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theories, making them an essential ingredient in many proofs of independence. Their
definition is contingent on a choice of fundamental sequences, which approximate
limits in a ‘canonical’ way. In order to ensure that these functions behave as
expected, including the aforementioned unprovability results, these fundamental

MSC: sequences must enjoy certain regularity properties.

03D20 In this article, we prove that Buchholz’s system of fundamental sequences for the ¥
03D60 function enjoys such conditions, including the Bachmann property. We partially
03F15 extend these results to variants of the ¥ function, including a version without
03F40 addition for countable ordinals. We conclude that the Hardy functions based on

these notation systems enjoy natural monotonicity properties and majorize all
functions defined by primitive recursion along ¢(eq+1)-
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under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).
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1. Introduction

It is an empirically observed phenomenon that natural arithmetical theories are well-ordered by consis-
tency strength. This makes it possible to measure said strength using ordinal numbers, a key objective in
contemporary proof theory [11]. Given a theory T, its proof-theoretic ordinal, which we may denote ||T|,
provides a wealth of information about its arithmetical consequences; in particular, ||T']| can be used to
characterize the provably total computable functions of T in terms of transfinite recursion [1,7].

To be precise, one can define a hierarchy (Hy)a<| 7| of increasingly fast-growing functions bounding all
provably total computable functions of T'. The precise growth rate of such functions depends on a system
of fundamental sequences, which to each limit o < ||T'|| assigns an increasing sequence (a{n})n<. with a as
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its limit. Fundamental sequences allow us to define recursion along a computably and, if these fundamental

sequences satisfy some regularity properties, they indeed majorize the provably total computable functions of

T [4]. Fundamental sequences satisfying said regularity conditions are known as regular Bachmann systems.
In this sense, the ordinal

w

g0 = sup{w,w”, w” ...},

measures the proof-theoretic strength of Peano arithmetic [8]. Ordinals below gy can be represented in terms
of 0,4 and the function & +— w¢. If we wish to represent the proof-theoretic ordinal of stronger theories,
we need a richer set of ordinal functions. From a methodological perspective, it is convenient to have a
rich enough system of ordinal notations to accommodate many familiar theories within a uniform scale. A
reasonable upper bound for the characterization of theories that are ‘not terribly strong’ is the Bachmann-
Howard ordinal, sometimes denoted ¥ (gq+1) [9], where € is the first uncountable ordinal and 1) represents
its countable collapse.

In this paper we will instead represent this ordinal in terms of the ¢ function, originally introduced by
Rathjen [10,13]. Buchholz has defined a system of fundamental sequences based on this notation [2], and has
also contemplated variants of the ¢ function relative to some set X club in Q [3]. In this paper we show that
Buchholz’s fundamental sequences indeed form a regular Bachmann system, and thus the associated fast-
growing hierarchies can be used to bound the provably total computable functions of theories of strength
up to and including the Bachmann-Howard ordinal. We will present results in terms of arbitrary X when
possible, but will focus especially on the cases when X is the class of additively indecomposable ordinals,
giving rise to the standard ¢ function, as well as the case where X = 1 4+ Ord, which gives rise to a ‘slower’
version we denote o. As we will see, o provides notations for the same ordinals as 1, with the feature that
addition is not needed for countable ordinals. This may at first be surprising since addition-free systems are
usually weaker (see e.g. [12]), but notations based on ¢ do allow for addition between uncountable ordinals,
avoiding this loss of strength. We remark that there are other natural choices for X, which we do not explore
in detail; one canonical choice is to take X to be the class of e-numbers, i.e. ordinals « such that o = w®,
suitable for ordinal notation systems with ¢ — w¢ as a primitive operation.

The layout of the paper is as follows. Section 2 reviews notations and fundamental sequences for ordinals
below g1 and Section 3 defines parametrized theta functions. Section 4 shows how to approximate values of
Ox, setting the stage for defining fundamental sequences later. Section 5 discusses notions from [4] involving
norms and fundamental sequences for countable ordinals, arriving at what we call reqular Bachmann systems.
Section 6 then discusses Buchholz’s fundamental sequences in the general setting of parametrized theta
functions. The results in Sections 2, 3, 4 and 6 have appeared in [2,3] and are reproduced with Buchholz’s
permission. Section 7 compares the ¢ and o functions and shows how to express one function in terms of
the other, while Section 8 shows that Buchholz’s systems of fundamental sequences for both ¥ and ¢ enjoy
the Bachmann property. The proofs in this section can be adapted to other parametrized theta functions by
considering any extra cases that arise (e.g. for the function ¢ — w¢) assuming, of course, that the Bachmann
property indeed holds. Section 9 discusses norms for ordinal notation systems in some generality and then
applies them to ¥ and o to show that both are regular Bachmann systems (in fact, ¢ is Cantorian, which
means that it treats w exponentiation in the ‘standard’ way), which is our main technical result. Section 10
reviews Hardy functions and establishes, using results of [4], that every primitive recursive function relative
to the Bachmann-Howard ordinal is dominated by both the Hardy function based on ¥ and on o. Section 11
gives some concluding remarks.

We aim for an accessible and self-contained presentation, so we assume familiarity only with elementary
ordinal arithmetic.
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2. Ordinals below e 1

In this section, we review some basic notions from ordinal arithmetic. We assume familiarity with ordinal
addition, multiplication, and exponentiation. The class of successor ordinals (those of the form n+1) will be
denoted Succ, while the class of limit ordinals is denoted Lim. The predecessor of « will be denoted o — 1,
when it exists.

Throughout the text, we will use normal forms for ordinals based on either w or €2, the first uncountable
ordinal. Let xk € {w,Q} and £ > 0 be ordinals. There exist unique ordinals «, 8, with 8 < & such that
£ = kB + v and v < k*. This is the k-normal form of €. If kK = w, then S is a finite number and we can
replace the term w8 by w® + ...+ w® (8 times), leading to the usual Cantor normal form. More generally,
we say that an expression a + 3 is in Cantor normal form if a + 8 > o’ + 8 for all &/ < a.

Remark 2.1. In our presentation, «, 8 and y are regarded as ordinals rather than terms; formally, Q%8 + ~
should be regarded as a triple of ordinals (a, 8,v). Thus we do not include the standard clause that they
should be inductively written in normal form. We will work with ordinals rather than notation systems
when possible, although the latter will be revisited in Section 9.

The ordinal eqy; is defined as the least € > €2 such that ¢ = w®. If £ = QB + v < €q41 is in Q-normal
form, then we may also deduce that o < £&. We may define a general version of fundamental sequences
for ordinals in 2-normal form, where each £ < eq41 is approximated by a sequence of suitable cofinality.
These general fundamental sequences will be useful later to provide more standard fundamental sequences
for countable ordinals.

Definition 2.2. We define fundamental sequences for ordinals below €qy1 and € < € recursively as follows.

(1) 0[] = 1(6] =0,

(2) (B +)[0] = Q*B + ~[0] if Q*B + v is in Q-normal form and v > 0,
(3) (Q2B)[0] = Q=0 if B is a limit,

(4) Q>Flg] = Q°0,

(5) (A(B+1)[0] =Q*s+Q0]if 8> 0, and

(6) Q0] = QoI if o is a limit.

Note that a4+ 8 being in Cantor normal form does not suffice to guarantee (« + 8)[0] = o+ 3[6], as for
example Q(w + w)[1] = Q # Qw + (Qw)[1]. However, we do have a restricted version of this phenomenon.
The proof follows a simple induction and is left to the reader.

Lemma 2.3. Suppose that Q¥ (8+06)+v < eqy1 is in Q-normal form, & is a successor or zero, and Q0+~ > 0.
Then, for all 0, (Q*(B+9) +7)[0] = QB + (2%5 + v)[6].

Theta functions are defined in terms of the maximal coefficient of an ordinal. We define the set of
coefficients of { < eq41 by C(0) = {0} and C(Q*B+7) = C(a) UC(y)U{S} if QB+ is in Q-normal form,
and the maximal coefficient of a by a* = max C(«). For £ < £q+1, the terminal part of £, denoted 7(§), is
given recursively by

(1) 7(0) =0and 7(¢+1) =1,

(2) 7(QYB + ) = 7(v) if v is a limit and Q%3 + v is in Q-normal form,
(3) T7(Q*B) = pif 5 is a limit,

(4) T7(Q*(B+1)) = 7(w) if « is a limit, and
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(5) T(Q*FH(B+1)) = Q.

For notational convenience, we have defined £[6] even when 6 > 7, although normally one is interested in
cases where 0 < 7.

Example 2.4. Let ¢ = Q“° T + 0~ written in Q-normal form. We can see that C(&) = {0, w3 +w,w? w},
so that £* = w? + w, as this is the largest element of C(€). (To compute e.g. C(w® + w), we must write it as
Q%(w? + w) + 0 in Q-normal form and then apply the definition of C(+).) Meanwhile, 7(£) = w, as it is the
rightmost limit coefficient.

If instead we consider &' = £ + Q“z, we note that Q<"+ + 0w + Q” is in Q-normal form according to
our definitions with o = w3 +w, B =1and v = 0w+ sz; note however that v is not written in normal
form, so we may instead write v = Q“°+¥(w + 1) to obtain & = Q“*+% 4 Q**+%(w + 1). Now we see that
7(¢') = w? + w is its terminal part since the coefficient w + 1 is a successor.

It is readily checked that & = lim,, oo Qe+ 4 Q‘*’Qn, or in other words, § = lim,,_,,(¢) &[n]. Similarly,
¢ = limy, oo Q"9 + Q9w + QUn.

Below and throughout the text, if (cg)g<, is any sequence, we write ‘ap o as 6 7 7’ to indicate that
Qp is an increasing sequence converging to a.

Lemma 2.5 (/2]). Let A < eq41 be a limit ordinal. Then,

(1) 7=7(N) is a limit and X\ = \[7];

(2) A[0] S~ Xas@ N 1;

(3) if 0 < Q, then 0 < A[0]* < max{\*,0};
(4) if & < X and & < M[O]*, then & < A[0].

Proof. We prove the last item and leave the others to the reader. Proceed by induction on A = Q%S + 7 in
Q-normal form. We prove the contrapositive and assume that A[f] < & < A and show that £* > A[0]*.

Case 1 (n > 0). From
Q6+ lf) = A6 < € < A

we obtain £ = Q%5 + § with n[f] < § < n. The induction hypothesis yields §* > 7[0]*, from which it readily
follows that &* > A[]*.

CASE 2 (n = 0). This case divides into several sub-cases.

CaAsE 2.1 (B € Lim). Then A[f] = Q%0, and since Q%9 < £ < Q*F we obtain § < § and £ = Q% + ¢ for
some p > 6 and ¢ > 0. Then £* > (Q%p)* > (Q*0)* = A[0]*.

CASE 2.2 (8 =+ 1). Consider further sub-cases according to the shape of .

CASE 2.2.1 («=0). Then A[f] =7y < &£ <\, s0&=~=A\0]" and £ =& = \[0]".

CASE 2.2.2 (= x + 1). We have that

Dy X0 = A\[0] <€ <\

It follows that & = QXT1y + QXp + § with § < QX and p > 6, hence by inspection £* > \[0]*.
CASE 2.2.3 (a € Lim). Then

Qo+ Qo = A[g] < € < .
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We then have that & = Q% + QSp + 6 with af[f] < ( < a, § < Q°, and p > 0. The induction hypothesis
yields ¢* > «a[f]*, from which it can be checked that all coefficients of A[f] are bounded by coefficients of &,
ie. &> A6]*. O

We often consider ordinals in the form « + 3, where a = Q& and § < 2. Sometimes it will be useful in
these cases to apply fundamental sequences directly to «. In this setting, it is convenient to know that the
end result maintains the form Q4% + 8. The following makes this precise.

