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Chapter 1
Introduction

In this thesis, we study a result on the differentiability of Lipschitz functions with respect to
general measures, established by Alberti and Marchese in [I]. According to Rademacher’s
classical theorem, every Lipschitz function f : R" — R is differentiable almost everywhere,
where the notion of “almost everywhere” is taken with respect to the Lebesgue measure .£".
This result extends naturally to any measure that is absolutely continuous with respect to
L.

However, Rademacher’s theorem does not immediately generalize to arbitrary Borel mea-
sures. Theorem 1.1 in [I] addresses this gap by identifying, for an arbitrary finite Borel
measure [, the largest set of directions at each point in R™ along which a Lipschitz function
is differentiable at p-almost every point. Specifically, for u-almost every point x, there exists
a linear subspace V' (u,z) € R™ such that every Lipschitz function is differentiable at x in
all directions of V(u,x).

The aim of this thesis is to develop the mathematical framework necessary to understand
and prove the first part of Theorem 1.1 in [I]. To this end, we build up the required
background in measure theory, geometric measure theory, and the theory of rectifiable sets

and measures, gradually leading to the final proof.

Structure of the Thesis

e Chapter 2 contains a review of notation and preliminary concepts. Section 2.1 intro-
duces standard notation used throughout the thesis. Section 2.2.1 covers basic notions
and properties of measures, followed by Section 2.2.2, which introduces Hausdorff mea-
sures and their properties. These sections are primarily based on [6]. In Section 2.2.3,
we introduce the Grassmannian manifold Gr(R", k), along with essential geometric

properties that will be used in later chapters.

e Chapter 3 is dedicated to Lipschitz functions. In Section 3.1, we define Lipschitz
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CHAPTER 1. INTRODUCTION )

maps and discuss a connection with Hausdorff measuresas well as an extension the-
orem. Section 3.2 presents Rademacher’s theorem and an approximation result to
Lipschitz functions by C! functions outside a set of small measure. This approxima-
tion is instrumental in understanding rectifiability in Chapter 4. The main reference
for these sections is [6]. Finally, Section 3.3 introduces the area formula and demon-
strates its application in computing surface measures of graphs of Lipschitz functions,

following [5].

e Chapter 4 focuses on rectifiability and tangent measures. In Section 4.1, we define
approximate tangent planes, k-rectifiable sets, and k-rectifiable measures. We char-
acterize such sets as those that can be covered, up to ##*-null sets, by countably
many C! graphs. This section concludes with a criterion for rectifiability, supported by
a geometric lemma relating cones and Lipschitz functions. Section 4.2 introduces the
concept of blow-ups of measures and defines tangent measures. We explore the relation
between densities of Radon measures, tangent measures, and uniform measures. The
we prove a characterization of rectifiable measures in terms of their tangent measures.
In particular, we prove that for a rectifiable measure, tangent measures exist and are
unique at almost every point, and conversely, that a Radon measure whose tangent
measures are multiples of J#* restricted to linear subspaces is rectifiable. This chapter
follows [5].

e Chapter 5 is dedicated to the proof of Theorem 1.1 from [I]. In Section 5.1, we
introduce the notion of the decomposability bundle of a finite measure u, which at al-
most every point gives the minimal subspace that contains the directions along which
it can be decomposed into 1-rectifiable components. Section 5.2 introduces the differ-
entiability bundle of a Lipschitz function, which assigns to each point the collection
of subspaces in which the function is differentiable. Finally, in Section 5.3, we prove
that the differentiability bundle of p is contained in the set of largest subspaces in
which Lipschitz functions are differentiable — completing the proof of the first part of
Theorem 1.1.

This thesis is intended to serve as both an exposition of the tools needed to understand
Alberti and Marchese’s result and a detailed presentation of the proof itself. We hope
it offers a clear path through the combination of analysis, geometry, and measure theory
that in which the results on differentiability of Lipschitz functions with respect to general

measures relies on.
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Chapter 2

Preliminaries

2.1

Notation

This section defines the symbols and conventions used throughout the thesis, particularly

those related to measures and function spaces. We denote by

jn

Wk

dfx
JA

d(A, B)

A\ B

R-ﬁ-

AC

the Lebesgue measure in R”.

the Lebesgue measure of the unit ball in R¥, ie. £*(B(0,1)) = wy, where B(0,1)

represents the open ball centered at 0 and radius 1 in R”.
differential of a map f on R™ at x € R".

the Jacobian determinant of a matrix A € M., (R), i.e. JA = |/det(A'A).

the distance between two sets A, B C R", i.e.
d(A, B) = inf{ Ix -yl : x, A xe B},

where ||x|| = ||x||, refers to the euclidean norm in R".
the class of all subsets of a set X.

the diffference of two sets A, B, i.e.
A\B={r € A: ¢ B}

the set of all positive real numbers.

the complement of a set A C X, i.e.

A°= X\ A
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CHAPTER 2. PRELIMINARIES 7

f#u(A) the push-forward of the measure p induced by f, where p is a measure on X and
f: X — Y amap,ie., foreach ACY,

S#u(A) = pu(f(A)).

LY(R", p) the class of functions f such that [|f|du < oo, where p is a Radon measure on R”.

Ll

loc

(R™, p) the class of functions f such that | x| fldp < oo, for each compact set K C R™, where

it is a Radon measure on R™.
LY(R™) the class of functions f such that [|f]d£" < cc.

Ll

loc

(R", ;1) the class of functions f such that [, |f|d£™ < oo, for each compact set K C R™.

A+ B the sum of two sets A, B C X in a vector space X, i.e.

A—{—B:{aj—{—yzxeA,yEB}.

2.2 Preliminaries

In the present section we collect the core ideas from measure theory and geometry that

support the later chapters.

2.2.1 Measure Theory

We introduce the notion of Outer Measure, Measurable set, Borel Measure and Borel Regular

Measure.

Definition 2.2.1 (Outer Measure). Let X be a set, we say that a mapping p : 2¥ —

[0, 0] is an outer measure if

(1) (@) =0.

(2) (Subadditivity) If A, A; € 2%, for i € N such that A C U2, A;, then

u(A) < Zu(Ai)

Definition 2.2.2. Let p be an outer measure on X and A C X. We denote by uL A to
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CHAPTER 2. PRELIMINARIES 8

the outer measure defined, for each C' C X, as

pLE(C) = p(CNE)

Definition 2.2.3 (Measurable Set). Let p be an outer measure on a set X and A C X.
We say that A is p-measurable if, for any C' C X, we have that

p(C) = p(C\ A) + p(C N A).

Remark 2.2.1. Let p be an outer measure on a set X and A be a p-measurable set.
Notice that, by definition of outer measure if A C C' C X, then u(A) < p(C). Hence, the
assumption that Definition introduces is that, for all C' C X

w(C) = u(C\A) + p(CNA)

For further details on the properties of measurable sets, see 1.1. Theorem 1 [6].

In some texts as [6] or [9], the Definition corresponds to the definition of measure.
We follow a different approach, by calling measure to those outer measures restricted to the
class of their measurable sets. The class of measurable sets fits into a particular type of

structure, the g-algebra, which we introduce next.

Definition 2.2.4. Let X be a set, we say that A C 2% is a o-algebra if the following

three conditions hold:
(1) 0, X € A.
(2) If A€ A, then A° € A.

(3) If Ay € A for k € N, then U®, A; € A.

Remark 2.2.2. Let p be a measure on X, then the collection of all y-measurable sets is a

o-algebra.

Definition 2.2.5 (Borel o-algebra). Let (X, 7) be a topological space. The Borel o-
algebra of (X, 7) is the smallest o-algebra of X containing all open sets of X, we denote
it by B(X). Let A € B(X), we say that A is a Borel set in X or just a Borel set.

We introduce now the the notion of Borel measure, Regular Outer Measure, Borel regular

measure, Radon measure.
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CHAPTER 2. PRELIMINARIES 9

Definition 2.2.6 (Regular Measure). Let x be an outer measure on a set X. We say
that u is a regular if for each A C X there exists a y-measurable set B such that A C B
and pi(A) = p(B).

Definition 2.2.7 (Borel Measure). Let ¢ be an outer measure on X and (X,7) a

topological space. We say that p is a Borel measure if every Borel set is y-measurable.

Definition 2.2.8 (o-finite Measure in R"). Let p be a Borel measure. Then, we say

that p is o-finite if, for any K’ C R™ a compact set, u(K) < co.

Definition 2.2.9 (Borel Regular Measure). Let (X, 7) be a topological space and
a Borel measure on X. We say that p is Borel regular if for each A C X, there exists
some A Borel set such that A C A and u(A) = u(A).

Definition 2.2.10 (Radon Measure). Let (X, 7) be a topological space and p a Borel
regular measure on X. We say that p is Radon if, for any K C X compact, we have that
p(K) < oo.

Definition 2.2.11 (Support of a Measure). Let u be a Borel regular measure on a

topological space (X, 7). We define the support of u by

supp(p) = {x € X : p(U) >0 for all x € U}.

From now on we focus on measures and outer measures defined on R".

Lemma 2.2.12 (1.1 Theorem 3 [6]). Let u be a Borel regular measure on R™. Suppose
that E is a y-measurable set such that p(F) < co. Then pL E is a Radon measure.

Proof. We call v := uL_E, it is clear that v is finite over compacts, since v(R") = u(F) < oo.
We prove now that v is a Borel regular measure. Notice that we can assume £ to be Borel.
Indeed, there exists E Borel such that E C E and u(E) = u(E). We have to prove that
L E = pL E. Notice that E is measurable, so we obtain that u(E\ E) = u(E) — u(E) = 0.
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CHAPTER 2. PRELIMINARIES 10

Hence, for any set C' C R",

Then, assuming F to be a Borel set, we have to prove that, for any C' C R", there exists
some Borel set C' such that C' C C and v(C) = v(C). Since u is Borel regular, there exists
D Borel such that C N E C D and u(C N E) = u(D). We check on C' := D U E°. First,
C=(ENC)U(E°NC)C DUE®=C. Finally, we have that

v(C) = p(CNE)=puDNE) <uD)=pCNE)=v(C). O
We claim two important results for Borel regular and Radon measures.

Lemma 2.2.13 (1.1 Lemma 1 [6]). Let p be a Borel measure on R" and let £ C R” be
a Borel set. Then

(1) If u(E) < oo, for each € > 0 there exists C. a closed set such that C. C E and
MENC) <e

(2) If pu is a Radon measure, for each € > 0 there exists an open set U, such that E C U,
and p(Ue \ E).

Lemma 2.2.14 (1.1. Theorem 4 [6]). Let u be a Radon measure on R” and A C R™.
Then

(1)
u(A) =inf {u(U) : AC U, U an open set }.

(2) If A is p-measurable, then
u(A) =sup {u(U) : C C A, C a closed set}.

We introduce now the notion of measurable function.

Definition 2.2.15 (Measurable Function). Let (X,7) and (Y, 7) two topological
spaces, let 1 be an outer measure on X and f : X — Y a map. We say that f is

Mathematics: Master Thesis David Horas Marcos



CHAPTER 2. PRELIMINARIES 11

p-measurable if, for each U C Y open set, f~1(U) is y-measurable.

For further details on measurable functions and details on the integral we refer to the
first chapter of [6].

Definition 2.2.16 (k-density of a Set at a Point). Let 1 be a Radon measure on
R"™, k > 0 a real number and x € R". Then we define

e The upper k-density of y at x € R" by

o (B(x,r))

wy Tk

0**(u,x) = lim sup
\0

e The lower k-density of i at x by

o)

k

k —
O (u,x) = hfnn\‘0 o
e When both ©% (1, x) = ©**(u, x), we call this quantity the k-density of y at x and

we denote it by
0% (i, x).

Defintion [2.2.16| and the following one are closely related to the notion of derivative
among Radon measures and the Lebesgue Decomposition Theorem, for further details, see
1.6. and 1.7. in [6].

Definition 2.2.17 (Lebesgue Density Points). Let A C R" and x € A. We say that
x is a point of Z" density 1 if
ZL"(B(x,r)NA)

lim =1

™o ZL(B(x,1))

We say that x is a point of .Z" density 0 if

o " (B(X, )N A)

BB

Lemma 2.2.18 (1.7. Corollary 3 [6]). Let £ C R" be a .£"-measurable set. Then

i ZL"(B(x,7) N A)

=1 for #™ almost every x € E.
o 2 (B(x,r)) o
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CHAPTER 2. PRELIMINARIES 12

and
. Z"(B(x,r)NA)
lim

A 2 (Bxn) =0 for £" almost every x ¢ E.

