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The molecular mechanisms of water’s unique anomalies are still debated. Experimental challenges have led to simula-
tions suggesting a liquid-liquid (LL) phase transition, culminating in the supercooled region’s LL critical point (LLCP).
Computational expense, small system sizes, and the reliability of water models often limit these simulations. We adopt
the CVF model, which is reliable, transferable, scalable, and efficient across a wide range of temperatures and pressures
around ambient conditions. By leveraging the timescale separation between fast hydrogen bonds and slow molecular
coordinates, the model allows a thorough exploration of the metastable phase diagram of liquid water. Using advanced
numerical techniques to bypass dynamical slowing down, we perform finite-size scaling on larger systems than those
used in previous analyses. Our study extrapolates thermodynamic behavior in the infinite-system limit, demonstrating
the existence of the LLCP in the 3D Ising universality class in the low-temperature, low-pressure side of the line of
temperatures of maximum density, specifically at T = 186 +4 K and Pc = 174 4= 14 MPa, at the end of a liquid-liquid
phase separation stretching up to approximately 200 MPa. These predictions align with recent experimental data and
sophisticated models, highlighting that hydrogen bond cooperativity governs the LLCP and the origin of water anoma-
lies. We also observe substantial cooperative fluctuations in the hydrogen bond network at scales larger than 10 nm,
even at temperatures relevant to biopreservation. These findings have significant implications for nanotechnology and

biophysics, providing new insights into water’s behavior under varied conditions.

I. INTRODUCTION

Water is essential in our lives, but its complex nature still
raises many unresolved questions™™. It is unique compared to
other liquids for its more than 60 anomalies®, such as a density
maximum at around 4°C, or the large increase of its response
functions upon cooling, when instead a decrease would be ex-
pected for usual liquids .

Several scenarios have been suggested to explain these
properties® 1V The theory!!' has shown that all these sce-
narios stem from a general thermodynamic description and
differ in the ratio between the intensity of the cooperative
component!? and the covalent component!™ of the hydrogen
bond (HB) network. The estimate of this ratio supports'! that
water follows the scenario originally proposed by Poole et al®
based on molecular dynamic simulations. Poole and cowork-
ers conceived that water undergoes a liquid-liquid phase tran-
sition (LLPT) between low-density liquid (LDL) and high-
density liquid (HDL) phases, ending in a liquid-liquid crit-
ical point (LLCP) in the supercooled region. Several water
models, ranging from atomistic to machine-learned ab initio
quality force fields!#, have supported this hypothesis over the
years, generating a large amount of numerical data that have
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dissipated criticisms and doubts about the theoretical possi-
bility of such a scenario™. Yet, no experiment has shown the
existence of a liquid-liquid phase transition in deeply super-
cooled water due to the difficulty in avoiding crystallization!®.

To date, substantial evidence supports the LLCP hypothesis
based on multiple experiments and computational approaches.
On the experimental side, several techniques have been used
to measure structural changes that reflect the LLPT. For exam-
ple, neutron scattering has been applied to the supercooled lig-
uid of a Zr-Cu-Al-Ag alloy!Z, while Raman spectroscopy has
been used to study ionic liquids'® or aqueous solutions!®2!.
However, the results obtained from experiments on aque-
ous solutions, which prevent rapid crystallization, cannot be
straightforwardly extrapolated to water*'. On amorphous ice,
X-ray experiments have shown results consistent with a first-
order phase transition®423, More recently, Kim et al. con-
ducted experiments on micro-sized liquid water droplets=++2°
and bulk!®, Their results show a sudden change in the struc-
ture factor at one order of magnitude shorter times than sub-
sequent crystallization, which is consistent with LLPT for
temperatures around (205 £ 10) K and pressures between 1
atm and 350 MPa'®, and the presence of an LLCP at positive
pressurel 02427,

On the computational side, different models support the
LLCP in water, either rigid or flexible. The rigid ST28
has been rigorously proven to have an LLPT!228732 a5 well
as TIP4P/2005°3534 TIP4P/Ice®3¢ TIP4P3Z, and patchy
models®®3?, Flexible models, such as the polarizable WAIL4"
and the iIAMOEBA#*!, which employs point multipole electro-
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statics and an approximate description of electronic polariz-
ability, with up to three-body terms*?, also have an LLCP.

Other models that display LLCP and include many-body
interactions to describe the cooperative nature of hydrogen
bonding are the coarse-grained water monolayer with up to
five-body interactions*’, the EB3B with up to three-body
interactions*** using the TIP4P/2005%® as two-body ref-
erence, the coarse-grained machine-learned ML-BOP144Z,
with up to four-body interactions?®, and, just released, the
DNN@MB-pol model*” that is a machine-learning surro-
gate of the MB-pol, a model with mean-field-like representa-
tions of many-body electrostatic interactions integrated with
machine-learned representations of short-range quantum-
mechanical effects®".

Furthermore, the phenomenological two-states equation
of state (TSEOS) fits remarkably well to several water
models*?>153 by assuming the LLCP hypothesis®*. Although
the TSEOS fitting method does not constitute definite proof,
it is beneficial if simulation data is not available at the hy-
pothesized critical point, as it shows that the model is at least
consistent with the presence of an LLCP.

Simple models can help us understand the physical mecha-
nisms that lead to the LLCP. For example, the role of HB co-
operativity, or spatial correlation, has been emphasized both
in continuous>>~® and two-states model>7"L Based on
available experimental data, cooperative models°? have pre-
dicted the LLCP at positive pressure.

On the other hand, commonly used water models, such as
SPC/E or mW, do not display the LLCP, showing no neces-
sary relation with the water anomalies®'*. In other models,
e.g., the TIP4P/2005, severe finite-size effects are an issue®,
and extremely long simulations of more than 50 ps for 1000
molecules are necessary to obtain well-converged density dis-
tributions for deeply supercooled water>>. Despite their dif-
ferences in the supercooled water, these models qualitatively
reproduce the experiments around ambient conditions. Hence,
the challenge to understanding the metastable water phase dia-
gram is to explore a model that can a) quantitatively reproduce
water thermodynamics over a broad range of temperatures and
pressures, b) do it for system sizes large enough to perform the
necessary finite-size scaling analysis and c) perform the cal-
culations at an accessible computational cost.

In this study, we examine the phase diagram of metastable
liquid water for the CVF model, introduced in Ref. 60l and
defined in Appendix which is exceptionally accurate in
replicating the experimental data of water’s density and re-
sponse functions in a broad region of thermodynamic condi-
tions. Precisely, the model’s quantitative agreement with the
experiments is demonstrated in Ref. © by explicitly compar-
ing the calculated density, isobaric specific heat, isobaric ther-
mal expansivity, isothermal compressibility, and the locus of
the temperatures of maximum density (TMD) and other loci
associated with the response functions with the available ex-
perimental data. The accuracy is quantitative around room
temperature for more than 60 K at 1 atm and around 40 K up
to 50 MPa. Although the agreement of the density is quanti-
tative on a broader thermodynamic region, the response func-
tions become qualitative outside this range. Nevertheless, the

model offers precise predictions over an unprecedented wide
range of temperatures and pressures for water’s equation of
state and thermodynamic response functions. Therefore, it is
interesting to study its calculations for metastable liquid wa-
ter.

Although the model can be defined to include crystal phases
and polymorphism®/%8, here we consider a formulation that
focuses on the hydrogen bonds (HBs)—the fast degrees of
freedom of the system—and coarse grains the molecular coor-
dinates, which are the slow degrees of freedom that equilibrate
over the time scales needed for crystallization. Combined
with the Monte Carlo method described below, this formula-
tion includes only fluid or amorphous configurations. There-
fore, the model leverages the time-scale separation—observed
in experiments'® and atomistic simulations® of supercooled
water between liquid-phase equilibration and homogeneous
nucleation—to avoid crystallization while focusing on the
liquid phase. This feature is advantageous for studying
metastable liquid water, as it allows efficient sampling of the
free energy landscape associated with fluid phases.