Lemma 2.6. If 0 < a < eqy1 and 7(Qa) < Q then for every 8 > 0 we have that (Qa)[0] = Qy for some 7.

Proof. By induction on a. Write oo = Q"8 4~ in Q-normal form and note that n > 0 and v = Q7. If v > 0,
we may apply the induction hypothesis to -, so assume otherwise. If 8 is a limit then (Qa)[f] = Q760, which
is of the required form since n > 0. If 3 = 6 + 1 then (Qa)[f] = Q76 + Q"% Moreover, note that in this
case 1 must be a limit since otherwise we would obtain 7(Qa) = Q. Hence n[f] > 0, and again we see that
(Qa)[f] is of the required form. O

On occasion we want to ‘remove’ the terminal part of ¢ without altering ¢ itself too much. We can
use fundamental sequences for this end, since they affect only the rightmost part of . For example, let
& = Q2% We have that & = w? while 7(¢) = w. If we compute £[0] we obtain £[0] = Q°, so indeed we
have removed the terminal part but we also lost the larger maximal coefficient. If instead we try &[1], we
now obtain £[1] = QQWZI, which maintains more of the structure of £; in particular, the maximal coefficient
has not been lost. Thus we will follow Buchholz [2] in working with £ — &[1] when we do need to remove
the terminal part of £. Despite our example, it is in fact possible to have {[1]* < £*, but only in very specific
cases.

Lemma 2.7. Let £ < eqy1 and suppose that E[1]* < &*. Then, either & = 7(§) € Lim, or & = ¢[1]* + 1.

Proof. The argument goes by induction on £. The case for £ = 0 is vacuously true since £[1]* < £* is
impossible. If £ = Q%S + v with either v > 0 or v = 0 and 8 = 1, we may apply the induction hypothesis
to v or «, respectively. If £ = 8+ 1 with  countable, then * = 8+ 1 and £[1] = §, so &[1]* = (8 as well.
If £ = Q%8 with 8 a limit, then § = 7(§) and £[1] = Q. Thus C(a) C C(£[1]), so the only way to have
] < &* s if € = B = 7(£). Otherwise, § = § + 1 is a successor and £[1] = Q%6 + Q1. Once again we
observe that C(a) C C(£[1]), so the only way to have £[1]* < £* is if £€* = 8, which leads to £[1]* =4. O

As a corollary we obtain that if 7(£) = Q then &* < £[1]* + 1 always holds.
3. Parametrized theta functions

The theta function admits a general definition with respect to a class X which is assumed club in Q and
such that 0 ¢ X [3]. For € < eqy1, Ox(€) is defined recursively by

Ox (&) =min{# € XN (£*5,Q): V¢ < &(¢F <0 —0x(() <)}

It will be convenient to present this definition in terms of candidates. Say that 6 € X is a Ox-candidate
for £if 6 > & and V¢ < £(¢* < 0 — Ox(¢) < 0). Then, Ox(€) is the least Ox-candidate for &.

If we let P denote the class of principal numbers, i.e., the ordinals of the form w¢, then one of the most
common variants in the literature is ¥ := ©p. We also set 0 := ©140rd, where 1 +Ord = {1 4+ £ : € € Ord}
or, equivalently, Ord \ {0}.
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Example 3.1. It will be instructive to compute o(3) when 8 < €. In fact, we claim that in this case, we
simply have o(8) = 8+ 1. We may prove this inductively on S; assuming o(y) = v + 1 for all vy < 3, we
propose 3 + 1 as a o-candidate for 5. Indeed, § 4+ 1 € 1 4 Ord and if v < § and v* < 4 1 then by the
induction hypothesis, o(y) = v+ 1 < 8+ 1. Moreover, 8+ 1 > 8 = B (since the maximal coefficient of
a countable ordinal is itself), so 5 + 1 is indeed a o-candidate for . It is obviously least (by the condition
a(B) > 5*), so o(f) = B+ 1. Thus o can be viewed as an extension of the successor on the countable
ordinals (hence the notation), and o[2] = QN Succ.

Note that since X is assumed unbounded, every ordinal ¢ has an ‘X-successor’, which we denote Sx(§),
defined as the least element of X strictly greater than £. This will be useful in proving that Ox is well-defined.

Lemma 3.2 (/3]). Given a club X C (0,9), the function Ox: eq+1 — Q is well-defined.

Proof. Assume inductively that Ox is total on £ < eqy1. We must show that Ox(€) is defined. Define a
sequence (6,,)n<. by letting 6y be the least element of X greater than &*, which exists by unboundedness
of X, and

b1 = sup{Sx (Ox(()) : ¢ < € and ¢* < 6}

Let 0 = sup,, ., 0,. First we claim that ¢ is countable; to see this, note that it is a countable limit, and
moreover each 6, is countable since the set {{ < £ : (* < A} is countable for any countable A. Moreover,
0 € X since X is assumed closed. Then note that if ¢ < ¢ and ¢* < 6, it follows that (* < 6,, for some n and
s0 Ox(¢) < 0,41 < 0. Thus @ is Ox-candidate for £, hence the least candidate exists.! O

The following can readily be deduced from the definition.
Lemma 3.3. If o < § < gq41, then Ox(a) < Ox(B) if and only if a* < Ox(f).

For ordinals #, A, define £, (\) recursively by ko(A\) = X and k41 = &N, We write &, instead of r,,(1).
Note that €,, < Q,41 and Q) = Q| yield Ox(2,) < Ox(Qn41)-

Lemma 3.4. If £ € Ox(Q,) NX, then there is ¢ <, such that &€ = Ox(().
Proof. If ¢ = minX then we observe that £ = Ox(0). Otherwise, let ¢ be least so that Ox(¢) > £ and
¢* < &, which exists and is bounded by €2, since §2,, has these properties. We claim that £ is a ©x-candidate
for ¢, which by the assumption Ox(¢) > ¢ yields Ox(¢) = &. But by our choice of (, if v < ¢ is such that
v* < &, then also Ox(y) < &, as needed. O

By abuse of notation, we define ©x(eq+1) = sup,,,, Ox(n).

Corollary 3.5. If £ € Ox(eq+1) NX there is ( < eqq1 with Ox(¢) = ¢&.

We define £q11 to be the set of ordinals £ < eq41 such that £ < Ox(eq1). Then, Ox: £a+1 — Ox(eq+1)
can be checked to be injective and have range X N Ox(eq+1) using Lemma 3.3.

Remark 3.6. Recall that we defined o0 = ©1,0,q. In this case, Corollary 3.5 tells us that if 0 < 8 < o(eq+1),
then 8 = o(¢) for some ¢ € £g11. Thus any Q-normal form Q%8 + v can be rewritten as Q% (¢) + . This

! In fact, 0 is this least candidate.
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makes o a particularly compelling choice for ordinal notations, as addition does not need to be applied to
countable ordinals.

4. Approximating X-limits

The fundamental sequence for an ordinal £ is a sequence ({{n}),<. such that £{n} "¢ asn S w. In
Section 6, we will present a system of fundamental sequences due to Buchholz; the goal of this section is
to set the stage for this system by showing how to approximate various ordinals according to their ‘shape’.
Note that outside of X, the definition of fundamental sequences need not involve the ©x function; this is
also true of points that are isolated in X, as (by definition) they cannot be approximated by points of X
itself. However, for limit points of X, we can define fundamental sequences with some generality in terms
of values of ©x. To this end, let X’ denote the set of limit points of X; since X is assumed closed, we have
that X’ C X.

The results in this section are due to Buchholz [2], but we include their proofs in order to keep the article
self-contained. Here and in the rest of the paper, we will often write © instead of Ox.

Many of the functions used in ‘predicative’ ordinal analysis are normal; they are increasing and continuous
(on at least one of their arguments). For example, the function ¢ — w?® is increasing on ¢ and has the property
that, when € is a limit, w® = lim¢_,¢ w®. Normality is very convenient when defining fundamental sequences,
as if f is normal then to approximate f(A), it suffices to approximate A when A is a limit. However,
normal functions satisfy & < f(§), so given that Ox: éq11 — Ox(£q+1), we must have that Ox is either
non-monotone or not (always) continuous. In fact, both of these are the case.

Let us fix X and write © for ©x. Examples of non-monotonicity of © are easy to find using Lemma 3.3,
as for example ©(Q2) < ©(0(Q2)) even though () is countable. Identifying the points where continuity
fails, or ‘jumps’, is a bit more subtle. We may count zero and all successors as ‘jumps’, since in these cases it
is clear that ©(&) cannot be obtained by approximating &, even when ©(¢) is a limit ordinal. If £ is a limit,
then in most cases we will have that ©(&) = lim¢_,¢ ©(€); for example, O(Qw + w) = lim,_,, O(Qw + n),
since any ¢ < Qw + w satisfying ¢* < ©(Qw +w) will either be of the form Qw+n or else will satisfy ¢ < Qw
and, as we will see, also satisfy (* < ©(Qw + n) for large enough n, and hence ©(¢) < ©(Qw + n) for such
n. But an issue arises when the terminal part 7 = 7(£) of £ is also its largest coefficient, leading to instances
of ¢ < £ that have coeflicients greater than any ©(£[n]) for n < 7.

Consider, for example, £ = Q 4+ ©(7), where v = Q2. The maximal coefficient of £ is also its terminal
part, i.e.

& =19, (1)

and this coefficient not occur elsewhere, which we may capture via the inequality

AT <&, (2)

as applying the fundamental sequence at 1 ‘kills’ the terminal part (see the discussion before Lemma 2.7).
We have that ©(§) > O(Q+n) for all n < O(y), but also have that ©(§) > O(O(y)) since O(y) = &* < O(§).
Moreover, if 7 < ©(+) then since

£ <, (3)

we have that Q+n < v and (Q+n)* = max{1,n} < ©(y),s0 O(n) < O(7). This means that lim,_,g2) O(2+
n) = O(y) < O(2 4+ 6O(v)), hence O(Q + O(y)) # lim,_,e(y) O(2 + 7). Thus we have identified three
conditions, (1), (2), and (3), which lead to © being discontinuous at £. These conditions lead to the definition
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of FIX(X) below. The intuition is that { € FIX(X) if § := 7 is ‘almost’ a O-candidate for £ — except of
course for the clause 6 > £* — and hence would be a fixed point of § — ©(«[f]) if this clause were removed.

Finally, we note that multiples of 2 are also points of discontinuity. Suppose that a = Q& > 0 and let
T =r71a. If 7 < then 7 is a limit and, whenever 7,, — 7, we have that

alm,] +0 — « (4)

for any countable 4. If 6 is too small we might have that lim, . ©(a[r,] + 0) < O(«), but we may also
overshoot — say, if § = ©(«) — and obtain lim,,_, . O(a[r,] +6) > ©(a). As we will see later, there is always
a value of 6 that is ‘just right’ (see Definition 4.4 and Lemma 4.7). The case that 7 = 2 is even worse, since
no countable sequence can converge to 2 at all, and clearly lim,_,o ©(a[n]) = Q@ > O(a). In this case we
instead consider a sequence ©(«[f,]) where 6,, converges to ©(«a) (see Lemma 4.8).

