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Abstract

The main result presented in this project is the existence of repelling periodic
points of any minimal period for entire transcendental functions with a bounded
set of singular values (i.e. functions in class B), following the approach of A. M.
Benini [3]. We show this is not true for functions outside the class B.

To that end, we first study the different behaviours of holomorphic func-
tions around fixed points and the existence of conjugacies and normal forms, in
particular (but not restricted to) repelling fixed points. We also present some
specific tools which are fundamental in this proof: hyperbolic geometry and the
mapping structure of maps of class 5.

Resum

El resultat principal presentat en aquest projecte és I'existéncia de punts peri-
odics repulsors de qualsevol periode minim per a funcions enteres transcendents
tals que el seu conjunt de valors singulars és acotat, també conegudes com a
funcions dins de la classe B. Seguim l'enfocament donat per A. M. Benini a [3], i
també mostrem que aixd no és cert per a funcions enteres transcendents fora de
la classe B.

Amb aquesta finalitat, primer estudiem els diferents comportaments de les
funcions holomorfes al voltant de punts fixos i I'existéencia de conjugacions i for-
mes normals. En particular, perd sense restringir-nos-hi, estudiem punts fixos
repulsors. També presentem algunes eines especifiques que sén fonamentals per
aquesta prova: la geometria hiperbolica i I'estructura de les funcions pertanyents
a la classe B.
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Introduction

In this project we are concerned about the iteration of holomorphic functions.
Indeed, given a holomorphic function f : C — C and a point zg € C, we are
interested in the orbit of zp, that is, in the set defined by

{20, f(z0), f*(20), .-},

where f' = id and f" = fo f* ! for n > 1. The area of mathematics that studies
the iteration of holomorphic maps is known as complex (or holomorphic) dynamics.

When studying the orbits { f"(z) } » for a holomorphic map f, we encounter two
possible situations: either all iterates f"(z) are distinct and the orbit is infinite, or
two iterates eventually coincide and the orbit is finite. Finite orbits

{z0, f(z0), -+, f* 1 (z0) }

can be preperiodic, if fP(zg) # zo, or periodic, if f¥(zo) = zo. This last particular
type of orbit is of special interest due to its simplicity, and its points are referred
to as periodic points.

f

f
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Figure 1: Schematic representation of a preperiodic orbit.

Periodic points are characterized by their period and multiplier. On the one
hand, if zg is a periodic point of f, then there exists a positive integer n such that
f™(z0) = zo. Such n is called a period of zy, and the smallest positive integer with
this property is called the minimal period of zy. In particular, periodic points of
period 1 are called fixed points. On the other hand, the multiplier of a periodic
point zg of minimal period 7 is defined as

A= (f") (o).

Since periodic points of period n are fixed points of f", the study of periodic
points is reduced to fixed points. Fixed points are classified according to its
multiplier into attracting, neutral, or repelling, depending on whether |A| is less
than, equal to, or greater than 1, respectively. In particular, attracting fixed points

ii



Introduction iii

with multiplier A = 0 are called superattracting, and neutral fixed points can be
further classified into parabolic, Siegel or Cremer points.

The previous terminology is not merely conventional; rather, the modulus
of the multiplier actually determines the dynamics around the fixed point.
Formally, this is proven in the studies conducted at the end of the 19th century
and throughout the 20th century mainly by E. Schioder, G. Koenigs, L. Leau, L.
Botcher, P. Fatou, G. Julia, C. L. Siegel and H. Cremer.

Schroder was the first one interested in the local dynamics around fixed points.
Aware that when iterating a function f, it is usually difficult to find an explicit
formula for the iterates f", Schroder [21] defined the notion of conjugacy. Two
holomorphic functions f and ¢ are conjugate in an open set U C C if there exists
a biholomorphic map (i.e. holomorphic and bijective) ¢ such that the following
diagram commutes.

u—7> u

‘Pl ¢

p(U) —— o(U)

Then, ¢ is a conjugacy between f and ¢ and can be thought as a change of
variables. Therefore, the dynamical systems induced by f and i are equivalent,
which reduces the iteration of f to the iteration of . This is particularly useful if
¢ is a function that is easy to iterate.

From this perspective, two fundamental problems arise. The first problem is
known as the Linearization Problem, and concerns the conditions under which f is
conjugate to the linear map ¥(z) = Az in a neighbourhood of a fixed point zp with
multiplier A. This is equivalent to ask whether the Schroder functional equation

pof=Ar-¢

has a solution in a neighbourhood of zy. The second problem asks whether, if f
is not locally linearizable around the fixed point zg, there exists another normal
form 1 sufficiently simple to locally understand the behaviour of z.

Following the work of Schroder, Koenigs developed a robust local theory
describing the dynamics under iteration of attracting fixed points with multiplier
A # 0. In 1884, he proved in [16] that if zj is either an attracting fixed point with
multiplier 0 < |A| < 1, or a repelling fixed point, then there exists a biholomorphic
function ¢ which solves the Schroder equation in a neighbourhood of zg. Hence,
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the conjugacy ¢ provides a local linearization of f in a neighbourhood of zp when
the multiplier satisfies |A| # 0 and |A| # 1.

At this point, the remaining cases to study were superattracting and neutral
fixed points. In 1897, Leau, who was a student of Koenigs, gave a detailed study
regarding the dynamics around neutral fixed points whose multiplier A is a root
of unity, that is, around parabolic fixed points. In his thesis [17], he showed that
holomorphic functions are not linearizable around parabolic fixed points, and
anticipated a version of the Flower Theorem, which was later refined by Fatou and
Julia in 1918-1920. The works of both Fatou and Julia were inspired by Leau’s
work, even though Fatou took an entirely fresh approach in [12].

Figure 2: The dynamics around a neutral fixed point whose multiplier is a 4-th root of unity.

In 1904, L. Botcher proved that around superattracting fixed points, holomor-
phic functions are obviously not linearizable, but they are locally conjugate to a
map h(z) = z%. Later studies by H. Cremer (1932) and C. L. Siegel (1942) provided
a deeper understanding of the dynamics of neutral fixed points whose multiplier
is not a root of unity, showing that they can be either linearizable (Siegel points)
or non-linearizable (Cremer points), depending on the arithmetic properties of the
multiplier.

The previous results, in some sense, provided a complete description of fixed
points (and by extension, of periodic points), which historically led to a loss
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of interest in the field. However, the discovery of the Mandelbrot set in 1980
generated renewed attention to complex dynamics. As a result of the research
conducted by Fatou and Julia, combined with the development of computer
graphics, it became possible to plot basins of attraction, parabolic basins, and
Siegel disks (i.e. the domains of normality associated respectively to attracting,
parabolic and Siegel points), which enables us to observe fractal behaviour on
their boundaries. In fact, the study of these boundaries (among other related
topics) is currently one of the most active research areas in complex dynamics.

(@) f(z) = 2% —0.12 + 0.7i. ®) f(z) =22 + 1.

Figure 3: In black, the basin of attraction of the period 3 attracting cycle for the map f(z) =
z2 —0.12 4+ 0.7i, and the parabolic basin of attraction of the parabolic fixed point z = % for the
map f(z) =22+ 1.

At this point, a natural question to ask is whether fixed points (or, in general,
periodic points) exist, so that we can apply the previous theory. For rational maps
this is straightforward. If f is a rational map, then all the iterates f" are also
rational maps; thus, we can write

_ Py(z)
Qu(z)

for some polynomials P,, Q,. Finding a periodic point is equivalent to solving
the equation P,(z) = zQ,(z), which has at least one solution by the Fundamental
Theorem of Algebra. Hence, for rational maps, the existence of periodic points of
(not necessarily minimal) period 7 is guaranteed for every n > 1.

f(2)
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In contrast to rational functions, the dynamics of an entire transcendental
map is much more complicated because, by definition, it possesses an essential
singularity at oo, which can lead to a richer dynamical behaviour. In particular,
contrary to rational functions, not all entire transcendental maps have fixed
points. For instance, since ¢* # 0 for all z € C, the function f(z) = e* + z has no
fixed points.

Nevertheless, every entire transcendental map must have at least a periodic
point of period 2. This result was proven by Fatou on Sur l'itération des fonctions
transcendantes entieres [13], and then generalised by Rosenbloom in 1948. Rosen-
bloom proved in [20] that all entire transcendental maps have infinitely many
periodic points of (not necessarily minimal) period n for all n > 2.

Following this result, two natural questions arise regarding entire transcen-
dental maps. Can we ensure the existence of periodic points of any minimal
period n > 2? Under which conditions do fixed points exist?

The first question was addressed by W. Bergweiler in the paper Periodic
points of entire functions: proof of a conjecture of Baker [6]. Bergweiler proved that
entire transcendental functions have infinitely many repelling periodic points of
minimal period n for all n > 2, which had already been conjectured by I. N. Baker
in 1967 [14].

The existence of fixed points for entire transcendental functions is closely
related to the distribution of singular values (i.e. such values for which inverse
branches of the function are not well-defined). In fact, A. Eremenko and M.
Lyubich proved in [11] that entire transcendental functions with a finite number of
singular values have infinitely many fixed points. Actually, the crucial assumption
is not that there are finitely many singular values, but that the singular values do
not accumulate at infinity. This enables us to understand the mapping structure
around oo in terms of tracts and fundamental domains, so that we can study the
dynamics near the essential singularity.

The main goal of this project is to present a proof of the following more general
result, proven by A. M. Benini in [3].

Main Theorem. (Benini, [3]) Any entire transcendental function with a bounded set of
singular values has infinitely many repelling periodic points of minimal period n, for all
n>1.

Entire transcendental functions with a bounded set of singular values form
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the Eremenko-Lyubich class, also known as class B. This class is special because
for any f € B, there exists a punctured neighbourhood Q) of infinity in which
f has no singular values. The preimages of () under f are simply connected
unbounded sets called tracts, which accumulate only at infinity and do not
contain any neighbourhood of co. This enables us to properly partition each tract
into infinitely many fundamental domains in which we may find periodic points
of every minimal period. We closely follow the proof presented by Benini and
show that all but finitely many fundamental domains contain at least one periodic
point of minimal period n for each n > 1.

Structure of the project. In Chapter 1 we give some preliminary results and
definitions that are used throughout the project and needed to prove the Main
Theorem. We recall some basic notions of Complex Analysis, including conformal
maps and holomorphic functions of the unit disk. Then, we delve into transcen-
dental maps, covering maps, singular values, and the Eremenko-Lyubich class.

In Chapter 2 we give an overview of hyperbolic geometry by studying the
hyperbolic metric in the unit disk and on other proper simply connected domains.
We also give some distortion estimates for univalent maps.

Chapter 3 is devoted to provide a precise description of the local dynamics of
holomorphic functions around fixed points.

In Chapter 4 we study the existence of periodic points and the mapping struc-
ture of maps of class B near infinity. Finally, we provide a proof for the Main
Theorem, using all the tools previously developed.

Appendix A contains the Python code used for plotting the different basins of
attraction and parabolic basins used throughout the project.

Notation. Throughout this thesis, we denote by C and C the complex plane
and the Riemann sphere, respectively. Also, D = D(0,1) denotes the unit disk
and D* = D \ {0} the punctured unit disk.



Chapter 1

Background on Complex Analysis

The main goal of this chapter is to provide all the necessary tools of Complex
Analysis needed to study the local behaviour of fixed points (Chapter 3) and to
determine their existence for entire transcendental functions (Chapter 4).