Additionally, the model’s simple definition enables the use
of advanced numerical techniques, avoiding dynamical slow-
ing down near critical points or approaching a glassy state,
which is typically found in supercooled water. One of these
techniques, based on percolation mapping, is briefly described
at the end of section Consequently, the CVF model
emerges as an intriguing candidate to explore the phase di-
agram of metastable water in regions currently inaccessible to
experiments.

Another compelling advantage of the CVF model is that
it allows for efficient equilibration of free energy calcula-
tions for systems up to 10 million molecules using com-
mon GPUs®®. All these features are crucial for analyzing
metastable water because small-size effects, glassiness, and
crystallization typically hamper similar studies.

Using a state-of-the-art procedure®*#U4370 we equilibrate
the metastable water under extreme conditions and systemati-
cally study finite but large systems. This allows us to extrapo-
late the thermodynamic behavior in the infinite-system limit,
following the finite-size scaling theory, and demonstrate, with
great accuracy, the existence of the LLCP for the model in
the thermodynamic limit. We show that the LLCP belongs to
the 3D Ising universality class, corroborating the thermody-
namic consistency of the result. We compare our prediction
with other models, finding similarities that suggest that the
hydrogen bond network can develop significant cooperative
fluctuations at scales relevant to nanotechnology applications
and biological systems.

1. MONTE CARLO METHOD

A. Large-scale Monte Carlo free energy calculations for
metastable bulk water

We perform Monte Carlo (MC) calculations of the free en-
ergy of the CVF water model in 3D with parameters able to
reproduce quantitatively the equation of state of liquid water
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over a temperature range of approximately 60 degrees around
ambient conditions at atmospheric pressure and about 40 de-
grees up to 50 MPa®®, The CVF model is defined in Ap-
pendix @ We consider a constant number of molecules N,
pressure P, and temperature 7 in a variable cubic volume Vq
with periodic boundary conditions.

We calculate the equation of state along isobars in the
range of —540 MPa to 260 MPa, separated by intervals
AP < 50 MPa. The range of temperatures is 187 K to 470
K, with simulated thermodynamic points at variable resolu-
tion, 0.014 K < AT < 14 K, depending on the region of in-
terest. The data presented here include results for systems of
up to N =32,768 water molecules. We tested on several se-
lected state points (not shown) that thermodynamic quantities
calculated for N =262,144 are statistically similar to those for
N =32,768 within our numerical precision but require roughly
ten times longer to compute.

We apply the sequential annealing protocol along isobars,
starting at high 7 and lowering the temperature in stages, al-
lowing the system to equilibrate at each stage. We check the
equilibration by verifying the validity of the fluctuation rela-
tion for the response functions defined in the following. We
collect data by averaging over 10% - 103 MC steps after equi-
libration, corresponding to 10° - 10* independent configura-
tions depending on the state point.

For N =32,768, we apply the Metropolis algorithm at tem-
peratures 7 > 215 K. At lower temperatures, we use the
Swendsen-Wang cluster algorithm’"”? based on the site-bond
correlated percolation applied to water’. This approach al-
lows us to overcome the slowing down due to the approaching
of the glassy state’* that characterizes water dynamics at these
values of T and P25 We optimize the performance of our
simulations by implementing parallelization in GPUs using
CUDA®.

B. Monte Carlo calculations in the critical region

As described in the section we estimate the loci in the
(T, P) plane where the response functions of metastable water
have maxima and verify if, in the region where they converge,
the fluctuations exhibit the expected finite-size behavior near
a critical point. To achieve this, we compare calculations for
systems with N up to 4,096 water molecules. These sizes were
selected to ensure that the coexisting HDL and LDL states
could transition frequently within reasonable simulation time.
Larger systems exhibit single transitions from HDL to LDL,
consistent with the expected exponential decrease of the tran-
sition rate as the free energy barrier between the phases in-
creases.

We apply the sequential annealing protocol starting at T =
270 K at each P and N, using the Wolff cluster algorithm?170,
We adapt the temperature resolution to the T-derivative of the
calculated quantity, ranging from AT = 0.014 K to 14 K. We
observe that the Wolff algorithm’s implementation on CPUs
outperforms Swendsen-Wang, particularly for small N. After
a preliminary isobaric scan, we select the T for each N with
the most frequent transitions between the HDL and LDL states

and adjust the simulation time. We find that the time necessary
to observe multiple HDL-LDL transitions rapidly increases
with N, ranging from 10° to 103 MC steps for N going from
512 to 4,096 (see Supplementary Information, Table S1). For
N =4,096, we observe coexistence only for P > 110 MPa.

C. LLCP and universality class analysis

To rigorously prove the presence of an LLCP, we need to
identify the correct order parameter (0. p.) that describes the
phase transition. In fluid-fluid phase transitions, the critical
point belongs to the 3D Ising universality class with a mixed-
field o. p. that combines the number density with the energy
density to account for the lack of symmetry in the critical den-
sity distribution’"?Z, Therefore, definitive proof that the CVF
model displays an LLCP is that the fluctuations of the correct
0. p. behave in a manner consistent with those of the magne-
tization of the 3D Ising model at its critical point, as shown
already for soft-core isotropic anomalous fluids’®, rigid*!32,
and flexible?? water models, as well as the Stillinger-Weber
model for silicon’. The same approach has also been used to
show that the confined water monolayer has an LLCP belong-
ing to the 2D Ising universality class®?.

In the NPT -ensemble, based on finite-size scaling theory
for density-driven fluid-fluid phase transitions’Z, the o. p. is
M(s) = p + se, where p and ¢ are dimensionless density and
energy, respectively, and s is the so-called mixing parameter.
This linear combination symmetrizes the probability distribu-
tion of the coexisting states that for water at the LLCP would
correspond to HDL and LDL phases*'3.

We use the histogram reweighting method**®" to find the
critical temperature T¢, critical pressure Pr, and s values that
allow us to fit the fluctuations of M with those expected for
the Ising 3D critical point. To do this, we calculate by MC the
histogram H;(T;,P;e,p) of visited configurations with given
molar energy e and density p for state points (7;, P;) within
the critical region. By normalizing H;, we provide a finite-size
(numerical) approximation of the probability density distribu-
tion Q(e,p) of states with given (e,p) for the system in the
thermodynamic limit. We then combine a set of H; by the his-
togram reweighting method to calculate H(T, P;e,p) for any
(T,P) near (T;, P)*.

We optimize Ty, Pc, and s based on H(T,P;e,p)
in the critical region to ensure that the integral of
H(Tc,Pc;e,p) over (e,p) corresponding to the same
M(s)—i.e., H(T¢, Pc; M(s))—has a bimodal distribution cen-
tered around a value that we indicate as M¢(s). Then, as dis-
cussed in Appendix [B] we determine a rescaled version of
M(s), x = x(s) with zero mean and unit variance, with a proba-
bility density distribution Q(x) at (T¢, Pc) approximating that
of the 3D Ising model o. p. my at criticality, Q3(m;). We iter-
ate the process and selection of T¢, P, and s to minimize the
difference between Q and Q3.
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Il. RESULTS
A. Density, enthalpy, and HB network.

At temperatures below the liquid-gas (LG) spinodal, along
isobars, the model displays a temperature of maximum den-
sity (TMD) (Fig.[Th). We use the highest temperatures before
abrupt changes toward gas values of the isobaric density p and
other thermodynamics quantities as our numerical approxima-
tion of the LG spinodal at a fixed system size. For the sake of
simplicity, we will refer to these estimates as LG spinodal,
although they are only a lower-T proxy of it.

The model’s TMD is in quantitative agreement with the
available experimental data for water as shown in Ref® (see
also Fig. S2). Decreasing the temperature below the TMD
leads to a decrease in the isobaric density p toward a tem-
perature of minimum density (TminD), with a weak increase
below TminD (Fig. [Th). Experiments under confinement, in-
hibiting water crystallization, show similar behavior, as re-
cently summarized in Ref/8!,

The temperature of the large variation in p displays
a pronounced P-dependence. Increasing P approaching
P%/[l\;‘h") ~180 MPa, the jump toward the minimum is sharper
compared to low P, and the maximum becomes flatter. Above
PM3X the density becomes monotonically decreasing for in-
creasing T, and the TMD ends®®, in agreement with the
experiments®®2, The value of PM3X can be calculated in the
model, in its simplified assumption for the volume Eq. [A4]
which implies that the liquid compressibility does not change
with P (Fig. S1).

