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Abstract

Angle-integrated plural- and multiple-scattering distributions have been measured for electrons impinging with kinetic energies
from 10 to 100 keV on targets with atomic numbers between those of C and Bi and mass thicknesses ranging from ≈ 5 to
300 µg/cm2. The thinnest targets, ≈ 5 to 20 µg/cm2, are not self-supporting and have been deposited on C backings with areal
densities around 10 µg/cm2. The intermediate-thickness ones are made of a single element and have mass thicknesses of ≈ 100 to
300 µg/cm2. The electrons scattered at frontal angles are collected with a Faraday cup covering the polar angles below 12.0◦. In
addition, to supplement this information, an aluminium ring spanning a polar angle interval of 9.1◦ has been installed around the
entrance of the Faraday cup and the charge deposited on it has also been recorded. The electrical current in the scattering chamber
is measured as well so as to provide an accurate normalisation. Corrections for the fraction of impinging electrons backscattered by
both the Faraday cup and the ring are applied to the data. The measurements are compared with the predictions of a Monte Carlo
code that simulates each individual elastic collision. For targets made of a single element, the analytical Goudsmit–Saunderson
and Lewis theories are tested as well. In all cases, the single-scattering angular differential cross sections, obtained by partial-wave
solution of the Dirac equation in a self-consistent central potential, are taken from the ICRU Report 77. Good agreement is found
within the uncertainties of the data. An analytical formula for the angular integration of the Goudsmit–Saunderson distribution is
presented in an Appendix.
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1. Introduction

Electron multiple scattering (MS) in matter is an old and ven-
erable subject, essentially started by Sir J. J. Thomson himself
as a way to confirm his atomic model (Thomson, 1910). Shortly
afterwards, measurements of the transmission coefficient of β-
rays through thin films were employed by Crowther (1910) to
probe the distribution of the positive charge and the number
of electrons in the atom. Theoretical development was rela-
tively fast and the analytical approaches used up to the present
days were introduced by Goudsmit and Saunderson (1940a,b).
Their formulation does not take into account secondary elec-
trons, energy loss, or correlations between the number of col-
lisions and the deflection angle. So it is essentially applicable
to thin targets and away from the angular regions where tar-
get finite-size effects (resulting in a higher probability of in-
teraction) are important. The energy loss was later incorpo-
rated to the Goudsmit–Saunderson approach by Lewis (1950)
in the continuous-slowing-down approximation (CSDA), thus
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assuming a one-to-one correspondence of energy with path
length and implicitly excluding situations where energy-loss
straggling is important. Secondary electrons and those stopped
inside the target are again disregarded, thus limiting the ap-
plicability to thicknesses well below the CSDA range and to
angles where target finite-size effects are not important. The
strongest advantage of the Goudsmit–Saunderson formulation
is that an arbitrary single-scattering elastic differential cross
section (DCS) can be supplied as input. However, the sim-
plified theory by Molière (1947) became more popular in the
past because it gives the result in terms of universal functions
that can be tabulated once and for all (Andreo et al., 1993),
of course at the price of simplifying assumptions (Fernández-
Varea et al., 1993). Only with the advent of digital computers,
it was possible to routinely apply the Goudsmit–Saunderson or
Lewis theories to state-of-the-art elastic DCSs obtained from
a partial-wave solution of the Dirac equation for realistic self-
consistent atomic fields. One notable effort of such a type being
the database of elastic DCSs and MS programs made publicly
available with the ICRU Report 77 (Berger et al., 2007).

Monte Carlo (MC) tools may seem particularly adequate
for treating MS offering the possibility to include naturally
secondary electrons, energy loss, and target finite-size ef-
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fects (Shimizu and Ze-Jun, 1992); but their practical use has
encountered the difficulty that electron elastic DCSs are large:
typical elastic mean free paths span from 1 nm to 1 µm for en-
ergies varying between 10 and 100 keV, respectively. This has
led to the introduction of ever more refined methods in mod-
ern MC codes (Berger, 1963, Kawrakow and Bielajew, 1998),
most notably the so-called “random hinge” implemented in the
PENELOPE code (Fernández-Varea et al., 1993). The widely-
used Geant 4 package has a MS model that relies on random
sampling from large tables precalculated with the Goudsmit–
Saunderson theory (Kadri et al., 2009).

The continuous attempts to improve the theoretical descrip-
tion of MS have not been matched on the experimental side.
Despite our best efforts to search the available literature for
MS data in the energy range from 10 to 100 keV, we found
only two such publications by Dees and Hamermesh (1943)
and by Cosslett and Thomas (1964a). The situation is not much
better for elastic scattering DCSs, as it can be seen from the
validation section of the ICRU Report 77 (Berger et al., 2007)
or the comparison from eV to GeV by Haque et al. (2018).
Such a state of affairs should not be confused with that of trans-
mission or backscattering coefficients, for which ample litera-
ture (Cosslett and Thomas, 1965, Neubert and Rogaschewski,
1980) and even databases (Joy, 1995) do exist. Measurements
of very forward angular distributions (below 10−2 rad) have also
been made (Marton et al., 1962, Cosslett and Thomas, 1964b,
Swanson and Powell, 1966) because they were important for the
development of electron microscopy or to study the excitation
of plasmons.

In this context, we decided to undertake an effort to provide
MS data in the 10–100 keV energy interval, first integrated
ones, taking advantage of the already developed setup (Mar-
tins et al., 2022). Differential ones with a new detection sys-
tem (Malafronte et al., 2021, Mangiarotti et al., 2021b) will
follow in the future. Several targets of different elements
and mass thicknesses have been measured, ranging from thin
ones (≈ 5 to 20 µg/cm2), which are not self-supporting except
for the C backing alone, to intermediate self-supporting ones
(≈ 100 µg/cm2) and, finally, thick ones (≈ 2 mg/cm2). From
the brief mention of available theories given above, it is clear
that only homogeneous targets from the first two classes can
be compared meaningfully to the Goudsmit–Saunderson and
Lewis formulations. Thus, we decided to avoid overloading
the present article with too many figures and include only the
data for thin and intermediate targets in the present part I. Those
for the thick ones have already been measured in the same runs
for overall consistency, but will be discussed in the subsequent
part II (Barros et al., 2022a); they are mostly useful to validate
MS approaches in general-purpose MC codes like PENELOPE.
The present MS data are made available with their uncertainties
in tabular form in the supplementary material.

This paper is organised as follows. The experimental setup
is presented in Sec. 2, discussing, in particular, how the thick-
nesses of the targets have been determined (Sec. 2.1), the de-
tails of the chamber (Sec. 2.2), and of the measurement pro-
cedure (Sec. 2.3). The available theories are summarised in
Sec. 3 giving enough details to understand the issues raised

by the comparison with data. A simple in-house MC pro-
gram (Sec. 4) simulating explicitly each elastic collision, has
been used to compare with the measurements, but especially
to allow the propagation of the uncertainties. The data analy-
sis procedure is described in Sec. 5, explaining the test that is
performed to discover possible changes in the beam conditions
with time (Sec. 5.1), the corrections applied (Sec. 5.2) and, fi-
nally, how all the uncertainties are propagated and combined to-
gether (Sec. 5.3). The final results are presented and discussed
in Sec. 6 and the conclusions offered in Sec. 7. Some technical
details on an analytical integration method of the Goudsmit–
Saunderson angular distributions are addressed in AppendixA.

2. Experiment

Integral measurements of MS angular distributions have been
made with a monoenergetic and well-collimated electron beam
using a setup installed at the dedicated low-energy line of the
São Paulo Microtron. The scattered electrons have been col-
lected by two devices: one is a graphite Faraday cup, covering
the most forward angles, and the other is a ring-shaped alu-
minium electrode that surrounds the entrance of the Faraday
cup and covers larger polar angles still in the forward direc-
tion. The arrangement is similar to that employed in previous
experiments on electron-atom interactions (Barros et al., 2018,
García-Alvarez et al., 2018, Santos et al., 2019), and it is de-
scribed at length by Vanin et al. (2019). Further improvements,
specifically implemented for the present study, have been made
and are reported by Martins et al. (2022). We provide below a
description of the set-up with enough details to understand how
the data are analysed; the reader interested in more informa-
tion is directed to the above publications. The targets irradiated
for the present part I have been fabricated employing elements
of atomic numbers Z between 6 and 83, with mass thicknesses
ranging from ≈ 5 to 300 µg/cm2. A series of thicker targets
has also been measured but, as mentioned, the results, mostly
useful to validate MC simulations, will be presented in part II.

2.1. Target preparation and characterisation
The targets employed in the current experiment are, as antici-

pated above, of two types: the thin ones, with mass thicknesses
smaller than ≈ 20 µg/cm2, and the intermediates ones, with
mass thicknesses ≈ 100–300 µg/cm2. The former are actually
too fragile unless deposited on a backing made by a thin C film
(we indicate explicitly its presence in the target name to remind
the reader that it must be accounted for when comparisons with
simulations are made, like in Sec. 6). To be specific, those with
a C backing are: Al/C, Cu/C, Te/C, Au/C, and Bi2O3/C; and the
intermediate ones are Al, Cu, and Au.

