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Abstract

The main goal of this work is to study different geometric inequalities in the
plane. In particular, we will work on the isoperimetric, the Saint-Venant and the
Faber-Krahn inequalities for simple connected domains. We will use two different
approaches: first a classic one by complex analysis, and then a more recent one
by operator theory, bounding the commutator of Toeplitz operators in the Hardy-
Smirnov space Ey and the Bergman space A2. We will also study these spaces and
how they relate with geometric quantities. Finally, we will talk about functions of
bounded variation in order to extend the classical isoperimetric inequality for any
domain in the plane.

Resum

Estudiarem diverses desigualtats geometriques en el pla per dominis simplement
connexos, en concret, la desigualtat isoperimetrica classica, la de Saint-Venant i la
de Faber-Krahn. Ho farem de dues maneres, primer una més classica utilitzant
analisi complexa i després una més recent utilitzant teoria d’operadors, utilitzant els
commutadors dels operadors de Toeplitz en I’espai de Hardy-Smirnov E5 i en ’espai
de Bergman A%. També estudiarem aquests espais i la seva relacié amb diverses
quantitats geometriques. Finalment, parlarem sobre les funcions de variacié acotada
per tal d’estendre la desigualtat isoperimetrica per a tot domini del pla.
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Chapter 1

Introduction

At last they landed, where from far your eyes

May view the turrets of new Carthage rise;

There bought a space of ground, which Byrsa call’d,
From the bull’s hide, they first inclos’d, and wall’d.

Virgil, The Aeneid, Book I

Imagine we have a simple non-elastic rope that we close by the two ends. Now
we have a simple and closed curve and we can play with it doing all kind of diferent
shapes (crossings are not allowed), noticing the perimeter always stays the same
while the area is changing. One natural question is to ask which shape maximizes
the area: this is the classical isoperimetric problem [23]. The solution is the circle
and was already known by the greeks. This leads to an inequality: given any shape
Q, if we know the perimeter, then its area must be less than a circle D with the
same perimeter, which is the classical isoperimetric inequality:

_ Per(Q2)

Area(Q2) < Area(D) 1
T

This is probably one of the oldest problems in the Calculus of Variations, with its first
appearance in Book V of the Collection of Pappus of Alexandria in the IV century
AD [8]. Although there is plenty of proofs of it, the first proof was not given until
1841 by Jakob Steiner [23]. After that, with the use of symmetrization, Schwartz
extended the inequality for a ball in 3 dimensions in 1884 and at the begining of the
20th century Hurwitz used trigonometric series and the method was also extended
to upper dimensions [2]. Our purpose is to study different proofs that use complex
analysis and operator theory techniques, and therefore we will focus on dimension
2. This allows to work with complex numbers and use tools such as the Riemann
mapping theorem or the Hilbert spaces H?(D) and A%(D). We will show how with
few properties of these tools we can prove three different inequalities and how they
are closely related.



2 Introduction

Apart from the area or the perimeter, there are many other geometrical quan-
tities. They are geometrical in the sense that they only depend on the shape and
size of (), and they have a wide application in physics. In fact, we will even re-
duce the dependence on the size by considering only shapes with the same area, so
that we get properties inherent to the shape. The first quantity we will study is
the torsional rigidity, which is a constant from mechanics that quantifies the resis-
tance to be twisted of a cylindrical object with cross-section equal to €2 (although it
has also several hydrodynamical and electrodynamical applications [21, p. 3]). The
other quantity we will study is the principal frequency, which is the frequency of
the gravest proper tone of a drum, that is, a uniform elastic membrane. This is
also an interesting mathematical quantity, corresponding to the lowest eigenvalue of
the Laplacian and again, it only depends on 2. For these quantities there are only
a few cases of ) in which an explicit formula has been found, so we can only get
an approximation and try to estimate the error, and here is when the inequalities
gain importance. There is a lot of inequalities relating these quantities (see [21,
pp. 17-19]), but here we will work on the most important ones: the Saint-Venant
and the Faber-Krahn inequalities, which do not depend on the size and bound the
torsional rigidity and the principal frequency by the area, respectively.

In order to prove this inequalities, we will first present some classical proofs
working with the coefficients of the Riemann mapping (following the method of
Polya and Szego in [21]) and with Fourier series. Then we will focus on operator
theory, using a particular operator called Toeplitz operator. As we will observe,
Hardy and Bergman spaces will come up even in the most classical proofs, with a
natural association with the perimeter and the area. This relation has developed
to the point that they are important spaces to study on its own, and nowadays we
know a lot about its properties and they have been generalized in several ways. This
classical inequalities motivate to keep going in the right direction and they help for
discovering new inequalities involving more complicated mathematical objects with
more generality. For example, our strategy using operator theory will be finding
upper and lower bounds for the commutator of Toeplitz operators, which would
have been hard to obtain if Bell, Ferguson and Lundberg would not have tried to
prove the Saint-Venant inequality.

In the last chapter, in contrast with the others, we will consider the isoperimetri-
cal inequality for general domains (we will not assume they have smooth boundary).
To do this, we will have to be more rigorous and talk about the exact definition of
perimeter and what implies to have a boundary with finite length. After seeing some
consequences, we will observe that it is easy to obtain the isoperimetrical inequality
for any connected domain in the plane.

The structure of the work is as follows. In Chapter 2 we introduce the Hardy
and Bergman spaces in the disk and we show two classical proofs of the isoperi-
metrical inequality. Chapter 3 is dedicated to the torsional rigidity and we proof



the Saint-Venant inequality in two ways, following the ideas of the proofs in Chap-
ter 2. In Chapter 4 we extend the Hardy and Bergman spaces in order to prove
the isoperimetric inequality and the Saint-Venant inequality. We also introduce the
principal frequency and show a close approximation to the Faber-Krahn inequality
with Toeplitz operators.



Chapter 2

The classical isoperimetric
inequality

We begin by stating our first version of the isoperimetric inequality, where we
consider regions in the plane with smooth borders:

Theorem 2.1 (Isoperimetric Inequality I). Let Q C R? such that 0S) is a smooth
curve, then

2
AQ) < L(09)
4
and we have the equality if and only if Q is a disk. [22]

(2.1)

In this section we will prove it in two ways, but first of all we need to introduce
the Hardy and Bergman spaces in the disk and some of its properties since we will
use them extensively not only in our first proof, but also later when proving other
isoperimetrical inequalities.

2.1 Hardy and Bergman spaces in the disk

Definition 2.2. Let f : D — Q be an holomorphic function, if 0 < r < 1 we
can write the functions in S' as f.(e’?) = f(re'?), which are the restriccions to the
circumference of radius v and center 0. Let p be the normalized Lebesque measure
in St, we can define for 0 < p < co:

1/p 27 ) 1/p
I = sup Ul = s ([ 182a) = s [T (1ser5? )
0<r<1 0<r<1 \Js! 0<r<1.J0 T

1l = sup [1fyllomqn = sup (sup\f(re”)!)
0<r<1 0<r<1 0

and we define the Hardy space HP for 0 < p < oo as:
H?:={f € HD) : || f[|m» < o0}

4
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Since ||fr||ze is a non-decreasing function of r for all 0 < p < oo [19, p. 338],
exists the limit as r approaches 1 from the right so we can write the norm of HP? as:

) 27 ) d9 1/1’
| Fle = Tim ( / \f(re’9)|p>
r—1 0

2

Since we will need to take powers of f (with real exponent), we have to study
the zeros of HP functions. In order to do this, we will factorize f in the Blaschke
product (which have all the zeros of f) and a function without zeros where we will
be able to take powers without problem. We will see that the zeros of any HP
function have a well-defined Blaschke product (and viceversa, if we have the zeros of
a Blaschke product, since the Blashcke product itself is bounded, we have a function
in H>° C HP with these zeros [19, pp. 310-311]) and we will state and prove some
usefull properties of it. First of all, let’s see that indeed the Blaschke product is
well-defined:

Definition 2.3. Let {z,} C D such that z, # 0 and > ;2 (1 — |z,|) < 00, let k be
a non negative integer, the Blaschke product of {z,} is

* H ol za=2  cp (2.2)

zn 1 =252

Proposition 2.4. The Blaschke product B is well-defined and B has zeros only in
the zn (and in the origin if k > 0). Moreover, |B(z)| < 1Vz € D (and since it is
bounded, belongs to H* ).

Proof. We will use that if f, € H(Q), f,, Z0Vn >1and ) 7|1 — fn(2)| converges
uniformly in compact sets of 2 then f(z) = [[>2, fn converges uniformly in compact
sets of Q [19, Teorema 15.6]. Therefore, we only have to see that

o0

D

n=1

1_@2”_2

Zn 1 —Zpz

is uniformly convergent in compact sets of D. To do this, we will use the Weierstrass
M-test [1, p. 37]. Let be |z| <r <1,

— ]zn|22 — |zn|2zn + |2n|2 B

IRCEEE

zn 1 —Zn2 (1—-%n2)zn

2@ = lznl) + 2[2nl (L= |zal) | |20 + 2|20l (1= |2n])
- _ - I n
(1—2zp2)2n (1 —Zn2)zn|
1+17)|z 147
< alenl g ey < TG ) =

~ |1 —Zpz||zn| 1-—

<
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and Y00 | M, < 00 < 137 (1 — |2,]) < oo which is our hypothesis. Further-
more, it will only be zero if z, — 2z = 0 = z = z, (since the denominator never
vanishes because |z| < 1 and |z,| < 1, which implies |Z2| < 1 = Z,2z # 1).

Finally, we will see that if |z| < 1 then |B(z)| < 1. Since

1B(=)l = 21" ]]
n=1

Zn — 2

1—7,2

it is enough that each factor is less (or equal) than 1 Vz € D. Clearly |2|* < 1, so
2
Zn—2 (%) ‘ < 1 (which implies

1-Znz

Zn—2

1-z,2

<1).

we just have to see that

Evaluating at the boundary,

2 B |22 — 207 — 2Zn + | 2a)? B

“n T2 =1, |7 =1

1—Znz| 1 —Znz —Zzn + |20)2|2]2

and as we have an analytic function in D and continuous in D, by the maximum
modulus principle [1, p. 134], we have the inequality for |z| < 1. O

Now we have to prove the reciprocal, that is, given a function in H? we can
construct its Blaschke product. For this, we will study the Nevanlinna class, which
is a bigger function space than HP where we can always find a Blaschke product of
the zeros of its functions.

Definition 2.5. Let t € RY, we denote log™ (t) = log(t) if t > 1 and log™ (t) = 0 if
0 <t < 1. The Nevanlinna class is

s )
N:{fEH(ID)): sup / log+f(7“eze)|d9<oo}
0<r<1Jo ™

This class includes all the Hardy spaces:
H*CHPCHICN, 0<g<p<oo

and the following theorem tells us that if f € IV then the zeros of f have the condition
that allows us to construct the Blaschke product (and therefore we will be able to
construct it for all f € HP, with p > 0).

