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ABSTRACT

We introduce the class of multi-valued D—mappings from a non-empty compact subset K of a locally
convex Hausdorff topological vector space into a vector space (which, for K convex, includes the class
of convex mappings) and we prove that they have a special approximate continuous selection property,
from which an approximate fixed point theorem is derived. These results are applied, in particular, to
Darboux continuous functions defined on a closed real interval. Furthermore, we extend some game
theoretic statements concerning continuous decision rules to the case when the strategies of one player

are constrained by those of the other and we obtain some results related to Ky Fan’s inequality involving
several functions.
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INTRODUCTION

The existence of continuous selections of multi-valued mappings is an important issue in
nonlinear analysis. A useful result in this respect is the famous Michael selection theorem
[2, p. 82, Thm. 1], valid for lower semicontinuous mappings. Instead, the class of upper
semicontinuous mappings fails to have this property, although another celebrated theorem, due to
Cellina, asserts the existence of approximate continuous selections for mappings in this class [2,
p. 84, Thm. 1]. In Section 1, we introduce the class of D-mappings from a non—-empty compact
subset I of a locally convex Hausdorff topological vector space into another vector space and
prove that they satisfy an approximate continuous selection theorem. When K is convex, the class
of D-mappings includes that of convex mappings. We also obtain the existence of continuous
selections of e—solutions of parametric constrained quasiconcave maximization problems as well
as equilibrium results for two—person games in which the strategies of one player are constrained
by those of the other, in terms of continuous decision rules.

The Brouwer fixed point theorem in connection with the existence of continuous selections
is useful to obtain fixed point theorems for multi-valued mappings as, e.g., in the case of the
Browder fixed point theorem [4, Thm. 1] for mappings from a non—empty compact convex subset
of a topological vector space into itself which have non—empty convex images and open inverse
images. In Section 2, we employ this technique to derive approximate fixed point theorems from
the approximate continuous selection results given in the previous section.

It is well known, and easy to prove, that the Browder fixed point theorem is equivalent to
Ky Fan’s inequality [5]. The latter is an useful tool in nonlinear analysis and game theory. In
Section 3, among other related results, we present a vector version of Ky Fan’s inequality in
terms of weakly maximal elements.

For the terminology and notation concerning muiti-valued mappings which we will adopt,
we refer to Chapert 1 of the book of Aubin and Cellina [2]. All fixed point theorems we will use
are classical and well known: those of Brouwer, Kakutani and Browder. A good introduction to
fixed point theory and its applications can be found in the book by Istritescu [6]. All topological
vector spaces will be assumed to be real; see the book of Kothe for the basic properties of them
which will be needed. The notation employed in the paper is standard, e.g., co will denote
convex hull, ¢f topological closure and II;e; topological product. By a polytope in a vector
space we mean the convex hull of a finite set. Note that, although the vector space is no endowed
with any topology, as a polytope is contained in a finite dimensional subspace it has a natural
topology, namely, the Euclidean one; moreover, if the vector space is topological, the topology
induced on any finite dimensional subspace, and hence on any polytope, is just the Euclidean
one. For a mapping G : K — 2° from a topological space K into a convex subset C of a
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vector space L, we will denote by S(G) the set of continuous selections of G taking values
in some polytope, i.e., p € S(G) means that p is a continuous function from K into some
polytope P C C and p(z) € G(z) forall z € K. From the preceding considerations,
it follows that if L has a compatible topology, then any p € S(G), viewed as a function
from K into L, is continuous; in other words, p is a continuous selection of G in the
usual sense.

1. APPROXIMATE CONTINUOUS SELECTIONS

The results presented in this Section are based on the following lemma, which is inspired
in the proof of the Browder fixed point theorem [4, Thm. 1}:

Lemma 1.1. Let K be a non—empty compact Hausdorff topological space, L a vector space
and T :K — 2 a mapping with non-empty values such that for each y in L, T™!(y) is
open in K. Then there exists a finite subset Y of T'(A’) and a continuous function p: K — coY
such that p(z) € co(Y NT(z)) forall z€ K.