To that end, we start by recalling some basic notions of Complex Analysis,
stating all concepts and results that are used throughout this project. For more
background on holomorphic functions we refer to [7, 9, 10]. Then, in Sections 1.3
and 1.4, we delve into Transcendental Maps, thereby completing all the founda-
tional material needed further in the project.

Definition 1.1. Let Q2 C C be an open set. A function f : () — C is holomorphic
at zg € Q) if the limit
o F(2) = f(z0)

Z—2Z0 zZ— 20

exists. In this case, this limit is denoted f’(z).

We say that f is holomorphic in () if it is holomorphic at all points of (), and
we denote by H(Q)) the set of holomorphic functions in Q. If f is holomorphic in
all C, we say that f is entire.

Theorem 1.2. (Maximum Modulus Principle) Let () C C be a connected domain and
f € H(QY). Then, the maximum of | f| is attained in Q). If the maximum of | f| is attained
in Q), then f is constant.

Theorem 1.3. (Morera’s Theorem) Let () C C be open and f be a continuous function
in Q) such that it is holomorphic in all () except for one point zo € . Then, f is
holomorphic in all ().
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We say that f has an isolated singularity at zo if f is not holomorphic at zg
and there exists a neighbourhood U of zy such that f € H(U \ {zp}). Those
singularities can be classified into removable, poles or essential singularities, as
defined below.

Definition 1.4. Let z be an isolated singularity of f. We say that z is a removable
singularity of f if liﬁm (z —20)f(z) = 0, whereas if liﬁm |f(z)| = oo, 20 is called a
Z—rZg Z—Zp

pole. Otherwise, z is an essential singularity of f.

Recall that we can define the Laurent expansion of a holomorphic function
near its isolated singularities, allowing us to fully characterize the type of isolated
singularity in terms of the coefficients of the expansion. Indeed, let zg be an
isolated singularity of f. Then, the Laurent expansion of f around z is

fE) = % eulz—z0)"

n=—oo
Consider now the coefficients ¢_, for n > 1. If all such coefficients are 0, then z is
a removable singularity. If not, if there are only finitely many coefficients different
from 0, the singularity is a pole, and otherwise, it is an essential singularity.

1.1 Conformal Mappings

We say that a holomorphic function f is conformal if it is bijective. We can
also say that f is biholomorphic. If f is holomorphic and injective we say it is
univalent.

A Mébius transformation is a function M : C — C of the form

M(z)

_az+b
ez +d’

with a,b,c,d € C such that ad — bc # 0. Observe that M(z) can be extended to C
by defining M(=2) = oo, M(o0) = 2 if ¢ # 0, and M(c0) = o if ¢ = 0. The inverse
map of M is given by

dz—b

—cz+a’

M l(z) =

which is again a Mobius transformation. In particular, M is bijective, and hence a
conformal automorphism of C. In fact, the Mobius transformations are precisely
the conformal automorphisms of C.
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Some particular Mobius transformations are translations, dilations, rotations,
and the inversion map. In fact, any Mobius transformation can be written as a
composition of these elementary functions.

Recall that straight lines in C can be thought as circles in C which pass through
co. The following result is useful for characterizing the conformal automorphisms
of D.

Proposition 1.5. Mobius transformations map circles in C onto circles in C.

Among conformal maps, we are interested in studying automorphisms of
simply connected domains. Any simply connected domain () C C is conformally
equivalent to the unit disk DD, that is, there exists a conformal map ¢ : O — D.
This result is known as the Riemann Mapping Theorem.

Theorem 1.6. (Riemann Mapping Theorem) Let (0 C C be a simply connected
domain and zg € (. Then, there exists a unique conformal map ¢ : QO — D such
that ¢(z¢) = 0 and ¢'(zy) > 0.

The Riemann Mapping Theorem allows us to reduce the study of automor-
phisms of simply connected domains to automorphisms of C and of ID. We start
by characterizing the automorphisms of C.

Theorem 1.7. (Automorphisms of C) Let ¢ : C — C be an entire conformal map.
Then, there exist a,b € C, a # 0, such that ¢(z) = az + b. Moreover, all polynomials of
degree 1 are entire conformal maps.

Notice that the automorphisms of C are precisely the Mobius transformations
which fix infinity. Indeed, any Mébius transformation

_az+b
oz +d

M(z)

fixes oo if and only if M(c0) = 4 = co, that is, if c = 0. Thus,

M(z):;z+Z:a/z+b’

for some coefficients a’, b’ € C. Also, since ad — bc # 0, the coefficient a’ = 2#0
and hence M is a polynomial of degree 1.
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1.2 Holomorphic functions of the unit disk

In view of the distinguished role of the unit disk in conformal mappings, in
this section we focus on holomorphic functions of the unit disk. We give two
classical results that will be used throughout the whole project.

Lemma 1.8. (Schwarz Lemma) Let f : D — ID holomorphic such that f(0) = 0.
Then,

(@) |f(z)| <|z|forallz € Dand |f(0)] <1,

(b) if there exists zo € ID \. {0} such that |f(zo)| = |zo| or [f'(0)| = 1, then f isa
rotation on the origin, that is, there exists 6 € R so that f(z) = €z for all z € D.

Proof. Consider the function g(z) = % defined in ID \ {0}. Notice that since f is
holomorphic in ID, and in particular in z = 0,

limg(z) = limM = f'(0) .

z—0 z—0 Z

Therefore, g(z) has a removable singularity in z = 0 and it can be extended to a
function g(z) defined in D as

[ ifzeD {0}
g(z>_{f’(0) ifz=0.

Moreover, ¢ is continuous in ID, and since f is holomorphic in ID, then g is holo-
morphic in D \ {0}. By Morera’s Theorem 1.3 it follows that § € H(D).

(a) By the Maximum Modulus Principle (MMP) 1.2,

sup [§(2)| = sup sup [¢(z)| = lim sup [g(z)| = lim sup |—
r—1-

|z]<1 0<r<1|z|<r |z|=r =17 2=

f(2) ’ _

1 1
= lim —sup |f(z)| < lim — =1.
r—1-r |z|:r r—1-r

Therefore, |f(z)| < |z| forall z € D and |f'(0)| < 1.

(b) The hypothesis in (b) is equivalent to assume that there exists zg € ID so that
|g(z0)] = 1. By (a), |g(z)| < |g(z0)| for all z € D. Since the maximum is
attained in the interior of D, by the MMP it follows that § = g(zo).

Since |g(z0)| = 1, there exists 6 € R so that §(zp) = €. Hence, § = ¢, and
consequently, f(z) = ez for all z € ID. O
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As a consequence of Schwarz Lemma we can characterize the group of
automorphisms of D, Aut(ID). In fact, automorphisms of the disk are exactly
the Mo6bius transformations which fix 9D.

Theorem 1.9. (Automorphisms of D) Let ¢ : ID — D be a holomorphic map. Then,

¢ is conformal if, and only if,
_ 0z
1—az

¢(2)
for some 8 € [0,277) and a € D.

Proof. First, we prove that given any a € ID and 6 € [0,27), the map

is conformal. Observe that ¢ is a Mobius transformation, because since a € D,
_ 2
aa —1=lal"—1#0.

Therefore, ¢ is a conformal automorphism of C and it is enough to check that
(D) = D. Since $(0) = e'%a € D, it suffices to show that ¢(dD) = JID. Take a
point w € dD. Then, there exists a € [0,27) such that w = ¢ and

a— elﬂé
a—e i

in
pa—e
1 — ge®

= |e =

4

9(w)| = |p(e)

where the last equality holds because the numerator and denominator are
complex conjugates. Thus, ¢(dID) C 0D, and by Proposition 1.5 it follows that
$(0D) = dD. Therefore, ¢ : D — D is a conformal map.

Now suppose ¢ : D — D is a conformal map and take a = ¢~1(0) € D.
Since we have proven that the map ¢, : D — D,

a—z

9a(2) =5 —az

is conformal, the map g := ¢ o ¢, : D — D is also an automorphism of ID. Also,

8(0) = ¢(9a(0)) = ¢(a) =0,

and by the Schwarz Lemma 1.8 it follows that ¢ is a rotation and there exists
0 € [0,27) such that g(z) = ¢z. Since ¢;! = ¢, we conclude that ¢ = ¢ ¢@,. This
completes the proof. O
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1.3 Entire Transcendental Maps

Let f : C — C be an entire function. Then, we say that f is a transcendental
map if it has an essential singularity at co. Alternatively, any entire function
which is not a polynomial is transcendental. This section is devoted to give some
properties and results on entire transcendental functions, which are needed on
Chapter 4.

Observe that if f is an entire transcendental function, then g(z) := f(1) has
an essential singularity at z = 0. Hence, we can understand the behaviour of
an entire transcendental map near oo by studying the behaviour of holomorphic
functions near an essential singularity. Next theorem shows that the image of a
neighbourhood of an essential singularity cannot omit an open disk.

Theorem 1.10. (Cassorati-Weierstrass) Let zg be an essential singularity of a holomor-
phic function f and consider U a neighbourhood of zy. Then, f(U) = C.

Proof. To see that f(U) is dense in C, we argue by contradiction. Suppose that
f(U) omits a disk D(c,¢), i.e, f(U) C C~\ D(c,e). We want to see that then zg is
either a removable singularity or a pole of f.
Consider the map h(z) = jﬁ € H(U ~\ {z0}) and observe that it is bounded
because |f(z) —c| > ¢ for all z € U. Then,

lim (z —zp)h(z) =0,

Z—2Z0

and therefore, zg is a removable singularity of h. Hence, there exists « € C such
that

. . 1
e If v = 0, then Zlggo |f(z) —c| = oo and therefore ZILIE}O |f(z)| = oo, which

implies that zg is a pole of f.
e If o # 0, then li_>m flz)=c+ % and thus z is a removable singularity of f.
Z—2Z0

In both cases we obtain a contradiction with the assumption that zg is an essential
singularity of f. O

The Cassorati-Weierstrass Theorem ensures that if a holomorphic function has
an essential singularity, then the image of any neighbourhood of the singularity
is dense in C. However, E. Picard proved a much stronger result: for any neigh-
bourhood of an essential singularity, its image attains all complex values infinitely
many often, except for at most one value.
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Theorem 1.11. (Picard’s Great Theorem, [9, Theorem 7.4.2]) Let f be a holomorphic
function with an essential singularity at zo € C. Then, there exists at most a € C
such that for all w # a, the equation f(z) = w has infinitely many solutions in any
neighbourhood of z.

Hence, if f is an entire transcendental function, f attains every complex num-
ber infinitely many times, with at most one exception. We say that f is an co-to-1
map.

Corollary 1.12. (Picard’s Little Theorem, [10, Theorem 16.4.2]) Let f be an entire
function. If there exist a,b € C different such that f(z) # a,b for all z € C, then f is
constant.

1.4 Covering Maps and Singular Values

In this section we introduce the notion of covering map and singular value,
two concepts that are required in Chapter 4 in order to properly study entire
transcendental maps of class B. The content of this section can be found in [22].

1.4.1 Covering Maps

Definition 1.13. A map f : X — Y is a covering map if f is continuous and
for each y € Y there exists a neighbourhood U C Y of y so that f~1(U) is a
disjoint union of open sets V,, each of which satisfies that f|y, : V, — U is a
homeomorphism.

