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GENERALIZATION OF BROWDER'S FIXED POINT 

THEOREM AND ITS APPLICATIONS 

by 

EZIO MARCHI1 

and 

JUAN-ENRIQUE MARTÍNEZ-LEGAZ 

ABSTRACT. From an infinite dimensional version of a generalization, dueto Peleg, 

of the Knaster-Kuratowski-Mazurkiewicz's theorem, we obtain a generalization of Brow­

der's fixed point theorem, for multi-valued mappings from the product of a finite family of 

non-empty compact convex sets ( each in a Hausdorff topological vector space) into each 

of its factors. By applying this thorem, we deduce sorne Ky Fan type inequalities, from 

one of which a generalization of the Ky Fan's intersection theorem on sets with convex 

sections is obtained. 

I. INTRODUCTION 

The famous Knaster-Kuratowski-Mazurkiewicz's theorem is a fundamental result of 

nonlinear analysis. More than twenty years ago, Peleg, in a paper on the existence of 

equilibrium points in many-person games [10], gave an interesting generalization of this 

theorem, concerning closed subsets of a product of simplexes. But it seems that this result 

of Peleg has not been exploited in nonlinear analysis. The purpose of this paper is to 

obtain, from Peleg's theorem, sorne generalizations of fundamental results in this field. 

In Section 11, we give an infinite dimensional version of Peleg's theorem which is 

parallel to the Ky Fan's extension of Knaster-Kuratowski-Mazurkiewicz's theorem. 

1 The first author thanks to the "Dirección General de Investigación Científica y Técnica 

(DGICYT)" of Spain the financia! support of his stay in the University of Barcelona. 

He acknowledges the warm hospitality of the Department of Applied Mathematics and 

Analysis during his stay. 
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The main result in Section III is a generalization of Browder's fixed point theorem, 

involving multi-valued mappings from the product of a finite family of non-empty compact 

convex sets ( each in a Hausdorff topological vector space) into each of its factors, obtained 

from the basic lemma of the preceding section. 

Section IV is devoted to Ky Fan type inequalities, which, analogously to the clas­

sical case, are shown to be equivalent to their corresponding Browder type theorems of 

Section III. 

Finally, in Section V, a result of the preceding section is used to derive a generalization 

of the Ky Fan's intersection theorem for sets with convex sections. 

We shall denote by "co" the usual convex hull operator in a vector space. Given 

a multi-valued mapping between two sets, T : A ---+ 28 , by T-1(y), y E B, we 

represent the sets {x E Al y E T(x)}. If x is an element of a cartesian product 

X 1 X ... x Xm, its k-th component will be denoted by xk, whereas xk will represent 

the element in X;. = X1 x ... x Xk-1 x Xk+l x ... x Xm obtained from x by deleting 

its k-th component; in this way, (xk, xk) may be regarded as identical to x and, more 

generally, an element of the form (xk, yk), with yk E Xk, will be interpreted as 

that point of X obtained from x by replacing its k - th component by yk . 

II. THE FUNDAMENTAL LEMMA 

Our starting point is the following generalization, due to Peleg [10], of the famous 

Knaster-Kuratowski-Mazurkiewicz 's theorem: 

Lemma 1 [10]. For k = 1, ... , m let Nk be a non-empty finite set and 

sk = { ci : Nk ---+ R I ak(i) ~ o for all i E Nk' I: ak(i) = 1} 
iEN1c 

(the simplex the coordinates of whose points are indexed by the members of Nk)- If 

Cf, i E Nk, k = 1, ... , m, are closed subsets of S = S1 x ... X Sm, such that 

for each Q e Nk, k = 1, ... , m, 

then 

u Cf :::> {(a1, ... ,am) ES J ak(i) = O for ali i E Nk\Q}, 
jEQ 

m 

íl íl et /0. 
k=l iEN1c 
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When m 1, the preceding lemma becomes the classical Knaster-Kuratowski-

Mazurkiewicz's theorem. In the same way as Ky Fan obtained a generalization of the 

latter for the infinite dimensional case [4], our fundamental lemma states the infinite di­

mensional version of Lemma 1: 

Lemma 2. For k = 1, ... , m let Xk be an arbitrary set in a Hausdorff topological 

and let Fk : Xk -+ 2Y be a mapping taking closed values in the vector space 

product space Y= Y1 X ... X Ym such that the following conditions are satisfi.ed. 