The thin Cu/C target has been prepared by magnetron sput-
tering, while the other thin and intermediate ones have been
manufactured by physical vapour deposition (Vanin et al.,
2019). The C backings have also been prepared by evapora-
tion and their thicknesses are between 10 and 60 nm, which
has proven adequate to provide mechanical stability. All targets
are mounted on rectangular frames made of C fibre with dimen-
sions of 15 mm×30 mm and a thickness of 0.3 mm. The frames
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Figure 1: Rutherford backscattering spectra of 2200(11) keV 4He+ ions inci-
dent on the Al/C (upper panel) and Bi2O3/C (lower panel) targets. The dots
are the experimental values and the curves are the MultiSIMNRA simulated
spectra. The energy dispersions are 5.9 and 6.4 keV/channel for the Al/C and
the Bi2O3/C targets, respectively.

have a laser-cut 10-mm circular hole to expose the target to the
beam.

Three methods have been employed to characterise the tar-
gets, aiming at a compromise between the best accuracy and
practical considerations. In particular, the targets are very frag-
ile and approximately 20% are broken during installation or re-
moval. The chances to survive two experimental campaigns is
thus small. Whenever possible, it has been avoided.

For the targets with backing (Al/C, Cu/C, Te/C, Au/C, and
Bi2O3/C) as well as the Au intermediate one, the areal densities
have been determined by Rutherford backscattering spectrome-
try (RBS) of 4He+ ions. This technique is the only one capable
of dealing with targets composed of layers. The measurements
have been conducted at the LAMFI laboratory of the University
of São Paulo (Brazil) employing a Pelletron tandem accelerator.
The impinging energy has been set to 2200(11) keV. The en-
ergy spectra of the backscattered particles have been recorded
with a surface barrier Si detector, placed at 120.0(5)◦ with re-
spect to the direction of the incident ions. The beam current
has been kept at ≈ 10 nA and the data acquired until the in-
tegrated charge reached 10.0 µC. Two typical spectra, for the
Al/C and Bi2O3/C targets, are shown in Fig. 1. To extract the
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Figure 2: Energy spectrum of the α-particles emitted by 241Am after pass-
ing through the Cu intermediate target. The data are the dots with the uncer-
tainty bars (representing 1 standard deviation). A simultaneous fit (continuous
curve) is performed modelling each of the three peaks (dashed curves) with
the detector response function described in the text. The energy dispersion is
1.6 keV/channel.

areal density of the C backing and the material deposited on it, a
calculated spectrum is fitted to the data employing MultiSIM-
NRA (Silva et al., 2016), a standard simulation tool for RBS.
The final results, obtained after the procedure has converged,
are also reproduced in Fig. 1. As a by-product, it is also possi-
ble to quantify the presence of other elements, most commonly
due to oxidation of the deposit, as it is clearly visible the case
of Al in Fig. 1. Such a process is important only for the thin tar-
gets and the oxygen content is given in Table 1. However, the
MS calculations described in Sec. 6 will show that, within the
present combined experimental uncertainties, the inclusion of
oxygen is not necessary. No oxygen has been detected by RBS
in the intermediate Au target. More details on the experimental
set-up as well as on the estimates of the sources of uncertainty
on the areal densities determined with this procedure can be
found elsewhere (Santos et al., 2019).

The areal densities (number of atoms or molecules per unit
surface) of the Al and Cu intermediate targets (which are self-
supporting) have been determined relying on the energy lost
by α-particles emitted from a 241Am radioactive source. These
measurements were already performed on a series of targets as
a left-over from another experiment (Mangiarotti et al., 2021a).
An open deposit with a small thickness of active material has
been selected to avoid energy loss and energy-loss straggling of
the α-particles in the source itself. The energy spectra of the α-
particles, before and after passing through the target, have been
measured with a Si barrier detector. As an example, the case of
the self-supporting Cu target is displayed in Fig. 2. The three
peaks from 241Am (with very different intensities) are clearly
separated. Only the highest energy (5.48556 MeV) and most
intense one (corresponding to a yield of 85%) is used to de-
termine the energy lost by the α-particles because it gives the
best accuracy. However, due to the partial overlap produced by
the finite resolution of the detector and the energy-loss strag-
gling, the three peaks are considered simultaneously in the fit,
see again Fig. 2. The asymmetric response of the detector is
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Figure 3: Photon energy spectrum obtained with 14.94-keV electrons im-
pinging on the C target A. The points with the uncertainty bars (represent-
ing 1 standard deviation) denote the data and the red curve the theoretical
model described in the text for the fitted parameters. The energy dispersion
is 14 eV/channel.

modelled adopting the convolution of a Dirac δ-function plus a
one-side exponential with a Gaussian (L’Hoir, 1984). A good
energy calibration is obtained by including a 232Th source with
all its daughters, spanning the energy range from 8.78517 MeV
(212Po) to 3.9485 MeV (232Th). For a good accuracy, it is im-
portant to cover the final energy of the α-particles exiting the
target. Note that only the slope of the calibration curve (gain)
enters into the determination of the target thickness. Finally,
reliable stopping power tables are necessary. To obtain the
areal densities of the manufactured targets, the compilation con-
tained in the ICRU Report 49 (Berger et al., 1993), also avail-
able as part of the NIST Standard Reference Database Number
124 (Berger et al., 2017), has been chosen. As a matter of fact,
the ICRU Report 49 values, as well as the setup and programs,
have been tested using the Al and Cu targets of part II (Bar-
ros et al., 2022a), which are thick enough to have the results
confirmed by direct measurement of their weight and area. The
differences are well within the uncertainty of the calibration tar-
gets of 0.5%, which is our conservative estimate of the overall
accuracy.

For the two C targets, a procedure that relies on the inten-
sity of the bremsstrahlung spectrum has been applied follow-
ing Fernández-Varea et al. (2014) to avoid a second installa-
tion in a different setup. To such end, an analytical model
is built from the convolution of the detector response func-
tion, taking into account its full-energy peak efficiency, with the
bremsstrahlung DCSs tabulated by Seltzer and Berger (1986),
Kissel et al. (1983), and the energy distribution of the electron
beam, assumed to have a Gaussian shape. The free parameters
are: the average and the width of the beam energy distribu-
tion; and a parameter that is proportional to the product of the
areal density of the target with the total incident charge. Mea-
suring the latter during irradiation, it is possible to obtain an
estimate of the former. The model has been used to describe
the highest-energy region of the photon spectrum (tip) acquired
with a solid-state detector (see Sec. 2.2). Such a choice en-

sures that only single bremsstrahlung emissions dominate the
measured yields. Figure 3 depicts the tip of the bremsstrahlung
spectrum measured with the C target A when irradiated with a
14.94-keV electron beam using the photon detector described
in the next section. The continuous curve is the result of the
described model, when calculated with the parameters obtained
from the fit. Five values of the areal density are available con-
sidering the beam energies where the photon detector has a
good efficiency (i.e. 12.77, 14.94, 16.85, 18.80, and 20.69 keV).
The best estimate of the areal density is given by the average.
The standard deviation of the five determinations is ≈ 2%.

The uncertainties of this third methodology (determined by
adding quadratically the ≈ 2% mentioned above to the uncer-
tainties of the method, namely: determination of the efficiency
of the detector, charge measurement, and bremsstrahlung cross
section) are of the order of 10%, dominated by the limita-
tions on the knowledge of the bremsstrahlung DCSs tabulated
by Seltzer and Berger (1986), Kissel et al. (1983). Because of
this large value, when compared to that of the other methods
employed here, two different C targets have been irradiated to
allow a mutual cross check of the consistency of the results.

The areal densities of the manufactured targets are collected
in Table 1 together with their estimated uncertainties (given as
1 standard deviation).

2.2. Scattering chamber and detection system
The scattering chamber is a hollow cylinder, with an internal

diameter of 490 mm, made of stainless steel. The upper and

Table 1: Areal densities of the targets employed in the present work, together
with their uncertainties (1 standard deviation). The units are atoms/cm2, ex-
cept for Bi2O3, where they are molecules/cm2. Moreover, for the Bi2O3/C
target, the measured quantity of oxygen is, within the uncertainties, well com-
patible with being all bound in the molecule. Therefore, we assume that no free
oxygen is present and fix its content accordingly to the measured quantity of
bismuth, which is known with much better precision, see Fig. 1. For the other
thin targets, the areal densities of the oxygen contamination (when detected)
and the C backing are given separately to be accounted for in the simulations
(see Sec. 6). A sulphur contamination of 1.3(3) · 1016 atoms/cm2 has only been
found by RBS for the Cu/C case.