Proof: By the assumptions, the family {7~ !(y)}yer is an open cover of K. Since K is
compact, there exists a finite set ¥ C L such that {T'(y)},ey is still a cover of K.
Let {By}yey be a continuous partition of unity corresponding to this covering and define
p: K —coY by
p(z) =) By(z)y .
yeEY

Then, p is continuous and, as foreach y €Y and x € K we have Sy(z) >0 only if
r €T !(y), thatis, y € T(z), we obtain

p(z) € co(Y NT(z)) .

From this lemma, we get the following theorem which states the existence of continuous
approximations, in some sense, to arbitrary functions.

Theorem 1.1. Let K be a non-empty compact subset of a locally convex Hausdorff topological
vector space E, D a dense subset of K, L a vector space and f : D — L. Then for
each neighborhood V of 0 in E there exists a finite subset Yy, of f(D) and a continuous
function py : K — coYy suchthat py(z) € co(Yv Nfl(z+ V)ﬂD)) forall z € K.

Proof: Since E is locally convex, without loss of generality we can assume that V' is open and
absolutely convex. Define Ty : K — 2F by

Tv(z) = f((z + V)N D).
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As D is dense in K, Ty(xz) 1is non-empty for any =« € K. Let y € L and = €
T, '(y). Then, there exists z' € (z + V)N D such that f(z') = y. Since V is open,
2’ € x+ AV forsome A€ (0,1). Forany 2" € (z+(1—AV)NK we have, using
the absolute convexity of V,

ez AV C —(1=-NV+AV =2"+V,

whence
y = f(z") € f((" + V)N D) =Tv(z") .

Therefore, (z+(1—-A)V)NK C T;/'(y), whichprovesthat Ty, '(y) is openin K. Hence,
applying Lemma 1.1, we get the existence of Yy and py as required.

It may be illustrating to state the particular case of the preceding theorem corresponding to
the case when L is the real line. It says that, given f: D — R, for any neighborhood V' of
0 in E there exists a continuous function py : K — R such that forany z € K one can
find z',z" €e(z+V)ND forwhich f(z') <py(z)< f(z").

In order to obtain more precise results, we introduce the following class of multi—valued
mappings:

Definition 1.1. Given a non—empty compact subset K of a locally convex Hausdorff topological
vector space E and a vector space L, we say that T : K — 2% is a D-mapping if DomT
is dense in K and there exists a base B of neighborhoods of 0 in E such that T'((z+V)NK)
isconvex forall z€ K and V €B.

The class of D-mappings includes that of convex multi-valued mappings (on convex do-
mains), i.e., those whose graph is convex or, equivalently, those for which the inclusion

(1= NT(z1) + AT(X3) C T((1 — A)X; + Azy)

holds for any x;, 2 € K and X € [0,1]. In the particular case when K is a closed
real interval, L =R and T is single-valued, a sufficient condition for T beinga D-
mapping is that T' be Darboux continuous. This means that for any p,q with a <p<g>b
and any c € R between T(p) and T(p) thereis an s € [p,q] suchthat f(s) =c (see,e.g.,
(11, p. 55]).

Theorem 1.2. Let E, K and L be as in Theorem 1.1 andlet T : K — 2/ be a D-mapping.
Then for each nieghborhood V of 0 in FE there exist a polytope Py in coT(K), a
continuous function py :K — Py and 8y :K —V suchthat py(z) € T(z +6v(z))
forall ze K.



Proof: Let f: DomT — L be any selection of T and take V' € B suchthat V' cC V.
By Theorem 1.1, there exists a polytope Py in co f(DomT) C coT(I{) and a continuous
function py : K — Py such that, forany 2 € K, one has

pv(z) € cof((x+V')NDomT) C coT(z+V')=T(z+V')C T(z+V).
This implies the existence of 6y as in the statement.

The existence of py and 6y satisfying the conditions of Theorem 1.2 is not sufficient for
T being a D-mapping; consider, e.g., the restriction to any closed interval of the characteristic
function of the set of rational numbers. Nevertheless, this is not a so weak condition as to be
satisfied for arbitrary functions, since the restriction of the characteristic function of a closed
interval to a bigger closed interval does not verify it.

Since, as we have already observed, any Darboux continuous function can be regarded as a
D-mapping, we obtain the following approximability result for Darboux continuous functions
by continuous functions.

