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THEOREM AND ITS APPLICATIONS
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and

JUAN-ENRIQUE MARTINEZ-LEGAZ

ABSTRACT. From an infinite dimensional version of a generalization, due to Peleg,
of the Knaster-Kuratowski-Mazurkiewicz’s theorem, we obtain a generalization of Brow-
der’s fixed point theorem, for multi-valued mappings from the product of a finite family of
non-empty compact convex sets (each in a Hausdorff topological vector space) into each
of its factors. By applying this thorem, we deduce some Ky Fan type inequalities, from
one of which a generalization of the Ky Fan’s intersection theorem on sets with convex

sections is obtained.

I. INTRODUCTION

The famous Knaster-Kuratowski-Mazurkiewicz’s theorem is a fundamental result of
nonlinear analysis. More than twenty years ago, Peleg, in a paper on the existence of
equilibrium points in many-person games [10], gave an interesting generalization of this
theorem, concerning closed subsets of a product of simplexes. But it seems that this result
of Peleg has not been exploited in nonlinear analysis. The purpose of this paper is to

obtain, from Peleg’s theorem, some generalizations of fundamental results in this field.

In Section II, we give an infinite dimensional version of Peleg’s theorem which is

parallel to the Ky Fan’s extension of Knaster-Kuratowski-Mazurkiewicz’s theorem.
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(DGICYT)” of Spain the financial support of his stay in the University of Barcelona.
He acknowledges the warm hospitality of the Department of Applied Mathematics and
Analysis during his stay.




The main result in Section III is a generalization of Browder’s fixed point theorem,
involving multi-valued mappings from the product of a finite family of non-empty compact
convex sets (each in a Hausdorff topological vector space) into each of its factors, obtained

from the basic lemma of the preceding section.

Section IV is devoted to Ky Fan type inequalities, which, analogously to the clas-
sical case, are shown to be equivalent to their corresponding Browder type theorems of
Section III.

Finally, in Section V, a result of the preceding section is used to derive a generalization

of the Ky Fan’s intersection theorem for sets with convex sections.

We shall denote by “co” the usual convex hull operator in a vector space. Given
a multi-valued mapping between two sets, T : A — 2B by T7(y), y € B, we
represent the sets {r € A| y € T(z)}. If =z is an element of a cartesian product
X; x...x X, its k—th component will be denoted by z* , whereas z* will represent
the element in X; = X; x...x X1 X Xz41 X...x X obtained from r by deleting
its k—th component; in this way, (:l:ic , z¥) may be regarded as identical to = and, more
generally, an element of the form (:cic , ¥v¥), with y* € X;, will be interpreted as
that point of X obtained from z by replacing its & — th component by y*.

II. THE FUNDAMENTAL LEMMA

Our starting point is the following generalization, due to Peleg [10], of the famous

Knaster-Kuratowski-Mazurkiewicz’s theorem:

Lemma 1 [10]. For k=1,...,m let Ni be a non-empty finite set and
Skz{ak:Nk—>R|ak(i)_>_0 for all : € N, Z ak(i)zl}
1EN;
(the simplex the coordinates of whose points are indexed by the members of Ni). If

CF, i€ Ny, k=1,...,m, areclosed subsets of S =5; X...x Sm, such that
foreach QC Ny, k=1,...,m,

UcEo{e,...,am) e S |a*(i)=0 forall ie N:\Q},
JEQ
then

m

\ [ ck#0.

k=1 i€EN;
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When m = 1, the preceding lemma becomes the classical Knaster-Kuratowski-
Mazurkiewicz’s theorem. In the same way as Ky Fan obtained a generalization of the
latter for the infinite dimensional case [4], our fundamental lemma states the infinite di-

mensional version of Lemma 1:

Lemma 2. For k=1,...,m let X; Dbe an arbitrary set in a Hausdorff topological
vector space Yr and let Fy : Xp — 2¥Y be a mapping taking closed values in the
product space Y =Y; x ... x Y, such that the following conditions are satisfied.

