many-body object, and the local U(1) transformations
available in a matter-only theory shift every hop by one and the same amount. The same
contrast is visible in the synthetic-dimension construction used for the encoding, where
laser phases of this form generate a genuine but uniform synthetic gauge field, one that
depends on where a particle hops and never on how many are present [32]. What the
present scheme delivers is an effective Bose-Hubbard bond whose tunnelling and on-site
interaction are renormalized and widely tunable.

This analysis also indicates what a successful realization must supply, and there are two
complementary routes. The first is to make the drive occupation selective. Because the
interactions split the occupation-resolved processes apart in energy, frequency selectivity
becomes occupation selectivity: a drive with several tones, each quasi-resonant with one
process and each carrying its own adjustable phase, can imprint a different phase according
to the occupation. This is how the recent experimental realization of one-dimensional
anyons with neutral atoms operates, with three tones addressing the three occupation-
resolved tunnelling processes of a tilted lattice and the phase of one of them setting the
statistical angle [17], and it is the principle behind multicolour lattice-depth modulation
[18]. Applied here, this means driving each of the resonances identified in Sec. 2.3 with its
own tone and phase—a direct and well-defined extension of the present work. The second
route supplies the nonlinearity through the interactions themselves rather than through the
drive, as in the Raman-coupled condensate with imbalanced interstate scattering lengths
that realizes the chiral BF theory [42]; there too the density dependence originates in
genuinely two-body physics, as it does in the atomic mixture where local U(1) invariance
is protected by heteronuclear spin-changing collisions [40].

Several further directions remain open. The construction developed here assumes trans-
lational invariance, which is what allows the effective Hamiltonian of a chain to be derived
from that of a single bond. In a regular array that invariance is obvious; what deserves ex-
plicit study is the effect of uncertainties in the tweezer positions. Indeed, as Eq. (14) shows,
the resonance condition 2C17; = Cyo is sensitive at the tens-of-kilohertz level to displace-
ments of order one per cent of the atomic separation. Relaxing the two-particle truncation
would give access to the full phase diagram of the model, including the pair-superfluid and
partially paired phases and the statistically induced exclusion found in the unconstrained
case [10, 31]. On the experimental side the dominant limitations are the finite Rydberg
lifetime, which as noted in Sec. 3.8 already constrains the slower oscillations of Fig. 3—the
same competition between interaction strength and decay rate that has set the figure of
merit for Rydberg-based schemes since the original gate proposal [28]—and the heating
inherent to periodic driving, which is exponentially suppressed at large drive frequency
and leaves a long prethermal window in which the engineered Hamiltonian governs the
dynamics [25].

Taken together, the analysis identifies where the difficulty in engineering fractional
statistics lies. It is not in producing large, tunable, occupation-dependent tunnelling
amplitudes, which second-order Rydberg exchange supplies readily, but in producing an
occupation-dependent tunnelling phase, which no arrangement of static one-body couplings
can generate. Recognizing this fact converts the negative result into a concrete design re-
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quirement, and one that existing multi-tone Floquet techniques are already known to meet.
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A Numerical results and experimental parameters

The figures of this thesis are placed where the quantities they show are derived. This section
collects what they establish, states it in the units an experiment would use, and reads it
against the measurements the construction is modelled on. Everything below refers to the
reference interaction geometry of Fig. 3—Cyy = 0, Cp1 = 20, C11 = 15, Cyo = 2C11 = 30,
Cha = 45, Cy = 55 MHz—with Q, = Q3 = 1 MHz, w’ = 40 MHz and s = 1.2 unless stated
otherwise.

A.1  Two-site building block: spectrum and dynamics

The driven bond behaves exactly as the effective Hamiltonian (42)—(43) predicts, and the
prediction is quantitative. Total occupation is conserved, so the nine configurations split
into the blocks N =1, N =2, N = 3 and the decoupled |22), and each block is solved
in closed form in Sec. 3.8.1: the N = 1 and N = 3 blocks give generalized Rabi flopping,
Egs. (50) and (52), whose contrast is reduced only by the residual AC-Stark detunings (51)
and (53), while the N = 2 block is a V system in which |11) couples to a single bright
combination of |02) and |20) with the branching ratio (55) fixed entirely by the two Bessel
factors. Physically these are the resonant dipolar exchange oscillations of a Rydberg pair,
dressed by the drive; oscillations of this form have been resolved between individual atoms
in a tweezer array, with the exchange rate tuned through the orientation of the pair |27, 29].

The four amplitudes come out separated by an order of magnitude at the reference
point, A1 = 0.0500, As = A3 = 0.0166 and A4 = 0.0101 MHz, i.e. oscillation periods from
tens to hundreds of microseconds. The hierarchy is set by the Bessel factors rather than
by the Rabi frequencies: Ay = A3 carries Jy(k) and vanishes at x = 3.8317, the first zero
of Jy, while Ay carries the sum 34 of (75) and vanishes at £ = 1.3292, 3.3175 and 4.5008.
That the reference value k = 1.2 sits just below the first of these is why A4 is an order
of magnitude below A; there, and moving to x = 0.8 raises it by a factor of four. This
switching of a channel by the modulation index alone is the same dynamic localization that
suppresses tunnelling at the zeros of a Bessel function in a shaken lattice [19, 21|, and it is
the sharpest available check that the Floquet description of Sec. 3, and not some residual
static coupling, is what governs the bond.