Corollary 1.1. Let f : [a,b] — R be a Darboux continuous function. Then for each ¢ >
0 there exists 6. : [a,b] — [—&,e] such that the function p. : [a,b] — R defined by
pe(z) = f(z + é.(x)) is continuous.

In other words, the preceding corollary says that any Darboux continuous function can be
made continuous by an arbitrarily small perturbation of the independent variable.

Our next result, which is based on Lemma 1.1, can be interpreted in terms of continuous
selections of e-solutions of parametric constrained optimization problems.

Theorem 1.3. Let K be a non—empty compact Hausdorff topological space, F' a Hausdorff
topological vector space, C a convex subset of F, G : K — 2¢ a continuous mapping
with non-empty compact convex values and f : K x C — R an upper semicontinuous
function such that, for any 2 € K, the partial mapping f(z,.) is quasiconcave and, for any
yeC, f(.,y) is continuous. Then

pel.IS‘l(fG) g { velie) f(z,y) — f(z,p(z))} = 0.

Proof: The inequality > being obvious, we only have to prove the opposite one. For any
e>0,wedefine T.:K —2° by

T2) = {z € G(a)| max fla,y) = f(z,2) <e}.
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The sets T.(r) are non—empty and, by our assumptions on G and f, convex. On the other
hand, by the upper semicontinuity of the function max,eq() f(.,¥), (see [2, p. 52, Thm. 5])
and the continuity of the partial mapping f(.,y), thesets 7. '(y) are open in Ii. Hence,
by Lemma 1.1, there exist a polytope P. C C and a continuous function p, : K — P,
such that p.(z) € coTe(z) = T.(X) forall z € K. But this implies that p. € S(G)
and

- <. -
:gg { yrenda(}i) f(z,y) f(:l:,pe)} e

Since ¢ can be made arbitrarily small, we get the desired inequality.

From Theorem 1.3, we deduce the following result, which is related to a well known
theorem in game theory (see, e,g., [1, Thm. 8.4]) concerning optimal continuous decision rules.

Corollary 1.2. Under the assumptions of Theorem 1.3,

sup inf f(z,p(z)) = inf max f(x,y).
pES(pG)zGK (z,p(2)) IEKyGG'(x)f( y)

Proof: The inequality < is evident, while > follows from Theorem 1.3:

inf max f(z,y)— sup inf f(z,p(z)) =
inf max f(z,y) pGS(pc;)zer( p(z))

pelg(fa) { ot vetis) f(z,y) zlgf{f(:z:,p(x))} <

< i _ _ 0.
_pég(fc):gﬁ{yrggé)f(w,y) f(z,p(z))} = 0;

note that the preceding expressions do not make sense only when the equality we are proving
holds as —oo0 = —o0.

The conclusion of Corollary 1.2 is also satisfied under the following assumptions, which
are weaker than those of Corollary 1.2 except in the requirement of the sets G~ (y) to be
openin K .

Theorem 14. Let K and L be as in Lemma 1.1, C a convex subset of L,G: K — 2¢ a
mapping with non-empty convex values such that G~'(y) is openin K forall y € C
and f: K xC — R a function which is lower semicontinuous in its first variable and
quasiconcave in its second variable. Then

sup inf f(z,p(z)) = min sup f(z,y).
pES(G)xEK ( ( )) zEKyEG(x)
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Proof: We first observe that our assumptions on G and f imply that the function
sup,eg() f(-,y) is lower semicontinuous and therefore attains its minimum on A'. The in-
equality < being obvious, we shall prove the opposite one. Let & = mingex Sup,eg(s) f(Z;y)-
For any ¢ > 0, we define the mapping 7. : K — 2¢ by

T.(z) = {y € G(z) | f(z,y) > a—¢}.

Clearly, the sets T.(z) are non—empty and convex and the sets 7.7 !(y), y € C, are open.
Hence, by Lemma 1.1, there exist a polytope P, C C and a continuous function p. :
K — P, such that p.(z) € coTe(z) = Te(z) for all = € K. But this implies that
pe € S(G) and inf,ex f(z,pe(x)) > a —¢; as e can be taken arbitrary close to zero, we
obtain the required inequality.