(i) If,foreach k=1,...,m, N isa non-empty finite subset of Xj, then

m
coNy X...X eco Ny C ﬂ U Fi(z%) .
k=1 zke€N;

(ii)) There exists k€ {1,...,m} and z* € X; suchthat Fi(z*) iscompact.
Then

m

(N [ Fuc*)#0.

k=1 zkeX,

Proof. For each k, let Nj; denote a non-empty finite subset of X; and let S;
be the simplex the coordinates of whose points are indexed by the elements of Nj. De-

fine ¢: S8 ,x...x S, —Y; x...x Y, by

q(al,...,a"‘)Z( Z al(zh)z!,. .., z am(z"‘)xm).

z1€N1 T™EN,

Regarding each simplex as a subset of an Euclidean space and considering the corre-
sponding product topology on S; X ...x S,,, the function ¢ is continuous. Hence,
the sets C:,, =q! (Fk(z")) , z¥€ Ny, k=1,...,m areclosed. Let Q C N; for

some k.
Using (i), we obtain
U Cck = q_l( U Fk(a:")) D

T+ eQ Tt eQ
D¢ HcoN;y x...x c0oQ x...X coNy) =

={(c},...ames| ¥ afeh)at €@} D

z*EN,
» {(al,...,a'") €S|a*(z¥)=0 forall zF¢e Nk\Q} ,
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whence, by Lemma 1,
(N N BEH)= N ch#o.
k=1 z*eN, k=1 zkcN,
Therefore, [Vz—; MNyren, Fr(z*) # 0. Hence, using (ii) and the finite intersection prop-
erty of compact sets one easily gets (\,_; (,kex, Fe(z®¥)# 0. Q.E.D.

A more general version of Lemma 2 can be easily obtained by adapting the proof of
Lemma 1 in [2], replacing the assumption that the mappings Fj are closed-valued and

that one of them has some compact image by the following weaker hypotheses:

(i) For each k = 1,...,m and every z*¥ € X;, the intersection of Fy(z¥)

with any product of finite dimensional subspaces is closed,

(ii) If,foreach k=1,...,m, D; isafinitedimensional subspaceof Y, then

ﬁ N Fk(x")ﬂ(Dlxmem):ﬁ |  Fa®)n(Dy x...x D)

k=1 zkeX,ND, k=1 zke€X,.ND,
and

(i) There exists k € {1,...,m} and z*¥ € X; such that Fy(z*) is com-
pact.

Since we shall not use this stronger version of Lemma 2, we omit the proof.

III. A GENERALIZATION OF BROWDER'’S FIXED POINT THEOREM

Throughout this section, we shall denote by X, k = 1,...,m, a non-empty
compact convex subset of a Hausdorff topological vector space Yi and by X the
product X; x...x X,,. Based on Lemma 2, we shall first establish a generalization of

Browder’s fixed point theorem:

Theorem 3. For k=1,...,m let Ti : X — 2%+ be such that, for each z €
X,Ti(z) is convex (or empty) and, for each z*¥ € X, 7T;'(z*) isopenin X. If
for each z € X there exists k = k(z) € {1,...,m} for which Ti(z) # 0, then
there exists z = (z!,...,Z™)€ X and k€ {1,...,m} suchthat z*e Ti(z).

Proof. For each k, let Fy : Xy — 2¥ be the mapping defined by Fi(z*) =
X\T, 1(z*¥). Clearly, F; is compact-valued. We have

N N BEH=x\|U U 'eh=09,

k=1 zkeX, k=1 z*eX,
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since any z € X has some non-empty image Ti(z). Therefore, by Lemma 2, there

exist non-empty finite subsets Ny C Xz, k=1,...,m, such that

coNy X...X coNp, ¢ ﬂ U Fi(z%) .
k=1 zkeN,
Take Z =(z',...,8™)€coN; x...x coNp\[Viz; Uren, Fi(z%) .