Read as a Hubbard model, the bond is strongly attractive and not weakly coupled.
The addition energies give peg = 0.0435 and Uyg = —0.0470 MHz at the reference point,
S0 peff/Uep = —0.924 and the dimensionless couplings are Ay /Ueg = —1.064, Ay /Uy =
—0.353 and A4/Ucg = —0.215 (Fig. 7): the tunnelling is comparable to the interaction
rather than small against it, which places the model outside the regime in which Mott
lobes are the useful picture. Two structural constraints on this tuning emerged in Sec. 4.2.
The ratio depends on the Rabi frequencies and the modulation index only through the
single product = r¥(k), Eq. (71), so those are not two independent handles; and because
x > 0 whenever ¥ > 0, the window —% < poft [ Ust < —% of (72) is closed unless « is taken
below the first zero of ¥ at x = 1.0585. Against this, U.g itself passes through zero at
Q3/Qq = 1.842 for k = 1.2—a useful knob, since it makes the effective interaction tunable
through zero at fixed atomic geometry, something an optical lattice cannot do without a
Feshbach resonance.

The magnitudes can be matched to the anyon-Hubbard target, but not comfortably.
At the reference point As/A; = 0.332 and A4/A; = 0.202 against the required v/2 and 2 of
(8): the two doublon channels come out roughly four and ten times too small. Since (75) is
three equations in four unknowns this is not a difficulty, and solving them over x € [0.3, 6]
yields six solutions—but every one of them demands a strongly asymmetric drive, Q235/Q,
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between 3.9 and 10.6, and every one lands in the narrow band pieg/Ueg € [—0.303, —0.263]
just above the —1/3 asymptote. Matching the amplitudes therefore spends the freedom
that would otherwise tune the chemical-potential-to-interaction ratio, and moving that
ratio elsewhere requires retuning the interaction geometry Cj; itself, which is fixed by the
atomic states and the trap spacing.

A.2  The density-dependent phase

A tunable density-dependent phase does not emerge. Matching the phases of Table 3
to the target pattern (0,0, ¢, @) gives an over-determined but consistent linear system
whose solutions are ¢ € {0, 7}, Eq. (84), and the same conclusion follows independently
in Sec. 3.8.2 from the per-bond fluxes: ¥;(j) = 0 forces the a; to be constant, ¥4(j) = —0
forces B; = fo+j6, and ¥2(j) then grows linearly with j and cannot equal a constant unless
0 = 0 modulo 7. Two derivations that share no algebra reach the same values, and Sec. 4.5
identifies the reason: the available phases are occupation independent, whereas the target
phases are not. The scheme therefore reaches the pseudofermionic point ¢ = 7w, which is
the same set of values a static Raman protocol already permits; what the single-tone drive
adds is a renormalized Bose-Hubbard bond with widely tunable parameters, not a tunable
statistical angle.

Promoting the bond to a chain is what makes this failure measurable rather than merely
formal. Because every term of Héfo) moves one quantum between neighbours, N of (46)
is conserved and the spectrum splits into 2L + 1 blocks, so the L = 10 diagonalization of
Sec. 3.7 returns all 319 = 59049 levels rather than a low-lying truncation. The spectrum
is not that of a conventional Hubbard chain: the lower envelope Ey(NV) is flat to within
0.019 MHz across N = 0,...,4, the global minimum falls at N = 2 rather than at unit
filling, and the global gap E1 — Eyp = 1.3 x 10~* MHz is an inter-sector spacing rather
than an excitation at fixed filling. Any statement about the unconstrained ground state
is correspondingly fragile, and the remedy is to work at fixed filling—legitimate because
N is conserved exactly, so restricting to one block is not an approximation. That is what
makes the dynamics of Sec. 3.8.2 exact rather than variational.

At fixed filling the doublon is the observable that carries the statistics. Released into an
otherwise empty chain it stays bound for ¢ < 100 us and only then dissociates, the initial site
retaining 0.079 of its two quanta by ¢t ~ 577 us, whereas a single excitation released from the
same site uses only the A channel and produces a clean light cone with revivals near ¢ ~ 340
and 530 us (Fig. 4). The composite propagates slower than its constituents by roughly
Ay4/A; and survives long before spreading, which is the direct dynamical counterpart of
the amplitude hierarchy measured above. Setting the bond phases to the pattern gauge-
equivalent to statistical angle ¢ = —60 changes this substantially: the largest deviation
from the # = 0 map reaches 0.657 out of 2, and it does so at § = 47/3—where the doublon
migrates steadily to site 7 by ¢t ~ 500 us—rather than at § = 7, taking the values 0.435,
0.451, 0.408, 0.657 and 0.361 at 0 = 7/3, 27/3, m, 47/3 and 57 /3 (Fig. 5). The whole
circle must be sampled, because the reversal identity (56) runs the density backwards
in time rather than leaving it unchanged, so # and 27 — 6 are distinct evolutions. This
directed, phase-controlled transport of a composite object is the real-space counterpart of
the asymmetric momentum distribution that is the standard signature of one-dimensional
anyons [10, 17], and it is the observable lost when ¢ is restricted to {0, 7}.

Finally, the exact diagonalization of the bare anyon-Hubbard chain in App. C gives the
reference against which such a measurement would be read. Over the plane spanned by
J/U and ¢ € [0, 7] at L = 10, the two lowest gaps are largest at ¢ = 7, peaking at 0.33U
and 0.36 U near J/U ~ 0.7-0.8, while F5 — Ey and E4 — Ej peak instead at ¢ = 0 (Figs. 8
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and 9): the statistical phase pushes the lowest excitations up while lowering the higher
ones, by amounts of order a third of the interaction energy. The target model therefore
depends on ¢ strongly enough to be resolved spectroscopically, which is what makes the
null result established here a falsifiable statement about the drive rather than a statement
about the sensitivity of the probe.

