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Abstract

This work studies time-frequency localization in the context of signal analysis.
More precisely, it focuses on the Fourier transform, the short-time Fourier trans-
form, and Gabor systems as tools to represent signals in both time and frequency.
Special attention is given to the limitations imposed by the uncertainty principle
and the Balian-Low theorem, which show that a signal representation cannot be
simultaneously discrete, orthonormal, and well localized in time and frequency.
Finally, the work presents Gabor frames as a natural alternative to orthonormal
bases, emphasizing the role of Gaussian windows and the density condition for
stable reconstruction.

Resum

Aquest treball estudia la localitzacié temps-freqiiencia en el context de 1’analisi
de senyals. Més concretament, se centra en la transformada de Fourier, la transfor-
mada de Fourier de temps curt i els sistemes de Gabor com a eines per representar
senyals tant en el temps com en la freqiiencia. Es presta una atencié especial a les
limitacions imposades pel principi d’incertesa i pel teorema de Balian-Low, que
mostren que una representacié de senyals no pot ser simultaniament discreta,
ortonormal i ben localitzada en temps i freqiiéncia. Finalment, el treball presenta
els frames de Gabor com una alternativa natural a les bases ortonormals, desta-
cant el paper de les finestres gaussianes i de la condici6 de densitat per a una
reconstruccio estable.
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Acknowledgments

I would like to start by thanking my tutor, Dr. Xavier Massaneda, for his
guidance, support, and dedication throughout this work, no matter the time or
frequency.

I also want to thank all those who have accompanied me throughout the jour-
ney of these past four years. Your support, presence, and encouragement have
made it all worth it.

ii



Chapter 1

Introduction

A signal is, at first sight, a very familiar object. A sound recorded by a mi-
crophone, a piece of music stored in a computer, an image transmitted through
a screen, or a radio wave traveling through space can all be understood as sig-
nals. Mathematically, however, a signal is usually represented by a function. The
variable may be time, space, or some other parameter, and the value of the func-
tion measures the intensity, amplitude, pressure, brightness, or energy of the phe-
nomenon under consideration.

Once a signal has been represented as a function, a natural question arises:
what kind of information does the function contain, and how can we extract it?
Looking only at the values of the function in time gives one possible description.
For instance, if f(t) is an audio signal, then the graph of f tells us how the air
pressure changes over time. However, this description does not immediately tell
us which notes, tones, or frequencies are present in the sound. A chord played
on a piano, for example, is not perceived by the ear as a random oscillation, but
as a combination of several frequencies. This is where Fourier analysis enters the
picture.

The central idea of Fourier analysis is that complicated signals can be stud-
ied by decomposing them into simpler oscillations. In the periodic case, these
oscillations are the exponentials

e nez,

and a suitable function can be represented through its Fourier series. In the non-
periodic case, the same philosophy leads to the Fourier transform

@ = [ fear,

which measures how much of the frequency ¢ is contained in the signal f. Thus,

1



2 Introduction

Fourier analysis changes the point of view: instead of asking what the signal looks
like at each time t, we ask which frequencies build it.

This change of perspective is extremely powerful. Many operations that are
complicated in the time domain become much simpler in the frequency domain.
For instance, differentiation becomes multiplication by the frequency variable, and
convolution becomes pointwise multiplication. This is one of the reasons why
Fourier methods appear in the study of partial differential equations, quantum
mechanics, image processing, audio compression, and many other fields. In this
work, however, our interest is not only to use the Fourier transform as a computa-
tional tool, but also to understand its limitations when applied to the analysis and
reconstruction of signals.

The first important limitation comes from the relationship between time and
frequency. If a signal is very concentrated in time, then its Fourier transform
cannot also be very concentrated in frequency. Conversely, if the frequency content
of a signal is very concentrated, then the signal itself must be spread out in time.
This phenomenon is formalized by the Heisenberg uncertainty principle.

Heisenberg uncertainty principle. If f € L?(R) and a,b € R, then

(fo-arora)” ([e-vrera) = L2

7T

This inequality says that the product of the time spread and the frequency
spread of a non-zero signal cannot be arbitrarily small. Equality occurs for Gaus-
sian functions, which already suggests that Gaussians will play a privileged role
throughout the work.

This principle is not only a mathematical curiosity. It expresses a fundamental
trade-off that appears whenever we try to analyze a signal. If we want to know
very precisely when something happens, we must sacrifice precision about its
frequency. If we want to know very precisely which frequency is present, we
must look at the signal over a longer interval of time. In other words, time and
frequency cannot both be observed with unlimited resolution.

A second classical result, apparently more optimistic, is the Shannon sampling
theorem. In digital signal processing, one cannot store a continuous signal by
keeping all of its values. Instead, one records a discrete sequence of samples. A
basic question is then: how many samples are necessary in order to reconstruct
the whole signal without losing information?

The answer depends on the frequencies contained in the signal. If f is band-
limited, meaning that its Fourier transform is supported in an interval [T, 1],
then f contains no frequencies larger than 7. In that case, the Kotelnikov-Shannon-



Whittaker theorem states that f can be recovered from the samples

k
()
{ 27 ) Jkez
through the formula

0= G (8o 2)

sin(7tt)
Ttt
Thus, if the signal is band-limited, sampling at rate 27 is enough for perfect recon-
struction. This value is known as the Nyquist rate.
The theorem explains a basic principle of digital audio. The human ear is
usually sensitive to frequencies up to approximately 20 kHz. Therefore, in order

where

sinc(t) =

to represent all audible frequencies, one should sample at least at twice that fre-
quency, that is, at approximately 40 kHz. The standard sampling rate for audio
CDs is 44.1 kHz, slightly above this theoretical threshold. This extra margin is
not accidental: in practice, ideal mathematical assumptions are never perfectly
satisfied, and one needs some room to deal with imperfections.

The Shannon theorem is remarkable because it says that, under the right hy-
pothesis, a continuous signal can be completely reconstructed from a discrete set
of data. However, the hypothesis of band-limitedness hides a subtle problem. A
non-trivial band-limited signal cannot be compactly supported in time. In fact,
such a signal extends to an entire function, and therefore cannot vanish on an in-
terval unless it vanishes identically. This is counterintuitive from a physical point
of view. Real sounds, songs, or spoken words start and end. They do not last
forever. Thus, perfect band-limitedness is an idealization: useful, but not fully
realistic.

This tension between mathematical reconstruction and physical localization is
one of the guiding ideas of the present work. On the one hand, Fourier analysis
allows us to understand signals through their frequencies and, in ideal situations,
to reconstruct them from discrete information. On the other hand, the uncertainty
principle tells us that we cannot localize a signal perfectly both in time and in
frequency. The rest of the work can be seen as an attempt to understand how far
one can go in this direction.

The ordinary Fourier transform gives a global description of a signal. It tells
us which frequencies are present, but it does not tell us when they occur. This
is not a problem for stationary signals, whose frequency content does not change
much over time. But many real signals are not stationary. A melody changes



4 Introduction

note by note, speech changes from syllable to syllable, and many physical signals
evolve dynamically. In these cases, knowing only the global frequency content is
not enough.

A natural idea is to analyze the signal locally. Instead of applying the Fourier
transform to the whole function, we multiply the signal by a window function
concentrated near a given time, and then compute the Fourier transform of this
localized piece. Moving the window along the time axis gives a representation
depending on two variables: time and frequency. This is the idea behind the
short-time Fourier transform, or STFT.

Given a window ¢ € L?*(R), the STFT of a function f with respect to g is
defined by

Vel (t:8) = [ f(s)gls = De " s

For each fixed time f, the function s — f(s)g(s —t) is the signal f observed
through a window centered at ¢. Taking its Fourier transform tells us which fre-
quencies are present around that time. Thus, V, f(t,{) measures the contribution
of the frequency ¢ near the time ¢.

This construction gives a much richer description than the ordinary Fourier
transform. Instead of representing a signal only on the frequency axis, the STFT
represents it on the time-frequency plane. Each point (t, ) corresponds to a local
measurement: what does the signal look like near time t and near frequency ¢?

The window g is therefore crucial. If ¢ is very narrow in time, the STFT has
good time resolution: it can distinguish events that occur close to each other.
However, the Fourier transform of such a narrow window is spread out, so the
frequency resolution becomes poor. If g is very spread out in time, the frequency
resolution improves, but the time resolution worsens. Once again, the uncertainty
principle appears.

The Gaussian function is the natural candidate for the window because it is
the unique optimizer of the uncertainty principle. If

g(t) =24,

then its Fourier transform is again the same Gaussian:

This symmetry between time and frequency makes the Gaussian the best possible
window from the point of view of time-frequency concentration. It is therefore
reasonable to ask whether Gaussian windows can be used to build a complete
and stable discrete representation of arbitrary signals.



To make this question precise, one has to discretize the time-frequency plane.
Instead of considering all shifts and modulations of a window g, one takes only a
lattice of them. For a,b > 0, the corresponding Gabor system is

g(g'a/b) = {Mbkrang :n,k € Z},

where

Tung(t) = g(t—an),  Myg(t) =™ g(t).
The parameter a measures the spacing in time, and b measures the spacing in
frequency. The product ab is the area of a fundamental cell in the time-frequency
lattice. Thus, the smaller ab is, the denser the system is.

A first discretization works perfectly if we use the characteristic function of an
interval as the window. For example, taking

8 = X[-1/2,1/2)

one obtains an orthonormal basis of L?>(IR) by translating ¢ by integers and mod-
ulating it by integer frequencies:

{Myt,g:n,keZ}.

This is a very simple and instructive construction. The real line is divided into
intervals of length one, and on each interval the signal is expanded in a Fourier
series. In this way, the global signal is reconstructed by combining local Fourier
series.

However, this construction is not satisfactory from the point of view of time-
frequency localization. The window X|_1,2,1/2) is perfectly localized in time, but it
has jump discontinuities. Consequently, its Fourier transform decays slowly and
is poorly localized in frequency. In practical terms, the sharp edges of the window
introduce artificial frequency components. The method works as a basis, but the
window is far from ideal.

It is then natural to ask whether one can replace this rough window by a
smoother and better localized one, such as the Gaussian, while preserving the
basis property. The Balian-Low theorem gives a negative answer at the critical
density.

