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SHARP CONSTANTS RELATED
TO THE TRIANGLE INEQUALITY
IN LORENTZ SPACES

SORINA BARZA, VIKTOR KOLYADA, AND JAVIER SORIA

ABSTRACT. We study the Lorentz spaces LP>*(R, i) in the range 1 < p < s <
oo, for which the standard functional

is only a quasi-norm. We find the optimal constant in the triangle inequality
for this quasi-norm, which leads us to consider the following decomposition

norm:
ey = inf{anka,s},
k

where the infimum is taken over all finite representations f =, fr. We also
prove that the decomposition norm and the dual norm

IA11L.s = sup{/R Fdu: Il o = 1}

agree for all values of p, s > 1.

1. INTRODUCTION

The study of the normability of the Lorentz spaces LP**(R, u) goes back to the
work of G.G. Lorentz [I0, 1I] (see also [13] B} [2] for a more recent account of
the normability results for weighted Lorentz spaces). The condition defining these
spaces is given in terms of the distribution function and, equivalently, the non-
increasing rearrangement of f (see [I] for standard notation and basic definitions):

1l = ( [ wrroy @)/

t

with the usual modification if s = co. Lorentz proved that || ||, s is a norm if and
only if 1 < s < p < o0, and that the space LP*(R, i) is always normable (i.e., there
exists a norm equivalent to || ||,.s) for the range 1 < p < s < oo (for the remaining
cases it is known that LP*(R, ) cannot be endowed with an equivalent norm).
From now on we will only consider the range of indices 1 < p < o0, 1 < s < 0.
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5556 SORINA BARZA, VIKTOR KOLYADA, AND JAVIER SORIA

Note that the spaces LP*, with p < s, play an important role not only as dual
spaces for the Banach spaces e’ (see [1L[7]). For example, they also arise naturally
in limiting embeddings of Lipschitz spaces ([g]).

The study of the normability for p < s was carried out by means of the maximal

norm: 1
* > 1/p g% S@) °
.= ([ @rrwr )

where .
*% _ 1 *
o= [ .

It is easy to see that || ||; ; is always a norm. Moreover, one can prove that [ ||
is equivalent to || ||p,s, with the following optimal estimates:

(1.1) O 1 lps < MF e < 21 Nps

(see [14] [@]; as usual, p’ denotes the conjugate exponent, 1/p+ 1/p’ = 1).

As a consequence of the fact that || ||, s is equivalent to a norm, it is easy to see
that it is a quasi-norm satisfying the triangle inequality, uniformly on the number
of terms: there exists a constant c, s > 0 such that for every finite collection
{fk}kzl,m N C Lp’S(R’ /L)a

(1.2)

N N
ka Scp,sZ”ka;th'
k=1 s k=1

The converse result can readily be proved; namely, (2] is equivalent to the fact
that || ||p,s is normable and, even more, that an alternative equivalent norm is given
by means of the following decomposition norm:

(13) 1l ey = inf { 3 ||fk||p,s},
k

where the infimum is taken over all finite representations f =", f.

It is easy to prove that | |, is a norm, equivalent to || |, ., that agrees
with || [|p.s if 1 < s < p. Moreover, the best constant in the inequality || f||,s <
cpsllfll(p,s) is the same as the optimal one in (LZ). One of the main problems
studied in this paper is to find the best constant in the triangle inequality (L2)
and its continuous version, the Minkowski integral inequality (the control of these
constants is sometimes very relevant for estimating different types of integral oper-
ators, where the use of the maximal norm and the inequalities (ILT]) do not usually
give optimal results).

For the Lorentz norms we have the following version of Holder’s inequality: if

f€LP*(R,p) and g € LP*'(R, ) (1 <p < 00, 1 <5< 00), then

14 [ gaau] <11l o

(see [1l p. 220]).

In the theory of Banach function spaces (LP*(R, 1) being the canonical example
in this context) and based on (L4, it is also very natural to consider another norm
defined in terms of the Koéthe duality, which is denoted as the dual norm:

w5 1515 =0 { [ Fadu lll =1}

p,
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THE TRIANGLE INEQUALITY IN LORENTZ SPACES 5557

As in the case of the decomposition norm, || ||}, ; is a norm, equivalent to || ||, s with
110 = [ Fllpss i 1 < 5 < p (see (). Therefore, £, = [|fllps) (1 <5 < p).

