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L’algébre n’est qu'une
géométrie écrite; la géométrie
n’est qu'une algebre figurée.[7]

Sophie Germain

Abstract

This work aims to introduce modern algebraic geometry and present two of
Grothendieck’s vanishing theorems for affine schemes.

The first part covers fundamental concepts of sheaves and scheme theory, with
a focus on affine schemes. In the second part, the reader is introduced to sheaf co-
homology, particularly emphasizing Cech cohomology, leading to the presentation
of two Grothendieck’s vanishing theorems for affine schemes.

Resum

L’objectiu d’aquest treball és fer una introducci6 a la geometria algebraica mo-
derna i presentar dos dels teoremes d’anul-lacié6 de Grothendieck per esquemes
afins.

La primera part d’aquest treball introdueix conceptes fonamentals sobre feixos
i teoria d’esquemes, centrant-nos en esquemes afins. A la segona part, el lector és
introduit a la cohomologia de feixos, emfatitzant particularment en la chomologia
de Cech, finalment es presenten dos teoremes d’anul-lacié de Grothendieck per
esquemes afins.
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Introduction i

Introduction

This work arises from the course "Anells de polinomis en diverses variables",
in which the classical correspondence of algebraic geometry, between reduced
algebraic varieties over an algebraically closed field k and finitely generated k-
algebras without nilpotent elements, is explained. The professor of the course
encouraged us to read about scheme theory, and this is the origin of this work.

In the late 19th century, David Hilbert proved the well-known Hilbert’s Null-
stellensatz, which establishes an intrinsic relationship between algebra and geom-
etry. This result, together with the commutative algebra of Emmy Noether and
the contributions of mathematicians such as Oscar Zariski and André Weil, laid
the foundations of classical algebraic geometry in the early decades of the 20th
century. Scheme theory has its origins a few years later, around the 1950s. Sheaf
theory had been introduced as an abstract tool to study local-to-global proper-
ties of geometric objects, although it has its origins in analysis. It was Alexander
Grothendieck (1928-2014), who in the 1950s defined the concept of scheme, a topo-
logical space together with a sheaf on it, that locally is like an affine scheme, the
generalization of an affine variety. This paradigm shift, from concrete geometric
objects to abstract structures, led to a revolution in algebraic geometry. He pub-
lished from 1960 through 1967, Eléments de Géométrie Algébrique, an eight-part
work in which the theory of schemes and the cohomology of sheaves are rigor-
ously developed. Nowadays, scheme theory is a fundamental tool while working
on algebraic geometry, in addition to the importance it has in other areas such as
number theory and commutative algebra.

We propose two main objectives. The first is to provide an introduction to
scheme theory, for which we will also introduce the initial definitions and proper-
ties of abelian sheaves. This first part will be developed in the first two chapters.
The second goal is to use this introduction to understand the statement and impli-
cations of two cohomology vanishing theorems for sheaves on affine schemes. To
understand these results, we will define concepts such as quasicoherent sheaves
and the dimension of a scheme. This part will be mostly explained in the last two
chapters.

The text is structured in four chapters.

In Chapter 1, we will define the basic concepts of sheaf theory. We will discuss
sheafification, a process by which a sheaf can be associated with a given presheaf.
This construction, at least its existence, will be of vital importance throughout the
work. To introduce some concepts, we will need to talk about the concept of direct
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limit. We will define the kernel and image of a sheaf morphism and we will see
that to check the injectivity of a sheaves morphism, it is enough to verify it for the
stalks, but this is not the case for surjectivity. This loss of surjectivity is what will
later motivate sheaf cohomology in Chapter 4.

In the second chapter, we will discuss schemes. The first section aims to define
a scheme. To do this, we will first introduce the spectrum of a ring as a set.
Subsequently, we will endow this set with a topology, Zariski’s topology. Then,
we will construct a sheaf of rings over this topological space. And, finally give
the definitions of affine scheme, scheme and scheme of finite type. In the second
section, we will define open subscheme and closed subscheme. In the third section
we will give some important properties of schemes, such as being noetherian and
the notion of dimension. In the last section we will explain how to glue two
schemes together using two isomorphic open subsets. With this, we will look at
the construction of the projective line and a family of sheaves on it.

Chapter 3 is dedicated to sheaves of modules. We will focus on defining qua-
sicoherent sheaves. Quasicoherent sheaves generalize the notion of modules over
a ring to the setting of schemes. In order to illustrate their importance, we will
show that an exact sequence of sheaves, the first of them quasicoherent, preserves
the exactness when taking global sections. Finally we will explain the relationship
between closed subschemes and quasicoherent sheaves of ideals.

The final chapter is an introduction to sheaf cohomology. In particular, we
are going to define Cech cohomology. First, we will define Cech cohomology
of covering. This will allow us to explicitly calculate the cohomology of some
examples we have seen in the previous chapters. Subsequently, we will see that by
refining the covering, we can define the cohomology of sheaves in general. Finally,
we will conclude with some cohomology vanishing results. The first one will tell
us that the cohomology of quasicoherent sheaves on affine schemes vanishes. The
second, and more general result, is a vanishing theorem above the dimension of
the scheme. With these two results we will be able to compute the cohomology
groups of an important family of sheaves on the n-projective space. To finish the
work, we present a proof of Bézout’s theorem for projective plane curves, in which
we will use almost everything we will have explained in the text.

Previous results

We will provide some of the basic definitions of ring localizations that we will
assume to be known at the beginning of this work, as well as the notation we will
introduce now. Some of the properties of localizations will also be assumed to
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be known, although they will be stated when they are used. All of the results of
localizations that will be used through the work can be found in [1, Chaper 11].

Definition 0.1. Let R be a commutative ring with unity. We say S C R is a multiplica-
tive subset if 1 € S and x,y € S implies xy € S.

Definition 0.2. Let R be a commutative ring with unity and S a multiplicative subset.
We define the equivalence relation ~ in R x S as follows: (x,s) ~ (y,t) if Ju € S, such
that, xtu = ysu. We denote by S"'R = R x S/ ~, and by % the equivalence class of
(x,s) € R x S. Let us define:

tx +ys 0 1
+ Z = y ’ Os—lR = = 15—1R = I

£ st’

r Yy _ Yy d
s s

S~IR with this structure is a ring, named the localization at of R at S.

Definition 0.3. Let R be a commutative ring with unity and f € R. Sy := {f" | n > 0}.

The localization of R at f is defined to be S;lR, and we will denote it by Ry.

Definition 0.4. Let R be a commutative ring with unity and p C R a prime ideal. The,
Sy = R\ p is a multiplicative subset. The localization of R at p is S;'R and it is
denoted by R,.