Figure 1.1: On red, a point y € Y and its preimages; on purple, a neighbourhood U of y and its
preimages. Each preimage V, maps homeomorphically to U.
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For instance, consider the map f(z) = z2. Then, f is a covering map of

D* =D~ {0}. Indeed, for every w = pe’ € DD* there exist exactly 2 points
z1,20 € D, z; = \@eie,zQ = ﬁei(”w) such that f(z1) = f(z2) = w. Therefore,
there exists U € ID* such that f~1(U) = VUV, with VNV, = @, z; € Vy,
zp € Vo and f ‘Vj : Vi — U is a homeomorphism for j = 1,2. Moreover, the sets
Vi1 and V; are identical up to a rotation of angle 7t about the origin. We say that f
is a 2-to-1 map.

The following lemma characterizes the coverings of ID* and is one of the main
tools used in Section 4.1 for studying the mapping structure of maps of class B

Lemma 1.14. (Coverings of ID*, [5, Lemma 2.2]) Let D* = D ~ {0} and U C C.
Suppose f : U — ID* is a holomorphic covering. Then,

(a) either U and ID* are biholomorphic and there exists a conformal map ¢ : U — ID*
such that f = hy o ¢ for some d > 1, where hy(w) = w”,

(b) or U is simply connected and there exists a conformal map ¢ : U — H™ such that
f=expog, where H™ = {z € C; Re(z) < 0}.

]D*
ex
% ’ p

() (b)

S

Figure 1.2: Let f : U — ID* be a covering map. Then, by Lemma 1.14, we can distinguish 2 cases:
either U = ID* and f = ;0 ¢ (case (a)), or U = ID and f = exp og (case (b)).
1.4.2 Singular Values

Definition 1.15. Let f : C — C be an entire function. The set of singular values
of f is denoted S(f) and is defined as the smallest closed set S(f) such that

frCNfTHS(f)) — €N S(f)

is a covering map.
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Thus, S(f) is precisely the set of points in C where it is not possible to locally
define all inverse branches of f. We later give a more precise characterization of
S(f), in terms of critical and asymptotic values.

Definition 1.16. A point w € C is a critical value of f if there exists z € C so that
w = f(z) and f'(z) = 0. Then, z is called a critical point of f.
A point w € C is an asymptotic value of f if there exists a continuous curve
79 : [0,00) — C such that }Lrglo v(t) = oo and }Lr?of(y(t)) =w.

We now give some examples of functions with critical values and asymptotic
values.

Example 1.17. Consider the map f(z) = z2. Then, f'(z) = 2z = 0 if, and only if,
z = 0. Therefore, f(0) = 0 is a critical value of f.

Example 1.18. Consider now the map f(z) = ¢* and the continuous curve

7:[0,00) — C, (t) = —t.

t

Observe that tlg?o ¥(t) = oo and tlgglof('y(t)) = tlir?oe = 0. Therefore, 0 is an

asymptotic value of f. Moreover, z = 0 is the only singular value of f. Indeed,
since f'(z) = e¢* # 0 for all z € C, f has no critical values. Also, consider y(t) a
curve such that y(f) — oo as t — co.

e If Re(7(t)) — —oo, then [f(y(t))| = ‘e”*(t)’ 5 0ast— oo,

o If Re(y(t)) — oo, then |f(y(t))| = ‘eV(t)‘ — o0 as t — oo.

e If Re(y(t)) — c € C as t — oo, then Im(-y(t)) — oo as t — oo and e7() does
not converge, as f — 0.

Hence, z = 0 is the only singular value of the exponential map.

Observe that it is not possible to locally define all inverse branches of f around
critical and asymptotic values. Thus, critical values, asymptotic values, and their
accumulation points are singular values of f. The converse is also true, as showed
in the following theorem.

Theorem 1.19. The set of singular values of an entire function f is

S(f) = {w € C; wis a critical value of f or an asymptotic value of f}.
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Proof. Denote by CV and AV the set of critical values of f and asymptotic values
of f, respectively. Then, we need to show

S(f) = CVUAV.

It is clear that CV U AV C S(f) because critical values and asymptotic values are
points of C where it is not possible to locally define all inverse branches of f.
Moreover, since S(f) is closed, we conclude that CV U AV C S(f).

It remains to see that S(f) € CVUAV. Let wgp € S(f) and assume
wg & CVUAV. Then, there exists a neighbourhood U of wy which does not
contain critical nor asymptotic values.

Since U does not contain any critical value, f'(z) # 0 for all z € f~1(U). Then,
by the Inverse Function Theorem, there exist V,, Wf(z) neighbourhoods of z and
f(z) respectively such that fy, : V. — Wy, is biholomorphic. Thus, for all
w € U, f admits a locally well-defined inverse branch.

Now we need to see that these inverse branches of f are well-defined in all U.
Indeed, fix some local inverse branch of f, g, : W, — C, for some W, C U such
that f o g, = id. We want to see that g, can be analytically continued along any
path inside U. Suppose this is not true. Then, there exists « : [0,c0) — U a path
such that either it hits a critical value (which cannot happen because UNCV = @),
or ¢(a(t)) — oo as t — oo, which also cannot happen. Indeed, the curve y(t) :=
(goa)(t) — o0 ast — oo and

lim f(y(t)) = lim a(t) € U.
But this cannot happen because U contains no asymptotic values. Therefore, all
inverse branches of f are well-defined in all U, and hence w ¢ S(f), contradicting
the assumption. O

1.4.3 The Eremenko-Lyubich Class

A special class of entire transcendental functions consists of those for which
S(f) is bounded. In this case, f acts as a covering map in a punctured neighbour-
hood of o, a fact that plays a particularly important role in dynamics, as we shall
see in Chapter 4.

Definition 1.20. Let f be a transcendental entire function. If S(f) is bounded, then
we say that f is in the Eremenko-Lyubich class, also known as class B.
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We claim that B is closed under composition, that is, if f = goh, then
S(f) = g(S(h))US(g). Indeed, let w be a singular value of f. There are two
possibilities, either w is a critical value, or an asymptotic value.

First suppose that w is a critical value of f. Then, there exists z € C so that
f(z) = g(h(z)) =w and f'(z) = ¢'(h(z))h'(z) = 0. From the second equation we
deduce that one of the factors must be zero. If g'(h(z)) = 0, then h(z) is a critical
point of ¢ and w = g(h(z)) is a critical value of g. Hence, w € S(g). If not, then
h'(z) = 0 and z is a critical point of h. Therefore, h(z) is a critical value of &, and
thus, w = g(h(z)) € g(S(h)).

Now suppose that w is an asymptotic value of f. Then, there exists a continu-
ous curve v : [0,00) — C such that tlim (t) = o0 and
—00

lim £(y(t)) = lim g(h(7(£))) = w.

t—o0 t—o0

If tlim h(y(t)) = oo, due to the fact that v o i is also a continuous curve, w is an
—00

asymptotic value of g. Thus, w € 5(g). If not, then there exists w’' € C so that
tlirn h(y(t)) = w', and therefore w’ is an asymptotic value of h, so w' € S(h).
— 00

Hence, w = g(w') € g(S(h)).

We deduce that class B is closed under composition and

S(f") = S(HUFS(H U UfHS(f)).

1.5 Banach Fixed Point Theorem

Although the Banach Fixed Point Theorem is not specific to Complex Analysis,
we include it here as a general tool that will be used for the proof of the Main
Theorem in Section 4.3.

Theorem 1.21. (Banach Fixed Point Theorem) Let (X, d) be a complete metric space
and T : X — X a contractive map, i.e. d(T(x), T(y)) < k-d(x,y) for some k € (0,1).
Then, T has a unique fixed point in X.



Chapter 2

Hyperbolic Geometry

When working with the unit disk ID and holomorphic functions, it is often
useful to consider the hyperbolic metric instead of the Euclidean metric. The
hyperbolic metric induces the same topology as the Euclidean one, but it offers
several advantages over it; namely holomorphic maps act as contractions for the
hyperbolic metric, as shown by the Schwarz-Pick Lemma.

This chapter is meant to be an overview of Hyperbolic Geometry and to
present some of the tools that are needed in Section 4.3. The content presented in
this section can be found in [1, 2, 7, 15].

2.1 The Hyperbolic Metric in the Unit Disk

The hyperbolic metric in the unit disk ID is defined as the unique metric in
D whose isometries are precisely the conformal automorphisms of ID. In order
to make this precise, we shall work with the density of the metric, denoted by
p(t) |dt|, and ask that it must be invariant under conformal automorphisms of the
unit disk, that is, under Mobius transformations fixing JID. This means that, if M
is an automorphism of the disk, then

p(M(2)) [M'(2)] = p(2), z € D. @1)

Let M be a Mobius transformation fixing dID. Then, by Theorem 1.9, there

exista € D and 6 € [0,27) such that M(z) = eieiﬁaz. The derivative of M(z) is

2
(1+az)?’

12
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and therefore

M =
‘ (Z)‘ 11 —kﬁz|2

From Equation (2.1) it follows that

o0 Z+a 1—|af?
z)=p (e = > .
o) =p (50 e
Setting z = 0, we obtain p(ea) = n ‘0_<Ta)’2 By convention, we let p(0) =1, and
write ,
Q) = — . 2.2)
pla) = — P

Notice that this expression only depends on the modulus of 2. Now we can define
the hyperbolic distance in ID.

Definition 2.1. Let v be a path from p to g in ID. Then the hyperbolic length or
p-length of v is

p(1) = [ p(o)Jar.

The hyperbolic distance or p-distance from p to g is

p(p,q) = inf p(7),

€ pq
where ', ; = {7 C ID; v is a path between p and q}.

It is easy to prove that p is actually a distance. Moreover, by applying Equation
(2.2) to Definition 2.1 we obtain an explicit formula for the hyperbolic length of
any path v in ID. Indeed, first consider 7 (t) = tp for 0 < t < 1 a path between 0
and p. Then,

L 1. 1+|p|
= t) |dt _—/ ———— |p|dt=Z1lo :

The path g has the shortest hyperbolic length among all paths between 0 and p
(see [15, Section 2.1.1]), and therefore the hyperbolic distance between 0 and p is

1 1+ |p]
0,)==1lo .
p(0,p) 5 g1—|p|

Let p,q € ID. We are interested in obtaining a formula for the hyperbolic dis-

tance between p and g. Since hyperbolic density is invariant under Mobius trans-
formations, p(y) = p(M(7y)) for any 7 path in ID and any Mébius transformation
M € Aut(D).
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Consider the Mobius transformation M(z) = f:%’z, so that M(p) = 0, and set
— — 4-P
s=M(q) = 1= Then,

o(p.q) = Arg;fplqp(v) = Vlerrlf’qp(M(v)) = nf p(7y) =p(0,s) = 5log 17— =

Therefore, the hyperbolic distance between any two points p,q € D is

1. [1-pq|+|q—p|
q) = = lo I . (2.3)
olp.0) 2 8T —pg| =g —p|

Remark 2.2. Observe that if p — 9D, then p(p,q) — oo for any g € D. Indeed, if
|p| — 17, then

1=pql = lqg—pl — 1 =4l =lg -1 =0,
and therefore p(p,q) — oo.

In fact, it can be showed that the unit disk with the hyperbolic distance, (D, p),
is a complete metric space, as shown in the following proposition.

Proposition 2.3. The space (ID, p) is a complete metric space.