For some k € {1,...,m} we have z ¢ Fi(zF) for all z* € Ny or, equivalently,
Ny C Ti(z). Hence, by the convexity of T(Z), we obtain

z* € coN, C Tk(a‘:) .

Q.E.D.

Browder’s fixed point theorem corresponds to the particular case m = 1 in the
preceding theorem. Although Theorem 3 is not a fixed point theorem, from it one easily

obtains the following fixed point result, which is also a generalization of Browder’s one.

Corollary 4. Let T : X — 2% be such that, for each z € X, the sets {y* €
X | (2%, y*) € T(z)}, k =1,...,m, are convex (or empty) and at least one of them
is non-empty and, foreach k=1,...,m and y* € X; theset {z ¢ X,I(:c;, y*) e
T(z)} isopenin X. Then T has a fixed point.

Proof. The mappings Ty : X — 2X¢ defined by Ti(z) = {y* € Xi|(z*, y*) €
T(x)} satisfy the hypotheses of Theorem 3, whence there exist 7 = (z!,...,z™) € X
and k € {1,...,m} such that z* € Tx(z). But this means that (ii‘,ik) € T(z),
1e., that Z is afixed point of T. Q.E.D.

The mapping T satisfies the assumptions of Corollary 4 when, for each z € X,
the image T(z) 1is multiconvex (in the sense of [7], i.e., when its sections in each
component are convex; see also [1]) and contains some point differing from =z in at
most one component and, for each k € {1,...,m} and each y* € Xi, the set
{(z, y*) € X x Xl (y*, y*) € T(z)} isopenin X.

From Theorem 3, we get the following generalization of Lemma 4 in [4]:

Corollary 5. Let
ArC Xy xX, k=1,...,m, besuch that the following conditions are satisfied:
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(i) Foreach k=1,...,m and y* € X, theset {z e X|(y*,z)€ Ax} is closed
in X.

(ii) Forany z =(z!,...,2™)€ X andeach k=1,...,m, (2% z)€ 4.

(iii) For any z € X, thesets {y* € Xx|(y*,z) ¢ A}, k=1,...,m, are convex
(or empty).
Then there exists & € X such that Xy x {Z} C Ax foreach k=1,...,m.

Proof. For each k define Ty : X — 2% by Ti(z) = {y* € Xi|(v*,z) ¢ Ar}.
By assumptions (iii) and (i), the images Ti(z), z € X, are convex (or empty) and
the inverse images Ty '(y*), y* € Xi, are open in X. On the other hand, by
(i1), we have z* ¢ Ti(z) forevery z =(z!,...,z™)€ X andeach k€ {1,...,m}.
Therefore, by Theorem 3, there exists Z € X suchthat Ti(Z)=0 foreach k. But
the emptiness of Ti(Z) is clearly equivalent to the inclusion X x {Z} C Ax. Q.E.D.

Assumption (i) in the preceding corollary holds when the sets A are closed in
X kX X.

Corollary 6. Let A C X x X be such that the following conditions are satisfied:

(i) For each k = 1,...,m and y* € Xi, theset {z € X|(z*,y*,z) € A} is
closed in X.

(ii) Forany z€ A, (z,z)€A.

(i) Forany z € X, thesets {y*¢€ Xk|(.1:i‘,yk,x) ¢ A}, k=1,...,m, areconvex
(or empty).
Then there exists Z € X such that (U;’;l({fi‘} X Xk)) x {z} C A.

Proof. Foreach k, let A;={(yF,z)e XixX| (zi‘,yk, z) € A}. These sets satisfy
the hypotheses of Corollary 5, whence there exists Z € X such that X; x {Z} C 4k
for each k. But the set of these inclusions is equivalent to (Uz;l({:i"} x X k)) x {z}.

Q.E.D.

Alternatively, Corollary 6 could have been proved from Corollary 4, using the mapping
T:X — 2% definedby T(z)={ye€ X|(y,z) & A}.