Corollary 1.3. Under the assumptions of either Theorem 1.3 or Theorem 1.4,

sup inf f(z,p(z)) = inf sup flz,p(z)).
supinf (z,p(2)) inf sup (z,p(2))

Proof: It is an immediate consequence of theorems 1.3 and 1.4 and the obvious inequalities

sup inf z,p(z)) < inf su z,p(x)) < inf
p iof f(e.p(e) < Jof swp  f((@.p(2)) < Jof

sup f(z,y).
pES(G) TE€K G(z)

ye€

In order to derive a counterpart to Theorem 1.4 in terms of continuous decision rules of the
first player, we need the following lemma (related to Proposition 8.2 in [1]):

Lemma 1.2. Under the assumptions of Theorem 1.4,

min su z = su min max T
IEKyeaI()x) f(z,y) HGEI()G) min  max f(z,y),

“where E(G) denotes de family of finite subsets H of C such that HNG(z) # @ for all
z € K.

Proof: As at the beginning of the preceding proof, we note that our assumptions on G and
f imply the lower semicontinuity of maxyenng() f(.,y) forany H € X(G) and hence
the correctness of the “min” appearing in the right hand side of the equality we are going
to prove. The inequality > is obvious. To prove the opposite one, let

D= sup min max T
HGEI()G) z€EK yEHnG(X) f( ,y)

and, for any y € C, define

Sy={z € K| f(z,y) <o} U(K\G™'(v)).
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Clearly, the sets S, are closed; moreover, they satisfy the finite intersection property. Indeed,
let H be a finite subset of C. If H € £(G), from the definition of ¥ it follows the existence
of T € K suchthat f(ZT,y) <o forall y € HNG(T). Evidently, T € Nyecn Sy.
If, instead, H ¢ X(G), then there exists T € K such that H NG(ZT) = @. But then
T € Nyen (K\G™(y)) CNyen S,. Since K is compact and the sets S, have the finite inter-
section property, we have Nyec Sy # 0. Itis easy tocheck thatany T € Nyec Sy  satisfies
supyeg(z) f(T,y) < 0, whence the inequality < in the statement immediately follows.

The following generalization of Ky Fan’s inequality will be also used:

Lemma 1.3. Let K be a non-empty compact convex subset of a Hausdorff topological vector
space E,G:K - 2K f: KxK — R and a =sup,¢q(,) f(z,z). Assume that, for
each z € K, theset {y € G(z)| f(z,y) > a} 1is convex and, for each y € K, the
set {z€ G (y)| f(z,y) > a} isopenin K. Then, there exists T € K such that

sup f(Z,y) < sup f(z,z).
yEG(T) z€G(x)

Proof: Let T :K — 2% be the mapping defined by

T(z) = {y € G(2) | f(z,y) > a}.

Let us suppose that T(z) # § (¢ € K). Then, by Browder’s theorem [4, Thm. 1], T
has a fixed point zo € K, i.e., a point such that z, € G(zo) and f(zg,29) > «, thus
contradicting the definition of a. Hence, there exists T € K with T(Z) = @, which
means that T satisfies the required conditions.

The assumptions of the preceding lemma hold, in particular, when G satisfies the hypotheses
of Browder’s theorem (i.e., when G has convex images and open inverse images) and the sets
{ye K| f(z,y) >a} (z € K)and {z € K| f(z,y) > a} (y € K) are convex and
open, respectively (hence, when the partial mappings f(z,.) and f(.,y) are quasiconcave and
lower semicontinuous, respectively). When G(z) = K (z € K), Lemma 1.3 yields the usual
Ky Fan’s inequality.

Theorem 1.5. Under the assumptions of Theorem 1.4,

inf su rmn sup flz,y
I flaw),y) = Jsup (2,9),

where T(C,K) denotes the set of functions ¢: C — K whose restrictions to any polytope
contained in C' are continuous.