The P-dependence of the change in p could be apparently
consistent with the LLPC scenario at negative P8 However,
a similar behavior, without any discontinuity, is also predicted
by the singularity-free scenario? 1153,

Therefore, we analyze the enthalpy per molecule % and find
variations at any P (Fig.[Ip). Opposite to density changes, the
variation in % is sharper at lower P and smoother at higher P,
with an amplitude of about 5 kJ/mol that is approximately in-
dependent of P in the range of pressures we consider. Also,
in contrast with p, the temperature of maximum variation of
h, between 197 K and 205 K, has a weaker pressure depen-
dence. Because /i depends both on the density and the HB
interactions, the mismatch between the P-dependence of en-
thalpy and density demonstrates that the HB network and its
rearrangement control the most significant variation in A.

On the other hand, also p = Vot /N depends on the number
of HBs, Nyg, Eq. For decreasing T, Ny rapidly increases
at high P up to Pp\if, and displays a smoother increase at low
P (Fig. Ek:). At constant T, Nyp decreases for increasing P
consistent with the experiments®L.

At high T, Nyp converges toward a low average value.
Around atmospheric pressure, this value is close to the lowest
possible ~20%, corresponding to the stochastic probability of
having two nearby water molecules with one of their H atoms
in between (Appendix [A).

At low temperatures and P > P%’lﬁ]"), above the TMD, Ny
decreases because of the p-increase that breaks the tetrahedral
HB network. This is consistent with the known phenomenon
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FIG. 1. Temperature dependence of CVF water thermodynamic
quantities along isobars below 260 MPa. In all the panels, cir-
cles are MC calculations for N =32,768 water molecules, lines are
guides to the eyes, colors correspond to different pressures indicated
in the legend of the bottom panel (from —540 MPa to 260 MPa),
grey diamonds mark the TMD, and red triangles are our finite-size
numerical estimates of the LG spinodal as the highest temperature
along each isobar before the abrupt transition of p and 4 (in panels a
and b, respectively) to values below the reported scales. (a) For each
P< P%’[N?XD ~ 180 MPa (see also Fig. S1), the density p, expressed
in kg/m3, has a maximum (TMD) and a minimum (TminD, yellow
triangles). (b) The enthalpy per molecule 4, expressed in kJ/mol, de-
creases monotonically for decreasing 7', with a large variation around
a temperature weakly dependent of P. (¢) The normalized number of
HBs, nyg with NII}I’[I';”‘ = 2N, at constant T decreases for increasing P.
Upon isobaric cooling, it increases for P up to P%/[l\f}xD and decreases
for higher P. The increase is sharper for P approaching P%’[N‘}ﬁ. (d)
The number of cooperative HB bonds n4, normalized with respect to
their maximum value NM# increases at low T’ with a variation that
is smoother at higher P. Inset: The detail around the variation reveals
that this change correlates with the enthalpy change in (b).
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of melting ice by pressurization due to the change of slope
of the melting temperature around 200 MPa®2. These high
pressures also mark the onset of the ice polymorphism, lead-
ing to the formation of interpenetrating HB networks at larger
pressuresSH8,

Atlow temperatures below PM&X  Nyp saturates to two HBs
per molecule (NII;/[B@Ix = 2N), i.e., every water molecule is par-
ticipating in four HBs. However, the changes of Ngp at low
pressure are not discontinuous as in the enthalpy, showing that
the contribution to 4 coming from HB cooperativity is relevant
(Appendix [A).

In particular, Ny is the number of locally cooperative, or
tetrahedrally arranged, HBs (Appendix [A). It displays a rapid
increase that is sharper at low pressure and smoother for
P > 70 MPa (Fig. EH). Unlike Nygp, the change in Ng oc-
curs between 197 K and 205 K, with a weak dependence on
P, correlating with the variation in 4.

Therefore, the significant decrease of & is associated with
the cooperative contribution, resulting from an extensive
structural rearrangement of the HBs towards a more tetrahe-
dral configuration. However, this reorganization implies only
a minor change in p at low pressure, as it occurs when the
number Nyg of HBs is almost saturated.

On the other hand, by increasing P toward P%Ah;‘}g, a large
amount of HBs form at low T, where the many-body inter-
action is already relevant. Therefore, at high P, the effect of
Npp on the density is significant and collective, as expected at
a critical phase transition.

B. Isobaric specific heat.

To test whether the observed thermodynamic behavior is
consistent with criticality, we calculate the response functions
Cp, Kr, and ap and study if they diverge at the hypothesized
LLCP. We find sharp maxima in Cp = N ((h*) — (h)?) /kgT?
at any pressure P and low 7 with an apparent divergence
at —70 MPa< P < 20 MPa within our numerical resolution
(Fig. 2h).

For pressures below 20 MPa, the locus of the maxima of
Cp depends weakly on P, occurring around 200 K, in the
range of T where h and N have significant changes (Fig.[2b).
For pressures P > 20 MPa, the sharp maxima decrease in in-
tensity and move toward lower temperatures. This behavior
would be consistent with an LLPT line with a negative slope
in (T, P) ending in an LLCP where Cp(T') apparently diverges
(Fig.2b).

Between the TMD line, that coincides within the statistical
error with the experimental data as reported in Fig.[2b, 3p, and
@b, and the LG spinodal, Cp has isobaric minima (Fig. 2, in-
set). Between 0 and 50 MPa, the minima agree, within the sta-
tistical error, with the experimental data, as reported in Fig.[2b
and discussed in Ref®,

As P decreases, the locus CB"(P) is between the TMD line
and the lower-T numerical (finite-size) proxy for the LG spin-
odal never coinciding with the latter (Fig.[2b). The TMD line
and the LG spinodal do not intersect, which is consistent with
the monotonicity of the spinodal pressure versus temperature.
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FIG. 2. The isobaric specific heat has maxima at low temper-
atures with apparent divergence below 200 MPa. In all panels,
the MC calculations are for N =32,768 water molecules, dark-green
squares mark specific heat minima Cg‘i“(P), indigo triangles mark
smooth maxima C;™#X(P), and red triangles are the finite Cp value
calculated at the highest 7 within our numerical resolution before
the divergence at the LG spinodal. (a) Cp, in J/(gK), as a function
of T, in K, along isobars from —400 MPa to 260 MPa (with colors
as indicated in the legend). For clarity, we show only a selection
of results from the fluctuation relation. Circles are the calculations,
and lines are guides to the eyes. Sharp maxima, CM#(P), occur at
any P, achieving higher values between —70 MPa and 20 MPa. For
P > 120 MPa, we find also smooth maxima, CIS,mMaX (P), almost P-
independent. Inset: The details of the same data, represented as lines
for clarity, at high 7" around the C}.Pm (P). Cp diverges at temperatures
just above those marked by the red triangles. (b) In the (7, P) ther-
modynamic plane, the locus of C‘,Pi“(P) approaches from lower 7 the
numerical (finite-size) proxy for the LG spinodal but never coincides
with it, at P < 0, before turning into the locus of CM*(P) (magenta
left triangles), where the TMD (blue solid) line turns into the TminD
(blue dashed) line. At high P, the locus of Ci™™a%(P) departs from
that of C}Y[a"(P) near the state points where Cp apparently diverges
(cyan region). The TMD line and the C3i"(P) locus are in quan-
titative agreement within the statistical error with the experimental
data above the homogenous nucleation temperature 7,L (not shown)
for the TMD (blue diamonds®Z; blue squares®®; blue circles®?), and
C}"i" (P) (dark-green diamonds®®; dark-green circles®’; dark-green
squares®), respectively. Below T}, the agreement with the CM# (P)
from experiments at atmospheric pressure (magenta open triangle®)
is only qualitative, calling for further investigation.