Balian-Low theorem. Suppose that a,b > 0 and ab = 1. If the Gabor system

is an orthonormal basis of L*(R), then

([ Plswear) ( [ elspae) =+
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Thus, a window generating an orthonormal Gabor basis at critical density cannot
be well localized both in time and in frequency. In particular, the Gaussian cannot
generate such a basis.

This is one of the central obstructions studied in the work. The theorem shows
that there is an incompatibility between three desirable properties: discreteness,
basis structure, and good time-frequency localization. We would like a discrete
system because real applications use samples. We would like a basis because it
gives unique and non-redundant expansions. And we would like the window
to be well localized in both variables because that is precisely the goal of time-
frequency analysis. The Balian-Low theorem says that, at the critical lattice density,
we cannot have all three at once.

At this point, one could think that Gaussian time-frequency expansions are
impossible. But this conclusion would be too pessimistic. The problem is not
the Gaussian itself, but the requirement of having an orthonormal basis. Bases
are very rigid objects. They give unique decompositions, but they do not tolerate
redundancy. In signal processing, however, redundancy is often not a defect. On
the contrary, it can make representations more stable, more robust to noise, and
more flexible.

This motivates the introduction of frames. A frame in a Hilbert space H is a
family {e; : j € J} for which there exist constants A, B > 0 such that

AllfIP <} fepl? <BIfI?,  feH.
i€l
The lower bound ensures that the coefficients do not lose information about the
signal. The upper bound ensures that the coefficients do not blow up. Together,
they say that the energy of f is faithfully represented by the sequence of frame
coefficients.

Every orthonormal basis is a frame with A = B = 1, but frames are much
more general. Their elements need not be orthogonal, and they may be linearly
dependent. This means that a frame may contain redundant information. Still,
every element of the Hilbert space can be reconstructed from its frame coefficients,
using the frame operator and the associated dual frame.

For Gabor systems, the frame inequalities take the form

AllfIE< Y K, Mutang)l* < BlIfI3,  f € LA(R).
nke”
Since

(f, MykTang) = Vg f (an, bk),

this condition says that sampling the STFT on the lattice aZ x bZ captures the
whole energy of the signal in a stable way. This is exactly the kind of result one



wants after the limitations imposed by Balian-Low: not a perfect orthonormal
basis, but a stable and possibly redundant time-frequency representation.

The central positive result in this direction is the theorem of Daubechies and
Grossmann, together with Seip’s density theorem.

Daubechies-Grossmann theorem. For the normalized Gaussian G(t) = 21/ 4ot
the Gabor system G(G,a,b) = {MpTanG : n,k € Z} is a frame for L>(R) if and only if
ab < 1.

This condition has a clear geometric meaning. The number ab is the area of
a cell of the time-frequency lattice. The inequality ab < 1 means that the lattice
must be denser than the critical lattice. Equivalently, the sampling density must be
strictly larger than one. Thus, the obstruction of Balian-Low at the critical density
is overcome by allowing redundancy: we sample slightly more densely, and in
exchange we recover stability with the Gaussian window.

To study this result, it is useful to reformulate the problem in a different setting.
This is done through the Bargmann transform, which allows the STFT with a
Gaussian window to be expressed in terms of an entire function. More precisely,
if z = t+i¢, then the STFT with Gaussian window is related to the Bargmann
transform Bf by the formula

Vof(t, =) = e™e 1B (2),

The Bargmann transform maps L?(IR) isometrically onto the Bargmann-Fock space,
the space of entire functions F on C such that

HW%ZAW@WWWM<m

Therefore, the problem of deciding whether a Gaussian Gabor system is a frame
can be translated into a sampling problem in the Bargmann-Fock space.

Indeed, after identifying the time-frequency plane with the complex plane
through z = t + i, the lattice aZ x bZ is written as

['=aZ +ibZ C C.
The Gabor frame inequality becomes the sampling inequality

AlFIF < Y IF(y)Pe ™" < B F| 5.
yerl
Thus, the question becomes: when does the discrete set I' sample every function
in the Bargmann-Fock space in a stable way?
Seip’s density theorem answers this question. In the case of a rectangular
lattice, the condition is exactly that the density of the lattice is greater than one, or
equivalently that ab < 1.
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This is the same condition appearing in the Daubechies-Grossmann theorem.
Hence, the final part of the work shows how the original problem about Gaussian
Gabor frames can be reduced to a geometric density question for entire functions.

In summary, the aim of this work is to understand how signals can be rep-
resented simultaneously in time and frequency, what limitations arise from this
perspective, and how Gabor frames provide a stable alternative when orthonor-
mal bases are too restrictive.

1.1 Structure of the manuscript

The work is organized in four main chapters after this introduction.

Chapter 2 contains the preliminaries. The aim is not to prove new results, but
to fix notation and recall the tools that will be used later. We begin with Hilbert
spaces, orthonormal bases, Bessel’s inequality and Parseval’s identity. These no-
tions are necessary because the natural setting for signals of finite energy is the
Hilbert space L?(IR). We then recall the basic facts about Fourier series, the Fourier
transform on L!(RR), and its extension to L?(R) through Plancherel’s theorem.
Since most of these results are standard and have already appeared in previous
courses of the Bachelor’s degree, they are mostly stated without proof. Their role
is to make the rest of the work self-contained and easier to follow.

Chapter 3 introduces the connection with signal theory. We first present the
Heisenberg uncertainty principle, which establishes the fundamental limitation
between time concentration and frequency concentration. The proof also shows
why Gaussian functions are special: they are precisely the functions for which
equality occurs. After that, we discuss the Shannon sampling theorem for band-
limited functions. This theorem explains how a signal whose Fourier transform is
supported in [—T, 7] can be reconstructed from samples taken at the Nyquist rate
27. The example of CD audio illustrates the practical meaning of this theorem. At
the same time, the chapter points out the limitations of perfect band-limitedness,
preparing the transition to local time-frequency methods.

Chapter 4 is devoted to the short-time Fourier transform. We introduce the
STFT as a way of measuring the frequency content of a signal locally in time.
We then prove the orthogonality relations and the inversion formula, which show
that the STFT contains enough information to reconstruct the original signal. After
this, we study the problem of discretizing the time-frequency plane. The charac-
teristic window gives a first example of an orthonormal Gabor basis, but its poor
frequency localization motivates the search for smoother windows. This leads to
the Balian-Low theorem, which shows that no well-localized window can gen-
erate an orthonormal Gabor basis at critical density. This theorem is the main
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negative result of the work and explains why bases are too restrictive for the kind
of time-frequency representation we want.

Chapter 5 explains how frames overcome this obstruction. We introduce frames
in a general Hilbert space, together with the analysis, synthesis and frame opera-
tors. These tools allow us to reconstruct signals from redundant families of vectors.
We then specialize to Gabor frames and state the Daubechies-Grossmann theorem
for Gaussian windows. The rest of the chapter develops the main ideas behind
this result. The Bargmann transform identifies the Gaussian STFT with entire
functions in the Bargmann-Fock space, and the Gabor frame inequality becomes
a sampling inequality for a lattice in the complex plane. Finally, Seip’s density
theorem gives the density condition that characterizes sampling sequences. In this
way, the work ends by connecting the original problem in signal analysis with a
geometric theorem about entire functions.



Chapter 2

Preliminaries

In this chapter some essential definitions and results will be provided to make
the reading as pleasing and comfortable as possible. We give a brief introduction
to Hilbert spaces and some basic results on Fourier analysis. Since the purpose
of this section is mainly expository, most results will be stated without proof.
Moreover, many of these topics have already been covered in previous courses, so
we will not provide proofs here. If the reader is interested in detailed proofs, you
can find them in [4].

2.1 Hilbert Spaces

Definition 2.1. A Hilbert space is a vector space H on C with an inner product
(x,y),x,y € H, such that the norm defined by ||x|| = <x,x>1/2
complete metric space. With this norm, the space H has the structure of a Banach

turns H into a

space.
Closed subspaces play a special role in the following chapters.

Definition 2.2. Given a closed subspace M C H, we define its orthogonal space as:

Mt ={xcH:(xy) =0y c M}

Theorem 2.3. (Projection theorem) Let M C H be a closed subspace. For any x € H
there exist unique y € M and z € M= such that x = y+z Thatis, H=M® M.

We define the projection operators Py; : H — M and Qum : H — M+ respec-
tively as P(x) = y and Q(x) = z. These operators are linear, continuous, and
satisfy the Pythagorean identity

1x]12 = || Pm ()] + |Qu(x)||>, x € H.

10



2.1 Hilbert Spaces 11

In particular, ||Py|| < 1and ||Qum| < 1.

Definition 2.4. A Hilbert basis is a complete orthonormal system {e; };c; of elements
in H. To be complete means that the closure of its span, (e;);cy, is the whole space
H.

We will only deal with separable Hilbert spaces, that is, spaces for which there
is a countable orthonormal basis {e,}5 ;.

Theorem 2.5. Let {e, }>" ; be a countable orthonormal system, and let V = (e, )5 be its
span. Given x € H,

(i) Py(x) = ij (x,en)en

n=1

(ii) OZO‘, (x,e4)]> < ||x||? (Bessel’s inequality)

n=1

Corollary 2.6. Let {e,}? | be a countable orthonormal system. The following are equiv-

alent:
(i) {en}S_, is a Hilbert basis.

n=1

(ii) If (x,ey) = 0 forall n > 1, then x = 0.

(iii) ||x||* = E (x,en)|? (Parseval’s identity).

n=1

Notice that when {e, }7_; is an orthonormal basis, the map
S: ?(N) — H

(o)
(an)y=q — Z Anén
n=1

is well defined: given (a,)%; € ¢*(N), the partial sums of S(a,) form a Cauchy
sequence, since by orthonormality

m 2 m
Z apeq|| = Z la,|* =0 ask — oo,
n=k+1 n=k+1

and by completeness of H, the series converges. On the other hand, the map

A: H— *(N)
x— ({x,en))

n=1
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is also well defined, since Parseval’s identity gives Y o [(x,e,)|? = |x]|*> < oo for
any x € H, so A(x) € /2(N).

Moreover, S is an isometric isomorphism with inverse A. Indeed, the identities
AoS =idp and So A = idy follow directly from orthonormality and the fact that
every x € H equals its Fourier series. Isometry follows from

1S ((an)II* =

2 a,e,

[ee]
2 ‘an|2 = [|(ax ||g2/

again by orthonormality.