The following definition classifies these points of discontinuity. Below, QOrd is the class of ‘multiples of
€0, i.e. of ordinals of the form Qq; note in particular that 0 € QOrd.

Definition 4.1. We define sets

(1) FIX(X) = {£ < eqi1 : E[1]" <& = 71(§) = Ox(7) for some v > &}
(2) JUMP(X) = Succ U FIX(X) U QOrd.

Lemma 4.2. If £ < Q and £ € JUMP(X), then ©(§) ¢ X'.

Proof. Assume that £ < Q and recall that Sx(x) is the least element of X above y. It is easy to check
that ©(0) = Sx(0) is the least element of X (recall that 0 ¢ X by assumption), hence ©(0) ¢ X', while
O£+ 1) = Sx(©(&)), so that also O(£+1) ¢ X'. Finally, if £ € FIX(X), then £ = O(y) for some v > £. Let
0 = Sx(&); we claim that § = ©(). If ¢ < &, then since ¢ is countable, { = (* < £ = O(v), and moreover
(<& <vs00(() < O(y) =& < 0, hence 0 is a O-candidate for £. Moreover, since ¢ is also countable,
& =& < 0(§), so  must be the least candidate. O

As we will see, Lemma 4.2 is sharp in the sense that for any other £ < g1, ©(£) € X'. In order to show
this, we will find sequences in X converging to all such £. We will use the function 7(¢) defined in Section 2.

Lemma 4.3. Fiz a club X C (0,Q) and let « = Q& and 0 < f < Q. Ifa+ B € ég11 NLim \ FIX and 3, B,
then ©(a + B,) / O(a+ B).

Proof. Let 6 = sup,,,, O(a + B,,). First we observe that

a+5n<a+ﬁn+1<a+5

and
(@+B,)" < (a+Bpt1)” < (a+B)" <O(a+p),

from which it follows that (©(a + 3,)) /' 0 and 6 < O(a + ).

In order to show that 8 > O(a + ), it suffices to show that 6 is a ©-candidate for o + 8. Suppose that
¢ < a+pf and £ < 6. Then, £ < a+ B, for some n and £ < O(a + B,,) for some m. It follows that
O() < O(a+ Buaxnmy) < 0.

It remains to show that 6 > (a4 5)*. We have that 6 > (a + 5p)* > o*, so we must show that 6 > 3.
To this end, we consider the following cases.
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Casel (B ¢ X). If < minX, then 8 < 6(0) < O(a + fy) < 6, so we may assume that S > minX.
Let ¢ = sup(X N B); note that ¢ € X since X is closed. Since ¢ < 8, ¢ < B, for some n. But then
Bn < O(a+ B,) € X, so by the way we defined ¢, 5 < O(a + 3,,) as well.

Cask 2 (B € X). By Corollary 3.5, we can write § = ©(«). Since a + 8 ¢ FIX| either 8 < a* or v < a+ .
If 8 < a* then 8 < O(a+ fy) < 6. Otherwise, v < a+ § and hence v < a+ 3, for some n. Since O(v) = S,
we have that v* < f, hence v* < B, for some m. It follows that 8 = ©(y) < O(a + Bmax{m.n}) < 0, as
needed. O

Before showing how to approximate the © functions in other cases, we need to define an auxiliary value.
Basically, ©*(¢) will be a countable ordinal which is added to fundamental sequences in order to ensure
that the maximal coefficients are large enough for convergence.

Definition 4.4. For £ < eq41, we set

OK) ifE=C¢+1
O"(&) = 7(¢) if £ € FIX(X)

0 otherwise.

This operation can be used to bound certain values of the © function. First we note that ©*(¢) is always
below ©(¢).

Lemma 4.5. If £ < eqy1 then ©*(§) < O(£). Moreover if ©*(£) > 0 then £* < O*(€).

Proof. The claims are trivial if ©*(¢) = 0. Otherwise we either have that ©*(£) = £* < O(), or else € is a
successor and ©*(§) = O(£ — 1) < O(§), while we have &* < (£ - 1)*+1<0O(—-1). O

In contrast, ©*(«a + ) is an upper bound for ©(a + ') when 3’ < 8 and j is countable.

Lemma 4.6. Let X C (0,Q) be club and © = Ox. Let £ = a+ 8 with o = Q& and B < Q, and let 8/ < B. If
©*(&) > 0, then O(a+ ') < O*(¢).

Proof. If y = a+ 3’ with 8’ < 3, then clearly 8 > 0. If 8 is a successor then ©*(£) = ©(£ —1) > O(a+ ).
If 8 is a limit then & € FIX(X) implies that o* < 8 and 8 = O(y’) for some 7' > £. But then o + 3’ < v/
and (o + 3')* = max{a®, B'} < f = O(v'), so that ©(a + #') < O(y) = B = ©%(€). O

Thus when ©*(a + ) > 0 we have that, for ' < 8, O(a+ ) < 0*(a + 8) < O(a + ), so the value
O(a + ) cannot be approximated by simply approximating 5. In these cases, we instead approximate «;
but we need to add a term ©*(a+ ) to ensure that the maximal coefficients are large enough. The following
two lemmas make this precise. Note that Lemma 4.7 uses an approximation to a of the form (4) we have
discussed.

Lemma 4.7. Let X C (0,1) be club, { = a+ 5 < eqy1 witha =& >0 and B < Q, and 7 = 7(a)) < Q. If
a+ B € JUMP(X) and 7,, /' 7, then ©(a[r,] + ©%(€)) /' O(a + B).

Proof. Tt is readily checked using Lemmas 2.5(2) and 2.6, along with the fact that 7 is a limit since « is,
that a[r,] + ©*(§) < a[rh41] + ©*(§) < o+ S and

(alra] +©7(€))" < (alrna] +©7(€))" < max{a™, ©%(§)} < O(a+ p),
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so (©(afr,] + @*(5)))n<w is an increasing sequence below ©(a + f).

Now, let 6 := sup,, ., O(a[r,] + ©*(£)). In order to prove that § > O(« + f3), it suffices to show that 6 is
a ©-candidate for o + . Since o + 8 € JUMP(X) \ {0} we have that ©*(£) > 0, hence Lemma 4.5 yields
& < O*(¢), and thus &* < O(a[r] + ©*(§)) < 0.

Finally, let v < a4 8 be such that v* < §. We must find n such that ©(y) < O(a[r,] + 0*(§)). Consider
two cases.

First assume that v < a. Since v* < 6, we can find n so that v* < ©(a[r,] + ©*(¢)), and since 7, — 7,
we may assume that v < a[7,], so that ©(y) < O(alr,] + 0*()), as needed.

Otherwise, v = a+ ' with 8’ < 8. By Lemma 4.6, ©(v) < 0*(§) < O(alr] + ©*(£)) < 6. O

Lemma 4.8. Let 0 < a = Q& < eqy1 and § < Q be such that a+ 8 € JUMP(X), and assume that T(a) = Q.
Define 6 = ©*(a + ) and 0,11 = O(alb,]). Then, 6, / O(a + f).

Proof. We have that 6,, < 6,41 since «a[f,]* > 6,,, so 0,11 = @(a[&n}) > #,. By induction on n we can
assume that 6,, < O(a + ), so that a[f,] < a + § and

alf,])* < max{a*,6,} < O(a+ B)

imply that 0,41 < ©(a+ 8). Thus, (0,)n<w is an increasing sequence below ©(« + f3).

Now, let  := sup,,, 6,,. In order to prove that § > O(a+ ), it suffices to show that 6 is a O-candidate
for a + 3. First note that if ©*(a + ) > 0 then Lemma 4.5 yields (a + 8)* < ©*(a+ ) = 0y < 6.
Otherwise, ©*(a + ) = 0, so that a + 8 € QOrd and hence 8 = 0. By Lemma 2.7, a[1]* + 1 > a*. Note
that 6; = ©([0]) > 0, so 8 = ©(a[f:1]) > O(a[l]) > a[l]*. It follows that 85 > a[1]* + 1 > a*. In either
case, (o + f)* < 6.

Let v < a+ B be such that 4* < §. We must find n such that ©(y) < 0,,. If v < «, we use the fact that
~v* < O(y) and induction to find n so that v* < 6,,. It follows by Lemma 2.5(3,4) that v < «[f,], and we
conclude that ©(y) < 0,41 < 6.

Otherwise, v = a+ ' with 8’ < 8. By Lemma 4.6, we conclude that O(y) < ©*(a+ ) =60y < 0. DO

With this, it follows that Lemma 4.2 is sharp.
Proposition 4.9. If £ € g1, then ©(E) ¢ X/ if and only if £ < Q and £ € JUMP(X).
5. Regular Bachmann systems

The results of the previous section will guide us in defining fundamental sequences for the functions Ox.
Intuitively, a notation system for an ordinal A is a collection of functions F on the ordinals (including at
least one constant) such that every A < A is the value of some term ¢ (see Section 9). Having represented A
in this form, we can assign to it a norm, ||Al|, measuring the size of this term ¢. Assuming that JF is finite,
there will be finitely many ordinals of any given norm. The latter gives rise to the abstract definition of a
norm.

Definition 5.1. If A is any ordinal, a function || - ||: A — N is a norm if whenever n € N, the set
{a < A:la|| <n}

is finite.
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Given a countable ordinal A, a system of fundamental sequences on A is an assignment to each limit
A < A of a sequence (AM{n})n<, converging to \. While this general definition is sound, it is convenient to
require additional conditions on -{-} to ensure uniform computational behavior of the fast-growing hierarchy
based on A (see Section 10). Let us make these conditions precise.

Definition 5.2 (///). Let A be a countable ordinal and -{-}: A x N — A.

(B1) We say that (A,-{-}) is a system of fundamental sequences on A if for all &« < A and n € N,

(a) 0{n} =0,
(b) afn} =pifa=p4+1, and
(¢) if @ € Lim, then (A,-{-}) converges on a, i.e. a{n} /'« asn 7 cc.

(B2) A system of fundamental sequences (A, -{-}) has the Bachmann property if whenever 0 < z < w and
Mz} < n < A, it follows that Mz} < n{1}. A system of fundamental sequences with the Bachmann
property is a Bachmann system.

(B3) If (A,-{-}) is a Bachmann system and || - || is a norm on A, we say that (A,-{-},|| - ||) is a regular
Bachmann system if whenever n < A, it follows that n < A{||n|}.

(B4) The regular Bachmann system (A, -{-},]| - ||) is Cantorian if it moreover satisfies:

(a) If o+ B is in Cantor normal form and § > 0 then (a + 8){n} = a + f{n}.
(b) If m,n < w then w™ - n = wm™ T {n}.
(¢) There is a primitive recursive function h such that:

(i) Whenever a; > ... > au,

max{nanalnv R Hanll} < ”"‘)a1 Tt +wan||

< h(max{n, |laa, ..., [lownl]})-
(ii) For all m < w,m < ||w™| < h(m).

Remark 5.3. Note that in [4], condition (B2) is stated with n{0} in place of n{1}. This essentially corresponds
to a change of variables x +— x + 1 and does not affect the results we cite or their proofs. A similar remark
applies to other properties on the list.

Our main goal in the sequel is to prove that Buchholz’s fundamental sequences provide a regular
Bachmann system. Then, in Section 10, we explore the applications of these properties to provably to-
tal computable functions.