The main result that we will prove in this paper shows that the decomposition
and dual norms agree over the whole range of indices (Theorem [5.2), in spite of
their quite different definitions. We also find the best constants in the inequalities
relating either of these norms and || ||,,s (see (£4]), Theorem [4.4] and Remark [L3).
In particular, these results give an alternative proof of the normability of LP*(R, u)
with optimal estimates. We would like to remark that, while (1)) follows easily
from standard estimates, finding the best constants in our context requires new
ideas and much more complicated constructions.

In Section 2 we prove several technical lemmas used in subsequent sections.
Section 3 introduces one of the key tools used in the paper: the level function (see
Theorems B Iland [32)). Sections 4 and 5 are the core of the paper, dealing with both
the dual and decomposition norms, and proving the main results already mentioned
above. Finally, in Section 6 we obtain the best constant in both the triangle and
Minkowski’s integral inequalities for the Lorentz spaces.

Throughout this paper (R, 1) denotes a o—finite nonatomic measure space.

2. AUXILIARY PROPOSITIONS

In this section we consider some auxiliary results that will be used in what
follows. We begin with some general inequalities.

Lemma 2.1. Let f and g be non-increasing nonnegative functions on [0,1]. Then

1 1 1
| f@is [ g < [ p@gtad
0 0 0
This is the classical Chebyshev inequality (see, e.g., [6]).

Corollary 2.2. Let g be a non-increasing nonnegative function on [0,1] and let
0<a<1. Then

(2.1) /0 g(x)dx < (1 - a)/o g(x)z™dz.

Lemma 2.3. Let p,s € (1,00). Then for any t € [0,1],

(2.2) (1 —¢o/P)Ls(1 — 5" /Py < g
Proof. We will prove that for all z,y € (0,1),
(2.3) (1—25)Y5(1 -y )V <1 —ay.
Then (Z2)) will follow from (Z3) if we take z = t'/7 y = t1/?". To prove [23), fix
y and let

plz) =1 —ay— (L —a°)' /(1 -y
We have

, ZIIS_l

/s (1 - yS )1/5 .

@(x):—y—w

(17%8)1/5/ (17ys')1/s'
1 = y

xs
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5558 SORINA BARZA, VIKTOR KOLYADA, AND JAVIER SORIA

1 1/s’ 1 1/s’
E) =)

This implies that x® = ysl; hence the function ¢ has an absolute minimum for
x =y~ and this minimum is 0, which proves (Z.3). O

and

The following lemma gives the sharp constant in the relation between Lorentz
norms with different second indices (see [14] p. 192]).

Lemma 2.4. Let 1 < p < oo and 1 < 1 < s < oo. Then, for any function
f € LPT (R, ),

s 1/s r 1/r
(2.4) (5) Ifllp,s<<];> 1l

We consider now some auxiliary statements related to the dual norm and de-
composition norm.

Lemma 2.5. Let f € LP*(R,pu) (1 <p<o0,1<s<0o0). Then
(2.5) AIls = 1171
The proof can be found in [Il p. 45-49].

/
p;s*

Lemma 2.6. Let f € LP*(R,pu) (1 <p < oo, 1 <s<o0). Then
(2.6) 115 < 11 fll,s)-
Proof. Let g € LP"¢' (R, 1) and let
(2.7) F=>"f
i

Then, by Holder’s inequality (4,

/R faldn < 3 /R e < ol D11

Taking the infimum over all representations (2.7), we obtain (2.6]). O

p,s*

We shall use the following properties of the decomposition norm.

Lemma 2.7. Let f € LP*(R,pu) (1 <p<oo, 1 <s<o0). Then:
(1) the equality

(2.8 1fll ey = inf { 3 |fk||p,s}
k

holds, where the infimum is taken over all finite sequences {fr} such that
fr >0 and

@) = fil@);
k

(2) f0<g < f, then lgll(p,s) < [|fl(p,5)3
(3) if0 < gn < f and gn(v) T f(x) p-almost everywhere on R, then ||gn||p,s) —

A 1l p.s)-
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Proof. Denote by o the right hand side of [28). We have f = ", gi, where
gr = frsign f, and therefore

”fH(p,S) < Z Hngp,s = Z ”fk
k k

Thus, || f||(p,s) < . On the other hand, for any £ > 0 there exists a representation
f ="k gk such that

[p,s-

1oy > D llgnllps —e.
k

We have [f| < > |gx| = G. Set fi = |fgr|/G. Then [|filps < llgrllp,s and
|fl = >k fr- Thus || f||(p,s) > 0 — €, which proves (Z8). Further, statement (2)
follows immediately from statement (1). To prove (3), observe that || f — gn||p,s — O
(see [1l p. 41]). Since

HgnH(p,S) < Hf“(p,S) < ||gn||(p,5) + ||f _9n||17>87
we obtain (3). O

Lemma 2.8. For each f € LP*(R, i),
(2.9) sy < 1 ps) -

Proof. It is known that there exists a measure preserving transformation o : R —
(0, u(R)) such that

(2.10) f(z) = f*(o(x)), p-ae on R,
(see [T, p. 82, 83]). Let f*(t) = S2p, gi(t), gr > 0. Then f(z) = Yo, gr(o(2)).