Chapter 1

Sheaves

1.1 Introduction

Definition 1.1. Let X be a topological space, a presheaf F of abelian groups on X is:
e For every open subset U C X an abelian group F(U).

e For every pair of open subsets V. C U a morphism pyy : F(U) — F (V) of abelian
groups, named restriction maps, such that:

1. puu = idF )
2. For every three open subsets such that W C V' C U then pyw = pyw © puv-

Definition 1.2. If F is a presheaf (of abelian groups) on X and U C X an open subset,
the sections of the presheaf over U are the elements of F(U). If s € F(U) is a section
over U, and V C U, it is usual to write sy in spite of puv(s)

Definition 1.3. A sheaf F on X (of abelian groups) is a presheaf on X that satisfies the
following conditions:

1. (Locality axiom) If U is an open subset of X, {U;}ic; an open covering of U and
s € F(U). Ifsjy, = 0 foralli € I, then, s = 0.

2. (Gluing axiom) If U is an open subset of X, {U;}ic; an open covering of U and
s; € F(U;) such that Sijunu; = Sjjunu; for each i, j. Then, 3s € F(U) such that
Sju; = siforalli € 1.

Notice that the same definition of presheaf of abelian groups can be rewritten
to define a presheaf with values in a category C, by replacing, in the definition
above, abelian groups for elements of Ob(C), and morphism of abelian groups for
an element of Hom(X,Y) with X,Y € Ob(C). Sheaves of abelian groups are also
named abelian sheaves.
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Example 1.4. Let X be a topological space. We define the sheaf of continuous
functions C(X,R) as follows:

1. For all U C X open subset C(X,R)(U) = {f : X — R | f continuous }
2. Take the usual restriction maps of continuous functions.

Any continuous function that restricts to zero on an open covering of X is the zero
function so the locality axiom holds. If we have a family of continuous functions
{fi : U; — R} that matches on the overlaps (ie: fiwru; = fjjunu;) we can define
a continuous function f as f(x) = fi(x) if x € Uj, so the gluing axiom also holds.
Hence we have defined a sheaf of rings on X.

Notice that for the same reason we can define the sheaves C"(X,R) of func-
tions m-times continuously differentiable on a differentiable manifold X.

Example 1.5. Let V be an algebraic variety over a field k (the set of solutions of a
system of polynomial equations). Considering Zariski topology, for each U C V
open subset let O(U) be the ring of regular functions from U to k (functions
defined locally by rational functions as a well defined quotient of polynomials),
and take the restriction maps as usual. It is clear that O is a presheaf of rings on
V, this is indeed a sheaf: it satisfies the locality axiom: given that a function that
is the 0 function locally is the 0 function, and it satisfies the gluing axiom since a
function that is locally regular is indeed regular by definition.

Example 1.6. Let X be a topological space and A an abelian group. If one wants to
define a constant sheaf on X the first attempt to do it will be to define A(U) = A.
The matter is that in general it is not a sheaf. For example if X = U; LI U, a disjoint
union, for any choice of s; # s, elements of A they always match on the intersec-
tions since it is @ so they cannot be glued. This problem can be solved by defining
Ax(U) = {f: U — A f locally constant }, this is f continuous taking on A the
discrete topology. With this we have Ax(U) = A if U is connected, indeed we
have Ax(U) is the product of copies of A one for each connected component of U.
It is easy to check that this is a sheaf.

Definition 1.7. Let F be a presheaf on X, a presubsheaf G of F is a presheaf on X
such that for every U C X open subset, G(U) C F(U), and the restriction maps are the
induced by the restriction maps of F. If F and G are sheaves then G is called a subsheaf

of F.

Definition 1.8. Let X be a topological space and F, G (pre)sheaves on X. A morphism of
(pre)sheaves ¢ : F — G is, for every open set U C X, a morphism ¢y : F(U) — G(U)
compatible with the restriction maps. This is, for every pair of open subsets V. C U C X
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the following is commutative:

Fu) g

pﬁvi lpi‘}v

F(V)——~G(V)

Example 1.9. Let X be an open subset of R” and take the sheaves C"(X,R) and

C" (X, R) (see 1.4). The morphism D : C"(X,R) — C" (X, R) defined by the

operator D = £ is a morphism of sheaves.

Definition 1.10. A map ¢ : F — G between (pre)sheaves is an isomorphism if there
existsamap P : G — F such that pop = idg and po¢p = idr

Definition 1.11. We denote by Sh(—) the category of sheaves (of abelian groups) on a
topological space.

1.2 Sheafification

When one has a presheaf 7 on X a topological space there is a natural way to
associate to it a sheaf F*" that approximates JF the best possible way as a sheaf.
This procedure is known as sheafification.

Definition 1.12. Let F be a presheaf on X. A sheafification of F is a sheaf F*" on X
and a presheaves morphism sh : F — F°" such that:

(a) For every G presheaf on X and ¢ : F — G presheaves morphism there is an induced
sheaf morphism ¢ : F' — G in which:

F-r-g

J

f‘sh (PSh gsh

(b) Universal property: If G is a sheaf on X and ¢ : F — G presheaves morphism then:

Fr-g

7
s
shl s
/ !(P

J—_'sh

(c) The morphism sh induces an isomorphism on the stalks, F ~ F;h, Vx € X.
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Proposition 1.13. Assuming the existence of the sheafification. Given a presheaf F
presheaf on X, F*" is unique up to isomorphism.

Proof. In general, objects with a universal property are unique up to isomorphism.
Nevertheless, let us see the proof in this case.

Let F be a presheaf on X a topological space, and F7, > two sheafifications of
F, let shy, shy, denote the morphisms of sheafification.

shy: F — F shy : F — F»

Applying the second property of sh; with F, sheaf on X and the morphism of
presheaves shy : F — J>, there exists a unique ¢; : /1 — F7 such that ¢; osh; =
Shz.

Shz

F R
7
sh 7
1 B y '(pl
F1

By symmetry, there exists a unique ¢, : 7, — Fi, such that, ¢, o shy = sh;.

F S]’ll fl

/1
Shz
L e

Fo

Therefore, ¢1 0 (¢ 0 shy) = shy and @, o (@1 0 shy) = shy, so ¢ is an isomorphism
from F; to Fp. O

Theorem 1.14. Given a presheaf F presheaf on X there exists the sheafification.
Proof. See [5, pg 31-34] O

1.3 Direct image, inverse image and stalks

The next natural question to ask is, given a continuous function between two
topological spaces f : X — Y, how to use f to define a sheaf on Y when one has a
sheaf defined on X. Conversely, if one has a sheaf defined on Y, how to use f to
define one on X.

We are going to see that the first case is quite straightforward; it suffices to
take the inverse image of f to define a sheaf on Y. However, the second case is not
going to be as simple because not every continuous function is necessarily open,
and this will require to introduce some more technical concepts.
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Definition 1.15. Let X, Y be topological spaces and f : X — Y a continuous map. The
direct image functor f, : Sh(X) — Sh(Y) is defined on open subset U C Y by

foF(U) = F(f7H(U))

So, f. sends a sheaf on X to f.(F) that turns out to be a sheaf on Y. We denote f.F as
direct image sheaf or pushforward sheaf of F along f.