2.2.2 Hausdorff Measures

Hausdorff measures generalize Lebesgue measures to non-integer and arbitrary dimensions.
This section introduces their formal construction, motivation, and key properties. These
measure will be key in the characterization of rectifiability in chapter 6 and the study of the
decomposability bundle in chapter 7.

The main source for the following chapter is [6], chapter 2.

Definition 2.2.19 (Hausdorff Measure). Let A C R" be any set and let 0 < k <

oo and 0 < 9 < oo two real numbers. Using the following notation:

{iWk<dlam ) ‘ AC UCj,dlam(Cj)Sé},

where

RN

w '*—ﬂ-
RYCESA

and I' is the Gamma function. We define k-dimensional Hausdorff measure on R"
by

HH(A) = lim A" (A) = sup Hy (A).

6—0 5>0

Remark 2.2.3. In Definition [2.2.19] the constant wy plays a normalization role, indeed, for
keN, w, =2* (B(O, 1)), which is involved in the result Theorem [2.2.28] On the other
hand, tit ensures that, given a k-dimensional linear plane V C R, JZ* LV € U*(R") (see

Definition |4.2.3]).
We prove now that Definition [2.2.19|leads to a Borel regular measure.

Lemma 2.2.20 (2.1. Theorem 1 [6]). Let k € [0,00). Then Hf is an outer measure on
R™.

Proof. Tt is clear that " is valued in [0, 00) and that J#*(0) = 0. Let us prove that it is

o-additive:

Let {Ai}j; be a family of sets in R". Consider now coverings for each of the elements of

Mathematics: Master Thesis David Horas Marcos
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Figure 2.1: Example of Cover for a set A

W } I

Figure 2.2: 7' of a segment in R?

the family so that A; C U2, Cj; such that diam(Cj;) < ¢ for all 4,5 € N. Then the family

{Ci}i o 18 a covering of the set U2, A; with diameter less or equal than 6. Hence

A ( G Ai) Z Z —=diam (C!

=1 =1 j=1

We take now the infima over all coverings of the elements of the family, concluding then that

a(Ua) sy o
=1 =1

Mathematics: Master Thesis David Horas Marcos
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Lemma 2.2.21 (2.1. Theorem 1 [6]). Let k € [0,00). Then S#* is an outer measure on
R"™.

Proof. Since for any § > 0, J#* is an measure, then it is clear that " verifies that
HF(D) = 0 and H#*(A) > 0 for any A C R™. Let us focus on the o-additivity, shich also
leverages on the o-additivity of J#*. Notice that for every v > ¢ > 0 the converings involved
in the evaluation of a set A by JF are also among the available ones to evaluate ;" and
hence SF(A) > AGF(A) and HGF(A) > #%(A). Thus, for any family of sets in R", {A;}

{08) =S =S

We conclude now by letting 6 — 0. [

Proposition 2.2.22 (2.1. Theorem 1 [6]). let k € [0,00). Then #* is a Borel regular

measure on R™.

Proof.

Claim 1: 5% is a Borel measure.

In view of Charatheodory’s criterion (theorem , let us consider two sets A, B C R"
such that d(A, B) > 0. Let us use the outer measures #*, where 0 < 6 < 1d(A, B). Fix a
covering of AU B C U, C; with diam(C;) < §, then we can consider two disjoint families of
indexes I4 for those i such that C; N A # () and I for those i such that C; N B # (), notice
that for I’ = I, U Ip the family {C;};crr C {C;}ier is a covering of AU B and thus

i —kdlam(C’) > Z —dlam —i— Z —dlam
=1 2 i€l i€lp

> A" (A) + A5 (B).

We can conclude by considering the infium over the coverings {C;}2, of AU B and letting
0 fo to 0.
Claim 2: % is Borel reqular.

We want to prove that for any A C R” there exists a Borel set A C R™ such that A C A
and JF(A) = AF(A).

We assume 57%(A) < oo, otherwise we can approximate the measure of A by R. Notice

that diam(A) = diam(A), hence, we can consider only closed sets in the definition of 7"

Mathematics: Master Thesis David Horas Marcos
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Consider now coverings A C U®,C? such that diam(C?) < — for al i € N and

| =

. w . ke 1
> o diam(C7) g%;(A)Jr;.

i=1
Now define A; := UX,C? and A = N2 A, O

Remark 2.2.4. Let k € {1,2,...,n}, then J#* is not a Radon measure, but if £ C R" such
that s#*(E) < oo, by Lemma [2.2.12] 5% _ E is a Radon measure.

We introduce now some elementary properties of the Hausdorff Measures and the notion
of Hausdorff dimension, which formalizes the concept of s-dimensional set in R", with s €
[0, n].

Proposition 2.2.23 (2.1 Theorem 2 [6]). In R™:
(1) " is the counting measure.
(2) =" on R™
(3) 2° =0 on R™ for all s > n.
(4) H°(NA) = No°(A) for A > 0 and A C R™.

(5) #°(L(A)) for each affine isometry L : R — R", A C R™

Lemma 2.2.24 (2.2. Lemma 1 [6]). Let ¥ > 0 and A C R™ and J#*(A) = 0 for some
0 <6 < oo. Then %k(A) = 0.

Remark 2.2.5. Notice that s#%(A) > s (A), for all 6 > 0. Hence, if #%(A) = 0, we
have that #%(A) = 0 for each § > 0.

Lemma 2.2.25 (2.2. Lemma 2 [6]). Let ACR"” and 0 < k <t < co. Then
(1) If 2%(A) < oo, then H#*(A) > 0, then H#*(A) = 0.

(2) If #(A) < oo, then H#* = +o0.

Based on the previous two lemmas, we can define the Hausdorff dimension of a set in R™.
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Definition 2.2.26 (Hausdorff Dimension of a Set in R"). Let £ C R", we define
dim»(E) = inf {0 < k < 00 : S#*(E) =0}.

Remark 2.2.6. Let £ C R”, when we say that it is k-dimensional, we refer to its Hausdorff
dimension in R™. Notice that for a set £ C R" such that dim(E) = k, we do not know
any information about the measure of the set, it can be J*(F) € R* U {0, 0o}.

We introduce now Theorem [2.2.28] which relies on [2.2.27], which can be proved based on

the notion of Steiner symmetrization. For further details see 2.2. in [6].

Proposition 2.2.27 (Isodiametric Inequality - 2.2. Theorem 1 [6]). Let £ C R™.
Then

n Wk ..
Z"(E) < Q—:dlam(E)k.

Theorem 2.2.28 (2.3. Theorem 2 [6]). " = .Z" on R".

Related to the Hausdorff Measure and its properties as a generalization of the Lebesgue

measure in R” we introduce now the definition of density of a point in a given set.

Definition 2.2.29 (k-density of a Set at a Point ). Let k € [0,00), E C R" a Borel
set and x € R™.

e The upper k-density of E at x is defined as
O*(E,x) = 0" (#"L E,x).
e The lower k-density of F at x is defined as
OF(E,x) = OF (A" L E,x).
e When it exists, we define the k-density for £ at x by
OF(E,x) = 0" (A" L E,x).

The following two propositions follow from 2.56 [2]. Proposition [2.2.30| can be seen as an
analogous result to Lemma[2.2.18|for Hausdorff densities (see Definition [2.2.16{and Definition
2.2.29)).
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Proposition 2.2.30 (2.15. [5]). Le E C R" be a Borel set and k > 0 such that #%(E) <

0o. Then
(1) ©**(F,x) =0 for #*-almost every x ¢ E.

(2) 27" < ©*(E,x) < 1 for #*-almost every x € E.

Remark 2.2.7. The only information that we know about the lower density is that it is
bounded by the upper density. There are sets such that their 2% measure is finite for which

the lower density vanishes for #*-almost every point in the set.

Proposition 2.2.31 (2.16. [5]). Let u be a Radon measure on R™ and k a non-negative

real number such that, for p-almost every x,
0 < ©"(u,x) < oo.

Then there exists an k-dimensional set £ and a Borel function f such that p = f #*L_B.

2.2.3 The Grassmannian in R"

Definition 2.2.32 (Grassmannian). We define de Grassmannian of dimension & < n

in R™ as
Gr(R", k) = {C CR": V linear subspace such that dim(V) = k}.
We define de Grassmannian in R"™ as

Gr(R") = O Gr(R", k).

In (R™, |- ]]), all norms induce the same topology. Consider a metric d.| = d on R", and
let I(R™) be the family of all non-empty compact subsets of R". We consider the Hausdorff
metric on K(R"),i.e. given K, L € IC(R"),

dy(K, L) := max {sup ing d(x,y), sup inf d(x,y)} :

zeK YE zel Y€K

This metric dy induces the Vietoris topology on IC(R™). We have that, since (R",d) is a

Polish space (i.e., a completely metrizable, separable topological space), so (I(R"),dg) is a
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Polish space as well. Moreover, since (B(0, 1), d) is a compact metric space, (K(m), dr)
is a compact metric space (and hence Polish as well). For further details, we refer to chapter
2 section ”Spaces of Compact Sets” in [10]. We may embed the Grassmannian in R” into
IC(R™) by identifying each V' € Gr(R™) with the following map

¢ Gr(R") — K(B(0,1))
V— VN B 1).

We claim that ¢ is an isometric embedding, for the metric over Gr(R") induced by the
pullback given by ¢, i.e.
da(V, W) = du(6(V), 6(W)).

e Non-negativity is immediate.

o If dg,(V,W) = 0, then VN B(0,1) = W N B(0,1), and hence V = W (since linear

subspaces are determined by their unit ball intersections).

e Triangle inequality:

dee(V, W) = dg($(V), 6(W)) < dig((V), p(W)) + dir(¢p(W), p(W))

= dee(V, W) + deu(W, W),
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Chapter 3

Rademacher’s Theorem and

Approximation of Lipschitz Functions

3.1 Lipschitz Maps.

Definition 3.1.1 (Lipschtiz Maps). Let (X,dx) and (Y, dy) be two metric spaces. We
say that a map f : X — Y is Lipschitz if there exists some C' > 0 such that, for any
T1,T2 € X,

dy (f(z1), f(z2)) < Cdx (21, x2),

then we will say that f € Lip(X,Y’), when X = R"” and Y = R, we will denote the space
of Lipschitz functions by Lip(R™). Finally, we define

Lip(f) = inf {C >0 | dy(f(x1), f(x2)) < Cdx(x1,x2) holds for any xy, 25 € X}.
We say that Lip(f) is the Lipschitz constant associated to f.
Lemma 3.1.2 (2.4. Theorem 1 [6]). Let f : R¥ — R™ be a Lipschitz function, £ C R"

and 0 < k < oo. Then
A (f(E)) < Lip(f)#*(E).

Proof. Fix § > 0 and consider a covering of £ C U, C; such that diam(C;) < §. Then
f(E) C U, f(C;) and diam(f(C;)) <Lip(f)diam(C;) <Lip(f)d, so {f(C;)}$2, is among the
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valid coverings of f(E) for L%’i"{p( s Hence,

A ((B)) < 3 S diam(f(C))"

Now consider the infimum over all covering of E with diameter lower or equal than 9,

obtaining the result. [J

Lemma 3.1.3 (2.17 [5]). Let A C R" be a set and f : A — R™ a Lipschitz function.
Then, there exists a Lipschitz function f : R* —s R™ such that f| a=f

Proof. 1t is enough to prove it for the case where f is real-valued, for bigger m we can

take the function f = (fi, fo, ..., fm) and Lip(f) < max{Lip(f,), Lip(f2), ..., Lip(f,n)}, where
f; : R" — R is a Lipschitz function such that fi| 4 = f;. Now consider f : R" —s R such
that

Fo0) = inf { £(y) + Lin(/) |y — x| : y € A}.