6. Buchholz systems of fundamental sequences

The results of Section 4 can be used to design fundamental sequences for notation systems based on theta
functions. These are due to Buchholz, although our notation is a bit different. For £ = a + 8 with a = Qa
and 8 < Q, we define

i {a if ©*(¢) >0

¢ otherwise.

The intuition is that 5 is the ‘part’ of £ that we need to apply fundamental sequences to in order to
approximate the value of ©(); as per the discussion in Section 4, 5 should be ¢ itself when £ is a point of
continuity, but will be an initial part (the largest multiple of £ below &) when & belongs to JUMP(X). It is
also worth noting that £ is rarely zero.
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Lemma 6.1. If £ € £qy then 0 =€ < £ iff O(€) ¢ X/.

Proof. We note that £ = 0 if and only if £ = 0 or £ is countable and £ < &, so that & € JUMP(X) N Q; by
Proposition 4.9, this occurs exactly when ©(¢) ¢ X'. O

We also define ©()(¢) recursively by setting

(1) ©0)(¢) = ©*(¢) and
(2) 0+ (&) = B(al0 (&)]).

With this, we are ready to define Buchholz systems of fundamental sequences. The general idea is that
these systems behave in a specified way on elements of X', but otherwise may be defined freely in a case-by-
case basis. In particular, if £ € QNJUMP(X), then as noted above, O(§) ¢ X', and hence Definition 6.2 does
not prescribe any value for ©(¢){n}, aside from the assumption that fundamental sequences are increasing
and lie below the original ordinal.

Definition 6.2. Let X C (0,2) be club and © = Ox, and let us define A = {§ € éqy1 : 7(§) < Q}. Then, an
assignment -{-}: A x N — g1 is a Buchholz system (for X) if for all £ € A and n € N:

(1) 0{n} =0 and if £ is a successor then {{n} =¢ — 1.
(2) If € is a limit then £{n} < {{n+ 1} < ¢&.

(3) If £ > Q and 7 = 7(§) € Lim then £~£n} = ¢[r{n}].
(4) If 0 < 7(€) < Q then O(€){n} = O(&{n} + ©%(9)).
(5) If 7(£) = Q, then O(€){n} = OM(¢).

Lemma 6.3. Any Buchholz system converges on every element of X', provided it converges elsewhere.

Proof. That fundamental sequences are monotone and convergent follows inductively using Lemmas 4.3,
4.7, and 4.8. O

It will be useful to state a general characterization of the values of the fundamental sequences for elements
of X'

Lemma 6.4. Let -{-} be any Buchholz system and let £ € éqy1 and O(£) € X'.

(1) If either n > 0 or 7(£) < Q, there exists € < & such that ©(€) = ©(£){n} and either
(a) & >¢, or
(b) & > ¢*{n} and & # O(C) for any ( > &. ] o

(2) If 7(&) = Q, then either ©(£){0} =0 or O(£){0} = ©(&) for some & with £+ 1 > €.

Proof. For the first claim, note that by Lemma 6.1 and the assumption that ©(¢) € X’ we obtain £ > 0.
Inspecting Definition 6.2, we see that ©(£){n} = O(£) with £ = £[6] + 0 for some 6,0 with § < 7(€). It
follows that £ < €. To continue, we must consider several possibilities.

Casel (0 < ©*()). Since n > 0, inspection of Definition 6.2 shows that ©*(¢) < max{J,6}. Since
& < ©*(¢), in this case we also obtain (1a).

CASE 2 (&* = £[1]* and ©*(¢) = 0). Then, £ = ¢, # = 0 and since n > 0, § > 1. Thus &* = £[1]* < £[8]*,
and (1a) holds.
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CASE 3 (£[1]* < €* and ©*(£) = 0). Since O*(¢£) =0, £ = &. Let 7 = 7(£). In view of Lemma 2.7, there are
two cases to consider.

CASE 3.1 (£* =7 € Lim). In this case, £ = £[7{n}]. From ©*(£) = 0 we see that 7 is not of the form ©(¢)
with ¢ > & (otherwise, ©*(£) = 7). Moreover, by Lemma 2.5(3), £* > 7{n} = £*{n}, so (1b) holds.

CASE 3.2 (£* = £[1]* 4+ 1). In this case, we immediately have that £* > £[1]* = £€*{n}. Note that £ must be
uncountable, since otherwise £ = £* and by Proposition 4.9, ©(¢) ¢ X'. If ¢ > ¢, it follows that ©(() is a
limit (as ¢ is uncountable) and thus £* # O(¢). Thus, (1b) holds in this case as well.

For the second claim, we have defined ©(£){0} = ©*(¢) in this case, and it can be checked by the
definition that ©*(&) is of the required form. O

Below, recall that we defined PP to be the set of principal numbers, ¥ = ©p, and 0 = ©140.. In order to
define Buchholz systems, it suffices to define {{n} in cases where £ € 2\ ({0} U Succ UX'), as other cases
are covered by Definition 6.2. In the case of X = 1 + Ord, this case is in fact vacuous.

Proposition 6.5. There is a unique Buccholz system for 14 Ord, which we denote by -{-},.

Proof. Every ordinal is either zero, a successor, or a limit of 1 + Ord, so Definition 6.2 already prescribes
values for -{-}, in all cases. O

However, in a more general setting, one needs to explicitly provide values for £{n} when this is not
covered by Definition 6.2. In the case of P, this includes all additively decomposable limits, as well as all
values of ©(&) with uncountable ¢ (which, as we will see in Lemma 6.11, are precisely the e-numbers).

Definition 6.6. Given £ < ¥(eq+1) and n < w, we define £{n}y to be the unique Buchholz system for P such
that

(1) (a+pB){n}ty =a+p{n} if >0 and a+ 8 is in Cantor normal form, and
(2) 9(B){n}s =0%(B) -nif g € QN JUMP(X).

Note that this definition should be understood recursively, so that in the first clause one must compute
B{n} according to the above clauses or Definition 6.2, as appropriate. We may omit the subindex ¢ or
o when clear from context. It is readily checked that these systems of fundamental sequences converge
everywhere, yielding the following.

Theorem 6.7. The assignments -{-}g, {-}o: A X N = A are systems of fundamental sequences.
We have seen that ¢ is the successor function when restricted to countable ordinals. Similarly, 9 is
essentially w-exponentiation, albeit ‘skipping’ jumps. The following is proven by an easy induction based

on the fundamental sequences for .

Lemma 6.8. Let £ < Q and write £ = XA+ n where A is a limit or zero and n is finite. Then,

9(6) = W if A ¢ JUMP(P),
W if A e JUMP(P).

With this in mind, the fundamental sequences with respect to 9 behave as expected with respect to
Cantor normal forms. The proof of the following is derived easily from the definitions.
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Lemma 6.9.
(1) If a+ B < I(eqy1) is in Cantor normal form, then

(a+pB){nto = a+ pi{nty.
(2) If myn < w, then w™ ™ {n}y = w™ - n.

Note that the above fails for o. Thus the fundamental sequences based on 1 extend the familiar ones for £g.
The latter have the property that they almost always take infinite values in the sense that if 0 < a{n} < w
and « is infinite, then a@ = w. The reader should be warned that this is not necessarily the case anymore,
since for example ¥(2){1}y = ¥(0) = 1. However, finite values of the fundamental sequence are still rather
rare.

Lemma 6.10. If w < o < ¥(eqy1) and m are such that 1 < a{m}y < w, then a = w.

Proof. By Lemma 6.9 we see that if w < av = 749 in Cantor normal with ¢ > 0, then a{m}y = y+3d{m}y >
w. In any case that a{m}y = 9(a’), the only possible finite value is 1, and if a{m}y = 9*(«), then either
9*(a) = 0 or it is of the previous form. So we are left with the case where @ = 9(¢) with £ <  and
¢ € JUMP(PP), so that a{m}y = 9*(§)m. Under the assumption, we must have 9*(¢) = 1, which is only
possible if ¢ =1,ie. a=w. O

Finally we note that uncountable ordinals produce e-numbers under 9.
Lemma 6.11. If £ € g1 and & > Q then 9(€) = w?(©).

Proof. Let 6 = ¥(¢). Note that in view of Proposition 4.9, we have that £ € X’ and moreover by Lemma 6.4,
for all n > 0 there is &, < £ such that 8{n} = 9(&,). If &, > Q infinitely often, then we can use the
induction hypothesis to see that ¥(§,,) is a e-number, hence 9(§) is a limit of e-numbers and also a e-
number. Otherwise, we may write 5 = Q% + 7/ in Q-normal form and observe that the only way to have
£[N] < Q for any A > 0 is to have ¥/ = 0 and § = p = 1, which may only occur when & = Q + 7 for some
n < and £ € JUMP(P). We then see by Lemma 6.8 and an easy induction that 9(Q2)[n] = w, (9*(§) + z)

(where x € {0,1}), so ¥(Q) is the smallest e-number above 9*(§). O

Note that e-numbers are closed under addition, multiplication, and w-exponentiation, a fact that will
be useful later. Next we note that Buchholz systems are designed to ‘skip over’ values of © with large
arguments, in the following sense.

Lemma 6.12. Let X € {14 0rd, P}, o < ©(eq+1), and n > 0. Suppose that ¢ is such that () < « and for
all € > ¢, a# O(&). Then, ©(C) < a{n}, and the inequality is strict if « € X'.

v

If o = ©() for some & with 7(§) =N and ©*(§) > 0, then also O(¢) < a{0}.

Proof. Note that a{n} > 0 implies o > 0. With this in mind, proceed by induction on « and consider the
following cases.

CASE 1 (« ¢ X). Then X = P and we can write o = w”+4 in Cantor normal form, so that a{n} = w?+dé{n}.
Since O(() is additively indecomposable, O(¢) < « yields O(¢) < w? < a{n}.

CaSE 2 (o € X\ X’). For X = 1+ Ord, this implies that « is a successor, hence a = O(8) for some 8 < Q
and a{n} = B > O((). Otherwise, X = P and o = ©(¢) for some . It follows that a{n} = 0*(¢) - n.
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From O(¢) < « we see that ©*(§) - m > O(() for some m, but since ©(¢) is additively indecomposable,
6(¢) < 6°(§) = a{1} < afn}. )
CASE 3 (a € X'). Write a = ©(§). If { > £ and ©(() < ©(&), then also O(¢) < &* by Lemma 3.3. Let £ be
so that ©(€){n} = O(€) as in Lemma 6.4. If £* > £* then O(¢) < £ < O(£) = O(£){n}. Otherwise, case
(1b) of Lemma 6.4 holds, so that £* > €*{n} and £* # ©((), hence £* > ©(¢). The induction hypothesis
yields £*{n} > ©((), hence ©(£) > £ > ¢*{n} > O(().

Finally, if & = ©(&) with ©*(¢) > 0 and 7(£) = Q, Lemma 6.4 tells us that ©*(¢) = ©() with £+1 > £.
Since ¢ > £ but O(¢) < O(§), we have O(¢) < &*. If ©*(&) = &*, this yields O(¢) < 0*(¢) = a{0}.
Otherwise, £ + 1 = £. In this case, € = €[1], so Lemma 2.7 tells us that either £* = £* or £ +1 = £* (as &*
is not a limit). In either case we see that ©(¢) < £* < £* + 1, which, since ©(() is a limit, yields O(¢) < £*.
Thus once again, O(¢) < a{0}. O

7. Comparing ¥ and o

The function ¥ is compared to other systems of notation for ¥(eq41) in [3], but the function o is not
considered. Here we give an explicit correspondence between the two. The two functions coincide from Q2w
on, but below this value they can be quite different. Below Q2 one normally one has o(Q(14a)+3) = w*" 3,
but when Q(1 + «) + 8 € FIX(1 + Ord) one must make small ‘corrections’ to 3 given by the values 2 and
Yo defined below, both of which are at most one.

