
Academic Editors: Salvador Llinares

and Alessandro Jacques Ribeiro

Received: 28 August 2025

Revised: 3 November 2025

Accepted: 11 November 2025

Published: 12 November 2025

Citation: Inglada, N., Breda, A.,

Sala-Sebastià, G., & Vanegas, Y. (2025).

Development of Epistemic Meta

Didactic–Mathematical Knowledge in

Mathematics Teachers When Teaching

Functions: A Scoping Review.

Education Sciences, 15(11), 1526.

https://doi.org/10.3390/

educsci15111526

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Development of Epistemic Meta Didactic–Mathematical
Knowledge in Mathematics Teachers When Teaching Functions:
A Scoping Review
Neus Inglada , Adriana Breda * , Gemma Sala-Sebastià and Yuly Vanegas

Department of Language, Science, and Mathematics Education, Faculty of Education, Universitat de Barcelona,
Campus Mundet, Passeig de la Vall d’Hebron, 171, 08035 Barcelona, Spain; ninglada@ub.edu (N.I.);
gsala@ub.edu (G.S.-S.); ymvanegas@ub.edu (Y.V.)
* Correspondence: adriana.breda@ub.edu

Abstract

In this study, a PRISMA-guided scoping review of research papers on teachers’ epistemic
meta didactic–mathematical knowledge with regard to functions is carried out. The objec-
tive is to identify the factors that characterize the epistemic meta didactic–mathematical
knowledge of teachers who lead epistemically suitable instructional processes for functions.
The Web of Science and Scopus databases were used to select 15 papers published between
2019 and 2024 that examine mathematics teachers’ epistemic meta didactic–mathematical
knowledge when teaching functions. Two qualitative analyses of the chosen texts were
performed. With the support of the R interface for multidimensional analysis of texts
and questionnaires, five categories were obtained from the first analysis. Those categories
guided the second analysis, which consists of a manual study of the documents. The result
is the following characterization of the meta didactic–mathematical knowledge a teacher
should have when teaching functions: (1) complexity of functions in the history of mathe-
matics and in the curriculum, (2) personal practice of multiple processes using functions
in different contexts, and (3) analysis of the tasks designed in instructional processes and
reflection on teaching practice. The main conclusion of this research is that the presence of
these contents in teacher preparation programs can contribute to improving the teaching
of functions.

Keywords: mathematics education; secondary teacher education; onto-semiotic approach;
meta didactic–mathematical knowledge; didactic suitability criteria; scoping review;
IRaMuTeQ

1. Introduction
In the specialized literature, various authors have proposed theoretical models that

explain the knowledge teachers should have in order to perform their teaching duties
effectively (Shulman, 1987; Mishra & Koehler, 2006). Along these lines, Amaya de Armas
et al. (2016) stress the importance of identifying the knowledge necessary for teaching
mathematics. It is therefore necessary to use a theoretical model that allows inferring and
structuring said knowledge.

One of the theoretical approaches that addresses both the analysis of mathematical
activity—conceived as historical–social and historical–cultural practice—and the identifi-
cation of the knowledge necessary for its teaching is the Onto-semiotic Approach (OSA)
(Godino et al., 2007, 2019). This approach provides theoretical and methodological tools
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that facilitate the description and explanation of the teaching and learning processes of
mathematics, as well as their assessment in terms of suitability.

The Didactic–Mathematical Knowledge (DMK) model, a refinement of the model
proposed by Ball et al. (2008), is found within this framework. This model characterizes
teachers’ knowledge based on three dimensions: the mathematical dimension, the didactic
dimension, and the meta didactic–mathematical dimension (Pino-Fan & Godino, 2015).

The first two dimensions enable describing and explaining the teaching and learning
processes of mathematics, while the meta didactic–mathematical dimension is aimed at
assessing these processes by means of a tool called Didactic Suitability Criteria (CIDs),
which includes six aspects: epistemic, cognitive, interactional, affective, mediational, and
ecological suitability (Godino, 2013; Godino et al., 2006).

In the DMK model of the OSA, according to Pino-Fan and Godino (2015), the mathe-
matical dimension includes two subcategories of knowledge: common content knowledge
(sufficient knowledge of a specific mathematical object to solve problems or tasks proposed
in the mathematics curriculum of a given educational level) and extended content knowl-
edge (knowledge of mathematical concepts that are either ahead in the current curriculum
or in a subsequent educational level).

The didactic dimension of DMK includes the following subcategories of knowledge:
specialized knowledge of the mathematical dimension (epistemic facet); knowledge of
students’ cognitive development and learning (cognitive facet); knowledge of students’
emotions and attitudes (affective facet); knowledge of classroom interactions (interactional
facet); knowledge of resources and tools that can enhance student learning (mediational
facet); and knowledge of curricular, contextual, social, political, economic, and other aspects
that influence student learning (ecological facet).

The meta didactic–mathematical dimension characterizes the knowledge teachers
need to reflect on their own practice, to identify and analyze the set of norms and meta-
norms that regulate the teaching and learning processes of mathematics, and evaluate
didactic suitability to enhance the design and implementation of these processes (Godino
et al., 2009; Pino-Fan et al., 2016).

For each of the components of DMK, the OSA has “theoretical-methodological” tools
that have been described and used in various research papers (Godino, 2009, 2012; Godino
et al., 2019). For instance, for the development of instruments that enable systematic
assessment and analysis of teachers’ knowledge regarding the meta didactic–mathematical
dimension, the didactic suitability criteria (DSCs) tool is used as a consensual principle that
emerged from trends and research results in didactics of mathematics (Giacomone et al.,
2018). According to Font et al. (2010), DSCs are a set of six criteria: epistemic suitability
(mathematical quality of the content taught), cognitive suitability (appropriate level of
difficulty for students’ prior knowledge), interactional suitability (ability to resolve doubts
and difficulties), mediational suitability (resource adequacy), affective suitability (student
motivation and involvement), and ecological suitability (alignment with the curriculum
and socio-cultural context).

In order for the DSCs to be operational in the analysis and assessment of instructional
processes, they are broken down into components and indicators. Table 1 describes the
components and indicators of epistemic suitability in detail. The complete table of the six
DSCs can be found in Breda et al. (2017).