Notice that, for any x € A, we have that f(x) = f(x), so f|A — f. Let us see that f is
Lipscthiz: for any x,z € R" and each € > 0, there exist y*,y? € A such that

f(x) > f(y¥) +Lip(f) [[x —yX|| — € (3.1)

and, by definition of f, we have that

f(z) < f(yZ) + Lip(f) |z = yZIl.- (3.2)

Hence,

Fa) = Fx) < $v7) + Lin(f) Ix = y21 = (£ + Lin(f) 12— y2] — )
= Lip(f)( lIx =yl = Iz = yX|| ) + ¢
< Lip(f) x — 2] + e

Analogously to [3.1 and 3.2 we can prove that

f(x) — f(z) < Lip(f) [|x — 2| +e.
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Thus
|f(x) = f(2)|< Lip(f) [x — zl| + € < Lip(f) [x — =], O

for any € > 0, hence

|/ (x) = f(2)|< Lip(f) [lx — 2. O

3.2 Approximation of Lipschitz Functions

Theorem 3.2.1 (Rademacher Theorem - 3.1. Theorem 2 [6]). Let f € Lip(R"),
then f is differentiable for .Z"-almost every x € R".

Notation. Let C' C R” be a closed set, K C R" a compact set such that K C C, § > 0 and
f:C— Rand h:C — R" two given functions:

o R(y,x) = fy) = 1) = h(x)(y = ) forany x,y e C, x £y
T [x =yl ’ ’ ’ '

o Oy(d) = sup{‘R(y,x)‘ 0<|x—y[|<d,xy€ K}.

Theorem 3.2.2 (Whitney’s Extension Theorem - 6.5. Theorem 1 [6]). Let f and
h be two continuous real-valued functions defined over a closed set C' C R” such that, for

any K C R" compact set we have

Then there exists a function f: R® — R such that
1. fis CYR").

2. ﬁC:fand dﬁczh

The Theorem [3.2.3] can be obtained as a corollary of Theorem [3.2.2] It allows us to
replace the Lipschitz functions in the definition of rectifiable set, by functions of class
Cl(R*; R"*), see Proposition |4.1.6|

In this text, we show the proof of the first statement of Theorem [3.2.3] the second follows
from the construction of f during the proof of , for further details, see 6.6. Theorem 1

I6].
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Theorem 3.2.3 (Approximation of Lipschitz functions - 6.6.1 Theorem 1 [6]). Let
f : R® — R be a Lipschitz function. For each ¢ > 0, there exists a function f : R* — R
of class C! such that

gn({xew . F(x) 7Af(x)}u {XGR”: df, %dfx}) <e

Moreover,
sup ||V fillo, < enLip(f),

xeR”

for some constant ¢, > 0 depending only on n.

Proof. By Theorem [3.2.1} there exists a set R C R" such that Z"(R) = 0 and dfy exists for
every x € R.
First we approximate f in the ball B; := B(0,1) N R.

Using Theorem [A.T.2] there exists a compact set K; C R™ such that the function dfy :
K; — R is continuous and Z"(B; \ K;) < -

23"
B:2.2] we write

Using the same notation as in Theorem

d(x) = df, for each x € K3

and

fly) = f(x) = dfx(y — x)

for each x,y € Kj.
x -yl

R(y,x) =

We would like to show that

1 1
o) =swp { IR 0 < =yl < foxy €Ki p oo

{ l =00
For this purpose, let us define
¢(x) = sup {|R(y,x)| 0<|x—yll<i, y€ Kl} for each x € Kj.

By choice of d, it is clear that ¢;(x) — 0 for each x € Kj.
—00

Now, by Theorem [A.1.3] there exists a set F} C Kj such that Z"(K; \ F}) < % where

||¢I\K1Hoo P 0 . Hence,

(1) = sup [on(x)|= ||| . — 0.
xeK1 o

Notice that F; C K; can be taken closed, see the proof of Theorem [A.1.3] Finally, applying
Theorem m, there exists a function f; : R® — R such that f; € C}(R®) fip = fl‘ r, and
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df_1|F1 = df|r,. Finally, we obtain that

zn({x € B : fi(x)# fl(x)} U {x € By : dfiy # dflx}) < B\ K)) + LKL\ F) < 23

For B j > 2, and writing B; = B(0,j) N R, following the same procedure as above, we

approximate f over the annulus B; := B, \ B;_; by a function f; of class C' such that

f”({x € By: [i(x) £ S0} U{x € B;: dfix # dfx}) < LB\ K) + LK\ F)) < ooy

We define f(x) = f;j(x) for x € B; which is a function of class C' .#"-almost everywhere

(possibly excluding the intersection of the patches S(0,7) = {||x|| = j}). Moreover, writing

(for a more synthetic notation) B; = B, we have

2 ({xers foo £ refuxe® s a2 i) ) < Zéf“ K+ 2K\ F)

<e. O

3.3 The Area Formula

The following result relates the definition of Hausdorff measure in R™ with the classical
notion of the volume of a smooth manifold in differential geometry and is key to study the
properties of non-smooth surfaces. For further details on its proof see sections 4.1. and 4.2.
in [5], and section 3.3. in [6].

Theorem 3.3.1 (Area Formula - 4.3. [5]). Let £ C R* be a Borel set and f : E — R"
a Lipschitz map, then

| ) arieo = [ gz
f(E) E

Remark 3.3.1. If I' is a Borel subset of a k-dimensional Lipschitz graph, i.e.
[' = Graph(f) = {(xf ‘XEG}

where f € Lip(Rk;R"*k). Then G is Borel. Indeed, R"* is second-countable, the Borel
o-algebra of a numerable product of second-countable topological spaces coincides with the

product of their Borel o-algebras, so II,,_x(I") is Borel (where II,,_; represents the projection
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from R™ onto the last n — k coordinates). Furthermore, f is Borel-measureable, so G =
S (I, (T)) is a Borel set.

Remark 3.3.2. We can use Theorem to compute the surface measure of Lipschitz
graphs. Consider a Borel subset I' of a k-dimensional Lipschitz graph in R™. There exists a
function f : R¥ — R™* and a Borel set B (see Remark [3.3.1]) such that

I' = {(X,f(x)) | x € B}.

Applying Theorem [3.2.1, we know that f is differentiable in a set B C B such that .Z*(B'\
B) = 0, we may apply Theorem m to the function

F:B—R"
x — F(x) = (x, f(x)),

and noticing that F' is injective in B we obtain

A" (L) = A*(F(B)) = /B JdFd<L*(x).

Remark 3.3.3. The area formula leads to a changes of variables formula (see 3.3.3 Theorem
2 [6]) which can be applied to prove that given the graph I', of a map of class C! from R¥ to
R % 2% _T coincides with the volume measure on I', and we can extend the concept to

Lipschitz maps (see 3.3.4. [0]).

Notation: Let p be a function on R"™, we denote by

o)) if p(x) =20
pT(x) = _
0 if p(x) <0
and
) if p(x) <0
p(x) = ,
0 if p(x) >0

Corollary 3.3.2. Let B C R*, F' : R¥ — R” be an injective Lipschitz function and
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p:R" — R a Borel function. Then

| patx) = [ p(F)IAEAZH).
F(G) @
Sketch of the Proof. We first prove this result for simple functions p(x) = Z agly,, where

k=1
m,ar > 0 and I, € R™ is Borel measureable for all £ € N. Let now G be the Borel sets
(see Remark [3.3.1)) such that F'(G) N I = F(Gy). By linearity of the integral and Theorem
3.3.1]

Oék].[k (X)d%k(}Q

1

/ PO x) = /

8

IS
1
%

I
NE
£

I

NE

g
o T

=

i
Il
3
Q
ol
&

dJF,d<L*(y)

x~
Il
—_

> gl (y)dJFyd L (y)

e
Il
—

aply (F(y))dJF,d " (y)

£
Il
—

I
S o o
NE

p(F(y))dJ Fyd £ (y).

Next we prove for non-negative functions. Let us take a non-negative function p, it can
can be written as the limit of a monotocally increasing sequence simple functions {a,, }>_;
such that a,,(x) = Z 217, (x), where

k<m
L={xeR": p(x)>1}
Iy = {xeR" Lp(x) =4 ) %111}.

1<k—1

Using the monotone convergence theorem we can conclude the result for non-negative p.
Finally, we use the linearity of the integral and the decomposition of p = p* — p~ to conclude

the proof. [
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Chapter 4

Rectifiability and Tangent Measures

4.1 Approximate Tangent Planes and Rectifiability

4.1.1 Approximate Tangent Planes

The following concept is intrinsic to the definition of approximate tangent plane and will be

key in the characterization of rectifiable sets.

Definition 4.1.1 (k -Cone). Let V € Gr(R" k) , V+ its orthogonal complement on R",
then we denote by Py, : R® — V and P,1 : R® — V' to the orthogonal projections on
V and V7| respectively. Let s > 0 and V € Gr(R", k). We define the k-cone centered
at x by

C(X7 V7 S) =X+ O(V7 8>a

where

(V) = {x e R" : ||P (|| < s 1P ()]l .

Definition 4.1.2 (Approximate tangent k-plane for a set at a point). Let A C R,
x € R" and V € Gr(R™, k). We say that V is a k-dimensional approximate tangent plane

for A at x if the following two conditions hold:
(1) ©*%(4,x) > 0.

(2) For all s € (0,1),

liny rik%”’“ (14N BN\ CxV.5)) =0,
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We write apTan,(x, A) for the set of all approximate tangent planes for A at x. If the
set is a singleton, apTan(x, A) = {V}, shall we write V' = Tang(x, A).

Remark 4.1.1. When x belongs to a smooth k-dimensional surface S and V' = Tan(x, 5)
is the tangent plane for S at x, then Tan(x, S) = apTan(x, S). See proof of Theorem [£.2.9]

4.1.2 Rectifiability

Next we introduce the notion of k-rectifiable sets which are essentially those ones which can

be covered by Lipschitz maps #* almost everywhere.

Definition 4.1.3 (k-rectifiable set). Let £ C R™ a Borel set and k € {1,2,...,n}, we
say that E is k-rectifiable if there exists a countable family {I'; };cn of graphs of Lipschitz
maps in Lip(R¥; R"~*) such that

%’“(E\UD) —0.

1€EN

Definition 4.1.4 (Purely k -unrectifiable Set). Let F* C R™ be a Borel set. We say
that F is purely k-unrectifiable if, for every k-rectifiable set £, %(F N E) = 0.

Definition 4.1.5 (k-Rectifiable Measure). Let u be a measure on R", we say that it
is k-rectifiable if there exist a k-rectifiable set £ C R™ and a Borel-measureable function
f such that

p=fHA*LE.

The following result helps us to understand rectifiable sets as a generalization of C! surfaces.

Proposition 4.1.6. Let E C R" be a Borel set. Then, it is k-rectifiable if, and only
if there exists a countable family of C'(R¥; R"~*) functions such that the family of their
graphs {Fi}io; are such that

%k(E\GF) = 0.

Proof. First, notice that if one of the directions is immediate, since a map of class C! is
Lipschitz. Let us then prove that given a k-rectifiable set E' we can find a countable family
of maps of class C! Let us consider E, {f;}:2,, {T;}32; as in Definition By intersecting
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E with countably many balls B(x, 1) where x € E N Q", we can prove the result for each

locality B(x,1) N E' = F. Notice that, since the family {f;}2°, is countable, if there exists
a family of functions {p; ;}ijen of class C*(R¥; R"™*), with graphs fi,j = Graph(p; ;), such

that .
A" <n~ (U fm) =0,

j=1
then, since all sets are Borel, we obtain that

%k<E\©GF]) g%’f(E\Dri) +§jff’“<ri\©f‘i,j) = 0.

i=1j=1 i— —

Hence, it is sufficient to focus the prove when we have a single Lipschtiz map f : G — R*7*,
where G C is a Borel set, and whose graph(f) =T, covers E for J#* for almost every x.
By Theorem there exists some map p; € C'(R¥; R"™*) such that

gk(cl) S 1;

where
C = {X €eG: f(x)# pl(x)} U {X €G:df(x) # d,ol(x)}.