Definition 7.1. For £ < £q41, we define (£)y as follows.

(a) (0)y =0.
(b) If v is countable, then (o(a))y = o+ 1.
(¢) Let a, 8 be countable and 8 = v 4+ n with ~ a limit or zero. Define

1 ifwy =7, 1 ifw® =q,
_{L‘g = ya =
0 otherwise. 0 otherwise.

Then,
(@(QL+ )+ B)y =w" (Yo + B+ 5).
(d) (0(*+B))y =92+ ).

The function (-)y gives us a translation between notations based on the o function and those based on
the ¥ function. We begin by showing that ({)y provides an upper bound for (.

Lemma 7.2. If ( < o(gq+1) then ¢ < ({)y.

Proof. Proceed by induction on ¢ and consider several cases. Clearly 0 < (0)y, so we assume that ¢ = o(§).

CastE 1 (£ < Q). As shown in Example 3.1, o is just the successor function in this case, yielding the claim.
CasE 2 (2 < € < Q%) Write € = Q(1 +a) + 3 and B = v+ n, where v < Q is a limit or zero, and let
r =28, y =y, be as in the definition of (¢)y. The claim is that
o Q1+a)+8) < (c(Q1+a)+B))
= w“’a(y—i—ﬁ—l—x).
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Let 6 = w*” (y + B + x). We check that o(Q(1+a) + ) < 6.

First we show that (Q(1 + «) + 8)* < 6. It is clear that 6 > § unless w*” 3 = 3, but in this case z = 1 so
w*" (y+B+z) > B+1> (. Similarly, > 1+« unless w*” = 1+ a. This is only possible if w* = a = 1 +a,
whence « is infinite and y = 1. Note that 8+ 2 > 1 since 8 = 0 implies w*" 8 = § and thus z = 1. Thus
0=w" (y+pB+2x)>0a2>1+a We conclude that 6 > (Q(1 +a) + 5)*.

It remains to show that if ( < & and (* < 0, then o({) < 6. If { < Q, then ( = (* < 0, and since 0 is a limit,
o(¢) = (+1 < 0. Otherwise, write ( = Q(1+ ')+ 3. For 2’ = mgi and ¥y = y,s, we have by induction that
a(¢) < W (y' + B’ + 2'). Consider the following cases.

CaseE 2.1 (8 < ). Then 3/ + 8 + 2/ < ~, since v must be a limit. The induction hypothesis yields
o(¢) <w y <6.

CaAsE 2.2 (y < 8’ < ). In this case, 2’ = z and f3 is a successor. Consider two sub-cases.

CASE 2.2.1 (o/ = ). Then, also ' = y and the induction hypothesis yields o(¢) < w*” (y +B+z —1) < 6.
CASE 2.2.2 (¢ < ). The induction hypothesis yields

’ ’

o) <w (Y +B+r—-1) ="y +w" (B+z—1)
<y +w (y+ B+a)=w (y+ B+ a).

CASE 2.3 (8’ > ). In this case we have that 8’ < § and o/ < «. Then, ' = w*" 5+ for some § < (y+pF+z)
and some 7 < w*” . The induction hypothesis yields

o(Q) <w*” (Y + w5+ +a)
= wwa,y’ o o (n+a')
= wwa,y’ s e (n+ )
< w“a,y’ + W i+ w = w“’a/y’ +w (6 41)
= (0 +1) < (y+B+x)=9.

CASE 3 (& > Q2). Write £ = Q2 + . The claim is that o(2% + a) < (2 + «). To prove this, we show that
0 := 9(Q + ) is a o-candidate for &; since Q2 + a is defined as the least such candidate, the inequality
follows.

Let us begin by showing that £* < 6. Write o = Q°p +17 in Q-normal form. Then, on a case-by-case basis we
can check that £€* < max{2,1+ a*}. For example, if § = 2 and p = a* we have that Q%+ a = Q?(1+p) +17
which has maximal coefficient 1 4 p. Similarly, (2 + a)* > max{1,a*}, so ¥(2 + «) > max{1,a*}. This
implies that 9(Q+ «) > w, so J(Q + a) > 2, while from J(Q + a) > o* we readily obtain 9(Q+ «a) > 1+ o*
since 9(Q + «) is additively indecomposable. In any case, we obtain 9(Q + a) > £*.

Next we show that if £ < & is such that £* < 6, then o(£) < 0. If £ < Q then ¢(§) = £ + 1 < 6 since
6 is a limit. If Q < £ < Q2, write £ = Q(1 + &) + (. Then, o(£) < w“&(l + B +1). Since Q+a > Q it
follows from Lemma 6.11 that 8 is an e-number and hence closed under sums, products, and w-powers, so
w** (14 B +1) < 6. Finally, if Q> < £ then £ = Q% + & for some & < a. Since the function y — Q +  is
strictly monotone on x, we have that Q + & < Q + «, and moreover (2 + &)* < 0 because 6 is a limit, so
0 >1+(Q%+a)* > (2+ a)*. Using the induction hypothesis, we obtain o(Q? + &) < J(Q + &) < 0, as
needed. O

Next we prove that (¢)y is a lower bound for ¢. Here we need a more detailed statement, which will allow
us to compare the corresponding Hardy hierarchies later.

Theorem 7.3. If {( < ¥(eq+1), then
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(1) ¢= (o, and
(2) if 0 <m <w, then (()y{m}y < {{m+1},.

Proof. Proceed by induction on ¢. The first claim follows from the second, since ¢ < ()y by Lemma 7.2,
and moreover the induction hypothesis applied to the second claim yields

(= lim ({m}o > lim (Q)op{m}y = (C)o-

m—o0

Thus we focus on the second claim.

The claim is trivial for ¢ = 0, so we assume otherwise and write { = o(§). Proceed by induction on (.
For the induction hypothesis to go through, we also need to establish the side condition that if § = w® and
({)9 =+ d in Cantor normal form, then

v+t < m+ 1), (5)
Consider the following cases.

CASE 1 (£ < Q). Then, o(&){m}, = & and also (o(§))g{m}ty = (£ + 1){m}y = £ for all m.

CASE 2 (2 < € < Q%). Write £ = Q(1 +«) + 3 and let = 22, y = y, be as in the definition of (£)y, so
that (£)y = w*” (y + B + x). Consider the following sub-cases.

CASE 2.1 (y+ 8+ = = 0). This case is impossible since § = 0 implies that z = 1.

CasE 22 (y+ B+ € Lim). Then, § € Lim and 2 = 0, so ({)y = w*" B > f. We claim that ¢ ¢
JUMP(1 + Ord); for otherwise, 8 > a and 8 = o (¢’) for some &' > £. From w*” 3 > f we see that w*" p > j3
for some p < (8, whereas the induction hypothesis and the definition of ¢ yield

B=0(€)2a(Q1+a)+p)>wp> B,

a contradiction.
Next, consider the following sub-cases.
CASE 2.2.1 (8 =~ +w*!). Then,

{m+ 1}y = Q1 + ) + v+ T {m + 1},
o(QL+a) + (y+w’ T {m + 1},)

=

I

Vv
Q

(Q 1+ «) 7+w5+1){m}19)
U(Q l+a)+y7+w m)

w®

= (y+y+wm+a),

5 .
where 2’ = 2T ™. Meanwhile,

(Qo{m}ls = (" B){m}ls = 0y + " T {m}y

=y + " Pom = ¥ (v + wOm).
Clearly
v+ dm<y+v+w’m+ .

From here it is easy to see that ()g{m}ys < {{m + 1},.
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CASE 2.2.2 (8 = v+ w® with § € Lim). Then,

(fm + 1}, = (1 + )+7+W){m+1}a
=o(Q(1 + (Y +w’){m+1},)
ga Q(l+a)+’y+w6{m}”)

=w (y+ v+’ g,
where &/ = 227 U™ and the induction hypothesis also uses (5) if § = w?’.
On the other hand, note that w® + § > § since otherwise w*” 3 = §, so

(Qofmls = (W (v + W) {m}s = 0"y + " H{m}y
_ wwa,y + wwa+6{m}o _ wwa (’7 + wé{m}ﬁ).

From this it is clear that ({)g{m}y < {{m + 1},.
CASE 2.3 (y+ S + = € Succ). In this case, it will be convenient to first show that

Claim 7.4. £ € JUMP(1 4 Ord) and 0*(€) = w*" (y + S+ 2 — 1).

Proof of claim. In order to prove the claim note that by definition of x, 5 is either zero, a successor, or a
limit with w*” 3 = 3. Thus we consider each of these cases.

CASE (a) (8 = 0). In this case, we immediately have £ € JUMP(1 4 Ord). Moreover, x = 1, and y = 1 if
and only if o = w™.

We consider two sub-cases, depending on whether a < w® or a = w®. If @ < w®, then y = 0, and since
B4z =1, (y+p+x—1) = 0. Thus we must show that o*(Q(1+a)+3) = 0. Note that o*(Q(1+a)) =0
if 1 4+ « is not of the form o*(&’) for some ¢’ > £. Since o is injective, in order to prove this it suffices to
find ¢’ < € with 1 4+ o =o(¢').

If o is a successor, then 1+ o = o(1 + o — 1). Otherwise, we may write o« = 4/ 4+ w® n, where n. > 0 and ~/
is either zero or of the form 7+ w® with § > o/. Observe that 7/ = w® 7 for some v which is either zero or a
limit, so o = w® (y+n). Let 2/ = z), and y' = yor. We claim that ' := —y' +~v+n— 2z’ is well-defined. We
have that n > 0, so n—a’ > 0. If 5 is a limit or y' = 0, then 8’ = v +n — ’. Otherwise, v = 0 and o/ = w®’;
but then a # o' (as a < w?®), so we cannot have n = 1. It follows that n > 2, hence 8’ = —y' +n—a’ > n—2.
Moreover, y' + 3 4+ 2’ = v + n, so the induction hypothesis yields a = w®(y +n) = o(Q(1 + /) + 5'),
ie.a=0(¢) with & := Q1+ ') + 8’ <& We conclude that 0*(£2(1 4+ «)) = 0, as needed.

If o« = w®, recalling that 8 = 0 and z = 1, we have that y = 1 and o = w*” = w*” (y+ B+ x—1). Therefore,
in this case we must show that o*(Q(1 + «)) = «, which holds when a = o(¢’) for some & > &. Since o is
surjective outside of zero, this means that a # o(¢’) if ¢’ < £. Thus we will prove the latter.

a4

First note that « cannot be a successor, so a # o(&') if € is countable. Moreover, 1 + @ = a = w*  and

W > w“’a/ (y'+ 5’ +2') whenever o, 8’ < . In view of the induction hypothesis, this rules out 1+a = o(¢£’)
if&>¢ =Q(14+a')+ F'. Thus indeed 1+ « # o(¢’) for any &' < € and 0*(2(1 + «)) = a. In either case,
the claim holds.

