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WEAK-TYPE WEIGHTS AND NORMABLE LORENTZ SPACES

MARIA J. CARRO, ALEJANDRO GARCIA DEL AMO, AND JAVIER SORIA

(Communicated by J. Marshall Ash)

ABSTRACT. We show that the Lorentz space Al(w) is a Banach space if and
only if the Hardy-Littlewood maximal operator M satisfies a certain weak-type
estimate. We also consider the case of general measures. Finally, we study
some properties of several indices associated to these spaces.

1. INTRODUCTION

We are going to study weighted Lorentz spaces of functions defined in R™ as
follows (for standard notation we refer to [BS] and [GR]): If u is a weight in R”,
w is a weight in R™, f* denotes the decreasing rearrangement of f with respect to
the measure u(z) dr and 0 < p < 0o, we define

s = {131 = ([ (i) ) < oo}

If u = 1, we will only write AP(w). Classical examples are obtained by choosing
w(t) = t®/D-1, In this case AP(w) = L?P. A classical result of G.G. Lorentz (see
[Lo]) shows that || - |[a1(w) is a norm, if and only if, w is a decreasing function.
The problem of finding conditions on w so that AP(w) is a Banach space (that is,
there exists a norm equivalent to || - [|a»(wy) Was solved, for p > 1, by E. Sawyer
([Sa]). This condition is that the Hardy-Littlewood maximal operator is bounded
on AP(w). The weights for which this holds were first characterized by M.A. Arifio
and B. Muckenhoupt ([AM]), and it is known as the B, condition: there exists
C > 0 such that, for all » > 0,

1) rplwygldeCArw(x)dx.

It is clear that (1) is not the right condition for p = 1, since with w = 1, we have
that A'(w) = L' is a Banach space, but w does not satisfy (1). It is well known
that the weighted strong-type and weak-type boundedness of the Hardy-Littlewood
maximal operator coincide for p > 1. This motivates to consider the same kind of
weak-type estimates for the spaces AZ(w) . To this end we recall the following
definition:
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Definition 1.1 ([CS1]). Let u and w be weights as above and 0 < p < co. We
define

AF (W) 1/p
AL (w) = {f; I fllaz=(w) = Supy(/ w(t) dt) < oo},
y>0 ]

where A% is the distribution function of f with respect to the measure u(z) dz.

Observe that || fllaz=() = sup,so fi(z)([y w(t)dt)!/P. Also, for the weight
w(t) = tP/9-1 we have that A2 (w) = L2*°. Our main result is the fact that
in order to fully characterize when AP(w) is a Banach space, for the whole range
1 < p < o0, we should replace the boundedness of M in AP(w) (as in [Sa]) by the a
priori weaker condition on the maximal operator M : AP(w) — AP°(w). We give
the details in section 2. In section 3 we study the case of a general measure and in
section 4 we define an index associated to A?(w) and show several characterizations
of this index in terms of the B, condition.

2. WEAK-TYPE WEIGHTS

Let us recall the following characterization of the weak-type boundedness of M
for p >> 1 (see Theorem 3.9 in [CS3]):

Theorem 2.1. Ifp > 1, then M : AP(w) — AP®°(w), if and only if, there exists
C > 0 such that for allT >0

@) ( /0 ' (i / " w(t) dt) p,w(x) dx)l/p’( /0 " w(t) dt)l/p <cr.

It is easy to show that (2) is equivalent to (1) (see [Sa]) and hence, it is also
equivalent to the strong-type boundedness M : AP(w) — AP(w). The case p =1
of (2) motivates the following definition:

Definition 2.2. We say that w € Bj o if there exists C > 0 such that for all

0<s<r<o
1 /(7 C [?
= | wit)dt< = [ w(t)dt
T Jo s Jo

If we set W(z) = fo w(t) dt, then w € B « is equivalent to saying that W is
quasi-concave (see [KPS}). We now prove our main theorem (which is the weak-type
version of the main theorem in [AM] and the end point case p = 1 of [Sa]). Recall
that Sf(z) =z~ f; f(t)dt is the Hardy operator, f**(t) = Sf*(t) and L} (w) is
the set of all positive decreasing functions in L!(w).

Theorem 2.3. The following conditions are equivalent:
(i) A'(w) is a Banach space.