(i) lf, for each k = 1, ... , m, Nk is a non-empty finite subset of Xk, then 

m 

co N1 X ... X co Nm C n u Fk(xk) . 
k=I xl<EN,. 

(ii) There exists k E {1, ... , m} and xk E Xk such that Fk(xk) is compact. 

Then 
m n n Fk(xk)-:/ 0 . 

k=l x"EX1c 

Proof. For each k, let Nk denote a non-empty finite subset of Xk and let Sk 

be the simplex the coordinates of whose points are indexed by the elements of Nk. De­

fine q: S1, X .•• X Sm--+ Y1 X •.. X Ym by 

q(a1, ... 'om) = ( L 1( 1) 1 O'. X X, ... , 

x 1EN1 

Regarding each simplex as a subset of an Euclidean space and considering the corre­

sponding product topology on S1 x ... x Sm , the function q is continuous. Hence, 

the sets e;,. = q- 1 (Fk(xk)), xk E Nk' k = 1, ... 'm are closed. Let Q e Nk for 

sorne k. 

Using (i), we obtain 

u e;,. = q-1 ( u Fk(xk)) :) 
xkEQ x"EQ 

:) q-l ( CO N1 X •.. X CO Q X ••• X CON m) = 

= {(o1, ... ,om) ES l ¿ ok(xk)xk E caQ}::) 
x"EN1c 

:) { ( o 1 , ... , o m) E S I O'. k ( x k) = O for all X k E N k \ Q} , 
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whence, by Lemma 1, 

q-
1

( ñ n m 

Fk(xk)) = n n 
k=l xkEN1c k=l x"ENk 

Therefore, n;;=l ílx" ENk Fk( xk) # 0. Hence, using (ii) and the finite intersection prop­

erty of compact sets one easily gets n;;=l ílx"EXk Fk(xk) # 0. Q.E.D. 

A more general version of Lemma 2 can be easily obtained by adapting the proof of 

Lemma 1 in [2], replacing the assumption that the mappings Fk are closed-valued and 

that one of them has sorne compact image by the following weaker hypotheses: 

(i) For each k = l, ... , m and every xk E Xk, the intersection of Fk(xk) 

with any product of finite dimensional subspaces is closed, 

(ii) If, for each k = l, ... , m, Dk is a fi.nite dimensional subspace of Yk, then 
m m n n Fk(xk) n (D1 X .• , X Dm) = n n 

k=I x"EX1onD1o 

and 

(iii) There exists k E {1, ... , m} and xk E Xk such that Fk(xk) 1s com­

pact. 

Since we shall not use this stronger version of Lemma 2, we omit the proof. 

111. A GENERALIZATION OF BROWDER'S FIXED POINT THEOREM 

Throughout this section, we shall denote by Xk, k = l, ... , m, a non-empty 

compact convex subset of a Hausdorff topological vector space Yk and by X the 

product X 1 x ... X Xm. Based on Lemma 2, we shall fi.rst establish a generalization of 

Browder's fi.xed point theorem: 

Theorem 3. For k = l, ... , m let Tk : X --+ 2X1o 

X, Tk(x) is convex (or empty) and, for each xk E Xk, 

for each x E X there exists k = k(x) E {1, ... ,m} 

there exists x = (x 1 , ... ,xm) E X and k E {l, ... ,m} 

be such that, for each x E 

T¡ 1(xk) is open in X. If 

for which Tk( x) -:/ 0 , then 

such that xk E Tk(x). 