Phase behavior of metastable water from large-scale simulations of a quantitatively accurate model near ambient conditions. 6

The LG spinodal should otherwise be reentrant in case of in-
tersection with the TMD?2.
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FIG. 3. The isobaric thermal expansivity grows negative below
the TMD line with extrema along the C}\,’[a" (P) locus. In all panels,
the MC calculations are for N =32,768, black triangles mark sharp
minima " (P), green squares mark smooth minima a;™ ™ (P),
brown circle marks a maximum a}}’l"‘x(P) at 260 MPa. (a) ap, in
K1, as a function of T, in K, along isobars from —540 MPa to 260
MPa (with colors as indicated in the legend). For clarity, we show
only the results from the fluctuation relation (circles) for a selection
of the calculated isobars. Lines are guides to the eyes. The expan-
sivity has minima, ol (P), that are sharp and strong at high P > 0.
They become weaker as P decreases. Inset: The same data as in the
main panel, represented as lines for clarity, around the op™ min(P),
for T above the af™(P). The sharp minima disappear for P < —400
MPa, while, for P < —250 MPa, the expansivity develops the smooth
minima at higher-T. We find a maximum a}!#(P) at 260 MPa. (b)
The locus of " (P) follows the locus of CM#(P) (magenta line),
crossing the state points where Cp apparently diverges (cyan region).
The locus of ™ ™" (P) converges at low P toward the CY*(P) line
and crosses the TMD (blue solid) line where it turns into the TminD
(blue dashed) line, approaching but never touching the LG spinodal
(red line). Experimental data for the TMD line are as in Fig@b,

The locus CHi"(P) crosses the TMD line where the minima
in Cp turn into maxima C},/Iax (P) and, at the same time, the
TMD line turns into the TminD line, as expected for thermo-

dynamic consistency. This is due to the relation*”

(57 ™ (57 G797 e
P T,TMD T TMD JdPIT TMD

indicating that the TMD line has a vanishing 7'-derivative, as
in a turning point, in the (7, P) plane, (dP/dT )rmp = 0, when
it intersects the locus of Cp extrema and they are independent
of P, i.e., (an/aP)T’TMD = 043‘87 93.

At P > 70 MPa, we find that Cp develops smooth isobaric
maxima C;,'“Max (P) at intermediate T, between the loci of
CMa(P) and C}I"(P) and these maxima are independent of
P (Fig. . The following explains that the locus C3™ax(p)
is necessary to maintain thermodynamic plausibility and data
consistency. As p increases, water loses its anomalies®*. As
density always increases with increasing pressure, a similar
relationship holds with P. Hence, the locus C3"(P) must end
at a sufficiently large pressure Pyax above which water is no
longer anomalous. Consequently, there are only two possible
thermodynamically consistent cases:

I. The locus C"(P) has a turning point at a limiting pres-
sure Pyax, merging into a locus of maxima of Cp oc-
curring at lower temperatures and crossing the TMD
line. For Eq. , because the maxima C3™*(P) are
independent of P, the TMD line has zero slope in the
(T, P) plane at the crossing point. Hence, the TMD line
flattens out or has a turning point at the high-P cross-
ing with the Cp extrema. Both possibilities are consis-
tent with the experimental data. For example, in Ref8]
the TMD flattens out in this region of the (7, P) plane,
while a high-P TMD turning point has been extrapo-
lated in Ref®> based on the experimental data. There-
fore, both possibilities are consistent with our model’s
observations, as discussed above and in the next sec-
tion, for the isobaric thermal expansivity at high
P.

II. The locus C{D“i“ (P) at the limiting pressure Pyrax extends
to zero temperature without a high-P turning point.
There is no necessary crossing with TMD in this case
as, for example, described in the singularity-free hy-
pothesis®®. However, in the singularity-free scenario,
the Cp minimum occurs at a temperature lower than the
TMD at ambient pressure. This is inconsistent with ex-
perimental data because the minimum of Cp at 1 atm oc-
curs at a temperature higher than the TMD, as reported
in Fig. 2l The alternative, with the locus of Cin(P)
embedding the TMD for P > 0 would still be consistent
with the analysis in Ref3! but would be inconsistent
with the extrapolation from the experiments in Fig. 2.9
of Ref?? showing a turning point in TMD. This turn-
ing point implies a crossing with the locus of zero T -
derivatives of ap, and this, in turn, coincides with the
locus of extrema in Cp, as discussed in the next section
111

Hence, only Case I is thermodynamically plausible and con-
sistent with all the experimental data interpretation or extrap-
olation. The detailed study of the high-P turning point of Cp
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extrema and the TMD, although interesting, goes beyond the
scope of the current work.

The two Cp maxima observed here are qualitatively dif-
ferent from those discovered by Mazza et al. for the wa-
ter monolayer®”. Consistent with experiments for a water
monolayer®®, Mazza et al. found the two Cp maxima also
at low pressures, approaching the LG spinodal. Here, instead,
we find two maxima only at pressures above the possible criti-
cal region, as in experiments of confined water”?1% and atom-

istic simulations of bulk water>3/ 101102/

C. Isobaric thermal expansivity.

Next, we calculate the thermal expansivity, op = ((VAN) —
(V)(hN))/(kgT*(V)), along isobars (Fig. [3h). We observe
sharp minima, o'"(P), along the CM®(P) line, with de-
creasing intensity as the P reduces (Fig.[3p). At —210 MPa,
ap develops a shoulder at temperatures above the minimum
(Fig. E}a inset). As the pressure decreases, the shoulder be-
comes a smooth minimum o™ min (P). For —400 MPa < P <
—250 MPa, ap has a primary minimum, o™ min (P), at higher
T and a secondary minimum, Oc,‘.?‘i“(P), at lower T.

The fact that both ap, proportional to the cross-fluctuations
of entropy and volume!?>, and Cp, proportional to the fluctua-
tions of entropy!’>, have extrema along the same locus in the
plane (T,P) indicates that at these specific state points there
is the most extensive rearrangement of the HB network to-
wards a more tetrahedral ordering. This is in agreement with
the N significant variation observed in Fig[T|d. Hence, the
sharp minima in @p correspond to maxima in the structural
rearrangement of the HB network.

The smooth minima in ap at negative P indicate that the
HB ordering can occur progressively at intermediate 7. The
o™ ™in(P) line correlates in 7' with the largest variation of the
gradual increase of Nyp at low P (Fig[Ik).

At higher and positive P, the energy gain of the HBs can
overcome their high enthalpy cost, due to the local volume in-
crease, only at low enough 7', inducing a merging, within the
error bar, of the smooth and the sharp minima. This should oc-
cur at the C}Y[a" (P) line, where Ng and Nyp increase together
at high P, as suggested by our calculations.

Also, all these observations are consistent with the mean-
field results showing that op is proportional to the isobaric
T-derivative of the probability of forming HBs, apart from a
term that is relevant only near the LG spinodal'’”. Hence, it
correlates with the HB-network structural changes marked by
the derivatives of N5 and Nyg.

It is interesting to note that our results indicate that the po-
sitions of the two minima, ™ ™" (P) and o™ (P), become
identical when they approach the LG spinodal. The position
of g™ ™in(P) approaches the LG spinodal and the TMD line
before turning towards the a"(P) position where the TMD
line and the TminD line merge (Fig. [3p). This is consistent
with the thermodynamic relation
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FIG. 4. The isothermal compressibility has maxima below the
TMD line merging the C}\,’[a"(P) line where Cp apparently di-
verges. In all panels, the MC calculations are for N =32,768, solid
orange upper triangles and solid turquoise squares mark maxima
K%/Ia"(P) and minima K‘Tnin(P), respectively. (a) Kr, in GPa!, as
a function of T, in K, along isobars from —400 MPa to 260 MPa
(with colors as indicated in the legend). For clarity, we show only
the results (circles) from the fluctuation relation for a selection of
the calculated isobars. Lines are guides to the eyes. The maxima
K%/Ia"(P) rapidly decrease upon decreasing P < 200 MPa. Inset: The
same data as in the main panel, represented as lines for clarity, show-
ing the convergence of the K}%*(P) and the minima K" (P). We
also show the two maxima above 200 MPa at ~ 187 K and 202 K.
(b) The Kl}/[‘”‘ (P) line converges to the (cyan) region where Cp appar-
ently diverges and merges with the C}Y‘ax(P) (magenta) line. The lo-
cus of K'Tni“ (P) crosses the TMD (blue) line in its turning point (point
of maximum slope), in quantitative agreement with the available
experimental data above the TMD (turquoise squaresi3; turquoise
circlesi®: turquoise diamonds 8%). The agreement with the experi-
mental data for K%/[ax (P) in stretched water below the TMD (orange
empty triangles®?) is only qualitative and should be further investi-
gated. We find KM@ (P) at pressures above 200 MPa. Extrema in
Ky are related to extrema in op as regulated by Eq. @). We find
KMax(P) also at pressures above 200 MPa.

showing that ap has zero T-derivative, as in a minimum, if it
crosses the TMD line where the slope is zero, i.e., where it
turns into the TminD line.