Proof. First observe that all Cauchy sequences with respect to p are also Cauchy
sequences with respect to the Euclidean metric. Indeed, given p, 4 € ID and +y the
shortest path in ID joining p and g,

1
1|t

p(p.q)=p(n) = [t = [ —latl> [ 1]ar| =g —pl.
v g v
Therefore, let {z,}, be a Cauchy sequence with respect to p. Then, given any
e > 0, there exists ny € IN such that for all n, m > ny, p(zu,zm) < €. By the
inequality above,
1zn — zm| < p(2zn,2m) <&,

and hence {z, }, is a Cauchy sequence with respect to the Euclidean metric.

Take R = max{p(zny,21), - ,0(Zng, Zny—1),€}. Then, p(zny, zm) < R for all
m € IN and we conclude that the sequence {z,}, is bounded with respect to the
hyperbolic metric. By Remark 2.2, it follows that there exists a compact subset
K C D such that {z,}, C K. Since {z,}, is also a Cauchy sequence with respect
to the Euclidean metric and K is compact, there exists z € K so that z, — z with
respect to the Euclidean metric.
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It remains to see that z,, — z also with respect to the hyperbolic metric. Indeed,
since |z, —z| =+ 0asn — oo,

1 |1 —Zpz| + |z — z4| 1 1—2z,z] 1
’ =1 — =1 —_ = — 1)=0
o(z2) 2 81— zpz| - |z — zn| 2 %1z 2 o5(1)
We conclude that (D, p) is complete. O

Next we see that any holomorphic function f : ID — ID is a contraction with
respect to the hyperbolic metric. Moreover, we see that f is a hyperbolic isometry
if and only if f is an automorphism of the disk. This is known as Schwarz-Pick
Lemma.

Theorem 2.4. (Schwarz-Pick Lemma) Let f : D — ID be a holomorphic function.
Then,

(a) f is an infinitesimal contraction. That is,
o(f(2) |f'(z)| < p(z) forallze D. (2.4)
(b) f is a global contraction. That is,

p(f(z), f(w)) < p(z,w) forall z,w e D. (2.5)

Proof. Let z € ID and consider the Mobius transformations

M1(w) — f:;:v , and Mz(w) = {EZ;_(_Z)Z:U,

which send z and f(z) to 0, respectively. Now consider ¢ = M, o f o M;!, and

observe that
g(0) = Ma(f(M;1(0)) = Ma(f(2)) = 0.

Now we compute the derivative of g, and by the chain rule we obtain that

oy = M@P=1 (2w -1
£ )_<1—ﬁf<%>>2 d <1—zw> (1—zw)*
Therefore,
¢ = flm 21
f(z))> -1

By the Schwarz Lemma 1.8 it follows that

2
2| 1 <1, forallze D.

8'0)| = |f (Z)\W <
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i —#an z :¥ we obtain tha

Sincep(z) = 113 and p(f(2)) = ;3 e cbtan tht
(5 P(f(z))_ (5 ’Z|27—1 o all 2
F& —If()\|f(z)’2_1§1, forallz € D,

and therefore the inequality (2.4) holds and f is an infinitesimal contraction.
It remains to show that f is a global contraction. Let z,w € D and let y be the
shortest path between z and w. Then, since f(y) is a path between f(z) and f(w),

o(f(2), f(w)) < p(F(7)) = /m)p(t) dt] = A o(f() | £/ ()] |dt] < / olt) |dt] =

=p(7) = plz,w),
where the last inequality is due to Equation (2.4). O

D D
f
/\

M1 MZ

‘D
4
/\

Figure 2.1: On the top-left disk we consider a point z € ID and a hyperbolic disk D(z,7) € D. In
yellow, hyperbolic disks of radius r centred at the corresponding image of z. In blue, the corre-
sponding images of D.

Observe that if there exists z € ID such that p(f(z)) |f'(z)| = p(z), then f is a
conformal self-map of ID. Indeed, if such z exists, the function ¢ defined in the
proof of the previous lemma satisfies [g'(0)| = 1. Then, by the Schwarz Lemma
1.8, g is a rotation, and therefore f is conformal. Thus, f is an automorphism of
the unit disk and the equality holds for all z € ID. This is also true if Equation
(2.5) is an equality for some z, w € ID, as shown in the following proposition.

Proposition 2.5. Let f : D — D be a holomorphic function and let z,w € D be
such that p(f(z), f(w)) = p(z,w). Then f is conformal and the equality holds for all
z,w € D.
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Proof. Using Equation (2.3) for the hyperbolic distance between any two points,
we obtain that p(f(z), f(w)) = p(z, w) if, and only if,

fz) — f(w)

1 f(z)f(w) |

Consider the auxiliar functions M;, M», g as in the proof of the previous theorem.
Then, since M o f = g o My, the equality (2.6) is equivalent to

z—w‘

1-zw 26)

|Mi(w)] = [Ma(f(w))| = |g(Mi(w))].

By the Schwarz Lemma 1.8 it follows that g is a rotation. Therefore, we conclude
that f is conformal and p(f(z), f(w)) = p(z,w) for all z,w € D. O

In summary, we have defined the hyperbolic metric on the unit disk as the
metric such that all automorphisms of the unit disk are isometries. The previous
lemma states that there are no other hyperbolic isometries besides automorphisms
of D, and therefore, hyperbolic isometries are precisely the conformal automor-
phisms of the unit disk.

2.2 Hyperbolic Geometry for Simply Connected Domains

Up to now we have only defined the hyperbolic metric in D, but it can be de-
fined in any proper simply connected domain of C, by pulling back p by conformal
maps. From this point on, we denote the hyperbolic metric in ID as pp.

Definition 2.6. Let 3 C C be a simply connected domain and f : O — D a
conformal map. Then, the hyperbolic metric p(z) |dz| of Q is

pa(z) = pp(f(2) |f'(z)]-

Proposition 2.7. The hyperbolic metric pq is independent of the choice of the conformal
map f.

Proof. Let f : O — D be a conformal map. Since all conformal self-maps of ID
are Mobius transformations fixing dID, any other conformal map from () to D is
of the form g = Mo f, where M is an automorphism of ID. Then,

Pp(8(2)) [8'(2)| = pp(M(£(2))) [M'(f(2))| |f'(2)| = pn(f(2)) |f'(2))

where last equality is due to Equation (2.1). O

4
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Therefore, pq is well-defined and only depends on (). As an example we

compute the hyperbolic metric of the right-half plane H = {z € C : Re(z) > 0}.

Themap f: H — D, f(z) = % is conformal. Therefore,

1 2 1
pH(z) = = | e |~ e (2.7)

The hyperbolic length of a path v C Q) and the hyperbolic distance of two
points in () are defined analogously in any simply connected domain.

Definition 2.8. Let v be a path from p to g in (). Then the hyperbolic length or
pa-length of v is

PQ(7)==]£PQ(O|dﬂ-

The hyperbolic distance or pn-distance from p to g is

pa(p,q) = inf pa(v),

yers,
where ng = {7y C ; v is a path between p and g}.

It is clear that pn(p, q) defines a distance in (). Moreover, given any conformal
map f: Q) — D,

pa(1) = [ pa |zl = [ po(F@) £ 1zl = [ pp(2) |dz] = po(F(1),
v v f(n)
and, therefore, we can obtain an equivalent definition for the hyperbolic distance,

pa(z,w) = inf oo(y) = inf op(f(7)) = pen(f(2), f(w)). (2.8)
’Yerz,w ’Yerz,w
This definition allows us deduce that (Q), pq) is a complete metric space, di-
rectly from the completeness of (ID, pp).

Proposition 2.9. Let Q) C C be a simply connected domain. Then, (Q), pqy) is a complete
metric space.

Proof. We need to see that any Cauchy sequence of () converges in (). Let
{zn}n € Q be a Cauchy sequence. Then, for all ¢ > 0, there exists ny > 1 such
that pq(zu,zm) < € for all n,m > ny. Consider a conformal map f : QO — D.
Then, since p(zn, zm) = pp(f(zn), f(2m)), the sequence {w, := f(z,)}, CDisa
Cauchy sequence, and therefore is convergent in D, i.e., there exists w € ID such
that pp(w,, w) — 0 as n — oo. Since f is conformal, there exists z € Q) such
that w = f(z), and thus, pa(zx,z) = pp(ws, w) — 0 as n — oo. Hence, {z,}n is
convergent in (). O
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Proposition 2.10. (Hyperbolic isometries) Let (31,0 C C be simply connected

=

domains and f : 01 — Q) conformal. Then, f is a hyperbolic isometry, that is,

() pos(f(2) 1f(2)] = poy () forallz € O,
(ii) pa,(f(2), f(w)) = pa,(z,w) forall z,w € (.

Proof. Consider ¢, : (3 — ID a conformal map and set ¢; = ¢p0 f : (3 — D.

01L>Qz

N gz

Since f and ¢, are conformal, ¢; is also conformal. Take z € ()y. Then, f(z) € (),
and by definition,

00, (f(2)) = po(p2(f(2))) |92 (f(2))]-

Therefore, since ¢, o f = ¢, we obtain that

o, (f(2) | (2)] = po(92(f(2))) [92(F ()] [£'(2)| = pp(¢1(2)) |$1(2)| = pa, (2).

The second equality of the proposition follows from the definition of hyperbolic
distance. Indeed,

P, (f(2), f(w)) = po(¢2(f(2)), p2(f(w))) = pp(P1(2), p1(w)) = paoy, (z,w),
as desired. O

In the general case of simply connected domains there is also a version of the
Schwarz-Pick Lemma, which states that any holomorphic map f : O — ), with
4, )y simply connected domains is a hyperbolic contraction.

Theorem 2.11. (Schwarz-Pick Lemma for Simply Connected Domains) Let
0y, Qo C C be simply connected and f : 01 — Q) holomorphic. Then, either

(a) f is a strict hyperbolic contraction, that is,
(i) P, (f(2)) |/ (2)] < poy(2) for all z € Oy and,
(ii) po,(f(2), f(w)) < pa,(z,w) forall z,w € O,
(b) or f is a hyperbolic isometry, that is,

(i) pou(£(2)) |F'(2)] = poy (2) forall z € Oy and,
(i) poy (f(2), f(0)) = poy, (2, 0).
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Proof. Notice that because of Theorem 2.10, we only need to show that if f is not
bijective, then f is a strict hyperbolic contraction.

Take zp € () and set wy = f(zp). Consider two conformal maps h : D — ),
g : O — ) such that h(0) = zp and g(z9) = wy (the existence of these maps
follows from the Riemann Mapping Theorem 1.6). Now consider the map

k=htoglofoh:D— D,

T
10 JOLNY o VNE AN o W SN o VIR '
0 20 wo 20 0

Observe that k(0) = 0. Since k is a composition of holomorphic functions, it is
holomorphic. However, k cannot be conformal, because since h and g are confor-
mal, then f would be conformal. Hence, by the Schwarz Lemma 1.8 we conclude
that |k’(0)| < 1. By the chain rule, we obtain that

K(0)= (") (g ofoh(0)- (g7 (foh(0)) - f'(h(0))-H(0) =
f'(zo)

= () (z0) (871 (w0) - (20)  H(0) = 7 25 < 1.

Therefore, |f'(z0)| < |g'(z0)|. Notice that g is a conformal isometry (by Theorem
2.10) and f(zp) = g(z0). Hence,

0, (f(20)) |f'(20)] < pa,(8(20)) |8 (20)] = pa (20)-

This completes the proof of part (7).
Now let z, w € ()1 and <y be the shortest path joining z and w. Then,

po(z0) = [ pon()1dt] > [ oo (F(0) £/ (8) ] =
= [ pou(0)1dt] = o, (f(2), f(w)),
f(r)

since f(7) is a path joining f(z) and f(w). O

Next we apply this theorem to compare the hyperbolic metric of two simply
connected domains ()1 C (). This result is needed to prove the Main Theorem in
Section 4.3.