A fundamental principle of the OSA was considered in the case of epistemic suitability.
Including nuances specific to each approach, it is (or can be) assumed by other theoretical
approaches in the field. The principle is formulated as follows: mathematical objects
emerge from practices, which accounts for their complexity (Font et al., 2013; Rondero &
Font, 2015). This principle gives rise to a component (representativeness of the complex-
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ity of the mathematical object). The objective is to incorporate this complexity into the
design and redesign of teaching sequences (Pino-Fan et al., 2013). The component of the
representativeness of the complexity of the mathematical object (understood as a plurality
of partial meanings) refers to the degree of representativeness and interconnectedness of
the institutional meanings implemented (or intended) with respect to a reference meaning
(Font et al., 2020; Giacomone et al., 2018). Each of these meanings allows solving different
types of problems. Therefore, if the aim is for students to become competent in solving
a variety of problems in which the mathematical object in question plays a decisive role,
they need a network of partial meanings of that object that are well connected to each other
(Burgos et al., 2021; Seckel & Font, 2020).

Table 1. Components and characteristics of epistemic suitability.

Components Characteristics

Errors
✓ No practices considered incorrect from a

mathematical perspective are observed.

Ambiguities

✓ No ambiguities that could lead students to confusion
are observed. Definitions and procedures are stated
clearly and correctly. They are adapted to the
educational level they are aimed at. Explanations,
proofs, and demonstrations are adapted to the
educational level they are aimed at.

Richness of processes

✓ Relevant processes in mathematical activity
(modelling, argumentation, problem solving,
connections, etc.) are considered in the sequence
of tasks.

Representativeness of the
complexity of the
mathematical object

✓ Partial meanings (definitions, properties, procedures,
etc.) are a representative sample of the complexity of
the mathematical notion to be taught as part of
the curriculum.

✓ For one or more partial meanings, a representative
sample of problems is provided.

✓ Students use different ways of expression (verbal,
graphic, symbolic, etc.). for one or several
partial meanings.

Source: Breda et al. (2017, p. 1903)—Updated version.

A function, for example, is a highly complex mathematical object, as shown by its
historical evolution. According to Godino et al. (2006), throughout the history of different
civilizations, different partial meanings of this notion were generated, some of which served
to generalize other pre-existing ones. The authors organized this evolution into four partial
senses: tabular, graphical, analytical, and conjunctive sense. These four partial senses
somehow summarize the development of the notion of function that was transposed into
textbooks through two types of epistemic configurations: formal (or intra-mathematical)
epistemic configurations and empirical (extra-mathematical) configurations. The former
refer to the conjunctive sense, while the latter refer to a combination of the other three
(tabular, graphical, and analytical sense) (Font et al., 2012).

Another example is to consider the teacher’s knowledge in relation to the design and
resolution of tasks rich in relevant mathematical processes (richness of processes compo-
nent), such as argumentation and representational change (Malaspina, 2017; Malaspina &
Font, 2010; Malaspina et al., 2019; Torres, 2020). Finally, mathematical knowledge should
consider the errors and ambiguities of teachers from a mathematical point of view (error
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and ambiguity components) (Beltrán-Pellicer & Giacomone, 2018; Font et al., 2024; Sánchez
et al., 2022).

Given the above, this research focuses on the meta didactic–mathematical dimension
of teacher knowledge, which refers to the following:

The knowledge needed by teachers to: reflect on their own practice, identify
and analyze the set of norms and meta-norms that regulate the teaching and
learning processes of mathematics, and assess the didactic suitability in order to
find potential improvements in both the design and implementation stages of
such processes of study (Pino-Fan et al., 2016, p. 68).

This study mainly focuses on the epistemic facet of meta didactic–mathematical
knowledge, and more specifically on the epistemic meta didactic–mathematical knowledge
(henceforth EMDMK) mathematics teachers should have to teach functions. As Font (2011)
maintains, the notion of function is very important in mathematics education because of its
unifying and modeling nature, as well as its epistemic richness and complexity. To improve
both initial teacher preparation programs and continuing professional development, it
is necessary to explain which elements are present in the EMDMK of those teachers that
design and implement suitable teaching and learning processes for functions. For this
reason, a scoping review (ScR) was carried out in this field.

A literature review is conducted to answer the following question: “What are the
factors that characterize the EMDMK of teachers who lead epistemically suitable instruc-
tional processes for functions?” With the aim of improving initial teacher preparation
programs and continuing professional development, this study seeks to identify the factors
that characterize the EMDMK of teachers in charge of epistemically suitable instructional
processes for functions.

2. Methodology
The methodology of this research is framed within the ScR of literature through text

data mining, using PRISMA-ScR (Tricco et al., 2018) as part of the protocol development.
Document S1: PRISMA-ScR Checklist can be consulted in the Supplementary Materials. The
research was organized into three phases. The first phase focused on selecting documents.
In the second phase, a lexicometric analysis of the texts was carried out using the R interface
for multidimensional analysis of texts and questionnaires (IRaMuTeQ) software version
0.8 alpha 7 to infer initial categories on which to structure the analysis in the third phase.
In that last phase, the papers were analyzed without using software in order to identify
elements that could enhance the development of secondary school teachers’ EMDMK when
teaching functions.

2.1. First Phase: Document Selection Process

As this study aims to characterize the EMDMK mathematics teachers should have
when teaching functions, one of the inclusion criteria is for the papers to focus on the
mathematical teaching and learning of functions, considering the epistemic dimension.

Another inclusion criterion is the relevance and quality of the documents that serve
as the basis for the evidence of this ScR. Because of their broad coverage and rigorous
indexing standards, the information sources selected were Scopus and Web of Science
(WoS), two major bibliographic databases. Scopus covers approximately 24,500 serial titles
from over 5000 publishers in 140 countries, including peer-reviewed journals in the fields
of science, technology, medicine, and social sciences, including arts and humanities. WoS
contains some 36 million records from over 230 disciplines in science, social sciences, arts,
and humanities. The search was narrowed down to papers published between 1 January
2019 and 30 April 2024, as the aim was to review recent work on the topic. This period
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coincides with the five years prior to the start of this research and the first four months
of 2024.

The languages of the documents were limited to English, the language in which most
papers are published, and to Spanish and Portuguese, the languages the authors of this
study know in depth. The initial idea was to only use journal papers, but given the small
number of papers, the following documents were included: journal papers, a master’s
thesis, a doctoral dissertation, and conference proceedings.

Given the fact that titles, abstracts, and keywords in papers written in any language
are translated into English, the following descriptors in English were used in the search
for documents: function, mathematics education, secondary teacher education, and epis-
temology. Based on these descriptors, the search was initiated in Scopus, restricting it to
the title, abstract, and keywords. As shown in Table 2, different search structures were
tested, varying the degree of restriction depending on the number of results obtained
until a number between 10 and 30 was attained. The same procedure was then repeated
when searching the WoS database. However, as this database has a “subject” field, the
search structure was entered in that field without having to limit it to the title, abstract,
and keywords.

Table 2. Search structures and number of results.