Theorem 2.6. Let be f € N such that f 0 in D, and {z,} are the zeros of f,
repeated taking into account its multiplicity, then

oo

Z(l — |zn|) < 00

n=1

To prove it we first need the Jensen formula:
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Proposition 2.7. Let f € H(D(0;R)), f(0) # 0,0 < r < R, let z1,...,zn be the
zeros of f in D(0;r), then

iy 2 . do
0 — =ex 1 ret? } 2.3
UEMIG%A o | (re”)| 2 (23)

Proof. We arrange the zeros (taking into account the multiplicities) such that |z;| <
rifj=1,..,mand |zm41| = ... = |zn| = r. Let € > 0 such that f € H(D(0;r +¢€))
has the same zeros in D(0;r + €), we construct the following holomorphic function
and without zeros in D(0;r + €):

o2z N z
g2 =& —= I — (2.4)

r(zn — 2) o1 Pn T2

n=1

that indeed is not zero because z, # 0 Vn and if |z| < 7,|z,| < 7 then r? > |Z,2|.
Hence, it exists a branch of the logarithm of g in D(0;r +€) [19, Teorema 13.11] and
we have Re(log(g(2))) = log(|g(z)|). With the Integral Cauchy Formula [1, p. 119]
in the disk D(0;r) we get

2m
log(9(0)) = [ To(a(re™)) 5
2m 2m
lo(la(0)) = Rellog(o(=))) = [ Reog(alre®))7 = [ loxllg(re”) 3
(2.5)
On one hand,

90 =70 [T - = 1lo@1 = 17O T 7

n=1"" n=1 """

On the other hand, if |z| =7, for n =1,...,m,

7"27222_ 2 —Znz 2 —Zp2 rt — 22,7 — 1222 + | 20?2
r(zn—2)|  \r(zn—2) r(zn — 2) T‘2|Z|2 —r2z Z—T2znz+r2|zn|2 N
so we have TLZ_T’Z = 1 and the integrant becomes, writing the zeros z, = re':
r(zn—2)
0 0 N reien
log(lg(re”)]) =1log  [£(re®)] ] it eit| ] =
n=m+1

I 1
:momﬁﬂﬂ|hwwmoz

n=m+1

= log(|f( ret? Z log(|1 rei(efe”)\)

n=m-1
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Finally, we just need to prove that the integral of the summation is 0, so that the
integral in (2.4) does not change if we substitute g for f and we would have:

2m L db 2m ) de 2m ) do
log |l — €= =0 1 i :/ 1 = (2.6
| o152 =0 [Cioalatrengs = [CroalseeDgl (20

and doing the change of variable § = 6 — 6#,, we would get the integral we were
looking for.

Let Q@ = {z € C : Re(z) < 1}, since it is simply connected and 1 — z # 0
in Q, exists h € H(Q) such that ¢™*) = 1 — z and it is unique if h(0) = 0 [19,
Teorema 13.11]. If w € €, the image of 1 — w is the half-plane {Im(z) > 0} so that
| Im(h(w))| = |arg(1 —w)| < 5. Therefore,

Re(h(z)) = log|1 — 2|, |Im(h(2))| < g Vz € Q (2.7)

Now let § > 0 be small enough, let T'(8) = ¢ with 6 € [5, 27 — §] and let v be the
path that goes from e’ to e, following the circumferencia of center 1 and radius
v/2(1 — cos d) through the inside of D. Utilitzant (2.7),

2m—0 2m—0
0, d0 0 db h(z) dz
1 1 — i6 _— = i6 P — e /
/5 og | c |27T Re </§ e )27r> Re( r z 27Ti>

and due to the Cauchy’s Theorem [19, Teorema 10.35] in £ we have:

/h(z) dz _/h(z) dz
r z 2mi N 2 2mi
and since we can bound the length of v by dm, || > 1/2 for a small enough § and

|1 —~] = /2(1 — cosd), we get
[ .
v 2 2mi - QZEE

. h(z)

2miz

h(z)

z

<

< L(7)su

zey

SUD e~ llf/{;(h(z)) < 5|10g(\/W)| =

1 6—0
1
©8 <2(1—COS(5)) 0

2 2m—0
o do . df
log |1 — | — = 1i log|1 —e?|— =0
/0 og|l—elg = lim s og |1 —eTlg

Considering (2.4), (2.5) and (2.6), we get

Ny I N
log <|f<o>rg|2n|) = [ oslrtre g =

<

NS N

Therefore,
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Now we can prove the main theorem:

Proof. Let z, be the zeros of f € N, we can assume they are ordered such that
|zn] < |zn+1| and that f has infinit zeros (if f has a finite number of zeros, then it
is clera that the sum is finite). Moreover, we can assume that f(0) # 0 because if f
has a root of order m in the origin, then g = 27" f(z) € N and has the same zeros
of f, so if ¢ fulfills the theorem, f also does it.

We put n(r) the number of roots of f in D(0;7), and given a k € N, we take
r < 1 such that n(r) > k. Since 1 < /- and log(t) < log *(t), by the Jensen formula

n(r)

. do 2m A do
’H |2’n\ <|f(0 ‘H ’ - = exp (/ log|f(re’9)]27r> < exp (/0 10g+|f(re’9)]27r>

Since f € N, we know that 3 C' > 0 such that

o ([ og" 012 ) < 0

rk O
0)| 0))———<C="—2— <[]z VkeN
H 2] HL BN c H !

Therefore, taking » — 1 and then & — oo,

ﬁ]zn| > 1700 >0
n=1

(we know the limit exists when k& — oo because |z,| < 1 and therefore we have a

SO

non-decreasing succession in k).
Now we assume that Y > (1 — |2,|) = oo, using h(z) =e* 1 —2>0Vz € R (h
has an absolute minimum in x =1 and h(1) = 0),

00 k k
Izl < ] enl < [J e = exp{ Zl - |Zn|} koo,
n=1 n=1 =
and so [[>° |zn| = 0, leading to contradiction. O

The property of the Blaschke product we will use is the following:

Proposition 2.8. Let p > 0, let f € HP with B the Blaschke product of the roots
of f. If g= f/B then g € H? with ||g||ge = ||f||g» and g(z) # 0 Vz € D.
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Proof. First of all, since f and B have the same roots in D (taking into account
multiplicities), g is holomorphic in I and has no roots in it. We have already seen
in Proposition 2.4 that |B(z)| < 1 for z € D and therefore

gl = [fI = llgllzr = [ f1 e (2.8)

Now let B, the finite Blaschke product of the first n roots of f, let be g, = /By,
if we take r — 1 for all n, we have that |B,(re)| converges uniformly to 1 so that
lgnllzr = || fllze. Since |g,| tends to |g| and is non-decreasing, we can apply the
Monotone Convergence Theorem [19, Teorema 1.26]:

2 2w 2
L de oo dl oo dl
: W\ p 2 : 0y p” i0\|1p
T [Tl gl = [t gl = [ ot
so that
grlle = Tim {lgn,r||zv
n—o0
and it could be at most || f||z» so taking r — 1:
gz < f[lee
Together with (2.8) we have the equality. O

Definition 2.9. Let be f : D — Q an holomorphic function, let o be the area
Lebesgue mesure normalized in D, we define the Bergman norm for 0 < p < oo as

2)\ VP
1= Wl = ( [ 1P 22)

and the Bergman space AP is
AP ={f € HD) : || flla» < oo}

There is a very special case, and that is when p = 2. Since f = Y 7 a,2" for
|z| < 1 and 2" are orthogonal in H? and A2, we can characterize the Hardy and
Bergman norms in terms of the coefficients ay,:

Proposition 2.10. Let f € H(D) such that f = 7 janz", then
e = Yl e =Y e
n=0 n=0

Proof. Let 0 < r < 1, we have uniform convergence in |z| = r de f(re?) and f(re®),
so that

’f<7,ei9)‘2 _ f(T’eie)W _ i anﬂrnﬁ-mei(n—m)e

n,m=0
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also converges uniformly in ]z\ = r and therefore we can exchange the sum and the
integral. Since we have f e!m=m0dp = 0 if n # m, then

2 : o 102 do : T — n+m _i(n—m)o do
HfHHQ(M) = lim ]f(re )‘ = lim E AnAmT €
r—=17 Jo 2 r—1= Jo o0 2w
2T do ot o
= lim E anamr"+m/ =m0 — Jim g |ap|?r?" = E |an|?
r—1- 0 2T ro1-
n,m=0 n=0 n=0

dA o OO n+m i(n—m do
1120y = /’f P=—= / / anamr Fm il )er?dr
1 o0

= / Z anam n+m+1 (/ 62<nm)9d€> dr =
0 0 2T

n,m=0
S 1 o9
:Z|an|2/ T‘2n+1d _Z |an‘
n=0 0 n=0 n+l

We will also use the following version of the Cauchy-Schwarz inequality:

Theorem 2.11 (Cauchy—Schwarz). Let be u,v € C"*Y, then

n n
< (u,u(v,0) =Y Jur* Y [ox]?
k=0 k=0

and we have the equality if and only if 3C € C such that up, = Cvp Vk =0,...,n

2.2 A proof of the isoperimetrical inequality using power
series

Let  C R? be a domain such that 95 is a rectificable Jordan curve (that is, a
simply connected curve) and smooth (we will only need C'), then from the Riemann
Mapping Theorem [19] we have a conformal, analytical and bijective F' : D — Q and
we can relate the Hardy and Bergman norms with the perimeter and area of €2,
respectively: let be 7,.(0) = F(re'?),

' ) 27 ,
L(09) = lim LUz = rh) = im [ pi(6)lds =

21 27
—dim [ e B (re®)|do = lim 7"/ ' (rei®)[d0 = 27| F'|| 1o
0

r—17Jo r—1—
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A(Q) = /Q 1-dA(w) = /Q 1.dw_A2 Z@ _ /D F’(z)dz_A2 il”(z)dz _

_ /zgdZ/\dZ: /()2 ) — 2l P2
= [IPEPEEE = [IPeraae = o1 . (2.9

where we have made the change of variable w = F(z) and we have used that
dz Ndz = (dz + idy) A (de — idy) = —i(de Ady) +i(dy Adx) = —2idx N dy =
—2idA(z).

The Hardy i Littlewood theorem (1932) that we will use is the following [5]:
Theorem 2.12. Let p € (0,00), if f € HP then || f|aze < ||fllar and we have an
equality if and only if

1
1— Xz

2/
f(z)zC-( )p, N <1, CeC

Proof. We will first take p = 2. We have

e = (1@ = [ e =

Now, using twice that

o o] o (e.)
Z apz” Z amz™ | = E Z Ay 2T =
k=0 m=0

k=0m=0
© 0o n
=D D aankz" =) ) apap2" (2.10)
k=0 n=k n=0 k=0

and the Cauchy-Schwarz inequality for the vectors v = (agan, a1an-1, ..., anag) and

_ 1 1
u = (\/Tﬁ, cony \/Tﬁ)’

£ = (i) (i mm>

k=0 m=0 A2
o0 n 2
= Z (Z akan_k> z" =
n=0 \k=0 A2
o

n 2 oo n
—0 AkOn—k
|Zk7(l)+1n ’ SE :2 :|ak|2‘an—k|2:
n=0 n=0 k=0

<;Iaml2> (glanF) = 1132,
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Therefore, ||f||las < ||f||g2- We have an equality if and only if the Cauchy-
Schwarz inequality is an equality for every n > 2, that is, if Vn > 2,

Ch
ApQpy . —
N

Now, if ag = 0 we have f = 0, since a2 = ag - az, = 0 ¥n € N. Therefore, we can

=D,, CnD,eC, Vk=0,...n (2.11)

assume ag # 0, and since we have from (2.11) that

ai
agln, = G10p_1 = Gp = a—an,l Yn=1,2,3,..
0

n
then a,, = (“—1> ap and as we wanted to see,

ao
S al " a
=3 (0) om0

Now we take p € (0,00), we assume f(z) # 0 Vz € D, since D is simply con-
nected we can choose a branch of log(f) [19, Teorema 13.11] and therefore of
fr2 = exp(5log(f)). Then,

it = ([l 2) T = i s
1/2

) 27 o\ dw
<72l = lim ( / \f(re%?r?) —
r—1 0 2

o . 2/p
and we have the equality if and only if f7/? = (%) & f= (1f[j\z> .
Finally, if f has roots (z,) in D, by the Proposition 2.8 we can factorize f = Bg
with B the Blaschke product and g is a function without roots such that || f| gr =
If/Bllze = |lgllgr- Since |B(z)] < 1if |z| < 1, we get

If e _ |1Bgllazy _ llgllazy _

[fllee lgller lgllezr —

O]

Isoperimetric Inequality I. In order to obtain the isoperimetric inequality we only
have to use the theorem with p =1 and f = F”:

L(09Q)?
AQ) = 7| | < w2 = A0
47
and we have an equality if and only if
C D
Fllz)=——— — =F(z=——+4+A AC,DXNeC
()= oy = FE = {5, + 4 ACDAe

which is a Mobius trasformation and a translation and therefore F sends disks to
disks or half-planes, so Q = F(D) is a disk. O
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2.3 Another proof of the isoperimetrical inequality us-
ing Fourier series

Another proof of the isoperimetrical inequality using Fourier series [6]. In par-
ticular we will prove:

Theorem 2.13 (Desigualtat isoperimetrica II). Let be Q C R? such that 9 is a
smooth Jordan curve (here we need C3), then

L((B?Q)2
47

A(Q) <

and we have a equality if and only if Q is a disk.