Proof. For each k' let Fk : xk --+ 2Y be the mapping defi.ned by Fk(xk) 

X\T¡ 1 (xk). Clearly, Fk is compact-valued. We have 
m m 

n n Fk(xk) = X\ u u T¡ 1(xk) = 0, 
k=I x'°EX1o k=I x"EX1o 
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smce any x E X has sorne non-ernpty irnage Tk( x) . Therefore, by Lernrna 2, there 

exist non-ernpty fi.nite subsets Nk C Xk, k = l, ... , m, such that 

m 

coN¡ X ... X coNm et n u Fk(xk). 
k=l xkENk 

Take X= (x 1, ... ,xm) E coN1 X ... X coNm\n;;=l Ux,.EN,. Fk(xk). 

For sorne k E {1, ... ,m} we have x <t Fk(xk) for ali xk E Nk or, equivalently, 

Nk C Tk(x). Hence, by the convexity of Tk(x), we obtain 

Q.E.D. 

Browder's fi.xed point theorern corresponds to the particular case m = 1 in the 

preceding theorern. Although Theorern 3 is not a fi.xed point theorern, frorn it one easily 

obtains the following fi.xed point result, which is also a generalization of Browder's one. 

Corollary 4. Let T : X - 2X be such that, for each x E X, the sets {yk E 

Xk 1 (xk, yk) E T(x)}, k = 1, ... , m, are convex (or ernpty) and at least one of thern 

is non-ernpty and, for each k = l, ... , m and yk E Xk the set {x E X, 1 (xk, yk) E 

T( x)} is open in X . Then T has a fi.xed point. 

Proof. The rnappings Tk : X - 2X• defi.ned by Tk(x) = {yk E Xk 1 (xk, yk) E 

T(x )} satisfy the hypotheses of Theorern 3, whence there exist x = (x 1 , .•. , xm) E X 

and k E {l, ... ,m} such that xk E Tk(x). But this means that (xk,xk) E T(x), 

i.e., that x is a fi.xed point of T. Q.E.D. 

The rnapping T satisfi.es the assumptions of Corollary 4 when, for each x E X , 

the irnage T(x) is multiconvex (in the sense of (7], i.e., when its sections in each 

cornponent are convex; see also (1]) and contains sorne point differing frorn x in at 

most one cornponent and, for each k E {1, ... , m} and each yk E Xk, the set 

{(x, yk) E X x Xk 1 (yk, yk) E T(x)} is open in X. 

From Theorem 3, we get the following generalization of Lemma 4 in (4]: 

Corollary 5. Let 

Ak e Xk x X, k = l, ... , m, be such that the following conditions are satisfi.ed: 
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(i) Foreach k=l, ... ,m and ykEXk, theset {xEXl(yk,x)EAd isclosed 

in X. 

(ii) Forany x=(x1, ... ,xm)EX andeach k=l, ... ,m, (xk,x)EAk. 

(iii) For any x E X, the sets {yk E Xkl(Yk,x) (/. Ad, k = 1, ... ,m, are convex 

(or empty). 

Then there exists x E X such that Xk x {x} C Ak for each k = 1, ... , m. 

Proof. For each k define Tk : X --+ 2xA: by Tk(x) = {yk E Xk 1 (yk, x) (/.Ad. 

By assumptions (iii) and (i), the images Tk(x ), x E X, are convex ( or empty) and 

the inverse images T¡; 1(yk), yk E Xk, are open in X. On the other hand, by 

(ii), we have xk (/.Tk(x) for every x = (x1, ... ,xm) E X and each k E {1, ... ,m}. 

Therefore, by Theorem 3, there exists x E X such that Tk( x) = 0 for each k. But 

the emptiness of Tk(x) is clearly equivalent to the inclusion Xk x {x} C Ak. Q.E.D. 

Assumption (i) in the preceding corollary holds when the sets Ak are closed in 

xk xX. 