CASE (b) (f € Succ). Once again, we immediately have £ € JUMP(1 + Ord), and

(=01 +a)+B-1) = (y+F+a-1),

since the values of z,y are unchanged.
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CASE (c) (B8 € Lim). We claim that 8 # o(£’') for any & < &. Any £’ < ¢ is either countable, so o(£’) is a
successor and 8 # o(£’), or else it is of the form Q(1 + o) + 5" < Q(1 + «) + 8. In this case o/ < v and if
B > B it follows that o(£') > B, while if 5’ < 3,

F(Q1+a)+8) < o(@1+a)+8) S (14+5 +1) <w B = 5.

It follows that 8 # o(¢&’) for any £’ < &. Given that 8 € o(eq11) N (14 Ord), 8 = o(&’) for some &' > &, and
& € JUMP(1 + Ord) as claimed. It moreover follows using the induction hypothesis that

0"(€) = B =w"B = o(AL+a) + 1)

This covers all cases and concludes the proof of Claim 7.4. O
With this claim at hand, we consider cases according to the shape of a.
CASE 2.3.1 (a =0). In this case, we have that

(Qadmbs =" (y + B +z){m}g
= (wly+pB+z—1)+w){m}y
=w(ly+B+x—1)+m.

Meanwhile,

{m+ 1}, = a(({m},) = {{m}, + 1.

By a subsidiary induction on m, we prove that
{m}le 2wy +B+2—1)+m.

For m = 0, we have that

(0o =0 () =wly+B+2—-1)+0.

For the inductive step, we merely note that ({m + 1}, > {({m},, hence

{{m—i—l}gZC{m}U—ﬁ—l;w(y—l—ﬁ—i—x—l)—l—m—l—l,

as needed.

CASE 2.3.2 (a € Lim). In this case, 1 + « = a. We claim that a{m + 1}, > 1+ a{m}y. If a{m}y is infinite
then this follows from the induction hypothesis, since a{m + 1}, > a{m}y = 1 + a{m}y. If a{m}y < 1,
we note that since fundamental sequences are strictly increasing, a{m + 1}, > m + 1 > 2. Finally, if
1< af{m}y < w, Lemma 6.10 yields a = w, so that a{m}y = m. But once again we use a{m+1}, > m+1
to obtain the desired inequality.

Then,

C{m =+ 1}0 = U(Qa + B){m + 1}0 = U(Qa{m + 1}0 + U*(ﬁ))
> (1 +af{m}y) +w (y+ B +x —1))

H yolmly

=w (Y (- 1)+ o)
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for ' = ya(my, and 2’ = xzzm(}wﬁﬂ*l). Now, note that

welmty

W (y+B+r—1)=w" (y+B+z—1),

so ' = 1. Hence,

a{m}y . (y/ +wwa(y+/8+m _ 1) +x,)

(W Y+ B —1)+1)

welmly

{m+1}, > w”

welmly

> w

=w (y+B+r—1)+w
Meanwhile,

(Qo{mls = (W (y + B +2)){m}y

a a{m}
< (y+B+z—1)+w

(where the last inequality could be strict if o = w® but a{m}y < w™{™). The claim follows.
CASE 2.3.3 (a=mn+ 1 € Succ). In this case, we have that

(Qoim}y =" (y + B+ 2){m}y
— (W A+ B+x—1)+w" ) {m}y
= (y+ a1+,

and also
¢{m+1}; = o(QL +1) + ¢{m}e) =" (v + ¢({m}s + ')
for suitable x’,3’. By a subsidiary induction on m, we prove that
m+1}, > (y+B+a—1)+w"™

For m = 0, first we note that by Claim 7.4, ({0}, = 0*(¢) = w*" (y + B+ — 1), hence since ({1}, > ({0},
we see that

C{l}a Zw“a(y+6+m—1)+1 waa(y+ﬁ+x_ 1)+ww"~0.
For the inductive step, we see that

({m+2}, = w?” (y/ +{{m+ 1}, + :C/)

> (W +w Y+ B+ —1) + w4 a)
> (y+ B+ z— 1) 4w D),

as needed.

Case 3 (£ > Q2). In this case, we have that (¢)y = 9(Q2+¢’). Note that by Lemma 6.11, £ > € implies that
9(€) = w?© | meaning that we must prove that (5) holds.

Write & = Q2 + v and further write v = a + 3 in such a way that 5 = 02 + a, so that 8 <  is possibly
zero. Observe that all infinite coefficients of £ are also coefficients of 4. Thus, either (Q% +v)* = (Q +~)*
or both are finite, and similarly 7(Q? + v) = 7(Q + «) if they are infinite.



D. Ferndndez-Duque, A. Weiermann / Annals of Pure and Applied Logic 175 (2024) 103455 21

Let v = 1 if the Q-normal form of ¢ begins with a term Q2k with k € (0,w), and otherwise let v = 0.
Similarly, let w = 1 if the Q-normal form of Q + v begins with a term Q& with k € (0,w), and otherwise let
v = 0. Note that Q2+~ = Q?v+~ and similarly Q4+~ = Qw-++. The crucial observation here is that if v > 0,
then by Lemma 2.3, we have that for all x, (Q%v+7)[x] = Q?v+7[x], and similarly (Qw+7)[x] = Qw+~[x],
with the same observation holding for « in place of 7. In particular, if v > 0, then (Q%v++)[1]* < (Q%v+~)*
iff (Qw +v)[1]* < (Qw + v)*, except possibly in cases where the maximal coefficients are finite.

Claim 7.5. 0*(Q% + ) = 9* (2 + 7).

Proof of claim. If 0*(Q% + ) > 0 then by the definition of o*, (02 + v) = o(Q2 + 7) for some 7 with
4+ 1 > ~. Then, the induction hypothesis (for o(Q? + 7) < () yields o(Q? + 7) = 9(Q + 7). We have
that either o*(Q? + ) = 7(Q%2 +7) or 0*(Q? + ) = (2% + v — 1) when ~ is a successor; in either
case, as we have noted that the two share maximal coefficients and terminal parts, it can be checked that
a* (02 +7) = 9*(Q +7), as claimed.

The argument is analogous if ¥*(Q + ) > 0: 9*(Q + v) = ¥ + 7) for some ¥ with ¥+ 1 > v, and by
induction we have that o(Q? 4+ 7) = 9(Q + 7). Reasoning as above, it follows that o*(Q2 +7) = 9*(Q + ).

Otherwise, 0*(Q2 +v) = 0 = 9*(Q + 7), so equality holds in all cases. O

Next we consider two sub-cases.

Cask 3.1 ({V < 02 + Q). Recall that 5 = 0% + a. Then, a < Q and « is either zero, a successor, or
a=0(Q%+§) for some € > . Let = 0*(¢) and let z =1 if # > 0, otherwise z = 0.

By a simple computation using Lemma 6.8, 9(Q+~){m}y = w,, (0 +2). Recall that we need to establish (5),
for which it suffices to show that ({m + 1}, > wm41(0 + 1) for all m > 0. We first consider the additional
case of m = 0. We compute ({0}, = 6, so that ({1}, = o(0) = w*’ (yg + 1) (since 2§ = 1). If = 0 then
w*’ > 6+1, and otherwise by Lemma 6.11 we see that 6 = w?, so yg = 1 and w*’ (yo+1) > 0+1 = wo(6+1).
Thus for the inductive step we may uniformly assume that m > 0 and ({m + 1}, > w,, (0 + 1) to obtain
wimt1e

C{m+2}, = o(Q{m +1},) = w

M ywm(e+1)

> w = Wmt2(0 + 1).

We conclude that ¢{m + 1}, > w(©@v{mlv " as needed.

CASE 3.2 (£ > Q2 + Q). Recall that 6 := 9*(Qw +v) = 0*(Q2v +7) and € = Q2 + a and consider two
sub-cases.

CASE 3.2.1 (7 < ). We have that

{m+ 1}, = o(Q%0 + a[r{m + 1},] + 6)
> 0(Q%0 + afr{m}s] + 0)

= 9(Qu + alr{m}y] + 6)

_ P Qutalr{m}o]+6) _ (Oo{m}o

CaASE 3.2.2 (7 = Q). We prove by a subsidiary induction on m that
¢{m + 136 2 (Qo{m + 1}y = w(Orim+the,

We first observe that ({0}, =0 = ({)y{0}s, so we may assume uniformly that ({m}, > ({)9{m}s.
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Then,

Cfm+ 1} = 0(Q0 +alcimbe)) = o(@% + al(C)o{m}a])

" 9(Qw + a[()s{m}s]) = w@wtel©omo)

= (Qo{m+1}y

This covers all cases and concludes the proof. O
8. The Bachmann property

In this section we show that our systems of fundamental sequences enjoys the Bachmann property. For
the proof by induction to work, we need to prove a somewhat more general property. For this, we extend
the definition of -{-} to set £{n} = £[n] if 7(§) = Q; this is merely a technical artifice to avoid treating the
case 7(§) = Q) separately.

Theorem 8.1 (Bachmann property). Let X be either 1 + Ord or P and let © = Ox. Let o,y € £qy1 and
x> 0 be such that 7(a) < Q and a{z} <~y < a. Then, a{z} <~{1}.

Proof. For our induction to go through, we need to prove a slight extension: namely, the theorem should also
hold for 2 = 0 whenever (o) = ©(£) with 7(£) = Q. We proceed by induction on (z,a*, o, 7*,), ordered
lexicographically, to show that under these extended conditions, if a{z} < v < a, then a{z} < ~{1}.
Clearly o # 0 and « cannot be a successor, while the claim follows trivially if v = 6 + 1 is a successor,
as in this case v{1} = § > a{x}. We may also assume that a{z} > 0, for otherwise the claim is trivial. We

consider other cases below.

CASE 1 (o < ). Note that we have 7(y) = v < a < Q. This case is sub-divided as follows.
CAsE 1.1 (a ¢ X). This is only possible if X = P, in which case & = w"” + £ in Cantor normal form with
¢ > 0. Then,

W+ &z} =afzr} <vy<a=w"+¢.

This can only happen if v = w4 § with £{z} < 6 < &, which by the induction hypothesis yields {{z} < §{1}
and hence a{z} < v{1}.

CaAsE 1.2 (o € X\ X’). Again, this is only possible if X = P (since o cannot be a successor), and by
Proposition 4.9, a = ¢(§) with & € JUMP(P) N Q. In this case, we may assume that z is chosen so that
afz} <y < a{x+ 1} (otherwise, replace x by a larger value). Then,

(&) w=ofe} <y <z + 1} =97() - (z + 1)

This implies that v = ¥*(£) -z + ¢ with 0 < § < 9*(§). By definition of ¥* we see that 9*(£) = 9(n) for
some 7, hence it is additively indecomposable and ¥*(£) -« + 9 is in Cantor normal form, which implies that
{1} = 9*(&) - = + {1} > ¥*(&) - x, as needed.

CASE 1.3 (a € X’). Then, a = ©(&) for some § < eqy1, and either £ > Q or £ € Lim \ JUMP(X). Let
7 = 7(€). In order to unify some cases below, if 7 < Q, define 7, = 7{n} and § = ©*(¢). If 7 = Q, then
7o = 0 (¢) and § = 0. Then, af{z} = @({v[Tn] + 6). Consider the following sub-cases.

CasE 1.3.1 (y ¢ X). This case is only possible if X = P. Write v = w” + § with § > 0 in Cantor normal
form. Since a € P/, a{x} € P, hence a{z} < vy yields a{z} < w" < ~{1}.