2.2 Fourier Series

Consider the Hilbert space

1 27
L2([0,271]) = {f : [0,27] = C | [|f ]2 := ﬂ/o f()Pdt < oo}
endowed with the inner product

(fi9) =5 [ FOR0a, fg € (0,27,

The interval [0, 27] is the natural choice here, as it leads to particularly clean
formulas. The theory, however, extends to any bounded interval by a straightfor-
ward rescaling argument.

In physics and engineering, the space L?([0,27]) is a model for the 27-periodic
functions with finite energy. A function f € L?([0,27]) is considered as a signal,
and ||f]|2 is commonly known as the energy of the signal.

By Euler’s formula, the complex exponential ¢ = cos(nt) + isin(nt) is a
natural encoding of a pure oscillation of frequency #: its real and imaginary parts
are precisely the two fundamental signals at that frequency. It is thus convenient
to introduce the shorthand

en(t) = e™,

so that e, stands for the pure n-frequency signal.

Lemma 2.7. The system {e™},c7 is an orthonormal basis of L?([0,271]).

Therefore, we can write any f € L2([0,27]) as

f(t) =Y (frenen(t). (2.1)

nez
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Remark 2.8. For the general space L?([0,T]), an orthonormal basis is given by
{ei%ﬂnt}nez-

Definition 2.9. Given n € Z, the n'" Fourier coefficient of a function f € L*([0,27])
is

n 1 21 int
Jn)={fren) = 5— | f(H)e ™ dt

27T Jo

The series given in (2.1) can make sense for functions which are not necessarily
in L2([0,277]), as long as f(n) is well defined.

Definition 2.10. Let f € L'([0,27]). We define the Fourier series of f, denoted by

Sf(t), as
= ¥ F(me
nez
For functions with additional regularity, other types of convergence may oc-
cur, such as pointwise convergence, uniform convergence, or almost everywhere
convergence.

Identity (2.1) holds for f € L?([0,27]); that means we have convergence in the
L? norm. One may wonder in which other ways the series converge. In fact, a
famous theorem by L. Carleson shows that for f € L?([0,27]) the Fourier series
converges pointwise a.e. (see [2], p. 135). We will not go any further than this
about the convergence of the Fourier series because it is not the goal of this work.

Furthermore, from (2.1), we obtain the Plancherel identity, which is nothing
other than Parseval’s identity for f € L?(]0,27]):

27'[
7B =5 [0t = ¥ If

nez

This shows that the map f ~ (f(1)),cz is an isometry from L2([0,277]) into £%(Z),
and in particular that the Fourier coefficients completely determine f in L2

We now introduce the convolution operation, which plays a fundamental role
in analysis and in many other areas, such as probability theory, signal processing,
and physics, and will be essential for the formulation and proof of several results.

Definition 2.11. Given two functions f,¢ € L'([0,27]), extended as 27t-periodic
functions on RR, their convolution is defined by

()0 = g [ Fx)slt ).
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We obtain interesting bounds on the convolution in the next theorem.

Theorem 2.12. Let f,g € L'[0,27], extended as 27t-periodic functions in R. Then
(i) fxg € L0, 27t and ||+ gll < || fll1lglh

o —

(ii) Foralln € Z, (f xg)(n) = f(n)g(n).

2.3 Fourier integral
Consider the space of integrable functions in R:
L'(R) = {f s R=C|Ilflli = [ If(D)]dt < oo}
Definition 2.13. The Fourier transform of a function f € L!(R) is defined as
7@ = [ fx)e ™ ax,

Just as in the discrete setting, the exponential ¢?™*¢ represents a &-pure fre-
quency signal, and the Fourier transform can be seen as the inner product (f, e2™¢):
a measure of how much of that frequency is contained in f. This is, however, only
a heuristic interpretation, since the exponential ¢2™*¢ belongs to neither L!(R)
nor L?(R), and so the inner product is not literally well-defined.

We can observe, by taking absolute values, that the Fourier transform is bounded:

£ < Iflh-

In particular, f(&) is well defined. More can be said.

Lemma 2.14. (Riemann-Lebesgue) If f € L'(R), then f is uniformly continuous and
lim |f(2)] = 0.

|§|—e0

If we consider the Banach space Cy(R), by Lemma 2.14 we can consider the
following map:
F:LY(R) = Cy(R)
where F is the operator that sends f to f. This operator is commonly called anal-
ysis. On the other hand, in many cases, we can define the reconstruction operator
f — f, if it exists, called synthesis.

Let us recall how the Fourier transform behaves under the basic operations we
will perform often.
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Definition 2.15. Let « € R and A > 0. We define the following operators on
f e LY(R):

e Translation: 7,f(t) = f(t —a),

e Modulation: M, f(t) = 2™ f(t),
e Dilation: D, f(t) = 1f 0.
AT\ A
These operators preserve the L!-norm:

£l = llwafll = |Maflls = [[Daflh-

The Fourier transforms of these transformations are easily computed from the
definition, yielding the following properties.

Proposition 2.16. Let f,¢ € L'(R),a,8 € C and a € R. We have the following
properties:
(i) Fourier transform linearity: (af + Bg)" (&) = af () + BS(%), € € R.
(ii) Conjugation: (f)"(¢) = f(—&), € € R.
(iii) Translation: (T,f)(&) = f(&)e 2%, & € R

(iv) Modulation: (Z\7Ia\f)(§) =10,f(&) = f(—a), FER
(v) Dilation: D, f(&) = f(AZ), € € R

The Fourier integral was first motivated by the study of the heat equation.
The differentiation operator, which is difficult to work with, becomes significantly
simpler under the Fourier transform: it turns into a multiplication operator. This
fundamental property was precisely what made the Fourier transform such a pow-
erful tool for solving the heat equation. The following result formalizes this state-
ment.

Theorem 2.17. Let f € L'(R). Then

() If f,f € L'(R), then
f1(&) =2migf(Z), CeR

(ii) Iftf € LY(R), then f is differentiable and

(@) = (—2mitf)"(¢), CeR
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(iii) If f,¢ € L'(R)
tAtdt:/At t) dt.
| Fwewm = [ fg
Let us now consider an important example, namely the Gaussian function. It
will play a central role throughout this work, not only because of its remarkable

properties in Fourier analysis, but also because of its optimal behavior in time-
frequency localization.

Example 2.18. Consider the Gaussian G(t) := e~ ", which is normalized so that
|G|l = 1. If we try to obtain G(&) by its definition, we run into a complicated
integral, so let’s try another way, using the properties of Theorem 2.17.

Notice that G satisfies the following differential equation:

G'(t) = —2mtG(t)
G(0) =1.
Taking Fourier transforms on both sides, we get
G'(¢) = (—21tG(1) (&)
and by applying (i) and (ii) of Theorem 2.17, we obtain
(2mig)G(Z) = —(iG)'(2).

Since G(0) = [ G(t)dt = 1, we see that G is also a solution of the system above.
Therefore, by uniqueness,

A

6(&) =™ = G(0).

We would like to see, as we saw in Fourier series, that we can reconstruct the
signal f from the set of frequencies f(&). The following theorem shows when it
can be done.

Theorem 2.19. (Inversion formula) Let f € L'(IR) be such that f € L'(R). Then

£(1) = /IR F(@) T dg ae. teR.

Moreover, the equality holds everywhere on the set of continuity points of f.

Corollary 2.20. (Uniqueness theorem) If f € L'(R) satisfies f(¢) = O a.e. & € R,
then f(t) = 0ae t € R

Remark 2.21. Applying the inversion formula twice shows that for f € L!(R)
such that f € LI(R), (f)(&) = f(—¢&) ae. F€R.
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2.4 Fourier transform in L2

If we give up on the Fourier transform being pointwise defined everywhere,
we can extend its definition to other spaces.

We would like to take advantage of the results seen for L!(IR) by applying
them to Lz(]R), which is a Hilbert space, something that will be convenient for the
Fourier analysis. However, not all L?2(R) functions are in L!(IR), so we have to see
first some results.

For functions in L!(R) N L?(IR), we have the following fundamental identity
known as Plancherel’s identity.

Theorem 2.22. If f € L' N L%(R) then | f|l2 = ||f]l2.

2.4.1 Construction of the Fourier transform in L2

We would like to drop the assumption f € L'(R) and extend the Fourier
transform to L?(IR). The idea is to approximate f by a sequence of functions in
L' N L? and pass to the limit.

Let f € L?(R). Since L' N L? is dense in L?, there exists a sequence f, € L' N L?
such that ||f, — f|l» == 0; a canonical choice is f, = f X[=ny]- For each f, the
Fourier transform f, is well defined. Moreover, by Theorem 2.22, the sequence
{fu}n is also Cauchy in L2:

I fu = fullz = | fu = full2 = O
Since L2(IR) is complete, the limit exists in L?, and we define
f= Jgr{}ofn in L2(R).

This definition is independent of the choice of the approximating sequence.
Indeed, if {gs}» C L' N L? is another sequence converging to f in L?, then by the
isometry of Theorem 2.22,

n—00

1fn = &nll2 = [lfa = gull2 < I fu = fll2+ I f = gull2 == 0,

so both sequences yield the same limit in L?.

2.4.2 Main results in L2

It is natural in signal theory to work in the space L?(IR), since functions f €
L%(IR) model signals with finite energy.
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Theorem 2.23. For f € L*(R)

(i) f(&) = Lim [" f(t)e 27 dt

(i) ||f|la = ||f|l2 (Plancherel’s identity)
(i) If g € L*(R), then
| Fwew ae= [ ft)g() ar

and

[ fsma= [ Fe)s@ ae

With the above definition of the Fourier transform in L?(RR), the inversion
formula also holds, but in the L2-sense.

Theorem 2.24. Let f € L*(R). Then (7)(—t) = f(t) as an identity in L*>(R). Equiva-
lently, the equality holds for almost every t € R. In particular,

f(t) = /]Rf((’;)EZmEt dc = nlgl;lo '/jln f(g)ezm'g’.t dg,

as a limit in L?(R).
Moreover, the equality holds for all t € IR where f is continuous.

Remark 2.25. Observe that, unlike the L' case, there is no need to have an extra
hypothesis that requires f € L'. In the L? case, it is enough to assume that
f € L2(R). Indeed, by Theorem 2.23, if f € L?(R), then automatically f € L%(R),
and the inversion formula holds in the L? sense.