Target Element Oxygen C backing
(atoms/cm2) (atoms/cm2) (atoms/cm2)

Thin targets
C, target A 4.7(6) · 1017 - -
C, target B 5.3(7) · 1017 - -
Al/C 1.40(9) · 1017 4.0(7) · 1016 5.7(3) · 1017

Cu/C 1.58(7) · 1017 4.9(7) · 1016 5.1(5) · 1017

Te/C 9.6(4) · 1016 1.0(2) · 1016 4.8(2) · 1017

Au/C 1.35(11) · 1016 3.4(8) · 1015 1.29(16) · 1017

Bi2O3/C 7.9(4) · 1015 - 6.5(6) · 1017

Intermediate targets
Al 2.80(2) · 1018 - -
Cu 3.27(3) · 1018 - -
Au 3.70(15) · 1017 - -
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lower covers are thick aluminium discs (Vanin et al., 2019). At
zero degrees with respect to the beam line, the scattering cham-
ber is equipped with a Faraday cup made of graphite, see the
upper panel of Fig. 4. Its shape is a truncated cone with an open-
ing angle of ΘFC = 12.0(5)◦. The vertex of the cone is designed
to correspond to the nominal position where the beam hits the
target. The Faraday cup is 195 mm deep and it has an internal
diameter of 200 mm at the bottom, 10-mm-thick lateral walls,
and a 20-mm-thick bottom. The graphite cup is mounted inside
a support, also with the same shape of a truncated cone and
made of stainless steel, fixed to the chamber. A graphite ring
has been added to surround the entrance of the Faraday cup and
screen the rim of the latter from electrons scattered by the tar-
get. This ring covers an angular aperture ∆ Θ = 11.1(5)◦, from
12.0◦ to 23.1◦. The graphite cup and ring are mounted in such a
way that they remain electrically insulated from each other and
from the chamber. They are connected to feedthroughs so that
the charge they collect can be measured. The chamber itself
is also mounted in such a way that it remains insulated from
mechanical supports, beam line, and vacuum pump, making it
possible to measure the charge it collects. All the three struc-
tures together provide a quite accurate determination of the total
charge impinging on the target, used for absolute determination
of the cross sections in previous publications (García-Alvarez
et al., 2018, Santos et al., 2019, Barros et al., 2022b). The ratio
of the current collected by the Faraday cup and the ring over the
total provides a rather sensitive monitoring of systematic drifts
of the beam spot from its focused position on the target (see
Sec. 2.3).

However, previous studies, described in more depth by Mar-
tins et al. (2022), have shown that some electrons, which are
backscattered by the walls of the Faraday cup and are able to re-
turn into the chamber, can also hit the graphite ring on the back.
Since this is an unwanted effect both from the point of view of
monitoring the drift of the beam position and the integrated MS
measurements of the present work, a second ring, made of alu-
minium, has been installed in front of the graphite ring in such
a way that it remains insulated (Martins et al., 2022). This sec-
ond ring is smaller and has an angular aperture ∆ Θ′ = 9.1(5)◦,
from ΘRi = 14.4(5)◦ to ΘRo = 23.5(5)◦ so that the electrons
backscattered by the Faraday cup cannot reach it. The graphite
ring is then electrically connected to the chamber and only the
charge collected by the aluminium one is measured. A drawing
of these two rings (graphite and aluminium) is displayed in the
lower panel of Fig. 4.

A two-ring system, mounted on a movable support, has also
been manufactured after the successful operation of the fixed
one (Martins et al., 2022). It has been employed to study the
fraction of electrons that is backscattered from the target, hit
the walls of the chamber, and is backscattered once more in the
frontal direction reaching the Faraday cup and the fixed alu-
minium ring. This is an important source of target-generated
background for thick targets with high-Z and it is necessary to
subtract it, as discussed in more details in part II. It is not impor-
tant in the case of concern here of thin and intermediate targets,
see again part II.

The electrical charges collected by the Faraday cup, the alu-

Figure 4: Drawings of the scattering chamber and Faraday cup. The complete
system and the inner structure of the chamber and Faraday cup are shown (upper
and lower panels). The ring is visible only in the lower panel. The values of
2 ΘFC, 2 ΘRi , and 2 ΘRo are also indicated.

minium ring, and the scattering chamber are measured with
three Digital Current Integrators, model 439 by Ortec (Glass
et al., 1967). Their design is optimised to achieve very low input
parasitic currents and no integration dead time. The time stabil-
ity is excellent (below 0.05%, if allowed to warm-up for half an
hour before starting the measurements (Martins et al., 2022),
as we have always done). The output pulses are counted on
a custom-made multichannel scaler, which outputs histograms
with 1 s bins. Therefore, a statistical analysis of possible time
drifts can be undertaken as described in Sec. 5. When the Ortec
439 is directly connected to a picoampere current source model
261 by Keithley, the observed deviations from a linear response
are well compatible with the stated accuracies (0.3% for the
Ortec 439 with a setting of 10−10 Coulomb/pulse for the cur-
rent range employed in the present work and 0.25% for the pi-
cosource). However, when the electrical properties of the com-
bined system (collecting electrode, cable, and charge integra-
tor) are studied, the conclusions are different (see Sec. 4 in the
article by Martins et al. (2022)). In particular, a loss of charge
is present ranging from ≈ 3–2% for currents of ≈ 100 nA de-
creasing to 0.5% at ≈ 500 to 1000 nA. The worst cases belong
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to the chamber, being a large macroscopic object, whose insu-
lation is more difficult (see Fig. 6 by Martins et al. (2022)). A
third degree polynomial (whose constant coefficient is zero) has
been fitted to the counts-versus-current curves independently
for each Ortec 439 module and used to determine the collected
charge (Martins et al., 2022) correcting for such losses.

The quantities accessible with the present setup are the ratios

RFC ≡
QFC

QFC + QR + QC
,

RR ≡
QR

QFC + QR + QC
,

RC ≡
QC

QFC + QR + QC
,

(1)

where QFC, QR, and QC are the charges collected by the Fara-
day cup, the ring, and the chamber, respectively. Note that only
two amongst RFC, RR, and RC are independent, owing to the
constraint RFC + RR + RC = 1. The values of RFC and RR are
given, in terms of the MS probability density function (PDF)
per unit solid angle pMS(Θ), as

RFC = 2π
∫ +1

cos ΘFC

pMS(Θ) d(cos Θ) ,

RR = 2π
∫ cos ΘRi

cos ΘRo

pMS(Θ) d(cos Θ) .

(2)

Thus, with the present method, only integral measurements of
pMS are possible. No dependence on the azimuthal angle is ex-
pected for homogeneous beams and targets with the setup ge-
ometry. Moreover, Eqs. (2) are strictly valid under the assump-
tion that all electrons impinging on the Faraday cup or the ring
are retained without any loss due to backscattering. This is not
realistic and corrections have to be applied (see Section 5.2).
The experience with voltages applied to the collecting struc-
tures has not been encouraging (Martins et al., 2022). There-
fore, no bias is connected, resulting in no selection on the en-
ergy of the electrons and no suppression of secondary electrons
possibly leaving the electrodes.

The scattering chamber has also a special device to hold the
targets, called ladder in the following. The ladder is connected,
through vacuum-proof bellows, to a remotely-controlled linear
actuator mounted on the top cover. This allows to exchange
the target by means of vertical translations without breaking
the vacuum. Six slots are available, while a BeO viewscreen is
permanently installed. As a matter of fact, it is possible to tune
the beam position and size by observing remotely with a camera
its fluorescence image. Finally, the linear actuator can make a
large enough translation to actually remove all materials from
the beam, which can then pass freely and reach the Faraday cup
without interacting.

A Silicon Drift Detector (SDD, model X-123SDD by
Amptek R©) is installed in such a way that its support structure
penetrates through a vacuum-tight o-ring and holds the active
element inside the chamber. It is located at 48.9◦ with respect
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Figure 5: Ratios RC and RR, see Eqs. (1), when electrons in the energy range
from 10 to 100 keV are focused at the centre of the hollow frames with diame-
ters of 8 mm (upper panel) and 10 mm (lower panel).

to the incident beam direction and has been employed to mea-
sure the photon spectrum during all irradiations. The ladder
slots have been filled, for all irradiations, in such a way that one
target has always been a thin one. So, at least in this particular
case, it is possible to apply the model presented in Sec. 2.1 to
describe the highest-energy region of the bremsstrahlung spec-
trum for all runs below 40 keV. The fit then gives the energy of
the incident beam with an accuracy of ≈ 50 eV. Above 40 keV,
the detector efficiency drops considerably and the application
of the procedure becomes impractical. The beam energy is then
obtained by reading the accelerating potential with a voltmeter,
the accuracy being somewhat worse ≈ 500 eV.