Corollary 2.12. (Comparison Principle) Let 31,0y C C be simply connected do-
mains. If O C O, then po,(z) < pa,(z) forall z € Q. Furthermore, if Oy # (o,
then po,(z) < pq,(z) forall z € (.
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Proof. Consider the inclusion map f : Oy — Q, f(z) = z. Then, |f'(z)| =1 for
all z € )4, and by Theorem 2.11, we obtain that pq,(z) < pn,(z) for all z € ().

Now suppose that there exists zg € ()1 such that pn,(z0) = pa, (z0). Then, also by
Theorem 2.11, the equality holds for all z € €); and f is conformal. Since f is the
identity map, we conclude that (2; = (). O

2.3 Distortion Estimates for Univalent Maps

This section aims to find a lower bound for pn. To that end, we first need
Koebe’s -Theorem.

Theorem 2.13. (Koebe’s %-Theorem, [7, Theorem 1.3]) Let g : ID — C be a univa-
lent map in D such that g(0) = 0 and ¢’ (0) = 1. Then,

D (OD C ¢(D).

Corollary 2.14. Let f : ID — C be a univalent map. Then,

p (0, ) ¢ o).

Proof. Notice that since f is in]ectlve f'(0) # 0. Then, consider the conformal
maps ¢1(z) =z — f(0), ¢2(2) = 775 and let ¢ = ¢ o ¢y o f. Observe that g(0) =0
and ¢'(0) = 1. Then, by Koebe s 411 Theorem 2.13, D(0,1) C g(ID). Since ¢; and
¢ are biholomorphic and they translate and dilate f(ID) (as shown on Figure 2.2),
composing with ¢; ! o ¢, ! we obtain that

p (0, ) ¢ o). =

f 4?1 P2

iy Z® Y
J/ N &y T

Figure 2.2: The function f composed with a translation ¢; and a dilation ¢ such that g = ¢ o ¢y o f
fixes 0 and ¢’(0) = 1. In red, the images of 0, and in yellow, the disk D(0,1) C ¢(ID) and its
preimages.
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Proposition 2.15. (Bound on Hyperbolic Density) Let () C C be a simply connected

domain. Then for all z € (),
1

1d(z,00) < pa(2).

Proof. Let z € Q) and consider a conformal map f : ID — Q with f(0) = z. Then,
by Corollary 2.14, it follows that D(z, Vfl—o)') C f(ID) = Q, and therefore,

f(0)]
d(z,00)) > YR

Observe that f~! : O — ID is a conformal map such that f~!(z) = 0. Then,

_ 1y 1
pa(z) = po(f @) |(F) @) = (O g

Hence,
1= pp(0) = pa(2) | F(0)] < 4oa(2)d(z,0). =



Chapter 3

Local Fixed Point Theory

Let f be a holomorphic map. We will write f* = id and f"* = fo f*~1. The
orbit of any given point zp is the set of points O(z¢) = {zo, f(z0), f*(z0),- - - } and
we usually write z, = f"(zp).

Definition 3.1. Let f be holomorphic. We say that zj is a periodic point of f if
there exists n > 1 such that f"(zg) = zo, where n is a period of zp. The smallest n
with such property is called the minimal period of z.

A periodic point of period 1 is called a fixed point.

If zp is a periodic point of minimal period n of f, A := (f")'(zo) is called the
multiplier of z.

We can classify periodic points according to its multiplier. Let zg be a periodic
point of minimal period n of f and A = (f")'(z¢). If [A| < 1, then we say that z
is an attracting periodic point. Attracting periodic points of multiplier A = 0 are
called superattracting, otherwise, are called geometrically attracting. If |A| > 1,
then we say that zj is a repelling periodic point. If [A| = 1, the dynamics around
the fixed point depend on the properties of zp, and are further classified into
parabolic, Siegel or Cremer points.

(a) Attracting (b) Repelling (c) Parabolic (d) Siegel (e) Cremer

Figure 3.1: Intuitive representation of the local dynamics around each different type of fixed point.

23
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We devote the rest of the chapter to providing a precise description of
the dynamics around fixed points of the different types, and to providing the
existence of conjugacies and normal forms. We follow the exposition given by J.
Milnor in [18, Chapters 8-11].

Notice that periodic points of period p of f are fixed points of f”. Thus, we
will reduce to the study of fixed points.

Remark 3.2. Observe that given a holomorphic map f with a fixed point, we can
choose a local uniformizing parameter z for expressing our map so that the fixed
point corresponds to z = 0. In fact, suppose that f(w) has a fixed point in w = 4,
that is f(a) = a, and consider the change of variables z = C(w) = w — a. Then,
f: Co f o C! satisfies

flz)=(CofoC)(z) = f(z+a)—a

Therefore, f(0) = f(a) —a = a —a = 0. This will be useful in some of the next
results.

3.1 Attracting Fixed Points

We first start by giving a topological definition of attracting fixed points. In-
tuitively, zo is an attracting fixed point if all orbits starting sufficiently close to zg
eventually converge to zo.

Definition 3.3. A fixed point zy of a map f is topologically attracting if there exists
a neighbourhood U of zy such that the iterates f" are well-defined throughout U
and the sequence {f"|;}, converges uniformly to the constant map zj.

Now we give a characterization of attracting fixed points in terms of their
multiplier. This will be useful in deriving important results, such as the Koenigs
Linearization Theorem.

Lemma 3.4. A fixed point of a holomorphic map is topologically attracting if, and only if,
its multiplier satisfies |A| < 1.

Proof. Following Remark 3.2 we can assume that the fixed point is zg = 0.
Suppose that |A| < 1. Then, the Taylor expansion of f around 0 yields

f(z) =0+ f'(2)z+ O(z%) = Az + O(z%).
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This means that there exist constants Cy > 0, rg > 0, such that |f(z) — Az| < Cy ]zz‘
for |z| < ro.
We have that |f(z)| — |Az| < |f(z) — Az| < Cp |2?|. Therefore,

()] < |Az] + Co[2%| = (]A] + Col2]) |2 -

Now choose C and r such that [A| < C < 1and 0 < r < 19, so that |A| + Cor < C.
Then, if |z| <7,

[f@)] < (IA1+Clz]) [z] < (IA]+Cr) [z[ < Clz].

Therefore, [f2(z)| = |f(f(2))| < C|f(z)| < C?|z|, and by induction, for all n > 1
it holds that |f"(z)| < C"|z|, which tends to zero uniformly as n — oo. This
alredy implies that zg = 0 is topologically attracting.

Now suppose that 0 is topologically attracting. Then, for any disk D, = D(0,¢)
small enough, there exists n € IN so that f"(D,) C D,. Now let ¢ : D, — D be
the Riemann map with ¢(0) = 0 and ¢’(0) > 0. Define h = ¢ o f" o™}, i.e.

DSf*>D(S

0| o

D — D
Since 0 is a fixed point of f and ¢(0) = 0, then 1(0) = 0. By the Schwarz Lemma
1.8, it follows that |1/ (0)| < 1.

If |W'(0)] = 1, h would be a rotation, and given that ¢ is a conformal map,
this would imply that f" is a rotation, which would contradict the hypothesis
that f is topologically attracting. Therefore, |h'(0)| < 1. Observe that |h'(0)]| < 1
implies that [A| < 1. Indeed,

H(0)=¢'(f*(¢71(0)) - (f")(¢1(0)) - (1) (0) = (f")'(0),
and by the chain rule, the derivative of f" is

(") (@) = f(f"71 @) f(f2)f (@)

Since 0 is a fixed point of f,
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Definition 3.5. Let zp be an attracting fixed point of a holomorphic function f. The
basin of attraction of zg is A = A(z)) = {z € S; nlgn f"(z) = zo}. The immediate

basin Ay is the connected component of .A which contains z.

Figure 3.2: In black, the basin of attraction of zy = #, the attracting fixed point of z2 — %, with

multiplier A = 1 — /3. The fixed point is painted in blue.

Now we prove that if f has a geometrically attracting periodic point zg of
period p, then f? behaves like z — Az near zg. Since zy is a fixed point of f?, it
suffices to reduce to the case of fixed points.

Theorem 3.6. (Koenigs Linearization Theorem) Let zg be a fixed point of f with
multiplier A. If 0 < |A| < 1, then there exists a local holomorphic change of coordinate
w = ¢(z), with ¢(z9) = 0, such that ¢ o f o ¢~ is the linear map my(w) = Aw, for w
in a neighbourhood of the origin.

Furthermore, ¢ is unique up to multiplication by a nonzero constant.

Proof. By Remark 3.2, it suffices to consider the case zp = 0. We first address
the existence of ¢. Let C € R so that C> < |A| < C. As shown in the proof of
Lemma 3.4, there exist Cy > 0 and a neighbourhood of zero, D, = D(0,r), such
that |f(z)] < C|z| and |f(z) — Az| < Co|2z?| for all z € D,. Thus, for all zy € Dy,
its orbit O(zp) = {zn = zx(20) }n converges geometrically to zero with |z,| < rC”
Therefore, |z,11 — Az,| < Cor?C?". Since | ;‘ < 1, setting k := ﬁg\" and w, := 3%, it
follows that
1 0on 1 c2\"
’wn+1_wn‘:’Zn+1_)\zn|W§C07CnW k<’/\ —0

uniformly when n — oo. Therefore, the functions zg — w,(zp) converge uniformly
zn(20) .

to ¢(z0) := hm A

in D,. Observe that

¢(f(z)) = lim f@n) _ g = Tim A2 = A (z).

n—oco A n—yco )\” n—oo  ANT1
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Hence, (¢ o fodp~1)(z) = Az and ¢(0) = lim Za(}?) =0.

n—oo
To see that ¢ is a local conformal isomorphism notice that the map w, : D, — D,

wn(zo) = Z’;E—i“ has derivative

and therefore,

w,(0) = 2 (0)/(0) = 1A =1.

By Schwarz Lemma 1.8, it follows that ¢ is conformal.

It remains to show that ¢ is unique up to multiplication by a nonzero con-
stant.

Let U be a neighbourhood of zy and ¢, i be two holomorphic maps such that
(pofop 1) (w) = my(w) and (Yo foyp')(w) = my(w). Then, the following
diagram commutes.

4

— f ?

C uy — C
S

C u C
Hence, my o (yo¢p~!) = (po¢~')om, and ¢ o p~! commutes with m,. Since
¢ and ¢ are holomorphic, it follows that 1 o ¢! is holomorphic and can be ex-
panded as a power series near 0,

¥ ¢

(EL’O(P_l)(w) =ao+mw+auwt+ - = Z a,w".
n>0

Notice that (o ¢~1)(0) = ¥(0) = 0 and therefore ap = 0. Now, using that
myo(pop=t) = (po¢p!)om,, we obtain that

A Z a,w" = Z an(Aw)".

n>1 n>1

Comparing coefficients, we see that Aa, = a,A" for all n > 1. Since |A| # 0,1,
this implies that a, = 0 for all n > 2, and (Y o ¢~ 1) (w) = a;w, with a; # 0. We
conclude that ¥(w) = a;¢(w), as desired. This ends the proof of the theorem. [J

The function ¢ is called the Koenigs function of zp, and it can be extended to
the whole basin of attraction A of z as follows.
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Corollary 3.7. (Global Linearization) Let zo be an attracting fixed point of f, with
basin of attraction A and muliplier A such that 0 < |A| < 1. Then, there exists a
holomorphic map ¢ such that ¢(z¢) = 0 and the following diagram commutes.