(i .
(iii) M : Al(w) — AL °°(w) is bounded.

(iv) For allT >0, ||rt~ x{t>r}||L1 oo (w) S Clixo, T)HLl(w)
(V) S Ldec(w) - Ll OO( )
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Proof. Let us first show the equivalence of (ii), (iii) and (v). By definition, M :
Al(w) — A}*°(w) is bounded, if and only if

Ay (y)
3) swqé w(t)dt < Cllfllarwy = ClIF 2oy

y>0

Now since (Mf)* ~ f** and Avs = Aay)-(y) (see [BS]), we obtain that (3) is
equivalent to

Ass(y)
@ supy [ w(t)dt < Ol s,
y>0
for all f € L}, (w). Therefore (4) is the same as saying that

S Lmliec(w) - Al,oo(,w)‘

Now it is easy to observe that if f is a decreasing function, then ||Sf||a1.c0() =
IS fll1.0(w) (which proves (v)). But Theorem 3.3-(b) in [CS2] shows that this is
equivalent to w € By  (take wo = wy = w, po = p1 = 1 and k(z,t) = 7 x(0 ) (t)
in that theorem). Assume now (i) holds and let us show (ii). If A'(w) is a Banach
space, then there exists an equivalent norm on A'(w), || - | & || - ||a1(w) and hence,
there exists C > 0 such that for all N € N and g;,--- ,gv € AY(w), |lg1+ -+
gnllarw) < C(Hg1HA1(w)+ “+|lgnllar(w))- Suppose first 7 = 2Fs, with k = 1,2, - .
Set f = X(0,2%5) and f; = X(js,(j+1)s)» J = 0,1,-++ ,2¥—1. Let F and F; be functions
defined in R™ such that F* = f, F' = f = x(0,s) and F' = Zj F;. Now,

2k-1
W(25s) = | Fllarw) < C Y 1Fjllarw) = C2"W (s).
=0

Finally, for a general 7 > s, let k =1,2,--- be such that 2*~1s < r < 2¥s. Then

%/orw(t)dK LW (2s )< o5 = :W(S)=g§q/05w(t)dt

To see the converse, we use Theorem 1.1 of [KPS §II] and obtain that there exists
a decreasing weight v so that if V(z) = fo t)dt, then W = V, and it is now easy
to show that A!(v) is a Banach space and Al(w) Al(v). To finish, we observe
that

It~ xqeory | = supy/r/y w(t) dt,
R COR Ry

and hence, (iv) is equivalent to

Yy r/y 1 r
sup—/ w(t)dtSC’—/ w(t)dt
y<1 T Jo ™ Jo

which is equivalent to (ii). |
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Remarks 2.4. (a) The equivalence between (i) and (ii) was already known, as a
consequence of the study of the p-convexity of a rearrangement invariant space (we
want to thank Professor Y. Raynaud for pointing out this to us).

(b) It is now clear that, by (iii), B1 C Bi,c0. It is also true that Bj o C B, for
p > 1. In fact, if 7 > 0, we have just shown that for all k = 1,2,---, W(2*r) <
C2*W (r), and hence,

% w(t) 0o ngktl, w(t) 11 gk+1
— dt = —ar< =y
/T m Z/W = dt_r”,;_oﬂ/o w(t) dt
02k+1 = 1 T
<= o / t)dt < —(l;)m)/o w(t) dt.

(c) If we set || fll« = sup,~of**(y¥)W(y), then || - |« is a norm, and if w €
Bi,, then || f|l« < C||fllat(w). Sometimes the converse inequality is also true,
and hence || - ||« is the equivalent norm in A!(w). This happens, for example, if
w = 1 (see [Sj] for related results). The equivalence is not true in general: if
w(t) = t~/2, then A'(w) is a Banach space, but if f*(t) = t~/2, then f ¢ A'(w)
and ||f||l« < co. However, if y~1W (y) is equivalent to an increasing function, then
Il fllaz(w)y < C|lf]l+- It is also easy to show that this condition is not necessary.

(d) For some related results see [Ne,§6].