Since g o o and gj are equimeasurable, we have that

N N
1 sy < D Nlgw 0 0llps = D gk llp.s-
k=1 k=1

This implies ([2.9). O
It will be proved below that for any f we have the equality in (Z.9)).

Lemma 2.9. Let 1 < p < co. Assume that f € LP*°(R, u) for some p < sg < o0.

Then

(2.11) ||f”p,oo = SIHEO Hf”p,s
and

(2'12) ||f‘|(p,oo) = slggo ||f‘|(p,s)

Proof. To prove (ZTII]), we can assume that p(supp f) < oo. Then (ZII)) follows
from a similar property for the L*-norm (see [4, p. 226]).

We shall prove (Z12). By Lemma [Z7] we can assume that f > 0 and consider
only representations

N
(2.13) f= ka, where fi > 0.

k=1
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For an arbitrary representation (2.I3)) we have that, for any s > sq,

N
1oy < D11l

k=1

p,s-

By (2.I1)), we obtain that

N
Jim [[f[[.s) < > 1 fellp,oos
k=1

which implies that
(2.14) Jm (£ llp.s) < Nfllp.oo)-

To prove the reverse inequality, take an arbitrary € > 0. For a fixed s > sg, find
a decomposition (ZI3]) such that

p,s — €.

N
1 lls) > D Il

k=1

Applying inequality (2.4)), we obtain

P 1/s N
1l > (B) X el oo —<

s k=1
N
> Z fkllp.oo =& = [1fllp,00) — €
k=1

Thus, || f|(p,s) > ||fll(p,0c) — € for any s > s¢ and any e > 0. It follows that

Hm | fllep,s) = 111l (p,00)5
s—00

which, together with (214), proves (2.12). O
Lemma 2.10. Let h(z) = xjo,1)(z) and 1 <p < o0, 1 < s < oco. Then

P 1/s
(2.15) Il = (%)

s
If p < s, then

s 1/s'

(2,10 Il =l = (5)
Proof. The equality [213)) is immediate. We shall prove (ZI6]). Write « = 1—5/p’
and set
(2.17) ety =1—-a)t™, te(0,1].
We have

s 1/s’
)"

(2~18) H<PX[0,1]|
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To evaluate the dual norm of h, we assume that g € LP* (R..), g > 0 and ||g||,.s =

1. Applying (21]), Holder’s inequality (L4), and (2I8]), we obtain

1
/ h(z)g(z)dzx g/ g*(x)dx
R, 0
1 s 1/s'
<) [ g <oyl = (5)
On the other hand, if

then ||g||,,s» =1 and

Thus,
, S/ 1/8/
(2.19) 1A, = (—) .

p/

We now prove the second equality in (ZTI6) (in Section 5 we shall prove that
the dual and the decomposition norms always agree, but the proof of this fact for
a characteristic function is much simpler). Let 1 < p < s < co. Assume that the
function ¢ in ([ZI7) is extended to the whole line R periodically with period 1. Set

z+1/N
gn(z) =N / (b,

Then gy (z) — ¢(z) as N — oo for all z € (0,1). Moreover,

3k k

(9NX[0,1])* ) < (gnxp1) (&) <™ () =t"*, te(0,1].
Applying Lebesgue’s dominated convergence theorem and ([2.I8]), we obtain

S, 1/8/
lon o1 le = 10Xt01 s = (p> |

Let ¢ > 0. Fix a number N such that

s 1/s’
(2.20) lgnxo,llp.s < <p,> T
Set
w=[" s fl
ka:/ (px+tdt:—gN(x+—>, k=1,...,N.
(k—1)/N N N
Then
N 1
(2.21) > flw) = / oz +t)dt =1,
0

k=1

for all z. Since f;, are 1-periodic and fi(x) = f1(x + (k —1)/N)), the restrictions

of fi to [0,1] are pairwise equimeasurable. Now set

hi(z) = fu()xpo(x), k=1,...,N.
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Then, by (Z2I), h = Y, hx and, by (Z20),
N s 1/s
S il < (—) te
k=1 P

This implies that

I\ 1/s
(2.22) 1] (p,s) < <}%) , for p<s<oo.
By Lemma 2.9 ([2:22) holds for all p < s < co. The opposite inequality follows from
@I9) and Lemma O

We shall use the following lemma of Hardy [} p. 56].