Chapter 3

Introduction to Signal Theory:
Shannon’s Theorem and the Curse
of Uncertainty

Since Fourier introduced his ideas in the early 19th century, the Fourier trans-
form has proven to be far more than a theoretical construct. It is a powerful ana-
lytical tool with deep implications across mathematics, physics and engineering.
In this chapter, we discuss two classical results that illustrate this: the Heisenberg
uncertainty principle and the Shannon sampling theorem.

3.1 Heisenberg’s uncertainty principle

A natural question is whether a signal can be simultaneously well localized in
time and in frequency. The Fourier transform imposes a fundamental limitation:
the more concentrated f is in time, the more spread out f must be in frequency,
and vice versa. The following theorem makes this trade-off precise.

Theorem 3.1. (Heisenberg uncertainty principle)([8, Theorem 8.44]) Let f € L?(R)
and let a,b € R. Then

(/R(t—a)z‘f(t)p dt)l/z (/]R(g_b)z‘f@'z dg)

Moreover, the equality holds if and only if f is a Gaussian of the form f(t) = ce
for some ¢ € C and v > 0.

1/2 ”
>

13
47

27Tibte—'y(t—a)2

7

In quantum mechanics, f(t) represents the wave function of a system with
finite energy. The position and momentum of the particle are described by cor-
responding operators, and applying Plancherel to these reveals a fundamental

19
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constraint: the more precisely the position of a particle is known, the less pre-
cisely its momentum can be determined, and vice versa. This impossibility is one
of the most celebrated results in physics.

With this interpretation, the integral [ (t —a)?|f(t)|* dt is minimized when a
is the mean of the particle’s position; in that case, the integral represents the vari-
ance of the position. Therefore, Heisenberg’s uncertainty principle states that the
variance of position and momentum cannot both be arbitrarily small, but instead
satisfy a non-trivial lower bound.

Proof. Without loss of generality, we assume a = b = 0, which is justified by the
properties of the Fourier transform under translations and modulations. We can
also assume that tf(t), &f (&) € L2(R), since otherwise the inequality is trivially
satisfied and there is nothing to prove. Under these assumptions, we claim that
f,f € L'(R). Indeed, by the Cauchy-Schwarz inequality,

dt

Jfwide= a0y

< (farmrora)” ([ o)

where both factors on the right are finite by hypothesis. The same argument
applies to f. Since f € L'(IR), the Fourier inversion formula holds pointwise, and
the Riemann-Lebesgue lemma applied to f yields that f is continuous and satisfies

lim f(t) =

‘t|~>oo

Hence f € Cy(R).

By the assumption that ¢f € L2(R), we get, by the differentiation property of
the Fourier transform, that f'(¢) = (2mi¢)f(&) € L*(R). We can apply Plancherel
to deduce that f’ € L?(R), since

(IFRY = (f-F) = f-F+f-F=2Re(f- ).
Given c¢,d € R, such ¢ < d, we have, integrating by parts
d d
ZRe(/C EFOF (D) dt) — / t2Re(f(t)f’(t)) dt

= [P - [ P @)

It remains to show that the boundary term vanishes as ¢ — —oco and d — 4-oo.
Since tf(t) € L2(R), we have #2|f(t)|?> € L'(R), so there exist sequences c, \, —o0
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and d,, /* +co along which

c31|f(cn)|2 —0 and dfl|f(dn)]2 — 0.

dy
Since |t] |f(t)|> < % — 0, we conclude that {t|f(t)|2} — 0. Taking the limit

Cn

and substituting f'(t) = [(27i¢)f] "(t) on (3.1), we arrive at

JAf©Par = —2Re [ tF(1)[rie) (1) = —4mim [ 10N (1)t

This proves that the integral

JOIEROL
is purely imaginary. Hence, squaring both sides and applying the Cauchy-Schwarz
inequality together with Plancherel’s identity, we obtain

2
If1I2 < 167

[ OG0t

<162 ( [ 2lroPa) ([ 1eh oFa)
=16 ( [ lrorar) ([ @iferac).

Notice that the Cauchy-Schwarz inequality holds as an identity when both
terms are dependent. In our case, that means that when tf(t) and f'(t) are linearly
dependent, we have an identity. This leads to the ODE tf(t) = «f'(t) for some
7 € R, whose solutions are the Gaussians f(t) = Ce“’tz, for some constant C € R.
The condition y < 0 is necessary to ensure f € L?>(R). This identifies the Gaussian
functions as the unique optimizers of the Heisenberg uncertainty principle, further
illustrating the central role they play in Fourier analysis. O

3.2 Shannon sampling theorem

In digital signal processing, any continuous signal must be discretized into a
sequence of samples before it can be stored or transmitted. A fundamental ques-
tion then arises: how many samples per unit time are needed to faithfully repre-
sent the original signal? The Shannon Sampling Theorem answers this precisely,
giving sufficient conditions under which no information is lost and the original
signal can be perfectly recovered.
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Theorem 3.2. (The Kotelnikov-Shannon-Whittaker theorem)([8, Theorem 8.41])
Let f € L*(R) with supp f C [—7,7]. Then f can be completely recovered from its
samples { f(k/27) }xez through the cardinal series

fHy =13 f<2kr> sinc {2’[(1‘— ZI;)] (3.2)

kez
/(z0)

In this context, f(t) is a continuous signal of finite energy whose Fourier trans-

sin(7tt)

e Moreover,

where sinc(t) =

1 2

I£13= [ 1F0Pat =5 3

kezZ

form is supported on [—7, T], meaning it contains no frequencies above T. Such
a signal is called band-limited, a natural assumption in practice. The quantity 27
is known as the Nyquist rate: sampling below this threshold causes aliasing, a
distortion where high frequencies are misrepresented as lower ones, and perfect
reconstruction is no longer possible.

The human ear, for instance, is sensitive only to frequencies between 20 Hz
and 20 kHz. Since the Nyquist rate requires sampling at least twice the highest
frequency present, faithfully capturing this range demands a sampling rate of at
least 40 kHz. The CD standard uses 44.1 kHz, leaving a small margin to account
for imperfections in practice.

Although the assumption of band-limitedness is mathematically convenient,
it has some counterintuitive consequences. Indeed, if f € LZ(IR) is band-limited,
then it can be extended to an entire function on C. In particular, such a func-
tion can only vanish on a discrete set with no accumulation points, unless it is
identically zero. Thus, a non-trivial band-limited signal cannot vanish on any in-
terval and must, in a sense, be non-zero for all time. This stands in contrast with
physical intuition, since real-world signals, such as a piece of music, have a begin-
ning and an end. The resolution of this apparent paradox is that band-limitedness
is an idealization: in practice, signals are only approximately band-limited, and
any perfect reconstruction result necessarily relies on assumptions that cannot be
exactly satisfied in reality.

Proof. We see by Plancherel’s identity that f € L?[—T, 1]

718 = [ \F@Fdz= [ 1F@Pdz =171 <+

Since {e!7"¢},cz is an orthonormal basis of L2[—T, 7| (see Remark 2.8), we can
write

f(‘:) = Z Ckei%kg,

keZ
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where, by the inversion formula,

AT 1 T o4 $ 7T 1 ~ - k 1 k
o Z?kg —_ — _Z?kg p— _27.[176 —_ _
o= (f, ) = o | f(§)eT 0 dE = /R f(@)e?=tds = - ( 2T>.
Then, again, by the inversion formula,

f(t) = /]Rf(g)ezniét ¢ = _TTf(C)ezm'gt 4 = Z G /T ezni§(£+t)d€-

kez -T
= Lot () [
ez 2T 2t ) J-¢
Since
(K ¢=t1
/T (4 +) g — {ezmg(zm]
-7 B ik t)
271 <2T + -
eZm‘T(ZLTﬂf) _ e*ZT[iT(%‘Ft)
2i (£ +1)
sin(an (% + t)) k
= p :2Tsinc<2T <2T+t>>,
we get

0= (- Yo (£ 41)).

which after replacing k by —k gives (3.2). In order to prove (3.3), observe that by
k
()

()

A2 I T e e ST
=B = 57 | 1F@FdE = 1713

Plancherel’s identity for Fourier series

2 1 2

~ (2072

Z ’Ck‘z = (2'15)2

keZ

)3

kezZ

where in the second equality we used that k — —k is a bijection on Z.
Thus, by Plancherel (for L?(IR))
k
/(z)

as stated. O

2

o 1
LAz = 11712 =5 X

keZ

4



Chapter 4

The short-time Fourier transform

The Fourier transform provides a global picture of a signal’s frequency con-
tent: for each frequency, it integrates the signal over the entire time axis, yielding
a single coefficient that captures how much of that frequency is present globally.
This representation discards all temporal information; we cannot tell when a par-
ticular frequency occurs. In many applications, however, this is precisely what we
care about: not just which frequencies are present, but how the frequency content
of a signal evolves over time.

A simple example illustrates this loss of temporal information. Consider a
signal f that has its content only on a bounded interval [—a, 4|, modeled by the
characteristic function f = x[_,,- Its Fourier transform is

. a . in(2
() = / e2MES ds = sin(276a) _ 2asinc(2¢a),
—a ¢
which decays only as |¢| !, a slow decay that spreads energy across the entire fre-
quency axis. All we are left with is a global average: we can see which frequencies
are present, but have lost any trace of when they occur.

A natural first attempt is to localize the analysis by windowing: rather than in-
tegrating over all time, we multiply the signal by a compactly supported window
function centered at some time fj, and then compute the Fourier transform of the
result. This is the central idea behind the Short-Time Fourier Transform (STFT).
By sliding the window across time, we obtain a two-dimensional representation
that describes, at each time instant, the local frequency content of the signal.

One might hope to make the window arbitrarily small to achieve precise lo-
calization in both time and frequency simultaneously. This turns out to be fun-

24
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damentally impossible. The uncertainty principle imposes a hard lower bound on
the product of the time spread and the frequency spread of any windowed analy-
sis: the more precisely we localize in time, the more spread out the representation
becomes in frequency, and vice versa.

With this motivation in mind, we proceed to introduce the Short-Time Fourier
Transform in both its continuous and discrete-time formulations, and we conclude
the chapter with a celebrated result that makes the uncertainty principle precise
in the context of signal expansions: the Balian-Low theorem.