Assumption (i) in Corollary 6 is satisfied when A is closed, while condition (iii)
holds when the sets {y € X |(y,z) ¢ A}, =z € X, are multiconvex.
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We observe that the set U;":l({:iic} x Xi), appearing in the conclusion of Corol-

lary 6, consists of those points in X which differ from Z in at most one component.

IV. KY FAN TYPE INEQUALITIES

Throughout this section, as in the preceding one, X, k=1,...,m, will denote
a non-empty compact convex subset of a Hausdorff topological vector space Y; and X
will represent their product X; x...x X,,. Our first result generalizes Lemma 1.3 in

[8], which is in turn a generalization of the famous Ky Fan’s minimax inequality [6]:

Theorem 7. Let fi: XxXi— R, Gr:X —2%X+ k=1,...,m, besuchthat
fx(-,z¥) is lower semicontinuous and G;'(z*) is open in X for every z*¥ € Xi
and fx(z,:) 1is quasiconcave and Gi(z) is convex for every z € X. Then there
exists ¥ € X such that

sup  fx(Z,4*) < sup  fulz,z)
y*eGr(2) zk €Gy (z)

foreach k=1,...,m.

Proof. For each k, let pp = supueg,(z) fi(z,2*) and Ap = {(v*,z) € X x
X | fi(z,y*) < pr or y*F & Gi(z)}. The sets A, satisfy the conditions of Corol-
lary 5, whence there exists Z € X such that Xy x {Z} C Ay foreach k. Butitis
easy to check that the inclusion X x {Z} C Ax is equivalent to the inequality

sup  fu(Z,¥¥) < sup  fa(z,2").
y*EGL(2) £*€G(2)

Q.ED.

The assumptions of the preceding theorem can be replaced by the following weaker

conditions: .

(i) For each k = 1,...,m and y* € Xi, theset {r € X | fi(z,y*) < ue} U
(X\G;'(y*¥)) (with pi asin the proof of Theorem 7) is closed in X

(i) For any z € X, the sets {y* € Gi(z)|fi(z,¥*) > me}, k=1,...,m, are
convex (or empty).

Indeed, these conditions are equivalent to (i) and (iii) of Corollary 5, respectively, for the

sets Ai defined in the preceding proof.




Taking Gi(z) = Xk, k = 1,...,m, in Theorem 7, one obtains a version of Ky
Fan’s minimax inequality with several functions; the classical inequality corresponds to

the case m=1.

We have derived Theorem 7 from Corollary 5 and the latter from Theorem 3. In the
converse direction, Theorem 3 can be easily deduced from Theorem 7, by applying it to the
functions fi : X x Xj — R defined by fi(z,y*) =1 if y* € Ti(z). Otherwise,
and to the mappings Gy :X — 2%+ given by Gi(z) = X;.

Corollary 8. Let f: X xX — R and G : X — 2X be such that, for each
k=1,...,m, the function z € X f(x,x’;,yk) € R is lower semicontinuous and
the set {z € X[(:l:i‘,yk) € G(z)} isopenin X forany y* € X; and f(z, k")
is quasiconcave and the set {y* € X; |(:1:i°,yk) € G(z)} is convex for any z € X.
Then there exists z € X such that

sup sup  f(%,&%,y*) < sup f(z,2) .
1<k<m (zk y*)eG(z) z€G(x)

Proof. Apply Theorem 7 to the functions fi:X X Xy — R defined by fi(z,y*) =
f(x,xf“,y") and the mappings Gr : X — 2% given by Gi(z) = {y* €
Xi |(z*,y*) € G(z)}, observing that, for each k and z = (z!,...,2™) € X, one
has fi(z,z*) = f(z,z) and equivalency between the conditions z*¥ € Gi(z) and

z € G(z). Q.E.D.

According to the observation we have made after Theorem 7, the assumptions we have
madeon f and G in the preceding corollary can be replaced by the following weaker
conditions

(i) For each k¥ = 1,...,m and y* € X, the set {z € X|f(a:,a:i‘,y") <
SUPseg(s) f(2,%) or (zi‘,yk) g G(z)} isclosedin X.