Lemma 2.11. Let f; and f2 be nonnegative measurable functions on Ry such that

/Otf1(u)du§/otfz(u)du

for allt > 0. Then, for every nonnegative and non-increasing function g on Ry,
we have that

/ " fwg(u) du < / " Fa(wg(u) du.

Finally, we recall the definition of the Hardy-Littlewood-Pdlya relation. Let f
and g be locally integrable nonnegative functions on Ry . We write f < g if

/Otﬂu) du < /Otgw) du

3. THE LEVEL FUNCTION

for all ¢ > 0.

The notion of a level function was first introduced by Halperin [5]. We shall
use the extension of this notion given by Lorentz [12] and based on the following
theorem.

Theorem 3.1. Let ¢ be a positive measurable function on Ry such that

O(t) = /0 o(u) du < oo,

for allt > 0. Assume that f is a nonnegative measurable function on Ry and that

/0 fu)du =o(®(t)) as t— .

Then, there exists a nonnegative function f° on Ry satisfying the following condi-
tions:
(a) the function f°(t)/p(t) decreases on Ry ;
(b) f=f°
(c) up to a set of measure zero, the set {t € Ry : f(t) # f°(t)} is the union of
bounded disjoint intervals Iy, such that

flu)du = o (u)du,
I I

and f°(t)/¢(t) is constant on If.
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This theorem is a slight modification of the results in [5] and [12], §3.6]; the proof
is similar to the one given in [12] §3.6] for functions defined on [0,1]. It is easy
to show that the function f° is uniquely determined (see [5, Theorem 3.7]). It is
called the level function of f with respect to .

Theorem 3.2. Let 1 < p < o0 and p < s < oo. Suppose that f € LP*(Ry) is a
nonnegative and non-increasing function on Ry. Let f° be the level function of f
with respect to the function @o(t) =t~*, a=1—2¢"/p’. Then

(3.1) 1 lp,s < N[ fllps < cp,sll s
where

(3.2) - (g)l/s <g>1/s/.

The constants in the inequalities (B1) are optimal.

Proof. First we assume that s < co. We consider the left hand side inequality in
BI). Applying Theorem B|(c), we have f°(t) = A\t~ for all t € I}, where

1
e = (/, t‘adt) ra

Since a = (s/p — 1)/(s — 1) and f°(t)*"1¢*/P=1 = X\3~!, upon applying Hélder’s
inequality we obtain

1—s s
foyEt/Par = xi7t [ fe(t)dt = (/ = dt) ( f(®) dt)
Iy Iy Iy Iy

(3.3) < [ f@ses/PLae.
Iy
This estimate and property (c) yield the first inequality in (B1I).
Now, define
(3.4) b(t) = fe)* e /P

Let 1(t) be the level function of 1 with respect to ¢(t) = 1. Applying Theorem 3]
Lemma 2171 and the inequality (L4]), we obtain

17115, = / " fey(n) di < / " F )b de
< [ 5 d e < 1 [Pl
0

To obtain the second inequality in ([B.]), it suffices to prove that

(3.5) 1llpr s < cp,sllf]
where the constant ¢, s is defined by [B.2).
Let E = {t € Ry : ¢(t) = ¢(¢)}. Then, up to a set of measure zero,

Ry \ E = J(ax, by),

k

s—1
p,s

where (ag, b) are bounded disjoint intervals such that

- 1 b

(3.6) e(t)

= Y(u)du, for all t e (ak,by).
by, — ak Jo,
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By Holder’s inequality,

ba bi 1/s ba 1/s’
(u)du < </ u®/Pt du) ( fu)sus/P=t du>
a ag ag

s by 1/s'
_ (E) (bz/p _ az/l”)l/s </ f(u)sus/pfl du) .
ak

s
Using (3.8 and applying Lemma [2:3] we obtain that

1/s’
~ pl/s o o178 by . oo
a0 < (B) 7 e - ey (/ f(U)u/”ldU> ,
ak

S

for all t € (ag, by). Thus,

b ~ ;o s//s ’yr ’yor
O /=1 gy < (g) (bz /p" az /p )71
ag
b b 7t
></ f(t)sts/”’ldt/ 5 /P g
ag ag
p s'/s p' Ox /p 14
== — t)%t3/ P dt.
(s) s Jax ug