41 The short-time Fourier transform (STFT)

Definition 4.1. Let f,¢ € L*(R) and let ¢ # 0 be a fixed function, called window
function. The short-time Fourier transform (STFT) of f with respect to g is defined as

Vef(t,2) = [ Fe) gl =B e ds,

that is, the Fourier transform of the function f 7;g.

Figure 4.1: The short-time Fourier transform (see [5], p. 39).

Typically, the function g is chosen to be compactly supported and centered
around 0. In that case, for each t, the STFT V, f (t,) is the Fourier transform of a
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segment of f centered around ¢.

It is often convenient to think in terms of time-frequency shifts in the complex
plane. Let z = t +i¢ € C and define

m(2)g(s) = g(s — 1)e?™ = Mug(s).

With this definition,

Vef(t:8) = [ F(6)n(Z)8(S) ds = (£, Meig). (@1)

An equivalent form of the STFT is the fundamental identity of time-frequency
analysis:
Vef(t,8) = e M Vef(E,—t), tIER

It combines both f and f into a joint time-frequency representation. The iden-
tity tells us that the STFT of f with window g is essentially the same as the
STFT of f with window ¢, up to a phase factor e~>™¢ and a swap of variables
(t,&) — (¢, —t). In other words, time and frequency play symmetric roles in the
STFT, which is not obvious from the definition. The identity follows directly from
the properties of the Fourier transform and Plancherel’s theorem.

We now present another well-known property of the STFT.

Proposition 4.2. (Covariance property) Whenever V, f is defined, we have

Vo(tuMy f)(t,&) = e 7V f(t —u, & — 1), t&u,n€eR.

The result is obtained by inserting 7;M:f into the definition of the STFT and
performing a change of variables.

Example 4.3. When thinking about taking short segments as windows one could
consider to simply truncate the signal over the interval of interest using a charac-
teristic function. Let 4 > 0, and consider the window ¢ = % X|-a,a)- The STFT of a
function f with this window is given by

1 . 1 rt+a _
ng(t/ &) = /]Rf(s) ZTZX[,M](S —t) e 27mEs o — Z/ f(s)efzmés ds,

t—a

which is the ¢-frequency content of f over the time interval [t — a,t + 4], the kind
of joint time-frequency information we are after. However, as we saw above, the
sharp discontinuities of x|_,, at +a spread energy across all frequencies and in-
troduce artificial oscillations that corrupt the analysis. Therefore, smoother func-
tions, like Schwartz functions or the Gaussian, are better suited in practice.
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4.2 Orthogonality relations and inversion formula

Due to its close relationship with the Fourier transform, the short-time Fourier
transform shares some analogous properties. In particular, the following theorem
on inner products of STFTs can be viewed as a counterpart to Plancherel’s theorem
and constitutes a fundamental result in the theory.

Theorem 4.4. (Orthogonality theorem) Let fi, f2,91,82 € L*(R). Then Ve, fi €
L?*(R?) for j = 1,2 and

(Ve f1, Vo, f2) 122y = (f1, f2) (81, 82)-
In particular, taking g1 = g» = g for a window with ||g|j> =1,
<ng1:ng2>L2(1RZ) = <f1/f2>L2(lR)

and Vy : L2(R) — L?(IR?) is an isometry.

Proof. Assume that g1,8> € (L' N L*)(R) C L*(R). Notice that f; - 7:g; € L*(RR)
forallt € R,j=1,2, and that

Vf(t2) = [ F)gG =D e ds = (£-78)" (@),

Then, by Plancherel on the ¢-integral,

Voo Ve by = [ [ (Fr-730) (@) (2 iga) " () dd
= [ [ A6 8= fa(s) gals — ) dsat
— [ ARG ([ a6l —dr)as

= (f1, f2) (1, 82)-

The extension to a general g; € L*(R) is done by a standard density argument
(see [5], p. 329). Fixing a window g1 € (L' N L*)(R), the map g — (V, f1, Vg, f2)
is a linear functional coinciding with (f1, f2)(g1, g2) on the dense subspace L' N L*.
It is therefore bounded and extends to all g» € L?>(R). Analogously, for arbitrary
fi,f» and g» € L%(R), the conjugate linear functional g1 — (Vg, f1, Vg, f2) equals
(f1, f2){(g1,82) on L' N L* and extends to all L?.

The orthogonality relations are therefore established for all fj, ¢; € L*(R). [
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It follows from this result that f is completely determined by V;f. Moreover,
the implication

Vof (£8) = (f Mug) =0 VhEER — f=0

is equivalent to saying that for each ¢ € L?(R) the set {M;1;¢ : t,{ € R} spans
a dense subspace in L2(R). However, this still leaves open the question of how f
can be recovered from V, f.

For the formulation of the inversion formula, we briefly recall the notion of a
vector-valued integral. Let B be a Banach space and let ¢ : RY — B be a function
taking values in B. An expression of the form

/., 8(x)dx

is understood in the weak sense: an element F € B has a representation

F= | g(x)dx

R4
if
(E) = [ (g(x),h) dx

for every h € B*, whenever the scalar integral on the right-hand side is well
defined.

In the particular case considered below, the Banach space will be B = L?(R),
and the inversion formula for the STFT will therefore be interpreted in this weak
sense.

Theorem 4.5. (Inversion formula for the STFT) Let g,y € L?(R) with (g,v) # 0.
Then, for all f € L2(R),

f(t):<r;g> [ [ vefs0) Mema(nydcds, te R 42)

In particular, if ¢ = y and ||g|l» = 1,

0= [ [ Vef(s,8) Memg(t) dgds, ¢ € R,

Proof. Since Vyf € L?(IR?), the function

~ 1
i =rs /R /R Vof(s,&) Metoy(t)deds, tER,
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is well-defined in L?(IR), in the sense that for all i € L2(IR), the product

1
(v,8)

is finite. As a consequence of the Cauchy-Schwarz inequality and the orthogonal-

<f/h> =

/R /]R V£ (s, &) (Mo, h) dE ds 4.3)

ity theorem we obtain the following bound:

) = |t [ Ve te, 8 Vo ©) deas

< 1
~ r gl

1
Vefl2 Vo2 = ——r h :
Ve fllz2 [[Vahl2 ,<%g>,HszHgHzH (1

Therefore, by the Riesz representation theorem (see [7], p. 188), f is given by a
function in L?(RR). We shall be done as soon as we show that this function is f,
that is, that

(f,h) = (f,h) Vhe L*(R).

From (4.3) and the orthogonality theorem we have
. 1
)y = o | [ Vef(s,8) (h M) dC ds
Fo) = [ Ve (5,0) O Mo dg

- <;@/]R/Rvgf(s,a;) Vyh(s, &) d¢ ds

1
1
= 5, ) &m = (),

as desired. O

Remark 4.6. The inversion formula shows that f can be expressed as a continuous
superposition of time-frequency shifts with the STFT as a weight function. In
this way, (4.2) is similar to the inversion formula for the Fourier transform, that is,
f(t) = Jg f(&)e?™t dE. Nonetheless, in the Fourier transform case, the elementary
functions are exponentials ¢2™¢, which are not in L?(R), while in the STFT case,
the elementary functions M;7;7y are particularly nice functions in L?>(R). This
is desirable for two reasons: first, the STFT coefficients V,f(t,5) = (f, MT:g)
are well-defined as L? inner products, without appealing to distribution theory;
second, the inversion formula is a norm-convergent integral in L?(R), giving the
reconstruction of f a precise and stable meaning.

The inversion formula theorem gives us a clue of what kind of time-frequency
analysis is possible despite the uncertainty principle. Suppose that ¢ is concen-
trated on T C R, meaning that the integral of |g|? outside of T is very small,
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and ¢ is concentrated on () C R. Then, M;T;g is concentrated on t + T and its
Fourier transform on ¢ + Q. Thus Mg7;g occupies the cell (t +T) x (¢ + Q) in the
time-frequency plane, and the size of V,f(t,{) measures the contribution of this
time-frequency atom in the decomposition of f. The uncertainty principle limits
the possible time-frequency concentration to |T||Q}| 2 1.

We can now understand the role played by the window in the properties of the
STFT. Good time resolution requires a window with small support, but this comes
at the price of a poor frequency resolution due to the uncertainty principle. In the
same way, good frequency resolution by means of a band-limited window implies
poor resolution in time.

These brief remarks demonstrate the influence of the window on the time-
frequency properties of the STFT. In practice, one chooses a window such that both
g and ¢ decay rapidly, in order to achieve as much time-frequency concentration
as possible. The choice of the Gaussian function as a window is thus canonical.

In summary, the time-frequency analysis of a signal f with a normalized win-
dow g consists of three main steps:

1. Analysis: Given the signal f, we compute its STFT with respect to a suitable
window g, thatis, f — Vf.

2. Processing: Vo f(t,¢) is modified to obtain a new function F(t, ) through op-
erations such as truncation, separation of signal components, compression,
among others.

3. Synthesis: The processed signal is reconstructed using the modified inversion
formula

7t = [[ F(s,6) Memg(t) dsde

with respect to an appropriate synthesis window g. Note that different win-
dows may be used for analysis and synthesis.

4.3 Space discretization

So far, we have discussed continuous time-frequency analysis only. In practice,
however, this is not really useful. In applications, one would like to work with
a finite or countable set of samples to recover a signal; let’s see if that is truly
possible or not.

Consider again the inversion formula (4.2) for the STFT. This is a continuous
approach to f with respect to the uncountable system of elementary functions
{M;tg : (&) € R?}. Nonetheless, as L*(R) is a separable Hilbert space, it
admits a countable orthonormal basis. Then, a series expansion with respect to
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a countable subset of time-frequency shifts should be enough to recover every
f € L*(R), in the spirit of Shannon’s formula for band-limited functions.

Let’s begin with a simple case. We choose the characteristic function g(t) =
X[-1/21,2)(t) as window to discretize the space. Since g(t — 1) = X[u—1/21+1/2),
we can split our continuous signal f in little segments the following way:

ft)y=Y f(t)g(t—n), teR. (4.4)
nez
Since f € L?(R), each localized piece is also in L?(IR), so we also have f &
L*([n —1/2,n+1/2)) for all n € Z. Since we are now working on intervals of
length 1, we use the orthonormal basis {€?™*},c of L?([0,1]) (translated to the
corresponding interval), rather than the basis {e/};cz of L?([0,27]). Therefore,
we can write f as a Fourier series

f) =Y ™, ten—-1/2,n+1/2],
keZ

where
n+1/2

k= (f,eZ”ikt> = i f(s)e_zm‘kS ds = /]Rf(s)g(s —n)e 2Tk ds = Vof(n, k).