Proof: The inequality < is obvious. To prove that > also holds, let ¢ € I'(C, K). Using
Lemma 1.2, we get:

min su z,y)= sup min max f(z,y) <
’EKyeGI()r) fzy) HGEI()G)lGKyGH”G(r) (y)

< sup inf sup flz,y) <
HEeZ(G) TE€K yeco (HNG(2))

< sup inf Sup fla(y),y) <
HEZ(G) Y=y eco (HﬁG(q(y’)))
< sup inf sup fla(y")s v)-

HEZ@) V'€ H o (HnG(a(v)))

Forany H € Y (G) let Ty : coH — 2°°H  be the mapping defined by Tx(y') =
co (H N G(q(y'))). Since H € Y (G), the sets Ty(y') are non-empty (and con-
vex). Let z € coH and y' € Tg'(z). Then, by =z € Tu(y'), there exist
hi,...,h, € HNG(q(y')) and nonnegative numbers A;,...,A, suchthat Y7, A\ =1
and Y7, Mh; = z. Since q(y') € G (ki) (i = 1,...,p), q|_ Iis continuous and
the sets G~!(h;) are open in K, there are neighborhoods N; (: = 1,...,p) of ¢
in K such that ¢q(N;) € G™Y(hy) (: = 1,...,p). Taking their intersection we can as-
sume that all the N/s coincide, so that we shall omit the subscript :. Thus, we have
hi € G(¢(N)) (: = 1,...,p) and hence, for any y € NNecoH, z = ', \h; €
co (H N G(q(y))) = Tu(y), ie, y € Tg'(z). Therefore, N C Tg'(z), which proves
that the sets T,}l(z) are open in coH. Then, by Lemma 1.3, there exists yy € coH
such that

sup flalyn),y) < sup Fla(w),v)-
veeo (HNG(q(yn))) yeco (HNG(q(y)))

iréi;} sup f(z,y) < sup sup fle(yu),y) <
YyeG(=) HEZ(G) yeco (HNG(e(y)))

< sup sup fla(w),y) <
HEX(G) yeco (HNG(g(v)))

< sup  f(q(y),y)-
yEG(q(y))

Since ¢ € I'(C,K) is arbitrary, it follows that

min sup f(z,y)< inf sup  f(q(y),y)-
€K yeG(z) ) 9€T(C,K) yeG(q(p))

The proof is complete.



When L is a topological vector space, the preceding theorem remains valid by replacing
['(C,IV) by the set of continuous functions from C into L'; the same proof applies.

The key result in proving Theorem 1.5 has been our generalization of Ky Fan’s inequality
(Lemma 1.3); in fact, both results are equivalent, since, when C = K, letting ¢ = the
identity mapping in Theorem 1.5, we get

sup f(y,y) > min sup f(z,y),
yEG(y) €K yeG(z)

i.e., Lemma 1.3.

2. APPROXIMATE FIXED POINTS

In this Section, by approximate fixed points of a muiti-valued mappging from a topological
space into itself we mean two points which are close one to the other and such that one of them
belongs to the image of the other one. The results we will derive, following the pattern of the
proof of the Browder fixed point theorem [4, Thm. 1], are based on the approximate selection
theorems obtained in Section 1 and on the Brouwer fixed point theorem.

We start with the following consequence of Theorem 1.1, which is valid for arbitrary
functions.

Theorem 2.1. Let K be a non—empty compact convex subset of a locally convex Hausdorff topo-
logical vector space E', D a dense subset of K and f : D — K. Then for each neighborhood
V of 0 in E there exists zy € K suchthat zy € cof((zv + V)N D).

Proof: For Yy and py as given by Theorem 1.1, the restriction of py to the polytope coYy
applies coYy into itself whence, by the Brouwer fixed point theorem, there exists zy €
coYy C co f(D)C K such that

2y = py(zy) € co (Yv Nf((z+ V)N D)) Ccof((z+V)ND).

Let us note that, in the particular case when K is a closed real interval [a, b], Theorem 2.1
saysthat forany ¢ >0 onecanfind =z, €[a,b] and z., z! € D suchthat |z!—z,.|<
€ and |z —z.] <e.

The preceding theorem could be regarded as two weak in view of its great generality, due
to the absence of hypoteses on f; in order to demonstrate that this is not so, we are now going to
derive from it, as a corollary, the finite—dimensional version of the Kakutani fixed point theorem
(sse, e.g., [6, Cor. 10.3.10]):



Corollary 2.1 (Kakutani’s theorem). Let K be a non-empty compact convex set in R" and
T : K — 2% an upper semicontinuous mapping with non—empty compact convex values. Then
T has a fixed point.