B A concrete optical-tweezer experiment

We close by asking what one would actually do in the laboratory, because the result of this
thesis is not a dead end for the platform but a prescription. Everything derived above—
the encoding, the interaction ladder, the second-order exchange, the Bessel renormaliza-
tion, the effective Hubbard parameters, and the doublon transport that would carry the
statistics—is measurable in a present-day Rydberg tweezer array, and the measurements
form a natural sequence whose last step is the multi-tone upgrade that would deliver ¢ # 0.

Register and encoding. The starting point is two atoms, later a short chain of five
to ten, held in optical tweezers imprinted by a spatial light modulator or a pair of crossed
acousto-optic deflectors. Because the traps load stochastically, the array is imaged and
the atoms rearranged into the target geometry, which routinely gives defect-free registers
with filling above 98% for arrays of up to about a hundred atoms [27]. The separation R
is a few micrometres and the angle © between the array axis and the quantization axis is
a free parameter; together they are tuned, as in Sec. 2.2, so that the six shifts C;; satisfy
the dispersive condition (13) and the resonance 2C1; = Cpz. The tens-of-megahertz shifts
assumed throughout are what principal quantum numbers n ~ 50-60 give at micrometre
spacings [27, 29]; a static electric field along the quantization axis, as in Ref. [28], supplies
the extra freedom needed to impose the resonance exactly. Three Rydberg levels per atom
encode |0),]1),]2), chosen so that no pair of them is resonantly dipole coupled and H.
is therefore diagonal in the occupation basis, as required in Sec. 2.1. The two rungs are
driven at 2,, {23 =~ 1 MHz, an order of magnitude below the smallest energy denominator
2C11 — Cp1 = 10 MHz, so that the expansion parameter is Q/AFE =~ 0.1 and the second-
order treatment is controlled. The site-dependent phases a; = jo, 5; = jB are supplied
either by the running-wave geometry of the driving beams, as in the synthetic-dimension
construction [32], or by individually addressed beams with programmable phase—both
standard in tweezer arrays. The Floquet drive is a modulation of the energy of |2) at
W' /27 = 40 MHz with modulation index x = A/w’ of order unity.

One requirement deserves emphasis because it is easily mistaken for a technicality.
The N = 2 degeneracy is not protected by any symmetry: it is the tuned condition
2C11 = Cpg, imposed at one separation, and Eq. (14) shows that a relative displacement
of one per cent already detunes it by ~ 30 kHz—comparable to the exchange amplitudes
themselves. Tight confinement in the Lamb—Dicke sense is therefore a precondition for the
whole construction rather than a refinement of the readout, and the same estimate sets
the site-to-site uniformity the traps must achieve once the bond is extended to a chain.

Sequence and readout. Each shot prepares a chosen configuration |ng,n1) by state-
selective Rydberg excitation, evolves it for a time ¢t under Hqo + H. plus the drive, and
reads it out by state-selective de-excitation followed by fluorescence imaging, which returns
the occupation of every site [27]. Scanning ¢ reproduces the traces of Fig. 3. The expected
rates are set by Q2/AE =~ 100kHz, i.e. periods of tens of microseconds, comfortably
inside the few-hundred-microsecond Rydberg lifetime; the slower N = 3 traces are not,
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as already noted in Sec. 3.8, and reaching them would require smaller separations, higher
n, or a dressed encoding. Two features of the effective model make this readout well
posed. First, N is conserved exactly, Eq. (46), so preparing a definite total occupation
confines the dynamics to one block for all time and every observable is measured at fixed
filling—which Sec. 3.7 showed to be essential, since the sector envelopes are degenerate
to within 0.019 MHz at the parameters of Table 1, and the unconstrained ground state is
not a robust reference. Second, the populations are stroboscopic: comparison with theory
must be made at integer multiples of the drive period, the micromotion being carried by a
separate kick operator [36, 37].

The measurements. Four steps validate the construction, in an order in which each sup-
plies the input for the next. (i) Calibrate the interaction ladder. Microwave spectroscopy
of the pair in each of the nine configurations returns the six Cj; directly, verifies (13), and
locates the geometry at which 2C11 = Coa. (ii) Measure the amplitude hierarchy. Prepar-
ing |0,1), |1,1) and |1, 2) separately and reading off the flop frequencies gives Ay, Ay = As
and A4. This thesis predicts 0.0500, 0.0166 and 0.0101 MHz at Q, = Qg = 1 MHz and
x = 1.2, against the anyon-Hubbard target ratio 1 : /2 : v/2 : 2 of (8)—a sharp question
with a sharp answer, and (75) says which €, {3,k close the gap, at the cost of a drive
asymmetry Qg/Qq between 3.9 and 10.6. (ii1) Verify the Bessel renormalization. Scanning
k at fixed geometry should make the [11) < {|02),|20)} rate track |Jar(x)| and vanish
at k = 3.8317, and the |12) <> |21) rate vanish at k = 1.3292, 3.3175 and 4.5008—the
dynamic-localization signature familiar from shaken lattices [19, 21]. Observing it estab-
lishes that the Floquet description of Sec. 3 is the correct one before any claim about phases
is made. (iv) Map the effective Hubbard parameters. The addition energies Fy; — Ego and
Eys — 2Ey; + Eyp are spectroscopically accessible and give peg and Ueg directly, Eq. (65).
Sweeping the Rabi ratio at fixed x then traces out Fig. 7, including the sign change of
Ueg—predicted at Qg/€, = 1.842 for k = 1.2—which is both a falsifiable prediction and
useful in its own right, since it makes the effective interaction tunable through zero at fixed
atomic geometry.