Corollary 6. Let A C X x X be such that the following conditions are satisfied: 

(i) For each k = 1, ... ,m and yk E Xk, the set {x E Xl(xk,yk,x) E A} 1s 

closed in X. 

( ii) For any x E A , ( x, x) E A . 

(iii) Forany x E X, thesets {yk E Xk 1 (xk,yk,x) (j. A}, k = 1, ... ,m, areconvex 

(or empty). 

Then there exists x E X such that ( LJ;:1=1 ( { xk} x X k)) x { x} C A. 

Proof. For each k , let Ak = { (yk, x) E X k x X 1 ( xk, yk, x) E A} . These sets satisfy 

the hypotheses of Corollary 5, whence there exists x E X such that Xk x {x} C Ak 

for each k . But the set of these inclusions is equivalent to ( u:=1 ( { xk} X X k)) X {X} . 

Q.E.D. 

Alternatively, Corollary 6 could have been proved from Corollary 4, using the mapping 

T: X--+ 2x defined by T(x) = {y E X 1 (y,x) (j. A}. 

Assumption (i) in Corollary 6 is satisfi.ed when A is closed, while condition (iii) 

holds when the sets {y E X j(y,x) (j. A}, x E X, are multiconvex. 
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We observe that the set u:=1 ( { xk} X X k), appearing in the conclusion of Corol­

lary 6, consists of those points in X which differ from x in at most one component. 

IV. KY FAN TYPE INEQUALITIES 

Throughout this section, as in the preceding one, Xk, k = 1, ... , m, will denote 

a non-empty compact convex subset of a Hausdorff topological vector space Yk and X 

will represent their product X1 x ... X Xm. Our first result generalizes Lemma 1.3 in 

[8], which is in turn a generalization of the famous Ky Fan's minimax inequality [6]: 

Theorem 7. Let Ík: XxXk --t R, Gk: X --t 2X1c, k = 1, ... ,m, besuch that 

fk(·, xk) is lower semicontinuous and G; 1(xk) is open in X for every xk E Xk 

and fk(x,·) is quasiconcave and Gk(x) is convex for every x E X. Then there 

exists x E X such that 

sup Ík(x, yk) ~ sup Ík(x, xk) 
ylcEG1c(x) zlcEG1c(x) 

for each k = 1, ... , m . 

Proof. For each k, let µk = supz1cEG1c(x) Ík(x,xk) and Ak = {(yk,x) E Xk X 

XI Ík(x, yk) ~ µk or yk (/. Gk(x)}. The sets Ak satisfy the conditions of Corol­

lary 5, whence there exists x E X such that Xk x {x} C Ak for each k. But it is 

easy to check that the inclusion Xk x {x} C Ak is equivalent to the inequality 

Q.E.D. 

The assumptions of the preceding theorem can be replaced by the following weaker 

conditions: 

(i) For each k = 1, ... , m and yk E Xk, the set {x E XI Ík(x, yk) ~ µk} U 

(X\ G;1(yk)) (with µk as in the proof of Theorem 7) is closed in X. 

(ii) For any x E X, the sets {yk E Gk(x) 1 Ík(x, yk) > µk}, k = l, ... , m, are 

convex (or empty). 

lndeed, these conditions are equivalent to (i) and (iii) of Corollary 5, respectively, for the 

sets Ak defined in the preceding proof. 

7 



Taking Gk(x) = Xk , k = l, ... , m, in Theorem 7, one obtains a version of Ky 

Fan's minimax inequality with several functions; the classical inequality corresponds to 

the case m = 1 . 

We have derived Theorem 7 from Corollary 5 and the latter from Theorem 3. In the 

converse direction, Theorem 3 can be easily deduced from Theorem 7, by applying it to the 

functions Ík : X x Xk --+ R defined by Ík(x, yk) = 1 if yk E Tk(x). Otherwise, 

and to the mappings Gk: X--+ 2x,. given by Gk(x) - Xk. 