We also have that
/{E(t)s’ts'/p'—l dtZ/l/)(t)s/ts//p/_l dt
E E

:/ fe) /P at.
E

) 1/s’
p\Ys (D
o= (5) <) = b

we obtain ([B.3]). Thus, the inequalities in ([B.1]) are proved for s < oo.
Now let s = oo and hence a = 1/p. We may assume that f*(¢)t'/? — 0, as
t — oo. Now let I, = (ag, by). For any k,

Since

’ ’ bk' bk
PO —a P = [ pewdt= [ f(t)dt

ag ag

by
_ 1/p’ 1/p’
< Hfllp,oo/ t=VPdt = p' (b — /" )| l]p.ce.
ag

Thus, A\x <||f||p,c0, Which implies that ||f°||p.co < ||fllp,00- On the other hand, for
any t € (ag,br) we have (see Theorem BI|(b))

t t
1/ f(t) < /01 / Flu)du < /771 / Fo(w)du < p/||f°]
0 0

This implies the second inequality in (BI]) for s = co.
The left hand side inequality in (3.1]) becomes an equality for f(t) = t~“x(o,1)(t)-
Further, let f = xjo,1]- Then
p 1/8
b= ()

p,o0-

17
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THE TRIANGLE INEQUALITY IN LORENTZ SPACES 5565

Next, fo(t) = (1 — a)t=“x(0,1)(¢),

1/s’
o 8/
Ians<ﬂ> ,

and we have the equality ||f||p.s = ¢p.s||f°||p,s- Thus, the constants in (Bl are
optimal. |

Remark 3.3. Let 1 < p < s < 0. Let f € LP*(R;) be a nonnegative and non-
increasing function on Ry and let f° be the level function of f with respect to the
function ¢, (t) =t~ (o« = 1 — §'/p’). Then, the equality

(3‘7) HfO”p,s = Hf”p,s

holds if and only if f°(t) = f(t), except for a countable set of points ¢. Indeed, the
last inequality in (B:3)) becomes an equality if and only if f(¢)t* is constant on Ij.
In other words, (B7) holds if and only if f(¢)t® decreases on R, .

4. THE DUAL NORM

Recall that for a function f € LP*(R, u) (1 < p < 00,1 < s < 00) its dual norm
is defined by

(4.) o= { [ Jadu: gl =1},

where the supremum is taken over all functions g € LP+*' (R, j1) with llgllprs = 1.
By Lemma and the Hardy-Littlewood inequality [I, p. 44], for any function
ferrs(Rp) (1<p<ool<s<oo),

(4.2) I[£]l7, s = sup {/O F*®)g@t)dt : ||glly .« = 1} :

where the supremum is taken over all nonnegative and non-increasing functions
g€ L' (Ry) with [|gll,.o = 1.

Suppose that 1 < p < oo and 1 < s < oo. Let f € LP*(R,) and let g €
L¥"s'(R,). By Holder’s inequality (I,

(4.3) /O [f@)g(@®) dt < [[f]lp.s|gllps-
It follows that

(4.4) 15,5 < 11 f1lp,s-

If s < p, then we have the equality of norms

(4.5) £ 11p.s = 11£1lps-

Indeed,

1Al = [ F@@d v = e,

0

If s < p, then the function 1 is non-increasing and we have
wmﬁzé B = (|5,

The latter two equalities imply that [[f[|;, ; > [|fl|ps- Together with (44) this
yields ([#X). Observe also that the supremum in (£2]) is attained on the function
9(&) = )/ 1[¢]p s
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Now we assume that p < s < co. Let f € LP*(R,.). If the function f*(¢)t!—s"/#'
is non-increasing, then as above we have the equality (£5). Let f be an arbitrary
nonnegative function in L?*(R, ) and let g € L*"*'(R,), g > 0, be a non-increasing
function. By Lemma 2.11] we have that

4.6 t)g(t)dt < inf ||h /s
(4.6) | sy < inf il
This implies that

@) 17l < inf 1Bl

Note that in the case where s < p the infimum in (&) is equal to || f||,s. However,
for s > p the infimum may be smaller than || f||,,s and [@0) may give a refinement
of the inequality (3). It was proved by Halperin [5, Theorem 4.2] (see also [12]
Theorem 3.6.5]) that equality in ([@7) holds and the infimum is attained for some
h € LP*(R,). Since the proofs given in [5] and [12] do not cover explicitly the case
s = oo, and for the sake of completeness, we show the result for all p < s < oco.