2.3. Measurement procedure

The irradiations have been performed at eighteen energies in
the interval from 10 to 100 keV. They have been organized into
five runs. In each of them, the target ladder has been filled
with at least one thin target, one intermediate, and two hol-
low frames. The beam current has been set between 200 and
900 nA, so that irradiation times varied from 300 to 600 s.
The pressure inside the vacuum chamber has been kept at about
7 · 10−5 Pa during all the measurements.
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During the irradiations, each target has been positioned at the
centre of the scattering chamber, perpendicular to the direction
of the incident beam. The tuning of the beam position and its
focusing are the most delicate parts of the experiment because
they can directly affect the sharing of the charge between the
Faraday cup and the ring. To confirm that the beam has been
properly set, the two hollow frames, with internal diameters of
8 and 10 mm, have been employed. The electron beam has been
passed through their centre and then RFC and RR, see Eqs. (1),
have been evaluated. If RFC and RR are approximately the same
in the two cases, implying that the electron beam is not grazing
the holes, the settings are considered correct and the irradiation
of the actual targets is carried out. On the other hand, if a differ-
ence between these ratios is found, the beam is refocused and
the confirmation with the frames is redone. Note that since the
beam optics depends on the energy of the beam, the focusing
and the check described must be repeated each time the energy
is changed.

In addition to enabling the verification of beam focusing, the
value of RC, obtained when the beam is well focused at the cen-
tre of each of the two hollow targets, also furnishes an estimate
of the charge fraction fFC that reaches the Faraday cup and is
backscattered from it to the chamber. Figure 5 shows fFC ≡ RC
and RR, after proper focusing has been reached, at the various
energies used in all the five runs. The values of fFC drop from
around 2% to 0.7%, when the electron energy increases from
10 to 100 keV. Fig. 5 is in overall agreement with previous ex-
periments, as well as MC simulations performed to evaluate
the Faraday cup geometry (Vanin et al., 2019). However, older
measurements of RR for hollow frames referred to the graphite
ring, the aluminium one being installed for this experiment, as
mentioned in Sec. 2.2. Hence, those results cannot be exactly
compared with the present ones.

3. Available theories

One of the best analytical theories of MS was developed
by Goudsmit and Saunderson (1940a,b). It is based on two
main assumptions: a) the elastic DCS is constant and b)
the number of collisions fluctuates according to a Poissonian,
whose mean value is the ratio of the path length s to the elastic
mean free path λ. The analytical formulae, which can be found
e.g. in the ICRU Report 77 (Berger et al., 2007) or in the pub-
lications by Fernández-Varea et al. (1993) and Negreanu et al.
(2005), are based on an expansion of the single-scattering elas-
tic DCS in terms of Legendre polynomials

λ̃−1
` ≡ (λ`/λ)−1 ≡ 2π

∫ 1

−1

[
1 − P`(cos θ)

]
pSS(θ) d(cos θ) , (3)

where P` is the Legendre polynomial of order `, the elastic
mean free path is λ = 1/(N σ) (being σ the total (i.e. inte-
grated) elastic cross section and N the number density of the
target), and, finally, pSS(θ) the PDF of an angular deflection into
the solid angle 2π d(cos θ) for a single scattering (i.e. σ pSS(θ)
is the elastic DCS). The angles of the electron momentum, rel-
ative to the impinging beam direction and the direction before

the collision, are referred as Θ and θ, respectively, being, in
general, different due to MS. The quantity λ` that appears in
Eq. (3) is the `-th transport mean free path (Fernández-Varea
et al., 1993). The convolution of pSS(θ) with itself n times, rep-
resenting the effect of n collisions, can then be evaluated as a
closed formula, given the azimuthal symmetry of the problem.
Finally, this general form of the n-th convolution is weighted
with a Poissonian giving a final result which is expressed as a
sum over all Legendre polynomials used in the expansion of the
DCS

pGS(Θ; s) ≡
∞∑
`=0

2` + 1
4π

exp(−〈n〉/λ̃`) P`(cos Θ) , (4)

which represents the PDF of an angular deflection in the solid
angle 2π d(cos Θ) after crossing a path length s, where the av-
erage number of collisions is 〈n〉 = s/λ. The Goudsmit–
Saunderson formulation is actually a specific example of a com-
pound Poisson stochastic process (Ning et al., 1995).

The convergence of Eq. (4) is somewhat peculiar: for a rather
thick path lengths, the electrons suffer many collisions and the
angular distribution is isotropic: it can be described by the
first term (` = 0) alone. On the contrary, the angular distri-
bution from rather thin path lengths, where very few interac-
tions can happen and may appear the simplest case, requires a
very large number of terms to be represented accurately. The
sharper the angular distribution, the more Legendre polynomi-
als are needed to represent it. Berger and Wang (1988) noted
that the convergence can actually be improved by separating
out the term representing the electrons that do not interact in
the path length s (Berger et al., 2007, Negreanu et al., 2005)

pGS(Θ; s) = exp(−〈n〉)
δ(cos Θ − 1)

π

+

∞∑
`=0

2` + 1
4π

[
exp(−〈n〉/λ̃`) − exp(−〈n〉)

]
P`(cos Θ) ,

(5)

where δ is the Dirac δ-function. The angular integration
of Eq. (4) or (5) can be evaluated analytically as presented
in AppendixA.

The Goudsmit–Saunderson approach, published earlier, is an
improvement over the widely-known one by Molière (1947),
which makes a small-angle approximation and requires a DCS
that tends to the Rutherford formula for large momentum trans-
fers (Fernández-Varea et al., 1993). The result by Molière
is however given in terms of universal functions that can be
tabulated once and for all (Andreo et al., 1993), while the
Goudsmit–Saunderson one requires the evaluation of the coeffi-
cients of the expansion and the Legendre polynomials for large
values of n (thousands) and, lastly, of the final sum. This was
impractical for routine calculations before the advent of digital
computers. A very complete discussion of the similarities be-
tween the Goudsmit–Saunderson and Molière formulations in
terms of a compound Poisson stochastic process, as well as of
the consequences of the small-angle approximation, was pub-
lished by Ning et al. (1995).
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Assumption a) above essentially amounts to disregarding any
effect of energy loss since the DCS is evaluated at the initial
electron energy. Moreover, this assumption implies that inelas-
tic collisions can be included only approximately by changing
the DCS in Eq. (3), but the produced secondary electrons are not
accounted for. Finally, assumption b) means that any correla-
tion between the deflection angle and the average number of in-
teractions, which is present for finite path lengths, is neglected.
The latter statement suggests that the Goudsmit–Saunderson
theory, when applied to electrons impinging perpendicularly
on a slab of material with a finite thickness much smaller than
its lateral extension, should work better in the frontal region.
On the other hand, electrons scattered close to Θ = 90◦, i.e.
along the surface of the slab, see an increased path length in the
medium and have a higher probability of suffering another in-
teraction. Therefore, a conspicuous dip appears in the angular
PDF around 90◦. Moreover, electrons escaping the slab from
the rear face due to backscattering, also have a zero probability
of being scattered again in the forward direction unlike in an
homogeneous environment. A comparison of the Goudsmit–
Saunderson theory with the PENELOPE MC code will be pre-
sented in part II (Barros et al., 2022a), highlighting a failure of
the former in the mentioned angular regions close to 90◦ and
180◦, which we term here target finite-size effects. In a some-
what different visualisation, one can state that Eq. (4) is appro-
priate only for the quite paradoxical idealisation of an infinite
medium where no energy loss is present and the average num-
ber of collisions remains finite.

An extension of the Goudsmit–Saunderson approach to in-
clude energy loss was introduced by Lewis (1950). Of course,
it requires to know the energy dependence of the coefficients of
the expansion of the DCS, see Eq. (3). Moreover, it assumes
the CSDA to arrive at a one-to-one correspondence between
the path length s and the energy lost by the electron. This is a
reasonable approximation as long as the energy loss is a small
fraction of the initial energy. The latter issue, together with the
neglect of the correlation between the number of collisions and
the deflection angle, implicit in the Goudsmit–Saunderson for-
mulation, means that electrons that are fully stopped inside a
finite slab, especially in a direction where the apparent thick-
ness is increased, cannot be handled by the Lewis theory. The
presence of secondary electrons continues to be ignored in the
Lewis approach, as it is in the Goudsmit–Saunderson formal-
ism. Then, inelastic collisions can be only partially accounted
for by taking the DCS in Eq. (3) to be the sum of the elastic and
inelastic ones.

From the practical point of view, the calculations reported
here in comparison with the integral measurements, have been
carried out with the programs distributed together with the
ICRU Report 77 (Berger et al., 2007). We assume that the
path length s is the same as the target thickness. The integra-
tions of the MS angular distributions over the acceptance an-
gle of the Faraday cup and the ring have been done with the
Mathematica R© 11.3 software by interpolating the tables gener-
ated by the ICRU Report 77 programs and then performing a
numerical quadrature. Such a procedure has been tested against
the exact analytical integral of the Goudsmit–Saunderson distri-

bution as described in AppendixA. The programs of the ICRU
Report 77 (Berger et al., 2007) only tabulate the regular part of
pGS(Θ; s) on a discrete angular grid; thus, the fraction of the
incident beam that eventually passes through the target without
interacting, corresponding to the Dirac δ-function in Eq. (5), is
not included. To reproduce the experimental conditions, where
such a fraction of electrons that did not interact is collected in
the Faraday cup as well, it must be added separately to the nu-
merical quadrature.