Our calculations along isobars in the range 160 MPa < P <
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200 MPa show that ap(T) flattens out around 180 K (Fig. S3),
where Cp has a smooth maximum. Hence, for Eq. @), the
TMD line has a zero slope in the (7, P) plane at the crossing
point, as discussed in case I in section [[II B consistent with
the two experimental scenarios proposed in Ref®!' and in Fig.
2.9 of Ref?.

The Eq. () also holds for a maximum in op. We can
observe potential maxima at —540 MPa around 205 K (In-
set Fig[3p) and at approximately the same temperature but at
very high pressure (260 MPa). This suggests that, as observed
for the other response functions, the locations of the extremes
should trend towards high pressure and high temperature and
then converge towards the region where Cp seems to diverge,
forming a closed region in the (7, P) plane. Further investiga-
tion beyond the scope of the present work will be required to
understand this feature.

D. Isothermal compressibility.

Finally, we calculate the isothermal compressibility, K7 =
(V) /kgT (V), along isobars (Fig. ). We observe that K7 has
maxima, KM (P), that in the (T, P) plane converge toward the
extrema of Cp and ap (Fig.[p). All the extrema of the three
response functions merge in the region where Cp apparently
diverges and follow each other at higher P, as it would be
expected along a first-order LLPT with a negative slope in the
(T, P) plane ending in an LLCP.

As the pressure decreases, the maxima KM (P) decrease
and turn into minima, K}“i“(P). These minima occur at in-
creasing temperatures with increasing pressure above —350
MPa and cross the TMD line at its turning point, in quantita-
tive agreement with the available experimental data reported
in Fig. E}) As discussed in Refs #8793 thig is a consequence
of the thermodynamic relation*3

(&KT> _ 1 (9*V/dT*)twp
T )pup vV (9P/9T)tmp

indicating that, at the TMD line, K7 has a zero T-derivative
along isobars when the TMD line has an infinite slope. At
pressures above 200 MPa, we find another branch of the locus
of K%’Iax (P), as expected for thermodynamic consistency=5100,

‘We observe that our calculations recover, within the error
bars, the thermodynamic relation

aOCp . 8KT
<aP>T <ar>P @

indicating that the extrema of K7 along isobars correspond
to state points where otp is constant along isotherms. Con-
sequently, we find that ap, calculated at close pressures, has
crossing temperatures coinciding with the loci of extrema of
Kr (Fig. S4).

3

E. Finite size analysis for the LLPT and the LLCP

The results in the previous sections are consistent with an
LDL-HDL phase separation in finite systems. We perform a
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FIG. 5. Correlated flipping in energy and density between HDL-
like and LDL-like states. (a) Sequence of (top panel) molar energy
e, in kJ/mol, and (bottom panel) density p, in kg/m?> for the configu-
rations generated by the MC algorithm for a system with N =4,096
water molecules at 7 = 194.65 K, and P = 117 MPa. We observe
four correlated flips between states with high (e,p) and states with
low (e,p), as between HDL and LDL, respectively. (b) Number Ny
of flips, within 10° MC steps, between high-(e,p) and low-(e,p)
states at fixed N, for N =512 (green squares), 1,728 (red circles),
and 4,096 (blue triangles), as a function of P, in MPa, along the
(T, P) locus where the maxima in Cp, op, and K7 converge. Contin-
uous lines are guides for the eyes. For N =4,096 water molecules, we
do not observe any switching below 110 MPa within 103 MC steps
(blue dashed line). The purple dot-dashed line indicates the pres-
sure P%Aﬁl") ~ 180 MPa above which the model displays no density
anomaly (maximum P of the TMD line, Fig. S1), consistent with the
experiments®182,

finite-size scale analysis to demonstrate the occurrence of the
LLCP in the thermodynamic limit and estimate its universality
class.

The HDL-like and LDL-like states have high molar energy
e and p, and low e and p, respectively. Consistently, we ob-
serve correlated switching between states with low and high
values of e and p in our MC calculations (Fig[Sh). These flips
are consistent with a bimodal joint probability density distri-
bution Q(e, p), as in a phase coexistence.

At any number N of water molecules, the number Ny of
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FIG. 6. Gibbs free energy difference near the LLCP estimated
for a finite system. AG, in units of k3T (colored-bar scale), for size
N =4,096, as calculated with the histogram reweighting method, in
the (e,p) plane, where the molar energy e is expressed in kJ/mol
units and the density p in kg/m3. The system samples with larger
probability the two (blue) regions corresponding to LDL-like and
HDL-like states at low-(e,p) and high-(e, p), respectively.

flips reaches a maximum around 150 MPa along the locus of
maxima in Cp, op, and Kr. This pressure is close to the up-
per limit PM3X beyond which water has no TMD both in our
calculations (Fig. S1) and experiments® 52 (Fig).

As we increase N from 512 to 4,096, the value of Ny (P)
decreases by five orders of magnitude and eventually vanishes
below 110 MPa within 108 MC steps (see Table S1). However,
the flips still occur even for the largest N when P > 110 MPa.
This is consistent with the expected behavior for state points
near phase transitions in systems with a size smaller than the
correlation length of the o. p. fluctuations. However, finite-
size scaling theory allows one to extrapolate N-dependent crit-
ical parameters to the N — oo limit near a critical point.

To calculate the N-dependent critical parameters, we re-
sort to the histogram reweighting method (section [ITC).
We estimate the free energy landscape AG(e,p)/kpT =
—log(Q(e,p)) near the LLCP for the largest system size
(Fig. [6). Our analysis reveals two basins of attraction, one
associated with a low-(e,p) state and the other with a high-
(e,p) state, as expected at the LDL-HDL coexistence. These
two basins are separated by a free-energy barrier of approxi-
mately 2kpT, which thermal fluctuations can easily overcome,
consistent with the behavior near a critical point.

To localize the LLCP accurately and analyze its universal-
ity class in the thermodynamics limit, we estimate the mixing
parameter s, which defines the o. p. M(s) and its rescaled
version x(s), and the size-dependent critical temperature and
pressure (Tc(N),Pc(N)), as described in section[[TC} Our re-
sults show that the x(s) at the size-dependent LLCP follows
the probability density distribution Q3 of the 3D Ising critical
point (Fig.[7). Therefore, we conclude that the LLCP belongs
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FIG. 7. The water LLCP belongs to the 3D Ising universality
class. The rescaled o. p. x(s), as defined in Appendix [B| at the
LLCP follows the 3D Ising critical probability density distribution
Q3 (continuous black line) in the thermodynamic limit. Symbols, as
indicated in the legend, are for systems with N =512 (green squares),
1,728 (red circles), and 4,096 (blue triangles) water molecules. The
critical parameters are reported in Table[l]

TABLE I. Parameters adopted in Fig. m For each N, we adjust the
critical parameters T¢, Pc, and s, as in sectionm to best fit the 3D
Ising distribution Q3.

N Te [K] Pc [MPa] s
512 202.7£23 —141+ 164 —36+30
1,728 200.4+3.4 59435 —76+38
4,096 194.6+1.0 117410 —142415

to the 3D Ising universality class in the thermodynamic limit.