As we have said before, the definition of the inverse image functor is not that
simple, since the image f(U) of an open set does not need to be open. This is the
reason why we should introduce what a direct limit is:

Definition 1.16. Consider a directed set (I, <), a non-empty set I with a preorder < with
the property that for every pair i,j € I there exists k € I such thati < kand j < k. A
directed system over I is a pair (A;, fij) where:

1. {A;:i € I} is a family of objects indexed by I.
2. For every pair i < j there is a morphism fij : A; — A;j with the following properties:

(a) fii = ida;
(b) fix = fixo fijforeveryi <j<k
Definition 1.17. With the previous notation we define the direct limit of the direct
system (A;, fij) to be:
lig’lAl’ = |_| A,‘/ ~
i

With ~ being the following equivalence relation: for x; € A; and x; € A then x; ~ x; if,
and only if, Ik € I with i,j < k such that fi(x;) = fi(xj). And a family of canonical
functions ¢; : A;j — ligA,' that maps each element to its class.

The direct limit has a universal property. If one has (4;, f;;) a direct system of
objects of an algebraic category C, A € Ob(C) and morphisms {¢; : A; — A} such
that ¢; o f;; = ¢;. For each Y € Ob(C) and {¢; : A; — Y} such that ¢; o f;; = ¢,
there exists a unique ¢ : X — Y morphism such that the following commutes:
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Definition 1.18. Let X, Y be topological spaces and f : X — Y a continuous map. The
inverse image functor f. : Sh(Y) — Sh(X) is defined for G an abelian sheaf on'Y as the
sheafification of the following presheaf:

1. On open subset U C X, (f71G)(U) = ligqf(u)gvg(V)
2. The restriction maps are defined by the universal property of the direct limit.
We denote f~1G as inverse image sheaf or pullback sheaf of G along f.

Definition 1.19. Let F be a (pre-)sheaf (of abelian groups) on X and x € X. We define
the stalk of X at x to be:
fx = I_I ]-"(U)/ ~
U>x
where we consider (s1,Uy) ~ (s2,Uz), with s1 € Uy, s, € Uy, if 3V C Uy N U, open
subset such that x € V and syjy = sppy.

Remark 1.20. Indeed we are taking 7 = lim ,_ (U) indexed by the open neigh-
borhoods of x with U < V if V C U.

The previous definition can be understood as follows: to each x € X, we
associate to it an abelian group Fy. To do this, we take a kind of limit over all
of those F(U) associated with each open neighborhood U of x, gradually making
them smaller. Thus, the stalks encode information about how the sheaf F behaves
locally.

Example 1.21. Take X = C and Ox the sheaf of holomorphic functions defined
similarly to the example 1.4. Take x € X, if f, g are holomorphic functions such
that are equal on a neighbourhood of x, since both of them can be written as a
convergent series (Taylor’s expression on x) then f = g there. Hence Ox , can be
identified with the ring of power series convergent in a neighborhood of x.

This is a particular behaviour of holomorphic functions. In general it is not
easy to give such an easy intuition of the stalks. Given a sheaf on a topological
space X and x € X, one has, for each neighborhood U of x, a natural map sending
a section s € U to the class on the stalk where it belongs. This classes are called
germs and are denoted as s,.

Definition 1.22. Given a map of presheaves ¢ : F — G for any x € X there is an
induced map between the stalks ¢y : Fr — Gy defined by sending the class of (s, U) to the
class of (¢u(s), U). This is named the map of stalks.

Remark 1.23. As ¢ is compatible with the restriction maps, since it is a map of
presheaves, the following diagram commutes for any pair V' C U open subsets.
Hence, ¢, is well defined.
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F(U) Gg(u)
puv Fr Gy
/ X /
F(V) Gg(v)

Definition 1.24. Let F be a (pre)sheaf (of abelian groups) on X, the support of F is
defined to be:
Supp(F) ={x € X: Fx #0}

1.4 Kernel, Image, Cokernel and exact sequences

In this section we will work on abelian sheaves (ie: sheaves of abelian groups).

Definition 1.25. Given a morphism ¢ : F — G of sheaves the kernel of ¢, denoted by
Ker ¢ is the subsheaf of F defined as follows:

Kerp(U) = {s € F(U) : pu(s) = 0}.

Proposition 1.26. Given a morphism ¢ : F — G of sheaves, Ker ¢ is a sheaf.

Proof. For any V C U open subsets and s € F(U), the definition above is compat-
ible with the restriction maps since ¢v (s|;) = ¢u(s)|y- Hence Ker ¢ is a presheaf.

As F is a sheaf, the locality axiom hols for Ker ¢ because it is a subsheaf of F.
Take {U;}; an open covering of U an open subset and {s;}; a family of sections
such that s; € Ker¢(U;) and Siunu;, = Sjjunu; for each i,j. As F is a sheaf the
gluing axiom hols, so 3 s € F(U) such that s; = 5|, for all i. Now we may see
that ¢(s) = 0. One have that ¢(s);, = ¢(s;), as the locality axiom holds for G, we
have that ¢(s) = 0. O

Proposition 1.27. Given a morphism ¢ : F — G of sheaves for any x € X forming
stalks commutes with the kernel, (Ker ¢), = Ker ¢y.

Proof. Take s a section of F over an open neighbourhood of x such that locally lies
in Ker ¢, that is that exists V C U containing x such that ¢(s|y) = 0 that is that s,
lies in Ker ¢,. That proves (Ker ¢), C Ker ¢y.
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For the other inclusion, take s, € Ker¢y C F,. By definition, ¢,(sx) = 0 in
Gy, so U an open neighbourhood of x and s € F(U) such that sy = s, so
(¢(s))x = ¢x(sx) = 0. Therefore, there exists V an open subset containing x such
that ¢(s);y = 0, and for ¢ being a morphism of sheaves 0 = ¢(s)|y = P(sv).
Hence, sy € Ker ¢y, s0 sx = (s)y)x € (Ker¢)s. O

Definition 1.28. Given a morphism ¢ : F — G of sheaves the image of ¢, denoted by
Im ¢ is the subsheaf of G defined as the sheafification of the subpresheaf of G defined as
follows:

Im¢p(U) ={seG(U):seIm¢py}

Proposition 1.29. Given a morphism ¢ : F — G of sheaves for any x € X forming
stalks commutes with the image, (Im ¢), = Im ¢,.

Proof. Take t a section of G over an open neighbourhood of x such that locally
lies in Im ¢ as a presheaf, that is that there exists V' C U containing x such that
ty € Im¢yy, hence, t, € Im¢y as it is known that the stalks are preserved by
sheafification.

Take ty € Im¢y, by definition there exists sy € Fy such that ¢y (sy) = tx.
So we can take U an open neighbourhood of x such that ¢;(s) = t. Using the
commutativity of the diagram:

Fu) =g

L,

‘/—"x - gx

$(s)x = Ps(sx) = tx € (Im )y, using again that the stalks are preserved by sheafi-
fications we get the remaining inclusion.
O

Definition 1.30. A morphism of sheaves ¢ : F — G is said to be injective if Ker ¢ = 0
and is said to be surjective if Im¢p = G.