Another ingredient that needs to be specified, and indeed a
very important one, is the origin of the DCSs. These have also
been taken from the ICRU Report 77 (Berger et al., 2007) for
the present calculations. They are actually the most accurate
publicly available complete set of elastic DCSs covering all el-
ements with atomic numbers from Z = 1 to Z = 103, for elec-
tron energies between 50 eV and 100 MeV. They have been pre-
pared with the ELSEPA code (Salvat et al., 2005) and are also
distributed as the NIST Standard Reference Database Number
64 (Jablonski et al., 2016). The basic method for the calcula-
tion, at the energies of interest here, is a partial-wave solution of
the Dirac equation in a central potential, whose static part is ob-
tained from a nuclear point-like contribution plus a Dirac–Fock
self-consistent procedure for the electronic one. Therefore, the
potential describes accurately an isolated atom and not e.g. a
crystalline solid, since the formation of delocalised valence and
conduction bands is not accounted for. Exchange effects have
also been included with a Furness and McCarthy (1973) semi-
empirical potential. On the other hand, polarization effects can
be disregarded for the energy range of concern. The status
of the validation with comparisons to data is described in the
ICRU Report 77 being overall rather good. However, note that
for the energy range of interest here, only one set of experimen-
tal results for Hg (Kessler and Weichert, 1968) is considered.

As mentioned, the role of inelastic collisions can approxi-
mately be accounted for by replacing the DCS in Eq. (3) with
the sum of the elastic DCS and the inelastic angular DCS. In
such a simplistic procedure, the highest energy electron after
the inelastic collision is interpreted as the impinging one un-
dergoing scattering, and the DCS is referred to this particular
particle in the final state, neglecting all other secondary ones
(although, of course, electrons are quantum-mechanically in-
distinguishable). This brings in the question of how to calculate
inelastic DCSs. Unfortunately, fully realistic approaches are ex-
tremely CPU-time consuming, since each shell must be consid-
ered separately in heavy numerical computations, and no gen-
erally accepted solution exists. One notable step forward is the
NIST Standard Reference Database Number 164 (Llovet et al.,
2014), which, however, still contains only angle-integrated
cross sections and does not cover all shells of all atoms. The
programs distributed with the ICRU Report 77 implement a
simpler philosophy. In the plane-wave Born approximation,
the inelastic DCS assumes a universal form which contains,
as only unknown quantity, the generalised oscillator strength
(GOS) (Fano, 1963, Fernández-Varea et al., 2005, Berger et al.,
2007, Negreanu et al., 2005). It is not much of a change, unless
a simple analytical form is found for the GOS. Such a way out
has been proposed by Liljequist (1983), who also suggested that
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the needed parameters should be determined following the pre-
scriptions developed by Sternheimer (1952, 1953) for the cal-
culation of the density-effect correction to the electronic stop-
ping power. The GOS approach can be extended to provide
angular DCSs (integrated over the energy lost by the imping-
ing electron) as well (Fernández-Varea et al., 2005, Negreanu
et al., 2005). We employ such a model, which we refer to
as the Sternheimer–Liljequist one, as implemented in the pro-
grams distributed with the ICRU Report 77 (Berger et al., 2007)
mostly to assess the magnitude of the corrections that can be ex-
pected from including inelastic collisions.

Finally, for the Lewis approach, it is necessary to incor-
porate electron energy loss in the CSDA. The programs dis-
tributed with the ICRU Report 77 (Berger et al., 2007) imple-
ment the tabulation of the ICRU Report 37 (Berger et al., 1984),
also available as part of the NIST Standard Reference Database
Number 124 (Berger et al., 2017). One additional parameter
is actually included in the Sternheimer–Liljequist model and
tuned to achieve consistency with the ICRU Report 37 values
of the Bethe mean excitation energy (Berger et al., 2007, Ne-
greanu et al., 2005).

4. Monte Carlo simulation

A simple MC code that simulates in a detailed way all elas-
tic collisions in the target has been compared with the exper-
imental data and, most importantly, used to propagate the ex-
perimental uncertainties (see Sec. 5). The code was actually
developed to include the effect of more than one interaction on
the angular distribution of characteristic x-rays from the L3 sub-
shell for studying atomic alignment by electron impact (Barros
et al., 2019). Inelastic collisions are not simulated and thus no
secondary-particle stack is necessary: one impinging electron
history can be followed from its entrance into the target to its
exit from the front or the back surfaces. Since the energy loss
is not included, the impinging electron energy remains constant
along the trajectory and the output of one simulation history
is the sequence of interaction points inside the target and the
direction versor after the interaction (the first point is always
the entrance point in the target and the direction versor of in-
cidence). The approximation of neglecting secondary electrons
and energy loss will be checked against experimental data for
the target thicknesses considered in the experimental study in
Sec. 6. As in the case of the Goudsmit–Saunderson and Lewis
analytical theories (See Sec. 3), the effect of the inelastic col-
lisions could have been included in an approximate way by
changing the DCS, but this has not been done for reasons that
will be explained in Sec. 6. The algorithm is rather transparent
and it has been implemented in the same Mathematica R© 11.3
software chosen for the rest of the analysis work.

The handling of the geometry is greatly simplified by consid-
ering targets made of parallel slabs only (the initial incidence
is not constrained to be perpendicular). The developed pro-
gram has provision for two kinds of targets: the self-supporting
ones, made of only one material, and those deposited on a sub-
strate, constituted by two layers of different compositions. The

elastic DCSs are the same as the ones used in the Goudsmit–
Saunderson and Lewis theories to allow a meaningful compar-
ison, namely those included with the ICRU Report 77 (Berger
et al., 2007). In one case, the Bi2O3/C target, it is necessary
to account for the presence of the two different atomic species.
This has been handled in an approximate way by resorting to
the Bragg additivity rule (Negreanu et al., 2005).

The developed code has been validated by comparison with
the Goudsmit–Saunderson analytical approach, once the em-
ployed DCSs are the same. The general overall agreement is
rather good, matching the estimated statistical uncertainties,
when target finite-size effects are not important.

5. Data Analysis

To analyse the data, it is first necessary to ascertain if any
drift of the beam happened from the initial focusing and then
to correct the ratios RFC and RR for the fraction of electrons in-
cident on the Faraday cup and the ring that are backscattered
by these structures. Finally, the uncertainties from all sources
have to be combined to arrive at an overall estimate, fundamen-
tal when judging discrepancies from any theory to be presented
in Sec. 6.

5.1. Determination of the charge fractions

As discussed in Sec. 2.3, an important aspect of the exper-
iment is to ensure that the beam is initially properly focused
on the target and then remains stable without drifting. The
first condition is checked, as already described, with the hollow
frames. The ratios RFC and RR are not affected by fluctuations
of the beam current but, on the other hand, they are sensitive
to small drifts of the beam position (possibly resulting from en-
ergy variations). During the runs, the time dependence of the
currents measured in the Faraday cup, the ring, and the chamber
are stored. Then the time variation of RFC and RR, see Eqs. (1),
are analysed off-line to inspect for small systematic drifts. As a
by-product, the procedure allows to estimate their uncertainties
as well.

In a first step, the parameters of a zero-th (p0(t) = a0) and a
first (p1(t) = a1 +b1 t) degree polynomial are fitted to the values
of RFC and RR recorded over the time span of the run. At this
stage, it is assumed that all points have the same uncertainty.
Imposing the condition that the reduced chi-square of the fit
with each polynomial must be equal to one, it is possible to
obtain an estimate of the standard deviations σ0 and σ1 for the
fit of the parameters of p0 and p1, respectively.

As a second step, it is necessary to decide if the data are better
reproduced by the p0 or p1 model function. The choice of the
most suitable degree of a polynomial to be fitted to a data set has
a standard solution described in textbooks on statistics (Eadie
et al., 1971). It is based on comparing σ0 and σ1 taking into
account their uncertainties given by the standard deviation of
the standard deviation (Eadie et al., 1971)

σσi ≡
σi

√
2(N − 1)

, (6)
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where N is the number of points in the data set. If r01 ≡ σ0/σ1
is compatible with 1 within 5σr where

σr

r01
≡

√(
σσ0

σ0

)2

+

(
σσ1

σ1

)2

, (7)

then the lower-degree polynomial p0 has to be chosen to de-
scribe the data set, and, in turn, it is concluded that the analysed
charge fraction remains constant in time. On the other hand,
whenever r01 differs from 1 by more than 5σr, the charge ratio
cannot be assumed to be constant and the data set is discarded
under the assumption of a drift of the beam position. An exam-
ple of these two situations is offered by the Te/C target irradi-
ated with 33.00 keV electrons: r01 is 1 within ≈ 1σr for both
RFC and RR, while for the same target irradiated with 12.59 keV
electrons, r01 deviates from 1 by more than ≈ 10σr for RR but
continues compatible with 1 within ≈ 1σr for RFC. To ease
the visualisation, Figure 6 compares the RR residues for p0 and
p1 during the irradiations at 12.59 and 33.00 keV, in the upper
and lower panels, respectively. The different behaviour is very
clear: in the lower panel both p0 and p1 give rather similar re-
sults and thus the simplest model p0 has to be preferred; in the
upper panel the constant behaviour p0 does not fit well the data
and, as a consequence, blows up the estimate of the uncertainty.