Furthermore, ¢ is unique up to multiplication by a nonzero constant.

Proof. By Koenigs Linearization Theorem 3.6, there exists U a neighbourhood if z
and ¢ the Koenigs function of zy, such that the following diagram commutes.

u L fuy

I

C—— C

The idea of the proof is to take z € A, iterate it until its orbit meets U, then apply
¢ and go backwards. Let z € A. Since zj is attracting, there exists k > 0 such that
f¥(z) € U and fi(z) ¢ U for all j < k. Then, A¢(f*(z)) = ¢(f*(z)) and we can
define
p(z) = A7G(f5).

The map ¢ is well-defined and ¢(z9) = $(z9) = 0. It remains to see that ¢ o f =
my o ¢ for all z € A. Take z € A and let k > 0 be the minimum integer such that
f¥(z) € U and observe that ¢(f(f*(z))) = Ap(f*(z)). Then,

P(f(2) = 27D (f(2)) = AT B(f(F*(2))) = A7F19(F(2)),
and also, N B
my(¢(z)) = A-A75P(f*(2)) = AT 19(f(2)).
Therefore, ¢ o f = m, o ¢, and ¢ is an extension of ¢ to the whole basin of attraction
of zg. The proof of the uniqueness of ¢ is the same as in Theorem 3.6. ]

Lemma 3.8. Let f : C — C be a rational function of degree d > 2 and zy € Ca
geometrically attracting fixed point of f with basin of attraction A. Let ¢ be the Koenigs
function of zo, and let  be its local inverse around 0, i.e. P(0) = zg and ¢ o P = id.
Then, there exists a maximal v > 0 such that  is conformal in D(0,r). Furthermore,
¢ extends homeomorphically over the boundary of D,, and the image p(0D,) C Ap
necessarily contains a critical point of f.
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Proof. Since the Koenigs function ¢ is conformal in a neighbourhood of zg (Theo-
rem 3.6), then there exists € > 0 such that

lpg:De—>A0

is a well defined holomorphic inverse branch of ¢, with ¢.(0) = zp and ¢, o ¢ = id.
Suppose that ¢, can be extended to C. Then, ¢ : C — Ay is the inverse of ¢,
and is entire and conformal. Thus, ¢ : Ay — C can be extended to an entire
conformal map ¢ : C — C. Indeed, by the Riemann Mapping Theorem 1.6, if a
simply connected domain 4 is biholomorphic to C, then 4y = C. By Theorem
1.7, it follows that ¢(z) = az+ b for some a,b € C, a # 0. Since ¢(f(z)) = Ap(z),
then, af(z) + b = A(az+b) for all z € C, and therefore

Ab—b

f(z) =Az+

is a rational map of degree 1, which contradicts the hypothesis. Hence, there exists
a maximal r > 0 such that ¢ is conformal in D(0,r).
The proof of the remaining part of the lemma can be found in [18, Lemma 8.5]. [

3.1.1 Superattracting Fixed Points

In the case of superattracting fixed points, we obtain results analogous to those
for geometrically attracting fixed points. Assume that 0 is a superattracting fixed
point of a holomorphic function f. Then, locally, we can write

f(z) = ayz" + a, 12" + (higher order terms)

with n > 2 and a4, # 0. We have seen in Theorem 3.6 that around geometrically
attracting fixed points, f is conjugated to the map m,(w) = Aw. In contrast,
around superattracting fixed points, f is conjugated to the map h(w) = w"; this is
known as Bottcher’s Theorem.

Theorem 3.9. (Bottcher’s Theorem, [18, Theorem 9.1]) Let zg be a supperattracting
fixed point of f. Then, locally around zo, we can write

f(z) = an(z —20)" + ans1(z — z0)" T 4 (higher order terms),

with a, # 0, and there exists a local holomorphic change of coordinate w = ¢(z), with
¢(z0) = 0, such that ¢ o f o ¢~ is the power map h(w) = w" for all w in some neigh-
bourhood of the origin.

Furthermore, ¢ is unique up to multiplication by an (n — 1)-th root of unity.
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Contrary to the case of Koenigs function, ¢ cannot always be extended to the
whole basin of attraction A. Indeed, by Bottcher’s Theorem 3.9, there exists a
neighbourhood U of the fixed point zg, and ¢ the Botcher’s function, such that
¢pof=ho¢in U, where h(w) = w". Let z € A. Then, there exists k > 0 such that
f¥(z) € U. Therefore, (¢(f*(z)))" = ¢(f**1(z)), and in order to properly define
¢ in A, it would involve computing some n-th root, which is not always possi-
ble. However, the function |¢| does extend to A and satisfies |¢(f(z0))| = |¢(z0)|".

We now show that the existence of an attracting periodic orbit of any period
implies the existence of a critical point in its basin.

Theorem 3.10. Let f be a rational map of degree d > 2. Then, the immediate basin of
every attracting periodic orbit contains at least one critical point.

Proof. Let p be the period of the attracting periodic orbit {z,..,z,}, with
f(zj) = zj41, taking the indices to be integers modulo p.

e If p =1, then z; is a fixed point. If it is geometrically attracting, then the
result follows from Lemma 3.8, while if it is superattracting, f/'(z1) = 0 and
therefore z; is itself a critical point in its basin.

* Now we consider the case p > 1. It is clear that f(Ao(z;)) C Ao(zjs1).
Suppose that Ag(z;) does not contain any critical point of f for all j. Then,
by the chain rule, f”(.Ao(z;)) would not contain any critical point of f, which
is impossible because z; is a fixed point of f?. O

From this theorem follows that the number of attracting periodic orbits is finite,
less than or equal to the number of critical points of f.

Remark 3.11. If f is transcendental, then the immediate basin of every attracting
periodic orbit contains at least one singular value (either critical or asymptotic).
See, for example, [19, Theorem 8.2.1].

3.2 Repelling Fixed Points

As in the case of attracting fixed points, we begin by giving a topological
definition of repelling fixed points. Intuitively, a fixed point zg is repelling if all
orbits starting sufficiently close to zg eventually escape from any neighbourhood
of 2.

Definition 3.12. A fixed point zp of a map f is topologically repelling if there
exists a neighbourhood U of zp such that for all z € U, z # z, there exists n > 1
so that f"(z) ¢ U. We say that U is a forward isolating neighbourhood of z.
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Now we give a characterization of repelling fixed points in terms of their
multiplier. This will be useful for deriving some results analogous to those in
the attracting case.

Lemma 3.13. A fixed point of a holomorphic map is topologically repelling if, and only if,
its multiplier satisfies |A| > 1.

Proof. Let z( be the fixed point and suppose that |A| > 1. Then,
f(z) =20+ Alz — 2] + O]z — zo|*)

in a neighbourhood of zy. Therefore, for any u € R so that 1 < p < |A[, there
exists 6 > 0 such that |f(z) —zo| > u|z—z0| if |z—20| < J. By induction,
|f¥(z) — zo| = ¥ |z — zo| if | f™(2) — zo| < 6 forallm € {1,2,--- ,k —1}. However,
since ¥ — co when k — oo, for z # zg this inequality cannot be hold for all k.
Hence, there exists n > 1 so that |f"(z) — zg| > J, which means that z is topo-
logically repelling. In this case D(zo, d) is a forward isolating neighbourhood of zj.

Now suppose that zp is topologically repelling. Since zp cannot be simulta-
neously attracting and repelling, |A| > 1. Now we choose a compact forward
isolating neighbourhood N of zp small enough so that f|y : N — f(N) is a
homeomorphism and f(N) is compact. Set

Ne=NNfYN)N---nfRN.

The set Ny is a compact neighbourhood of zy consisting of points whose first k im-

ages lie in N. Notice that Ngo = N and N1 € N for all k > 0. Since N is a forward

isolating neighbourhood, () Ny = {zo} and by compacity, klim diam(Ny) = 0.
k>0 —00

Thus, for k large, Ny_1 C f(N). Observe that, by construction,

f(Ni) = N1 N f(N),

and therefore, for k large, f(Ny) = Nx_1. Let Uy be the connected component of
the interior of Ny which contains zo. Then f -1 . U_; — Uy is conformal and
Uy & Uy_1. By the Schwarz Lemmua, it follows that ‘)\_1‘ < 1, which proves that
|A] > 1. O

Observe that the Koenigs Linearization Theorem 3.6 can be also applied to
repelling fixed points. Indeed, if |[A| > 1, then by the Inverse Function Theorem,
there exists F a well defined branch of f~! around z;. Notice that

F’(ZO) = f’(lzo) = /\—1,
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with 0 < [A7!| < 1. The result follows from applying the same argument used in
the proof of the theorem to F. Consequently, the following diagram commutes.

fu)y - u
y

/|

C——C

S

Therefore,
(pofog)(z) = (poFog ) '(z) = m,'(z) = m(z) = Az
and f is locally conjugated to the map m, in a neighbourhood of zy. In this case,

if f:S — S, we can extend the inverse of the Koenigs function, cp*l, to a map
C —S.

3.3 Parabolic Fixed Points

Let f be a holomorphic map and zj a fixed point of f with multiplier A, such
that [A| = 1. If A is a root of unity, i.e. there exists ¢ € Z so that A7 = 1, then we
say that z( is a parabolic fixed point of f.

We first consider the case A = 1 and we suppose zg = 0. Then, we can write
f(z) = z +az"™ + (higher order terms),

wherea # 0, n > 1 and n + 1 is called the multiplicity of the parabolic fixed point.
Observe thatn +1 > 2.

Definition 3.14. We say that v is a repelling vector for f at the origin if nav" =1
and is an attracting vector for f if nav" = —1.

Notice that f has n attracting vectors and n repelling vectors, which are equally
spaced and alternate with each other. We denote those vectors by vy, - - - ,v2,-1,
where even indices correspond to repelling vectors and odd indices for attract-
ing vectors. In particular, the angle between a vector of a type and one of its
neighbours of the opposite type is 7.

Definition 3.15. Let zp be a fixed point of f of multiplicity n +1 > 2, and let v;
be an attracting vector at zp. Consider some neighbourhood N of zy where f is
injective. Then, an open set P C N is an attracting petal for f for v; at 2y if:

1. f(P) CP,and
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2. an orbit {z}; under f converges to zo from the direction v; if, and only if,
there exists m € IN so that f(zx) € P for k > m.

An open subset P’ C f(N) is a repelling petal for f for a repelling vector vy if P’
is an attracting petal for f~1.

Theorem 3.16. (Leau-Fatou Flower Theorem) Let zo be a parabolic fixed point of
multiplicity n +1 > 2. Then, within any neighbourhood of zo, there exist n attracting
and n repelling simple connected petals P;, 0 < j < 2n, which can be chosen so that
{z0} UPyU - U Pay_1 is an open neighbourhood of zo.

Furthermore, each 'P; only intersects P;_q and Pj1.

Proof. 1t suffices to prove the case zg = 0. Consider w = ¢(z) = L,

attracting or repelling vector v; define A; = {re/vj; r > 0,|6| < Z}. Observe that
¢ maps A; conformally onto C \ Ry (if j even) or C \ R (if j odd) .