Remark 1.31. From 1.27 and 1.29 one has that checking the injectivity and surjec-
tivity of a map ¢ of sheaves is equivalent to checking it for ¢, for every x € X.

It is important to notice that the injectivity of ¢ is also equivalent to ¢y be-
ing injective for all U open sets, this is a direct consequence of the definition of
Ker ¢. However it is not true that the surjectivity of ¢ implies all of those ¢;; to be
surjective. Let us give an example.
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Take X = C* and the sheaves F and G defined on U open subset to be
F(U) = {holomorphic functions on U }(as an additive group)

G(U) = {non-zero holomorphic functions on U }(as a multiplicative group)

Take the morphism of sheaves ¢ that maps f € F(U) to ¢(f) = exp2mif € G(U).
Notice that ¢(C*) is not surjective since the function z € G(C*) is not image of
any function, is well-known that log(z) is not an holomorphic function in C*.
However, ¢ is surjective, indeed locally there exists a branch of logarithm so ¢, is
surjective for all x € C* and this is equivalent to ¢ being surjective.

Definition 1.32. Given two sheaves F and G such that G C F we can define the quotient
presheaf as follows:

1. For U open set (F/G)(U) = F(U)/G(U).

2. The restriction maps are those induced by the passing to the quotients F(U)/G(U)
since the restriction maps of both F and G preserves the inclusions G(U) C F(U).

We define the quotient sheaf F /G to be the sheafification of the previous presheaf.

Definition 1.33. Given a morphism ¢ : F — G of sheaves the cokernel of ¢, denoted by
Coker ¢, is the quotient sheaf G/ Im ¢

We have the following exact sequences:

0 —G¢ —F —=F/G—0

0 — Ker¢p — F — G — Coker¢p — 0



Chapter 2

Schemes

2.1

Main definitions

In classical algebraic geometry, for k an algebraically closed field, we have the
following equivalence of categories:

{Reduced affine varieties over k} < {

commutative rings with 1, nilpotent-free,
finitely generated over k

Let us now examine some examples of reasons why the right-hand side may,

in certain cases, be considered too restrictive.

(a)

(b)

(©

In number theory, it is reasonable to desire geometric tools to work with. For
this reason, it is not unreasonable to want to associate a "geometric object" to
rings such as Z or Z(i). However, these are not algebras over a closed field.

If one wants to study, for example, the affine line (its coordinate ring is k[X]
given by the relation above), it is natural to look for the rational functions
over it, this is k(X) (quotients of polynomials). The problem is that k(x),
while being a finitely generated field extension of k, is not finitely generated
over k as a k-algebra.

One common study in algebraic geometry is the study of intersections of
varieties. Take following varieties V(Y), V(X —Y), V(X2 —Y), and we want
to study the intersection of the first with the other two. For the first in-
tersection, we take k[X,Y]/(Y,X —Y) = k[X]/(X) = k. In the second one
would take k[X,Y]/(Y,X? —Y) = k[X]/(X?), but our relation does not al-
low nilpotent elements which is why we actually take not (X?) but /(X2),
yielding k[X]/(X) = k again. If our goal is the study of intersections, as we

10
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have done, the two are indistinguishable, yet we would like this not to be the
case.

Hence is reasonable to want to have commutative rings with unity to the right of
the bijection. Modern algebraic geometry gives an answer:

. .y commutative rings with 1, nilpotent-free,
{Affine varieties} <+— { 5 P }

finitely generated over an algebraically closed field

! I

{Affine schemes} <+— {Commutative rings with 1}

From now on let R be a commutative ring with unity. Our main goal is to es-
tablish a geometric structure associated with R, under the consideration that if R
is finitely generated nilpotent-free over an algebraic closed field k, then this struc-
ture should resemble an affine variety as closely as possible. Indeed we would like
to extend the relation between an affine variety and its coordinate ring. To achieve
this, we introduce the notion of an affine scheme. It will be a set of points, known
as the spectrum of R, equipped with a topology and a sheaf of rings on it called
the sheaf of regular functions.

Definition 2.1. Let R be a commutative ring with unity. The spectrum of R, is:
Spec(R) = {p € R | p is a prime ideal}
As a convention R itself won’t be an element of Spec(R).

Example 2.2. Al = Spec(C|x])

prime ideals

maximum ideals

Figure 2.1: A naive representation of Spec C|x]

The prime ideals of C[x| are, the maximum ideals (x — z) with z € C, and the
zero ideal (0), since C[x] is a domain. In the picture above we have represented
the "classical points", one for each maximum ideal (this is one for each complex
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number), and one extra point corresponding to (0), this will be named the generic
point. Since the zero ideal contains all the others that is why it is pictured some-
how anywhere but nowhere at the same time.

Example 2.3. If we try to picture Spec(R[x]) as we did in the previous example
we will get the following points: one for each real number, the generic point,
and new points. Those new points correspond to those polynomials of the form
ax? 4 bx + ¢ with b?> — 4ac < 0. Thinking of the spectrum of R[x] we have won
one point for each Galois conjugates, this are much more points that in classical
algebraic geometry and therefore much more information.

Example 2.4. AZ = Spec(C|x,y])

(21122) .

[(X_Zl:y_zz]]

Figure 2.2: A naive representation of Spec Clx, y]

The maximum ideals correspond to points [(x — z1,y — z2)] with z1,z> € C, those
are again the "classical points". We have the generic point corresponding to the
zero ideal, as we had before. But now, we have one point for each irreducible
curve, since it generates a prime ideal. This new points, [f(x,y)] with f irre-
ducible, are pictured anyway on the curve but nowhere at the same time; for
example, the point [(y — x?)] is not on the parabola y = x?, but, somehow it is
everywhere on it. This behaviour gives some intuition that there are bigger points
than others. A nice intuition in this point is thinking that the bigger the ideal, the
smaller the "size" of the point it represents.

We will now endow our set Spec(R) with a topology. To do this, we need to
introduce notation to refer to specific subsets of our space.
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Definition 2.5. For each a C R an ideal, we define the following subsets

V(a) = {p € Spec(R) | p contain a}

Lemma 2.6. Let a, b be ideals of R, then V(a) UV (b) = V(ab).

Proof. If ab C p and suppose b Z p. Let us take b € b with b € p and a € a. Now,
ab € p, so it must be a € p, therefore a C p. On the other direction, is clear that if
a Cp(or b Cp)then ab C p. O

Lemma 2.7. Let {a;}ic; be a family of ideals of R, then V(Y_; a;) = ; V(a;).

Proof. By definition ) ; a; is the smallest ideal containing all of the ideals a;. Hence,
p € V(¥ a;) if, and only if, p € N; V(). -

By lemma 2.6 any finite union of subsets V (a) is again one of those. Moreover,
we have proved in lemma 2.7 that any intersection of arbitrary many subsets of
the form V(a) is again of this type. Hence, they define a topology taking them as
the closed subsets of the topology. The topology we have defined on Spec(R) is
named Zariski’s topology.