Proof. Let ([0, 27]) = 92 be parameterized by arc length and we assume L(02) =

27 (we are able to do it because we can scale by any A and the inequality holds,
— 2 0)2

A(Q) = N2A(Q) < ()‘LE;?TQ)) = L(i?) ). Therefore, since v € L?(]0, 27]),

0= {y(s) =Y cac™}, [(s)|=1, e eC

with ¢, = fo% v(s)e s ds
The coefficients |¢,| are bounded by C/|n|3: if we integrate by parts (we know
~(s) has continuous derivatives) and using that v(0) = v(27)),

21 —ins
- / Y (s)——ds =
0

—in

— 2w
e—ins

27 )
| aemas =)
0 0

2 o 27 —ins 2 —1ins
_20@m —7(0) . () +/ fy’(s)e_ ds :/ 7’(5)6, ds
0 0

—in

—in m m
SO
2T ) 27 , efins 27 // ef'ms 27 /// efins
—ins g — ds = ds = d
|t = [T Gmas= [T S = [y S
Therefore,
27 —ins 27
e 1 2 C
< [ S ds = s [ e)lds < 2 s < o
" 0 —in3 n3 Jo ‘ | nf3 s€[0,27) n[3

with C' € R. This allows us to prove that 7/(s) = 3> | ¢,ine™ — 3 °°  cpine s
is uniformly convergent by the Weierstrass M-test [1, p. 37], since

i 1 )
" =leyn| < ok lepine™™| < — = M,

|epine 3
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and Y00, M,, < oo. For the same reason, v/(s) and v(s) = > _&,e” also
converge uniformly.
Now we can swap sums and integrals. On one hand,

2 ds 2m ds (2 4 > , ds
_ 2 _ / _ 10n oS ; ms
1= /O ‘ ( )‘ 271' /0 v (3)7,(3) om /O _§Oo Cpine _EOO Cpime %

and using the uniform convergence of 7/(s) and 7/(s) in D,

27 0 oo ds
1= i) HUTLS i pINS _
—/0 ( E cpine ) ( g cpine ) or =

—00 —00
) o)

_ o —_— i(n—m)s ds _
_/0 Z Z ChCmnme % =

Nn=-—00 M=—00

= Z Z cncmnm/ et mst ioj|cn|2 2 (2.12)

N=-—00 M=—00

On the other hand, by Green’s Theorem to find the area,

a9 = 5 [ ady—yin = St ([ (o)) + a0 ) =

- ( /a ) z(s)z'(s)ds) _ (2.13)
</27r i i —ins) imeimS)ds> _

n=—00 M=—00

Im( Z Z Cncmzm/ elm= "Sds> =

n=—00 Mm=—00

1 o
=5 Z nlen|?2m =7 Z nlen|? (2.14)

n=—oo n=—oo

[\’)\l—‘ \)

and we have used the orthogonality of the base {€™™*},cz.
Since n < n?, if we compare both (2.12) and (2.13) we see that

AQ) <7 = (27)? _ L(09)?
- 4 4

and we have an equality if and only if ¢, = 0Vn # 0,1, that is, 92 = {co + c1e}
which is a circle of center ¢y and radius |c;|. O



Chapter 3

The Saint-Venant inequality

In this chapter we introduce the Saint-Venant inequality, a geometrical inequality
that relates the area with the torsional rigidity, another geometrical quantity that
depends only on the shape of a simply connected domain. We start by defining
the torsional rigidity in several ways and showing they are indeed equivalent. Then
we will prove the Saint-Venant inequality in two ways that follow the same idea as
the proofs in Chapter 2, one using the coefficients of the Riemann map and a more
heuristic one using a specific parameterization and Green’s theorem.

3.1 The Torsional Rigidity

We consider 2 a plane simply connected domain. We have to conceive it as
the cross-section of a uniform and isotropic cylinder twisted around an axis perpen-
dicular to 2. The resistance to the twist offered by the shape of the cross-section
is what is called torsional rigidity and it is a purely geometric quantity [21, p. 2],
independent of the units of mass and time. This means that given any shape we can
associate this constant with it. There are several ways to define this quantity math-
ematically, the most classical being a variational definition among all the smooth
functions that cancel at the boundary 0€2:

Definition 3.1. Let f: Q — R smooth enough, the torsional rigidity of €1 is
2
o= sup 4 ([, fdzdy)
Fo0)=0 Jo f2 + f2dxdy

Another definition (and the one that we will use the most) is a definition in terms
of a partial differential equation:

(3.1)

Definition 3.2. Let Q be a simply connected domain, let v be the solution of

{Av = Uz + Vyy = —2

(3.2)
vlgn =0

16
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then the torsional rigidity of €1 is
06 = 2/ vdxdy
Q

In fact, this function is the one that maximizes (3.1) in domains with a smooth
boundary and the supremum turns into a maximum. Let’s see that indeed both
definitions are equivalent [18]:

Proposition 3.3. Let pq be the torsional rigidity of a simply connected domain )
with smooth boundary as in (3.1), then if v is the solution of (3.2),

pa = 2/ vdxdy
Q

Proof. Let f : © — R be a smooth function such that f(9) = 0. First of all, we
observe that integrating by parts and by the Cauchy-Schwarz inequality we have

/QQf dedy = /Q(—Av)f dxdy =

1/2
= / VoV f dzdy < (/ |Vv|2d:vdy/ |Vf|2dxdy)
Q Q Q

4 (fo dacdy)2
fQ |Vf]2dxdy

Since Av = —2 and integrating by parts we have the identity:

2/ v drxdy = —/ vAv dxdy —/ |Vo|? dady
Q Q Q

Then we have seen that po < 2 [, v dedy. On the other hand, if we choose f = v
we obtain:

and therefore

< / \Vo|2dady
Q

4(fqu dacdy)2 _ 4(Jqu dacdy)2 _ 2/ v dady
Q

> =
P = Jo |Vo|? dady 2 [ v dzdy
O
We can write v as v = ¢ — 5(22 + y?) with ¢ such that
Ad = Ppp + =0 en €,
Plon = ="

then ¢ is unique (because if there was a ¢o that also works, then g = ¢ — ¢ is 0
at the boundary and Ag = A¢ — Ags = 0 so by the maximum modulus principle
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for harmonic functions g has to be identically 0, and therefore ¢ = ¢2) and we can
check that in effect (if it exists):

{A(¢— L(a2 4+ 42) = Gpo — 1+ Gy — 1 = —2
Vg = Pan — 52 +y2) =0

Then, putting the torsional rigidity in terms of the ¢ we obtain:

po = /Q2¢d:£dy — /Q(:B2 + 4% dzdy (3.4)

The strategy of the first proof will be writing po and the area with the coefficients
of the function given by the Riemann mapping theorem, and then comparing directly
the coefficients. This is why we are interested in writing another definition of the
torsional rigidity with this coefficients. Given a simply connected domain, we will
always refer to the analytical, bijective and conformal function given by the Riemann
mapping theorem as F' : D — Q and its coefficients will be F(z) = > 77 anz".
Moreover, we assume it is uniformly convergent for |z| < 1 (see the discussion in
Chapter 5, where we see that given F' we can find an extension F in D that is
uniformly continuous and such that the image of {|z| = 1} is 992). First we will put
¢ in terms of the coefficients (a,):

Lemma 3.4. Let ¢ be the function that satisfies (3.3), let F(z) = anz" be the
Riemann map just described, let be z = e, then

20(z) = Z Z agagr!F=leih=0)0 (3.5)

k=0 1=0

{% = (by
wy = _¢w

which are the Cauchy-Riemann equations and therefore ¢ is the real part of an

Proof. We can find v such that

analytic function G totally characterized by ¢, except for an imaginary additive
constant. We put it as G = ¢+ i) = Y 7 ju,z". We can take the constant such
that up € R making that 1(0) = 0. Since 2¢(z) = || in S because of the definition
of ¢ in (3.3), we can link it with F(z). Let |z| =1,

PP = 12 = 20(z) =2 CEEOE gy S S
n=1 n=1

and taking a,, = 0 if m <0,

’F(ei0)|2 _ F(eiQ)F(ew) — Zzaka—rei(kfr)e — Z ( Z akar> einB

k=0 r=0 n=—o0o0 \k—r=n
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By the unicity of the Fourier series, the coefficients of the two series must be equal
and we obtein the coefficients u,,:

o0

_ 2 _

2ug = Z akaT:Z|ak| , Uy, = Z arar Vn €N
k—r=0 k=0 k—r=n

which in effect satisfy @, =), _,_, @gar = >, _,__, a,Gi , that are the coefficients

with negative n. Therefore, if |z]| < 1,

o0
2¢)(rei9) = 2ug + Z Up2" + up2™ =

n=1
_ 2 — n _ind — n_—ind __
= lax|* + apa,;re™ + arpa;r’e =
k=0

k—r=n k—r=—n
neN neN

oo oo
_ Z aka—rr|n|ein9: Z Z aka—rr\k—ﬂei(k—’r‘)@:

k—r=n k=—00r=—00
neE”L

o [o.¢]
_ Z Z ap iy Bl (k=)o

k=0 r=0

since a,, = 0 if m < 0. O

Now we can define the torsional rigidity in terms of the corfficients of F':

Proposition 3.5. Let Q) be a simply connected domain, we take the analytic function
F(z) =30 yanz" in D given by the Riemann mapping theorem, then

P = Z min(a, 3,7, d)acaga~as (3.6)
a7ﬁ7’y76>07
at+B=vy+d

Proof. We will start from the definition (3.4),

po = / 2¢dxdy — / 22 + yldedy = / 2¢dxdy — Iy
Q Q Q

where [ is a quantity called polar moment of inertia of 2 about the origin. We will
calculate the two terms of the sum independently. Developing the first integral and
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making the change of variable w =