In the third and last step, for the accepted datasets, RFC and
RR have been obtained from the parameter of p0 fitted to the
measurements, while their uncertainties are also given by the
fitting procedure (estimated as 1 standard deviation).

5.2. Corrections to the recorded charges
As discussed in Sec. 2.3 and, in particular, as shown in Fig. 5,

the Faraday cup backscatters a small fraction fFC of the inci-
dent electrons that end up being collected by the chamber or the
graphite ring (also connected to the chamber): it is fFC ≈ 2%
for 10 keV electrons dropping to fFC ≈ 0.7% at 100 keV. The
value of fFC measured with the hollow frames in the same run
is used to correct Eqs. (1) when the targets are present: fFC
is added back to QFC and subtracted from QC (hence the de-
nominator is not changed). The uncertainty on fFC is assumed
to result solely from the measurement process with the hollow
frames and is thus given by the same fitting procedure described
in Sec. 5.1 for RFC in the case when a target is present.

The fraction of the charge incident on the aluminium ring
that is backscattered, fR, can not be measured with the same
procedure employed for fFC. As a matter of fact, using data
collected with the hollow frames, it is not possible to detect
the charge incident on the ring and thus to separate the contri-
bution of the charge backscattered by the ring to the one col-
lected by the chamber. A dedicated measurement has been
performed before those with the targets: a plate, with a di-
mension of 15 cm by 15 cm, made of the same aluminium
that has been used to built the ring (since this material is ac-
tually an alloy with small contents of other metals), has been
installed inside the chamber in front of the ring, actually clos-
ing the entrance of the Faraday cup. The beam has then been
made to impinge directly on the aluminium plate without a tar-
get present: it is therefore possible to assume that all the beam
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Figure 6: Residues of the fit of the parameters of a zeroth degree, p0, and a first
degree, p1, polynomials to the recorded time dependence of RR, Eqs. (1), for
the Te/C target irradiated with 12.59 keV (upper panel) and 33.00 keV (lower
panel) electrons. The black dots and blue diamonds refer to p0 and p1, respec-
tively. In the upper panel, the variation with time is very clear and a fit with
a constant, p0, blows up the estimated uncertainty. On the other hand, in the
lower panel, the diamonds are almost always on top of the dots and can hardly
be distinguished.

current hits the plate and that the charge collected by the cham-
ber has been backscattered by the former. The results are shown
in Fig. 7. Actually, this is a backscattering configuration and the
values can be compared with published data for the same con-
ditions (Bishop, 1966, Cosslett and Thomas, 1965, Drescher
et al., 1970, Neubert and Rogaschewski, 1980). Simulations
have also been made with the PENELOPE code (Baró et al.,
1995, Sempau et al., 1997, Salvat, 2015), both by us (PEN-
LOPE version 2018 (Salvat, 2019)) and by Sempau et al. (2003)
(with an older version of PENELOPE), and an empirical param-
eterisation of many experiments with different target materials
has been proposed by Tabata et al. (1999): they are included
as well in Fig. 7. The good agreement of PENELOPE with the
data confirms the reliability of the simulations, which have then
been used to evaluate the effect of the angle of incidence. In
fact, as it is visible from Fig. 4, the electrons from the target
hit the surface of the ring with an angle from the perpendicular
direction varying between ΘRi and ΘRo . We do not have an easy
way to do the measurements with the aluminium plate inclined
by a well-controlled angle. Therefore, the final correction fac-
tor has been taken as the average of the simulated backscat-
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Figure 7: Fraction of the incident electrons backscattered by bulk Al: the solid
dots (blue and red) have been measured with an aluminium plate placed in
front of the Faraday cup perpendicularly to the beam, while the empty cir-
cles (Drescher et al., 1970), filled squares (Neubert and Rogaschewski, 1980),
filled diamond (Cosslett and Thomas, 1965) and the empty square (Bishop,
1966) are published experimental results under the same conditions. PENE-
LOPE 2018 (Salvat, 2019) simulations are represented with open diamonds,
those with an older version of PENELOPE by Sempau et al. (2003) are shown
with crosses, and the semi-empirical parameterisation by Tabata et al. (1999)
is displayed with a dashed curve. They all refer to perpendicular incidence.
Finally, PENELOPE simulations with a beam incident at ΘRi = 14.4◦ and
ΘRo = 23.5◦ from the normal direction are plotted with filled downward and
upward triangles, respectively.

tering coefficients considering the two extremes ΘRi and ΘRo .
Again, the average of the simulated fR in the backscattering
configuration is added back to QR and subtracted from QC to
correct Eqs. (1) when the targets are present. The uncertainty
on fR, which is larger than that on fFC, has been estimated as
the difference between the two limiting values at an incidence
of ΘRi and ΘRo (considering that the angular distribution is non-
uniform and changes with target and energy from rather open
to narrowly forward concentrated, see Sec. 6).

To summarise, the calculated values have to be compared
with the corrected experimental ratios

FFC ≡
QFC

QFC + QR + QC
(1 + fFC)

= RFC (1 + fFC) ,

FR ≡
QR

QFC + QR + QC
(1 + fR)

= RR (1 + fR) ,

(8)

which should actually be substituted for RFC and RR in Eqs. (2).

5.3. Combined uncertainty
Besides the uncertainty associated with the charge measure-

ment, estimated as described in Sec. 5.1, and with the correc-
tions necessary to account for the fractions that are backscat-
tered, estimated as described in Sec. 5.2, there are other sources
that affect FFC and FR: namely the uncertainty on the areal den-
sity of the target and C backing, see Sec. 2.1, and those on the
solid angle covered by the Faraday cup and the aluminium ring,

see Sec. 2.2. All the contributions have been combined using
the standard propagation methodology (Eadie et al., 1971) as

V f = Vexp + D Vpar DT, (9)

where Vexp is a diagonal matrix with the sum of the variances
estimated in Secs. 5.1 and 5.2, Vpar is a diagonal matrix with the
variances of the areal densities, see Sec. 2.1, and the limiting
angles of the Faraday cup and the ring, see Sec. 2.2, and D
is a rectangular matrix whose elements are the derivatives of
Fi = (FFC, FR) with respect to the mentioned angles or areal
density (represented by the vector y)

Di j ≡
∂Fi(y)
∂y j

, (10)

evaluated at the experimental values. The partial derivatives
in Eq. (10) have been calculated numerically, using for Fi the
curve as a function of y j obtained by running several times the
MC code described in Sec. 4 with different values of y j.
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Figure 8: Ratios FFC and FR, see Eqs. (8), for the intermediate Cu target. The
dots with uncertainty bars (representing 1 standard deviation) are the data. The
curves have been calculated with the MC code (black dotted), the Goudsmit–
Saunderson approach with elastic DCSs (black continuous), the Goudsmit–
Saunderson approach with elastic plus inelastic DCSs (black dashed), the Lewis
approach with elastic DCSs (red continuous), and the Lewis approach with elas-
tic plus inelastic DCSs (red dashed).

11



6. Results and discussion

The experimental values of FFC and FR for the thin (C, Al/C,
Cu/C, Te/C, Au/C, and Bi2O3/C) and intermediate (Al, Cu, and
Au) targets irradiated with electron energies between 10 and
100 keV are given in the supplemental material. All the cor-
rections described in Sec. 5.2 have been included. The com-
bined standard deviations, according to the procedure described
in Sec. 5.3, are also reported.

The case of the intermediate Cu target is displayed in Fig. 8.
The general trend of FFC is common to all other cases not
shown: with increasing beam energy it grows towards one, as
is expected when the MS distribution pMS(Θ) is more and more
narrowly concentrated at small Θ. The maximum of FR has
the same origin. Initially, at low energies, pMS(Θ) is rather
open and the fraction of electrons collected by the ring is small.
Then, with increasing energy, pMS(Θ) starts to peak in the for-
ward direction eventually going through a condition where it
is focused in the Θ range (ΘRi ,ΘRo ) covered by the ring, pro-
ducing the maximum of FR. Finally, when the beam energy
grows even further, the forward focusing of pMS(Θ) continues
and most of the beam is collected by the Faraday cup result-
ing in the decrease of FR. Actually, for the thin targets, only
the decreasing part of FR has been scanned by the present ex-
periment, with indications of a maximum located at the second
lowest measured energy for the Cu/C and Te/C cases. The max-
imum appears instead well inside the covered range at ≈ 30,
≈ 70, and ≈ 40 keV for the intermediate Al, Cu, and Au tar-
gets, respectively (see also Fig. 6 by Martins et al. (2022)).

As it is clearly visible in Fig. 8, the calculations are rather
close to the experiment, therefore to better display systematic
discrepancies, we have chosen to plot only the deviations from
the common smooth behaviour of the data. No simple gen-
eral expression for the dependence of FFC and FR on energy
is available, therefore we have decided to use a polynomial,
whose parameters are fitted to the measurements. The degree
of the polynomial is determined according to two criteria.