Proof: Take any selection f: K — K of T. For k = 1,2,..., applying Theorem 2.1
with V = {v e R" | |jv]| < L}, where || || is any norm in R™, by Carathéodory’s theorem
[10, Thm. 17.1] there exist z*, z¥,...,z% , € K and nonnegative Af,.... 0%, € R

such that |jzF — 2% < LG =1,...,n+1), 1M =1 and zF = S0 Ak f(ah).
By a standard compactness argument, we know the existence of a sequence ki < k; <
... < kj <... suchthat, forany : =1,...,n+1, we have lim; . /\fj = X; and
imj o f(zi')=1y; forsome X; >0 and y; € K andalso limj_o z =z for
some z€ K. As |z¥F—zF|| <, the last equality implies that lim;j oo zH =z (i =
1,...,n+1) whence,as f(z;') € T(z) forall i,j and the graph of T is closed [4,
p. 185], y: € T(z). Therefore, using that 01 Ai=1, 2 =31 Niy; and T(z) is
convex, we get z € T(z).

From Theorem 1.2 we obtain an approximate fixed point theorem for D-mappings:

Theorem 2.2. Let E and K be as in Theorem 2.1 and let T : K — 2K be a D-mapping.
Then for each neighborhood V of 0 in E there exist zvy,z}, € K suchthat zi, —zy €V
and zv € T(z}).

Proof: By Theorem 1.2, there exist a polytope Py C coT(K) C K, a continuous function
pv:K - Py and 6y : K — V suchthat py(z) € T(z + éy(z)) forall z € K.
Then, applying the Brouwer fixed point theorem to the restriction of py to Py, we get the
existence of zyv € Py C K such that

Ty = pv(xv) € T(EV + 6V($V)) )
thus, we can take z}, = zy + dv(zv).

Corollary 2.2. Let f : [a,b] — [a,b] be a Darboux continuous function. Then for each
e >0 there exist =z., z\ € [a,b] suchthat |z, —=z./<e and z.= f(z}).

Corollary23. Let E,KandT beasinTheorem22andlet T : K — 2K  be the smallest
upper semicontinuous mapping with closed values which contains T pointwise. The T has a
fixed point. . :

Proof: Let N denote the filter of neighborhoods of 0 in E. By Theorem 2.2 we can
construct two nets  {v }ycpar {Tv}yey 0 K  whose elements satisfy zf —zv €V
and zy € T(z},) forall V € N. Since K iscompact, {zv},.,  has atleast an
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accumulation point r € K (see, €.g., [6, Thm. 1.4. 33]). Let N € N. There exists
Ny €N sychthat Ny+Ny CN. Take VeN suchthat VC Ny and zy € z+ Nj.
We have

ty €Exy+VCx+No+NoCz+ N

and zv € z+N, whence (zy,zv)€ (z,2)+NxN. Since (z},zv)€ GraphT and
V  is arbitrary, this shows that (z,z) € ¢£ GraphT whence, as cf GraphT = GraphT
(see [4, p. 285)), z € T(z).

Corollary 2.4. Any upper semicontinuous D-mapping with closed values from a non-empty

compact convex subset of a locally convex Hausdorff topological vector space into itself has a
fixed point.

3. MINIMAX INEQUALITIES AND RELATED RESULTS

In this Section, we give some minimax inequalities and similar results related to Ky Fan’s
inequality, involving several functions. Our first theorem generalizes Lemma 1 in [9]. We shall
use the following lemma:

Lemma 3.1. Let X be atopological space, [ any index set, Y; a compact space and T;:
X — 2% an upper semicontinuous mapping with non—empty compact values for each i € I.
Then, the mapping T : X — 2Y, where Y = II;¢;Y;, defined by T(z) = ;e Ti(z),
iS upper semicontinuous, too.

Proof: By Tychonoff’s theorem [8, p. 18], Y and the sets T'(z) are compact. Moreover,
since the sets Graph 7; are closed [4, p. 285} and

GraphT = {(z,y) € X x Y I (z,y;) € GraphT; for each i € I},
one can easily prove that Graph T is also closed, whence T is upper semicontinuous.