(ii) Forany z € X , thesets {y* € Xi| (zi‘,yk) € G(z), fi(z,v*) > sUp;cg(z) f(2,2)},
k=1,...,m, are convex (or empty).
Taking G(z) = X in Corollary 8, one obtains a version of Ky Fan’s minimax in-

equality valid for the case when the usual quasiconcavity assumption on the functions

f(z,+) 1is relaxed to multiquasiconcavity (i.e., quasiconcavity in each component [1}),

which can be expressed in the following way:

sup f(Z,y) < sup f(z,z),
z€X

y~z
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the relation y ~ T meaning that y differs from Z in at most one component.

Again when m =1, this coincides with the usual Ky Fan’s inequality.

An alternative proof of Corollary 8 can be obtained from Corollary 6 applied to A =
{(y,z) € X x X | f(z,y) < sup,egr) f(2,2) or y&G(z)}. We have already observed
that Corollary 6 is an immediate consequence of Corollary 4. Conversely, Corollary 4 can be
easily derived from Corollary 8, by applying it to the function f:X xX — R defined
by f(z,y)=1 if ye€ T(z), 0 if y ¢ T(z) and to the mapping G : X — 2%
givenby G(z)=X.

Corollary 9. Let ¢gp: X x Xy — R, k=1,...,m, be continuous and such that

gi(z,-) is quasiconvex for every z € X . Then there exists

z=(%',...,2™)€ X suchthat g¢i(Z,z%)= im§ gx(Z,y*) foreach k=1,...,m.
Yy EXk

Proof. 1t follows from Theorem 7 applied to the functions f; : X x Xy — R defined
by fi(z,y*) = gr(z,z*) — gr(z,y*) and the mappings Gi : X — 2%+ given by
Gi(z) = X, observingthat supyiex, fi(Z,y%) = gx(Z,z*)—infrex, gr(z,y*) and
fi(z,2¥F)=0 forany z=(z!,...,z2™)e X. Q.E.D.

When one takes m =1 in Corollary 9, it becomes Corollary 1 in [6]. On the other
hand, the Nash Theorem on the existence of equilibrium points in n-person games [9] is
also an immediate consequence of Corollary 9. Indeed, if fr: X — R, k=1,...,m,
are continuous multiquasiconcave functions, then applying Corollary 9 to the functions
gk : X x Xy — R defined by gi(z,y*) = —f(xi‘,y") one gets the existence of 7 =
(z',...,2™) € X suchthat fi(Z)=maxyex, fk(fi‘,yk) foreach k=1,...,m.

Corollary 10. Let ¢g : X x X — R be continuous and such that, for each &k =
1,...,m, the function g(z,z*,-) is quasiconvex for any z € X. Then there exists
T € X suchthat ¢(Z,7) =mingey, g(Z,z*,y*) foreach k=1,...,m.

Proof. For each k define gx:X x Xy — R by gi(z,y*) = g(:c,a:i‘,y"). These
functions satisfy the assumptions of Corollary 9, whence there exists z = (z!,...,Z™) €
X such that

i = =k . = .k . = =k _k
= %) = mn z, = mn xr, T
g(:c,:c) gk(xa ) yHEX, gk( Yy ) Y EX, g( ) Y )

for each k. Q.E.D.



The preceding corollary could have been deduced alternatively from Corollary 8, ap-
plied to f:X xX — R defined by f(z,y) = g(z,z) — g(z,y) and G:X — 2%
given by G(z)=X.

Comparing Corollary 10 with Corollary 1 in {6], we observe that the quasiconvexity
assumption on the functions g¢(z,) in the latter has been relaxed to a weak form of
multiquasiconvexity in Corollary 10, but the conclusion in this corollary, which can be
expressed as ¢(Z,T) = ming~z ¢(7,y) (y ~Z denoting that y differs from Z in
at most one component), is also weaker than that of Corollary in [6] (where y € X

appears instead of y ~ I).