No. Database Search Structure No. of
Results

1 Scopus

TITLE-ABS-KEY (function AND (“Mathematics
education” OR “secondary teacher education”)) AND
(LIMIT-TO (LANGUAGE, “English”) OR LIMIT-TO
(LANGUAGE, “Spanish”) OR LIMIT-TO (LANGUAGE,
“Portuguese”))

569

2 Scopus
TITLE-ABS-KEY (function AND (“Mathematics
education” OR “secondary teacher education”) AND
epistemology)

5

3 Scopus TITLE-ABS-KEY (function AND “secondary teacher
education”) 7

4 Scopus TITLE-ABS-KEY (function AND (“Mathematics
education” OR “secondary teacher”)) 657

5 Scopus

TITLE-ABS-KEY (function AND (“secondary education”
OR “secondary teacher”) AND epistem*) AND
PUBYEAR > 2018 AND (LIMIT-TO (SUBJAREA,
“SOCI”) OR LIMIT-TO (SUBJAREA, “MATH”) OR
LIMIT-TO (SUBJAREA, “COMP”) OR LIMIT-TO
(SUBJAREA, “PSYC”)) AND (EXCLUDE (DOCTYPE,
“no”) OR EXCLUDE (DOCTYPE, “er”) OR EXCLUDE
(DOCTYPE, “bk”))

5

6 WoS
function* AND mathematic* AND ((Mathematic* NEAR
education*) OR (second* NEAR teach*)) (Topic) and
Spanish or English or Portuguese (Languages)

4486

7 WoS

function* AND mathematic* AND ((Mathematic* NEAR
education*) OR (second* NEAR teach*)) (Topic) and
Spanish or English or Portuguese (Languages) and 2024
or 2023 or 2022 or 2021 or 2020 or 2019
(Publication Years)

1182
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Table 2. Cont.

No. Database Search Structure No. of
Results

8 WoS

function* AND mathematic* AND ((Mathematic* NEAR
education*) OR (second* NEAR teach*)) AND
epistemolog* (Topic) and Spanish or English or
Portuguese (Languages) and 2024 or 2023 or 2022 or
2021 or 2020 or 2019 (Publication Years)

29

Source: Authors’ own work.

To examine the documents obtained, first, three were identified that were present in
both lists and one that appeared twice in the WoS list. Four papers were thus excluded
from the initial total of 34 (see Figure 1). Second, the first author read the title, abstract, and
keywords of each paper to decide whether to include or exclude it. A total of 13 documents
were accepted. This number was considered acceptable, but expanding the selection would
strengthen the research conclusions. Therefore, a master’s thesis and a doctoral dissertation
that had been rejected for not being journal or conference papers were also included. Finally,
15 full-text documents were selected and assessed to determine their eligibility. Of those
documents, after checking they all met the inclusion criteria, none were excluded (see
Figure 1). It is worth mentioning that the first author read all of the papers.

Figure 1. Flowchart for inclusion and exclusion of papers. Source: Flowchart based on PRISMA 2020
(Page et al., 2021).

Table 3 shows the papers analyzed in this paper. Each one is coded as n_i, where i is
the number of the order in which it was included in the paper. The authors, publication
year, and database in which it was found are also indicated.
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Table 3. Documents selected for the study.

Code Authors Data Base

n_01 Galindo and Breda (2024) Scopus

n_02 Muin and Fatma (2021) Scopus

n_03 Inglada et al. (2024) WoS

n_04 Henríquez-Rivas and Verdugo-Hernández (2023) WoS

n_05 Katalenić et al. (2020) Scopus and WoS

n_06 Hanke (2024) WoS

n_07 Hinojos-Ramos et al. (2023) Scopus and WoS

n_08 Fallas-Soto and Lezama (2022) WoS

n_09 Katalenić et al. (2023) WoS

n_10 Mendes (2021) WoS

n_11 Rodrigues et al. (2021) WoS

n_12 Jannah et al. (2019) Scopus and WoS

n_13 Pino-Fan et al. (2019) WoS

n_14 Vivas Pachas (2021) WoS

n_15 Merighi (2020) WoS
Source: Authors’ own work.

2.2. Second Phase: Lexicometric Analysis Using IRaMuTeQ

To obtain emerging categories from the texts in the most objective and rigorous way
possible, IRaMuTeQ software version 0.8 alpha 7, created by Pierre Ratinaut (University of
Toulouse, France) in Ratinaut (2009), was used: “It is a GNU GPL (v2) licensed software
that provides users with statistical analysis on text corpus and tables composed by indi-
viduals/words. It is based on R software (version 4.5.2) and on python language (version
3.14.0)” (Camargo & Justo, 2013b, p. 1).

In this second phase, the methodology employed has a dual approach. On the one
hand, a quantitative approach was used, as the program performs exploratory data analysis
using statistical and comparative calculations. On the other hand, using a qualitative
approach was key, as it was the authors’ task to interpret and contextualize the data to
give them meaning. According to Amaral-Rosa et al. (2024), Lima et al. (2021) and Ramos
et al. (2019), creating categories that emerge from software does not invalidate the manual
procedure. Both are complementary and can provide different inferences about the same
corpus. IRaMuTeQ focuses on information and provides the structure of lexical fields in
the corpus and in each of the texts in an accurate and targeted manner (Martins et al.,
2022). It shows lexical coexistences or recurring and overrepresented words. It identifies
descriptive statistics, obtaining, for example, characteristic shapes, as well as the themes
present in the corpus. It also considers the structure, interactions, and distance between the
shapes in the corpus, which facilitates interpreting data and inferring categories (Moreno &
Ratinaud, 2022). In this study, two of the software analyses were used. First, the Descending
Hierarchical Classification (DHC) method was employed. Based on matrix analyses that
cross-reference text segments (TSs) (text fragments of approximately three lines in length
into which IRaMuTeQ divides the corpus) and words, it obtains classes of TSs that, at
the same time, have similar vocabulary to each other, and different vocabulary from the
TSs of other classes. The program performs calculations and provides results that allow
each of the classes to be described, mainly by their characteristic vocabulary (Camargo
& Justo, 2013a). Second, the program provides another manner of presenting results
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by means of the Correspondence Factor Analysis (CFA) performed on the DHC, which
enables verifying the associations of dependencies and independencies of each class. The
representation on a Cartesian plane, in which each class is identified by a color, shows these
dependency relationships.

To process the documents using IRaMuTeQ, the first step was to create the corpus.
This was done using the abstract and conclusion of each of the selected documents. Only
these two sections were used in order to focus the programme’s analysis on the parts of the
documents that contain the most relevant contributions from the research included in the
study corpus. Limiting the size of the text facilitates the process of preparing it for process-
ing in IRaMuTeQ. This limitation does not imply a loss of information, since, as detailed in
the third phase of the analysis, the fifteen complete documents was examined manually.