In Table [, we indicate the parameters adopted in Fig. [7] for
each N, finding strong finite-size effects. For N =512, we find
fluctuations of x that follow Q3 for a wide range of P and a
limited range of T along the CM*(P) line, as discussed in the
next section. As N increases, the range of P at which Q(x)
is compatible with Q3 becomes narrower, indicating that, for
larger N, the region with critical fluctuations is smaller.

We analyze how T¢ and Pc extrapolate to the thermody-
namic limit. This analysis is crucial to determine whether the
observed LLCP results from finite-size effects or is an intrin-
sic property of the model. According to the finite size scaling
theory?”, the scaling laws of T¢(N) and Pc(N) are governed
by the critical exponents of the universality class as

Pc(N) _ MPN7(9+1)/dV+PC

5
Te(N) = otpN~ O/ L 7 ©

where @ and <7y are scaling constants, d is the dimen-
sionality, v the critical exponent controlling the divergence
of the correlation length £, 6 the correction to scaling, and
Pc =Pc(N — o0) and Te = T (N — oo) are the critical pressure
and temperature, respectively, in the thermodynamic limit.
For the 3D Ising model, itis d =3, v =0.63, and 8 = 0.53 70
By fitting the scaling laws of Pc(N) and T¢:(N) to the three
calculated LLCP(N), we find that Po(N) follows the expected
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FIG. 8. The scaling laws for the critical parameters are consistent
with the 3D Ising critical exponents. (a) Pc(N), in MPa, follows
the scaling law in Eq.() with 3D Ising critical exponents for the
three sizes considered here, with @ = (—5+3)10°> MPa and Pc =
(176 + 14) MPa. (b) Tc(N) (blue circles), in K, deviates from the ex-
pected scaling law. However, by thermodynamic argument (see text),
we can add the critical temperature Te (PZ)|extrema = (186.7£1.1) K
(red diamond) corresponding to CM#(P) at Pc(N — ). Exclud-
ing Te(N = 512) and adding T (PZ)|exwrema, the calculated critical
temperatures follow the 3D Ising critical scaling law in Eq.(3) with
o1 = (64+1)103 K and Tp = (1864 4) K (red dashed line).

power law (Fig.[8h), but T-(N) apparently does not (Fig. [8p).
However, the correct dependence of Pc(N), extrapolating to
Pc = (174 4+ 14) MPa, suggests that 7c(N) has a stronger N-
dependence than the critical pressure, inducing a significant
deviation at the smallest size N =512.

To account for this, we observe that the LLCP in the ther-
modynamic limit must occur at a temperature Te (PZ)|extrema
along the locus of extrema of the response functions at the ex-
trapolated Pc(N — o). From Fig.s and | we estimate
Te(PZ)|extrema = 186.7+ 1.1 K. By adding T (PZ)|extrema and
neglecting Tc (N = 512), we find agreement with the expected
scaling law in Eq.(5) with T = (186 +4) K (Fig. 8p). Here,
the error is likely underestimated for the added point and is
taken as the largest among the data used in our fit. There-
fore, we confirm that the water LLCP has the 3D Ising criti-
cal exponents and conclude that its critical parameters in the
thermodynamic limit are Po = (174 & 14) MPa, and T¢ =

(186+4) K.

IV. DISCUSSION

Remarkably, our calculations are consistent with a recent
overall analysis of available experimental data concluding that
the LLCP, if present, should be located between 180 and 200
MPa and at a temperature close to 190 K8, These critical
parameters are compatible with our estimates, especially con-
sidering the approximations adopted in Ref®!' and our extrap-
olation of T¢.

In particular, by recompiling data for the NMR proton
chemical shift, the authors of Ref#! indicate a structural tran-
sition along a locus in the 205 K - 220 K temperature range
below 200 MPa that disappears at higher P. This locus of
maxima is a proxy for the Widom line because the variation
of NMR proton chemical shift with 7" along isobars is propor-
tional to the isobaric T-derivative of Nygi®Z and, as discussed
above, the latter is contributing to the extrema of the response
functions. Therefore, our results, showing response functions
extrema between 205 K and 220 K, are quantitatively consis-
tent, within the statistical errors, with the experimental data in
Ref 8l over the entire range of positive pressures we explored.

Mishima has provided another LLCP estimate®?, suggest-
ing that it should be located below approximately 130 MPa
and above approximately 210 K (Fig. ). This estimate
is extrapolated from experimental data at high P and T >
300 K% assuming that the liquid-liquid transition line is
near the homogeneous nucleation line of the crystal. Al-
though Mishima’s estimate lies at higher 7" and lower P than
the one reported in RefL, it is encouraging that both esti-
mates converge on the general observation that the critical
point must be on the low-pressure, low-temperature side of
the TMD line and close to the temperature of the homoge-
neous crystal nucleation 7;,. This region in Fig. 9 is delim-
ited, in pressure, by the "No TMD" constant-P line that marks
the P%Z‘XD ~ 180 MPa above which no TMD is extrapolated
from experimental data and, in temperature, by the TMD line.
Many models, with a few exceptions, satisfy this condition.
Several estimates of the LLCP, including ours, lie at the high-
P limit of the region very close to the slope change in the
experimental 7j,. Other predictions, instead, are between the
two experimentally extrapolated estimates (Fig. [J).

It is also intriguing to note that experiments conducted
on micro-sized water droplets!® reveal structural changes in
liquid water at temperature (205 £ 10) K. These structural
changes are interpreted as consistent with crossing an LLPT at
a pressure between 1 atm and 350 MPa. The calculations pre-
sented here show that, at that temperature and up to approxi-
mately 50 MPa, water exhibits the most significant structural
change marked by the locus of CM®, which is a proxy to the
Widom line!®2, Furthermore, along this line, we find that fi-
nite systems undergo macroscopic fluctuations extending over
more than 10 nm, the approximate size of our largest sample.

When compared with other numerical models, our LLCP
prediction is in good agreement with the approximate es-
timates from a few others, e.g., the classical polarizable
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iAMOEBA*? (Fig.[9). The iAMOEBA is parameterized using
experimental data and high-level ab initio calculations, where
cooperative effects are included*'. The analysis of K7 and Cp
from atomistic simulations of the iAMOEBA suggests that it
exhibits an apparent divergent point around (175 4 10) MPa,
and (184 +3) K42,

More recently, free energy calculations for 192 molecules
of a machine-learned monatomic water model with three-body
interactions (ML-BOP) for both liquid water and ice*® have
shown the occurrence of the LLCP at Pc = (170 £ 10) MPa
and Tc = (181 +3) KI%, This estimate is very close to our
result.

Notably, both the iAMOEBA and the ML-BOP models in-
clude optimized many-body interactions (HB cooperativity).
This is also true for our CVF model whose parameters were
selected®® based on ab initio energy decomposition analy-
sis of small water clusters%, Therefore, the agreement of
our LLCP estimate with those from other cooperative models
might be because they have a similar intensity of HB coopera-
tivity, consistent with previous research indicating the impor-
tance of many-body interactions in determining the LLCPH.,

On the other hand, our prediction of the LLCP is within
the statistical error of the rigid TIP4P/Ice model, whose o. p.
fluctuations analysis leads to an estimate of Po = (173.9 +
0.6) MPa and Ty = (1884 1) K®J. The TIP4P/Ice model
considered in Ref?? is parametrized to reproduce the crys-
tal phase diagram of water'%”. However, Espinosa et al. have
shown that the model must be shifted by 40 MPa to fit the lig-
uid water equation of state and compressibility, leading to a
different estimate of the LLCP around 125 MPa and 195 K-,
This new prediction falls along the locus of CM%(P) as our
finite-size LLCP estimate for N =4,096 CVF water molecules.
The absence of finite-size scaling analysis in Ref>® prevents
a consistent comparison with the original TIP4P/Ice model”*
and the present work.

Similar considerations also hold for the TIP4P model, for
which the LLCP has been estimated around 190 K and 150
MPa?Z, a state point which falls along our CM#(P) line. How-
ever, when the model is shifted®’ by +31 K and —73 MPa to
match the TMD experimental data, the LLCP estimate moves
far from our calculations.