Then, there exists a uniquely defined branch ¢; of ¢! with Pi(C~ ]R(fl)j) = A
Consider now F;(w) = (¢ o f o ;)(w). Since

and for each

Fi(w) =w+140(1),
(see [18, proof of Lemma 10.1]), there exists R > 0 so that ‘Fj(w) —w— 1‘ < % for
|w| > R. Denote
Wr={w=u+iveC,u+|v] >2R}and — Wg = {w € C; —w € Wr}.

Then, Fj(Wgr) C Wr for j odd, and Fj’l(—WR) C —Wg for j even. Indeed, if
w = u+iv € Wg, then Fj(w) = (u+1) +iv and (u+1) + o] > u+|v| > 2R, so
Fi(w) € Wr. Analogously, if w = u +iv € —Wg, then —Fj_l(w) =—(u—1)—1v
and —(u —1) + |v| > —u + |v| > 2R because —w € Wg, so Fj_l(w) € —Wg. It can
be shown that P; = 1;(Wr) for j odd is an attracting petal and P; = 1;(—Wxg) for
j even is a repelling petal (see [18, Theorem 10.7]). O

C~NR_

Figure 3.3: The mappings ¢ for the sets A; and the construction of the corresponding petals. The
indices j; and j, are odd and even respectively.
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Observe that in the proof we have chosen R large enough so that
|[F(w) —w—1| < % for [w| > R. Thus, Re(¢(f(z))) > Re(¢p(z)) + 3 for |z|
sufficiently small. We conclude that there are no periodic cycles contained in a
neighbourhood of the fixed point, other than the fixed point itself.

/N
\'4

Figure 3.4: Dynamics near a parabolic fixed point of multiplicity n +1 = 5.

Let zp be a parabolic fixed point of a holomorphic function f. Then,
we can define the parabolic basin of attraction of zy as the open set consisting
of orbits which converge to zo. The fixed point zg lies in the boundary of the basin.

For instance, consider the function f(z) = z + z". Then, for all n > 0, the point
z = 0 is a parabolic fixed point with multiplier A = 1. Figure 3.5 shows some
parabolic basins of z = 0 for f, for different values of n.
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£ X ¥

(@n=3 (b)yn=4 (c)n=5 (d)n=10

Figure 3.5: In black, the parabolic basin of attraction of the parabolic fixed point z = 0 for the map
f(z) = z+ z". Results are shown for different values of n.

3.4 Siegel and Cremer Points

Let zp be a fixed point of f with multiplier A so that |[A| = 1 and it is not a
root of unity. Then there exists ¢ € R\ Q so that A = ¢™¢. We say that z is an
irrationally neutral fixed point. We will classify those fixed points according to
whether f is locally linearizable around zj or not.

Definition 3.17. Let z( be a fixed point of a holomorphic function f with multiplier
A. We say that f is locally linearizable around z if there exists a local change of
coordinate z = h(w) so that f(h(w)) = h(Aw) in a neighbourhood of zy. An
irrationally neutral fixed point is a Siegel point if f is locally linearizable around
it, and its maximal domain of linearization is called a Siegel disk. Otherwise, the
fixed point is a Cremer point.

Theorem 3.18. A holomorphic function f is locally linearizable around zo if and only if
the sequence of iterates { f" },, is uniformly bounded in some neighbourhood of z.

Proof. We may assume that zp = 0. First, suppose that f is locally linearizable
and consider the map m,(z) = Az. Then, there exist U a neighbourhood of zy
and / a local change of coordinate such that f = hom, o h=1 in U. Therefore,
f"(z) = h(A"h~1(z)) is bounded, since it corresponds to iterated rotations of a
small disk.

Now suppose that {f"}, is uniformly bounded in some neighbourhood U
of zg. Then there exists M > 0 so that |f"(z)| < M forallz € U and n > 1. For
each n > 1 define

n—1
pulz) = DA
£
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The sequence { ¢, }, is uniformly bounded, hence it contains a convergent subse-
quence that converges uniformly to a function ¢. Since

1o n+1 Az
Pulf(z) = T AT ) = g (2) -
j=0
letting n — oo, we conclude ¢ o f = Ag and f is locally linearizable. O

Figure 3.6: The Siegel disk of z = 0, the Siegel fixed point of f(z) = 2T 4 22, [8]



Chapter 4

Repelling Fixed Points and
Transcendental Functions

In this chapter we study the existence of periodic points depending on some
analytic features of f. We give some general results about the existence of periodic
points of holomorphic functions, and then we focus on the Main Theorem given
by Benini on [3] about the existence of periodic points on entire transcendental
functions with a bounded set of singular values.

It is clear that if f is a rational map, then for any n > 1 it has a periodic point
of (not necessarily minimal) period n. Indeed, for any n > 1, f" is also a rational

map, so we can write

n _ Pﬂ(z)
I =q.qr

with P,, Q, polynomials. Since a periodic point of period n of f is a point zg so
that f"(zo) = zo, finding such a periodic point is equivalent to solving the equation

P,(z) = zQu(z).

The existence of a solution zg follows from the Fundamental Theorem of Algebra.

However, this is not true for transcendental functions. For example, consider
f(z) = e* +z. Since ¢* # 0 for all z € C, f has no fixed points. Nevertheless, any
entire transcendental function must have at least one periodic point of period 2,
as shows the following proposition, proven by Fatou on [13].

Proposition 4.1. Let f be an entire transcendental function. Then f has a periodic orbit
of period 2.

37
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Proof. Let f be an entire transcendental function with no periodic points of period
2, and consider the auxiliary function
2 —
h(z) = frlz) —z
flz) =z
Notice that /#(z) omits the values 0 and 1. Thus, by Picard’s Little Theorem 1.12, i
is a constant function, h(z) = K, K # 0, 1. Therefore,

f*(z) —z=K(f(z) —z), forallze€C.
Deriving this expression we obtain

f'(f(2))f'(z) =1 =Kf'(z) — K.

Thus,
f(@)(f'(f(z)) —K) =1-K,

and since K # 0,1, we conclude that f'(z) omits the values 0 and K. By applying
Picard’s Little Theorem again, we obtain that f’ is constant, hence there exist
a,b € C so that f(z) = az + b, which contradicts the fact that f is transcendental.

O

Moreover, W. Bergweiler proved in [6] that any entire transcendental function
has infinitely many repelling periodic points of minimal period »n for all n > 2.
The following theorem claims that if we reduce to functions with a bounded set
of singular values (also known as class B), then the result is also true for fixed
points.

Main Theorem. (Benini, [3]) Any entire transcendental function with a bounded set of
singular values has infinitely many repelling periodic points of minimal period n, for all
n>1.

Before presenting the proof of this theorem, we dedicate Sections 4.1 and 4.2
to give some preliminary results needed for the proof concerning the mapping
structure of maps of class B near co. Necessary background material on complex
analysis for this results can be found on Chapter 1 and Chapter 2. The proof itself
is given in Section 4.3 and closely follows the argument given by Benini in [3].

4.1 Mapping Structure of Maps of Class B near oo

This section is devoted to give some preliminary results that are needed to
prove the Main Theorem, concerning the mapping structure of maps of class B
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near infinity. The Emerenko-Lyubich class B is special because for any f € B,
there exists a punctured neighbourhood of infinity without singular values, and
hence, we can analyse precisely the behaviour of f near infinity, as showed in this
section. Indeed, given f an entire transcendental function of class B, and D an
open disk (big enough) containing all singular values of f, we show that if f is a
covering, then all connected components of f~1(C \ D) are tracts, that is, simply
connected unbounded sets.

Let f be an entire transcendental function with a bounded set of singular
values, and let D be an open disk containing S(f). Set Q := C ~ D. Since
S(f) C Dand f : C~ f1(S(f)) — €~ S(f) is a covering map, then f is a
covering map from C \ f~1(D) = f~1(Q) to C~ D = Q. In particular, for any
connected component U of f~1(Q), f : U — Q) is a covering map.

Notice that () can be seen as a disk with a puncture at co. Since () is confor-
mally equivalent to ID*, there exists a conformal map ¢ : QO — D*, and the map
g:=¢of: U — D* is a holomorphic covering.

fl\

Q*MD*

Thus, we can apply Lemma 1.14 and we obtain that either U = ID* or U is simply
connected. Suppose that U = ID* and w is the puncture at U. By continuity,
f(w) = o0 and if w # oo, then f has a pole at w, which cannot happen because f
is entire. Therefore, we obtain that f(c0) = co. Since f is transcendental, o is an
essential singularity of f, and by Cassorati-Weierstrass Theorem 1.10, f(U) = C,
which contradicts the fact that f : U — () is a covering.

Therefore, U is simply connected, and by Lemma 1.14, there exists
¢ : U — H™ such that § = expog. Since f is continuous and the punc-
ture of () is at infinity, U must be unbounded. Hence, all connected components
of f~1(Q) are tracts that accumulate only at co and do not contain any neighbour-
hood of infinity.

Observe that we have obtained the following commutative diagram.

UH]H‘

(N Jee

Q*HD*
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However, for the proof of the Main Theorem we want to use that there exist con-
formal functions ¢ : C~ D — Q and ¢ : U — H such that f = ¢ o exp ogp. We
can construct these functions by considering the conformal maps

(,bo:]D*HC\E, po: H- — H

z % Z V) —Z

and defining ¢ := ¢~ 1o ¢, ! and ¢ := @y o . Then, the following diagram com-

mutes.
¢
_—

U 9 H- Po H
fl &‘ lexp lexp
¢
In summary, we have shown that if f is transcendental, then there exist
¢:C~D — Qand ¢: U — H such that

f=poexpop.

Moreover, ¢ can actually be expressed as a composition of a dilation and a

translation. Therefore, there exist R > 0, 6 € [0,271) and w € C such that

¢(z) = Re'z + w.

Remark 4.2. The map g := ¢ o exp is 27 periodic. Indeed, forallz € Cand k € Z
g(z 4 2mik) = Re®e* ™2™k 1y = Re®e?e?™* 1w = Re®e* + w = ¢(z).

u H
P
— >
f‘ g exp
Q Cc~D

()~

Figure 4.1: Commutative diagram which shows that if f is transcendental, then for every connected
component U of f~1(Q), there exist conformal maps ¢ : C~ 1D — Q and ¢ : U — H such that

f=goexpop.
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Notice that tracts have disjoint closures. Indeed, it is clear that tracts cannot
intersect because they are different connected components of f~1(Q). We have to
see that the closures are also disjoint. Since D is an open disk containing S(f),
there exists D’ C D a smaller open disk that also contains all singular values of
f. Set ' = C \. D/, Then, as seen on Figure 4.2, in this case tracts of f~!(()) get
larger and contain the closure of the tracts of f~1(Q). Since tracts of f~1(Q)') are
disjoint, the closure of tracts of f~1(Q) is also disjoint.

(e O

Figure 4.2: In orange the exterior of a disk D and its preimage, in blue the exterior of a smaller disk
D’ C D and its preimage. This figure shows that the closure of tracts of f -1 (Q) is contained in the
tracts of f~1(QY).

Remark 4.3. There exists an open disk D containing S(f) large enough such that
D is not contained in any tract given by the preimage of ) = C \ D. Indeed,
suppose that D’ is an open disk containing S(f), ' = C \ D/, and that there
exists T’ a tract of f~1(Q)') such that D’ C T’. Then, any open disk D such that
D’ C D will contain S(f), and as seen in Figure 4.3, as D gets larger, the tracts of
f~1(Q) shrink. Thus, at some point, D will not be entirely contained in any tract.