Thus, on [n —1/2,1n+ 1/2] we have the representation

f(t) — 2 ng(n, k)eZm'kt,

kezZ

and, going back to (4.4)

f(t) = Z Z Vef(n,k) ezmktg(t —n) = Z Vef(n, k) Myt,g(t). 4.5)

neZ keZ nkeZ

We can summarize all this in the following proposition.

Proposition 4.7. Let ¢ = X 11y The system { MyTug }nkez is an orthonormal basis
~22

)
of L>(R). In particular, for all f € L?>(R),

f: Z ng(i’l,k) Mang: Z <f/Mang> Mang,

nkez nkeZ

and

IFIE =) IVef(n k).

nkeZ
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Proof. It is clear that { My 7,8}, kez is an orthogonal system. To begin with, My T,g
is just a translation and a modulation of an L? function, so it belongs to L?(IR) and
|| MkTngll2 = ||g]l2 = 1. The orthogonality is also clear. For n # m, the supports of
M;1,¢ and M;T,g are disjoint, hence (My1,8, M;Tng) = 0. Also, for n = m,

n+1/2

(MTng, MjTug) :/ M gt = 5y
n—1/2

On the other hand, we have seen in (4.5) that { M7, }, kez is a generating system.
Finally, by Parseval on each interval [n —1/2,n+1/2],

1A= X [7 IO E = T ¥ 1%k

nez neZ kez

4.4 Balian-Low Theorem

Given the previous result, a natural question comes up to mind: can we obtain
an orthonormal basis using a more suitable window than the characteristic func-
tion, which is far from optimal? As the Heisenberg uncertainty principle suggests,
the Gaussian is the optimizer of the time-frequency concentration inequality, and
so it is the first candidate one might try. The following theorem, however, dashes
any hope of constructing such a basis with a well-localized window.

Theorem 4.8. (Balian-Low)([1, Theorem 1.1]) Let ¢ € L?(R) be a window function.
Discretize Mg1;g on a lattice aZ x bZ, where a,b > 0 and ab = 1 (a = b = 1 is the
canonical case).

If the system { MyxTang }n kez forms an orthonormal basis of L*>(R), then

(/]th‘g(t)Izdt> </1R§2|§(C)|2d§) _

Remark 4.9. The Balian-Low theorem is a particular manifestation of the Heisen-
berg uncertainty principle: if {MyTing}nrez is a basis of L*(R), the window g
cannot be simultaneously concentrated in time and frequency:.

As we have shown in the introduction of the chapter, if we choose the charac-
teristic function
8(t) = X[-1/21/2) (1),
then its Fourier transform is given by

$(¢) = /1/2 e~ 27l 4t — sin7(r7g§) = sinc(§).

-1/2
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Hence,
57 |2 sin(7¢)
Jletg@rde = [ 1el| >

so the second integral appearing in the Balian-Low theorem diverges. This is
consistent with the fact that the characteristic window does generate a basis for
L% (R).

The Gaussian, on the other hand, has the remarkable property that its Fourier
transform is again a Gaussian. In particular, if

2
d¢ = oo,

p(t) =2/,

then
P(8) = 9(2),

and consequently both integrals appearing in the Balian-Low theorem are finite:

J e <o, [ 12R19()PdE < o
R R

Therefore, the theorem rules out the possibility of constructing a basis for L?(IR)
using a Gaussian window.

Nevertheless, the impossibility of obtaining a basis from the Gaussian does
not extinguish the hope for a meaningful time-frequency representation. Rather,
it suggests that the notion of basis is too restrictive in this setting and that some of
the hypotheses must be relaxed. In the following chapter, we will see how the the-
ory of frames provides a natural way to overcome this obstruction, allowing stable
and redundant expansions generated by Gaussian windows and, more generally,
by suitable Gabor systems.

Proof. Without loss of generality, consider 2 = b = 1; the general case can be
proved similarly. Under this assumption, the system takes the form

Snk(t) = MiTog(t) = ezmktg(t —n).

We introduce the position and momentum operators from quantum mechanics,

defined by:
1
X(f(B) =tf(t),  P(f(t) = 5=f().

By Theorem 2.17 (i), Pg is equivalent, looking at the Fourier side, to {g. For the
proof to be non-trivial, we assume that both Xg and Pg belong to L?(R); otherwise
the conclusion holds immediately.

Notice that these operators are self-adjoint: on the one hand, for f,h € L?(R),

we have

(X = [ (Rt = (£, Xn).
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On the other hand, since f,h € L?(R), there exist sequences a, — —oo and b, —
+o0 such that f(a,) — 0, f(b,) — 0, h(a,) — 0, and h(b,) — 0. Hence, writing
the integral as a limit over finite intervals and integrating by parts, we obtain

(P = tim [ - () () dt

n—oo J, = 27Ti

- lim <21m[f(t)h(t)K: —/ab %m.f(t) h(t) dt>

) b 1
= — lim —_—
n—oeo Jq 2711

1 /
- /R F(8) 5 h (1) i
— (f,Ph).

Notice that, by the choice of 4, and b,, the boundary term satisfies

(1) R (E) dt

n
— 0 asn — oo.

To proceed, we recall that {M;T,¢} ez is an orthonormal basis of L?(RR) by
hypothesis, so we may expand

Xg= ) (X8 MxTug) MxTug
nkez

Pg= Y (Pg, MTug) MiTug.
nkez

Applying linearity and orthonormality of the basis,

(Xg,Pg) = Y (Xg Mk1ug) (MiTug, Pg).
nkeZ

To continue with the proof we will first have to state a claim, which is just a
computation.

Claim: (Xg, My1ng) = (M_7-,8,Xg) and (My1,8, Pg) = (Pg, M _T_g).

Assuming this, and noting that {M_;7_,g}, ez is simply a re-indexing of the
same orthonormal basis, we obtain

(Xg,Pg) = Y (Pg,M_iT_ng)(M_x7_ng, Xg) = (Pg, Xg) (4.6)
nkeZ
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We have seen that both operators are self-adjoint. Notice that,

(PX  XP)g(t) = Pl1g(1) - X( 51'(1))

_ 1 iy by = L
and therefore,
_ 1 2
((PX —XP)g, &) = Tm-HgHz- (4.7)

However, since both X and P are self-adjoint, equation (4.6) gives (Xg, Pg) =
(Pg, Xg), which implies
(PXg,8) = (XPg,g),

and hence
((PX—XP)g,8) =0,

which contradicts equation (4.7).

It remains to prove the claim. We prove the first identity; the second follows
by an analogous argument.

By self-adjointness of X,

(Xg, MxTug) = (8, XMyTug)-
A direct computation gives

XM;1,g(t) = te¥ gt —n) = ne? Mo (t —n) 4 (t — n)e*™*g(t —n)
= nMy1,8(t) + My, (Xg)(£),

and therefore
(Xg, Mytug) = n(g, Mxtug) + (g, MyTu(Xg)).

Since § = MyT1pg, the orthogonality of the system {M;7,g},kez shows that
n(g, Mxt,g) is always 0, as the scalar product is always zero except for k = n =0,
but the factor n makes the term vanish when n = 0. Then, finally

(Xg, Mitug) = (8, Mia(Xg)) = [ 8(t) 2™ (Xg)(t ) s

= [ s m)e 2 Xg(s)ds = (Mg, Xg).



Chapter 5

Gabor frames

So far, we have seen that the system { My Tang }nkez (4,0 > 0,ab = 1), known
as the Gabor system, cannot simultaneously form a basis and be well localized both
in time and frequency, as highlighted by the Balian-Low theorem discussed in the
previous chapter. Nevertheless, in practice one would still like to achieve stable
reconstruction of signals while preserving, as much as possible, the optimal time-
frequency localization provided by the Gaussian function. Indeed, the Gaussian is
distinguished by the fact that both the function g and its Fourier transform § are
simultaneously optimally localized, in the sense that it minimizes the uncertainty
principle.

This motivates relaxing the requirement of a basis, what leads naturally to the
notion of a frame, which allows us to continue developing a robust time-frequency
representation framework.

Guided by this motivation, we begin by introducing the notion of frames and
the basic operators associated with them. We then state the Daubechies and Gross-
mann theorem on lattice Gabor frames and gradually develop the necessary tools
for its proof. In particular, we introduce the Bargmann-Fock space and establish
several auxiliary results that reveal a chain of equivalences connecting the differ-
ent perspectives involved. Finally, all these ingredients come together in a sketch
of the proof of the Daubechies-Grossmann theorem to conclude this work.

5.1 Frames

We would like to write, letting ¢, x = My Tang, an expansion of the form

f: Z Cn,k(f) Mkatmg: Z Cn,k(f) Sn ks

nkeZ nkez

where the total energy || f||2 can be recovered from the coefficients ¢, ¢ (f).

36
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However, as we have already seen, a Gabor system does not in general provide
an exact characterization of the energy of a signal f.
Recall that

Ve f(an, bk) = (f, MprTang) = (fr 8nk)-

Therefore, if we want the system {g,  } n kez to capture most of the energy of every
f € L*(R), it is natural to require the existence of a constant A > 0 such that

AlfIE < ) IVef(an, bi)[> = 3 [{f. gl

nkez nkez

On the other hand, we also want to avoid excessive redundancy in the repre-
sentation. In particular, we would like the coefficients to remain controlled, which
leads to the requirement that there exists B > 0 such that

Y [{fogni) P =) [Vef(an,bk)]> < B| f]3.

nkezZ nkeZ

Together, these two inequalities provide a more flexible and robust alternative
to orthonormal bases. Indeed, frames allow for redundancy while still ensuring
stable reconstruction. For example, duplicating the elements of {g, x}nkez still
preserves the validity of the inequalities above. This stability under redundancy
is one of the key features that makes frames particularly useful in applications.