Theorem 4.1. Let 1 < p < s < co. Assume that f € LP*(R,) is a nonnegative
and non-increasing function on Ry. Set a« =1 — &' /p" and po(t) =t~. Then

(4.8) 111 ps = |17
where f° is the level function of f with respect to the function @gq.
Proof. In view of ([@7)) and Theorem [BIIb), it suffices to prove that

(4.9) 1 f1lp,s > 11
Set

ps = it [Ih]

p,s*

E={aeRy: f(z) = f@)}

By Theorem B} up to a set of measure zero,

R\ E = J(ar, br),

k
where (ag, bi) are disjoint bounded intervals such that
by by
(4.10) ft)dt = fe(t) dt.
ag ag

We first assume that s < oo. Let 1(t) = f°(t)*~'t*/?~1. As above, we have
Wl = [ v e e = el

Set g(t) = ¥(t)/I1f°|l55" Then ||g[, s = 1. For each k, we have f°(t) = A\t~
and (t) = \; ', for t € (ag,by) (where ) is a constant). Thus,

br by
Ifellpst [ f®gt)dt =27t [ f(b)de

-1 e o b 1/p po dt
X[ rwa= [P
ag ag

Besides, we have

HfoH;S):ql/Ef(t)g(t)dt:/E[tl/PfO(t)]s%7
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THE TRIANGLE INEQUALITY IN LORENTZ SPACES 5567

and thus,
A F@Ba(t)dt =[£I

from which we obtain (&3]).
Now let s = co. In this case we have

@1 £l = Jim (01
We assume first that for some k we have a;, = 0. Set
9(6) = X0/ B,
Then ||g||,71 = 1. We have
o) =Nt ™HP for te (0,br) and |[f°|]po0 = A
Thus,

oo , by
/“ﬂmmﬁ:wWM*/lmm
0 0

’ b
:WWM*Afwm:m:wwm

This implies ([4.9).
Now we assume that aj # 0 for each k. Then, for any § > 0 we have

(4.12) (0,6)NA#0, where A=Ry\|J(a;,b;).
J

On the other hand, by Theorem B1l(c), for any ¢t € A,

¢ ¢
(4.13) / flu)du = / 1o (u)du.
0 0
Let € > 0. By (@II)), there exists 6 > 0 such that
FEO? > || f°||poo —e forany t e (0,9).

Let £ € (0,6) N A. Set g(t) = X(O)E)/(p'fl/p/). Then ||g||,7,1 = 1. Applying I3)
and ([£I2), we get

0o , 3
[;ﬂmwﬁzwwM*AfWW>Wﬂ

which again implies ([@3]). O

p,o0 &

Remark 4.2. Note that for 1 < p < s < oo the supremum in [@2) is attained on
the function g(t) = ¥(t)/||%||pr.s, Where ¥(t) = f°(t)*~1t*/P=1. If s = oo, then the
supremum in (£2]) may not be attained.

Remark 4.3. Let 1 < p < s < oo, and let f € LP*(R;) be a nonnegative and
non-increasing function on R. Then, by Remark B3] the equality

£ 11,5 = 11f1lp.s
holds if and only if f(¢)t* decreases on Ry.
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The following theorem gives the sharp estimate of the standard norm via the
dual norm.

Theorem 4.4. Let 1 < p < o0 and p < s < oo. Then, for any function f €
LP(R, ),

(4.14) 171

where
D 1/s p, 1/s’
qa=(2)(5)

This theorem follows immediately from Theorems Tl and However, a direct
proof can be given exactly as in Theorem [3.2] Indeed, assume that f is nonnegative
and non-increasing on Ry. As in the proof of Theorem B2] we have

ps = prst”;Ls’

The constant cp s is optimal.

I71l5., = / () dt < / ) at

S AU s 1 -

Applying the inequality ([B.5), we obtain (@.I4). Let f = xo,1). Then, by Lemma
210,

!

1/s/ 1/s
S p
b= (5) " and fle = (2) =

which shows that the constant in ([@I4) is optimal.

[f1lp,s»

5. THE DECOMPOSITION NORM

In this section we prove one of the main results of this paper—the coincidence of
the dual and the decomposition norms. The following lemma plays an important
role in the proof of the equality of these two norms.