Let us iterate this process, constructing a set of maps py, k > 2, of class C! verify that

o) <3

where

Cri={x € Gt fx) # px) JU{x €R" 1 df(x) # dpp(x)
for k£ > 2, moreover, we can assume C}, to be Borel. Notice that Cy,qy C C), C G, for k > 1.
We call Ty, = Graph(py), and F(x, f(x)). Then, all sets are Borel and J*(U2,I'}) < % <
(I') < o0, by Theorem dominated converge and applying the definition of the sets Cj,

we obtain that
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%k(r\ Qrk) = (D) —%k<gfk)

< /G JAFdL*(x) = /C JdRixd £L"(x)

c
k=1 k

_ / JAFd L (x) + / JdFy — JdRyd L (x)
U, 5 gl

= / JdFd L (x).
AR, 5

Hence, we finish the proof with the following claim.
Claim: Z* (G\ U Cg) = 0.
k=1
Notice that for any m > 1 we have that

m—+1 m+1 m
G\JC=cnC=GnCnn CGNC, =G\ | JCs,
k=1 k=1

k=1

moreover, recalling that all sets are Borel, then £* (G \ C’1> < Z*(G) < oo, and hence

zk(G\Gc,g) — lim gk(Gmck) —0. O

k=1

4.1.3 The Rectifiability and Approximate Tangent Planes

In this section we aim to proof a characterization of rectifiable sets and measures by ap-
proximate tangent planes, which essentially states that, given a set, the existence of an
approximate tangent plane for almost every of its point guarantees its rectifiability and vice
versa. The main reference for this section is [5].

The following lemma formalizes the intuitive relation between k-cones and Lipschitz

maps, see figure 4.1

Lemma 4.1.7 (Geometric Lemma - 4.7. [5]). Let A C R" be a set such that there
exist V € Gr(R™, k) and s > 0 such that

ACC(x,V,s) for every x € A
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Then there exists a Lipschitz map f : V — V* such that

Ag&wMﬁ:“xﬂ@yxev}

Proof. We will first prove the following claim, using the notation as in Definition |4.1.1]|
Claim: for each x € Py(A), there exists a unique y € V* such that (x,y) € Py(A)

Let V' be the hyperplane considered in the statement, via a rotation, we may assume V' to
be horizontal, and let {x,....,Xg, ¥1, ..., Yn—r} be an orthogonal system of coordinates such
that

V= {(:cl, e Ty YLy s s Ynek) X1, € RF and gy = = ypp = O}

The map Pyja : A — V is injective, since A C C(x,V,s) for all x € A. Indeed, given
x,y € A such that Py(x) = Py(y) then, by Pythagoras, linearity of the projections and
Lip(Py) = 1 and Definition 4.1.1} we obtain that

[x =yl = [1Pv(x) = Pr(y)ll + [ Pre(x) = o)l < (1 +5) [[Pr(x) = Pr(y)ll = 0.

Hence, we can define a function f : Py(A) — V+ such that

A:{@j@»;xeaﬁAﬂ.

To see that f € Lip(R*; R"¥), notice that by definition of f, for any x,y € Py (A),

[f(x) = fWI < sllPv(x =y, Pro(x) = Pra(y))l = sllx =yl

By Lemma we can extend f to a Lipschitz function f : V — V+ such that f| a=1,
concluding the proof. [

Remark 4.1.2. Notice that given any k-dimensional linear plane, for any a > 0 we can
find a constant ¢(«), only dependent on a such that for any y ¢ C(x,V,4a) we have that
B(z,c() |z —yll) NC(x,V,2a) = 0.

The minimum distance from y to the cones C(x,V,4«a) and C(x,V,2«) is given by the
orthogonal projections on their border, let us call them z and z’, respectively. Via a rotation
we can focus on the section given by the rectangle triangle defined by y, z’' and x, so that

we can work on the plane containing such a triangle, with the side z’ — x on the horizontal

/ E—
axes. It is then clear that ¢(«) = sin(a) = ll2” = 2] < 1 verifies the property, since

Iz — x|

|2 — 2|
= 2y = x| < 12 — 2],

z—x|
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e C(v/\//s\

Figure 4.1: Lipschitz graph and cones

Figure 4.2: Idea of the proof of Remark in R?

so the distance between B(y,r) and C(x,V,2«) is given by the point on the intersection of

the border of the ball and the segment with end points y and z’ and is always positive, see

figure
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Theorem 4.1.8 (Rectifiability Criterion). Let £ C R" be a Borel set such that
0 < H#*(F) < co. Assume that, for s#*%-almost every x € E, the following two conditions
hold:

(1) ©%(E,x) > 0.
(2) There exists an approximate tangent plane V for E at x.
Then F is rectifiable.

Remark 4.1.3. Although we will not show that all the sets involved in the following proof
are Borel, the main idea relies on Lemma

Remark 4.1.4. The condition on the lower k-density in Theorem [4.1.8 will be essential

during the proof of this result, in particular we will use that

%”’“(E\ U F]) :,%”’“<E\ U {x cE: %’“(EmB(x,r)> > = for all r < l}) =0.
i,j=1 t,j=1

(4.1)

Indeed, since

s—0 \ r<s wkr’“

Ok (E, x) = lim (inf {%k(E N B 1) }) —0>0

for 7#*-almost every x € E, for any d, such that © > d, > 0 we have that there exists

sy > 0 such that
HAP(ENB(x,1)) > wer®(0 — 6x) > 0

for any r < sj. Hence, considering ix > six and j, > m we have that
0 X

k
AMENB(x,r)) > Z—

for all r < i We can choose iy, jx to be natural numbers, so H holds.

Proof of Theorem[{.1.8. For i,j € N, we consider the sets

k 1
F,; = {x cE: %k(EﬂB(X,T)) > 7’_ for all r < —,}.
Jj i
In view of Remark we have that for #*-almost every x € E belongs to U5_, F; ;.
Since F = {Fj;}75_; is a countable family, it is enough to focus on an arbitrary Fj ;, we fix

1,7 and omit them in the notation of the sets.
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Let us consider now a family of k-linear planes {Vl, Vo, oo, VM} such that for every k-

dimensional linear plane V', there exists some m € {1,2,..., M} so that
C(0,V,a) C C(0, Vi, 2a). (4.2)
For any fixed € > 0, any m € {1,2,..., M} and each | € N define the set
Gl = {X € F: r—lk,}fk(Eﬂ B(x,7)\ C(x, Vm,2a)> <e¢, for all r < %}

By the assumptions of the theorem and we see that

0o

€
UG
=1

We need to check that there exists some fixed € > 0 such that Gj,, is rectifiable for all [ and

m. We will see that there exists a constant ¢(a, j), such that this happens if € < ¢(a, 7). In

=

FC

m=1

particular, we will show that there exists a Lipschitz function f¢ such that, calling 6 = 0 =

1
3max{l,j}’

G5, (1 Bly,8) € Graph(f°).

Let us also call G = Gf,, N B(y,?).
k
Claim: define c(a,j) = [C;(]);)} (see Remark|4.1.2). Then, for every 0 < e < ¢(a,j)
we have that /
G C C(x,Vp,da) for every x € G. (4.3)

Notice that, if the claim holds, the proof of the theorem follows from Lemma [£.1.7 We
argue by contradiction and assume that does not hold. Then, there exist x,z € G such
that z ¢ C(x,V,4a). Since G = Gf, N B(y,d) C B(y,9) then ||z — z| < 3. By Remark
4.1.2] we know that

B(z,c(a) ||z —x||) CR"\ C(x, Vin, 4a). (4.4)

Now, by the definition of G in terms of § and G7,,, the fact that x € G, and that ||z —x|| <
%5, we obtain
A (E NB(x, ||z — x| 3—1))

37 ||z —x|*

> (4.5)

Sl
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Hence, by [4.4] and [4.5], we write

(c())" |1z — x]|*

j3

< ,%”k(B(z, w> ﬂE) < %ﬂk(B(x, |z —x||) ﬂE\C’(x,Vm,Qa)).
(4.6)

But by construction Gj,, C G, since x € G and, ||z — x|| < J, we obtain
;f’f(B(x, |z — x| ) NE\ C(x,V,, 2a)) <ellz—x|".
Gathering [4.6| and the choice of € in the claim, we have that

(c(@)" |z —x|*
J3*

<elz—x|",

so € > c(a, j) which yields to a contradiction. [J

4.2 Tangent Measures and Characterization of Recti-
fiability

Next we introduce the notion of rectifiability and tangent measures and prove that a set is
k-rectifiable if and only if there exists an approximate k-tangent plane at almost all of its

points. The main source for this section is [5].

Definition 4.2.1 (Blow-up of a Measure). Let x be a measure on R”, x € R" and

r > 0 a positive real number. We define

pxr(B) = p(x + rB) for every Borel set B C R".

The Definition formalizes a notion of blow-up of i at x, the intuitive idea is that the

smaller r becomes, the more we zoom in on p at x.

Definition 4.2.2 (k-Dimensional Tangent Measure to p at x). Let u be a measure
on R", x € R", and a > 0. We say that a measure v on R" is a k-dimensional tangent
measure to p at x if there exists some sequence of real numbers {r;}2, such that r;, — 0

and
/'LX,TZ' L v
k
T

We denote by Tang(u, x) the set of all k-dimensional tangent measures to u at x.
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The following definition and results add context to the study of the tangent planes of

measures with real density.

Definition 4.2.3 (Uniform Measure on R"). Let & > 0 and u be a non-zero Radon

measure on R". We say that p is k-uniform if

0< ,u(B(x, r)) = wpr® < 00 for x € supp(p) and all r > 0.

Remark 4.2.1. Id addition to Remark [2.2.3] it is important to point that there exist k-
uniform measures which are not of the form J#* LV, where V C R" is linear plane, for

further details, see section 6.1 in [5].

Proposition 4.2.4 (3.4 [9]). Let x and v be two Borel regular measures on R" such that
, for all x € R™ and all r > 0,

0<pu(B(x,1) =g
0 < v(B(x,r)) = h(r) < cc.

Then there exists a positive number ¢ > 0 such that u = cv.

Proof. Since both measures are Borel regular, it is suffiecient to prove the result for an
arbitrary open set U C R". We can assume U to be bounded. Indeed, if the result is
proved for open and bounded sets, given an arbitrary open set U’ C R", we have that
w(U' N B(0,n)) = cu(U' N B(0,n)), for each n € N, since we have sequence of increasing
sequence of v and p-measurable sets, we can take the limit when n goes to infinity, getting
the result.

Since p and v are Borel measures, so h and g are Borel functions. Then, applying Fatou’s
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Lemma and Fubini we obtain

1= [y G

1
< }%m/ v(U N B(x,r))du(x)

=i
Tl\rj(l)h //Uﬂer <X)

[ (B ( : ))
—P\“%/UW‘Z”W)

B . g(r)
= v(U) lim }1\0 h(r)

Hence, we have that

u(U) < o(U) I hE; (4.7)

Repeating the argument but inverting the roles of v and p we get that

. h(r) ( . 9(7°))1
v(U) < pu(U)lim —= = p(U)| limsup =—= . 4.8
(U) < p(U) lim o) n(U) nsup (4.8)
Combining [4.7 and [.8], we obtain that
lim sup M < w(U) < lim inf M

mo o h(r) T w(U) T o h(r)

Thus, there exists some

noticing that this number is independent on U, we have finished. []
Proposition tells us that there are "not so many” uniform measures. Indeed, we

present the following corollary (for further details on when supp(u) # R™ we refer to [9]).

Corollary 4.2.5 (14.11 [9]). Let p be a n-uniform measure on R"”. Then there exists

some constant ¢ > 0 such that yu = c.Z".

The following two results are proved in [5].
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Proposition 4.2.6 (3.4. [5]). Let ¢ be a Radon measure on R”, £ > 0, and E a Borel
set such that p(F) > 0: In addition, we assume that, for p -almost every x € E,

0 < O(1,x) = 0™ (1, %) < oo
Then, for u-almost every x € E we have that

B # Tany(u,x) C {O(n,x)v : v € U*(R™)}.

Proposition 4.2.7 (3.5. [3]). If U*(R™) # 0, then k is a non-negative integer lesser or

equal than n.

We present the following result in a more particular setup, for rectifiable measures (we
will see in the proofs, these measures have real density in almost every point of their support),
it is the aim of the following two sections to prove Theorem |4.2.8|

Theorem 4.2.8 (Characterization of rectifiable Measures- 4.8. [5]). A measure p
on R™ is k-rectifiable if and only if, for p© almost every x € R™ there exist ¢x > 0 and a

k-dimensional linear plane Vi, C R"” such that

'uik’ri\cx%”kl_vx as r N\, 0.
r

Remark 4.2.2. This result characterizes rectifiable measures and hence rectifiable sets. In

particular, the measures of the form c, 7" L V; are also called flat measures.

Hence, by Proposition [4.1.6] and Remark [4.2.3] a set is k-rectifiable if and only if it has
k-dimensional flat measures at almost every point. This tells us that rectifiable sets are the

measure theoretic analogous to differential manifolds.