Definition 2.8. The topology on Spec(R) is defined by taking the subsets V (a) to be the
closed sets. An open set in Zariski’s topology is defined as the complement of one of one
of those V (a).

Remark 2.9. It is important to notice that a point p € Spec(R) is closed if, and
only if, it is a maximal ideal. So Spec(R) is not Hausdorff in general.

Let us focus now on a concrete type of open sets, those that are the complement
of a closed set defined by the ideal generated by a single element. Those basic open
sets will be of great relevance, not only because they form a base of the topology,
but also because they will be associated with localizations by a single element of
the ring. As we progress in the text, the importance of these open sets will become
evident.

Definition 2.10. For each f € R a basic open subset of Spec(R) associated to f is

D(f) = Spec(R)\ V((f))-

Lemma 2.11. For f € R we have D(f) = Spec(Ry).
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Proof. The prime ideals of R are the prime ideals of R that do not contain f, under
the correspondence p — pRy. O

Proposition 2.12. Basic open sets of Spec(R) form a base of the topology.

Proof. Let U be an open subset of Spec(R), then there is a ideal of R such that,
U = Spec(R) \ V(a) = Spec(R) \ Nfea V((f)) = Usea Spec(R) \ D(f). 0

To complete the construction of an affine scheme we must define a sheaf struc-
ture on Spec(R). A more or less natural intuition give us the following definition:

1. For any open set U C Spec(R), O(U) is defined to be the set of functions
s : U — HycyR, such that s(p) € Ry. The 1 function which maps 1 to each
R, is an identity, also, the sums and products of those functions are again
one of such. Hence O(U) is a commutative ring with identity.

2. If V. C U are open sets pyy : O(U) — O(V) will be the natural induced
restriction morphism of rings.

With this, we have a presheaf. Unfortunately, this is not generally a sheaf. By
sheafification (see 1.12) the definition is modified as follows:

1. For any open set U C Spec(R), O(U) is defined to be the set of functions
s : U — HpeyRy such that s(p) € Ry. And, such that for every p € U there is
a neighborhood V C U of p and elements 4, f € R, such that for each q € V,

f¢aands(q) =a/f € R,

2. If V. C U are open sets pyy : O(U) — O(V) will be the natural induced
restriction morphism of rings.

Proposition 2.13. For R a commutative ring with unity, O defined previously is a sheaf
of rings on Spec(R).

Remark 2.14. Recall a local ring is a ring with a unique maximal ideal.

Proposition 2.15. Let R be a commutative ring with unity, and O the sheaf of rings
defined before.

1. Forany p € Spec(R), the stalk O, is isomorphic to the local ring R,.

2. Forany f € R, O(D(f)) is isomorphic to Ry. In particular O(Spec(R)) = R.
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Proof. 1. We define a morphism ¢ : O, — R, as follows: for a pair (s, U) with
s € O(U) and U neighborhood of p

(s, U) = s(p)
Let us check that ¢ defines an isomorphism:

(a) Surjectivity: Any element of R, is a/f with a, f € R and f ¢ p. Hence
D(f) is an open neighborhood of p such that there exists one of those
s: D(f) = Ugep(s)Rq with s(p) = a/f.

(b) Injectivity: Take U an open neighborhood of p and s,t € O(U) with
s(p) = t(p). Wecan puts = a/f and t = b/g with a,b, f,¢ € R and
f,g ¢ p. Because of s(p) = t(p) € Ry, by definition of localization,
3h ¢ p such that h(ag —bf) =0 € R. Hence a/f = b/g in all R, with
f,.g.h & q. As D(f) N D(g) N D(h) is an open neighborhood of p then
s = t in this open subset. We get that s = t in the stalk O,.

We get ¢ is, indeed, an isomorphism.

2. Let us proof the first statement. We define a morphism ¢ : Ry — O(D(f))
as follows: we map a quotient a/f" to an element s € O(D(f)) with the
property that s(p) = a/f" in every R,. Let us check that i defines an iso-
morphism:

(a) Surjectivity: we are not going to prove this statement since it is a bit
tedious and the used arguments are not the aim of this work. The proof
can be found in [8, Proposition 11.2.2.].

(b) Injectivity: Suppose P(a/f") = ¢(b/f™), so by the definition of ¢
a/f*(p) = b/f™(p) in every R, with p € D(f). By definition of lo-
calization this means that 34 ¢ p such that h(af" —bf") = 0in R. We
define now the following ideal of R:

a={heR:h(af"—bf") =0}

So, for all p € D(f) it holds that a ¢ p. Hence, V(a) N D(f) = @, so
it must be some [ > 0 such that f! annihilates af™ — bf". Therefore
a/f" =b/f" in Ry which give us the injectivity.

For the second part notice that it follows by taking f = 1, so D(f) = Spec(R),
and applying what we have just proved.
O

Definition 2.16. A ringed space is a pair (X, Ox) such that X is a topological space and
Ox is a sheaf of rings on X.
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Definition 2.17. A morphism of ringed spaces (X, Ox), (Y, Oy) is a pair (f, f*) in
which:

e f:X — Y isa continuous map.
o f*: 0Oy — f.Ox is a morphism of sheaves of rings on Y.

As Oy — f,Ox is a morphism of sheaves of rings on Y, for each open set U of
Y, we have a ring morphism Oy (U) — Ox(f~'(U)). Consequently, this induces
a natural morphism on the stalks. Indeed, let p € X be a point, if s f(p) € Oy,f(p)
is the germ of (s, V), then, t = f#(s) is a section of Ox(f~}(V)), and p € f~1(V).
Therefore the germ t,, of (¢, f~1(V)) is well defined.
We want f}*(p) (s) to vanish at p if s vanishes at f(p). However, this does not
happen in general if we do not require any condition on the map f*. For this to
happen we need to ask the maximal ideal of Oy f(,) be mapped to the maximal
ideal of Ox,,. This condition is to require the maps of stalks to be morphisms of
local rings.

This is why we will not work on ringed spaces, instead we will work on locally
ringed spaces.

Definition 2.18. A ringed space (X, Ox) is a locally ringed space if for all p € X the
stalk Oxp is a local ring.

Remark 2.19. If R is a commutative ring with unity, the pair (Spec(R),O) is a
locally ringed space. This is a direct consequence of proposition 2.15.

Definition 2.20. For (X, Ox), (Y, Oy) locally ringed spaces, a morphism of locally
ringed spaces is a pair (f, f*), morphism of ringed spaces, such that, for all p € X, the
induced morphism f;‘f : Oy f(p) = Ox,p satisfies the following condition: if my, mx are
the maximal ideals of Oy, f(,y and Ox p respectively, (i)~ ! (mx) = my.

Now we are ready to give the definition of affine scheme.

Definition 2.21. An affine scheme is a locally ringed space isomorphic to (Spec(R), O)
for some commutative ring with unity R.

Definition 2.22. A scheme is a locally ringed space (X, Ox) such that every point x € X
has an open neighborhood U such that (U, Ox\y) is an affine scheme. X is called the
underlying topological space and Ox the structural sheaf. A morphism of schemes
is a morphism as locally ringed spaces.