As the chosen language was English, the conclusions of the papers that were not
published in that language (n_01, n_04, n_08, n_13, and n_14) were translated. In order for
the computer program to work with the corpus, it was necessary to code it following the
instructions of Camargo and Justo (2013b): (1) review the entire text, correcting punctuation
and/or typographical errors where necessary; (2) standardize, or present only the acronyms
or the complete expression of the expressions that can be represented by acronyms; (3) join
compound words using underscores instead of hyphens; (4) do not justify texts and do
not use bold and/or italics; (5) keep numbers in their numerical form; (6) do not use the
following characters: quotation marks, apostrophes, hyphens, dollar signs, percentages,
ellipses, and asterisks. Furthermore, the origin of each submitted text was identified for the
researcher to be able to identify it throughout the analysis. Therefore, after preparing the cor-
pus, all texts were added to the same file, separated by their respective identifications. These
identifications, to be used by IRaMuTeQ, were standardized using command lines repre-
sented by four asterisks followed by a space, a new asterisk, and the coding chosen for each
text. In this study, the documents were coded by assigning the number corresponding to the
order in which they were saved (n); the year of publication (t); the content of the functions
worked on (C), whether it focuses on the teacher, the student, or the curriculum; the educa-
tional institution (F); and the theoretical framework (M). Thus, for example, for the first
document selected, the following identification appears: **** *n_01 *t_2024 *C_Derivative
*F_Teacher *M_Ontosemiotic_Approach_to_Mathematical_Cognition_and_Instruction, etc.
The file had to be in UTF-8 format in order to be processed by the IRaMuTeQ software. As
this study does not aim to work with the citations present in the selected papers, they were
removed from the corpus to facilitate computer processing. In accordance with Camargo
and Justo (2013b), most of the default settings were maintained. The language chosen was
English, and “utf_8_sig—all languages” was selected in the “encoding” option. A total of
392 TSs were identified in the corpus processing. The percentage of hapaxes, words that
appear only once, was 4.67%, which was considered adequate. Next, the DHC, using the
IRaMuTeQ’s default parameters, and the CFA were performed. The data shown in Figure 2
were obtained from the DHC: the software takes into account 300 of the 392 defined TSs in
this classification, or 76.53%. Camargo and Justo (2013b) claim that for an analysis to be
taken into account, the percentage should be equal to or greater than 75%.

Based on the DHC, the program proposes the five classes shown in the dendrogram in
Figure 3. From this dendrogram, relationships of proximity and distance between classes
can be established (Martins et al., 2022). The size of the rectangles and their percentage
show the number of occurrences of each class in relation to the entire corpus. It is observed
that class 5 (purple) has the most occurrences, 26%. It is followed by class 3 (green), with
22.7%, then class 4 (blue), 21%, and class 1 (red), 17.3%. Class 1 (gray) only has 13% of
occurrences. Although the percentage of the most represented group is double that of the
smallest, it should be noted that their sizes are sufficiently homogeneous.
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Figure 2. DHC data. Source: IRaMuTeQ version 0.8 alpha 7 (2025).

Figure 3. DHC dendrogram. Source: IRaMuTeQ version 0.8 alpha 7 (2025).

The dendrogram is structured into branching levels: First, a bifurcation occurs, gen-
erating two branches. On the right, there is only class 5. The left branch divides into two
new branches, which, in turn, separate into two new branches. Each of these contains
one of the remaining classes, so that class 2 and class 3 belong to the same branch, as do
class 4 and class 1. The most relevant terms in each class are those that appear below each
rectangle. The higher the word appears, the more important it is. Based on the CFA, the
program generated the graph in Figure 4. The relationship of dependence and indepen-
dence between the classes is stressed, and can be observed according to their position in
relation to the x-axis, the y-axis, and the location in the quadrants (Martins et al., 2022). The
interrelationship between the gray and green classes, on the one hand, and between the
blue and red classes, on the other, as well as the fact that the purple class is less connected
to the other four classes, is more explicitly observed in this graph than in the dendrogram.
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Figure 4. CFA data Source: IRaMuTeQ version 0.8 alpha 7 (2025).

The program’s feature that shows each occurrence in the different TSs in which it
appears is then used to infer an initial category from each class. The 20 most relevant terms
in each class are considered (Table 4). “Prospective” in class 2 refers to future teachers.
Praxeology in class 2 refers to the theoretical framework of the Anthropological Theory of
the Didactic.

Table 4. Most relevant words in each class.

Nº Class 1 Class 2 Class 3 Class 4 Class 5

1 didactic university interpretation teacher belief

2 historical asymptote function mathematical_
working_space reason

3 base upper derivative education epistemology

4 learn prospective concavity ideal mathematical

5 material secondary domain work student

6 history curve correspondence train instructor

7 creative knowledge range disciplinary proof

8 trajectory behavior growth task conflict

9 class rely geometric future formal

10 action praxeologies real fpu2 intuition

11 raise coherent graphical limitation finding

12 hypothetical limit discrete promote calculus

13 article graph minima concept phenomenon

14 form expert solve device shift

15 investigate plot population case sensitive
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Table 4. Cont.

Nº Class 1 Class 2 Class 3 Class 4 Class 5

16 identify scholarly relationship perspective understanding

17 capacity praxeology additionally improve interview

18 exploration global engineer intention middle

19 teach discourse calculation future teacher evidence

20 development comprehensive variable demand stable
Source: authors’ own work.

The initial categories related to the epistemic knowledge of mathematics teachers
when teaching functions, as inferred from the dendrogram provided by the IRaMuTeQ
software, are as follows:

1. Initial category 1: Historical research
2. Initial category 2: Graphical representation to facilitate functions
3. Initial category 3: Different meanings of function
4. Initial category 4: Reflection on practice
5. Initial category 5: Lack of interest in resolving conflicts between intuition and knowl-

edge

The inference process for initial category 5 is outlined below as an example. First, with
the help of the program, all the TSs in which the 20 occurrences with the highest frequency
in class 5 appear were identified (Table 4). These text fragments were then read in order
to extract the most notable underlying ideas. Some of the TSs that reflect these ideas are
listed below. The document they belong to is indicated and the occurrences that appear in
Table 4 are written in italics.

For instance, in Katalenić et al. (2020, p. 1203) (n_05): the occurrences mathematical and
students appear, as can be seen in the following fragment: “(. . .) we could question what
kind of approach in basic and advanced mathematical courses with elementary functions
would have made a difference in students’ available graphing strategies.”