Corollary 8. Let f : X x X --+ R and G : X --+ 2X be such that, for each 

k = l, ... , m, the function x E X 1---+ f(x, xk, yk) E R is lower semicontinuous and 

the set {x E Xl(xk,yk) E G(x)} is open in X for any yk E Xk and f(x,xk,·) 

is quasiconcave and the set {yk E X k 1 ( xk, yk) E G( x)} is convex for any x E X. 

Then there exists x E X such that 

sup sup f(x,xk,yk) ~ sup f(x,x). 
1$k$m (xk,yk)EG(x) xEG(x) 

Proof. Apply Theorem 7 to the functions Ík: X x Xk--+ R defined by Ík(x,yk) = 
f(x,xk,yk) and the mappings Gk : X --+ 2x,. given by Gk(x) = {yk E 

Xk 1 (xk, yk) E G(x)}, observing that, for each k and x = (x1 , ... , xm) E X, one 

has fk(x,xk) = f(x,x) and equivalency between the conditions xk E Gk(x) and 

x E G(x). Q.E.D. 

According to the observation we have made after Theorem 7, the assumptions we have 

made on f and G in the preceding corollary can be replaced by the following weaker 

conditions 

(i) For each k = l, ... ,m and yk E Xk, the set {x E Xlf(x,xk,yk) < 
supxEG(x) J(x,x) or (xk,yk) (/. G(x)} is closed in X. 

(ii) ForanyxEX,thesets {ykEXkl(xk,yk)EG(x), Ík(x,yk)>supxEG(x) f(x,x)}, 

k = l, ... , m, are convex ( or empty ). 

Taking G(x) = X in Corollary 8, one obtains a version of Ky Fan's minimax in­

equality valid for the case when the usual quasiconcavity assumption on the functions 

f(x, •) is relaxed to multiquasiconcavity (i.e., quasiconcavity in each component [1]), 

which can be expressed in the following way: 

sup f(x, y)~ sup f(x, x) , 
y~x zEX 
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the relation y ~ x meaning that y differs from x m at most one component. 

Again when m = 1 , this coincides with the usual Ky Fan's inequality. 

An alternative proof of Corollary 8 can be obtained from Corollary 6 applied to A= 

{ (y, x) E X X X I J( x, y) ~ supxEG(x) J( x, x) or y ~ G( x)}. We have already observed 

that Corollary 6 is an immediate consequence of Corollary 4. Conversely, Corollary 4 can be 

easily derived from Corollary 8, by applying it to the function f : X x X --+ R defined 

by f(x,y) = 1 if y E T(x), O if y~ T(x) and to the mapping G: X--+ 2X 

given by G(x) =X. 

Corollary 9. Let 9k : X x xk --+ R, 

gk(x, •) is quasiconvex for every x E X. 

X= (x1
' •.. ,xm) E X such that 

k = l, ... , m , be continuous and such that 

Then there exists 

Proof. It follows from Theorem 7 applied to the functions Ík : X X X k --+ R defined 

by fk(x, yk) = gk(x, xk) - gk(x, yk) and the mappings Gk : X --+ 2x" given by 

Gk(x) = xk, observing that supy"EX1: fk(x,yk) = 9k(x,xk)-infy"EX¡, 9k(x,yk) and 

Ík(x,xk) = O for any x = (x1, ... ,xm) E X. Q.E.D. 

When one takes m = 1 in Corollary 9, it becomes Corollary 1 in [6]. On the other 

hand, the Nash Theorem on the existence of equilibrium points in n-person games [9] is 

also an immediate consequence of Corollary 9. lndeed, if Ík : X --+ R, k = 1, ... , m, 

are continuous multiquasiconcave functions, then applying Corollary 9 to the functions 

9k: X x Xk--+ R defined by 9k(x,yk) = -f(xic,yk) one gets the existence of x = 
(x 1

, •.. , xm) E X such that fk(x) = maxy"EX, fk(:¡lc, yk) for each k = 1, ... , m. 