Theorem 3.1. Let I be any index set and foreach : €I let E; be alocally convex Haus-
dorff topological vector space, K; a non—empty compact convex subset of E;, G;: K —
2K a continuous mapping with non—empty compact convex values, where K = II je1 K
and f; : K x K; — R a continuous function such that f;(z,.) is quasiconcave for any
z € K. Then there exists a fixed point T € K of the mapping G : K — 2X defined by
G(z) = H;e1Gi(z) such that

fi(%, %) = ,ax fi(Z,y) (:€I)
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Proof: The topological product Ilje; E; is also Hausdorff and locally convex [8, p. 207]
and K is compact. For each 7€ I, let T;: K — 2K be the mapping defined by

Ti(z) = {z € Gi(z) | fi{z,z) = max f,-(:v,y)} .
Yy€Gi(z)
It is easy to prove that 7; is upper semicontinuous with non-empty compact convex values,
whence, by Lemma 3.1, the mapping T : K — 2K given by T(z) = Il;er Ti(z) also has
these properties. Therefore, by Kakutani fixed point theorem [6, Cor. 10.3.10], T has a fixed
point T € K. Clearly, T satisfies the required condition.

For some applications, the quasiconcavity assumption on the functions f;(z,.) that we
have made in the preceding theorem may be too strong (see the comments following Corol-
lary 3.1). In fact, Theorem 3.1 remains valid under the weaker assumption of convexity of the
sets  Ti(zx). ,

The next corollary generalizes Theorem 1.5 in [4], which is in fact the infinite version,

in locally convex spaces, of the Nash Theorem on the existence of equilibrium points in non-
cooperative games:

Corollary 3.1. Let I,E;,K; and K be as in Theorem 3.1 and for each : € I let
K; = 1Ilen\(iy K; (so that we can identify any point z € K with a pair (z;,z;) € K; X K;
in a natural way), C;: K; — 2Ki a continuous mapping with non-empty compact convex
values and ¢; : K — R a continuous function such that g¢;(v,.) 1is quasiconcave for all
v € K;. Then there exists T € K such that

T; € Ci(T;), 6:(T) = ,ha 9i(Z;,y) (1€ ).
Proof:  Applying Theorem 3.1 to the mappings G : K — 2K definedby Gi(z) = Ci(z;)
and the functions f;: K x K; - R given by fi(z,y) = gi(z;,y) — gi(z), we obtain the
existence of T € k suchthat 7; € Cy(T;) and fi(Z,T:) = maxyeq,(z) fi(T,y) forall
¢ € I; the last condition yields the desired quality for the g;s.

According to what we have observed after Theorem 3.1, the assumption we have made in
Corollary 3.1 on the quasiconcavity of the functions g¢;(v,.) can be relaxed by requiring only
the sets

{z € C.‘('U) | gi(vaz) = yIEnCa,%cv) gi(v,y)} (z el,ve K;)

to be convex. This condition holds, e.g., in the case of generalized rational games (3], i.e.,
when each ¢; is the ratio %} of two continuous functions M;, N; : K —» R such

12



that the partial mappings M;(v,.) and N;(v,.) are concave and convex, respectively, for
all v € K;, N; is strictly positive and for each v € K; there exists 2z € C; such that
Mi(v,z) > 0. In [3], equilibrium points of a game of this type are related to the optimal
solution of an open expanding economy model.

Theorem 3.1 has been proved using the Kakutani fixed point theorem. In a similar way, the
following theorem is a consequence of Browder’s theorem [4, Thm. 1].

Theorem 3.2, Foreach : =1,...,n, let E; be a Hausdorff topological vector space, K
a non—empty compact convex subset of E;, G; : K — 2Ki| where K = nr_, K;, a
continuous mapping with non-empty compact convex values and f; : K X K; — R an upper
semicontinuous function such that, for each z € K, fi(z,.) is quasiconcave and, for each
y € K, fi(.,y) is continuous. Then

inf i\dy — Ji\&Ly Ly '_:03
:telg(z) l=nll»a‘x,n {yéré%z(z) f(.”L‘ y) f(x .’D,)}

where G : K — 2K is the mapping defined by G(z) = 12, Gi(z).
Proof: We only have to prove the inequality < 0, since the opposite one is immediate. For
any ¢>0 and i€ {1,...,n}, let T.;:K — 2Ki be the mapping defined by

T, (z) = {z € Gi(x) | max fi(z,y) — fi(z,2) < 6}
yEG;(z)
and denote by 7. : K — 2% the product mapping given by
T (z) =1L, T, i(z).