/Q2¢(w)dw—/ H(F(2))|F'(2) Zdz—/ /ﬂ2¢ NF'(re)|?rdrdd =

/ / ZZa it ayrl el ) Fl (re ) FY (rei®)rdrdg =

a=0~vy=0

/ / Zaa@«‘a—v\ei(a—v)e S Bagri—1eio-18
a=0~=0 B8=0
(2{:6a5r5‘le‘“5‘ng> _

6=0

/ /7r i i i i B(gaaaﬁmrla—vHﬁJré—1ei(a+5—v—5)9d9dr —

T =0 8=0 yv=0 §=0

. B
=27 g A0l as (3.7)
08,7020 oo =0+ B+
a+f=vy+6

Now if o > «, using that o + 8 = v + 6 we get
236 B 236 286
o=~ +B+5 a—-v+B+5 26

=p

Ifa<n,
236 236 _ 286

la—A[+8+0 y—a+pB+d 28
Therefore, from both cases we arrive to:

286
m—aﬁma =min(8,0) = P+Ilp=m »_  aaasayasmin(3,0)
a,B,v,0>0
a+p=y+48

Now, making combinations we get 4 different expressions of (3.5) substituting (3 for
« and ¢ for v:

po+Ilp=m Z aqa30yas min(3,0) = m Z anaga~as min(f3,v) =

,3,7,020 ,3,7,620
a+B=y+6 a+f=y+0
=7 Z aaa30~yas min(ao,y) =7 Z 0030~ s min(a, )
a,8,7,620 a,B,7,6>0
a+fB=y+4 a+PB=y+0

and we obtain the following expression:

d(po+Ily) = Z a0 30~ as(min(3, 0)+min(B, v)+min(a, v)+min(e, 6)) (3.8)
a,B,7,6>0
atB=y+3
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For the second integral, that we called polar moment of inertia, changing to polar

Iy = / / ) (2)|*rdOdr (3.9)

From (2.10) we can write F(2)? a

coordinates we obtain

-3 (L)

n=0
Then we can find the derivative respect z in both sides of the equality so that

oo n

n=0 k=0
and substituting in (3.7)

/ /7r (;) Z:: Aoty 2" > <im§:ak/am_k/zm_l>rd«9dr:

/ /_7r Zan (Zakan k> <Zakan k) mbm—2 i(n-m)6 gy iy —

n=0m=0

T _
= / 5 ZnQ <Z akan_k> (Z ak/an_k/>r2” Ly =
0 “n=0 k=0 k=0
T o0 n 2
IS ufS ans
n=0 k=0

We can write this last expression as a summation like (3.6):

o n n
s o T L
=3 Z Z Z Naky kTl = 7 Z (a + B)agagaas (3.10)

n=0 k=0 k'=0 a,B8,7,6>0
a+pB=y+4d

Finally, from (3.8) and (3.10), we obtain the expression for the torsional rigidity:

™ . . . .
po = 1 g a0 08G~G5(min (e, v) + min(e, §) + min(S3, y) + min(B,6) — a — B)
a7ﬁ777620
a+B=y+0

Now by taking cases and using that a + 8 = v + J we have:
min(e,y) + min(e, 6) + min(8,y) + min(5,6) — o — f = 2min(«, 5,7, 0)

And therefore we get the expression we were searching;:
T . _
pa=T Y min(a,8,.Sasasi
a}ﬂ777620
a+pB=v+d
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3.2 The Saint-Venant inequality

Our first proof of the Saint-Venant inequality will follow the same basic idea of
the first proof of the isoperimetric inequality, using the coefficients of the Rieman
mapping. As in the first chapter, we let ) be a simply connected domain such
that 02 is a smooth Jordan curve. Then we can consider the Riemann mapping
F : D — Q that is conformal, analytic and bijective, and we write it as F(z) =
Yoo o anz"™. We have already seen in (2.9) that we can put the area of  in terms
of the coefficients: .

AQ) = | F'|5e = 7 ) nlanf?
n=1

and we will use (3.3) and (3.4) to bound the torsional rigidity with the area.

Theorem 3.6. Let Q be a domain like the one just described, let po and A(Q2) be
the torsional rigidity and the area of ) respectively, then

2mpo < A?

and we have the equality if and only if Q is a disk.

Proof. If we choose uy = min(a,ﬁ,7,5)1/2aaa5 and vy, = min(a,ﬁ,7,5)1/2a7a5 for

all the a, 3,7, 6 € N satisfying a + 5 = v + § then by Cauchy-Schwarz we have

2

Z min(a, 3,7, 8)aqcagaas| <
@,3,7,6>0,
a+p=y+4

<| Y min(a,B,7.6)laaas? > min(a, 8,7,0)ayas* | =
a,B,7,6>0, a,B,7,6>0,
atf=y+9o atpf=y+6
2

=1 Y. min(a,B,7,0)aaas|”
a7/3?’7’6>07
a+f=y+4

Developing the sum inside the square,

a+p
Z min(a, 8,7, 6)|axas* = ZZ‘%&%‘Q Zmlna B,v,a+ B —7)
O{,B,’Y75>0, a= 15 1
a+p=vy+90

(3.11)
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Now we can remove the dependance on ~ by developing the summation: we can
assume without loss of generality that o < 3, then

gjﬁmin(a,ﬁmwrﬂ—v Z'Y+ZO€+ aifg (4B —7)=
y=1 y=B+1
:era( —a+1) i
~ @D g ae-1)+ ( Do
Therefore, (3.11) is left as:
iﬁfyaaamm: <ia|> Bf;mm? _ (inw):fi(w

Finally, since we know pgq is a real positive number, we get the inequality we wanted:

2
RN >~ min(a, 8,7, 6)aaastyas| < A(Q)?
7T 07/3?’7)6>07

a+p=y+6

For the equality, we do the same as in the first proof of the isoperimetric inequality:
since we only used the Cauchy-Schwarz inequality, we know we have an equality if
and only if the coefficients are proportional, that is, if

up = Cvy, = aqag = Cayas, for a+6=v+46; «,8,7,0=1,2,3,...

In particular, for all n we have a,a; = Ca,—1a2. On one hand, if a; = 0, since
a1aon—1 = a% we have a, = 0 Vn. Then we can assume a; # 0 and we can find the

2 n—1
a2 a2 a2
an=|—)an1=|—) aGp2=...=— ay, n=23,..
al al aq

obtaining the function

oo n
ao airz
F(z)=a0+a E <> M =ag+ ———F——
() 1n:0 ap 1 — (az/a1)z

which a function that sends disks to disks or half-planes, and we know the image
can not be a half-plane so the image must be a disk (and therefore, we have the

Qn:

equality if and only if Q is a circle. O



24 The Saint-Venant inequality

3.3 Another proof of the Saint-Venant inequality

We will give another proof, without using the Riemann mapping, for simply
connected domains with smooth boundary, based in a proof of Makai (see [11]). In
this case, we will use the variational definition of the torsional rigidity (3.1) and we
will develop the integrals. We recall that if 9§ is smooth (it is enough to be C!)
then exists v(z,y) such that we reach the supremum and therefore

4 (Jo ’dedy)2

=" 3.12
Jq v2 4 vidrdy (3:12)

PQ
and since this function must satisfy (3.3), it can not have local minimums and has
to be positive inside 2.

We can parameterize the level curves of v(z,y) in the following way: given the
level curve v(z,y) = t, we consider the domain D = {(z,y) € R?|f(z,y) > t} and for
each 7 € [0, A(Q2)] we consider D, such that its area is 7. We will denote by C the
level curve of the boundary of D, and we define x(7) = v(z,y) for 7 € [0, A], which is
an increasing function and x(A(€2)) = 0. On the other hand, let s be the arc-length
parameter of C; (which can be not connected but the different components must be
connected because it can not have local minima) going from 0 to L(C;), the length
of C;. We will assume that all these parameters are well-defined, but we should
see that they are indeed differentiable except on a set of measure 0 and that it is
not a problem for the proof. In particular, the biggest problem is in defining the
parameter s, because we can have different components and when the parameter
cross from one connected component to another it is not differentiable. Because
of this, the proof is not completely rigorous. That said, we introduce these new
coordinates 7 and s instead of x and y, and we put the Jacobian as

Oz Oy

A= |90 Or| = Tr Yr
or oyl = |,
9s Os s Ys

Notice that from these coordinates we have the following:

ov _ox .,

9 o =X (T) = ver + vyyr

0 0

a—z = (‘% =0 = V25 + VyYs (3.13)

and since it is the arc-length parameter, 22 + y? = 1. From this three expressions,
developing (3.13) we have

0= (vpms + vyys)2 = vix? + v§y§ + 20,0y X5 Ys =
= (ng + yz)(vg + U;) - UZI‘? - ’U:%yg + QUz'nysys =

= (27 +92)(V7 +vy) — (vy2s — vays)?
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and since 22 + y2 = 1, we get:
U:% + U; = (Uyl‘s - Umys)2
By expanding and using (3.13) and 22 + y2 = 1 we get
(nys - nys)2A2 = (vnys - nys)z(x'rys - xsyr)Q = e = (nys + Uyyr)2 = X/(T)Q
S0 )
X'(7)
A2

We can finally make the change of variables and we get the integrals:

(Cr) A L(Cy)

/ x,y dxdy—/ / \A|d3d7'—/ X(T)/ |AldsdT  (3.14)
() ()

/v +v2dxdy—/ / A2 yA|d dT_/ / |A| dsd (3.15)

which can be improper integrals because A can vanish at the boundary of {2 but in

U% + UZQ; = ('nys - U:t:ys)Q =

any case it can only vanish in a countably set of points.

Now we will find two inequalities and one equality that involve integrals and
functions of the parameterization in 7 and s (see [10]). The first one, using the
Cauchy-Schwarz inequality for integrals we get

L(Cy) 2 L(Cy) L(Cy)
L(Cy)? = (/0 ds> < (/O |A|ds> (/0 Mi!d8> (3.16)

On the other hand, we take 79 and we consider the curves L(C;,) and L(Crjte)-
We know the area of the ring (or rings) R, . between both curves are exactly
To + € — 79 = €, so that

T0+€e pL(Cr)
€ :/ da:dy:/ / |A|dsdT
RTO,c T0 0

By the mean value theorem for integrals, exists ¢ € (19, 79 + €) such that

To+e L(Cry) L(Cy) L(Ce)
/ / |Alds | dT = / |Alds | (10 +€—19) = e/ |Alds
70 0 0 0

Making € go to 0 we get the equality we wanted:
L(C.) L(C.) 30 L(Cry)
e:e/ Alds = 1 :/ Alds =% 1:/ Alds  (3.17)
0 0 0

Finally, the last inequality we will use involves the radius of the biggest circle in-
scribed in Q that we will call 0 = 0(A(Q2)) (in the same way, we will call o(7) to
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the radius of the biggest cercle inscribed in D;) and S will be the area of this circle
(that is, S = mo(7)?). On one hand, by the isoperimetric inequality we have

L(C)? > 4nr = L(C,) > Virr, 0<71<Aq (3.18)

On the other hand, we have the geometrical inequality L(C;) > ot wo(T) (see
[2, p. 3]) and because of how we defined 7, if 7/ < 7" then D, C D,». Therefore,
o(r') < o(r"). We put g(z) = z + 2 and we notice that it is non-decreasing for

x>1. If 1> 8 =no? then

T T VT VT
e Y <o Eby ot

SO

_ ( > > /Ty <\/\/;U) :§+m, r>5  (3.19)