4.2.1 From Rectifiability to Tangent Measures

The following theorem and proof can be found in 4.8 [5]

Remark 4.2.3. During the proof of the theorem [4.2.9] and assuming the function f to
be in CY(R¥), the resulting k-dimensional vector space characterizing the tangent space of
pu = % E coincides with the tangent space to the graph of f in the classical sense of

differential geometry.
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Proposition 4.2.9 (Tangent Space of a rectifiable Set). Let £ C R"™ be a k-
rectifiable and p = J#* L E . Then, for J#*-almost every x € E there exists a k-

dimensional linear space Vy C R™ such that
Tank(u,x) = {%ﬂk L Vx}.

Proof. We start by assuming E to be a subset of a Lipschitz graph, Graph(f), where
f € Lip(RF;R"*). Let G C R¥ be the Borel set (see Remark 3.3.1)) such that

E= {(x, Fx) | xe G}. (4.9)
Claim: for % almost every (z, f(z)) € E CR",
1 k 5 gk
ﬁ(%ﬂ LE) e — Ve, (4.10)

where V, == {(y, df.(y)) | v € Rk} , analogously to the ususal definition of tangent space to

a smooth graph.
Let H C G be the set of points that verify the following properties: for any z € H
(1) z is a point of density 1 with respect to .£*. Notice that G is a Borel set and thus it
is Z*-measurable, so, by Lemma [2.2.18| the density with respect to .Z* is 1 for £*

almost every point in G.
(2) f is differentiable at z. Using Theorem this holds for .£* almost every z € G.

(3) df is approximately continuous at z. Since f is continuous so it is Borel-measurable,
thus its differential, when it exists, is Borel-measurable as well, and hence Lebesgue

continuous (see 1.7. Theorem 3 [0]).
Let F' be the map

F:RF —R”
x — F(x) = (x, f(x))
To simplify the notation, calling Graph(F') = I and taking into account the invariant trans-

lation properties of the % and £, we may suppose (2o, f(zo)) € I' to be such that zy = 0
and f(zo) = 0. We will prove that, for any test function p € C.(R™), with supp(f) C B(0,r),
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/n p(x)d(A* L V) (x) — /n pik) d(" I_E) (%) — 0. (4.11)
1. 2.
By Corollary 3.3.2] we can rewrite term 2. in as
p(x) 1 x

1 F(y) k 1/ F(z) k
rk Hp( ; )Jd VAL ) + F(G\H)p( 94" ()

By Lemma and Theorem [2.2.28|, we obtain that J#*(F(G\ H)) = 0 and noticing that
for z € supp (p(%F ())> the following holds

<cg, (4.13)

2] =

HF(Y)H < Lip(F) |y

then in addition to term 2 in becomes

1 X 1
/ p(k)d(,;kaE) (%) = _/ p<_)d%k(x) _ _k/ p(Fgw)JdFydgk(y).
no T rJeg \T r HmB(O,%)
ip(F)
(4.14)
Regarding term 1. of [£.11], applying Corollary [3.3.2], we obtain
[ o0d(r* L) o0 = [ ptaFuy) JaFud () (4.15)
n R
_ L dFoly K
—Tk/Rkp< )JdFd.z()

However, since supp(p) C B(0, ¢), combining with ||dFy(z)|| < Lip(F'), we can rewrite
as

1 1
— p(dFo(y )JdF d,i/ﬂk( ) _k/ p(dFo )JdF0d$k< )
™™ JHNB (o,rc(Lip(F))—l) ™ JHenB (0,rc(Lip(F))—1)

(. / (. /
-~ ~~

1.1. 1.2
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The point 0 has .#*-density 1 in G, then

Lk (B(O, )N GC>

- =0.

lim
r—0 r

Hence, for r < 1:

11.2.|< sup ‘p(dFOTb'))‘ -‘JdFO

Lo (B (O,TC(Lip(F))_1> n GC> — 0. (4.16)
yEB (o,ﬁm)

T'k r—0

All in sum, we can write as

1
! / NG p(Fgw)JdFydf’“(y)‘ < (4.17)
AnB (0’ Lip(F)
1
1 'p(dF(;()’)>JdFy _ p<F5y))JdFy 4.2 (y) +
™™ JHNB <0,cr(Lz’p(F))*1>
N T .
(4.18)
1
L om0
™ JHNB <0,cr(Lip(F))‘1>
N ‘If .
(4.19)

Now, to estimate term I, observe that the function p(:) is continuous and, since

ldFo(y) = F(y)|l = olllyl) — 0,

then

sup — 0. (4.20)

yE€B (O,CT(Lip(F))*l)

Moreover, .Z* (B(O, cr)) = rkckwy, and

sup ‘ JdF

yeB(0.e(Lip(F))1)

< 00,
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SO

1)< cFwy, sup )JdFy sup ‘p(dF‘;(Y)> - <ng)>
yeB(0.c(Lip(F)) 1) yeB(0,er(Lip(F)) )

Finally, for term II, since dF' is Lebesgue continuous at O:

T

< sup \p(w)

1
— / ‘JdFO - JdFy‘d,Sf"‘(y) 0. O
r B(O cr )

r—0
£ ' Lip(F)

yEB(O’Lip(F))

Lemma 4.2.10 (Locality of Tany(u,x)- 3.12. [5]). Let x be a measure on R” and f €
L'(u; R™) a non-negative Borel measurable function, and k a non-negative real number.
Then

Tang(fu,x) = f(x)Tang(u,x)  for p-almost everyx € R"

Remark 4.2.4. Lemmal4.2.10|tells us that when we rescale a measure i by a Borel function,
then the tangent measures on a point only depend on the value of f at the point, regardless

of the behavior of f elsewhere.

Remark 4.2.5. Let £ C R™ be a Borel set, x € R", and let Cx be another Borel set
containing x such that u(C,) < co. Then 1g, g € L'(u; R™), hence

Tang(p L E,x) = Tang(1gp, x) = Tang(1gne, i, X) = 1gne, (x) Tang (@, x) = Tang(u, x)

for p almost every x € F.

Lemma [4.2.10] and Proposition [£.2.9] allow us to conclude the following result, which
corresponds to the second implication of Theorem [4.2.8|).

Proposition 4.2.11 (Tangent Space of rectifiable Measures). Let u be a k-rectifiable
measure on R", then for p almost every x € R” there exists a constant ¢x > 0 and a

k-dimensional linear subspace Vi C R" such that

Tany(p, x) = {cx A" L Vi }.

4.2.2 From Tangent Measures to Rectifiability

We use now the notions of blow-up, tangent measures and Theorem to prove the first
direction of the main result of this chapter, Theorem [4.2.8, which characterizes rectifiable
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measures in term of their tangent measures.

Proposition 4.2.12. Let u be a measure such that for p almost every x there exist

cx > 0 and a k-dimensional linear plane Vy such that

“Lkﬂ“icx%h_vx as r \,0.
"

Then p is a k-rectifiable measure.

The next proof follows the following schema: reduction to a suitable scenario to apply
Theorem {.1.§ via Lemma [4.2.10] and Proposition to perform the calculations.

Proof. We assume p to be a finite measure. The result is proved for finite measures, it
follows as direct consequence for Radon measures, by considering the restriction of u to a
closed ball, ,, L B(0,n), such that x € B(0,n).

We apply Proposition to infer that there exist a Borel function f and a k-
dimensional set E.

p=fHA*LE. (4.21)

Since 7% is a Borel regular measure, we may suppose E to be a Borel.
Claim 1:
M(B(x,r))

O (1, x) = OF(1,x) = cx = 11{% . (4.22)

To prove we may apply Proposition to an arbitrary subsequence {jix ., }2, and
its limit cx 7% L V. We need to prove that cy, 2% (aB (x,7)N Vx) = 0, which follows by the
properties of the Hausdorff measure, in particular noticing that Vi N dB(x,r) is either the

empty set, a point or a smooth s-dimensional curve , with s < k).

Hence,

lim m = lim M;i(o’l)) = c " I_VX(B(O7 1)) = cywp = WO (E, x).

1—00 T i—00
Clatm 2: FE is rectifiable.

To prove claim 2, we study the k-dimensional tangent measures of u at x and use Theorem

4.1.8. To do this, we perform a countable decomposition of E for a more suitable setup.

Notice that f(x) > 0 for 2% almost every x € F, otherwise the density of y is zero in a set
A such that u(A) > 0, by this contradicts that ¢x > 0 at p-almost every x. Consider
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the sets Ey = {x € E: f(x) =0}, E; = ENn{x € R" : f(x) > 0}, so that we have

E = O E;.
j=0

Since p(Ep) = 0, it is sufficient to prove that E; is rectifiable for some j € N.

Let us first check that ©F (Ec, x) > 0. To do so, we consider the measure v := J#*_E,, and
by Lemma [4.2.10],

Tan, (A" L E,,x) = {ﬁcx%ﬂk L Vx} for s#*almost every x € E,.

Arguing as for |4.22 since ﬁcx%ﬂk (Vx NOB(x, 7")) = 0, via Proposition [A.1.4{ and choosing

any subsequence {r;}°, such that r; — 0,

O (E.,x) = liirgglfw = nirgigfw = g (Vi N B(0,1)) = fi50 > 0

for s#*-almost every x € E.. To prove that 0 < J#*(FE.) < oo, it remains to show that
HH(E,) < oo. Indeed,

A*(E,) < %/ df A" L E(x) < f" L E(R") = p(R") < oo.
{f>ct

Finally, we check that, locally, the measure of E is concentrated in cones. In particular,
we define these cones based on the affine plane x + V4; fix a > 0, an arbitrary sequence
{r;}22, such that r; \ 0, and note that B(x,1) \ C(x, V,, «) is an open set such that

Cx
f(x)
we can apply again Proposition

Cx

f(x)

A (Ve NO(B(x,1)\ C(x, Vx, @))) < A (VeNOB(x,1)) = 0.

1 1
lim sup — 5" (Ec N B(x,7;) \ C(x, Vi, a)) = limsup — vk, <B(0, 1)\ C(0, Vg, a)>

imoo T ivoo Ty
Cx

f(x)
=0. O

A (Vi (B(0,1)\ C(0, Vi, )
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Chapter 5

Differentiability of Lipschitz Functions

5.1 The Decomposability Bundle of a Measure

This section introduces the decomposability bundle, and essential in understanding Al-
berti-Marchese’s results on Lipschitz differentiability.
Along the following chapters we will assume the measures to be finite and Borel in R",

the results can be extended to o-finite Borel measures in R”.

Remark 5.1.1. Given a measure space (I, dt) and {u}ier a family of measures, we aim to

define a finite measure / pedt, defined on R™ such that for any E Borel set:
I

[ [

In (1) we define the the form of the elements of the family. Then we consider conditions (2)

(E) = /I o (E)dt

and (3) to make [ p,dt a measure, in particular, (2) allows us to properly state conditions
(3) and (4).

Finally, we want this measure to be absolutely continuous with respect to i, so we establish

(4). This definition will help us to study the behavior of p along 1-rectifiable sets in R™.
Definition 5.1.1 (p -integrable family). Let (/,dt) be a finite measure space. For
each t € I, let u; be a real measure on R" such that

(1) (Rectifiability) u; = 7' E;, where F; is a 1- rectifiable set.

(2) (Measurability) For any Borel set E in R", the map ¢t — p;(E) is dt-measurable.
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(3) (Finiteness)
[ @t < oo

(4) (Absolute continuity with respect to )

/,ut<<M-
I

We say that a pair ({}er(Z, dt)) holding the four previous assumption is a p-integrable
family. We denote by .#, to the family of all p-integrable families. Given an element
({pu}eer(I,dt)) € ZF,, we denote it by {u; : t € I}.

Remark 5.1.2. Notice that for each ¢ € [ the E; is 1-rectifiable, and apTan(Et,X) =
Tan(Et,x) for ##1-almost every x € E; (see proof of Proposition [4.2.11)). Hence we will

directly speak of Tan(Et, x) from now on.

Remark 5.1.3. By definition of the measure space (I,dt), we can get a probability on [

(assuming dt not to be degenerated) by normalizing it.

Definition 5.1.2 (Closed family of maps). Let F be a family of maps, we say that .#
is closed under countable intersection if for any countable subfamily {Vi}ieN C .7,
the map defined as V' (z) = N2, V;(z) is a member of .Z.