If the structural sheaf is understood, and does not bring misunderstands, we
will usually denote just by X the scheme (X, Ox).
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2.1.1 Schemes of finite type

We want to generalize the notion of "variety over a field k". There is a notion
of relative schemes, where a base scheme S is chosen.

Definition 2.23. A scheme (X, Ox) together with a morphism (X, Ox) — (S, Os),
named structural morphism, is a scheme over S.

If the base scheme is affine, S = Spec(R), we say that X is a scheme over R.

Definition 2.24. If X, Y are schemes over S, and ¢ : X — Y a morphism of schemes, we
say it is a morphism of S-schemes if the structural morphisms are compatible. This is:

N

Definition 2.25. If X is a scheme over R, with structural morphism f : X — Spec(R).
We say X is of finite type over R if Spec(R) has an open affine covering {Spec(A;)}
such that, f~1(A;) can be covered by affine subsets of X, Spec(Byj), with By finitely
generated as A;-algebra.

X Y

We will work the most of the time with schemes of finite type over fields. This
type of schemes are the closest to varieties, with the difference that we can have
non algebraically closed fields, zero divisors...

Example 2.26. 1. Spec(k[x1, ..., x,]) is of finite type over k.
2. More general, Spec(k[x1, ..., x| /a), with a an ideal, is of finite type over k.

3. ]P,’{Z is of finite type over k.

2.2 Subschemes

Definition 2.27. Let (X, Ox) be a scheme and U an open subset. Then, (U, Oxy) is an
scheme, it is called an open subscheme of X.

It is not evident that it is an scheme. It suffices for us to see it for the case in
which U = D(f) a basic open subset. Then, (U, Ox|y) =~ (Spec(Rf)IOSpec(Rf))/
see 2.10. As we can cover X with basic open sets we get that for U open subset of
X, (U, Oxy) is a scheme.

Definition 2.28. A morphism of schemes 1 : Y — X is said to be an open immersion if
it is an isomorphism with some open subscheme of X.
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Example 2.29. Take X = Spec(A), Y = Spec(Ay¢) and ¢ : Y — X induced by the
localization at f. This is an open immersion of (Spec(Ar), Ogpec(a f)) in X.

To define what a closed subscheme is, it is not enough to specify a closed
subset on X. The construction is more delicate since for a given closed subset
Z C X the sheaf OX\Z does not behave as a structural sheaf of a scheme. An
intuitive approach to the definition is to give (Z, Oz) and a morphism Z — X that
locally looks like Spec(A/a) — Spec(A).

Definition 2.30. A morphism of schemes 1 : Z — X is said to be a closed immersion
if for every affine open subset Spec(A) C X, there exists an ideal a of A such that
1~ 1(Spec(A)) ~ Spec(A/a).

Definition 2.31. If Z C X is a closed subset and 1 : Z — X a closed immersion, Z is a
closed subscheme of X.

Example 2.32. Let X = Spec(R) be an affine scheme and a C R an ideal. The
morphism, as rings, R — R/a, gives a closed immersion

Spec(R/a) — Spec(R)

Notice that, Spec(R/a) ~ V(a) a closed subset of X. Hence, for any ideal 2 C R,
(Spec(R/a), Ogpec(r/q)) is a closed subscheme of X. In Chapter 3 we are going to
see that all closed subschemes of an affine scheme are of this type.

Notice that a closed immersion ¢ : Z — X defines a sheaf of ideals on X, the
kernel of:

For every open set U C X we get Z(U) an ideal of the ring Ox(U). Hence, there
is an exact sequence

0—-7Z—0x— 1,0, —0

Indeed, given Z we can recover Z as follows: Z = (Supp(Ox/ZI),Ox/I). Unfor-
tunately, not every sheaf of ideals come about a closed subscheme. We will see in
Chapter 3 that a necessary and sufficient condition is ask Z to be quasi-coherent.

2.3 First proprieties

Definition 2.33. A scheme is said to be irreducible if the underlying topological space is
irreducible (ie: it is not union of two proper closed subsets).
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Example 2.34. Take (Spec(A), Ogpec(a)) an affine scheme. If A is an integral do-
main then (0) € Spec(A). Suppose that Spec(A) = F; UF, with F; = V(a), F2(b)
closed subsets. Then, Spec(A) = V(ab). Hence ab C (0), but A is integral, we get a
contradiction. We have seen that (Spec(A), Ogpec(a)) is an irreducible scheme if A
is integral. In particular we have shown that the affine space over k is irreducible.

Definition 2.35. A scheme is said to be reduced if VU C X open subset, Ox(U) do not
have nilpotent elements.

Example 2.36. Spec (k[x]/(x?)) is an example of an affine non reduced scheme,
since x is a is a regular function on k[x]/(x?) that is nilpotent and not the zero
function.

Definition 2.37. A scheme is said to be integral if, for all U C X open subset, Ox(U)
is an integral domain.

Example 2.38. The affine scheme X = Spec(k[x,y]/(xy)) is an example of a non-
integral scheme, since x,y are zero divisors of k[x,y]/(xy). Moreover, this is
also an example of a scheme with a connected topological space but that is non-
irreducible.

We are going to see now a relevant property of affine schemes. Recall that
a topological space is said to be quasicompact if for every open covering only a
finite number of elements are needed. We say that a scheme is quasicompact if
the underlying topological space is quasicompact.

Proposition 2.39. An affine scheme X = Spec(R) is quasicompact.

Proof. Let {U;}ic; be an open covering of X, we want to see that only a finite
number of them are necessary to cover X. As we have proved in 2.12 we can refine
the covering and work with {D(f;) }je;.

Lemma 2.40. A family {D(f;)}jej forms a covering of Spec(R) if, and only if, there
exists {aj}jej, such that, 1 = Y ; ajf;, and only a finite number of them are non-zero.

Proof. Due to the lemma 2.7 we have V (1L;(f;))" = (ﬂj V(f]))c = U;j D(fj), so they
form a covering if, and only if, there is no prime ideal p € Spec(R) that contains
all of those (f;), and this happens if, and only if, } ;(f;) = 1. Again, this happens

if, and only if, 3{a;} elements of R, only a finite number of them non-zero, such

As {D(fj)}jej is a covering of X = Spec(R) because of the previous lemma
only a finite number of them are necessary. O
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Definition 2.41. A scheme (X, Ox) is said to be locally noetherian if it can be cov-
ered by open affine subsets, {Spec(R;)};, where all of R; are noetherian. We say it is
noetherian if the covering can be chosen to be finite.

It is important to notice that we do not require that every open subset of X is
the spectrum of a noetherian ring.

Remark 2.42. We have shown that affine schemes are quasicompact. So, it follows
form the definition that a scheme is noetherian if, and only if, is both locally
noetherian and quasicompact.

Proposition 2.43. An affine scheme (Spec(R), Ogpec(ry) is noetherian if, and only if, R
is a noetherian ring.