Taking into account (3.18) and (3.19) we get the following inequality:

V4 i0<7<8
L(Cr) = M(7) = " mU=Te (3.20)
>+ 7o siS<rt<A

Now, we can develop (3.14) and (3.15) by using (3.16), (3.17) and (3.20) (and
integrating by parts in (3.14)):

/Qv(x,y)dazdy = /OA x(r)dr =A-x(A)—0-x(0) — /A X' (1)dT = — /OA X' (7)dr

0

2, .2 A o [HE7) 1
vy +videdy = / X' (7) / ——dsdr =
fyz o= [xer [

/A / Cr) 1q /L(CT) (Alds ) dsd
— X' ( s | dsdt >
0 0 ‘A| 0
A A
2/ X' ( C.)%dr >/ X (7)2M (7)%dr
0 0

Directly from the definition (3.12) and using in the last step the Cauchy-Schwarz
inequality we get:

4 (fQ vda:dy)2 < 4 (foA TX/(T)dT)Q B

pQ = ~ =
fQ v2 + v;da:dy fOA X'(7)2M (7)%dr

Ak X ()M (r)dr)” » /OA ( ] >2dT

fOA X' (7)2M (7)2dr M(T)
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and from the definition of M (7) we can calculate the integral so that (we recall
S = no?):

A 2 S A 2
T T T
— | dT = —d +/ d
/ (M(7)> =y <§+m> i

1 9 1 /A 72 dT—S2 Sj 5 72

- g _ 27
81 +(7r0)2 s (§+1)2 87r+ 7 )1 (t+1)2

dr

A primitive of the last integral is
(z) -~ 2log(lz + 1)
z)=x— —— — 2log(|x
g z+1 &

so that, because g(1) =1 — 1 — 2log(2) = 3 — 2log(2),

A o \? s2/1 A 1
| (M<T>> —w<s+9<s>“l"g<”‘2>—
S2( 3 A 1 441
— 2 2 2 2 9)g( 2
T < 8+S %4-1 og( 2 )>

Therefore, writing the terms of the Saint-Venant inequality we get:

3 A 1 441
A2 —9mpg > A2 882 [ -2+ 2~ _9]og(S —
o > R T og( 5 )

A2 A 8 4.1 A
_ 52 <52 3-8+ g +16log(* )> = S%h (5) (3-21)
S

with h(z) = 2% — 8z + 3 + %ﬂ + 16log(Z$1). Since k(1) = 0 and

8 16 22c—8)(x+1)2—8+16(x+1)  2u(zr — 1)

H(2) = 208~ (x + 1)2+m+ 1 (x +1)2  (z+1)2

we can write (3.21) as an integral and we get
2 2 A
A%~ 2mpq > 5%(h (5 ) — (1)) =

% % 2$(;p 1)2
= 2 / = 2 7_ >
S /1 K (x)dx =S /1 EFSIE dx >0

which is what we wanted to see. Moreover, we see that it is an equality only if
A/S =1, that is, if A =5 and since S is the area of the biggest inscribed circle, if
they are the same must be because 0 is a circle.



Chapter 4

An operator theory approach

We have already proved the isoperimetric inequality and the Saint-Venant in-
equality in two ways, using complex analysis techniques. Our goal will be using
operator theory to prove both inequalities and we will see how they are very related
and that with the same tools we can easily prove another inequality involving the
principal frequency, that we will explain further. In particular, we will use the com-
mutator of the operator T.(f) := zf in different spaces (we will extend the Hardy
and Bergman spaces to any ) to obtain different bounds and get the inequalities
we want. In this chapter we will strongly use the fact that H? and A? (and the
extensions we will use) are Hilbert spaces, which is what allow us to work easily
with them.

4.1 Preliminaries

First of all, lets introduce the notation we will use and some basic definitions.
Let T : H — H be a lineal bounded operator wehre H is a Hilbert space with the
inner product (,) : H x H — C and we denote ||-|| the usual norm induced in H by
the inner product. Let I : H — H be the identity operator. We call the spectrum
of T to sp(T) = {z € C: T — zI no és invertible}. We denote by T* the adjoint
operator of T, which is the one that satisfies (T'z,y) = (z,T*y) Vz,y € H, and
then we can define the commutator of 1" as the operator [T, T :=T*T —TT*. An
operator is normal if T7*T = T'T™* (that is, if ||[T™, T]|| = 0) so we can see ||[T*,T]|| as
a measure of the abnormality of T'. We will say that 7" is positive if (T'z,z) > 0 for
all x € H and we will write it as T' > 0. For normal operators we have the following

property:

Lemma 4.1. Let T : H — H be a normal operator, then
2
172 = II7’

28
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Proof. Let be y € H, we observe that | Ty||*> = (Ty, Ty) = (y, T*Ty) = (y, T*Ty) =
Ty, T*y) = |T*y|%, so |ITJ = |T*| and therefore |T| = |T*|. If we apply
this to y = Tz we get ||[T?x| = [|[T*Tx| so ||T?|| = ||T*T||. Now on one hand,
|72 < |T||?. On the other hand, ¥z € H,
Tz = (2, T*T) < ||| |T*T|| < |T*T| ||2* = |TI* < IT*T|| = || 77
O

We observe that if ' is normal, then 72 is also normal: since (T%z,y) = (2, T*%y),
then (T2)* = T*% and therefore

TX(T?)* = T?T*% = TTT*T* = (TT*)(TT*) = T*(TT*)T = T**T? = (T?)*T?

By reiterating the last equality, we get HT2" H = ||T|*" ¥n € N.
The following lemma is another property of normal operators that we will use
later:

Lemma 4.2. Let T : H — H be a lineal normal operator with H o Hilbert space,
then
1T = sup [(Tz,z)]

Proof. We set M := sup||=1 |(T'z,z)|. On one hand, by the Cauchy-Schwarz in-
equality, let x € H such that ||z| =1,

€T
(T, 2)]” < [(Tz, Ta){z,z)| = (T TWH l|* < I el|* = 1T

o
(el
0 1T > supyeys (T, 2)].

On the other hand, we notice that for ally € H we have [(T'y, y)| < supjy=1 [(Tz, z)| lyll? =
M ||y||*. Therefore, if z,y € H with ||z|| = |jy|| = 1, by the parallelogram law we

obtain the inequality
(T(@+y),z+y) = (T(z—y),z—y)| < |M|lz+y|* |+ M ||z —y[*| =
= M(||lz +y|* + llz — y|I*) =
2 2
= 2M([|lz]” + [ly[I) = 4M

Tx
1Tl

In particular, taking y = in the inequality we have just seen, and developing

we get:

AM > [(T(z +y),z +y) — (T(x —y),z — y)| =

Tx T2
Tz, )+ , )
[Tz | Tx|

= 2T, y) + 2Ty, )| =2 ]<

=2|||Tz| +

T2
17 >’
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Let 6 € [0,27) be such that (T2z,z) = [(T?%z, z)|e?, since T is normal then e~*/2T
is also normal and since |(e="/?Tz, z)| = |(Tz, )| we can use it:

1

TR P UC] P P S
=2l

T2z, z)|| =

= oM > |Tz|| +
[ T]]

(T%z,2)| > ||T]|

Taking the supremum on [|z|| = 1 we get

IT)| <2M =2 sup (T, )] (4.1)
[|lz||=1

However, if we keep manipulating the inequality we get

0 < 2M |[Tal| - ||Tz|* - |(T%z,z)| =
= —(M — | Tz|)* + M? — [(Tx,z)| < M* — |(T%z,z)]

and taking the supremum on ||z|| = 1 we obtain
sup [(T%x, )| < M? = ( sup [(Tw,x)|)? (4.2)
=]l <1 [zl <1

Therefore, combining (4.1) and (4.2), taking into account what we have seen in
Lemma 4.1 that for normal operators ||72" || = IT)*" ¥n € N (in fact, it is true that
T = ||T||" for all n € N),

ITI*" = ||T2"|| < 2 sup [{T%"2,2)| <2 sup |(Tz,)]*" = 2"
[|l]|=1 flzll=1

and finally

n—o0

T < 27" M 1T < M

O

We will also need to generalize the Hardy and Bergman spaces for more general
domains. To do this, we need to talk about rectifiable curves, which are curves that
have finite length. We will talk more rigorously about it in Chapter 5, but we notice
that in previous chapters we were assuming this by considering domains with smooth
boundary. The domains we will consider are simply connected domains 2 C C such
that 0 is a rectifiable simple closed curve. In particular, we will generalize the
Hilbert spaces H?(D) and A?(D) to Ex(f2) and A%(Q).

At the beggining of the 30s, the theory of Hardy spaces had been well developed
in the unit disk and it was natural to look for generalizations. It was Smirnov [20]
who found a suitable extension to domains like the 2 we just described, also called
Jordan domains. This extension is called the Smirnov class:
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Definition 4.3. Let Q be a simply connected domain such that 92 is a Jordan curve
(that is, a simple closed curve), letp > 0, let f : Q@ — f(2) be an analytic function, f
belongs to the Smirnov class Ey(Y) if it exists a sequence {Cy,} of rectifiable Jordan
curves that approches the boundary of Q such that, if 0y, is the domain with boundary
Ch, then Q, C Qu4+1 and also

sup [ |f(:)Pldz] < oc
n n

In fact, this is equivalent to define E,(£2) in terms of the level curves of an
arbitrary conformal mapping of D to Q [3] (this is what we did working with the
Riemann mapping!). We also notice that F() is a closed subspace of L?(ds), with
ds the Lebesgue measure in 9 and therefore, the perimeter of  is P(Q) = [ ds.

We also extend the Bergman spaces to domains like 2 with the following defini-
tion:

Definition 4.4. Let Q) be a simply connected domain such that OS2 is a rectifiable
closed curve and we consider the area measure dA = dxdy/mw. We call Bergman
space in € to the (closed) subspace of holomorphic functions in L*(Q, dA), that is,

A%(Q) = H(Q) N L*(Q,dA)

Just for the interested reader, these two spaces are in fact not so different and
if we extend the Bergman spaces with a weight, in the limit, we can reach to the
Smirnov class Ea(2) (see [18]).

4.2 The isoperimetric inequality via Toeplitz operators

In this section we present the Toeplitz operators in the Smirnov class and we will
use it to proof the isoperimetrical inequality (in fact, we will use the shift operator
T, that is a particular case of Toeplitz operator). With the same operators, changing
only the space where we consider them, we will get the Saint-Venant inequality and
almost the Faber-Krahn inequality. We start by defining them:

Definition 4.5. Let Q be a simply connected domain such that 0$2 is a rectifiable
simply closed curve, let ¥ be analytic in Q, the Toeplitz operator in Eo(Q2) with
analytic symbol v is Ty, : Ea(Q) — Ea(Q) such that Ty(f) = - f.

In order to prove the isoperimetrical inequality we follow a proof of Khavinson
[7], which is based in two inequalities of the commutator of Toeplitz operators. The
first one is the Putnam inequality, an upper bound for positive commutators (which
is a more general set of operators). The second inequality is a lower bound of the
commutator specific for Toeplitz operators. We will only prove the second one, since
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in the next sections we will prove an upper bound specific for Toeplitz operators that
it is better than Putnam’s inequality.