Figure 4.3: In orange, a disc D’ entirely contained in a tract of f~1(Q)). In purple, a bigger disk D
such that it is not contained in any tract of f~1(Q).
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Let 7 denote the union of all tracts of f~1(Q). Next lemma shows that if
we choose D big enough, then there exists a curve joining D to infinity without
intersecting 7. Notice that this is trivial if f~1(Q) has a finite number of tracts
(see Figure 4.4).

Figure 4.4: Case where f~1(Q) has a finite number of tracts. On the left seen in C, and on the right,
on the Riemann sphere C.

Lemma 4.4. ([4, Lemma 2.1]) There exists a simple curve § C Q \. T that connects D
to infinity.
Since f is transcendental, f is an co-to-1 map, and therefore the preimages of

¢ partition each tract into infinitely many fundamental domains F;. We say F is a
fundamental domain of Q) \. ¢ for f if f : F — ()~ is a 1-to-1 map.

Since tracts only accumulate at infinity and each fundamental domain is con-
tained in one tract, the domains {F;}; also do not accumulate on any compact set.
Hence, only a finite number of fundamental domains intersect D.

Example 4.5. For instance, consider the map f(z) = ¢*. As seen in Example
1.18, f has only one singular value, z = 0. Therefore, we can consider the disk
D = D(0,2). The exponential map sends vertical lines to circles centred at 0, and
the right-half plane with respect to this line, to the exterior of the disk. Thus,
setting (3 = C \ D, we obtain that

T={zeC, Re(z)>In(2)}

is the only tract of f. Then, we can consider J to be a ray of angle 6 € [, 3],

which connects D with infinity (see Figure 4.5). The preimages of J are the lines
{z=(2nk+0)i; keZ}NT and each horizontal band

F:={zeT, 2n(k—1)4+60 <Im(z) <2mk+0} CT

is a fundamental domain. Thus, the height of these fundamental domains is 27r.
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ln:(2) /
(=21 +0)i

(—4m+0)i

Figure 4.5: Tracts and fundamental domains of e*.

4.2 Hyperbolic Metric on Tracts

Notice that all tracts, fundamental domains and the domain () \ § are simply
connected domains. Therefore, they admit a hyperbolic metric. Now we want to
see that for any fundamental domain F that does not intersect D, pn. s is bounded
by pr in F. First, we show this is true in a neighbourhood of infinity.

Lemma 4.6. Let F be a fundamental domain of Q) for f. Then, there exist a constant
ke < 1and Ur C C a neighbourhood of infinity such that

PQ\(S(Z)
Pr(2)

Proof. Consider T the tract that contains F. Since f is entire transcendental and
Q) = D*, then there exist conformal maps ¢ : C~\D — Qand ¢ : T — H
such that f = ¢ oexpog. Let F C T be another fundamental domain of Q) for
f different from F. Then, since ¢ o exp is 27ti periodic (as seen in Remark 4.2),
@(F) = ¢(F) + 27ik for some k € Z. In particular, all vertical segments of ¢(F)
have size smaller or equal to 27 (see Figure 4.6). Hence, dist(z,d¢(F)) < m for

<xr<1, forallz e FNUr.

every z € F, where dist denotes the Euclidean distance. Since ¢(F) is simply
connected, it admits a hyperbolic metric, and by Proposition 2.15, it follows that

o> L .1
Po(A)\%) = Y4dist(z, 09 (F)) = 47

As shown in Theorem 2.10, since ¢ is conformal, it is an isometry of the hyperbolic

1
2Re(z)

for all z € ¢(F).

metric. Also, the hyperbolic metric of H is pp(z) = (see Equation 2.7).
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Thus, using that ¢(T) = H and the fact that ¢’(z) # 0 for all z € F (because ¢ is
conformal), we obtain that for all z € F,

pr(z) _ (1) (9(2)) |9'(2)] _ pu(9(2)) o Mem) _ 27
Pe(z) P (@2 |9 (D) P (@(2)) = £ Re(g(z)

Notice that |¢(z)| — o0 as |z| — oo and ¢(F) has vertical size 27i. Then,

Re(¢(z)) — oo as |z| — oo, and thus, the quotient Zzgg

ily small. Furthermore, there exists a neighbourhood of infinity Uy C C such that
for any neighbourhood of infinity Ur C ﬁp, T C OO~ ¢4 in Uf. Thus, by the Com-
parison Principle 2.12 it follows that P;l;igz()z) < 1 in Up. Now choose kr < 1 and
take Ur C Ur a neighbourhood of co small enough such that Re(¢(z)) > % for

z € Up NF. Then, using Equation 4.1 and the fact that pn.s(z) < pr(z) in UF, we
conclude

@.1)

can be made arbitrar-

pa-s(z) _ pr(z) 27
or@) ~ pr(2) © Re(g(z))

This completes the proof of the lemma.

<xp forallze FNU.

¢ @(F)

2 |

g oexp

k.

Figure 4.6: The construction of fundamental domains used for the proof of this lemma.

Notice that by restricting Ur, xr can be taken to be arbitrarily small. As a
corollary of this result, we obtain that this inequality is satisfied in all F.
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Corollary 4.7. Let F be a fundamental domain which does not intersect D. Then, there
exists kp < 1 such that

pans(2)
pr(z)

Proof. Notice that F is compactly contained in () \ § except in a neighbourhood
of infinity Ur. By the Comparison Principle 2.12, there exists x: < 1 such that

Psggi(o‘z()z) < K11_~ < 1for z € F~\ Ur. By Lemma 4.6, there exists K% < 1 such that

pg;gz(f) < % < 1for z € FN U. Take kr := max {x}, k2} < 1. Then,

<xr <1 forallze€F.

MSKF<1 forall z € F. -
PF(Z)

4.3 Proof of the Main Theorem

Let f be an entire transcendental function with a bounded set of singular
values. We want to prove that f has infinitely many repelling periodic points of
minimal period n, for any n > 1.

Let D be an open disk large enough so that it contains S(f), and set
Q) := C~\ D. As discussed in Section 4.1, f behaves essentially as the exponential
map and the preimages of () by f are tracts. By Lemma 4.4, there exists a simple
curve § C O\ T connecting D to oo, and the preimages of § partition each tract
into infinitely many fundamental domains.

First we show that f has infinitely many fixed points. Since only a finite
number of the fundamental domains of (2 by f intersects D, it is enough to prove
that f has a repelling fixed point wr in every fundamental domain F which does
not intersect D. Since F is a fundamental domain, f : F — )\ ¢ is injective and
surjective, and thus, there exists ¢y : (3 N\ 6 — F inverse branch of f, which is
injective.

Now our goal is to see that yr is strictly contracting so that we can use that
(F,pr) is a complete metric space and apply the Banach Fixed Point Theorem 1.21
to obtain that yr has an attracting fixed point in F.

Since F does not intersect D, by Corollary 4.7, there exists xr < 1 such that

m\ié)) < xr in F. Also, since iF is conformal, it is a hyperbolic isometry between

QO ~dand F, thatis, forall z,w € F C OO~ 4,
or(Pe(2), pr(w)) = pas(z w) < kp(z,w).
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Hence, yr is strictly contractive, and by the Banach Fixed Point Theorem, it
follows that there exists wr € F an attracting fixed point of . Since ¢r is an
inverse branch of f, wr is actually a repelling fixed point of f.

Now let n > 2. We want to show that f has infinitely many repelling periodic
points of minimal period n. Consider s = (Fy,--- ,F,) a sequence of n different
fundamental domains which do not intersect D. Clearly, there are infinitely many
different choices of these domains. For every i =1,--- ,nlet ¢, : O\ 6 — F; be
the inverse branch of f from Q) \. J to F;. Then, define the inverse branch of f".

Ys := P 0P 0 - - PF,.

Since F; C (O~ é foralli =1,---,n and it is a composition of conformal maps,
Ps : QN6 — F; is well-defined and conformal. By Corollary 4.7 and using that
s is conformal, it follows the existence of kr, < 1 such that

ok, (¥s(z), ps(w)) < xkp,pr (z,w) forall z,w € Fy.

By the same argument given in the case of fixed points, there exists w; € F; an
attracting fixed point of 15, which by definition of s, is a repelling fixed point of

fr.

The next step is to show that n is the minimal period of ws;. Indeed, by
construction, fi_l(ws) € F forall i = 1,---,n, and since the fundamental
domains chosen are all different, and hence disjoint, we can ensure that w; has
minimal period 7.

Finally, since we can choose infinitely many different fundamental domains
to be Fy, there are infinitely many different repelling points of minimal period 7. []

Remark 4.8. Moreover, if we choose 1 different fundamental domains {F,-- - ,F,}
and let s and [ be two different finite sequences of this domains, s = (Fy,-- -, F,)
and ! = (Fyq),++ ,Fy(n)) for some permutation o # id, then, the corresponding
periodic points ws, w; are different. Indeed, since s # I, there exists i € {1,--- ,n}
such that o (i) # i, and therefore fi~'(ws) # f~!(w;). Hence, ws # w; and we
conclude that for any two different sequences of different fundamental domains,
we obtain two different repelling periodic points of f whose orbits lie in such
fundamental domains.
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Appendix A

Code for Visualizing Dynamical
Spaces

Throughout this project we have shown pictures of basins of attraction and of
parabolic basins. In this appendix we give the code used for plotting one of the
basins of attraction (corresponding to the map f(z) = z? — 0.12 + 0.7i). The code
behind the other pictures is analogous, changing the iterated function.

I import math

> import numpy as np

3 import matplotlib.cm as cm

4+ import matplotlib.pyplot as plt

¢ def p(z, c):
7 # p(z) = z°2 + ¢

8 return z * z + cC

0 ¢ = complex(-0.12, 0.7)

11 itermax = 130

2 R = 2 # guaranteed escape radius for quadratic maps z~2+c
13 xmin, xmax = -1.5, 1.5

14 ymin, ymax = -1.5, 1.5

5 height, width = 1601, 1601 # number of pixels
6 hx = (xmax - xmin)/(width-1)
7 hy = (ymax - ymin)/(Cheight-1)

19 # 3D matrix for RGB
20 img = np.zeros ((height, width, 3), dtype=np.uint8)

» z = complex(-1.5, 1.5)
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Code for Visualizing Dynamical Spaces

28

29

30

31

32

33

34

36

37

38

39

40
41

42

43

44

46

47

for i in range(height):

y = -1.5 + ix*hy

for j in range(width):
x = -1.5 + j*hx
z = complex(x, y)
iter = 0
w o=z

while iter < itermax:

w = p(w, c)

iter += 1

if abs(w) > R:

# the orbit of z escapes to infinity

# paint in a palet of colors dependig on
the convergence time

nu = iter + 1 - math.log(math.log(abs(w)))
/ math.log(2)

t = min(nu / itermax, 1)

color_rgb = cm.Y10rRd(t) [:3]

img[i, j] = tuple(int (255%c) for c in
color_rgb)

break

if iter == itermax:

# the orbit of z either converges to the
attracting cycle or lies in the boundary of
the basin of attraction

# paint in black

img[i, j1 = (0, 0, 0)

plt.imshow (img)
plt.axis (’off’)
plt.imsave("basin_attraction_c=-0.12+0.7i.png", img)
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