Lemma 5.1. Let oy > ag > --- > «a, be positive numbers and let {n;i} be a
(N x v)—matriz of positive numbers (1 < j < N, 1<k <wv). Set

N
/gk:znjkv kzla"'7l/'
j=1

Assume that
(5.1) i+t Bz on+ -+ ag,

forany k =1,...,v. Let n = maxn;,. Then, for any j = 1,..., N there exists a
permutation {N;,}%_, of the v—tuple {n;i}%_, such that

N
(5.2) a < Butn, B=_ i
j=1

foranyk=1,... v.
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Proof. For v =1 the lemma is obvious. Assume that it is true for v —1 (v > 2). We
have 8y > aq. If B > o for all K =1,..., v, there is nothing to prove. Otherwise,
denote by s the smallest natural number k for which 8; < a;. Then, s > 2. Set

Yo = /817 TN = 657 and

m N
’Ym:ZUjs+ Z N1, for 1<m < N.
j=1 j=m+1

We have vy > a1 and yx < a1. Let mg be the smallest m for which v,, < a;. Since
|Ym — Ym—1| < n for any m =1,--- | N, we have that

(53) TYmo < Q1 < Ymo—1 < Ymo 1
Set

~ ’I7j5 if 1 S] S mo

j1 = . .

nj1 ifmo <j <N,
A R if1<j<mg

T T \mje iEmo+1<j <N,

and 1%y, = (j=1,...,N) if k # 1, 5. Using (5.3) we have

N
(5.4) Bi<on<fi+n where Bi=rqm, = 1,
j=1

Also let 3, = Bpfork = 2,..., N. We first assume that s = 2. We have
Br+Ba+-+ P> +ast -+ ag,
for each k > 2. But 1 + 2 = 31 + 0% and B1 < aq, by B4). Thus,
Bh4 -+ B > g+ + ag, k=2,...,u.
Now we assume that s > 2. Then we have, for every 2 <1 < s,
Bl=0>a >
and therefore
Bhy+ -+ B> g+ +ag, 2<k<s.
Let k > s. Since
Br+ Byt 40, =B+ Bat -+ By
and 3; < oy (see (B4), it follows from (5.1)) that
B+ + B>+ +ag.
Thus, we can apply our inductive assumption to the (N X (v — 1))-matrix

(e}, 1<i<N,2<k<w

Together with (54)), this proves the lemma. O
Theorem 5.2. Let 1 < p < o0 and 1 < s < oo. Then, for any function f €
LP’S(R’ /"L)’

(5.5) A 11p.s = 11l p.s)-
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Proof. If s < p, then

||f| ;),s = ||f| p,s — ||f”(p75)'
We assume that 1 < p < s < co. By Lemma [2.6]

FIl.s < 11 fllp,s)-

We shall prove that

(5.6) 1 ll.s) < [1F1lp,s-

By virtue of (Z1) and (29), it suffices to prove (B.06) in the case where (R, ) is
R, with Lebesgue’s measure and f is a nonnegative and non-increasing function on
Ry. Applying Lemma[27)(3), we can also assume that there exist 0 < zg < 1 < 00
such that f(z) =co > 0 on (0,z¢) and f(z) =0 for all x > x;.

By Theorem (1]

1 f1lp,s = 1157

where f° is the level function of f with respect to the function ¢, (t) = t~%, a =
1—¢"/p'. Set

p,S»

E={zeR,: f(z) = (@)}
By Theorem B} up to a set of measure zero,
Ry \ E = (@ bi),

where (a;,b;) are disjoint bounded intervals such that

6:7) [swas [ roa se @)

and
bi by
(5.8) / f(t)dt = / o) dt.

By our assumption, f(x) = ¢o on (0,z9). At the same time, f° is strictly de-
creasing on (0, zg). This implies that for some ¢ we have a; = 0. Indeed, assume the
contrary. Then, as is easily seen, there exists (ax, bx) such that 0 < ap < by < xg.
We have f°(z) = Az~ ® on (ag, bg). Further,

l-«
k

b

ag )\
coap = / fo(z)dx > fa
0

and therefore
Ak < co(1 — a)ay.
From here,

bk bk
cobr, = fo(z)dx = coar, + fo(z)dx

0 ar
= cpar + 1 );ka (blléia — a]lcfa) < cobg.
Thus, we can assume that a; = 0. Let b = max(a:1,supj b;). Then b < oo and
fe(x) =0 for all z > b.
Let € > 0. For any v € N, define the function g, in the following way. First, set
gv(z) = f(z) for x € F; then g,(z) = 0 for all x > b. Further, we subdivide each
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interval (a;,b;) into v subintervals A%, k =1,--- v, of length |A%| = (b; — a;)/v,
and set

g () = |AL7! ftydt for zeAl, k=1,..v
AL

It is easy to see that there exists v1 such that

(5.9) 1f = gullp,s <e,
for all v > vy. It follows that, for all v > vy,

I fllp,s) < llgwllps) + ILf — gullp,s
(5.10) < lgvllp.s) +e-

Similarly, for every v € N we define the function v, approximating f°. Set
Yy (x) = f°(z) for x € FE and