As we said, the first inequality we will use is Putnam’s inequality [16], valid for
any lineal bounded operator with positive commutator:

Theorem 4.6 (Putnam’s inequality). Let T : H — H be a bounded lineal operator
such that [T*,T] > 0, then

Area(sp(T))

T, T]|| <
I, 7)) < 22

(4.3)

The other inequality is a lower bound of H[TJ),TMH for Toeplitz operators in
E5(9):

Theorem 4.7. Let 1) be an analytic and bijective function in a neighbourhood of €,
let be Ty : E2(2) — E2(2) the Toeplitz operator with analytic symbol v, then

2
15, 7| > 2AretspTu)
19/, P(Q)

(4.4)

Proof. Let II : L?(952,ds) — F2(Q) be the orthogonal projection (we can consider
it because E»(2) is a closed subspace), we have for all g, h € E2():

(Tj(9), h) = (9, Ty(h)) = (g, vh) = (g, h) = (IL(¥g), ) (4.5)

and therefore, T)(g) = II(¢)g). Now since [T}, Ty] is a normal operator in E5(£2),
using Lemma 4.2 we have

[T, Ty)|| = sup ([T}, Tylg,9)

Let g € E2(Q) with ||g|| = 1, then by the orthogonal projection theorem:
(TyTy — TyT))g, 9) = (Ty(9), Ty(9)) — (Ty(9), Tj(9)) =

— [lvgl? - |T@g)||* = |[ba])* - |[T(@g)|)* =
= dist 2 (Yg, E2(Q))?

So by the definition of distance,

2
Ty, Tyl|| = distz2 (g, F2())? = ('f _>
H[w 111]“ gesEliIzQ) istr2(vg, E2(92)) geSEugI()Q) felEr;(Q)ng fH
llgll=1 llgll=1
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Now taking g = ﬁ, since in effect ||g||* = % 11l p2a5) = % [ds =1, we

find the lower bound
2

* . E B
175, Tul|| = nf o I
2
~P(Q) m - - in ’
= P(Q) (fEEzﬁQ) ¥ P(Q) |) = PQ) (feEf HQ/J f”) (4.6)

Let be f € E»(f2), by the Riesz theorem we have

[ Sl = s |5~ p.00] = sup | [ (5 pyha (@)
heL? |JC
IIhII 1 lIrll=1

Since we want to have 1 in the integral and integrate respect dz, a good option

for h would be h(z) = lﬁ)/( H) . Let’s see that indeed [|A g2y = 1:

2

dzds

2 _ 1 / 2
Il = s | WP |7

1]

and therefore it is enough that |2 = 1. Let be ¢ : [0, L(9)] — C with ¢(s) =
(z(s),y(s)) the arc-length parameterization of 92 (we recall that z'(s)%+v/(s)? = 1).
Since dz = dx — idy, at the boundary 92 we have dz = (2/(s) —iy'(s))ds, so we get

|dz] = [2'(s) — it/ (s)||ds| = /a/(s)? + 1/ (5)?|ds| = |dz| = |ds]

Now if we plug in h back in (4.7),

1o = 1l =

(@ — fu'dz| =
oN

Yildz — | ' fdz
00 o0

1 1
K% K4
We observe that f and ¢’ belong to F2(Q2), so fi' € E3(Q2) so by Cauchy’s

theoremi the integral over 92 is 0. Moreover, using Stokes’ theorem and making the
change of variable w = ¥(x + iy) we get (using that 1 is bijective):

18- 112 g | L, 7' =
- ol e -
= o |, T =
= le’H 2z’/9|¢]2dxAdy‘ = [2i /wm) drdy| = 2Area(1)(Q2))
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Therefore, taking into account the inequality (4.6) we obtain

. 4Area(y(R))?
5 Tyl > ———
. Tl 19712, ) P(Q)

This inequality already works if we want to proof the isoperimetric inequality,
but in order to find the inequality announced in the theorem we still have to see
that sp(Ty) = ¥(Q). Directly from the definition, let be f € E?(Q), if Gy(f)(2) =
(1(z) = N f(2) then f(z) = G"HG())(z) = GHE. Now if A ¢ ¥(Q) then G~
is well-defined and is invertible so A ¢ sp(Ty). For the reciprocal, if A\ ¢ sp(Ty)
then G~! is invertible, and therefore Vz € 1(Q), ¥(2) — A # 0, that is, A ¢ ¥(Q) =

P($2) O

To prove the isoperimetric inequality we just have to take 1(z) = z and apply
both inequalities (4.3) and (4.4). We get sp(T.) = @ and P(Q) = |[1]* = [|[¢/(2)|?
so that:

Area(Q) . 4Area()? P(Q)?
N S S > VT
T = H[TZ7T2]H — P(Q)Q = A

> Area(f)

4.3 Saint-Venant via Hankel operators: a lower bound

Our purpose is proving the Saint-Venant inequality using operator theory. In
fact, by following the same strategy as in the isoperimetrical inequality we can
prove it except for a factor of % Notice that we proved the isoperimetrical inequality
by finding upper and lower bounds to the commutator of Toeplitz operators in the
Smirnov space. It turns out that using the same operators but in the Bergman space
A%(Q) we get the inequality relating to the torsional rigidity we want. The first we
will do is finding the lower bound in a very similar way to Theorem 4.7 and like Bell,
Ferguson and Lundberg (see [9]) with Putnam’s inequality as an upper bound we
almost get the isoperimetric inequality. The definition for Toeplitz operators in the
Bergman space is needless to say the analog of those defined in the Smirnov class:

Definition 4.8. Let Q) be a simply connected domain such that OS2 is a rectifiable
simply closed curve, if 1 is analytic in 2, the Toeplitz operator in A%() with analytic
symbol 1 is Ty + A2(Q) — A%(Q) such that Ty(f) = - f.

Moreover, in an analogous way to (4.5) we know that T f = IL42(q) (Pf). We
start with a lemma that formulates the norm of the commutator of the Toeplitz
operators as a supremum:

Lemma 4.9. Let Ty, be the Toeplitz operator with analytic symbol v, let be h €

A%(Q), then
% 1 Uh, g)|?
T3 Tl = s ( wp (TP %”)
heaz(@) \ |R|” geazi)+ gl
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Proof. By Lemma 4.2, we just have to prove that

s Yh, g)|?
’<[TwaTw]hv h>‘ = Sup ‘< 2>‘
geaz(@)t gl

On one hand, expanding the inner product we obtain:

([T, Tylh, k) = (Tyh, Tyh) — (T;h, Tjh) =

= || Tyh|* - HTw*hH [h]* — T 420y WL)H =
= [[@h]|* = [Mazey (Bh)||* = d(h, A%(2)) =
hh 2
= inf H Ph — f H = inf sup M
feA2(Q f€A2(Q)g€L2 ”g”

We can take g € A%2(2)* so that we obtain the inequality

o -
(T Ty 2 g sup RO SOE g, WP
feA? (Q)gEAQ(Q) ||g|| geA2(Q)L ||9||

But the extremum is attained by g = ¢h — II A2(Q) (¥h) (which belongs to A?(Q)+
by the orthogonal projection theorem), and hence we get the identity we wanted:

since I 42(q) (Yh) € A%(Q) then (Il 42(q)(Yh), g) = 0 and therefore:

s Ty > (TR _ [G09) — MLay @10, ) _

2 2
g1l g1l

—'<m> — ([ — Tya e ()| =

= [[6h])* = | Tazgy@)|[* = (T35, Tylh, b

0

With this lemma we can get the lower bound for the commutator we were search-

ing and by taking T, we get an exact inequality that will lead to the Saint-Venant
inequality:

Theorem 4.10. Let Q be a simply connected domain such that OS2 is a rectifiable
Jordan curve, let T, : A%(Q) — A2%(Q) be the Toeplitz operator with symbol z, let po
be the torsional rigidity, then

* PO
/ | >
7= TE1 = Area(Q)
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Proof. The strategy of the proof is consider the closure of B := {ad)( ) @ €
C®(Q), g = 0} instead of the space A%2(Q)* in order to obtain po. We take
% € B and f € A%(Q), since 15 = 0 and using Stokes’ theorem,

fwdzz/ Uw)af/\d _/( iy d})d Adz =
o0 Q

[0 e _ g WY
_/Qfazck/\dz—Qz/Qfazdx/\dy—QMf, 3z>

Therefore, since f L g—f Vf € A%(Q) we have that B C A%(Q)* (in fact, both sets
are equal but we only need this inclusion). Using Lemma 4.9 and taking h = 1,

= 2 = 2 — 2
Tl s L9 g M> . M
RV ST LIPS e
Ylaa= 0
¢wn 0

Now using that ¢ vanish at the boundary and Stokes’ theorem we can rewrite:

0 oz) —
|<E,a—f>\ /zdac/\d ‘ /Q< (;j}) —1/1) dw/\dyl—
_ a(=v) - _
= Z 0z dE/\dz—/Ql/Jda:/\dy‘—

= % agmﬁdz—/gzwdw/\dy‘:‘/ﬂwdx/\dy‘

ox

WO 1 (O 0 W\ 1 [ov\? | (o)
=0z 02 Aw‘@xm+@y%(w»%@>

Finally, we can obtain pq finishing the proof:

And using that % =1 (@ - ia%)v

oy |?
0z

. \( %ﬁﬂ _
|77, 2]l > sup ——F—5 =
PEC> (N
Y(Q)CR
h190=0
— 2
1 4 dex Nd
=_—— sup U29¢ . vl ___ra (4.8)
17 pec=@) fg(aﬂb + Oyp?)dx A dy Area(Q)
P(Q)CR
P1a0=0
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We observe that with this bound, together with Putnam’s inequality (4.3) we
get:

ReltlTD) 5y i) 2 2 = pn <

which is the Saint-Venant inequality except for a factor of % We will solve this in
the next section.

4.4 Saint-Venant via Hankel operators: an upper bound

Bell, Ferguson and Lundberg conjectured that it was possible to improve by a
factor of 2 the Putnam’s inequality for Toeplitz operators, in order to arrive to the
Saint-Venant inequality. Olsen and Reguera answered in the positive ([18]) proving
a better upper bound for the Toeplitz operators in the Bergman spaces. To do this,
we have to introduce the Hankel operators and we will immediately see its direct
relation with Toeplitz operators and its commutator.

Definition 4.11. Let be 1 holomorphic, the Hankel operator with symbol v is

Hy : A%(Q) — A%(Q)*
fr— (Id =T p20)) (W f) = f — a2y (¥ f)

The Hankel operator sends f to the orthogonal of Ty (f), and in fact Hy+Ty = 9 f
(which is the operator in L?(€2, dA) that multiplies by v to given a f € A%(Q)).

Studying the norm of the Hankel operators i the same as studying the commu-
tator of Toeplitz operators, as we see in the following lemma:

Lemma 4.12. Let be ¢ analytic in Q, let Ty, : A%(Q) — A%(Q) and Hy : A%(Q) —
AQ(Q)L be the Toeplitz and the Hankel operator respectively, then

iz, 7)) = ||

Proof. We check it directly, using Lemma 4.2 and the orthogonal projection theorem
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(in Lemma 4.9 we did a very similar reasoning):

[T, Ty)|| = sup ((T;Ty — TpTy)h,hy = sup  ((Tyh,Tyh) — (T;h, Tjh)) =
heA2%(Q) hEeA2()
=1 Ih]|=1

= s (IThl =~ ||T30]°) = sup ([0l ~ || Mazgey (@0)]|°) =
6o o

— sup <H@h”2_HHAz(Q)@h)H2):
heA2(Q)
Inl|=1

_ 2 2

= sup |(Id—Tl42q))(¥h)| :HHEH
heA?(Q)
llAll=1

O]

From now on, we will talk indifferently of the norms of HE and the commutator
of Tpy. We will also need the integral expression of the orthogonal projection Il 42(q).
When Q = D, we can give directly: if f € L*(D),

Mo () = [ 2 daw)

However, for a general domain 2 we need the Riemann mapping. As before, let
F : D — Q be the analytic and bijective Riemann mapping, then

II 2( dA w 4.9

We are finally able to prove the upper inequality for the commutator of Toeplitz
operators that improves Putnam inequality. First we will consider only the case
Q =D (later we will be able to generalize it for all €2).