In subsequent cases, we have that v € X and can write v = ©(().
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CaSE 1.3.2 (v € X\ X'). Since we are assuming that v is not a successor, we must have X = P and
v{n} = ¥*(¢) - n for all n. Since y{n} — ~, we can find n so that a{z} < 9*(¢) - n, but a{x} is additively
indecomposable so a{z} < ¥*(¢) = v{1}.

Cask 1.3.3 (v € X'). First note that ¢ < &, for otherwise (¢) < O(§) and Lemma 6.12 would yield
v < afz} (this includes the extended case where z = 0 and 7(€) = Q). We also cannot have ¢ 4+ 1 = £, since
in this case a{z} > 0*(¢) = O(¢), so ¢ + 1 < &. Similarly, if £[7,] + 6 > ¢ then O (£[r,] + ) < v{1}, so we
may assume that £[7,] + 0 < (.

We claim moreover that ( < 5 . If this were not the case, we would have ¢ = 5 +d and £ = fv + B for some
8 < B, hence B # 0 and ©*(£) # 0. By definition of ©*, we have that ©*(&) = ©(€) for some ¢ with either
E4+1=¢ or€> € and OE) =B > ¢*. In either case, O(E) > O(C), hence a{l} > ©*(&) = O(¢) > O(C),
contrary to our assumption.

Since ¢ < é, it follows that Cv < f; since 5# 0, it must be a limit, so we also have that ( + 1 < 5 With this
in mind, consider the following cases.

CASE 1.3.3.1 (¢ = €[72]). Then, ¢ = €£[r,] + 6 for some 4, and since O(¢) > @(5[7}] +6), we obtain § > 6.
We claim that ©*(¢) > a{z}. Note that ¢ # C, so 4 is either a successor or of the form ©(¢’) for some

v v

¢' > (. If § =0"+ 1, we have that ©%(¢) = O({[1,] + ') > O(&[1,] +0). If 6 = ©({’) for some ¢’ > (, then

also ¢’ > £[r;] + 0, and moreover § > (* = £[r,]* implies that
(€lm]+0)" <d=0((),

so that ©*(¢) = O(¢') > O(€[rx] + 0) = a{x}, as claimed. We conclude that

{1} > ©7(¢) = a{z}.
CASE 1.3.3.2 (€ > €[r,]). In this case, by the assumption that v € X/ we can write v{1} = ©(C[p] + 6) for
suitable p,d < Q with [p] + 6 < .
We first claim that ©*(¢) < y{1}. If ©*(£) = 0 this is obvious, otherwise we show that ©*(£) = ©(¢’) for
some &’ > (. This suffices, as ©*(§) < a{z} < O((), so Lemma 6.12 yields ©*(§) < v{1}.
To find such a &', if £ is a successor, let & be its predecessor. We have observed that ¢ +1 < 5, so & > (.
Otherwise, ¢ € Lim and ©*(¢) # 0. From ©*(§) # 0 we obtain ©*(¢) = O(¢’') for some ¢ > & > ( by
definition of ©*(), as required.
In case that 7 = Q and = = 0, we already obtain a{0} = 0*(¢) < v{1}, so we may henceforth assume z > 0.
In other cases, define 7 to be 7(£) if 7(£) < Q, and 7 = « otherwise. We claim that ¢ < &[x]. If 7(£) < €,
this follows simply because & = £[r] > ¢, and if 7(£) < Q, we note that if ¢ > £[x], then by Lemma 2.5,
€[] < ¢ < € implies that ¢* > 7 = a, and hence O(¢) > a, a contradiction.
Since ¢ < ¢, we thus have that £[r,] < ¢ < £[x]. It is not hard to check that &[r,] = £[x]{y} for suitable y;
namely, y =z if 1 =7 < Q (as 7, was defined to be 7{n}), and y = z — 1 if 7 = @ and 7 = 2, again by our
definition of 7,.
We wish to use our induction hypothesis to obtain &[7,] = £[x]{y} < {{1} from &[n]{y} < { < €[x]. Let
us check that indeed the hypothesis is available according to our lexicographic ordering of the variables. If
T<Q,m=7< «, and since a« = a* > 5[7]*, we apply the induction hypothesis to the second variable in
our lexicographic ordering. If 7 = €, then y < x and we apply induction to the first variable in the ordering
(note that here we may apply the extended case for y = 0). Thus we indeed have that £[r,] < ¢{1}.
Next we check that ({1} < ([p]. If 7(¢) = €, then we have defined ({n} = {[0] for all n, so this is clear.
Otherwise, we have from the definition of the fundamental sequences that v{1} = ©({{1} + ©*(¢)), so that
¢{1} = {[p]. We thus obtain

€] < {1} < (o] < €[,
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which yields £[r,]* < C[p]* by Lemma 2.5. Moreover, we have proven that ©*(¢) < {1} = O(([p] + 4),
which since § < ©*(&) gives us (é[rm] + 9)* < O(([p] + 0). It remains to prove that &[r,] + 6 < {[p] + 6 to
obtain © (&[r,] +6) < ©({[p] +9).

If 0 = 0 or £[r.] < ([p], this is immediate. Otherwise, fv[rz}* < 0 = 0%(&) = 6(¢) for some & > (,
but we have seen that ©*(¢) < {1} = ©({[p] + &). This can only occur if (C[p] + )" > O(¢); but
Clpl* = €ma]* < ©(€), so we conclude that § > O(¢') = 0, yielding the desired result.

CASE 2 (o > Q). Write o = "5 4+ A in Q-normal and consider several sub-cases.

CASE 2.1 (A >0). Then a{z} = Q"5+ Mz}, and a{z} <y < a= Q"5+ A yields v = Q75 + ¢ for some ¢
with M{z} < ¢ < A. The induction hypothesis implies that A{z} < ({1}, hence

afz} = Q"6+ Ma} < Q"8 + ({1} =~{1}.

CASE 2.2 (A =0). We consider sub-cases according to the shape of §.
CASE 2.2.1 (B = £ + 1). Since we are assuming that 7(a) < 2, we must have that n € Lim. Then,
afz) =Q1- ¢+ et <y <a=Q"- (€4 1). Therefore, we can write

N=QT £+ Q4§

in Q-normal form with QXp + § also in Q-normal form, where p > 0, n{z} < x < 7, and either n{z} < ¥,
p>1,0or d > 0. Consider the following sub-cases.

CasE 2.2.1.1 (6 > 0). Then, {1} = Q" - &+ QXp+ 6{1} > a{x}, as required.”

CASE 2.2.1.2 (p > 1 and 6 = 0). In this case, y{1} = Q" - £ + QWXp{1} > a{z}, where the inequality follows
from p{1} = p—1 > 1 when p is a successor and from p{1} > p{0} > 0 when p is a limit.

Case 2.2.1.3 (n{z} < x, p =1 and § = 0). In this case, y{1} = Q7 - & + Qx{1} (this applies uniformly to
the case where x is a successor and thus 7(y) = Q). Since n{z} < x < 7, the induction hypothesis yields
n{z} < x{1}, which implies that a{z} < ~v{1}.

CASE 2.2.2 (f € Lim). In this case,

afz} = Q" (Bla}) <y <a=Q7- 6.

Write v = QXp + § in Q-normal form. Then, Q" - (B{z}) < v < Q73 yields x =n and p > S{z}. Consider
the following sub-cases.

CASE 2.2.2.1 (6 > 0). In this case, Q7 - (B{z}) < Q7 p+ {1} =~+{1}.

CASE 2.2.2.2 (0 = 0). Then, Q"-(8{z}) < Q"p < Q"- 3 implies that 8{z} < p < 3, so that by the induction
hypothesis 8{z} < p{1}, which implies that Q7 - (8{z}) < Q7p{1} < {1}, as required.

This covers all cases and concludes the proof. O
9. Notation systems and norms

The Ox functions are meant to play a role in ordinal notation systems among other functions which
represent the ‘predicative’ part of the system. Given a set of functions F such that each f € F is of the
form f: Ord™ — Ord for some n, an F-term is a formal expression built inductively from the elements of
F along with some set of variables: formally, we fix a countable set V' of variables and each x € V is an
F-term, as is the formal expression f(ty,...,t,) if f € F and each ¢; is an F-term. We write ¢(Z) to indicate
that & is the tuple of variables appearing in ¢, and if { is a tuple of ordinals of the same arity then \t(g)|

2 1In this case, it is possible to have 7(§) = 2, and we recall that §{1} := §[1]. Note that the proof itself is unaffected, as we only
need 6{1} > 0, which always holds. A similar comment applies to some of the subsequent cases.
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—

(or simply ¢(€) if this does not lead to confusion) is the value obtained by evaluating ¢ with each variable
x; interpreted as &;.

Definition 9.1. A family of functions F is X-complete if for every ordinal ¢ there is a term ¢(Z) and a tuple
€ of elements of X such that ¢ = [t(£)].

As an example, F = {0} (with 0 being regarded as a function of arity zero) is complete for 1+ Ord, while
{0,+} is complete for P. Similarly, {0, 4, w"} is complete for the class of e-numbers, etc.

Given a family of X-complete functions F, ]-'5% is the family obtained by adding ©x to F as well as the
function 9%y + z. When X is clear, we may write simply F*.

Theorem 9.2. If F is X-complete, then for every & < Ox(cqyi1), there is a closed F-term t such that
§=It].

Proof. Proceed by induction on £. By Corollary 3.5, there is ¢ < eq41 with £ = ©x(¢). Since ¢* < &, we
can use the induction hypothesis to find a term ¢, for each coefficient « occurring in ¢, hence a term ¢,
with ¢ = |t¢]. We then have that Ox(t;) is the desired term for . O

Corollary 9.3. Fvery ordinal £ < ¥(eq+1) can be written in terms of 0,0, and Q*y+z, or in terms of 0,+, 9,
and Q%y + z

Notation systems may be used to naturally assign norms to ordinals.

Definition 9.4. If F is a family of functions, we define the norm ||¢|| 7 of an F-term ¢ inductively by setting
l1f (1, .. t)llms =1+ ||tall7 + - - - + ||t1]| 7. Similarly, we define the norm of an ordinal a by letting ||a||#
be the least value of ||t|| 7 such that |t| = «, and ||| = oo if there is no such value.

We often write || - || instead of || - || when F is clear from context, and write || - ||, || - |lo when F is
either {0}512+Ord or {0, +}¥, respectively. The following is easy to check and we will need it to show that
(9(eq+1), {-}v) is a regular Cantorian Bachmann system.

Lemma 9.5. Let ¥(eq41) > a1 > ... > ay, and define

a = max{n, ||ai|s, .-, [|[an|ls}
Then, a < ||w™ + ...+ w% |y = O(a?).
Finally, we check that our fundamental sequences are a normed system, in the following sense.

Theorem 9.6. Let X be either 1+ Ord or P and F be either {0} or {0,+}, respectively. Let || - || = | - || 7=-
Then, if ( < & € éqi1, & is a limit with 7(§) < Q, and ||| < n, it follows that ¢ < {n}.

Proof. By induction on (£*,€,(*, (), ordered lexicographically. Note that ¢ < ¢ implies that £ # 0 and the
claim is trivial for ¢ = 0, so we assume otherwise. Note also that norms are positive, so n > 0. Consider
several cases according to the shape of &.

CASE 1 (£ < ). This case sub-divides into further sub-cases.