Testing the flux locking. The central result of Sec. 4 is that a single drive tone
collapses the four tunnelling phases onto ¢ = 0. On two sites this is not directly visible:
the phase of a single bond can be removed by the local U(1) redefinition of Sec. 4.5, so a
genuine test requires a closed loop, and the chain supplies one. Releasing a doublon into
an otherwise empty register and following (72;(¢)) is the measurement, because Sec. 3.8.2
computed exactly what it must show. At ¢ = 0 the doublon stays bound for ¢t < 100 us
and then dissociates symmetrically about its release site, up to the boundary asymmetry
of an off-centre release; at ¢ # 0 it acquires directed transport, migrating to site 7 of ten
by ¢t ~ 500 us at 8 = 47/3, with density differences of up to 0.657 out of 2 quanta. That
contrast is large on the scale of the projection noise of site-resolved imaging, which for a
single-site occupation falls as 1/ V/M over M repetitions and is therefore at the few-per-cent
level after a few hundred shots, so the discrimination is not statistics limited. This thesis
predicts the symmetric result for the single-tone drive. Observing it confirms the flux-
locking argument; observing directed transport falsifies it. Because the reversal identity
(56) makes 6 and 27 — @ distinct evolutions rather than mirror images, the scan must cover
the full circle and not merely [0, 7].

The upgrade. The final step is the one the analysis points to. Replacing the single
drive tone by three, each quasi-resonant with one of the occupation-resolved processes of
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Sec. 2.3 and each carrying its own phase, makes the phase imprinted on a hop a function
of the occupation left behind. This is the mechanism by which one-dimensional anyons
of arbitrary statistical phase were realized in a quantum-gas microscope, where a tilted
lattice was modulated with three components—resonant with the tunnelling from a singly-
occupied to an empty site, between singly-occupied sites, and from a doubly-occupied
site—and offsetting the phase of the middle component set the statistical angle [17]; it
is the same principle as multicolour lattice-depth modulation [18]. The Rydberg register
has a structural advantage here. What separates the tones in the lattice experiment is
the on-site interaction, of order a few hundred hertz, whereas here it is the interaction
shifts Cj;, tens of megahertz apart—close to five orders of magnitude more. The tones
are therefore trivially resolved without compromising the drive strength, and giving each
its own phase is a matter of adding channels to a synthesizer rather than a limitation of
the platform. The same register, the same readout and the same sequence then measure
¢ itself: scanning the phase of the tone addressing the doubly-occupied channel should
rotate the statistical angle continuously between the bosonic and pseudofermionic limits,
with the directed doublon transport of Fig. 5 as the observable and the gap structure of
App. C—where ¢ moves the lowest excitations by up to a third of U—as the spectroscopic
cross-check.

That is the experiment this thesis argues for. Steps (i)—(iv) validate the machinery
developed here—the encoding, the interaction ladder, the second-order exchange and the
Floquet renormalization—as derived; the doublon-transport measurement confirms the
restriction; and only the last ingredient, a drive that is selective in occupation rather than
merely in frequency, remains to be added before an array of optical tweezers hosts anyons.

C Full derivation of the anyon-Hubbard model

This appendix derives the one-dimensional anyon-Hubbard model in full: the generalized
Jordan—Wigner mapping, the anyonic commutation relations, and the bond Hamiltonian
in the truncated occupation basis, in both the bosonic (density-dependent-phase) and the
anyonic representations.

Mapping the bosonic anyon-Hubbard model
We start from the Bose-Hubbard model with a density-dependent phase [10],

. U
- _JZ (b}61¢n3 bj+1 +He.) + B an(nj -1), (85)
j J

and introduce the generalized Jordan—Wigner transformation
a; = eiq5 Z:l<j i bj, CL} = b;r e_id) El<j nl, n; = bjbl. (86)

The phase string commutes with the on-site operators, so the occupation is invariant, n; =

a;r-aj = b;bj, and the interaction term % > mj(nj — 1) is unchanged. For the tunnelling,

since n; commutes with b1 for all [ < j,
e*id’ qu ! eid’ Zm<j+1 m ei‘z’”j — a}aj+1 = b;[eidmj bj+17 (87)

so that, summing over sites and adding the Hermitian conjugate, the model becomes the
anyon-Hubbard Hamiltonian

U
H=-J) (a}ajﬂ +H.e) + P > nj(n; —1). (88)
J J
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Verifying the anyonic commutation relations

The anyonic operators obey [9]

a/jaL 7,¢sgn( —k) Ta- = 5]]67 (89)

ajay — e 58—k gy g = 0. (90)
We verify these using f(n;)b; = b; f(n; — 1) and %" b;r» = e'? b} eions

Case 1: ajaL. Assume j > k, so that n; appears in the string of a;. Then

a]ak ( Z¢Zz<3 . )( —i¢Y . Tm ) — i bz eiqﬁzlq ny 67i¢zm<k nm g, b = — ot aLCL],
(91)
where pushing bz through e®™ produces the factor €’®. For j < k one obtains e, so
that aja;i = ei¢5gn(j_k)a,1aj, ie. (89).