Definition 5.1.3 (pu-minimal element). Let x4 be a measure on R” and ¢ a family of
maps from R” to Gr (]R”) If there exists an element V € ¢ such that, for every V € ¢,

Vi(x) C V(x) for p-almost every x € R",
we say that V is y-minimal in ¢.

Remark 5.1.4. Notice that V is unique module p zero sets.

We introduce now the concept of essential span of a family vector fields. The idea is to
consider a minimal (in the sense of Definition Borel map from R" to Gr(R") such
that contains all images of a given family of vector fields, up to module u-zero measure sets.
We use this notion to find a Borel map into the Grassmannian such that it is pg-minimal
and contains all possible directions in which we can decompose p (the directions will be the

elements of the tangent space to the measure, when they exist).
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Definition 5.1.4 (u-essential span of a family of vector fields). Let i be a measure

on R", .Z be a family of Borel vector fields on R" and ¥, a family of all Borel maps from

R" to Gr(R") such that, V € &, if for every V € .#
7(x) € V(x) for p-almost every x € R".

If ¢4, admits a g-minimal element, we call it the pu-essential span of .7

Remark 5.1.5. Notice that the definition of essential span of .%, is not completely correct
in the sense that is not unique, but the differences between the p-minimal elements are
restricted to p-zero measure sets. We consider this detail as an abuse of language committed

for the sake of clarity

Lemma 5.1.5 (Existence of y-minimal element in ¢ - 2.3. [1]). Le u be a measure,
and let ¢4 be a family of Borel maps from R™ to Gr(R™) which is closed under countable

intersection. Then ¢ admits a p-minimal element.

Proof. We write

O(V) = /n dim (V (x))dp(x).

Noticing that ® > 0, we can take a minimizing sequence {Vi}ieN such that

© = inf ®(V) = liminf &(V}).
VGQM 1—00
Let us define V' := N2, V.

Clatm: V is a p-minimal element in 4.

It is clear that V € G,. Arguing by contradiction, let us assume that V' is not minimal, then
there exists a set A C R™ with p(A) > 0 such that for all x € A then there is an element
V. € ¢4 such that V/(x) € V(x).

Now we consider the Borel map defined as V(x) = V/(x) N V(x) for each x € R™. Since

V(x) C V(x) (strictly contained) for all x € A, hence

d(V) = /Rn\A dim (V' (x)) +/dim(f/(x))

A

< /Rn\A dim (V' (x)) + /Adim(V(x)) =o(V) =0,

yielding a contradiction, since V € ¢ and © is the infimum of the values for ® over 4. [
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Remark 5.1.6. Consider a finite measure p and a p-integrable family {Mt ctel }, then
for each member of the family, j, = 27! L E,, the approximate tangent plane Tan(Et, x) is

defined and unique for .J#'-almost every x € E,.

Definition 5.1.6 (Family of Decompositions of a Measure). Let u be a finite mea-
sure on R”. We denote by .%, the class of all p-integrable families such that Tan(Et, x)
is well defined across each family for dt-almost every ¢ € I. Moreover, we require the
elements of .#,, considered as vector fields to be Borel measurable and we will refer to it

by the family of decompositions of .

Remark 5.1.7. Given an element in {y,; : t € I} € .%,, and noticing that, when it exists,
the approximate tangent plane of E; is a 1-dimensional linear space in R™. We consider the

map

F:R" — R"

Tan(E;,x)  when it is well defined in {y; : t € I}
x — F(x) =
0 otherwise

, where we are fixing a direction in Tan (Et, X). Thus, we will refer to the elements of the

family .%,, described above as if they were Borel vector fields on R".

Definition 5.1.7 (Family of Spans of the Decomposition of a Measure). Let u
be a finite measure on R", and .%, its family of decompositions. We denote by ¥, the
family of all Borel maps from R™ to Gr(R") such that if V' € ¢, then, for each element
{u=H#"_FE,: tel}eZ,

Tan(Ey,x) € (C)V(x) for s -almost every x € E; and dt-almost every t € I.

We refer to ¢4, as the family of spans of the decomposition of p or simply as the

family of spans of pu.

Remark 5.1.8. Notice that ¢, is a family of Borel maps, closed under countable intersec-

tion.

We now introduce the notion of decomposability bundle of a measure p. It describes the
p-minimal Borel map containing all the tangent directions given by the family of possible

decompositions of p, i.e. the p-essential span of the family of decompositions of .
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Definition 5.1.8 (Decomposability Bundle of a Measure). Let p be a measure on

R", .#, the family of decompositions of p and ¥, the family of spans of ;1. We denote by

V() : R" — Gr(R")

x — V(p,x)

any of the y-minimal elements of ¢,,, and call them the decomposability bundle of ..

Remark 5.1.9. The decomposability bundle of a measure p is well defined up to p-zero

measure sets.

V(P,X)

N\ %W(H)

Figure 5.1: Decomposability Bundle

Definition 5.1.9. Let p be a measure on R™ and fix a decomposition of u, F = {1 L
E,:t eI} € #, We denote by ¢,(F) to the family of all Borel maps V' from R” to
Gr (R”) such that Tan(Et,x) C V(x) for p-almost every x and dt-almost every t € I.
We denote by V(u, F,-) to the p-minimal element(s) of such a family.

Remark 5.1.10. Let M, be the space of non-negative, finite measures on R" endowed

with the weak-* topology and the resulting Borel o-algebra. We define:

R = {A#"LE € NM | E is l-rectifiable and #'(E) < +o0} .

For a fixed family {}ie; C #,, we can assume (I,7) to be a probability space and that
HNEy) < +oo for all t € T (this does not affect our definition of G,, since it is true p-almost

everywhere). We call
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F:I1—7R

b iy

Then define v : Z — R as a probability on M by

Notice that 1 has support in R and a first moment:

/ Adp(\) = /%1 L E,dt < p. (5.1)
M I
By .1, we obtain that
sup S (E;) < +00. (5.2)
tel

Hence, we may define ¢, as the class of all Borel maps x — V/(x) such that for all prob-
abilities ¢ supported on R such that their first moment (as a measure on R") is absolutely

continuous with respect to u, and such that for y-almost every t € R,

Tan(E;,x) C V(x) for s -almost every x € E.

We consider now M (R") endowed with the weak-* topology, by Theorem see ,
any tight and uniformly bounded set is relatively compact.Then, if we consider a family
{i}ier € F, then p, € R for all t € I and, by , then sup,.; #*(E;) < +oo: Hence,
applying Proposition [A.2.4] there exists a k-parametrization ¢ of a probability ¢ supported
on {pu }er such that for any A C {u; : t € I'}

¥(4) = L1([0,1] N g7 (4)).
So w = ¢#£1 L [0, 1]

All together, G, remains the same if for any element {y; }1e; C F,, we impose the condition
p(R™) < 400 and

(I,7) = ([0,1], £'L[0,1]).

The following result will be used as a technical result during the proof of proposition

SANE])
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Lemma 5.1.10 (Proposition 2.11. [1]). Let p be a finite measure on R™, then

1. For any F' € F,,

V(p,x) C V(u, F,x) for p-almost every x € R".

2. There exists an element G € F,, such that

V(p, G,x) =V (u,x) for p-almost every x € R™.

Proof. We have that for F' = {y, : t € I} € %, Tan(Et,x) C V(u,x) for p-almost every
x and dt-almost every ¢t € I, thus V (i, ) € 9,(F). V(u, F,-) is p-minimal in 4,(F), so we
have that

V(p,x) C V(u, F,x) for u-almost everyx,

getting 1.

For 2, we write the functional ® such that for each F' € .7,

B(F) = / i (V (s, F, ) dp ().

Claim 1: there exists an element G € F, such that mazimizes ® over F,

Consider a maximizing sequence {E}zl C .#, such that

O := sup O(F) = limsup ®(F;),

Fez, i—00

where F; = { Wy, ot € Ii} and j;, = S E,,, where (I;, dt;) is a probability space, for each
i € N. We can take [; N I; = () for all i # j (see Remark , MOTeOVEr, we can assume
that f 1 e, dt; is a probability, for each 7 € N.

Let us consider now I := |J;2, I; and the probability space (I, dt), where dt|;, = %dti and
py = g, if t € I' N0 1;. We define then G == {u; : t € I}.

Let us first check that G is a u-integrable family:

(1) py = 'L E; where E; = E,, is a 1-rectifiable set for t € I N I;.

(2) For every Borel set E C R", t +— p,(E) = >"° 11,(t)pu;(E) is dt-measurable.
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(3) Finiteness:

=1
/,ut(]R”)dt < E 5/ e, (R™)dt; < oo.
I i=1 Ii

(4) /,utdt < p: if A C R™ is such that u(A) = 0, then
I

=1
I i=1 Ii

Moreover, G € .#,: indeed, for each decomposition Fj, Tan(Eti,X) is well defined for all
x ¢ C; and all t ¢ J; where #'(C;) = 0 and dt;(J;) = 0, so it will be well defined for all
x ¢ C=UrC;and all t ¢ J = U2, J;.

Finally, let us prove that G is indeed a maximum for ® on .%,: noticing that 4,(G) C 9,(F;)
for each i € I, by definition of V(u, F},-) as the p-minimal element in ¢, (F;), we have that
V(p, F;,x) € V(u,G,x) for p-almost every x. This implies that

© = limsup ®(F;) = limsup/ dim (V (1, F}, x)) dp(x) < /dim(V(u,G, x))du(x) = ®(G).

1—00 1—00 I; I

Claim 2:
V(p, G,x) =V (u,x) for p-almost every x € R".

For any Fj = {Mto Dty € Io} € Fu
V(p, Fo,x) € V(u, G, x) for p-almost everyx € R".

Otherwise, there exists a set A of measure y(A) > 0, consider the element FyUG = {p; : t €
I'} € F,, where I' = IyUI (where we can choose Iy such that I[oNI = @) and dt’ = £ (dt+dto),
fty = py, when ¢ € Iy and gy = pi; when ¢ € I. Then dim(V (i, G, x)) < dim(V (u, F UG, x))
for all x € A, so

®(G) < ®(GUF),

a contradiction. So we have proved that V (i, G, -) is a y-minimal element if ¢4, so V (i, G, x) =

V(p,x) for p-almost every x € R". [

Lemma 5.1.11. Let g and g/ be two measures on R™ such that u < y/ and consider
Fe%,nN%,. Then 9,(F)C ¥%,(F). In particular,

V', F,x) CV(u,F,x).
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Proof. Let F = {A#' L E,:t € I}, take V € ¥, and consider the set A = {x €
R™ : Tan(E;,x) € V(x)}, by definition of ¢, u(A) = 0, but ¢/ < p, so p'(A) = 0, hence
Ve gM/(F).

In particular, since V(u, F,-) € ¢, C %, and V(¢/, F,-) is f/-minimal in ¥, we have that
V(W F,x) C V(u, F,x) for p/-almost every x. [

The following result will be used during the proof of the last point of proposition
0.1 13l

Lemma 5.1.12 (Lemma 7.4., [I]). For every measure p on R™ one of the following

(mutually incompatible) alternatives holds:
(1) w is supported on a purely unrectifiable set E.

(2) There exists a nontrivial measure of the form ' = [, y1; dt where 4/’ is absolutely
continuous with respect to p and each yu is the restriction of H! to some 1-rectifiable
set K.

Proposition 5.1.13. [Properties of de Decomposability Bundle - 2.9. [1]] Let u

and u/ be two finite measures on R"™. Then:

(1) Strong Locality Principle: If 1/ < p then

V(p,x) =V (y',x) for p'-almost every x.

Moreover, let £ C R™ be a set such that 14’ < u, then

V(i ,x) =V (u,x) for p-almost everyx € FE.
(2) If S is a k-dimensional C' surface and supp(u) C S. Then
V(u,x) C Tan(S,x) for p-almost every x.

(3) Let E be a k-rectifiable set and let u be such that u < %L E, then

V(p,x) = Tan(E, x) for p-almost every x € F.
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In particular u < £* then V(u,x) = R" for y-almost every x € R™.

(4) V(u,x) = {0} for p-almost every if, and only if, supp(u) C E where E is purely

unrectifiable.

Proof. Using lemma [5.1.10 let us choose G' € %, and G € .%,, such that

Vp,x)=V(p,G,x) for p-almost every x,
V', x)=V(u G, x) for p-almost every x

With the usual notation G = {y; = #'LE, : te€l} and G' = {u, = #'LE,: t €'}
(1) Proof of the first statement:

Clatm 1.1: V(i/',x) =V (i/',G',x) CV(u,x) for p'-almost every x.