V. A GEOMETRIC THEOREM ON SETS WITH CONVEX SECTIONS

In this section, X;;, i=1,...,ny (nx>2), k=1,...,m denote non-empty
compact convex sets, each in a Hausdorff topological vector space, Xy = Xz1 x ... X
Xk, k=1,...,m and X =X, x...x X,,. Our first result generalizes Theorem 7

in [6] (which corresponds to the particular case m = 1).

Theorem 11. Let fi; : X — R, ¢ =1,...,nx, k = 1,...,m be such that,
for any z*'€ X;;, the function (xi‘,xk’;) €Xp x Xy ;— fk,g(x’;,xk’;,xk'i) ER is
lower semicontinuous and, for any (:ci‘, xk’;) € X; XX, ;, thefunction b€ Xy —
fri (:ci‘,a:k’;,a:k’i) € R is quasiconcave.

Let tx; € R, i=1,...,nx, k=1,....m. Hforeach z = ((z™,...,2V™),...,
(g™1,...,2™"™)) € X, thereexists k=k(z)€ {1,...,m} such that for every i=
1,...,n, thereisapoint #**¢ Xk, for which fk,;(:ci‘,a:"’;,gk") >t i, then there
exist k€ {l,...,m} and ZeX suchthat fii@) >, 1=1,...,n.

Proof. For each k and ¢ € {1,...,ni}, define fr : X x Xy — R by
fk(xayk) = minlSiSnk{fk,i(zk’xk’i,yk’i) - tk,i} for X = ((xl,l,.”,xl,nl)’.”,
(™,...,2™"™)) € X and y* = (yF!,...,y*™) € Xi. These functions satisfy the
assumptions of Theorem 7, whence there exists Z € X such that Supyrex, fi(z,y%) <
sup,ex fe(z,2¥), k = 1,...,m. On the other hand, for k = k(Z) we have

Sup ke x, f;(:?:,yi‘) > f;(i,gji‘) > 0, with §F = (g}i"l,...,”’-""i) as in the state-
ment. Combining these results, we get the existence of % = (z!,...,z™) € X such
that fi(Z,z*) > 0. But, according to the definition of the fi’s, this is equivalent to the
set of inequalities f; (Z) > t;,;, t=1,...,ng. Q.E.D.
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As a consequence of the preceding theorem, we next obtain a generalization of an

intersection theorem for sets with convex sections, due to Ky Fan [4]:

Theorem 12. Let E;; ¢ X, ¢ = 1,...,nx, k = 1,...,m be such that, for
any ' € Xi;, the section Ej (z%') = {(z*,2%%) € X; x Xk,;-l(x’},xk’z,wk"') €
Ey i} .iS open in X x X;; Aand, for any (:vi‘,:ck’;) € Xi x X;;, the section
Ek_’}(wk,xk’i) = {zF € Xy, I(a:k,xk’;,xk’i) € Eii} 1is convex (or empty). If for each
z= (", ...,zbm), (2™, ,2™"m)) € X, there exists k = k(z) € {1,...,m}
such that E'k—’}(:ti‘,xk’;)#@, t=1,...,n;, then

hER
k=1 i=1

Proof. For each k and ¢ € {1,...,nx} let fi;: X — R be the characteristic
function of FEi;, ie., fri(z)=1 if z€ Ex;, 0 if z ¢ Ex;. Letting t;=
0, the assumptions of Theorem 11 are satisfied, whence there exists k € {1,...,m}
and 7 € X suchthat f;,(%)>0, ¢=1,...,n;. But,in view of the definition of
the fk,’s, the inequality f; ;(Z) >0 is equivalent to Z € E;;. Therefore, we have

ng m  n
ze() Exicl ) Bes-
=1

k=1 =1

Q.E.D.

The above mentioned theorem of Ky Fan corresponds to the case m = 1 in the
preceding theorem. As observed by Ky Fan for this particular case, [5], [6], in the same
way that Theorem 12 follows from Theorem 11, the latter can be easily derived from
Theorem 12, by considering the sets Ex; = {z € X | fi,i(z) > tx:}.
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