Case 2: ajap. Assume j > k. Passing by, through ek gives bye'?™ = ek by, hence
ara; = eajay, i.e. ajar, = e Paga;. Since sgn(j — k) = 1 for j > k, this is (90). (The
overall sign of ¢ is a matter of convention; the signs above are those consistent with the
mapping (86) and the phase '™ in (85).)

Truncated local Hilbert space {|0),|1),|2)}

Restricting each site to at most two particles, with |0) = (1,0,0)T, |[1) = (0,1,0)T, |2) =
(0,0,1)T, the bosonic operators become

01 0 0 0 0 00 0
b=10 0 v2|, b=[1 0 o, n=0bb=]0 1 0], (92)
00 0 0 V2 0 00 2

ie. b=0)(1] +v2 [1)(2| and b7 = [1)(0] + v/2 [2)(1], with b|n) = /n |n — 1) (n < 2) and
the truncation b® = (b1)3 =

Bond Hamiltonian in the occupation basis (bosonic representation)

Here the diagonal phase operator is e’?” = diag(1, €¢'®, ¢??), and the nonzero tunnelling
matrix elements on a bond (j,j + 1) are

(nj + 1 njar — 1 Hyjaa Ing,nja) = —J €9 /mgiay fng + 1, (93)
(nj —1, nje1 + 1 Hjjp1 |ng,njer) = —J e 0D m gy + 1, (94)
with nj,n;41 € {0,1,2}. The four single-particle processes carry
0,1) —[1,0) : — J, 0,2) = [1,1) : — JV?2,
11,1)—=2,0) : — JV2¢€, 11,2)—=2,1) : —2J €.
Collecting them gives the bond operator

Hjji1=-J Z [eiﬂmj‘/nwr“ /n;+1 |nj +1,nj41 — 1><nj, nj+1| + H.C.}, (96)

n;,m;4+1=0
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and the full chain of L sites is H = ZJL;II Hj i1+ UZ]L:1 12),(2[. In the ordered basis
{l0,0),10,1),...,]2,2)} (lexicographic in njn;1), the bond Hamiltonian, with the on-site
interaction U on both sites, is

0 0 0 0 0 0 0 0 0
0 0 0 —J 0 0 0 0 0

0 0 U 0 —JV?2 0 0 0 0

0 —J 0 0 0 0 0 0 0
Hijii=]10 0 —Jv2 0 0 0 —J/2e7® 0 0
0 0 0 0 0 U 0 —2Je7® 0

0 0 0 0 —JVv2e? 0 U 0 0

0 0 0 0 0 —2.J ei® 0 U 0

0 0 0 0 0 0 0 0 2U

(97)

Bond Hamiltonian in the anyonic representation

In the anyonic representation the tunnelling —J (G/}aj_i,_l + H.c.) carries no phases (they
have been absorbed into the anyonic operators), so the amplitudes are
0,1) = 11,0) : —J, 0,2) = ]1,1) : — JV?2,

98
11,1) =12,0) : — JV2, 11,2) —=12,1) 1 —2J, (98)

so that Hj,jJrl =-J Zi]’,nj-uio [, /Mjt1y/Mj + 1 |nj + l,nj+1 - 1>(nj,nj+1| + H.C.], and,
in the same ordered basis,

(00 0 0 0 0 0 0 0\

0 0 0 —J 0 0 0 0 0

0 0 U 0 —Jv2 0 0 0 0

0o —J 0 0 0 0 0 0 0
H.i=|10 0 —=Jv2 0 0 0 —-Jv2 0 0
0 0 0 0 0 U 0 —2J 0

0 0 0 0 —Jv2 0 U 0 0

0 0 0 0 0 —2J 0 U 0

\0 0 0 0 0 0 0 0 2U)

(99)

Exact diagonalization of the truncated chain

To characterize the model derived above beyond the two-site building block, we diagonalize
the chain of L sites numerically. With the local Hilbert space truncated to {|0),[1),|2)}
the local dimension is d = 3 and the many-body space has dimension d”, which already
reaches 3'Y = 59049 for the chains considered here. Rather than storing H as a matrix,
we follow the matrix-free strategy of [43]: the Hamiltonian is represented only as a linear
map |¢) — H |1), so the memory cost is that of a single state vector, O(d¥), instead of
the O(d?F) required by an explicit matrix.
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The map is assembled from the two pieces of H = Z]L;II Hj i1 + UZ]L:1 |2)j<2\ sepa-
rately. The bond term is the d? x d? operator

h=-J[(fe") @b + (e7) @b, (100)

reshaped to a rank-4 tensor hy:fjnrfj 1. To apply it to bond (k, k+1) the state is reshaped as
341

Y(gr, q2, gL -2+ and contracted with h over the two-site index, the result being accumulated
over all bonds. Because e’ = diag(1,¢'®, e???) is complex for generic ¢, h is complex
Hermitian rather than real symmetric, and the state vector is kept complex throughout.
The interaction term is diagonal in the occupation basis, so it is precomputed once as a
vector U}, 0n; 2 over the full Hilbert space and applied by elementwise multiplication;
keeping it separate from (100) guarantees that each site is counted exactly once, whereas
folding it into the bond operator would double-count every interior site of an open chain.