If G' is in the family of decompositions of u, i.e. G’ € %, then the claim is proved by
statement 1 in lemmas [5.1.10] and [5.1.11] because

V', x) =V G, x) CV(p,G,x) CV(u',x) for p/-almost every x.

It remains to show that [}, jdt < p, which holds since

/%ﬁ<w<w
I/

Claim 1.2: V(u,x) CV(p/',x) =V (,G,x) for u' -almost every x.

The idea is to reduce this case to the previous one by finding a suitable set C' such that
lop < /. Notice that since p' is Borel and finite, choosing ¢ > 0 arbitrarily, we may
consider closed sets C. C supp(y') such that p/(C¢) = i/ (supp(i) \ Ce) < €. Then, for any
€ > 0 and the set C' .= U (C, the following inequality holds

i (swpp () \ J €) <@

e>0

Hence 1/ (C) = o/ (supp (,u’)). It is enough then to prove that
V(u,x) CV(y', x) for p-almost every x € C..

Notice that 1cp < 4/ < p. Consider now the family G” == {lcu; : t € I} arguing as for
p< L p pu

the previous claim and using the definition of measure it is easy to show that G” € .Z,, N.Z,
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By lemmas [5.1.5| and [5.1.11] the following holds

V(lep,G",x) CV (/' ,G",x) CV(i,x) for p-almost everyx € C

Moreover, V(1ou, G",x) = V(u, G”,x) for every p-almost every x € C (by the u zero
dependence in the choice of decomposability bundles). Finally, as a consequence of lemma
4.2.10, V(u, G",x) = V(u, G,x) = V(p,x), since C' is a Borel set such that u(C) < oo, for

every p almost every x € C' we have that
apTan(p, x) = apTan(1lopy, X)

so G and G” provide with the same tangent planes for p-almost every x € C, finishing the

proof of the first statement in (1).

Clatm 1.3: Let E C R"™ such that 1gu’ < p, then V(,u’,x) = V(,u,x) for p'-almost every
x e FE.

Applying the previous result to 1py’ < pand 1pp’ < @' we get that
V(W x) =V (1gy,x) =V (u,x) for y/-almost every x € E.
(2) Proof of the second statement:

Notice that, since supp(p) C S,

0=pu(R"\9) :/Iut(R"\S)dt:/Iut(Et\S)dt,

which implies that for dt-almost every t € I, E, C S for #'-almost every x € E,. Hence
for dt-almost every t € I, Tan(Et, x) - Tan(S, X) for s#1-almost every x € F,, thus

V(,u,x) = V(u, G, X) - Tan(S, x) for p-almost every x.
(3) Proof of the third statement:
By the first statement of this proposition, we have that
V(u,x) = V(%L E,x) for py-almost every x.

Hence, we will prove the result directly for yu = 2% L E. We can consider a more suitable
setup by using proposition 4.1.6 which tells us that we can assume S to be a k-dimensional
surface of class C! such that £ C S for J#*-almost every x € E. Let p: A — S be a
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diffeomorphism parameterizing S. We assume that A C R* is an open and bounded set

(otherwise we cover A by counterimages of balls centerd at ).

Then Tan(E , x) = Tan(S, X) for ##*-almost every x € E and by statement 2 of the present
proposition, V(u,x) C Tan (E, x) = Tan(S, x) for p-almost every x.

Claim 3.1: Tan(S,x) C V(u,x) for p-almost every x.
Let us set £ = p~}(F) C R¥ and i/ = Z*L E’. We will cover E’ with segments (A is
bounded). Let us choose a non-trivial vector xo € R¥ and define, for each y € (x¢)* the sets

E, =En{y+tx,: teR}.

Let us consider I i= Pys (Uye: By ) and dy = #*71L 1. For any ball B C R¥, by

Fubini we have

/Iuy(B)d%k I /,%ﬂl (E, n B)dA"(y)

[ e

- / / A (x)dA" " (y)
Pl (Uy€<x0)l Eé,) {y+txo : teER}NBNE'

= / dA" (z)
E'NB
= / dL* L F'(z)
B
= 2L F'(B)
= w'(B).
Then
{A'LE, :yel}eZ
Now we go back to R", set Ey = p(Ey) and j1y = J_ Ey. Taking into account that p is
a diffeomorphism and using the formula of the area (proposition [3.3.1)), we claim:
Claim 3.2:
<K /,uydy and /,uydy < .
I I

Consider a ball B C R™, First, notice that the G(x) = (x, p(x)) is an injective Lipschitz
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function. Now call B’ = p~!(B) and write

[y = [ [ artegor
_ /I A (G(E, N BY))dA™(y)

- / / JdFd. 2 (x) % (y)
1JEynB

=0.

And this holds if and only if,

/ / 4L (x) A () = / / AN ) H (y) = A ENB) = LHENB) =0
1JE,nB 1JE,nB

which again holfd if and only if,

w(B) = #* L E(B) = / JdF d 2" (x) = 0.
E'NB’
This shows, together with Lemma , that {uy Ty € I} € #,. Hence, Tan (Ey, x) -
V(,u,x) for #1-a.e x € By and A% Lalmost every y € I, i.e. for u-almost every x.
Now we can repeat this process k times taking xo as an element in a basis of R*, concluding
that Tan(S, x) = Tan(E,x) C V(u, x) for p-almost every x.
(3) Proof of the fourth statement:

We will proof that if supp(u) C E with E a purely unrectifiable set, then V(u, x) = {0} for

p-almost every x. The remaining implication follows from lemma[5.1.12

Since [, pudt < p, we have that

0= ,u(R"\E) - /Ipt<R”\E>dt - /ijl(Et\E)dt.

which implies that E, C E for J#!-almost every x and dt-almost every t € I. But E is

purely unrectifiable, so

Hence, j1; (supp(,u)) = 0 and u; = 0 for dt-almost every ¢t € I, so V(u, x) = V(u, G, x) = {0}

for p-almost every x [
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Corollary 5.1.14 (2.9. [I]). Let u be a finite measure and consider {v; : s € J} holding
(2) and (3) in the definition of a p-integrable family (5.1.1). Then

(1) If/ysds < p, then
T

V(vs,x) € V(u,x) for vs-almost every x and ds-almost every s € J.

(2) If px / veds and v, = % L E, where Ej is a k-rectifiable set, then
J

dim(V (i, x)) > k for p-almost every x.

Proof. To prove (1), we can restrict (J,ds) to be a probability space. Then {v, : s € J} €
#,. Take now G, = {ﬁs,t cte ]} € .%,, such that

V(vs,x) = V(vs, G, x) for vs-almost every x

for each s € J, where I = [0,1] and Z'L [0, 1].

Claim 1: F = {0, : (s,t) € Jx 1} € F,, where ds x Z*L[0,1] = d(s, ) is the probability
defined over J x I and Uy = (fI V(Rn)dt)_lﬂ&t . We check the

(1) For any E C R", (s,t) — Us(E) is measurable. Indeed, we need to choose the families
G, for each s € J, in a measurable way, so we can apply a measurable selection

theorem to ensure the measurability of this map in both variables.

(2) [, Vsad(s,t) <1

(3) If B € R™is such that u(B) = 0, then [, 7(B)ds = 0, so v4(B) = 0 for ds-almost every
s € J and since [, vg,dt < Uy

/J Bl B(s.1) =0

Thus,
V(u, F, X) C V(u,x) for p-almost every x.

In particular, this holds for vs-almost every x and ds-almost every s € J.

Finally, since vy, = S T E; verifies by construction that for a.e. ¢ € [0, 1],

Tan(ES,t, x) € V(u, F, x) for p-almost every x and ds-almost every s € J.
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To prove (2), note that if u = fJ v¢ds then in particular fJ veds < p, so by the first

statement of the present corollary, we get that
V(vs,x) C V(u,x) for vg and ds-almost every s

But v, = % L E,, so by statement (3) in Proposition [5.1.13] we have that V(v,,x) =
Tan(E,, x) for vs-almost every x and dim(Tan(E;, x)) = dim(V (vs,x)) < dim(V (u, x)) for

vs-almost every x and ds-almost every s € J so for p-almost every x (u = [ SVsds). O

5.2 Diferentiability Bundle

During this chapter all measures are Borel and functions Borel-measurable. Measures will

be finite and positive.

Definition 5.2.1 (Differentiability with respect to a subspace). We say that a
function f : R™ — R™ is differentiable with respect to a linear subspace V' C R" if there
exists a linear map L : V' — R™ such that

f(x+h) = f(x) = Lh + o(|/h[])

for all h € V. We call L the derivative of f with respect to V' and denote it by dy(x)f.

Remark 5.2.1. L is unique: consider L, L holding this property, then L(k) = L(h)—L(h) =

o(]|h]]). Fixing a direction H_EH € V, we get, by linearity, that L(h) =0, for every h € V.

The following definition is inspired by the notion of derivative assignment introduced in [§].

Definition 5.2.2 (Differentiability bundle - 3.1. [1]). Let f : R” — R be a Lipschitz
function and x € R"™. We will denote by D(f,x) the set of all linear subspaces of R"” with

respect to which f is differentiable at x:

D(f,-) : R" — Gr.(R")
x — D(f,x).

We will call D(f,-) the differentiability bundle of f.Finally, we will denote by

D*(f,-) : R" — Gr.(R")

x — D*(f,x),
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where D*(f,x) C D(f,x) contains all linear spaces with maximum dimension.

Remark 5.2.2. As stated in section in the section Measurability of the Appendix, D*(f,-)

and D(f,-) are Borel-measurable maps.

Definition 5.2.3 (Deviation from Linearity). Let f : R” — R be a Lipschitz function
, x € R", V C R" a linear subspace, L : V — R a linear function , and § > 0. We define

m(f,x,V,L,6) = sup If(X+h)”—hﬂ"(x)—Lh|

0<|[h[|<é

and m(f,x,V,L,d) := 0 when V = {0}.

Remark 5.2.3. Notice that f is differentiable at x with respect to V' if and only if for every
€ > 0 there exists 6 > 0 such that m(f,x,V,dyx) f,0) <€, that is, m(f,x,V,dy)f,6) = 0
as 0 — 0.

Lemma 5.2.4 (3.4. [1]). Let be f, z and V as in Definition W and W’ linear
subspaces of V. In addition, let L and L’ be two linear functions on V. Then, setting
m :=m(f,x, W, L,§) and m' := m(f,x, W' L' ¢). Then,

m <m' + ||L' = L|| + (Lip(f) + | L) der (W, W),

where the norm for linear functionals is the operator norm.

Proposition 5.2.5. Let f : R” — R be a Lipschitz function and let E be a 1-rectifiable
set in R™. Let V be a Borel map

V:E — Gr(R")

x — V(x).
Then, if V(z) € D(f,x) for every x € E, then

V(x) + Tan(E, x) € D(f,x) for s -almost every x € E.

Corollary 5.2.6. Let f : R” — R be a Lipschitz function and let E be a 1-rectifiable set
in R". Let V : E — Gr(R") be a Borel map such that V(x) € D*(f,x) for every x € E,
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then
Tan(E,x) C V(x) for s -almost every x € E.

Proof of Corollary[5.2.0
Provided that V(x) € D*(f,x) for each x € E, we know that

V(x)+ Tan(E, x) € D(f,x) for 7#'-almost every x,
, since V(x) is of maximal dimension in D(f,x), we have that
V(x) + Tan(E, x) = V(x),

Hence, Tan(E,x) C V(x) for #'-almost every x € E. [

To prove Proposition [5.2.5, we will prove that f is differentiable at every
h+ 7 e V(x) 4+ Tan(E, x)

for every x € E 1= U2, B, with 221(E'\ E) = 0, where E; are suitable subsets of graphs
of curves of class C', the ones from Proposition [4.1.6]
We will spend the first part of the proof preparing the setting E.

Definition 5.2.7 (Modulus of Continuity). Let F' : X — R be a continuous function

on a metric space X and ¢ : [0,00) — [0,00) a function. We say that ¢ is a modulus of

continuity if
(1) g is non-decreasing.
(2) 9(0) =0.

3) [f(z) = F(y)I< g(d(x,y)), for all z,y € X.