3. EXTENSIONS TO GENERAL MEASURES

We want to study geometric properties of the spaces A (w), for general weights.
For example, it was proved in [CS1] that || - || sz () i8 @ quasinorm, if and only if W
satisfies a certain doubling condition (W € Ay). Also it is an easy exercise to show
that these spaces are always complete (as long as W(z) > 0 if z > 0). We now
ask the same question we did for AP(w): under which conditions are they Banach
spaces? We observe that Theorem 2.3 does not hold in general, since for w = 1,
AP (w) = LP, which is a Banach space if p > 1, but the Hardy-Littlewood maximal
operator is not always bounded M : L? — LP:*°. However, we can show that, in
many cases, this property only depends on the weight w:

Theorem 3.1. Ifu ¢ L' (or du is an infinite non-atomic measure) and p > 0,
then AP (w) is a Banach space, if and only if AP(w) is a Banach space.

Proof. By a symmetric argument, it suffices to consider the case A?(w) Banach: we

want to show that there exists C' > 0 so that for simple functions Sy,---, Sy,
N N

(5) S, < CY NIS;llaz(w),
j=1 A% (w) j=1

since the Monotone Convergence Theorem implies (5) for arbitrary functions, and
it is easy to show that this implies the existence of an equivalent norm. We will
only consider the case N = 2 (the case N > 2 is completely analogous). So, let
Sj = 3k MiXaz> J = 1,2, and the sets A are pairwise disjoint. Then,

S1+ 852 = Z)‘kXAk\U Az + ZAkXA%\U At Z()\k + A3 )XAlnAZ.
k.j
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We choose a family of disjoint sets {Ejy, E7, Ir; : k, j} such that

tE,%|=uA,£\UA2
|EZ| = u(A} \UAl),

|Tk4] = u(A) N A?),

where, as usual, for a set A C R", u(A4) = [, u(z) dz. Define also,

Cy = Z /\IchE}cU(U]. Ix,;)9
k

Cy = Z /\iXE;‘:U(Uj L)
k

so that C} = (S1)%, C5 = (S2)% and (C; + C3)* = (S1 + S2)7. Finally,

151 + S2llaz.w) = IC1 + Callar(w) < C(I|C1llarw) + 1C2llar(w))
= C([1S11lazw) + [1S2llaz (w)) - O

This result allows us to extend (2.6) of [Hul:

Corollary 3.2. Letu ¢ L' (or du an infinite non-atomic measure) let p > 0, and
suppose AP (w) is a Banach space. Then p > 1.

Proof. From the previous theorem we see that it is enough to consider u = 1.
Assume now that 0 < p < 1. As in [Hu], we are going to find a sequence of
functions {f;};, satisfying

”fj”Ap(w) =1 but 0.

AP (w) N—-»oo

i

Choose Ay, C R™, -+ C Agq1 C Ay, such that W(|Ag|) = 27P%. Let fr = 2Fxa4,.
Then,

I Fellarw) = 2'“(/000 ((XAk)*)pw(t) dt) " 2XW (| Ak )P = 1.
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But, if for N fixed, we set Ay+1 = 0, then,

N k
( 2’>X<Ak\Ak+1>
1

k=1 AP(w) k=1 \j= AP (w)
17 [ ([ *\ P 1/p
[/0 ([Z (sz)xmk\Am)] ) w(t) dt}
k=1 =
17 /& 1/p
[/0 (Z (Zz >X[|Ak+1| |Akl>> w(t) dt]
k=1
1 (i (z’c: ‘ | Akl 1/p
== 23) / w(t) dt)
N k=1 \j=1 [Ag+1]
1 N 1/p
> N (Z(2k+1 _ 2)p (z—kp _ 2—(k+1)p))
k=1
_1_ 1/p
= CPNN Neoo F =

Remark 3.3. The above result is not true for general measures In fact, if du =
b0, the Dirac delta at the origin, then || f||sz¢w) = |f(0)] fo t)dt)'/?. Hence,
AP (w) = R, for all p > 0.

. 4. INDICES
Given AP(w) we define the following invariant index:

Definition 4.1. Given k =1,2,--- set

and
p(w) =inf{p> 0; for some C > 0, Dy, < C2%P k = 1,2,~--}.