This linear map is handed to a sparse eigensolver (the implicitly restarted Lanczos
algorithm [44, 45] as provided by scipy.sparse.linalg.eigsh [46]), requesting the alge-
braically smallest eigenvalues. Lanczos is the standard choice here because it reduces the
Hamiltonian to a tridiagonal form through a three-term recurrence that needs only the
action of H on a vector, never its matrix elements, which is what the matrix-free repre-
sentation above supplies [3]. Since the low-lying levels become nearly degenerate in the
strongly interacting regime J < U, the Krylov subspace is enlarged to n¢, = 40 and the
tolerance set to 10~%, which is far below the resolution of the figures below; the Lanczos
start vector is drawn from a fixed seed so that the sweep is reproducible.

We verified the implementation in three ways. First, for L = 2 the assembled Hamil-
tonian reproduces the 9 x 9 bond matrix of the previous subsection, including the phased
amplitudes —Jv/2e*® and —2J e, to a maximum absolute deviation of 3 x 10716, Sec-
ond, the assembled operator is Hermitian to machine precision. Third, for L = 6 the
Lanczos ground energy agrees with a full dense diagonalization of the same operator to
~107! both at ¢ = 0 (where the model reduces to Bose-Hubbard) and at ¢ = /2.

Using this machinery we scanned the plane spanned by the statistical phase ¢ € [0, 7]
and the ratio J/U, on a 21 x 21 grid with U = 1 and L = 10 sites with open boundaries,
computing the five lowest eigenvalues Ey, ..., Fy at every point. The 441 solves are mutu-
ally independent and were distributed over eight worker processes, the whole sweep taking
about 39 minutes. The resulting gaps measured from the ground state are shown in Fig. 8
and the consecutive level spacings in Fig. 9. The two lowest gaps F1 — Ey and Ey — Ej
are largest at ¢ = 7, peaking at 0.33U and 0.36 U near J/U ~ 0.7-0.8, whereas F3 — Ejy
and E4 — Fy instead peak at ¢ = 0: the statistical phase pushes the lowest excitations up
while lowering the higher ones. The narrow dark curves crossing the panels are genuine
near-degeneracies, where the gap drops to ~ 1075 U. We emphasize that the spectrum is
computed in the full Hilbert space without a chemical potential, so these differences are
global gaps over all particle-number sectors and the dark curves mark level crossings be-
tween states of different total occupation; the gap at fixed filling would require the Lanczos
iteration to be restricted to a single number sector.
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E1 — Eo, N =10 sites (OBC) E; — Eo, N =10 sites (OBC)
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Figure 8: Energy gaps measured from the ground state of the anyon-Hubbard chain, E; — Ey for
k=1,...,4 (top left to bottom right), as a function of the ratio J/U and the statistical phase ¢, for
L = 10 sites with open boundaries. Energies are in units of U. The lowest two gaps are maximal at
¢ = 7, while F3 — Eg and E4 — Ey are maximal at ¢ = 0.
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E; — E1, N =10 sites (OBC) E3—E;, N =10 sites (OBC)
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Figure 9: Consecutive level spacings Fy1 — Fy, for k = 1,2, 3 (top left, top right, bottom) over the same
(J/U, ¢) plane and for the same chain as Fig. 8. The sharp dark ridges are near-degeneracies between
adjacent excited levels, which for a spectrum computed over all particle-number sectors correspond to
crossings between states of different total occupation.
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D The four second-order transitions

This appendix carries out, for each of the four processes of the bond, the second-order
sum (15)—(16) over the two virtual paths, and collects the resulting amplitudes quoted in
Sec. 2.3. Throughout, the resonance condition 2C1; = Cps is used and the abbreviations
Ky, Ko, K3 of (17) apply.

D.1 Transition |0,1) — |1,0)

Here E; = Ey = Co1 (degenerate), with intermediates [1,1) and |0,0). Path A (via |1,1),
B, =2011): (1,11 Hq |0,1) = Que' and (1,0| Hq [1,1) = Que 2% giving Q2e~/(Coy —
2C11). Path B (via |0,0), E,, = 2Cn): (0,0] Hq|0,1) = Q4e~2* and (1,0| Hy |0,0) =
Q€' giving Q2e™/(Co; — 2Cg). Both carry the net phase (@20 = ¢~ 5o

1 1
+
Co1 —2C11  Co1 —2Cho

—q 2C11=C —i
Aoisi0 = Qe “’( ) N0 AR o =02 e Ky. (101)
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Second-order process: |0,1)} - |1, 0)

A1 =Co1—2Cn1

[1,1)

|0,1) [1,0)

[0, 0)
Ay =Co1 —2Co0
Apl-10= Qﬁef’ﬁ(% + i)

1 A;

Two-site picture: |0, 1) = |1, 0}
(Outward pulse at site u=1)

Siteu=20 Siteu=1

[2) [2)
Virtual state: |1, 1)

Ay =Co1 —2C11

1) X O I ¢
Pulse . Virtual state: |0, 0) IS e
— “JB Ny =Co1 —2Cqo ICU
G (=]
c
Ao1a10=0597m(,31—1+AL3
|0) ® o) ) ©

|0,1) — [1,0)

filled dot = initial occupation, open dot = final occupation

Figure 10: Transition |0,1) — |1,0): second-order path diagram (top) and two-site level picture
(bottom). Here and in Figs. 12-17 the two atoms of the bond are labelled ;1 = 0,1 in the figures,
corresponding to the sites j and j + 1 of the text.
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Photon picture (Path A): |0,1) - |1, 0)