Proof of Proposition[5.2.8 Since V(x) € D(f,x) for each x € E, then f is differentiable
with respect to V(x) at x. Calling dy(x)f the corresponding linear function such that

fx+h) = f(x) = dveo.f(h) + ox([hl])

for each h € V(x). By Proposition [4.1.6] there exists a countable family of curves of class
C! such that s#* (E \ U‘;‘;lE]’-) = 0. Applying Theorem a countable amount of times,
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we can cover each E} by sets { Ej;}ien such that
%1 (E; \ U?ilEj,i) — 0,

and:
(1) The map V : E;; — Gr(R") such that x — V/(x) is continuous.
(2) Provided that
dvf : Ej,i — (Rn)*
X — dv(x)f
is Borel measurable (see lemma [A.2.11]), where (R™)* is the dual of R, then Dy f is
continuous.

By Theorem , applied on each Fj;, there exists a countable family of Borel sets such
that %1 (Ej,i \ UzozlEj,i,k) = 0 where

(3) For each h € V(x), in

f(x+h) — f(x) = dy fh+ ox(||h]]),

the remainder ox(||h||) is uniform in each £} ;, i.e., there exists a modulus of continuity
g such that

m(f,x,V(x),dv f, |h]]) < g(|/hl) for each h € V(x) and each x € E;; 1

Claim 1: f is differentiable with respect to Tan(E,x) for #'-almost every x € E.

By choice of Ej;, these are subsets of C' curves. Hence, for all j, 4,k € N, we have that
Tan(Ej;x, ) = Tan(E}, x) for all x € Ej ; .

Composing f with each curve and applying Theorem to this 1-dimensional Lipschitz
function, and via Proposition (see Remark we get the claim for J#1-almost every
x. Together with the previous line, we can follow the same procedure to build the family
of sets E; ;) to adjust them Fj;x up to " -null sets so that the following properties hold

(from now we restrict will call the new family of sets E}),

(4) Denoting the differential of f at x € E; with respect to Tan(E}, X) by drun(g, x) f, there
exists a modulus of continuity ¢" as in [(3)], for dy(x) f and V(x).

Mathematics: Master Thesis David Horas Marcos



CHAPTER 5. DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 62

(5) Since apTan(E,x) = Tan(E,x) = Tan(E;,x) for each x € Ej;, consider now 7T €

Tan(E,x), then there exists some x’ € E; such that

x'=x+71+o]T]).

We finish the proof with the following claim:
Claim 2: f is differentiable with respect to V(x) + Tan(E,x) at every x € Ej.

Fix x € F; and assume that Tan(E,x) € V(x) (otherwise we are finished). We prove that,
for each h € V(x) and each 7 € Tan(F, x),

fx+h+7)— f(x) = dy)f(h) + dran(e, x) f(T) + o[ + [|7]]).

For 7, there exists x' € F; such that X' =x+ 7 + o(||7||) as in [(5)].

We write

fx+h+7) = f(x) = dyeo f(h) = drane, 00 f(T) = f(x+h+7) = f(X' +h) + f(x) - f(x+7)

J/

-~

I
(X +h) — f(x) ~ dvo /b

-~

11
+ f(x+T) = f(X) = dran(, x) fT

~
IIT

Estimates of each term:
1| <2Lip(f) lx + 7 — x[| = o([|T|]).

11 < m(f,x',V(x),dvxf, |[h]) |h, which , by Lemmal5.2.4]

m(f,x", V(x),dv o f, [h]) [[a]] = m(f, %', V(x'), dvee f, [I]]) + (1 4 2Lip(f)g'([|7]])) b
< (g(lInl) + (1 + Lip(f)g'([IT[D) [l = o([l=[l + k).

] < o(|I=(l), by [(4)]. O

5.3 Differentiability of Lipschitz Functions
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Theorem 5.3.1 (Differentiability of Lipschitz Functions - 1.1 [1]). Let p be a Borel

regular finite measure on R™, and f : R® — R™ a Lipschitz function. Then:

(1) V(p,x) € D*(f,x) for p-almost every x.

(2) There exists a Lipschitz function g : R" — R™ such that for any h ¢ V'(u, z), the

derivative of g at the direction h does not exist for p-almost every x.

We prove the first statement of the theorem.

Proof. By lemma [A.2.11] the function

D*(f,-) : R" — Gr(R")
x — D*(f,x)

is a Borel measurable, closed-valued multifunction from R™ to Gr(R™). Applying Kuratowski
and Ryll-Nardzewski’s selection theorem (see[A.2.9) (given the properties of the Grassman-
nian, see section [2.2.32)), we can find a Borel-measurable selection

V:R" — Gr(R")

x — V(x)

with V(x) € D*(f,x) for every x. By Corollary (/5.2.6)), considering a decomposition of f,
{H'LE,: tel}e.Z, with sets E, t € I, we have that

Tan(E;,x) C V(x) for H'-almost every x € E,
for each t € I. Thus, V € ¢, and hence, we have that
Vip,x) CV(x)

for p-almost every x. Since f is differentiable with respect to V(x) for every x, so it is with

respect to V (i, x) for p-almost every x. [
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Appendix A

General Geometric Theory

This appendix presents foundational results used throughout the proofs but are not at the

core of the main ideas of this text.

A.1 (Geometric Measure Theory Results

The following result will be used to prove that Hausdorff measures are Borel, see in chapter

1, proposition [2.2.22]

Theorem A.1.1 (Caratheodory’s Criterion - 1.1. Theorem 5 [6]). Let x be an mea-
sure on R"™. If for any tow sets A, B C R" such that d(A, B) > 0 then u(AU B) =
p(A) + u(B), then p is Borel.

Theorem A.1.2 (Lusin’s Theorem - 1.2. Theorem 2 [6]). Let p be a Borel regular
measure on R” and f : R® — R™ a p-measurable function. Assume A C R” to be a
p-measurable set such that p(A) < oo. For each € > 0 there exists a compact set K C R™
such that

1. w(A\K) <e.

2. fik is continuous.

The following result holds when p is a measure on a space X and the functions have their

images on a separable metric space.

We write the proof of the following theorem since it will illustrate the proof in theorem of
approximation of Lipschitz Functions
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Theorem A.1.3 (Egoroff’s Theorem - 1.3. Theorem 3 [6]). Let x be a measure on
R™ and suppose f; : R" — R™ is p-measurable functions for [ € N. Let A C R" be a
p-measurable set with p(A) < oo, and f;(x) — g(x) for u-almost every x € A. Then, for
each € > 0, there exists a p-measurable set C' C A such that

p(A\ C) < e

2. | fue = 9cll oo 520

Proof. Let us consider the following sets,
oo . 1
Ci; = U {X eR": |fi(x) — g(x)|> E}
I=j

Now, notice that C; ;11 C C;;, hence AN C;; is a decreasing sequence with its first element
such that (AN C;p) < p(A) < oo, and the sequence converge to g p almost everywhere,

hence

lim p(ANC;;) = (A N Ci,j> =0
]*)OO

So there exists N; € N such that

w(ANCin,) < ;

We call C':= A\ .2, Cin,, so we can write
uA\C) < Z (ANCin,)

So for each 7 € N, there exists N € N such that for every x € C' and every [ > N,
|f1(x) — g(x)|< 2—11 holds, i.e. HflIC — g|CHOO E) 0. O

Proposition A.1.4 (2.7. [5]). Le {r;}32, be a sequence such that converges weakly to a

measure v. Then

(1) For any open set B
liminf v(A) > v(A).

1—00
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(2) For any compact set K
limsup v(K) < v(K).
1—+00
Hence,

(3) v;(A) — v(A) for every bounded open set A such that v(0A) = 0.

(4) For any point x there exists a set Sy C RT at most countable such that

vi(B(x,p)) — v(B(x,p))

1—00

for every p € R* \ Sx.

A.2 Measurability

The following lemma is useful to proof the measurability of the sets in the proof of the
Rectifiability Criterion [4.1.8] as well as in the proof of the third statement of proposition
L.I13

Lemma A.2.1. Let E C R" be a Borel set and r > 0, then the map x — #*_FE(B(x,r))

is a Borel map on R".

Proof. Let us consider the map

$: F— (0,400
x— ®(x) = A*(ENB(x,r)).

By definition of Hausdorff measure (see [2.2.19), and defining ®5(x) := 54*(E N B(x,r)) for
cach x € R", we have that ¢(x) = (lsin(l) ®s(x). It is enough then to prove @5 to be a Borel
—

measurable function, for each d > 0.

Moreover, we can find a countable family of balls, of rational centers and radii, U = { B;}$°,
such that

®s(x) = inf { Zdiam(Bi)s : ENB(x,r) CUX,B; with B; € U for every i € N}.
i=1
Now, by considering the functions

N
(%) = inf { Y diam(B,)* : ENB(x,r) € UY,B; with B, € U for every i € {1,2, ...,N}},
=1
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we may approximate now ®s from above:

®5(x) = lim inf ¢y (x).

N—oo

In order to conclude the proof, we prove the following claim.

Claim: ¢y is upper continuous for each N € N.

We aim to prove that
limsup ¢ (x) < (o).

X—X0

Fix € > 0 arbitrarily, by the definition of ¢y we can consider a covering {B;}¥ , such that
EnN B(Xo, T) - Ui\ile and

N
> diam(B;)* < g (x0) + .
=1

If x is close enough to xo then {B;}¥ is a valid covering for E N B(xg,r) as well, hence

on(x) <Y diam(B)* < dn(xo) + .

We finish the proof by considering the upper limit and pointing to the arbitrarity of e > 0. [

Definition A.2.2 (Relatively Compact Metric Space). Let (K, d) be a metric space.
We say that it is a relatively compact space if for every € > 0, it can be covered by finitely

many balls of radius e.

Definition A.2.3 (K-Parametrization). Let (K,d) be a relatively compact metric
space and p be a probability measure on K. We call parametrization of p a measurable
application G : [0, 1] — K such that for all A C K,

u(A) = £1(0,1 1 G (A)).

Proposition A.2.4 (Skorokhod-A.3. [3]). Let (K, d) be a relatively compact metric

space and i be a probability measure on K. Then there exists a parametrization of p.

Theorem A.2.5 (Prokhorov)-2.3.4. [4]). Let X be a complete separable metric space,
M(X) the set of all Borel finite outer measures on X and let 4 C M(X). Then A
is relatively compact in the weak™ topology of M(X) if and only if the following two
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properties hold:
(1) sup{u(R") : p € A} < +o0,

(2) A is tight, i.e., for every € > 0 there exists a compact set K. C R™ such that

p(R"\ K.) <e forall ue A

The following definitions are extracted from 5.1. in [10],

Definition A.2.6 (Multifunction). We say that F' : X — Y is a multifunction if
F(x) CY, with F(z) # 0, for each z € X.

Definition A.2.7 (Closed-valued multifunction). We say that a multifunction F :
X — Y is closed-valued if F'(x) is closed for every x € X.

Definition A.2.8 (Selection of a multifunction). Let F': X — Y be a multifunction.
A selection of F'is a map f: X — Y such that f(z) € F(z) for each z € X.

In [I0], we can find the following theorem, stated for a domain X (non-empty) and an algebra

B over X. A proof can be found in [7].

Theorem A.2.9 (Kuratowski and Ryll-Nardzewski-5.2.1. [10] ). Let Y be a Polish
space, ' : R — Y a Borel measurable, closed-valued multifunction. Then F admits a

Borel selection.
The following result follows from remark 5.1.1 in [10]

Lemma A.2.10 (Measurability of Multifunctions). Let X be a topological space
and Y a compact metric space, and F : X — Y a closed-valued multifunction. If F' is
measurable as a map from X to the space of non-empty closed subsets of Y, then F' is

Borel measurable.

Based on the previous notions and results, as well as on the notion of deviation from linearity

(3.3 in [1]), the following results are proved in []:

Lemma A.2.11 (3.5, [1]). Let f be a Lipschitz function on R™. Then D(f,x) and
D*(f,x) are closed, nonempty subsets of Gr(R™) for every x.

Moreover, x — D(f,x) and x — D*(f,x) are Borel-measurable, closed-valued multi-
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functions from R” to Gr(R").

Lemma A.2.12 (3.6, [1]). Let f be a Lipschitz function on R™, E a Borel set in R", and
x — V(x) a Borel map from E to Gr(R") such that V(x) € D(f,x) for every x.

For every x € E, we denote by dyx) f the derivative of f at x with respect to V(x),
and we extend it to a linear function on R" by setting dy () f(h) = 0 for every h € V(x)*.
Then x — dy(x) f is a Borel map from £ to the dual of R".
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