Definition 5.1. A sequence {¢; : j € ]} in a separable Hilbert space # is called a
frame if there exist constants A, B > 0 such that

AlfIE < Y1 f.e)? <BIfIS, Y eH. (5.1)
j€l
Any two constants A, B satisfying (5.1) are called frame bounds. If A = B, then
{ej :j €]} is called a tight frame.

In general, the elements of a frame are neither orthogonal nor linearly inde-
pendent.
In particular, we are interested in frames of the form

{8nitnkez = {MpkTang} n ez,

known as Gabor frames, in the Hilbert space L?(R), where ¢ is a fixed window
function (typically a Gaussian).

Notice that every orthonormal basis is a frame with A = B = 1, although the
converse is not true.

Having introduced the notion of a frame, we now study how signals can be
reconstructed from their frame coefficients.
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5.2 Frame operators

In general, given a subset {¢; : j € J} C H, consider the operators defined by
the action on f € H and the sequence ¢ = {c;}; C C in the following way:

C(f) = {(f,¢j) }je; (analysis operator)

S(c) =) _cjej (synthesis operator)
i€]
T(f) =) (f.¢j)ej (frame operator)
i€l
In this chapter, unless otherwise specified, | - || denotes the operator norm. The

following propositions collect some important properties of the analysis, synthesis,
and frame operators.

Proposition 5.2. Suppose that {e; : j € ]} is a frame for H with frame bounds A, B.
Then,

a) C is a bounded operator from H to (>(]) with closed range.
b) The operators C and S are adjoint to each other; that is, S = C*. Consequently S

extends to a bounded operator from (2 into H with

<VBc|lp,  ce > (5.2)
H

15(e) Il =

Y cjej
]

c) The frame operator T = C*C = S§S* maps H onto H and is a positive invertible
operator satisfying

A-I<T<B-I, Bl.i<Tl<Al.1

Note: Tt can be seen that the optimal frame bounds are B,,; = ||T| and A,y =
T4

Proof. (a) It is clear that C(f) € ¢?> and ||C|| < v/B, by the second inequality in
(5.1). That C has closed range is a consequence of the first inequality V/A||f|# <
IC(H)]l2 in (5.1): if {C(fu)}n — a in £2, then {f,}, is a Cauchy sequence in H.
Hence, there exists f € H such that f, — f.

We now show that C(f) = a. Indeed, using the boundedness of C, we have

IC(f) —alle < NIC(f) = C(fu)ll2 + IC(fa) — all 2
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and since C is bounded,

IC(f) = C(f)lle < VBIf = fulln-
Therefore,
IC(f) —alle < VBIIf = fullu + IC(fa) — ]l 2.

Letting n — oo yields C(f) = a.
(b) Let ¢ = {c;}; be a finite sequence. Then, for every f € H,

(C(0).f) = {e.C(N) = Lejlfre) = <zc]-e,»,f> = (5(c). f).
) )

Since finite sequences are dense in /2 and C is bounded with ||C|| < V/B, it
follows that S extends uniquely to a bounded operator S : 2 — H satisfying
S=C" and |S||=C| < VB

(c) By definition, T = C*C = SS5*, and therefore T is self-adjoint:

T* = (C*C)*=C*C=T

and positive:
(Tx,x) = (C*Cx,x) = (Cx,Cx) = ||Cx[|% > 0

Since,

(T, 1) = Dl e, 53
]
the frame inequality (5.1) is precisely A-I < T < B-I. Also, T is invertible since

Allfll (T f)

implies that T is bounded below. Hence T is injective and has closed range. More-
over,
(RanT)* = Ker(T*) = Ker(T) = {0},

since T is self-adjoint. Therefore Ran T is dense. Being both dense and closed, we
conclude that Ran T = H, and hence T is invertible.

Since the previous inequalities are preserved under multiplication by positive
commuting operators, we obtain A - T-1<TT1<B-T71, as desired. O

Statement (b) shows that }_ cje; is well defined for arbitrary {%-sequences, even

i€l
though the frame vectors ¢; are not orthogonal in general. Proposition 5.2 provides
a weak definition of such non-orthogonal series. To understand the convergence

properties of the non-orthogonal series }’ cje; better, we exploit Proposition 5.2
i€l
further.
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Corollary 5.3. Let {ej : j € |} be a frame for H. If f = Y cje; for some ¢ € (*(]), then
i€l

for every € > 0 there exists a finite subset Fy = Fy(e) C ] such that for every finite subset
F C Jwith Fy C F

Hf - Lee|| <e

jeF

H

We say that the series ) cje; converges unconditionally to f € H.
j€l

Proof. Choose a finite set Fy C | such that
2
€
Z |C]"2 < E
j¢Fy

Let F C ] be any finite set satisfying Fy C F, and define cp = ¢ - xr € £2(]).
Then, Y icr cje; = S(cr), and applying (5.2), we obtain

= 1IS(c) = S(ep)lln = 1S(c —cr) I
H

1/2
< B'2||lc —c¢||p = B! (Z |Cj|2> :

j¢F

Hf— ) cjej

jeF

Since Fy C F, we have
2
YolglP < Y Il < B
j&F j¢F
and therefore

'f—chej <e.

jeF

H
O

Unconditional convergence is the most natural notion of convergence for non-
orthogonal series over general, unstructured index sets, since in this setting there
is no canonical ordering and convergence must therefore be independent of how
the terms are grouped or summed.

As another consequence of Proposition 5.2 we obtain a reconstruction formula
for f from the frame coefficients (f,¢;).
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Corollary 5.4. If {¢; : j € ]} is a frame with frame bounds A,B > 0, then {T e; : j € J}
is also a frame (called the dual frame), with frame bounds A=',B~! > 0. Every f € H
has non-orthogonal expansions

f=Y(6T"

i€l

and

f=Y {fe))T e,

i€l
where both sums converge unconditionally in H.

Proof. First observe that by the self-adjointness of T and by (5.3)

(T fy=(fTf) =(T(T ), T f) = (T fep) P =} I(f, T

j€l je]

Therefore, Proposition 5.2 (c) implies that

BUIfIG < (T f) = LI T e P < A7 113

j€J

Thus the collection {T~'¢; : j € J} is a frame with frame bounds A~! and B~.
Using the factorization I = TT-1 = T71T, we obtain the series expansions

f=T(Tf) =Y AT fre)e; = Y (f. T 'ej)e;.

j€l j€]
and
f=TNTf) =Y (f,e)T e
j€l
Because both {(f,¢;) } and {(f, T~ 'e;) } are in £?(]), both series converge uncondi-
tionally by Corollary 5.3. O

Thus, we can represent f in terms of the frame {e;} <, but the coefficients are
expressed with respect to the dual frame rather than the original one. If {¢;};c; is
an orthonormal basis, then T = I, and the dual frame coincides with the original
frame.

5.3 Daubechies and Grossmann Theorem

After the Balian-Low theorem, a natural question arises: for the Gaussian win-
dow G and a lattice aZ x bZ in the time-frequency plane, when does the system
{MpTnG}, kez form a frame? This is equivalent to asking when sampling on the
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lattice allows one to fully encode a signal and recover it via the corresponding
dual frame representation, which has been our goal throughout this work.
The following theorem brings light into this darkness.

Theorem 5.5. (Daubechies-Grossmann; Seip)([5, Theorem 7.5.3]) Let G(t) = 21/ 4p—nit?
be the normalized Gaussian, and let a,b > 0. The system { My TanG }ykez is a frame if
and only if ab < 1.

Notice that ab is the area of a cell of the lattice. Therefore, the condition ab < 1
tells us that the lattice has to be more densely packed than Z2.

This density theorem can be reformulated as a density result for sampling
lattices in a specific class of entire functions, namely the Bargmann-Fock space.
Let us see how this works.

5.3.1 Bargmann-Fock space

Let ¢(x) = 214~ be the normalized Gaussian, so that [|¢|, = 1. A direct
computation gives

Vof(t,€) = 21/4/ F(s)e T e 2iEs g
R
g4 [ f(s)e e s g 5.4
R

_ o1/, mitg = E(P4E) / f(s)e—nszezns(t—ig)e—g(t—ig)z ds.
R

Now identify (t,&) € R? with the complex variable
z=t+1ig.
Then, comparing to (5.4) the following definition is quite natural.
Definition 5.6. The Bargmann transform of a function f € L?(IR) is the function Bf

on C defined by

2 w2

Bf(Z) :21/4 /]Rf(s)emrszfns —27 4s.

The importance of the Bargmann transform stems from the following proposi-
tion.

Proposition 5.7. Let z = t 4 if and let @(x) = 21/4e=™" Then

Vof(t,—&) = e™e 3ETE) (BF) ().
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The identity follows by comparing the last expression in (5.4) with the defini-
tion of the Bargmann transform.

The Bargmann-Fock space, F*(C), is the Hilbert space of all entire functions F
on C satisfying

_ 2
IF||% =/C\F(z>|2e 7l gy < oo,

Its inner product is given by
(F,G) 2 = / F(z)@e_"'z|2 dz.
C

A key proposition is the following.

Proposition 5.8. The Bargmann transform maps L?(R) into the space of entire functions
and satisfies

|22
£y = [ 1B @)Pe ™ dz = |1Bf 3.
In particular, B is an isometry from L*(R) onto F2(C).

Proof. The fact that Bf is entire is a direct application of Morera’s theorem.
By Theorem 4.4, and using Proposition 5.7

1132 = Vel me)
. - 2
= [ et +ig)e 5| arag
R
- / IBF(t+ig) P ) dr dg
R

— [ 1Bf(z)Pe 7 d.

5.3.2 Gabor systems and sampling sequences

The Bargmann transform allows us to reinterpret Gaussian Gabor systems as
sampling sequences for the Bargmann-Fock space.

A key concept in the reformulation of Theorem 5.5 is the notion of a sampling
set.

Definition 5.9. A discrete set A C C is called a sampling set for the Bargmann-Fock
space F2(C) if there exist constants A, B > 0 such that

AllF|% < Y [F(V)Pe ™M < B|[F|3.,  VF € FX(C).
AEA
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In the particular case in which the sequence is a lattice, we have the following
equivalence.