Mendes (2021, p. 19) (n_10) mentions the occurrences intuitive and intuition: “(. . .) for
such exercises to be successfully carried out, it is necessary, however, to determine a creative
thinking that productively explores intuitive (imagination, invention, intuition), operative
(logic, chain of ideas), and symbolic (perception, attribution of meanings) activities.”

In Pino-Fan et al. (2019, p. 217) (n_13) the occurrences student and mathematical also
appear: “(. . .) attempting an approach to build it on concepts that play the dual role of being
familiar to the student and also provide a foundation for later mathematical development.”

Merighi (2020) (n_15) mentions a few more:

(. . .) the results also suggest that this belief coexists with relatively strong beliefs
that formal notation is a more important part of mathematics. In addition to
the contextual nature of these beliefs, we see that calculus students and middle
school teachers alike tend to consider intuitive knowledge as less valid than formal
mathematical notation (p. 159).

Another example can be found in Merighi (2020) (n_15):

(. . .) also, students’ stated epistemologies seem to differ from their epistemologies in
practice. I found that no student attempted to reconcile the conflict between the
answers they got from using formal mathematical knowledge and their intuitive
approaches, and none seemed particularly surprised nor concerned about the
reasons why they were getting different answers (p. 154).
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The following occurrences are observed in Merighi (2020, p. iii) (n_15) “(. . .) middle
school mathematics teachers tend to pay more attention to aesthetic features of proof than to
features more strongly tied to mathematical meaning and sense making.”

Finally, it was agreed these ideas stress that the lack of interest in resolving conflicts
between intuition and knowledge, both in students and in mathematics teachers when
teaching functions, hinders the teaching and learning processes. Therefore, initial cat-
egory 5 was given the name “Lack of interest in resolving conflicts between intuition
and knowledge.”

2.3. Third Phase: Manual Analysis

In the third phase, the different papers were reread, and 290 citations were selected
that were classified under 28 codes inferred by the authors of this paper. The approach
used was open coding, and the five initial categories defined in the previous phase were
the only preconceived notions. Each code derives from a citation, and is linked to an initial
category. Subsequently, to explain the results of the analysis, the 28 codes were categorized
into eight groups according to the thematic field they belong to (see Table 5).

Table 5. Coding.

Code Group Code

Coherence Coherence between intuition and knowledge

Complexity

Different meanings

Multiple representations

Graphical representation

ICT

Progress, expansion of concepts

Curriculum

Curriculum

Vertically aligned curricula

Progress, expansion of concepts

Task development Development of tasks

Paper
Historization

Research

Processes

Algebra

Application of rules

Argumentation

Comparison

Conjecturing

Estimation

Generalization

Mathematical modeling

Student reflection

Collective student reflection

Validation
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Table 5. Cont.

Code Group Code

Reflection on practice

Guidelines for teacher reflection

Teacher reflection

Collective teacher reflection
Source: Authors’ own work.

As can be seen in Table 6, the code groups are related to the documents selected in
this ScR:

Table 6. Citations selected by document and code group.

Document
Code Group

Coherence Complexity Context Curriculum
Task

Development
Paper Processes

Reflection
on Practice

n_01 3 11 5 1 1 2 4 0

n_02 2 1 1 0 3 2 0 5

n_03 0 3 3 0 0 2 5 4

n_04 1 5 2 1 4 3 4 2

n_05 4 6 0 0 1 1 6 1

n_06 3 4 0 5 3 4 1 0

n_07 2 1 1 0 2 1 1 3

n_08 2 4 2 0 2 3 8 2

n_09 4 9 1 2 2 2 10 1

n_10 2 4 3 3 3 10 4 4

n_11 2 6 3 3 5 1 7 4

n_12 5 10 2 2 1 3 2 0

n_13 0 10 1 5 0 1 1 0

n_14 2 6 0 0 2 4 1 6

n_15 5 4 1 0 0 0 6 0

Source: Authors’ own work.

The data in Table 6 show the number of citations selected in each document and the
code group it belongs to. The sum of all the values in this table, 328, is higher than the
number of citations mentioned above, 290, because some citations were associated with
more than one code group. Cells with a value greater than or equal to five were highlighted,
thus showing the most frequent code groups. It is also observed that 25.61% of the groups
refer to strengthening the presence of the complexity of functions in instructional processes,
18.29% refer to the importance of working on numerous mathematical processes in the
classroom, 11.89% insist it is advisable for teachers to carry out research taking into account
the history of functions in the design of their lesson plans, and 11.28% warn of the need for
teachers to encourage students to seek coherence between their intuition and what they
are learning about functions. To this end, it is essential for teachers themselves to pursue
this coherence.

After analysing the code groups and the selected citations linked to each of them in
greater depth, the authors associated them in such a way that they describe elements of
the mathematics teachers’ EMDMK with regard to functions. Finally, three final categories
were defined. According to highly qualified literature, they should be part of teachers’
EMDMK when teaching functions.
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3. Results
The data obtained in the three previous methodological phases enable achieving the

objective of this study, which is to identify the factors that characterize the EMDMK of
teachers who lead epistemically suitable instructional processes for functions. The final
categories in which the elements of teachers’ EMDMK were organized when teaching
functions are the following:

3.1. Complexity of Functions in the History of Mathematics and in the Curriculum

This first final category emerges from the code groups Complexity, Curriculum, and
Paper. Virtually all of the selected papers (n_01, n_02, n_03, n_04, n_05, n_08, n_09, n_10,
n_12, n_13, n_14, and n_15) stress that for teaching functions, in-depth knowledge of the
different meanings of the mathematical object of a function should be present in EMDMK.

For example, Inglada et al. (2024) (n_03) explain that, for a teaching process on
functions to be epistemically rich, different meanings of function should be worked on,
which is why it is essential for teachers to know them:

Epistemic suitability studies the representativeness of the different meanings
of mathematical objects that appear in the instruction process. For example,
in the case of teaching functions in 4th year of ESO (compulsory secondary
education), the aim is to reduce teaching to the operational aspect and its algebraic
representation (low suitability), or to work on different meanings of function,
such as correspondence, relationship between variables, relationship between
magnitudes, and their different verbal, algebraic, tabular, graphical, and iconic
(high suitability) representations (p. 48).

Jannah et al. (2019) (n_12) also coincide on the need for this knowledge. Teachers could
hence provide their students with learning situations in which multiple representations
emerge to analyze the different meanings of functions in greater depth:

The concept of function can be defined formally and symbolically, almost without
the use of words. The concept of function admits a variety of representations,
while several representations of the concept offer information about particular
aspects of the concept without being able to describe it completely (p. 1411).