CaAsE 1.1 (¢ ¢ X). Then, X = P and ¢ is additively decomposable. Write £ = w® 4+ § and { = w¥ + § in
Cantor normal form. If v < «, then it is readily checked that ¢ < £{0}, so we may assume that v = a. But
then, the induction hypothesis yields 5 < d{n}, so that ¢ < {{n}.
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Case 1.2 (¢ € X\ X'). Then, X = P and £ = O(a), with @ < Q and a € JUMP(P). In this case,
&{n} = 9*(a) - n. Consider the following cases.

CAsE 1.2.1 (¢ € P). Write ¢ = ¥(5). From ¢ < £ we obtain ¢ < 9*(a) - m for some m, but ¢ is additively
indecomposable, so ¢ < 9*(a) = £{1}.

CASE 1.2.2 (¢ ¢ P). Write ( = w¥m+4 in Cantor normal form with § < w?. We have that ||C|| > [[wYm|+1,
so that ||wYm|| < n — 1 and the induction hypothesis yields w¥m < ¥*(§) - (n — 1); since w? is additively
indecomposable, this implies that w? < ¥*(£). If w7 < ¥*(§), then also ¢ < ¥*(&), since ¥9*(&) is additively
indecomposable. Otherwise, we have that 6 < w? = 9*(§) and { = wm+3J < V*(€)-(n—1)+9*(§) = {{n}.
CasiE 1.3 (¢ = O(a) € X'). In this case, we may assume that ( = O(f): this is always the case for
X =1+ 0Ord, and for X = P, we have that £{n} is additively indecomposable, hence v + 6 < £{n} if and
only if v < £{n} and 0 < £{n}, so we may assume that ¢ is additively indecomposable as well. With this in
mind, consider the following cases.

CasE 1.3.1 (¢ = O(pB) with 8 < a). We divide into further sub-cases.

CaAsE 1.3.1.1 (f > &). We have that § = &+ and a = &+ 6 with § < § < ©*(«). Then, 6 < O*(«a), hence
©*(a) # 0 and ©*(a) = O(a&) for some & with & + 1 > «, from which it follows that & > 5. We moreover
see that f* < a* < ©(&), and if f* = a*, then § < &* (otherwise, a* = 6 > max{a*,0} = 8*), which
by definition of ©* means that o must be a successor and thus a* < ©(&). In any case §* < ©(&), which
together with 8 < & implies that ©(8) < ©*(«). In either case, O(8) < ©*(a) < a{n}.

CaAsE 1.3.1.2 (8 < &). Note that the induction hypothesis yields f* < &{n — 1}. Define 7 := 7(&) and
consider the following cases.

CASE 1.3.1.2.1 (7 < Q). Then, {{n} = ©(d{n} + ©*(a)) and 8 < &{n} by the induction hypothesis. Since

B* < &{n},
¢(=0(p) <O(a{n} + 0" (a)) = &{n}.

CaAsE 1.3.1.2.2 (7 = Q). If 8 < Q, the induction hypothesis implies that § < {{n—1} < &[{{n—1}]*, hence

¢ =0(p) <O(alg{n—1}]) = {{n}.

Otherwise, ||8*] < 18]l < |I<]l, so |8*]] < ||¢]| —2. The induction hypothesis yields 5* < £{n—2} < {{n—1},
and by Lemma 2.5, 8 < &[{{n — 1}]. It follows that

¢=0(8) < O(al{n - 1}]) = &{n}.

CASE 1.3.2 (¢ = ©(8) with f > «). By Lemma 6.12, ¢ < {{1} < &{n}.

CASE 2 (£ > Q). Write ¢ = Q%(; + (2 and € = Q&) + & in Q-normal form, let 7 = 7(£), and consider the
following cases.

CASE 2.1 (& > 0). Then if Q%¢; < Q%¢&;, we have ¢ < £[7{n}] = &{n} regardless of T7{n}, so we assume
Q¢ = Q%&;. But then we may apply the induction hypothesis, since ¢ < ¢ yields ¢, < & and thus
G2 < &{n}, so that ¢ < Q& + &{n} = ¢{n}.

CASE 2.2 (&, = 0). We divide into the following sub-cases.

CASE 2.2.1 (& € Lim). Then, £[8] = Q%6 for all 6. If {, < &, we automatically have ¢ < Q% 7{n} = £{n}.
So, assume that (y = &. In this case, we have that {; < 7, so that the induction hypothesis and the fact
that ||C1]| < n yield ¢; < 7{n — 1}, hence ¢; + 1 < 7{n}. Since ¢» < Q% we have that

(=000 + 6 < Q¢ +1) <Q%7{n} =¢[r{n}] = &{n}.

CASE 2.2.2 (& = n+ 1). Note that this includes the case where & = 1. Since 7(§) < 2, we must have
€0 € Lim. In this case, £[6] = Q&n 4 Q%] for all §. Consider the following sub-cases.
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CASE 2.2.2.1 (o < &p). In this case, the induction hypothesis yields (o < &{n}, which in turn yields
¢ < Q&lnt < ¢{n}, since Q€ {"} is additively indecomposable.

CASE 2.2.2.2 ((p > &o). Note that ¢y > & implies that ¢ > &£, so we must have (y = &, and similarly, n > 0.
We consider further sub-cases.

CASE 2.2.2.2.1 (1 < n). Then, (3 < Q% yields

C< QO +1) < Q< €{n}.

CASE 2.2.2.2.2 ({1 = 7). Since (o < Q% the induction hypothesis yields ¢, < Q& {n} = Q%{"} We conclude
that

¢ = Q% + G < Q%on + Qo) = ¢{n}.
We have now considered all cases, and conclude the proof. O

We are now ready to state our main technical result.

Theorem 9.7.
(1) (eq+1), {}o,ll - o) is a regular Cantorian Bachmann system.
(2) (Yeq+1), {}osll - llo) is a reqular Bachmann system.

Proof. All required properties have been proven in the text (Lemmas 6.9 and 9.5, Theorem 8.1, Theo-
rem 9.6). O

10. The Hardy hierarchy

If A is a countable ordinal, a Hardy hierarchy for A is a family of functions (H))x<a on the natural
numbers, where H)(n) is intended to be increasing both on n and, asymptotically, on A\. As mentioned
in the introduction, these functions are useful for majorizing the provably total computable functions of a
theory T'; for example, every provably total computable function of Peano arithmetic is eventually bounded
by H.,. However, this hierarchy is not determined by the order-type of £y alone: it requires a ‘natural’
notation system, as well as fundamental sequences, for 9. More generally, Hardy hierarchies are defined
with respect to systems of fundamental sequences.

Definition 10.1. Let (A,-{-}) be a system of fundamental sequences. We define the Hardy hierarchy based
on A as the function

H():AxN—=>N
defined recursively by

(1) Ho(n) = n,
(2) Hot1(n) = Hy(n+1), and
(3) Ho(n) = Hogny(n) for a € Lim.

For © € {o,9}, we denote by H® the Hardy functions based on the system (9(eq+1), {-}o). The following
is proven for any regular Bachmann system in [4], hence by Theorem 9.7, it holds for H? and H?.
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Theorem 10.2. For © € {o,9}:

(1) If n <m and o < Y(eqy1), then HO(n) < HE (m).
(2) Ifa < B andn > ||, then HQ (n) < Hg)(n)

There are various other regularity properties that hold for the Hardy hierarchies of all (Cantorian) regular
Bachmann systems, for which we refer the reader to [4]. We also obtain the following comparison of the two
hierarchies.

Lemma 10.3. If £ < ¥(eq41) and 0 < n < m, then Hg(n) < Hg(m).

Proof. We prove the more general claim that if n < m and £{n}y < ¢ <&, then Hg (n) < HZ(m). Proceed
by induction on £ with a secondary induction on (. First assume that { = £. If £ = 0 the claim is immediate,
and if £ is a successor then

HE (m) = HE ((m+1) > HY\(n+ 1) = H ().

If £ € Lim, we have by Theorem 7.3 that £{m}, > {{n}y. If {{m}, = {{n}y we apply the main induction

hypothesis to £{n}y and otherwise we apply the secondary induction hypothesis to £{m}, to also conclude
o )

that HZ, . (m)> Hg,,\ (n).

Otherwise, {{n}y < ¢ < &. In this case we must have £ € Lim. By the Bachmann property for ¢ and

Theorem 7.3, we obtain

Enty < {npy < {m}, < (L&

Let x = 0 if ¢ € Lim and = 1 otherwise. We may apply the secondary induction hypothesis to ({m}, to
conclude that Hg{m}a(m +z) > Hg{n} (n), and therefore
HZ(m) = Hg{m}a(m +x) > Hg{n}(n) = Hg(n) O

As an easy corollary, we obtain that H, g (n) < HZ4(n) for all { and n > 0. This version will be useful
below. Since (J(eq+1),{-}v) is a regular Cantorian Bachmann system, we can use H” to bound functions
defined by recursion on 9(eqy1).

Definition 10.4. Let (A,-{-},]| - ||) be a normed system. A primitive recursive presentation of A is a pair
(A, <) such that A C N, both A and < C A X A are primitive recursively decidable, and there is a bijection
m.7: A — A such that

(1) n < Xif and only if "7 < AT,
(2) if 7]l < Al then ™7 < A7, and
(3) there is a primitive recursive function h with "A7 < h(||A]]) for all A < A.

Note that the second item refers to the ordering on the natural numbers, not the ordering < on A; in
other words, ordinals with larger norms have larger codes. For example, for A = d(eqy1), we can let "\
be the Godel code of a term denoting A as given by Corollary 9.3. If we represent terms as strings using
suitable base k, then we have that "A\7 < klI*. The relation < can be computed primitive recursively from
Lemma 3.3 and properties of Cantor normal forms.

The following class of functions is defined by Cichon et al. [4]. These functions are also similar (but not
identical) to the descent recursive functions of Friedman and Sheard [7].
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Definition 10.5. Given a well order (A, <) with A C N, we define the set of functions R(A, <) as those
functions f: N™ — N of the form

f(@) =min{y : g(7,y) < 9(Z,y + 1)},

where g: N**1 — A is primitive recursive and such that there exists a. € A such that for all ¥ € N7,
9(Z,0) X ax.

Theorem 10.6. Let © € {J,0} and (B, <) be a primitive recursive presentation of (9(ea+1),{-}o,| - llo)-
Then, for every f € R(B, <), there is a < ¥(eqi1) such that f(¥) < HO (max F) for all .

Proof. This is shown to hold for all regular Cantorian Bachmann systems in [4, Theorem 2], hence by
Theorem 9.7, it is true of © = 9. Lemma 10.3 implies that every function Hf\9 is bounded by HY,,, so the
theorem holds for © = ¢ as well. O

11. Concluding remarks

We have shown that Buchholz’s system of fundamental sequences for ¢, as well as its variant, o, enjoy
some elemental properties useful in proving that the associated Hardy hierarchy is well-behaved. Although
we have not focused on formal theories in this work, Theorem 10.6 yields independence results for many
theories of Bachmann-Howard strength, including the theory ID; of non-iterated inductive definitions; it is
known that all provably total computable functions are defined by recursion along ¥(eq1) [5], hence they
are majorized by both H? and HS

Y(eqt1) P(ea+1
this is not provably total. This provides a strategy for establishing the independence of II statements from

) Conversely, any computable function that grows faster than

such theories, and indeed the authors have used it to develop a Goodstein process independent of 1D; [6].
We trust that this work will be useful in establishing many new independence results in this spirit.
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