The first criterion is based on the estimation of the variance
of the data, σ2

p. For the polynomial pn of degree n, whose coef-
ficients have been fitted to the data themselves, the variance is
defined in the usual way as

σ2
p(n) ≡

1
m − n − 1

m∑
i=1

(
Fexpi − pn(ei)

)2

σ2
expi

, (11)

where m is the number of values of the ratio Fexpi with standard
deviation σexpi measured at the beam energies ei. Then, using
Eq. (11), the quantity

(m − n − 1)
σ2

p(n − 1) − σ2
p(n)

σ2
p(n)

(12)

has a PDF of the Fisher type (Eadie et al., 1971) F(1,m − n −
1). It is then possible to estimate the significance of the term
of order n in the polynomial. In all cases, the degree of the
polynomial has been chosen to be less or equal to that indicated
by the statistical test described with a significance of 95%.

Cu - intermediate

Fourth degree

Fifth degree

Sixth degree

20 40 60 80 100
0.0

0.1

0.2

0.3

Energy (keV)

F
R

Figure 9: Values of FR for the Cu target as a function of the beam energy.
The points with uncertainty bars (representing 1 standard deviation) are the
data. The continuous curves are the results of polynomials (see legend for the
degree), whose parameters have been fitted to the data.

In the present work, however, the number of fitted points m
is relatively small when compared to the degree of the polyno-
mial, n, necessary to explain their behaviour according to the
criterion just described. A possible risk of over-fitting, i.e. of
trying to reproduce random fluctuations of the data, is hence
present. A generally-accepted guideline is that the test de-
scribed with the Fisher PDF is applicable when m is 4 to 5 times
larger than n (Draper and Smith, 1998). Therefore, another cri-
terion has been added requiring that the second derivative of
the polynomial can change sign only once in the whole energy
interval considered.

In ≈ 40% of the datasets (i.e. targets), the test with the Fisher
PDF is enough to guarantee a smooth second derivative; in the
others, n has been successively lowered by one with respect to
the value suggested by the statistical test until the smoothness
of the second derivative is ensured. Figure 9 illustrates one of
the worst cases: that of FR for the Cu target. The effect of
over-fitting appears very clearly when looking at the case n =

6: the oscillations in the polynomial are likely caused by the
reproduction of random fluctuations of the points. In the case
of Fig. 9, both criteria require to exclude n = 6. However,
the choice between n = 4 and n = 5 is harder to make by
eye: only the statistical test based on Eq. (12) allows to select
n = 5. In general, for all datasets, the final n is between 4
and 7, with the worst case being FR for the Cu/C target where
n = 9. For the sake of completeness, the coefficients of the
polynomial obtained from the fitting procedure are given in the
supplemental material.

The polynomial, whose coefficients have been fitted to the
data, is then used to subtract the common smooth behaviour
from the data themselves, the simulations carried out with the
MC described in Sec. 4, and, when present, the results ob-
tained with the Goudsmit–Saunderson and Lewis analytical ap-
proaches discussed in Sec. 3. Note that, in this way, any bias
towards a particular theory is prevented and the horizontal zero
corresponds to the best possible estimate of the experimentally

12
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Figure 10: Deviations of FFC and FR, Eqs. (8), from the polynomial fit described in the text as a function of the beam energy for the thin C targets. The symbols
with uncertainty bars (representing 1 standard deviation) are the data, while all others are simulations or calculations (see the legend).

observed trend. To save space, only these difference plots are
depicted in Figs. 10, 11, 12, and 13, but, as mentioned, to avoid
hindering any independent comparison with the present mea-
surements, the values before applying the subtraction with the
polynomial are given in the supplemental material.

All targets considered in the present work are thin enough
to allow the direct (event-by-event) simulation of all individual
elastic collisions and the results are included in Figs. 10, 11,
and 12, for the thin targets, and in Fig. 13, for the intermediate
ones. The values obtained from such time-consuming detailed
MC are also provided in the supplemental material. A com-
parison with the general-purpose PENELOPE MC code, which
takes into account energy loss, is presented for thin, intermedi-
ate, and thick targets in part II (Barros et al., 2022a). For the
cases composed of a single element, namely the thin carbon tar-
gets, see Fig. 10, and the intermediate targets, see Fig. 13, the
Goudsmit–Saunderson and Lewis theories are applicable and
are considered as well. We assume that the path length s is
the same as the target thickness. The cases where elastic only
and elastic plus inelastic DCSs (employing the Sternheimer–
Liljequist model) have been considered, appear separately in
Figs. 10 and 13 (open versus closed symbols, respectively). The
overall agreement between calculations and data continues to
be rather good, even in this expanded view, considering the un-

certainty bars of the latter. Some more detailed comments are
in order.

For the thin C targets, see Fig. 10, the MC simulations agree
very well with both the Goudsmit–Saunderson and Lewis ana-
lytical theories when elastic DCSs are selected. In fact, no en-
ergy loss or finite-size effects are expected for such small areal
densities of atoms with low Z. The importance of the inelas-
tic DCS relative to the elastic one is the largest amongst all the
elements considered in the present study, since Z is the lowest.
Indeed, the Goudsmit–Saunderson and Lewis results, including
the inelastic DCSs, are closer to the data than those with elastic
DCSs only.

For the other thin targets (Al/C, Cu/C, Te/C, Au/C, and
Bi2O3/C), which are not homogeneous, see Figs. 11 and 12,
only the MC simulations employing elastic DCSs have been
performed. The inelastic DCSs have not been considered since
no consistent picture could be obtained with their inclusion for
the simpler case of homogeneous intermediate targets (see be-
low). The simulations including the amount of oxygen reported
in Table 1 are also shown separately in Fig. 13 for the Al/C
and Cu/C targets (compare the upward and downward triangles,
without and with oxygen, respectively). The worst case is that
of Al, where the oxygen fraction is largest and the difference in
atomic number the smallest: in general, the impact of the con-
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Figure 11: Deviations of FFC and FR, see Eqs. (8), from the polynomial fit described in the text as a function of the beam energy for the thin Al/C, Cu/C, and Te/C
targets. The symbols with uncertainty bars (representing 1 standard deviation) are the data, while all others are simulations (see the legend). The effects of the
contaminants, see Table 1, are shown with a separate simulation only for the worst cases of Al/C and Cu/C.
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Figure 12: Deviations of FFC and FR, see Eqs. (8), from the polynomial fit described in the text as a function of the beam energy for the thin Au/C and Bi2O3/C
targets. The symbols with uncertainty bars (representing 1 standard deviation) are the data, while all others are simulations (see the legend).

taminant grows towards the lowest energies, but the deviations
remain, in all cases, within the combined uncertainties of the
data. For Cu, the difference in atomic number is already big
enough to render the influence of the contaminants, in terms
of DCSs, small. Even more so is the case for the other ele-
ments. For all the thin targets, the overall agreement between
simulations and experiment is again very good, considering the
magnitude of the uncertainty bars. The only possible exception
being Bi2O3/C, see Fig. 12: in particular, for FFC at higher elec-
tron energies and FR in the complementary lower range. The
element Bi has the highest Z amongst all those covered in the
present investigation and the relative importance of the inelastic
DCS is expected to be the lowest. On the other hand, inelastic
collisions are more important in O. In search of possible expla-
nations, we have also checked that 10 keV electrons (the worst
case) loose 2.6% and 0.5% of their energy in the C and Bi2O3
layers, respectively, according to the tabulations given in the
ICRU Report 37 (Berger et al., 1984). Already at 20 keV, these
values are down to 0.8% and 0.2%, respectively. Thus, the ap-
proximation in the MC of assigning the initial energy to all the
electrons along the whole trajectory is fully justified (note that
a similar argument applies to all thin targets). However, one
also has to question the use of the Bragg additivity rule to de-

scribe the interactions with Bi2O3 in the MC. Finally, genuine
molecular effects on the DCSs (going beyond the isolated-atom
calculations of the ICRU Report 77, see Sec. 3) may also play
a role.