Likewise, Pino-Fan et al. (2019, p. 204) (n_13) refer to this knowledge so that teachers
can implement it properly in the curriculum: “(. . .) the importance of the meanings intended
by the curriculum being representative of the true meaning of the notion of function (holistic
meaning of reference).”

Some papers maintain this is obtained from the history of mathematics (n_03, n_08,
n_10, n_11, n_13, n_14). It enables the teacher to connect it with the curriculum and be
critical of it by making new proposals (n_04, n_06, n_08, n_10, n_13). Fallas-Soto and
Lezama (2022, p. 138) (n_08) state: “To historicise is to recognise the historical value (past,
present, or future) of the object of study described in the problem, based on connecting
with a situated epistemology and a social history of the object.” In other words, knowing
the historical evolution of functions allows discovering their different meanings, uses and
representations. Along the same lines, Mendes (2021) (n_10) sets forth:

(. . .) as these outlooks are present in the histories of mathematics produced in
times and space, giving rise to points of epistemological support, as we can see
in the history of human culture, in general, always with possibilities of looking
at and borrowing various outlooks, so that we can have a greater amplitude
regarding the object we want to look at (p. 4)

Rodrigues et al. (2021) (n_11) also stress that the history of functions reveals their
different meanings and applications:
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As for historical elements, it is observed that the concept of function underwent
modifications over time, and its understanding broadened as mathematicians’
contributions were incorporated into the definition of function. As a result, its
application also expanded to new fields of study (p. 619).

Several documents explicitly state teachers should draw on research in mathematics
education on functions (n_01, n_05, n_06, n_09, n,10, and n_12). For instance, Mendes
(2021) (n_10) argues that teaching and learning processes should be based on the teacher’s
investigative attitude:

I define this investigative spirit as the spirit of the researcher, which I always
refer to when talking about research as a teaching and learning principle. I un-
derstand this spirit was what ignited my personal and professional development
throughout my training as a teacher and as a researcher (p. 2).

Jannah et al. (2019, p. 1410) (n_12) when they maintain that “Students will be prospec-
tive teachers in the future, they must master mathematical concepts well, especially the
concept of functions that is related to many other topics”, underline the importance for
teachers to be aware of the results of research on functions in mathematics education.

Another element of EMDMK for teaching functions is the use of multiple representa-
tions and conversion between them. Almost all of the selected papers link this to students’
deep understanding of functions (n_01, n_02, n_03, n_04, n_05, n_08, n_09, n_10, n_11,
n_12, n_13, n_14).

Numerous papers (n_01, n_04, n_05, n_08, n9, n_11, n_14, and n_15) highlight the
importance of graphical representation, and n_01, n_04, n_05, n_09, n_11, and n_14 add
that the use of technology to graph them is very helpful. Galindo and Breda (2024, p. 20)
(n_01) refer to the use of technological resources to graphically represent functions as an
innovative element that contributes to the improvement of teaching “(...) the innovative
aspects of this research. The first aspect was the cross-curricular use of ICT resources
(applets, GeoGebra, QR codes) throughout the teaching unit.” Katalenić et al. (2020) (n_05),
for their part, highlight the importance of working on multiple representations of functions
and conversions between them in the process of teaching functions:

They studied how mathematical experts link formulas to graphs, what formulas
they can instantly visualize, and what processes they activate to identify the
graph that corresponds to each formula. Mathematical expertise is related to the
highest levels of graph recognition of the basic function families, and therefore
provides valuable suggestions for teaching (p. 1187).

This idea is confirmed by Jannah et al. (2019) (n_12):

One characteristic of the concept of function is that it can be represented in various
ways (e.g., tables, graphs, symbolic equations, and verbal representations). An
important aspect of understanding the concept of function is the ability to use
various representations and transfer them from one form to another (p. 1409).

Katalenić et al. (2023, p. 151) (n_9) support the same idea: “We interpreted that
students were focused on different representations: graphical, numerical or algebraic ones.”

3.2. Personal Practice of Multiple Processes Using Functions in Different Contexts

This final category originates from the Coherence, Processes, and Context code groups.
Most documents (n_01, n_02, n_03, n_04, n_07, n_08, n_09, n_10, n_11, n_12, n_13, and
n_15) consider functions that should be worked on in different contexts, both mathematical
and non-mathematical, in various academic disciplines and in real contexts. Galindo and
Breda (2024, p. 20) (n_01) contextualize working with functions in economics and business
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management: “This research is focused on function graphs and function optimisation
linked to the context of economics and business.”

Another example is related to one of the indicators in the guidelines for analyzing
teaching and learning processes for functions in Inglada et al. (2024, p. 50) (n_03): “(. . .)
proposed problems in purely mathematical contexts to reinforce learning about functions,
where intra-mathematical connections are worked on and contextualized from everyday
life or other sciences.”

Pino-Fan et al. (2019, p. 202) (n_13) insist on the importance of contextualizing
working on functions: “Some studies on proposals for teaching functions establish
the need to approach them from contextualized situations.” Merighi (2020, p. 161)
(n_15) specify that working in different contexts makes it easier for students to
put different resources and skills to use:It may be that a shift in context prompts
students to engage with different knowledge resources and ways of reasoning.
There is not necessarily a need to replace students’ ideas with different ones, but
rather a need to catalyze shifts in the mathematical resources they draw upon.

They also insist that students should be encouraged to work on as many mathematical
processes as possible: argumentation, algorithmization, conjecturing, estimation, gener-
alization, validation, and modeling (n_01, n_03, n_04, n_05, n_06, n_07, n_08, n_09, n_10,
n_11, n_12, n_14, and n_15). Inglada et al. (2024) (n_03) mention the processes that should
be worked on when studying functions:

Problem statements are read and interpreted correctly. Conjectures and proposi-
tions are stated. Argumentation: conjectures and procedures are justified. Defini-
tions and procedures are institutionalized. Variables and quantities are identified.
It is determined whether a relationship is functional, and, if so, the type is de-
termined. Algorithms, routines, or calculations are applied. Generalization and
abstraction processes are carried out (p. 49).

Henríquez-Rivas and Verdugo-Hernández (2023) (n_04) explain the processes that
enrich the teaching of functions:

They achieve a certain degree of autonomy to work with semiotic activities,
and/or on converting semiotic activities. This means using more than two
registers of representation in solutions, based on the interpretation of a single
source of information by reasoning and inferring. They are also able to explain
their interpretations and justify their results (p. 197).

Finally, Katalenić et al. (2023, p. 133) (n_9) specifically discuss the process of exploring:
“(. . .) used different tools to explore functions with a finite or infinite number of intersections
with their asymptotes.”