1) Pulse acts: photon absorbed 2) Detuned virtual state 3) Photon released, virtual state left
u=0 u=1 u=0 u=1 u=0 u=1
photon in (hw,) . photon out (Awj)
B q
L R 'y MWW
I %
[e]
Interaction energy is off by the detuning: Site 1 is driven down: a photon is emitted
Laser drives site 0 up one level; Dy =Co —2C1 (|A] > Q). back into the beam (stimulated emission);
one photon is taken from the beam. State survives only ~ 1/A; -- it must decay. the energy mismatch is returned to the field.
total
energy Em - ZClL

IA1 =Co1—2Cn1
Ei=Co E Y E; Ef = Co e

A= Of,e”“(l/Al + 1/A;) (Path B: same two photon events in reverse order, via the lower virtual state, detuning 4;)

Figure 11: Photon picture of |0,1) — |1,0) (Path A): a photon is absorbed on site 0, the system dwells
in a virtual state detuned by A > ), and a photon is re-emitted on site 1; Path B reverses the order.

D.2 Transition |0,2) — |1,1)

Here E; = Cu2, Ef = 2C1; (non-degenerate; use (16)), with intermediates [1,2) (E,, =
Ci2) and [0,1) (E, = Cop1). Both paths have numerator 2,Qg ¢i@=20) oo Path A:
(1,2| Hq |0,2) = Qqe™ then (1,1]| Hg|1,2) = Qge~2%. Thus

1 i(a—28) 1 1 1 1
Aoz—11 = QQO‘QBG (002—012 + 2C11—C12 + Co2—Co1 + 2011—001)

_ , (102)
2C11=Co2 A0R2_>11 = 0,95 eia—28) Ko,

where the paired denominators coincide at resonance and the factor % cancels.
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Second-order process: |0, 2} - |1, 1)

Ay =Co2 —C12

[1,2)
Qe Qpe~2P
|0, 2) 1,1)
Qﬁe—:?ﬁ %
[0,1)
Dy =Co2 —Can
Agz-11 = Qa0 e“‘“zﬁ”(ﬁi1 +é) (at resonance 2C;; = Coz)
Two-site picture: |0, 2} - |1, 1)
(Downward pulse at site u=1)
Siteu=20 Siteu=1
[2) [2) @
Virtual state: |1, 2)
Ay =Co2 —C12 o Pulse
o
c
1} A © 1} - O
Pulse ) Virtual state: |0, 1)
Q
& Dy =Co2 —Co1
|0}

Apz 11 = Qa0p e’“’f’zﬁ)(ﬂl—1 + Al—z) (at resonance 2Cy1 = Cpa)

|0)

10,2) — |1,1)
filled dot = initial occupation, open dot = final occupation
(bottom).

Figure 12: Transition |0,2) — |1,1): second-order path diagram (top) and two-site level picture
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Photon picture (Path A): |0,2) - |1, 1)

1) Pulse acts: photon absorbed 2) Detuned virtual state 3) Photon released, virtual state left

u=0 u=1 u=0 u=1 u=0 u=1
—e- —_— —e
photon out (Awj)
&
1 e
(o]
L @ ®
photon in (hw,)
8
MWWwWw O
[e]
——

Interaction energy is off by the detuning: Site 1 is driven down: a photon is emitted
Dy = Coz = C1z (4] > Q). back into the beam (stimulated emission);
State survives only ~ 1/A; -- it must decay. the energy mismatch is returned to the field.

Laser drives site 0 up one level;
one photon is taken from the beam.

total

energy Em=Ci2

IA1 =Coz2—Cn2
| ——_ )

__________________ Ei  Ef=2C11 (= Cp; at reSONanCe) m——E;

A=0Q,Qe @~ #)(1/A1 + 1/A;) (Path B: same two photon events in reverse order, via the lower virtual state, detuning A;)

Figure 13: Photon picture of |0,2) — |1,1) (Path A via the detuned virtual state; Path B reverses the
order).

D.3 Transition |1,1) — |2,0)

Here E; = 2C11, Ey = Cp2 (non-degenerate), with intermediates |2,1) (E,, = Ci2) and
1,0 (E,, = Co1). Both paths have numerator Q,Qs e!=2%) e.g. Path A: (2,1| Ho |1,1) =
Qge® then (2,0] Hq [2,1) = Que~2. Thus

_1 i(B—2a) 1 1 1 1
An20 = QQO‘Qﬁe (2011—012 + Co2—C12 + 2C11—Co1 + 002—001)

| (103)
Aﬁ—)QO — QQQB CZ(B_QOC) K2

2C11=Cp2
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Second-order process: |1,1) - |2, 0)
Ay =2C11 —Cr2

12,1)

QBE'E

[1,1)

[2, 0}
Q_gef-g
[1,0)
Ay =2C11—-Cox
A11.20 = Qa0 e“’“’”"(ﬁi1 +é) (at resonance 2C;; = Coz)
Two-site picture: |1, 1} - |2, 0)
(Up pulse at site y =0, down pulse at site y=1)
Siteu=20 Siteu=1
[2) r o [2)
Virtual state: |2, 1)
Pulse A =2C11 —Cr2
2
— CQJ?
[1) @ [1) o
. Pulse
Virtual state: |1, 0) &
|
DA =2C11—Cnm1 Y
c
|0)

— iB—2a)(1 1 i
Al120=040p€ (E+E) (at resonance 2Cy; §

0) 'Coz)

|1,1) — [2,0)

)

filled dot = initial occupation, open dot = final occupation

(bottom).