Proof. Let (X, Ox) = (Spec(R), Ogpec(r)) be an affine scheme. It is clear from the
definition that if R is noetherian then the scheme is noetherian, just by taking the
trivial covering. We want to see now that if (X, Ox) is noetherian then R is a
noetherian ring. Since the scheme is affine and noetherian it can be covered by
a finite number (2.39) of open subsets of the form D(f) ~ Spec(R¢) with f € R.
Since the localization of a noetherian ring is also noetherian (see [1, Exercise 16.33,
solution pg 330]) the problem reduces to a purely algebraic one. We want to prove
the following:

If R is a commutative ring with unity, { f1, ..., fr} € R, such that, 1 € (f1,..., f;),
and R 7 18 noetherian for i = 1, ..., 7, then R is noetherian.

Let a C R be an ideal and ¢; : R — Ry, be the localization map for each i. We
claim that,

o= o (@i(a)Ry).
i=1

To see the proof of that claim see [8, II, Proposition 3.2.]. Take an ascending chain
of ideals in R
a,Ca, C...

Looking in each localization Ry,

(Pi(al)Rf’. g goi(az)Rfi g

As Ry, is noetherian, the chain stabilizes. Now, just a finite number of f; are
necessary to generate the unite ideal, so, because of the claim we get the first
chain eventually becomes stationary, and therefore R is noetherian. ]
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Proposition 2.44. A scheme (X, Ox) is locally noetherian if, and only if, for all open
affine subset U = Spec(R), R is a noetherian ring.

Proof. It follows from the definition that, if for all U C X open subset, U is of the
form U = Spec(R) with R a noetherian ring, then, X is locally noetherian.
Conversely, we must show that if X is locally noetherian and U = Spec(R) an
affine subset, then R is noetherian. Since the basic open subsets form a base for
the topology of Spec(A) for a ring A, and the localization of a noetherian ring is
noetherian, there is a base for the topology on X formed by spectrum of noetherian
rings. So U is covered by affine subsets that are the spectrum of noetherian rings.
Therefore, it is a direct consequence of the previous result that R is noetherian. [J

The noetherian property is not just an algebraic one, it is also a topological
one:

Definition 2.45. A topological space X is said to be noetherian if for any descending
chain of closed subsets

YID2Y, D .. Y; closed subset

there exists m > 0, such that, Yy, = Yy, 4 for all k > 0.

Proposition 2.46. If (X, Ox) is a noetherian scheme then the underlying topological
space is noetherian.

Proof. X can be covered by a finite number of affine open subsets {Spec(R;)} with
R; noetherian. So it is sufficient to prove it for X = Spec(R). Take a descending
chain of closed subsets of Spec(R),

V(ap) 2 V(a,) D ... with a; C R ideal.

Taking ideals,
[(V(a)) CI(V(a,)) C ...

This is an ascending chain of ideals in R, which is noetherian, so it becomes sta-
tionary. Since V(I(V(a;))) = V(a;) for all i, we get that original chain also becomes
stationary. ]

2.3.1 A briefly introduction to the dimension of a scheme

We dedicate this section to discussing the concept of dimension. We will pro-
vide the initial definitions and some examples. Going further into this topic is
beyond the scope of this work, as dimension theory requires complex results and
definitions that will be explained in master courses.
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Definition 2.47. The Krull dimension of a ring R is
dim(R) := sup{r | exists a chain of primes py C p1 C ... C p, in R}.
Definition 2.48. The Krull dimension of a topological space X is
dim(X) := sup{r | exists a chain Yo C Y1 C ... C Y, irreducible closed subsets of X}.

Definition 2.49. The dimension of a scheme is defined to be the dimension of the un-
derlying topological space.

Remark 2.50. The irreducible closed subsets of Spec(R) are in correspondence
with the prime ideals of R, as we will see in the next chapter. So, for affine
schemes dim(Spec(R)) = dim(R).

Example 2.51. If R is a principal ideals domain which is not a field, all the non-
zero prime ideals are also maximal, so the longest chains we can get are {0} C p.
Hence, the dimension of those is 1. In particular, dim(K[x]) = dim(AL) = 1.

Although the definition of the dimension of a scheme may seem intuitive, cal-
culating the dimension of simple examples such as the affine space or the projec-
tive space, is actually quite complicated. In the case of schemes of finite type, the
notion of dimension can be reformulated using Noether’s normalization lemma.
From now on, unless said otherwise, we will work only with schemes of finite

type.

Definition 2.52. For integral schemes X of finite type over a field k, with function field
K the dimension of X is the degree of transcendence of K over k.

Since every open subset U of X has the same function field than X, dim(U) =
dim(X).

Example 2.53. 1. dim(A}) = n.
2. dim(IP}) = n.
3. The dimension of a curve on the plane is 1.

4. Take Q = Spec(k[x,y,z]/(x* —yz)), it has function field k(x, y), since we can
take z = y~!x? to eliminate z. This has transcendence degree 2 over k, so
dim(Q) = 2.

Remark 2.54. In general all hypersurfaces of a n-dimensional scheme have dimen-
sion nn — 1.



2.4 Gluing two schemes 23

If we take X = |J; X; is the decomposition into irreducible components, the
dimension of X is just the supreme of all dim(X;).

Example 2.55. X = Spec(k[x,y,z]) and Y = V(a) witha = (x,y,z) N (x — 1,y —
1)N(x+1,y+1). Y has three irreducible components, two lines and a point.
Hence the dimension of Y is 1.

2.4 Gluing two schemes

One of the main properties of schemes, and one of the reasons that makes the
theory much richer than classical algebraic geometry, is the flexibility in gluing
schemes together to obtain new schemes, as well as sheaves on them and mor-
phisms between them.

The possibility to obtain new schemes by gluing together old ones along open
subschemes is significant, especially compared to the fact that gluing algebraic
varieties together easily fails to be a variety. In this chapter, we will focus on a
particular case of this fact. We will introduce the technique of gluing two schemes
together to obtain an example of great importance: projective spaces and a family
of sheaves over them.

Let us consider two schemes (X1, Ox,) and (X2, Ox,) and an open subscheme
for each one:

(X1,0x,) € (X12, OXl\xn) (X, Ox,) C (X1, OXZ\X21)
And let us assume we have an isomorphism of schemes 7 : Xp; — Xj2. Our
goal is to define a new scheme X by gluing together X;, X, along X2, Xo1.

¢ The topological space:
X:X1|_|X2/xNT(x) for x € X»
We equip X with the quotient topology.

Now let us take ¢ : X; — X for j = 1,2 an open immersion.

* The structural sheaf: the sections of Ox in an open subset U C X will be
defined by the following exact sequence:

0*>OX<U) e Ox(um Xl) X OX(LIﬁXz) HO){(UH)Q N Xz)

- -

Ox, (Up) x Ox,(Up) —= Ox, (Ua1)

2.1)
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Figure 2.3: Gluing two schemes

Where U; = L]-_l(U) for j = 1,2, U; = L]-_l(lll NU,), and « is defined as

follows:
n Oxl(lh)XOXZ(UQ) — OX2<UZ1)

(S' t) = t|U21 - T#(S\Uu)
To recall the definition of " see 2.17.