%(x):m;;\—l/N M) dt for zeAl, k=1,

There exists an integer vo > 17 such that

(5.11) [Yullps < 1F°lps + 6
for all v > v5. Fix v > vy, Next, choose a number § > 0 such that
s 1/s
(5.12) 5 <eb /P (—) .
p
We shall prove that there exist a number N € N and functions f; > 0,j=1,...,N,
such that
N
(5.13) g (x) < Z fi(x)+ o, x>0,
j=1
and
(5.14) 1fillp.s = 1llp.s/N, G =1,...,N.

For any i, define
B — |A;;|—1/ P, k=1,
AL
There exists a number N’ € N such that

,il)<N’6, k=1,...

On the other hand, since f° is bounded on [by, c0), there exists N’ € N such that
for all i > 2,

V.

U NS, k=1,...
Let N = max(N’, N”). Then, for any i,
W NS, k=1,...,v.
Now we define the functions f;, j =1,...,N. Set

1

fi(z) = N%/(ﬂi), for z€E.
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Further, consider an interval (a;, b;). Set

Let

Then, by (57,

B 44D >0l 4 k=1,
Applying Lemma [5.J], we obtain that for any fixed ¢ and every j = 1,..., N, there
exists a permutation {NJ(Z)}k:l of the v-tuple {77%3}16:1 such that

N
(5.15) ol <3l 46,
j=1

forany k=1,...,v. Set
fj(x):ﬁj(.?, for x € AL

The functions f; (j =1,...,N) are defined on R and each of them is equimeasur-

able with 1, /N. Thus, we have (0.14). Moreover, (5I5) implies (5.13). Applying
BEI2)-(EI4) and taking into account the fact that g, (z) = 0 for > b, we obtain

N

ng”(p,s) < Z Hfj”p,s + 5||X[0,b] ||p,s < ||7/’u||p,s + 2e.
j=1

Using (.10) and (EI1)), we obtain
[l @.s) < S Mps + 4e.

This implies (G5.6]). O
Corollary 5.3. Let f € LP*(R,u) (1 <p < oo, 1 <s<o0). Then
(5.16) sy = 1"l (ps)-

Indeed, (5I6]) follows immediately from (Z35) and (&5). Observe that (B.16)
does not follow directly from the definition.

6. THE TRIANGLE INEQUALITY

Applying Theorem 4] and Theorem [B.2] we immediately obtain the following
version of the “triangle inequality”.

Theorem 6.1. Let 1 < p < s < oo. Assume that fi, € LP*(R,u) (k = 1,...,N).

Then
N N

(6.1) SRl < s Y I flpss
k=1 p.s k=1

where

and the constant is optimal.
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Remark 6.2. Tt is clear that (6.1I) is equivalent to the inequality

(6'2) ||f| D,s < Cp,s”f”(p,s)a

where f is any function in LP*(R, u). Inequality (G.2)) follows directly from (€I4)
and Lemma By Lemma 2.T0, (6.2) becomes equality for f = x[o,1). Thus,
Theorem follows from Theorem 4 and Lemmas and 2101

We also have the following continuous version of the Minkowski type inequality.

Theorem 6.3. Suppose that (R,p) is a o-finite nonatomic measure space and
(Q,v) is a o-finite measure space. Let f be a nonnegative measurable function on
(Rx Q,u xv). Assume that 1 < p < s < oo and that for almost all y € Q the
function

fy(x):f(xay)7 ZEER,

belongs to LP*(R, ). Set F(z) = fQ f(z,y)dv(y), x € R. Then

(6.3) F e < cpe /Q 1 follp s (),

where

1/s , 4\ 1/
p p
(64) Cp,s = <;> (;) 5

and the constant is optimal.
Proof. By Theorem 4]
(6.5) [fllps < Cp,stH;,sa

where the constant ¢, . is defined by (64). Let g € L”* (R, y1) and assume that
llg/lpr.s» = 1. Applying Fubini’s Theorem and Holder’s inequality, we obtain

| F@gt@duto) = [ ( /Q f<x,y>du<y>) §(@)dp(z)

- / / F(,w)g(@)dp(z)dv(y) < / [1fy s (y).
QJR Q

Together with (635, this implies (63]). Finally, it follows from Theorem [G.1] that
the constant ¢, s in ([6.3) cannot be replaced by a smaller one. (]
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