Proposition 5.10. Let I' = aZ + i bZ be a rectangular lattice in the complex plane. The
following are equivalent:

1. The Gaussian Gabor system

G(9,a,0) = {MpxTan@}n ez
is a frame for L?(R).
2. The lattice
I'=aZ +ibZ
is a sampling set for F2(C).
Proof. Recall that the Gaussian Gabor system is defined by

G(@,a,b) = {MyTan®}nez

where ¢ is the normalized Gaussian. A key observation is that the coefficients of
the frame expansion are given by the Short-Time Fourier Transform, as shown in
equation (4.1):

(f, My Tan) = Vo f (an, bk).

Therefore, the frame condition
AllflE < Y W Mtan) P < B fI13
nkeZ
can be rewritten as
Allfl3 < Y. 1Vpf(an, bk)[* < B fII3.
nkeZ

Thus, the frame property of the Gabor system is equivalent to a discrete sam-
pling condition for the STFT.
From Proposition 5.7, replacing ¢ by —¢, we obtain

Vof (1,8) = e ™ HEBf (e + i)
Hence
Vo f (an, bk) |2 = e @) B (an 4 ibk) 2.
Since B is an isometry by Proposition 5.8, letting F = Bf, the frame inequality
becomes
AlF|% < Y |Flan + ibk) Pe™@ %) < BF|I2,.
nkeZ

Therefore, the lattice T = aZ + i bZ is a sampling set for F2(C). O
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5.3.3 Seip’s density theorem

In a remarkable result, K. Seip gave a geometric characterization of sampling
sequences for the Bargmann-Fock space. For the statement we need an elementary
definition.

Definition 5.11. A sequence I = {7y, }new C C is said to be separated if there exists a
constant & > 0 such that

inf |y, — ym| > 0.
n#m

The following theorem, due to Seip and Wallstén [9, 10], gives a complete
characterization of sampling sets in the Bargmann-Fock space in terms of their
density.

Theorem 5.12 (Sampling Theorem; Seip-Wallstén). A separated sequence I C C is a
sampling set for F2(C) if and only if
(TN D(z,7))

D™ (T) := liminf inf #

> > 1.
r—oo  zeC Tr

The quantity D~ (T) is called the lower Beurling density of I'. Intuitively, it
measures the asymptotic number of points of I' per unit area. In the particular
case where I' is a lattice, all centers z € C play the same role in the limit: changing
the center of the disk may affect the number of points near the boundary, but this
boundary effect becomes negligible as r — co.

Thus, for a rectangular lattice I' = aZ + ibZ, the fundamental cell has area ab.
Hence, asymptotically, the number of lattice points contained in a region of area
A is approximately A/ (ab). Applying this to disks of area 7172, we obtain

mr?

#TND(z,r1)) ~ b

Therefore, the lower Beurling density is

D™ (T) = liminf inf #(I"O—Dz(z,r)) = l
r—o zeC r ab

Thus, Theorem 5.12 immediately yields the following corollary.
Corollary 5.13. Let I' = aZ + ibZ C C be a rectangular lattice. Then I is a sampling
set for F2(C) if and only if ab < 1, or equivalently, D~ (T) = 5 > 1.

This, combined with Proposition 5.10, proves the Daubechies-Grossmann the-
orem.
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5.3.4 Sketch of the proof of Seip’s theorem for a lattice
Proof. Assume that I' = aZ + i bZ. Consider its associated Weierstrass o-function:
or(z) =z [] (1—Z> exp <z+222>.
genior v L

This is an entire function whose zero set is I, and all its zeros are simple.
Moreover, for a rectangular lattice, one has the asymptotic estimate

lor(z)| = eZal? d(z,T),

where
A =area(l') = ab
and
d(z,T) = inf |z — 7|
(z,T) = inf |z — 7/
Consequently,

o7 (2) 272 < d(z,F)ze_”(l_%)‘Z‘Z. (5.5)

This estimate determines the behavior of the lattice as a sampling set.

We first prove that if I is sampling, then D~ (I') > 1. We argue by contraposi-
tion, showing that if D~ (T') < 1, then I is not sampling.

First suppose that D~ (T') < 1, equivalently, A > 1. Since

1—-—>0,

1
A
by (5.5), there exists ¢ > 0 such that

|Ze—7r\z\2 < e—c\z\z.

~v

lor(2)

Hence, the Weierstrass o-function is in F2(C).
But or vanishes on all of I'. Thus there exists a nonzero function in F2(C)
vanishing on the sampling set. Hence no inequality of the form

_ 2
Al[F|5 < Y [F(y) e
yerl

can hold. Therefore I’ is not sampling.
Next, consider the critical case D~ (I') = 1 (A = 1). Then, again by (5.5)

lor(2) e ™ < d(z,T)2.

Since this function is not integrable over C, we have ot ¢ F2(C).
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Thus, I' is a uniqueness set for the Bargmann-Fock space. However, it is still
not a sampling set. Indeed, if xr is a smooth cutoff equal to 1 on |z| < R and
supported in |z| < 2R, one may consider

Fr(z) = xr(z)or(z).

After solving a suitable d-equation to restore holomorphicity, one constructs
functions Gg € F2(C) satisfying

IRl F2 =<1,

while
Y [Gr(7)Pe ™ — 0.
yer

Hence the lower sampling inequality fails, and I' is not sampling when A = 1.

Considerable work is required to complete this outline.

Assume now that D~ (I') > 1 and let us see that I is a sampling set for the
Bargmann-Fock space.

Suppose that A < 1, equivalently D~ (I') > 1. In this regime, the estimate
shows that the weight becomes exponentially increasing, so that the sigma-function
cannot belong to F2(C). Consequently, one obtains the sampling inequalities for
I.

Let

Q =10,a) x [0,b)
be a fundamental cell of the lattice. Then every z € C can be written uniquely as
z=79(z)+w, v(z) €T, weQ.

Since Q is bounded, this provides a uniform decomposition of C into translates
of a compact set.

By an adapted version of the local mean-value property for entire functions,
for every r > 0 there exists a constant C, > 0 such that

IF(z)|%e ™ < C, / IF(w) %™ dm(w).
B(zr)

Applying this estimate near each lattice point and summing over I' (using that
the balls B(+y, r) have uniformly bounded overlap for fixed r) yields

_ 2 _ 2
Y IF(y)Pe ™ < Z/ IF(7)[Pe ™" dy < |IF||5.
yer yel B(v,r)
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Figure 5.1: Decomposition z = (z) + w in a rectangular lattice.

This gives the upper sampling inequality. To obtain the reverse inequality,
assume, by contradiction, that it fails. Then there exists a sequence (F,) C F2(C)
such that

[Eall 72 =1,

and

) |Fn(’y)|ze_"|7‘2 — 0 asn — oo.
yerl

Using compactness of normal families and reproducing-kernel estimates, one
extracts a subsequence converging locally uniformly to a function

F € F*(C).

Since |F,(7)[2e= ™" < ¥ |F,(7)[2e~ 77, the limit satisfies
yel

F(y) =0, yel.

Since A < 1, the density of the lattice exceeds the critical value, and the only
Fock-space function vanishing on I is the zero function. Hence

F=0.

This contradicts the normalization

|Fullze = 1.
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Therefore the lower sampling inequality holds:

_ 2
I3 S X [F(7) e
yel

Combining the upper and lower estimates yields

_ 2
AllF|5 < Y IF(n)[Pe ™ < B|IF| %,
yerl

and therefore I' is a sampling set. O

We have presented the proof only in the case of rectangular lattices, as this is
the setting relevant to the reduction of Daubechies and Grossmann’s theorem.

However, Seip’s density theorem holds in a much more general context. Rather
than being restricted to lattices, it applies to arbitrary separated sequences in C,
and therefore to unstructured discrete sets as well. In this sense, it is a consider-
ably stronger result and is of independent interest in the sampling theory of the
Bargmann-Fock space.

As a consequence, one obtains a corresponding characterization of Gaussian
Gabor frames beyond the lattice setting. Let I' = {,}{2; be a separated sequence
in C, with 7y = f; 4 iCx. Then, the Gaussian Gabor system { Mg, 7;, G}, is a frame
for L2(R) if and only if T is separated and satisfies D~ (') > 1.



Bibliography

[1] J.J. Benedetto, C. Heil and D.F. Walnut, Differentiation and the Balian—Low
Theorem, ]. Fourier Anal. Appl., 1, no. 4, (1995), 355-402.

[2] L. Carleson, On convergence and growth of partial sums of Fourier series, Acta
Mathematica, 116, (1966), 135-157.

[3] I. Daubechies and A. Grossmann, Frames in the Bargmann space of entire func-
tions, Commun. Pure Appl. Math., 41, no. 2, (1988), 151-164.

[4] J. Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics, 29,
American Mathematical Society, Providence, RI, (2001).

[5] K. Grochenig, Foundations of Time-Frequency Analysis, Applied and Numeri-
cal Harmonic Analysis, Birkhduser, Boston, (2001).

[6] C. Heil, History and Evolution of the Density Theorem for Gabor Frames, ].
Fourier Anal. Appl., 13, no. 2, (2007), 113-166.

[7] E. Kreyszig, Introductory Functional Analysis with Applications, Wiley Classics
Library, John Wiley & Sons, New York, (1989).

[8] M.C. Pereyra and L.A. Ward, Harmonic Analysis: From Fourier to Wavelets,
Student Mathematical Library, 63, American Mathematical Society, Provi-
dence, RI, (2012).

[9] K. Seip, Density theorems for sampling and interpolation in the Bargmann-Fock
space. I, ]. Reine Angew. Math., 429, (1992), 91-106.

[10] K. Seip and R. Wallstén, Density theorems for sampling and interpolation in the
Bargmann-Fock space. I, ]. Reine Angew. Math., 429, (1992), 107-114.

50



	Introduction
	Structure of the manuscript

	Preliminaries
	Hilbert Spaces
	Fourier Series
	Fourier integral
	Fourier transform in L2
	Construction of the Fourier transform in L2
	Main results in L2


	Introduction to Signal Theory: Shannon's Theorem and the Curse of Uncertainty
	Heisenberg's uncertainty principle
	Shannon sampling theorem

	The short-time Fourier transform
	The short-time Fourier transform (STFT)
	Orthogonality relations and inversion formula
	Space discretization
	Balian-Low Theorem

	Gabor frames
	Frames
	Frame operators
	Daubechies and Grossmann Theorem
	Bargmann-Fock space
	Gabor systems and sampling sequences
	Seip's density theorem
	Sketch of the proof of Seip's theorem for a lattice


	Bibliography