Lastly, the intermediate targets (Al, Cu, and Au) are dis-
played in Fig. 13. For these homogeneous targets, the
Goudsmit–Saunderson and Lewis theories are applicable and
can be compared to the MC, when only elastic DCSs are cho-
sen: the agreement thus validating both. Quite surprisingly,
the inclusion of inelastic collisions takes the calculations away
from the experiment. The discrepancy has a higher significance
for FFC, in particular at the lower electron energies: it remains
clearly present even for Au, where the relative importance of
the inelastic DCS is the lowest amongst the three elements of
Fig. 13. The problem appears for FR as well, being clearly visi-
ble for Cu because the size of the uncertainty bars is smaller.
As mentioned in Sec. 2.2, a movable two-ring structure has
been employed in part II to make unidirectional measurements
of electron flow inside the chamber. A target-generated back-
ground has been uncovered: it is caused by electrons backscat-
tered from the target reaching the Faraday cup and the fixed
aluminium ring after one more backscattering by the walls of
the chamber. Its effect on the thick target data is clearly visible,
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Figure 13: Deviations of FFC and FR, see Eqs. (8), from the polynomial fit described in the text as a function of the beam energy for the intermediate Al, Cu, and
Au targets. The symbols with uncertainty bars (representing 1 standard deviation) are the data, while all others are simulations or calculations (see the legend).
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Figure 14: Fractional energy loss (upper panel) and average number of colli-
sions 〈n〉 (lower panel) of the electrons impinging on the homogeneous targets.
The values of 〈n〉 considering elastic only and elastic plus inelastic collisions
are shown with open and closed symbols, respectively. No difference is present
for the energy loss within the approximations employed. The results have been
calculated with the program implementing the Lewis approach distributed to-
gether with the ICRU Report 77 (Berger et al., 2007).

since it diverts FFC and FR from zero at low energies, where all
electrons should be stopped. For intermediate targets, the situ-
ation is harder to single out, but conservative estimates, based
on the measurements with the two-ring system, are presented
in part II and indicate that such a correction is essentially of the
order of the uncertainty bars for the worst case (highest atomic
number) of Au.

To better analyse the situation, the fractional energy loss and
the average number of collisions 〈n〉 are reported in the upper
and lower panels of Fig. 14, respectively, for all the homoge-
neous targets. All these values have been calculated with the
program for the Lewis theory distributed with the ICRU Re-
port 77 (Berger et al., 2007). As an example, the fractional
energy losses are 23% and 60% for the Al and Cu targets and
electrons energies of 10 keV, respectively. These values are not
small and indeed, as mentioned, the calculations do not agree
with data in the lowest energy region of Fig. 13 (for RFC and
Cu, the discrepancy actually extends to all energies). In the
present setup, the ladder is connected to the chamber, therefore
all electrons stopped in the target contribute to QC in Eqs. (8),

giving one more reason, beyond the widening of pMS(Θ), for
the decrease of RFC and RR at low energies in Fig. 8. Still, there
is no particular evidence in Fig. 13 that the Lewis theory repro-
duces the measurements better than the Goudsmit–Saunderson
one. The MC is closer to the experiment (see also the dotted
curve in the lower panel of Fig. 8), however it is important to
remember that the code does not account for the non-negligible
energy loss.

The inclusion of inelastic collisions largely increases their
average number (compare the full and open symbols in the
lower panel of Fig. 14): 〈n〉 grows from 59 to 143 and from
100 to 222 for the Al and Cu targets at 10 keV, respectively.
Even at 100 keV, the variation is from 7.2 to 13 and from 19
to 29 for Al and Cu, respectively. So much MS is possibly re-
sponsible for a too open angular distribution thus decreasing
FFC below the data (see the dashed curves in the higher en-
ergy region of the upper panel of Fig. 8 or compare the full
and open symbols in Fig. 13). Another possibility, if the pre-
dicted increase in 〈n〉 is realistic, is that the inelastic DCSs are
even more focused at small frontal angles than anticipated by
the Sternheimer–Liljequist model. The reader may get the im-
pression, by looking closer at Fig. 8, that the mentioned prob-
lem gets less severe at low energies. However, it is possibly an
artefact of two limitations of the analytical approaches with op-
posite trends, as hinted by the disappearance of the discrepancy
for the Cu target where the energy loss is largest. The almost
complete absence of backscattering in the analytical approaches
(see the comparison with the PENELOPE MC code in part II),
which is more important at low energies, reduces the predicted
fraction of charge deposited in the chamber compensating a too
open forward angular distribution.

It is appropriate to highlight once more that, with the present
setup, no information about the energy spectrum of the col-
lected electrons is available: therefore, it is not possible to sepa-
rate those that have been scattered elastically as well as to guar-
antee that the secondary ones produced in the target or in the
collecting structures do not alter the final data. This state of
affairs will be fully remedied only with the future differential
measurements, where a low-cost PIN diode (Malafronte et al.,
2021, Mangiarotti et al., 2021b) will be employed to scan the
angular distribution while acquiring the energy spectra. The
clarification of the role of inelastic collisions in MS has to wait
until such new study is undertaken.

7. Conclusions

Integrated measurements of MS angular distributions have
been performed using a Faraday cup supplemented by a ring
installed around its entrance. Efforts have been devoted to opti-
mise the setup and control systematic errors. In particular, beam
focusing and drift during the measurements have been closely
monitored. Electron backscattering from the collecting struc-
tures has been determined by a combination of experimental
and simulation approaches and corrected for. The areal densi-
ties of the targets have been determined by a series of methods
aiming at accuracy and target survival rate.
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The data for the thin targets, with mass thicknesses from ≈ 5
to 20 µg/cm2 (deposited on C backings), and for the intermedi-
ate ones, with mass thicknesses from ≈ 100 to 300 µg/cm2, are
in good agreement with MC simulations of each individual elas-
tic collision and the Goudsmit–Saunderson and Lewis analyti-
cal theories (the latter are applicable only to the homogeneous
targets). For the intermediate targets, it has not been possible
to find clear evidence of any improvement brought about by the
use of the Lewis formulation, accounting for energy loss, or the
inclusion of the angular deflections caused by inelastic colli-
sions into the DCSs. This may be due to the present limitation
of the setup, which cannot discriminate the energy information
of the collected electrons. A new setup is under preparation to
better investigate the issue.

The results for thicker targets, from ≈ 1.5 to 5 mg/cm2, will
be presented and compared to MC simulations in part II (Barros
et al., 2022a).
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AppendixA. Analytical integration of the Goudsmit–
Saunderson angular distribution

The Goudsmit–Saunderson expression can be integrated over
a finite polar angle interval in analytical form. The method has
been inspired from a similar work by Ito and Tabata (1970) for
the Molière case. The cumulative distribution function of the
Goudsmit–Saunderson PDF is

PGS(Θ; s) ≡
∫ Θ

0
pGS(Θ′; s) 2π sin Θ′ dΘ′

=

∫ +1

cos Θ

pGS(cos Θ′; s) 2π d(cos Θ′) .

(A.1)

Substituting Eq. (4) gives

PGS(Θ; s) =
1
2

∞∑
`=0

(2` + 1) exp(−〈n〉/λ̃`)

∫ +1

cos Θ

P`(cos Θ′) d(cos Θ′) .

(A.2)

The integral can be evaluated analytically with the help of the
relations∫

Pn(x) dx =
Pn+1(x) − Pn−1(x)

2n + 1
+ constant (A.3)

and
P−n(x) = Pn−1(x) n > 1 . (A.4)

In particular, P−1(x) = P0(x) = 1. Furthermore,

Pn(1) = 1 ∀n (positive or negative) (A.5)

whereas
Pn(−1) = (−1)n n > 0 (A.6)

and
P−n(−1) = (−1)n−1 n > 1 . (A.7)

The final expression for the cumulative distribution function is

PGS(Θ; s) =
1
2

∞∑
`=0

exp(−〈n〉/λ̃`)
[
P`−1(cos Θ) − P`+1(cos Θ)

]
.

(A.8)
Generalisation of Eq. (A.8) to the computationally improved
Eq. (5) is straightforward.

As a cross-check of Eq. (A.8), the case Θ = π can be explic-
itly evaluated

PGS(π; s) =
1
2

∞∑
`=0

exp(−〈n〉/λ̃`)
[
P`−1(−1) − P`+1(−1)

]
=

1
2

exp(−〈n〉/λ̃0)
[
P−1(−1) − P1(−1)

]
+

1
2

∞∑
`=1

exp(−〈n〉/λ̃`)
[
P`−1(−1) − P`+1(−1)

]
= exp(−〈n〉/λ̃0) = 1

(A.9)

because λ̃−1
0 = 0, see Eq. (3).

In the present work, the PDF pGS(Θ; s) is tabulated for an
angular grid with 606 points between Θ = 0 and Θ = π by
running the programs distributed together with the ICRU Re-
port 77 (Berger et al., 2007). The adopted method to calculate
the integral of pGS takes advantage of the Mathematica built-in
function Interpolation, to perform an interpolation of the third
order (the default option) to the 606 values of pGS, and then

Table A.1: Relative difference of the integral of pGS, performed numerically
with Mathematica, against the direct use of Eq. (A.8). The cases considered
are 100 keV electrons impinging on the intermediate Cu and Au targets. No
inelastic collisions are included in the evaluation of pGS.

Target Faraday cup Ring
Cu 1.5 · 10−7 −1.3 · 10−7

Au −4.7 · 10−8 1.0 · 10−7
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of the function NIntegrate, to integrate numerically the inter-
polating function between the required solid angle limits. The
procedure has been checked against Eq. (A.8), since the ICRU
Report 77 programs also output the values of λ̃` according to
Eq. (3). The relative differences of the numerical procedure
against the exact Eq. (A.8) are reported in Table A.1 consider-
ing 100 keV electrons impinging on the Cu and Au intermedi-
ate targets. Both methods have accuracies quite adequate for
the present purpose.
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