More than two-thirds of the selected documents (n_01, n_02, n_05, n_06, n_07, n_08,
n_09, n_10, n_12, n_14, and n_15) argue that for student learning to be robust, it is necessary
for students to seek coherence between their intuition and new knowledge.

For instance, Hanke (2024, p. 2) (n_06) suggests promoting students’ understanding
through debate for the students to compare different lines of reasoning: “The challenges
that arise, however, supply stimulating points for discussion in classrooms and may foster
students’ holistic understanding of integrals throughout the curricula.” Along the same
lines, Rodrigues et al. (2021, p. 616) (n_11) note that students do not usually check the
soundness of their learning: “Students respond to activities by reproducing the results
of previous activities, believing that they have understood the concept studied.” Vivas
Pachas (2021, p. 14) (n_14) explains what type of learning teachers should promote in
their students:
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Complete mathematical work: Mathematical work is complete when there is a
genuine relationship between the epistemological and cognitive planes. Accord-
ing to the authors, this means that students are able to select the tools that are
useful for tackling a problem, and then use them appropriately as instruments
for solving the given task. There is a connection between the different origins
and vertical planes of the mathematical working space (p. 14).

Teachers need to experience it themselves to be able to encourage this search in their
students. Therefore, another element of EMDMK is the competence to put into practice the
search for coherence between intuition and new knowledge through multiple mathematical
processes using functions in different contexts. Students can hence be accompanied in the
teaching and learning processes of functions.

3.3. Analysis of the Tasks Designed in the Instructional Processes and Reflection on
Teaching Practice

The third final category derives from the code groups Task Development and Reflection
on Practice. The selected papers suggest the competence of designing tasks about functions,
and analyzing them to ensure their epistemic richness (n_01, n_02, n_03, n_04, n_05, n_07,
n_08, n_09, n_10, n_11, n_12, and n_14) are part of EMDMK. Henríquez-Rivas and Verdugo-
Hernández (2023, p. 181) (n_04) emphasize that teachers should design tasks, or choose
pre-designed tasks that activate mathematical activity in their students, as can be seen in
the following statement: “(. . .) refer to a task as materials or environments designed to
promote a complex mathematical activity.” Rodrigues et al. (2021, p. 621) (n_11) confirm
this idea: “Every didactic problem begins with a problem constructed by the teacher, in this
case, a teaching problem.” Vivas Pachas (2021, p. 83) (n_14) also coincides with this idea:
“(. . .) the way the teacher approaches the teaching process with the aim of encouraging
students to do mathematical work would allow us to understand how solving a task on
exponential functions can be organized to enable students to engage with it.”

Reflection on the epistemic suitability of teaching practice with regard to functions
(n_02, n_03, n_04, n_05, n_07, n_08, n_09, n_10, n_11, and n_14) is part of it too. This
contributes to the improvement of teaching and learning processes for functions and
increases teachers’ EMDMK. Muin and Fatma (2021) (n_02) explain how reflection on
teaching practice improved teaching processes for functions in junior and senior high
school in South Tangerang, Indonesia:

The target of community service activities in the form of Participatory Action
Research (PAR) assistance is a community of high school level mathematics
teachers within the Ministry of Religion. PAR is a collective, self-reflective inquiry
conducted by researchers and participants, so that they can understand and
improve the practices in which they participate and the situations in which they
find themselves (p. 2).

In a similar manner, Henríquez-Rivas and Verdugo-Hernández (2023) (n_04) point out
that reflection on teaching practice can improve the teaching of functions:

[The teacher] hardly reflects on the use of representations of continuous functions
in relation to the meaning of the real values the domain of this function can take
on, and in the context of the situation presented, which would be relevant to
consider from a teaching perspective (p. 200).

Mendes (2021, p. 3) (n_10) also supports this approach when stating that: “Some
metacognitive strategies, such as monitoring and evaluation, are needed. They can be used
at different stages of the process.”
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Rodrigues et al. (2021, p. 618) (n_11) confirm this view when they explain that: “Refer-
ence epistemological models are working hypotheses that can constantly be questioned
and revised, allowing for the analysis of mathematical knowledge before it is taught.”

Documents n_02, n_03, n_05, n_07, n_09, n_11, and n_14 maintain that the guidelines
that guide teachers’ reflection contribute to making it more profound. Inglada et al. (2024,
p. 54) (n_03) ensure that “(. . .) if teachers were given tools such as the RIEF, the reflection
on their own practice could be improved, since they would have a specific guideline to
carry out a more rigorous, clear, and efficient analysis.” Hinojos-Ramos et al. (2023, p. 52)
(n_07) also defend this idea: “The methodology for didactic intervention (pre-intervention,
intervention, and post-intervention) led a structured and guided process for the teacher-
researcher to perform the implementation of the instrument.”

In n_03, a specific guideline for functions is proposed. The indicators of this guideline
are classified in the following seven categories (Inglada et al., 2024) (n_03):

3.1. RIEF indicators. We obtained the following adaptation of epistemic suitability
to facilitate the analysis of teaching processes related to functions in compulsory
secondary education. 3.1.1 Errors. 3.1.2 Ambiguities. 3.1.3 Appropriate didactic
option. 3.1.4. Richness of processes. 3.1.5. Meanings. 3.1.6. Representations and
conversions. 3.1.7 Problem situations (p. 49).

4. Discussion and Conclusions
The results of this ScR contribute to characterizing teachers’ EMDMK of the mathemat-

ical object of function, structured into three final categories: (1) complexity of functions in
the history of mathematics and in the curriculum, (2) personal practice of multiple processes
using functions in different contexts, and (3) analysis of tasks designed in instructional
processes and reflection on teaching practice. From the first category, it is concluded that an
in-depth study of the complexity of functions is an essential requirement in initial teacher
preparation programs and continuing professional development: their different meanings,
multiple representations, and conversion between them. It is also concluded that this
should be conveyed through the history of mathematics. In the literature, papers are found
that justify the importance of considering the evolution of functions throughout the history
of mathematics when preparing teaching and learning processes to be implemented in the
classroom. Within the theoretical framework of the OSA, Pino-Fan and Parra-Urrea (2021)
claim the following:

Suitable instructional processes for functions require teachers to be familiar with
the historical evolution of functions. In other words, they need to understand
the holistic meaning of the object (its richness of meanings and how to address
and promote them) to have a broader and deeper understanding of the notion of
function (pp. 47–48).