Finally, we observe that the average value of our prediction
for the critical pressure Pc = (174 & 14) MPa falls below the
limiting pressure for the density anomaly, P'IP/I{ZE ~ 180 MPa,
calculated in the framework of our model (Fig. S1). Experi-
ments show a consistent behavior, with the TMD no longer
evident above 180 MPa®l82 Additionally, there is a dras-
tic change in the slope of the melting line from negative to
positive in the (7,P) plane, below and above 200 MPa, re-
spectively, as well as for the temperature of the homogeneous
crystallization®!,

The negative slope is due to the density anomaly. It is
a result of the anticorrelation between volume variation AV
and entropy change AS at the melting line for the Clausius-
Clapeyron equation, which is given by dP/dT |phase transition =
AS/AV. A positive slope of the melting line is typical of nor-
mal liquids without density anomaly.

We expect a negative slope also for the LLPT as there is
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FIG. 9. The CVF estimate of the LLCP in the thermodynamic
limit compared to other models’ predictions. Our estimates of the
critical parameters for different sizes N (yellow symbols, from bot-
tom N = 512 to top 4,096) extrapolate in the thermodynamic limit to
Tc = (186 £4) K and Pc = (174 £ 14) MPa (yellow square) close to
the pressure P%’INZI‘XD ~ 180 MPa above which liquid water, both in the
experiments® 82 and in our calculations (Fig. S1), displays no TMD
(purple dot-dashed line). Our finite-size estimates fall along the lo-
cus of CM*(P) from Fig. [2| Other estimates of the LLCP are for
the TIP4P/2005 and TIP4P/Ice?, TIP4P/Ice shifted®, ST2 (uVT)2,
ST2 (N < 72952, WAILAY, ML-BOP!4, DNN@MB-pol*?, E3B3+2,
iAMOEBA#2, DNN>2, -TIP4P/F (MD and PIMD)??, TIP4P and
TIP4P shifted3”, with sizes and symbols indicated in the legend.
Asterisks (*) in the legend indicate approximate calculations. The
orange-shaded area corresponds to the approximate estimate of the
LLCP based on a recent analysis of a collection of experimental data
in Ref®l while the purple-shaded area corresponds to the estimate
based on extrapolated experimental data in Ref®>.

a similar AS/AV between the high-7 HDL and the low-T
LDL phase. Therefore, in the thermodynamic limit, the LLPT
should occur below the pressure where the melting line of wa-
ter changes its slope and there is no TMD, between 200 MPa
and Pc = (174 + 14) MPa (Fig. 9).

It’s fascinating to see that the TMD and TminD extrapola-
tions are consistently converging toward our estimate of the
LLCP (Fig. ). This convergence suggests that the density
anomaly region, which is delimited by the TMD and TminD
lines, might originate from the LLCP, along with the Widom
line. If this prediction is confirmed, it would provide com-
pelling evidence of the relationship between the LLCP and
the anomalies of water.

V. SUMMARY AND CONCLUSIONS

Experimental studies of the metastable region of liquid wa-
ter are challenging! 879U but fundamental for discriminating
between different thermodynamic explanations of the water
properties. Therefore, it is crucial to investigate the extrapo-
lation of the equation of state of reliable models to the experi-
mentally unexplored regions to address open questions related
to the possible different thermodynamic scenarios®133,
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In this work, we consider the CVF liquid water. This model
provides a precise quantitative reproduction of the experimen-
tal data for the density, specific heat Cp, thermal expansion
coefficient ap, and compressibility K7 of liquid water with
an unprecedented level of accuracy around ambient condi-
tions over a temperature range of roughly 60 degrees at atmo-
spheric pressure and up to 50 MPa®. As a result, it is one of
the most reliable molecular models for liquid water at equilib-
rium. Here, we examine its phase diagram upon supercooling
and stretching.

We analyze how the response functions, Cp, ap, and Kr,
change at supercooled temperatures by varying the pressure
from negative to positive. We find the loci of response func-
tions extrema and verify their consistency with general ther-
modynamic relations and the available experimental data.

Our results show that all the loci of extrema converge,
within the statistical errors, to one single line that extends
from positive pressure to moderately negative for the finite-
size systems we consider here. Along the common locus of
the extrema, we find that the liquid flips in energy and density
between HDL-like and LDL-like states, as expected along the
LLPT line. Furthermore, the Gibbs free energy calculated at
the end of this line displays two minima as near an LLCP be-
tween the LDL and HDL.

Through a detailed scaling analysis, we find that the finite-
size effects are significant. Still, the water LLCP also exists
in the thermodynamic limit and belongs to the 3D Ising uni-
versality class. The critical parameters extrapolate to T =
(186 +4) K and Pc = (174 4+ 14) MPa.

Several recent studies of water models with different de-
grees of coarse-graining support the prediction of an LLCP.
Our estimate of (T¢, Pc) is consistent with those for two co-
operative models that optimize the many-body interactions,
the iAMOEBA#*? and the ML-BOP!#. General arguments!!
suggest that they have an intensity of HB cooperativity com-
parable to that of the CVF model. Intriguingly, these three
models are based on a combination of experimental data and
ab initio or machine-learning optimizations. They stand out
for their quantitative agreement for the water density, al-
though the CVF outperforms the others for the response func-
tions. Therefore, the CVF model is reliable around ambient
conditions and also comparable to optimized models in the
metastable region.

The consistency among these models that optimize the
many-body interactions and agree quantitatively with the wa-
ter equation of state highlights the importance of hydrogen-
bond cooperativity in explaining water anomalies. Previ-
ous theoretical studies have shown that scenarios without the
LLCP are thermodynamically consistent and can also explain
the water anomalies. However, these scenarios are excluded
when cooperativity is considered and has a moderate intensity
as in the present model'!,

Our LLCP estimate is also consistent with that of the
TIP4P/Ice optimized for the solid phases®3, but not with the
TIP4P/Ice shifted, optimized for liquid water®. However, the
latter has critical parameters similar to our calculations for fi-
nite systems.

Furthermore, experiments'® on supercooled water droplets

show significant structural changes at pressures and tempera-
tures corresponding to our estimate for the Cp maxima. There-
fore, our work suggests an explanation for the results in Ref/1°
that, although alternative, is still consistent with the LLCP’s
existence.

Extrapolated experimental data allow Mishima to conclude
that the LLCP should be on the lowT', low-P side of the TMD
line?2, consistent with our calculations. However, what is even
more compelling is that our prediction for the LLCP matches,
within the statistical error, with the estimate based on a com-
prehensive set of measurements recently analyzed®l. The
study also reviews data demonstrating significant ordering of
the HB network over a range of pressures and temperatures®!,
consistent with our estimates for the HB structuring, the ex-

trema of the response functions, and the Widom line.

Finally, our prediction for the LLCP approaches the pres-
sure limit where no TMD is found in the model°® and the
experiments® 82 and the melting line changes its slope. Based
on this, the LLPT should occur between 200 MPa and Pr =
(174 £ 14) MPa, and it should lie with the LLCP at the conver-
gence of the TMD and the TminD lines, providing persuasive
evidence on the origin of the anomalies of water.

On a more applicative side, this study shows that a water
model with a) high quantitative accuracy and transferability in
a broad thermodynamic range around ambient conditions, b)
capability of large-scale free-energy calculations, and c) com-
putationally efficiency is also able to explore the metastable
phases of water providing reliable calculations.

Our findings indicate that the hydrogen bond network can
develop significant cooperative fluctuations at scales larger
than 10nm when exposed to supercooled temperatures of
around 205 K and pressure up to 50 MPa. These thermo-
dynamic values are widely used in biostorage technology for
cryopreservation of genetic material, biological tissues, and
medications. Hence, it is crucial to understand the density
fluctuations under these conditions to ensure long-term biop-
reservation without causing any cryo-injury -,

Furthermore, an advantage of the CVF model is its abil-
ity to calculate free energy for systems containing millions of
molecules efficiently. This feature is particularly useful for
investigating large hydrated systems in various fields with-
out requiring expensive computational resources or long real-
time simulations. Such studies can address important ques-
tions relevant to nanotechnology "3 and biophysics 4112
which often face limitations with conventional computational
approaches 1919 While the CVF model is currently op-
timized only for bulk water, it has demonstrated great po-
tential in these fields, providing many qualitative and semi-
quantitative results'?%126  Further studies are required to
achieve quantitative predictions with hydrated interfaces.