We now prove the fundamental property of p(w):

Theorem 4.2.
DYF ., gp(w),

k—oo

Proof. Set ay = logDy. Then ajix < a; + ax and therefore there exists { > (
such that ap/k — [, as k — oo (this is an easy exercise, see for example [GuR])

Thus, D 1/k — D =¢€l. So, we need to show that D = 2°(¥), If p > p(w ), ther

k— oo

Dy < C’ka and hence D < 2P; i.e., D < 2°(®), Conversely, if D < 2°(®), choose
0 < p < p(w) such that D < 27 < 27(*)_ Let ko € N such that D}/* < 27, if k > ko
Let C = max{1,Dy /2 : k = 1,--- ko — 1}. Then Dy < C2*P, k € N, and we
reach the contradiction p(w) < p < p(w). C
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Remarks 4.3. (i) As a consequence of this result, it turns out that if two weights
wo, w1 satisfy Wy &~ Wy, then p(wg) = p(wr).

(i) It is not true, in general, that Dy = D*. For this, it suffices to consider the
weight w(t) = x(0,1)(t) + 2X[1,00) (t). Here, D}, = 2F+1 — 1.

(iif) The definition of p(w) is closely related to the condition on the weights R,
in [Ne] (notice that Ry = B ).

The following result will be needed later. Recall that B1co C (1,5 By

Lemma 4.4. There ezists w € (51 Bp \ B1,co0-

Proof. We choose a decreasing sequence {pi}g, with limgpy = 1 (px # 1, k =
1,2,---). Consider also {ax}x, axr > 0 and Y, ar = 1. Let us define

w(t) = { > one akpytP! ?fO <t<l1,
0 ift>1.

It is clear that the series converges uniformly on [0, 1]. Now,

W(t)={z,:°=1akt”k ?f0<t§1,
1 ift>1.

Thus, t'W(t) — 0, as t — 0, and therefore w ¢ B; o. To prove that w € By,
p > 1, it suffices to show that if p # px, there exists Cp, > 0 such that condition (1)
holds, for 0 < r < 1. Now,

/oo w(t) dt ia D /1 Pe=1-p gt i QkPk (1 — rPe=P)
_ — Dk = —_— _
r tp k1 r Pk —P

k=1

and

r 0o
r"’/ w(t)dt = Z arrPeTP,
0 k=1

Thus, if we let S, = sup, pr/(pr —p) > 0, I, = infr pr/(px —p) < 0 and D, =
card {k : px > p}, and choose ko so that py, < p, then with C, = DpS,/ak, — I,
we obtain the result. ]

Theorem 4.5. (a) If 1 < p < o0, then w € By, if and only if p(w) < p.

(b) If w € Bi,00, then p(w) < 1, and the converse is not true in general.

(c) If AP (w) 4s a Banach space, then p(w) = 1, and the converse is not true
in general.

Proof. (a) If w € B, then (see [AM]) there exists ¢ < p so that w € B,. Now

2kt 2F¢ t
L / w(s)ds < / w(s) ds < —q/ w(s)ds,
¢ t a 7 Jo

2kata s

and hence,

2kt t
/ w(s)ds < (1 + 02’“‘7)/ w(s)ds,
0 0
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which implies Dy < C2%4. Conversely, if Dy < C2%¢, with ¢ < p, then for r > 0,

2k+1

/r w(t) dt—z / w(t) rpzm / w(t) di
< syt [ wows T (L ) [ wow

(b) This is clear by definition. Now if w € (5, Bp \ Bi,00, as in Lemma 4.4,
then p(w) <1 (in fact p(w) = 1).

(c) By Corollary 3.2, we have that p(w) > 1. If p(w) > 1, then w € By, and
by (a) we obtain a contradiction. Now, with w as in (b), we show that the converse
does not hold. O

Remarks 4.6. (i) An equivalent result to part (a) of the previous theorem was
proved by Raynaud ([Ral), using more complicated arguments.

(i) If w(t) = t*, with —1 < a < 0, then p(w) = 1+ @, and so p(w) < 1 is the
best we can say in (b) of the theorem.

(iii) It is easy to show that Dy < C2*P is equivalent to saying that W is a
p-quasi-concave function.

(iv) There are other indices (Simonenko, Matuszewska-Orlicz, etc.) for which it
is possible to show the equivalence with p(w). In particular p(w) = 8§, = ofyy =
B, = Q% (see [Ma] for the definitions).
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