Figure 14: Transition |1,1) — |2,0): second-order path diagram (top) and two-site level picture
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Photon picture (Path A): |1,1) -2, 0)

1) Pulse acts: photon absorbed 2) Detuned virtual state 3) Photon released, virtual state left
u=0 u=1 u=0 u=1 u=0 u=1
photon in (hw)
2
wn——
. photon out (hwy])
q
'y MWWWw
c
Interaction energy is off by the detuning: Site 1 is driven down: a photon is emitted
Laser drives site 0 up one level; A;=2C —Ciz (|A]>Q). back into the beam (stimulated emission);
one photon is taken from the beam. State survives only ~ 1/A; -- it must decay. the energy mismatch is returned to the field.
total
energy
Ei=20)) m—ee F; e Ei  Er=Coz (=2Cy; at resonance) m————;

IA1 =2Cin-Cn
Em=Ciz2

A=0Q,QeF~29(1/A1 +1/A;) (Path B: same two photon events in reverse order, via the lower virtual state, detuning A;)

Figure 15: Photon picture of |1,1) — |2,0) (Path A via the detuned virtual state; Path B reverses the
order).

D.4 Transition |1,2) — [2,1)

Here E; = Ey = Ci2 (degenerate; use (15)), with intermediates |2,2) (E, = 2Cs»)
and |1,1) (E, = 2C11). Both paths carry the phase efe™2% = =¥ (e.g. Path A:
(2,2 Ho [1,2) = Qge® then (2,1] Hq [2,2) = Qge27), so

1 1
+
Cia2 —2Cy  Ci2—2Ch

Arg01 = Q% e P ( ) 200 =Coz Al o = Q% e P K3, (104)
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Second-order process: |1,2) -2, 1)

Ay =C12—2Cy»

12,2)
QBE'E Qpeffz'g
11,2) [2,1)
QBE_QB Q_gef-g
[1,1)
Ay =C12—2Cny
Aren=0fe (L +1)
Two-site picture: |1, 2} - |2,1)
(Up pulse at site y =0, down pulse at site y=1)
Siteu=20 Siteu=1
12) n O 2) °®
Virtual state: |2, 2)
Pulse Ay =C12 —2C @ Pulse
ey I
— QL |
&
[1) @ [1) < O
Virtual state: |1, 1)
Ay =C12 —2C11
|0)

A1z591 = Oée”ﬂ(ﬂl—l + Al_fg
)

filled dot = initial occupation, open dot = final occupation

11,2) — [2,1)

(bottom).

Figure 16: Transition |1,2) — |2,1): second-order path diagram (top) and two-site level picture
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1) Pulse acts: photon absorbed

Photon picture (Path A): |1,2) > ]2,
u=0

1)
2) Detuned virtual state 3) Photon released, virtual state left
u=1 u=0 u=1 u=0 u=1
photon in (hw) « photon out (hwj)
= o
MWW & Py MWW
%
[e]
Interaction energy is off by the detuning: Site 1 is driven down: a photon is emitted
Laser drives site 0 up one level; Oy =Cz —2Cx (|A] > Q). back into the beam (stimulated emission);
one photon is taken from the beam. State survives only ~ 1/A; -- it must decay. the energy mismatch is returned to the field.
total
energy Em = 2Cp m——
IA1 =C12—2Cy»
Ei=Cn E e s E Er=Cis

Ej

A= Of,e”ﬂ(llAl + 1/4;) (Path B: same two photon events in reverse order, via the lower virtual state, detuning 4;)
order).

Figure 17: Photon picture of |1,2) — |2,1) (Path A via the detuned virtual state; Path B reverses the

E Floquet averaging and Bessel functions
This appendix derives the Floquet factor (31) quoted in Sec. 3.3, starting from the general
pulsed drive (26) of finite duty cycle.

Integrating do; over one evolution gives the accumulated phase
®;(t) = vihwit + x; (N 4+ O(s — T})) + s O(T} — s) sin(w's),

(105)
A

where we introduced the modulation index and the per-pulse phase increment
Ja

t

Xj = Hsin(w'TD, N = {TOJ , s =t— NTp, (106)
so that NV counts completed drive periods and s is the time elapsed within the current one.
Exponentiating (105),

e—i'iI)j(t) _ e—il/jﬁwjt e NX; e—ixj@(s—T]{) e—iﬁ@(TJ/—s) sin(w’s)
and applying the Jacobi—Anger identity

9

(107)

. . 0 .

e—zzsm@ _ Z Jg(z) 6—169 (108)
l=—00

to the oscillatory factor yields the piecewise continuous representation
© .
, . : Jo(k)e s 0<s< T
efzéj(t) _ —ivjhw;t eszXj g:z_:oo é( ) ’ J? (109)
e i T;<s<Ty




Two successive simplifications reduce this to the form used in the main text. In the
stroboscopic case w' T]’ = 2mm; with m; € Z one has x; = 0, so the discrete phase staircase
accumulated over completed periods drops out entirely and

67i<1>j(t) — efiujhwjt @(rrjl - S) Z Jé(ﬁ) efifw’s + @(S o TIJ/) ) (110)

{=—o00

If in addition T]’ = Ty, so that there is no gap between successive pulses, then s = ¢ (mod Tp)

N !’ . / . . 3
and hence e ™' = =t The piecewise structure disappears and the phase factor

collapses to the pure Jacobi-Anger form

[e.e]
e 123 (t) — =it Z To(r) e, vj = vjhwj, (111)

{=—o00

whose conjugate is the Floquet factor F;(t) = e!®i() of (31).
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