SUPPLEMENTARY INFORMATION

See Supplementary Information for Tables S1 and S2 and
Figures S1 — S4.
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Appendix A: The CVF model

A detailed description of the model with a full justification
for its parameters is given in Ref.®®. Here, we briefly define
the model, its variables, and its parameters.

The model assumes that at constant temperature 7 and pres-
sure P, N water molecules are distributed in a variable volume
V(T,P). The entire V is partitioned into cells i € [1,...,.4],
with .4~ > N, each containing at most one molecule. Here,
we set .4~ = N. Each cell has volume v =V /.4 > vy, where
vy = rﬁ' is the van der Waals volume of one molecule, with
ro = 2.9 A and d is the Euclidean dimension.

The CVF model coarse-grains the positions of the
molecules, with » = v!/¢ corresponding to the average dis-
tance between two neighboring molecules. The van der Waals
interaction, modeled with the Lennard-Jones potential with an
energy parameter € = 5.5 kJ/mol®, determines the value of
v(T,P) and the homogeneous component of the density vy /v,

that is discretized with an index n; = 0 if vo/v < 0.5 (gas-
like density), and n; = 1 (liquid-like density) otherwise, for
each cell and molecule i. The heterogeneous component of the
density is associated with the number of HBs each molecule
forms, as we discuss in the following.

The model separates the HB interaction into two Hamilto-
nian terms: the directional (covalent) component and the co-
operativity component, which is much weaker than the first
and is due to many-body correlations. They are described in
terms of a set of bonding o;; variables. Each water molecule i
has a bonding variable o;; € [1,...,q| for each water molecule
Jj that is its neighbor. Consistent with the experiments, the
model assumes that each water molecule can form only four
tetrahedral HBs.

A HB is formed only if two neighboring molecules have
the facing bonding variables in the same state, i.e., 0;; = 0j;.
Debye-Waller factors estimate!#” and calculations'?® show
that only 1/6 of the entire range of possible values [0,360°]

of the OOH angle between two molecules is associated with a
bonded state. Therefore, the model sets g = 6 to account for
this constraint.

Furthermore, consistent with calculations!2?13l the HB
has a negligible energy, i.e., is broken, for O-O larger than a
distance rmax. The CVF model sets rmax =~ 3.65A. This choice
guarantees that, in the homogeneous system, the HB breaks
if the O-0O distance between two bonded molecules becomes
F > Fmax, 1€, Vo /v =13 /13 < 0.5, then n; = 0 Vi. If, instead,
7 < Fmax then n; = 1 Vi, and n;n; = 1, allowing the HB forma-
tion. Hence, n; is a bonding index.

In a cubic lattice, each molecule has six nearest neigh-
bors. However, a water molecule cannot form more than four
HBs. For this reason, we introduce a set of allowing vari-
ables n;; € {0, 1}, where 0 denotes a forbidden bond between
molecules i and j, and 1 denotes an allowed bond. By con-
struction, for each molecule i, four of the six variables 7;; are
set to 1, while the other two are 0, with n;; = n;; Vij. Ref 2
describes an algorithm for generating valid configurations of
the 1);; variables.

The total number of HBs is, therefore,

NHB = Z ninjnij66ij,6ji (Al)

<ij>

where the sum is over the nearest neighbor molecules and
04 = 1 if a = b, and 0 otherwise. The Hamiltonian term cor-
responding to the directional component of the HB interaction
is pair-additive and linear in Nyg,

s = —JNuB, (A2)

where J is set to 11 kJ/mol®®.
The cooperative component of the HB interaction is given
by a five-body term, consistent with the analysis of polarizable

water clustersl32,

He =—JsNo = —Js Z”i Z Scik-ﬁfzv (A3)
i (k,/)i

where (k,1); indicates all possible pairs of bonding variables
of the i-th water molecules, and J; = 1.76 kJ/mol is set®®
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based on ALMOEDA analysis'% of density functional theory
calculations on water clusters>2.
Finally, the total volume of the system is

Vot =V + vupNus, (A4)

where vyg = 14.4 A3 accounts for the local decrease in den-
sity due to HB formation!*. Hence, Vi includes the local
heterogeneity in the density field due to the HBs.

Appendix B: The order parameter

We consider Q(e,p), where ¢ and p are dimensionless
quantity, and rotate it using the 2D Euclidean rotation ma-
trix, .# = esin(a) + p cos(a). Therefore, we define M(s) =
A [ cos(or) = p + sé, where s = tan(a).

Our joint probability distribution Q(e,p) has a strongly
asymmetric shape, as evident from the asymmetry between
the two basins of attractions of AG (Figl6), considering that
O(e,p) =exp[—AG(e,p)/kpT]. Specifically, the basin for the
LDL state is broader than that for the HDL.

Therefore, to make the two basins more symmetric,
we need to consider only rotations for o € [7/2,7] and
[37/2,2x], hence s < 0. We check that the sign of s depends
on the model’s parameter choice.

For each size N, we test a candidate (T¢(N),Pc(N)) by
rescaling M as m = B(M — M¢), where B and M¢ (in Table
S2 of the Supplementary Information) make Q(m) with zero
mean and unit variance. However, we realize that any combi-
nation of (T¢(N),Pc(N)) and s(N) allows us to fit Q(m) to O3
only partially. Specifically, we find that the tails of Q(m) are
overrated, and the peaks are underrated (Fig.[I0p red squares).

We, therefore, test alternative functional forms X (m) for
the rescaled o. p. in such a way to best fit Q(X) to Q3.
First, we observe that Q(m) — Q3 =0 for m = 0 and m = +my
(Fig.[I0R). Thus, we consider only transformations with fixed
points in m = 0 and £myg. Furthermore, X (m) must slightly
shrink the tails (|m| > myg) and stretch the peaks (|m| < mg) of
our Q(m) to fit O3 (Fig.).

Under these considerations, we find that the function

m

X (m) = oA’ sin (/l

) +oym B
fits well to our purposes because, when oy = 1 and A = my /7,
it has fixed points Vm = k - mg, with k € Z. Moreover, the sinus
alternatively changes its sign shifting m as convenient, while
oy controls the amplitude of the modulation (Fig. @b).

Next, by observing that (o, ;) = (1,1) is the best com-
bination and that the modulation requires a further normaliza-
tion to fit Q3, we get the final expression for the rescaled o. p.
as

x=By(X(m)—Xc) (B2)

where the constant By and X¢ are given in the Table S2 of the
Supplementary Information, together with A4, for all the values
of N.
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FIG. 10. Rescaling of the order parameter M and comparison
with Q3. (a) Comparison between the probability distribution Q(m)
(red squares) for the rescaled m = B(M — Mc); Q(x) (blue circles)
for the rescaled o. p. x defined in Eq.(B2)); and Q3(¢) (black line).
Symbols are calculated for the CVF model with N =4,096 near the
estimated (T¢(N),Pc(N)). Q(m) coincides with Q3 at m = 0 and
my = £1.53. (b) The function X (m) in Eq.(BI) modulates m al-
lowing us to best fit O to Q3. All the curves are for A = mg /7 (con
mg = 1.53 /1 for N =4,096) so that, when o) = 1, X(m) =matm=0
and +m( (marked by the dashed vertical lines). For (¢, a;) = (0,1),
it is X(m) = m (red line). For other combinations with a; = 1,
o controls the amplitude of the m modulation. The combination
(ap, 1) = (1,1) is our best choice (blue line), and it is used to cal-
culate the distribution Q with blue squares in panel (a). Other combi-
nations (0, ) are shown for comparison (green and orange lines).
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