Corollary 10. Let g : X x X --+ R be continuous and such that, for each k = 
1, ... , m , the function g( x, xi.:, •) is quasiconvex for any x E X . Then there exists 

x E X such that g(x, x) = miny"EX, g(x, :é, yk) for each k = 1, ... , m. 

Proof. For each k define 9k: X x Xk--+ R by 9k(x,yk) = g(x,xk,yk). These 

functions satisfy the assumptions of Corollary 9, whence there exists x = ( x1
, ..• , xm) E 

X such that 

for each k. Q.E.D. 
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The preceding corollary could have been deduced alternatively from Corollary 8, ap­

plied to f: X x X - R defined by f(x, y)= g(x, x) - g(x, y) and G: X--+ 2X 

given by G(x) =X. 

Comparing Corollary 10 with Corollary 1 in [6], we observe that the quasiconvexity 

assumption on the functions g(x, •) in the latter has been relaxed to a weak form of 

multiquasiconvexity in Corollary 10, but the conclusion in this corollary, which can be 

expressed as g(x, x) = miny~x g(x, y) (y~ x denoting that y differs from x m 

at most one component), is also weaker than that of Corollary in [6] (where y E X 

appears instead of y~ x). 

V. A GEOMETRIC THEOREM ON SETS WITH CONVEX SECTIONS 

In this section, Xk,i, i = l, ... , nk (nk ~ 2), k = l, ... , m denote non-empty 

compact convex sets, each in a Hausdorff topological vector space, Xk = Xk,l x ... x 

Xk,n,., k = l, ... , m and X= X 1 x ... x Xm. Our first result generalizes Theorem 7 

in [6] ( which corresponds to the particular case m = 1 ). 

Theorem 11. Let Ík,i : X ----+ R, i = l, ... , nk, k = l, ... , m be such that, 

for any xk,i E Xk · the function (xk xk••) E X· x X , ~ Ík ·(xi. xk,, xk,i) E R is 
,1 , , k k,, ,, ' ' 

lower semicontinuous and, for any (xi., xk,a) E X¡_ x Xk,,, the function xk,i E Xk,i ~ 
Ík,i ( xk, xk,,, xk,i) E R is quasiconcave. 

Let tk,i E R, i = l, ... ,nk, k = l, ... ,m. Iffor each x = ((x1 •1 , .•. ,x1,n1 ), ••• , 

(xm,l, ... , xm,nm )) E X, there exists k = k(x) E {1, ... , m} such that for every i = 
1, ... , nk, there is a point 

exist k E { 1, ... , m} and 

yk,i E Xk,i forwhich Ík,i(xi.:,xk,,,yk,i) > tk,i, then there 

x E X such that h. ¡(x) > tk ¡, i = 1, ... , nk. , , 

Proof. For each k and i E {1, ... , nk}, define Ík X x Xk ----+ R by 

Ík(x,yk) = min1:5i'.5n1,{Ík,i(xk,xk,,,yk,i) - tk,i} for X = ((x 1 •1 , ... ,x1,n1 ), ••• , 

(xm,l, ... , xm,nm )) E X and yk = (yk,l, ... , yk,n¡,) E xk. These functions satisfy the 

assumptions of Theorem 7, whence there exists x E X such that sup111eEX1e Ík(x, yk):::; 

supxEX Ík(x, xk), k = l, ... , m. On the other hand, for k = k(x) we have 

f (- k) > f (- ~ k) O · th ~ 'íc ( ~ 'íc 1 ~ 'íc n - ) · th supy,EX;. k x,y _ k x,y > , w1 y = y' , ... ,y, 1o as m estate-

ment. Combining these results, we get the existence of x = ( x1 , ... , x m) E X such 

that fk(x, xk) >O. But, according to the definition of the fk's, this is equivalent to the 

set of inequalities h ¡(x) > t¡ ¡, i = 1, ... , nk. Q.E.D. ' , 
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As a consequence of the preceding theorem, we next obtain a generalization of an 

intersection theorem for sets with convex sections, due to Ky Fan [4]: 