Our assumptions on the G)s and the f!s imply the convexity of the sets 7.(r) and
the upper semicontinuity of the functions max,eq,() fi(-,y) (see, e.g., [2, p. 52, Thm. 5]).
From the latter property, it follows that the sets 7.7 !(z) = ﬂ};lT;’il(z,-) are open. Since,
furthermore, T.(z) # @ forall z € K, by the Browder fixed point theorem [4, Thm. 1]
the mapping 7. has a fixed point z°, ie., a point z° which satisfies z° € G(z°) and

Jmax { max fi(a%y) - fila%, 2D} <e.
Since £ can be made arbitrarily small, we easily get the required result.

Corollary 3.2. Under the assumptions of Theorem 3.2,

inf max fi(z,y)< su i(z,z; t1=1,...,n
zeG(z)yeGe(z)f( v) £eGle) filz2:)
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Finally, from Theorem 1.4 we are going to derive a vector version of Ky Fan’s inequality
[4]. We recall that a point a € R™ is said to be 2 weakly maximal element of aset A C R"
(with respect to the usual componentwise partial ordering of R") if a € A and there is no
a € Awith a.>a;(:=1,...,n) (see,e.g.,[7, p. 105]).

Theorem3.3. Foreach i=1,...,n, let E; and I; beasin Theorem3.2, G;: LK — 2Ki
where K = II7_, K;, a mapping with non-empty convex images and open inverse images
and f;: K x K; — R a function such that fi(z,.) is quasiconvex forall z € K and
fi(.,y) is lower semicontinuous for all y € K;. Denote by F : K — R"™ the vector
function F(z) = (fi(z,z1),..., fa(z,2,)) andby G:K — 2K the mapping G(z)=
12, Gi(z). Then, for any weakly maximal element a € R® of ¢/ F({z € K|z € G(z)})
there is an index ¢ =i(a) € {1,...,n} such that

min su (z <a;.
zEKyeG.-I:()x) flz,y) S o

Proof: As in the proof of Theorem 1.4, we observe that our assumptions on the Gis and
the fls imply the lower semicontinuity of the functions supyeg,() fi(-,y), whence each
of them attains its minimum on K. Let us suppose that min, ¢k Supyeg;(r) fi(Z,y) > a; holds
for all i = 1,...,n. Then, by Theorem 1.4, we also have sup,cs(g,) infzex fi(z,q(z)) >
a; (+ = 1,...,n), and hence for each 7 we can find p; € S(G;) such that
infzex fi(z,pi(z)) > @i. Each p; is a continuous function from K into a polytope
P; C K; and satisfies the condition p;(z) € Gi(z) forall z € K. Let P =1II" P,
and define p: P — P by p(z) = (pi(z),...,pa(z)). By the Brouwer fixed point the-
orem, there is a fixed point 7 € P C K of p. But this point satisfies Z; = p;(F) €
Gi(z) (¢=1,...,n), ie., T€G(T), and

f(Z, %) = fi(T,pi(T)) > zllelf‘, fi(z,pi(z)) > a; (t=1,...,n),
which contradicts the weak maximality of a.

The particular case of Theorem 3.3 correspondingto n =1 coincides with Lemma 1.3;
if, moreover, G(z) =K forall z € K, then we obtain the classical Ky Fan’s inequality.
Let us also observe that, in the general case, the multi-—valued mapping G satisfies the assumptions
of the Browder fixed point theorem [4, Thm. 1] and therefore it has a fixed point, i.e., the set
L F({z € K|z € G(z)}) is non-empty. On the other hand, it is easy to check that any
weakly maximal element of a set is also a weakly maximal element of its closure, but the
converse is false; note that, when n = 1, the only weakly maximal element of a bounded
from above set is its maximum (provided that it exists) and hence the weakly maximal element
of its closure is the supremum of the set.
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