Theorem 4.13. Let be ¢ analytic in D such that ' € A%(D). Then,

_ 1912y

2
HHEI A2D)A2D)E — 2

Proof. We consider 9(z) = >, - ¢;z" (we can assume ¢y = 0 without loss of gen-
erality). Let be f =3 Sja,2" € A%(D), the strategy of the proof is work with the
coefficients and in fact we will only use the ineuality 0 < a? + b* — 2ab.

Therefore, the first part of the proof consists in writing HHE(]‘) H = H@f — 1420 (Y f) H
in terms of the coefficients. Since we are in ) = ID we have an explicit expression
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of the projeccion in A?(ID) so we can compute 42 (p) (¥ f): using dso(n+ " =
ﬁ and the orthogonality of the base,

_ wrw
Wi (") = > | g—mdAlw) =
E>1 D
d d

=Y e Z(Hl)zl/wlwkwn“y _

k>1 >0 D ™
= Zék l—i— 1 / / pltktn, i(n— (l+k))97‘d9d1" _

k>1 >0

I
NE

Fn—k4+1)2"" k2/ r¥tldr =

k=1 0

n—k+1
n—+1

n—k

I
NE

Ck; Cn— kz

b
Il
—
?r

With this, we get Hﬁ(f) as we want:

HA()(2) = B(2)f(2) ~ My (B)(2) = 3 @anzem = 3 Z kR

[>1n>0 n>1 k= 0

(%)

(4.10)
Now to obtain the norm we just have to take the modulus to the squared and
integrate. To do this, we will rearrange several times the sums. First, to integrate
by fo% df /7 we will separate it in two sums of powers of z and Z:

() =Y @aoz + Y an | > @la2" 4D glarE

>1 n>1 1<i<n I>n
:Zﬁlaofl—l—zan Z k|z (n—k) k—i—ZC +k|z| nzk
>1 n>1 k=0 E>1

Plugging it in equation (4.10) we get

n—1
_ _ _ _ _ kE+1
E aopcr, + E ancn+k|z\2” zF + E E AnCr—k <|z|2(" k) s 1) 2k =

E>1 n>1 n>1 k=0

=37 antarklzM+ > F D anta (’ZQ(nk) - f:i)

k>0 n>0 k>0 n>k+1
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Substituting z = re? and taking the modulus squared, since fo% e emldp = ( if
n # m, then integrating by fo% df/m we obtain:

2

27 27
_ do k + 1 do
Z Z ancn—i-krzn / Qk +Z Z ancn k (n=k) _ /0 7“2]6? =
k>1 [n>0 k>0 n>k+1
2k — omn 2%k _ 2(n—k) E+1 2
= 227“ Zancn+kr +22r Z AnCn_k |T Tarl
E>1 n>0 k>0 n>k+1
1) (I1)

Finally, we just have to integrate over fol rdr. For simplicity, we will work separately
with (I) and (I1) but the steps are analogous. We start expanding the square and
integrating after:

(I) — 22 § : anamcm+kicn+kr2n+2m+2k =

k>1n,m>0

Ay Oy, Cr -k Crit- ko

=2 [T Y a1 = 3 Amrhl
0 k>1n,m>0 E>1n,m>0

Now we make a change of coefficients by setting a,, = b,+1(n+ 1) and we adjust the
indices of summation slightly:

n+1 +1
Z Z bn+1bm+lcm+k’cn+k< )< )

k>1nm>0 +m+k+1
nm
- Z Z b bmck—l—mck—i—ni
k>0n,m>1 n+m+k

We can easily check that Vz,w € C, 2Re (zw) = 2w + zw < |2|2 + |w|? expanding
the inequality |z — w|? > 0 (this is the only inequality we use in the proof) and
therefore,

N JE— nm _
(I) = Z Z ank+mbm0k+nm =

k>0mn,m>1
) . nm
= Z 3 Z 2 Re(bnck+mbmck+n)m
k>0 n,m=1
) ) 5 nm
<25 | 2 Ubncksml + bmernl?) | =
k>0 n,m>1

_Z Z |bnck+m‘ +m+/<: (I::)

k>0n,m>1
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where in the last equality we used that n and m are symmetric.
For (II) we repeat exactly the same procedure:

k+1
II) =2 = T 2n4+2m—2k _  2n
( ) E E AnGmCm—kCn—k (7" r m1
k>0nm>k+1

mk+1+r2k (k+1)2 >
n+1 (n+1)(m+1)
SO

/ (4 D(m+1)— (k+ )m+n—k+1)\
(11" I;MW;Jrlanamcm kCn— k( n+ Dm+ Dmtm—k+1) )_

= Z Z bn—i—kbm—&-kcmcn&
n+m+k

k>1nm>1

=< Z Y (buskenl® + bmircal’) ——— +m+k
k>1 nm>1

—Z Z ’bn+k0m| ntm —l—k (II/)

k>1nm>1

Rearranging the summations and wusing that for an arithmetic sum we
k _ aok(1+k)
have ) " nag = <=5,

(Ii) = Z Z Z ‘bnck|2 nm ZZ Z |bnck’2 nm =

n>1m>1k>m n>1k>1m=1
nm nk + k)
=> D lbnckl® Z =22 el 5e =5
n>1k>1 n>1k>1
nm
W)=Y Y e PR
m>1n>1k>n+1 m>1k>2
B 2m 2m(k 1)k
-3 S e 5 S,
m>1k>2 m>1k>1

Finally, we obtain the upper bound for HHE(f)H in terms of the coefficients a,, and

¢, by substituting a,, = b,41(n + 1), getting the norms of f and :

F (I = ZZIank\Z (nk 1+k;) n nk:n+k > ZZ|ank’2nk

n>1k>1 n>1k>1
=Y S lanaal s = 5 303 el =
n>1k>1 n>0k>1

1 |a”‘2 2 1 2 7112
=5 gonﬂ > lexlk | = 5 1 ey 19|z o)

k>1
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O]

We can easily extend this theorem to domains like €2 so that we obtain the
following corollary:

Corollary 4.14. Let Q be a simply connected domain such that 02 is a rectifiable
simply closed curved, let 1) be analytic, then

- 19 %2 0y

2
|25 <
A2(Q)—A2(Q)L 2

Proof. To prove it, we have to go from a €2 to D and then use Theorem 4.13. To
do this, we will need the projeccion of A%(Q) that we have seen in (4.9). Then, let
be F : D — Q the Riemann mapping, if f € A%(2) then we have a2 (f) = f
(because it is a projeccion). Therefore, we can write explicitly the Hankel operator

Hy(f)(2) = $(2) Maz(q) f(2) = a2z (9f)(2) =

N 8 R g——y
- [ #w) R s ) — P

If we do the changes of variables z = F(¢) and w = F (1), we obtain
—1y/ =V (E()
Hots o 0 = [ o piE /O VY

(1—¢&7)?
(G o FE) — 0o F(r) F'(r)dr /\'FI(T)dT _

-2
/ f o F W o F(§> — ¢ o F(T))F/(T)F/(T) dA(T) —
(F~1 o FE)F(F o F(n)(1—¢7)?

~ [ fort g g (0o F@ — 0o Fm)A()

Therefore,
FI(EH(f o F) (&) = Hyor(F(7)(f o F)(7))

so by taking norms we have the identity

|

Finally, we just have to apply this equality in order to go from €2 to D and then use
Theorem 4.13:

= |H—
A2(Q)—A2(Q) H Yol || A2(p)— A2(D)

_ 1o P Rem 14 15em)
A2(D)—A2(D) — 2 N 2

|
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With this corollary and with Theorem 4.10, by taking ¢ = z we directly obtain
exactly the Saint-Venant inequality:
Area(Q) B ”1H,242(Q)

. 0O Area(Q)2
= > |Hel? = IIT5, T > ~——— = ———
2 2 Area(ﬂ) 2w

> pQ

4.5 An approximation to the Faber-Krahn inequality

With the same strategy, using Toeplitz operators and all the tools we developed,
we can still get very close to another important geometric inequality: the Faber-
Krahn inequality, which bounds the principal frequency of a domain (which we will
immediately explain) in terms of its area. The principal frequency of a domain {2 is
the lowest frequency that a drum of shape ) and uniform density and tension would
sound. Mathematically, given a domain 2 C R?, the oscilation frequencies of the
drum are given by the eigenvalues of the Laplacian —Aq with the Dirichlet boundary
conditions, that is, with eigenfunctions that vanish at the boundary. Therefore, we
have the following definition:

Definition 4.15. Let Q be a simply connected domain such that 0Q) is a simply
closed smooth curve, the principal frequency of Q) is the smallest eigenvalue Aq such
that for some u : L*(),dA) — L?(Q,dA) satisfies

Au+ dgu =0
ulgn =0

We can also give a variational definition like we did with the torsional rigidity:
(4.11)

For the sake of completeness we will prove the equivalence of the two definitions:

Proposition 4.16. Let Q) be a simply connected domain such that 9Q is a simply
closed smooth curve, let Ao be the principal frequency of ), if the infimum is attained
then it is attained by the eigenfunction of Ag and Ag = Ag.

Proof. On one hand, let 1q be the eigenfunction of \q, since it is smooth enough
(see [12]), by Green’s first identity and using that 1 vanishes at the boundary,
A + Moo =0 = /(A#JQ + Aava)adA =0 =
Q

Vigl2dA
<0 [ ks = - [vodvada= [ [VeaPia= o= Jo [VWaldA
Q 0 Q Jo ¥gdA
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On the other hand, if there is a function v that attaines the infimum, we know that
for any function w € C§°(12) and for any € > 0 we must have

Viy|? V() + ew)|?
Bl — 7 < v+ ) = BT
where J(f) := fﬁf‘vfg In particular, if we see J (¢ + ew) as a function of € it has

a minimum at ¢ = 0. Let us now compute this idea more explicitly:

Jo IV +ew)* [ [VY* 4 2€ [ Vi - Vw + € [, [Vwl?

T+ ew) = Jo@ +ew)? Jo 2 + 2¢ [ovw + € [ w?
so that
0= di T+ ew) =
_ @ va Vw)(Jo¥?) = (Jo VY[ (2 Jq Yw) fQ Vi - Vw = J () [ow
(Jou?)? Jo¥?