According to Pino-Fan et al. (2011), partial meanings of mathematical objects are
associated with the epistemic configurations that were used to solve certain problem
situations in specific historical periods, and that gave rise to the emergence, evolution,
formalization, and generalization of a particular mathematical object. Fallas-Soto and
Lezama (2022) (n_08) claim that, from the framework of socio-epistemology, it is advisable
to address school mathematical knowledge by recognizing its historical value. Mendes
(2021) (n_10) also affirms that paying attention to the history of mathematics is a starting
point for enriching teachers’ EMDMK. Rodrigues et al. (2021) (n_11) emphasize that the
changes and expansions the concept of function has undergone over time, as well as its
different applications to various fields and contexts, should be considered in the design
of learning materials for secondary mathematics education. Godino et al. (2006) consider
that this evolution can be organized into four partial senses: tabular, graphical, analytical,
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and conjunctural sense. For this reason, and in agreement with Fuertes-Prieto et al. (2022),
it is considered necessary to review initial teacher preparation programs to ensure that
future teachers are competent in researching the history of mathematics and its application
to the design of tasks for teaching mathematics in secondary education. The documents
analyzed in this ScR also show the importance of the graphical representation of functions
in students’ understanding. Merighi (2020, p. 163) (n_15) points out the following nuance:
“I would also recommend that calculus courses ask students to reason with graphs of
functions as primary mathematical entities, rather than only as supporting representations
for functions with nice, neat symbolic representations.” He also recommends the use of
technology for the graphical representation of functions. Vivas Pachas (2021) (n_14) defends
the importance of digital technology in the learning and teaching of functions. This aspect is
consistent with the component of representativeness of the complexity of the mathematical
object (see Table 1), and more particularly with the importance of considering the history
of mathematics in order to work on the different partial meanings of functions at school. It
allows students to acquire greater competence in solving a variety of problems involving
functions (Araya et al., 2021).

It can also be deduced from the first category that teachers should draw on research
in mathematics education on functions. Mendes (2021) (n_10) talks about research as a
principle of teaching and learning. Some authors go a step further, arguing that it is the
teacher who, from this perspective, should explore the curriculum to implement it with
their students, and even, if they consider it appropriate, develop new curricular proposals.
For example, Henríquez-Rivas and Verdugo-Hernández (2023) (n_04) consider the Chilean
curriculum guidelines and guiding standards do not provide sufficient information on the
various representations of functions. Hinojos-Ramos et al. (2023) (n_07) report that some
curriculum proposals are the result of research conducted by teachers. The authors of this
ScR agree with the lines of action outlined in the literature analyzed, but note that teachers
need to be provided with the necessary resources to be able to carry out this training
activity. Initial teacher training is not sufficient. Continuing professional development
should consider the elements included in this first final category. One of the educational
implications of this category is therefore the design of continuing training for teachers
with regard to the complexity of functions and their historical evolution to design and
implement tasks within the framework of the current curriculum.

From the second category, it can be inferred that teachers should practice different
mathematical processes in different contexts in order to construct their own knowledge
and be able to guide that of their students. It enables them to encourage their students to
seek coherence between their intuition and new knowledge. This is necessary because, as
Merighi (2020) (n_15) points out:

More specifically, tensions exist within each student’s complex set of epistemolo-
gies of mathematics that may result in them suppressing their own abilities
to reason intuitively about mathematical phenomena because they do not be-
lieve that these intellectual resources are valuable when solving mathematical
problems (p. 154).

This second category is in line with the richness of processes component of epistemic
suitability (see Table 1), since, in order for students to learn functions, teachers should
design and implement tasks that involve relevant mathematical processes, such as changing
representations, the process of argumentation, and the process of extra-mathematical
and intra-mathematical connections, among others. However, it is true that, due to the
working conditions of secondary school teachers, they may not always have the necessary
time and training to carry out these tasks. One of the educational implications is to
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encourage students to seek consistency between their intuition and the mathematical
practices they perform.

Finally, according to Godino et al. (2017), it can be inferred from the third category
that one of the competences teachers should have is the ability to reflect on the teaching
and learning processes of mathematics implemented in practice. Mendes (2021) (n_10) also
specifies that teachers should apply three skills that can be developed together: synthesis,
analysis, and conversion of abstract ideas into practical achievements. Henríquez-Rivas
and Verdugo-Hernández (2023) (n_04), using the Theory of Mathematical Working Spaces,
find evidence that reflection on the tasks designed to teach functions contributes to their
improvement. Various authors (Muin and Fatma (2021) (n_02); Inglada et al. (2024) (n_03);
Katalenić et al. (2020) (n_05); Hinojos-Ramos et al. (2023) (n_07) and Vivas Pachas (2021)
(n_14)) claim that guidelines for teacher reflection contribute to making it more profound.
Inglada et al. (2024) (n_03) propose a specific guideline for functions and state that, if
teachers were provided with this type of tool, their reflection on the resources they have or
design, as well as on their own practice, could improve. As a result, their EMDMK and
their teaching practice could also improve.

This third category coincides with the DMK model of the OSA in its meta didactic–
mathematical dimension (Breda et al., 2017; Pino-Fan & Godino, 2015), which considers
that one of the teachers’ competences is reflection on practice and the assessment of
mathematical teaching and learning processes. Given the complexity of teaching and
learning processes, the authors of this paper consider that the ability to reflect on one’s
own teaching practice is essential for these processes to be appropriate in the contexts in
which they take place. Furthermore, this ability encourages students to reflect on their own
learning and to self-regulate (Hidalgo Moncada, 2025; Hidalgo-Moncada et al., 2023). It is
therefore considered that one of the educational implications of this category is to ensure
that teachers’ work schedules reserve time for the collaborative design and analysis of
teaching processes, followed by individual and collective reflection on the implementation
of future redesigns.

Finally, although some of the selected documents refer to errors teachers make (Hanke,
2024, (n_06); Henríquez-Rivas & Verdugo-Hernández, 2023, (n_04); Jannah et al., 2019,
(n_12); Pino-Fan et al., 2019, (n_13)), they only do so occasionally or with regard to a partic-
ular context. Therefore, none of the categories that emerged are related to the components
of errors or ambiguities of the epistemic criterion (see Table 1), which is considered a
limitation of this study. Future reviews of the literature should analyze teachers’ errors and
ambiguities. The small number of documents selected is also considered to be a limitation
as it stresses the lack of papers that focus on the EMDMK of functions.

The main conclusion of this research is that the presence of the different elements
of EMDMK identified in this ScR could contribute to the improvement of the teaching of
functions in teacher preparation programs. Future research on teacher training proposals
related to functions is necessary. It should be based on the different elements of EMDMK
described in the final categories of this study, including the components of errors and
ambiguities in the epistemic suitability of the OSA.
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