Theorem 12. Let Ek,i e X, i = 1, ... , nk, k = l, ... , m be such that, for 

any xk,i E X · the section E ·(xk,i) = {(xk xk") E X· x X ·· 1 (xk xk,1 xk,i) E k,1 , k,1 , k k,1 , , 

Ek,i} is open in X¡_ x Xk,, and, for any (xk, xk") E X¡_ x Xk,,, the section 

E¡;}(xk,xk,1) = {xk,i E Xk,il(xk,xk",xk,i) E Ek,¡} is convex (or empty). Iffor each 

x = ((x1•1, ... ,x1•n1 ), ... ,(xm,l, ... ,xm,n"')) E X, there exists k = k(x) E {1, ... ,m} 

such that E¡;: (xk, xk-') =/ 0, i = 1, ... , nk, then 
' 

m n1,: u n Ek,i =p 0. 
k=l i=l 

Proof. For each k and i E {1, ... , nk} let Ík,i : X ---+ R be the characteristic 

function of Ek,i, 1.e., fk,¡(x) = 1 if x E Ek,i, O if x ft Ek,i. Letting tk,i = 

O , the assumptions of Theorem 11 are satisfied, whence there exists k E { 1, ... , m} 

and x E X such that h ¡(x) > O, i = 1, ... , n¡. But, in view of the definition of 
' 

the Ík/s, the inequality Ík,i(x) > O is equivalent to x E E¡,¡. Therefore, we have 

n¡¡ m ni, 

x E n Ek,i C U n Ek,i . 
i=l k=I i=l 

Q.E.D. 

The above mentioned theorem of Ky Fan corresponds to the case m = 1 in the 

preceding theorem. As observed by Ky Fan for this particular case, [5], [6], in the same 

way that Theorem 12 follows from Theorem 11, the latter can be easily derived from 

Theorem 12, by considering the sets Ek,i = { x E X I Ík,i( x) > tk,¡} . 

11 



BIBLIOGRAPHY 

l. K. Ben Nahia, Autour de la biconvexité en optimisation, Thesis, Université Paul 

Sabatier de Toulouse, 1986. 

2. H. Brezis, L. Nirenberg, G. Stampacchia, A remark on Ky Fan's minimax principie, 

Bolletino U.M.I. ( 4) 6 (1972), 293-300. 

3. F. E. Browder, The fixed point theory of multi-valued mappings in topological vector 

spaces, Math. Annalen 177 (1968) 283-301. 

4. K. Fan, A generalization of Tychonoff's fixed point theorem, Math. Annalen 142 

(1961), 305-310. 

5. K. Fan, Sur un théoréme minimax, C. R. Acad. Se. París 259 (1964), 3925-3928. 

6. K. Fan, A minimax inequality and applications, Inequalities III (O. Shisha, Editor), 

Academic Press, New York, 1972, pp. 103-113. 

7. E. Marchi, Sorne topics on equilibria, Transactions of the American Mathematical 

Society 220 (1976), 87-102. 

8. E. Marchi, J. E. Martínez-Legaz, Sorne results on approximate continuous selections, 

fixed points and minimax inequalities, Mathematics Preprint Series No. 61, Universi­

tat de Barcelona, 1989. 

9. J. F. Nash, Non-cooperative games, Ann. of Math. (2) 54 (1951), 286-295. 

10. B. Peleg, Equilibrium points for open acyclic relations, Canadian J. Math. 19 (1967), 

366-369. 

DEPARTAMENTO DE MATEMÁTICAS, UNIVERSIDAD DE SAN LUIS, SAN 

LUIS, ARGENTINA. 

DEPARTAMENTO DE MATEMÁTICA APLICADA Y ANÁLISIS, UNIVERSIDAD 

DE BARCELONA, BARCELONA, SPAIN. 

12 