Therefore, since A\, = J (),

o_/w YV — AQ/W Yw € C5°()

Integrating by parts we have

/A’QZJ w — )\'/d)w——/ (AY + AgY)w, Yw € C5°(Q)
And since we have it for any function w € C§°(?), it implies that
A+ AqY =0

Therefore, we have A\g = A{, because if A\, < Aq then Aq is not the smallest eigen-
value, and viceversa, if Ay > A then \{, it is not the minimum, arriving to contra-
diction. ]

In the same way as the area with the isoperimetric inequality and the torsional
rigidity with the Saint-Venant inequality, we can bound the principal frequency A
of a general 2 in terms of the principal frequency of the unit disk, Ap. We have then
the exact inequality:

L _dim
Area(Q)
with jg =~ 2.405 the first positive root of the Bessel function Jy(x). This inequality

Ag > A

was conjectured by Lord Rayleight in his work on the theory of sound [17] at the



4.5 An approximation to the Faber-Krahn inequality 45

end of the 19th century and was proved independently by G.Faber and E.Krahn
(see [8]). With the operator theory tools we developed we will get very close to this
Faber-Krahn inequality, but it is still an open problem if we can prove it in this way.
We will still use the Toeplitz operator in the Bergman space with symbol z and the
improved Putnam’s inequality by Olsen and Reguera, and we only have to find a
new lower bound for the commutator of T, involving A. The closest one has been
proved by Bell, Ferguson and Lundberg [9]:

Theorem 4.17. Let Q be a simply connected domain such that 0$2 is a rectifiable
simple closed curve, let T, : A%2(Q) — A%(Q) be the Toeplitz operator in A%(Q) with
symbol z, let Ao be the principal frequency of ), then

427
/\%Area(Q)

Proof. If we start from the proof of theorem 4.10, we just have to choose another v

172, TN =

for the supremum. Therefore, by (4.8) we have:

|[TF,T.]| > su M = sup M (4.12)
vece@ IVOIP LI pecse@ VI 111117
Y(Q)CR P(Q)CR

We choose 1) = 1/q to be the eigenfunction of Aq for the Laplacian —Vq with Dirich-
let conditions as in proposition 4.16. We have seen that minimizes the variational
definition (4.11) of the principal frequency so it satisfies:

Ao = 7&2 |V¢Q|2
Jo ¥

We will still need another property of 1¢q: we can bound the integral fQ YodA
in terms of the norm |[thq| 42(). We have the following inequality (see [14]):

5
47

(/ lbssz) > = WQH?@(Q)
Q 0

Substituting in 4.12 we get the exact inequality we wanted (it is attained if Q is a
disk):
Y fpvaddP  4n ol

T2, T = 212 = Yo A 27 2
Vol Z 17— Aq Area(Q) [Via|™  AjArea(€)

O

Now together with corollary 4.14, that we recall gives us an upper bound of T3,
we have left a expression like the Faber-Krahn inequality:

A 2 2
Area(Q) > [T, 7| > 47” = g > ﬂ ~ 0.978J0T
2m A3 Area(9) Area(Q) Area(Q)

which only differs in a small constant, very close to the original inequality.



Chapter 5

Extension to rectifiable curves

We have already proved the isoperimetric inequality for domains with smooth
boundary (for example, we have proved it for C! in section 2.2 and for C? in section
2.3). In this section we will always consider Jordan curves, which we recall they are
simple and closed curves in the plane. We would like to extend it to any domain
with a rectifiable boundary, and from there it is easy to extend it to any domain in
R? (see Corollari 5.7). We recall that a curve is rectifiable if it has finite lenght, but
since we don’t have a smooth curve, we need to define properly what we understand
by the length of a given contiuous curve. A good way to define it is, given a set
of points, construct a polygon ”following” the curve and consider its length, then
the length of the curve will be the supremum of the lengths taken over all possible
polygons. Specifically, from [4, p. 44],

Definition 5.1. Let C be a Jordan curve, let w : [0,27] — R? be a continuous
parameterization of C' and we consider T' = {tg < ... < t,} as all the finite partitions
of 10, 2x] with a given n. We define the length of C' as the supremum of the length
of the inscribed polygonals, that is,

L= sup ZHw(tk)—w(tk_ﬁH

{to,‘..,tn} =
neN k=1

Definition 5.2. We say C is rectifiable if L < oo.

If we consider this property in functions on a closed interval instead of curves,
we say they are of bounded variation. In fact, both definitions are analogous:

Definition 5.3. Sigui f : [a,b] — C una funcid continua, direm que és de variacio
acotada o BV (bounded variation) si considerant totes les particions finites {xo, ..., Tpn }
de [a,b] amb n arbitrari tenim

sup > |f(wk) — flwr-1)| < o0
{roand hmy

46
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We see then that if we have a parameterization w : [0,27] — C of C, asking
for C rectifiable is the same as asking w to be of bounded variation. The funtions
in this class are a.e. differentiable but not absolutely continuous, and in fact the
absolutely continuous functions are of BV.

One important property of this class is that being of BV for a function f : S* — C
is exactly the necessary condition to characterize an harmonic function in the disk
(in fact we can construct the whole function in D) and viceversa, given an harmonic
function in the disk, its restriction to the boundary must be of BV.

We will need an important characterization of the HP spaces for p € [1,c]: they
are subspaces of LP, in particular, the subspace of functions in LP without negative
Fourier coefficients, that is,

2
Cp = / e F(e?)dd =0 (5.1)
0

We can identify it like this because given an analytic function in the disk, the Fourier
coefficients of the restriction to S! are the same as the Taylor coefficients in the disk
[4, p. 38], and the way to go from one to the other is with the Poisson-Stieltjes
integral. For our purpose we only need to define it for analytic functions (in fact we
only need a the first derivative to be continuous) but we can extend it to functions
of BV with the Riemann-Stieltjes integral.

Definition 5.4. Let f(t) : [0,27] — C be an analytic function, we define the Poisson
kernel for 0 <r <1 as

o0
. . 1— ’1“2
P 0y _ P(r.0) = [n| inf _
(re®) (r.0) _ZO:O e 1 — 2rcosf + r?

and the Poisson-Stieltjes integral is

dt

2
0\ r o — /
ure®) = [ Pro-orog;

and we have u(e®) = £(0) (see [4, p. 2)).

Now we take as always €2 € C such that 02 is a Jordan curve and let F': D — Q
be the Riemann conformal mapping, if 02 is rectifiable, we can guarantee a certain
regularity of the derivatives of F' in ID:

Theorem 5.5. Let be F(z) : D — Q conformal such that O is a Jordan curve. If

09 is rectifiable then F' € H'.

Proof. Given F(z) conformal in the disk |z| < 1 in Q by a Carathéodory’s theorem
[15] we can always find a continuous and bijective extension in |z| < 1. Let’s see how,
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because of being a function of BV at the boundary (we have that 0€2 is rectifiable),
this extension is absolutely continuous at the boundary. Let F(e?®) = p(6) be the
continuous extension at the boundary with p(0) = p(27) and let F(z) = > 7 anz",
which belongs to H! for being analytic in ID. We have already said in (5.1) that the
negative Fourier coefficients of F'(e?) are 0. Let’s prove it: on one hand,

1 27 ) ) 1 0 2w
U 1= o F(re®)rte™dt = o Zanr%/ e2mtdr =0 n=12,3,..
™ Jo 71' 0 0
and the negative Fourier coefficients are
1 2
Cop = — e (e")dt
2T 0

Therefore,

lra_p—c_p| < —

2m 27
<3 / e (F(re') — F(eit))dt‘ < / |F(re™)—F(e™)|dt UmaNy)
T 1Jo 0

so indeed c_,, = 0, that is,

1 27

cpn=n[ "F(?)dd=0 Yn=1,23,..
2T 0

Now, integrating by parts, for n = 1,2, 3, ... we have
2 ) etnt _2m 2m pind ) 1 2r )
0= / 6zn9F(619) — %F(ezﬁ) _ / : dF(ezG) — / emGdF(ezG)
0 m 0 0 0

m m

which implies

27
/ﬁ eMAF(E®y =0, VYn=1,2,3,..
0

Since F(e") is of BV, then by the F. and M. Riesz theorem we have that F(e') is
absolutely continuous [4, p. 41].

We have F(z) analytic in |z| < 1 and continuous in |z| < 1, then the Poisson-
Stieltjes integral of its boundary function is

. 1 [27 .
F(re) = / P(r,0 —t)F(e")dt
2 0
Differentiating with respect to 6,
. , 1 [OP(r,0—1t) . , L (% 9P(r,0—t) ., ,
- 10 ! 10 ’ it ) it
F = — —Y—F(e")dt = — -~ F(e")dt

iremF(re™) = 52 /0 90 (R)dt =52 |, ot (%)
and integrating by parts, using that F(e®) is absolutely continuous and taking z =
ret?,

27 ) )
izF'(2) = /0 P(r,0 — t)ie" F'(e")dt

So we have izF’(z) € H' which implies F’(z) € H'. O
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Since for each r € (0,1) we have
27 )
L, = r/ |F'(rei?)|df < oo
0

and these integrals are non-decreasing (because |F'(rei?)| < |F'(r'e?)| if r < ¢/, for
being F’ analytic in |z| < 1), then exists the limit when r» — 1. Finally, we just have
to see that indeed
L =lim L,
r—1

but we have already seen in the proof of theorem 5.5 that F(e'd) is in fact absolutely
continuous, so the length of 02 is actually given by (see [13, p. 231]):

21 )
L:/ ' (¢%)[d
0

so finally,
L2 r—1 L2
A() <L —— AQ) < —
()_471' ()_471'

We have proved that

Theorem 5.6 (Isoperimetric Inequality I1). Let be Q C R? such that 0) is a recti-
fiable Jordan curve, then

(5.2)
and we have an equality if and only if Q is a disk. [22]

Moreover, is easy to extend it for any domain of the plane:

Corollary 5.7. Let Q C R? be any bounded domain, rectifiable or not, and with
possible holes, then we still have the isoperimetrical inequality (5.2).

Proof. If it is not rectifiable, since the perimeter is infinite, we have the inequality
trivially. On the other hand, if it is a rectifiable domain and we make any hole, the
perimeter increases while the area decreases, and hence the inequality still holds. [



Conclusion

We have seen with the isoperimetric inequality how a simple question about
shapes can be approached in so many ways, and although it has been around since
the Greeks it is still of interest proving it with new mathematical tools. This classic
isoperimetric inequality leads us to consider inequalities of other quantities with the
same basic property: the circle is the domain that reaches the equality. We have also
seen how the Hardy and Bergman spaces arise naturally when working on the plane
and how they are the natural spaces to work when considering the perimeter or the
area, and in consequence other geometrical quantities that depend on the shape of
the domain. In particular, we considered the torsional rigidity and the principal
frequency, which are substantially more complex and in general we can only find
approximations of them.

After proving some inequalities in the classical way, our goal was to prove them
again with several recent results that involve Toeplitz operators. In consequence,
we have seen how with really smooth changes we can prove the first two inequalities
and almost the third one. To do this, we had to work again with the Hardy and
Bergman spaces but using the structure of Hilbert space of the case p = 2. One
kind of operators that we have been found to be important is precisely the Toeplitz
operators, and in this work we have seen its close relation with geometric quanti-
ties. These operators and spaces are still a wide area of interest and we have only
presented a tiny portion of its applications.

Although the principal goals of the work have been achieved, one possible exten-
sion would be proving the Faber-Krahn inequality with operator theory (this is still
an open problem) in the same way we proved the other inequalities, which would be
given by a lower bound of the commutator of Toeplitz operators. Another natural
extension is dealing with higher dimensions, and we notice how in this case we could
not work like the first proof due to its dependence of the dimension 2. However, it
is easy to consider Bergman spaces of a domain 2 C C" and take similar arguments
[9].
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