This defines a scheme. To see the construction in general and the proof of this
statement see [5, Chapter 4, Proposition 4.3.].

Example 2.56. Take two copies of the affine line X;, X, = Spec(k[x]), and glue
them along the common open subset X1, = Spec(k[x, x~1]) with the identity map.
The resulting scheme consists of two copies of the affine line that overlap every-
where but the origin. Since the gluing process does not affect the origin there are
two points that replace the origin in new scheme. This is known as the affine line
with two origin. Later in this text we will see this is an example of a non-affine
scheme.

A

-

*

=
=
=

o

Ay
Figure 2.4: Affine line with two origin

Using the gluing technique we are going to see how to construct the affine line
and an important family of sheaves on it.



2.4 Gluing two schemes 25

2.4.1 The projective line

Let us now give an example of this construction. Take R a ring and consider
Up = Spec(R[x]) and U; = Spec(R[x~1]) as schemes (both of them are copies of
the affine line). Consider the following open subscheme respectively:

Up; = D(x) ~ Spec(R[x,x1]) Uy = D(x ) ~ Spec(R[x 1, x])

The result of gluing together Uy and U; along the isomorphism Ujg ~ Uy is
called the projective line over R and it is denoted by P%.

ey 1 o
Proposition 2.57. Op1 (Pr) =R

Proof. Using the construction of the scheme P}, the sections of the structural sheaf
are obtained by the diagram 2.1. So, let us consider the diagram that defines the
global section:

00— O]P}Q (IP}Q) - OPk(UO) X Opk(ul) - Onﬁ}{(ulo)

)

R[x] x R[x7'] —*——=R[x,x7!]

We have used the result 2.15. We want to see that Ker(a) = R. Take (f(x),g(x7!)) €
Ker(a), this is g(x~!) = f(x). Let us assume that

n—1 ) m—1 )

flx) =ax"+ Y aix’ gx )y =bx"4+ Y bix'
i=0 i=0

with a,b # 0, and, without lost of generality m > n. If m > 1, then, multiplying

by x™, we will get b+ xh(x) = x™f(x), and evaluating at x = 0, b = 0 in contra-

diction to the assumption. We have shown that Ker(a) = R, this ends the prove of

Op1 (Pr) = R. O

We can generalise this procedure to construct, the n-projective scheme.
Take R a ring and consider now R[xo,xo_l, vy Xn, X, 1]. Por each i € {0, ..., n}, take
the ring R; = R[xoxi_l, . xnxl._l] ~ R[x1, ..., X, |. Take the following family of affine
schemes {Spec(R;)}i—o,. n- As the example of the projective line we have isomor-
phisms as "gluing morphisms". Gluing all of them, pair by pair, along the inter-
sections U; N Uj, we obtain a new scheme. This is called the n-projective space
over R, and it is denoted by IP%
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2.4.2 A family of sheaves over P

Once the construction of IP} is given, we can define a family of sheaves over it
indexed by Z, {Op(m)}mecz. In order to do it, we will use the same construction
that was explained in the first part of this chapter.

The original schemes Uy, U; are now an open covering of the projective line
over R, using the open immersions ¢; : U; — P}. Moreover, Uy N U; = Spec(R[x, x']).
Notice that, for each m € Z we have an isomorphism

-1 ~ -1
R[x, x ]7R[x,x ].
Those induce a isomorphism of sheaves, one for each m:

T: E—— .
Ul\uomul uo|u0mu1

Hence, using the construction of the structural sheaf in the first part of this section
we can define the sheaf (9]% (m) as the sheaf that one obtains while gluing together
Uy, U; along T.

Remark 2.58. Using a similar construction, one can define { Opy () } nez, a family
of sheaves over IP%.

We are going to see now that, for m # 0, the sheaves O]P}Q (m) are not isomor-
phic to the structural sheaf of ]P}z-

Proposition 2.59. 1. For m < 0 we have,
1y
Oﬂ’k(m)(lpR) =0
2. For m > 0 we have,

m
Opy (m)(Ph) = DR -
k=0
Proof. Using the notation we introduced in the construction of O]P}{ (m), the dia-
gram that defines the global section is:
00— O]P}{(m) (Pg) — 0113}{ (m)(Uo) x OﬂﬂR (m)(Uy) — O]P}{ (m)(Uno)

R[x] x R[x1] o Rlx,x7!]

The morphism « is:
a: R[x] xR[x71] — Rlx,x71]
(p(x),q(x71)) +— x"q(x71) = p(x)

Let us discuss the two cases separately.
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1. For m < 0 there are no polynomials p(x) € R[x],q(x~!) € R[x~!] such that
x™g(x~1) = p(x). Hence, Kera = 0. So, (’)H)}a(m)(ll’}{) =0.

2. For m > 0, take p(x) € R[x] of degree d < m. Then p(x) = Y'4_, axx¥. Taking
g(x~1) to be Y¢_, axx "+ one has xg(x~') = p(x). Notice that ,given p(x),
g(x~1) is uniquely determined. Hence,

m

Opy (m)(Pk) = DR -
k=0



Chapter 3

Sheaves of Modules

3.1 Sheaves of modules

Definition 3.1. Let (X, Ox) be a ringed space. A sheaf of Ox-modules (or a Ox-
module) is a sheaf F on X such that:

1. For every U C X open subset, F(U) is a Ox(U)-module.

2. For every pair of open subsets V.C U C X the restriction maps are compatible with
the module structure, this is to require the following diagram to commute:

F(U) x Ox(U) —= F(U)

| i

F(V) x Ox(V) —= F(V)

Definition 3.2. Let F,G be Ox-modules. A morphism of Ox-modules from F to G is
a sheaves morphism F — G such that for every U C X open subset F(U) — G(U) is
a morphism of Ox (U )-modules. We denote by Homo, (F,G) the group of morphisms of
Ox-modules from F to G.

Remark 3.3. We denote by Modx the category of Ox-modules. It is known that is
an abelian category.

Definition 3.4. A Ox-module F is said to be free if it is isomorphic (1.10) to a direct
sum of copies of Ox. The number of copies of Ox (not necessary finite) is the rank of F.
Furthermore, it is said to be locally free if X can be covered by open sets U such that F |y
is free as a Ox-module.

Definition 3.5. The locally free Ox-modules of rank 1 are called invertible sheaves.

28
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3.2 Quasicoherent and coherent sheaves

Let us begin this section by defining a sheaf associated to a R-module on an
affine scheme Spec(R).

Definition 3.6. Let R be a ring and M a R-module. We define the sheaf M associated
with M on Spec(R) as follows:

1. For every U C Spec(R) open subset, M(U) = {s : U — Uy,euM,} such that for
allp € U3V C U withp € V and elements m € M and f € R such that per each
geV,fé¢qands(q) =a/f € M,

2. If V C U open subsets pyy : M(U) — M(V) will be the natural restriction map
induced by the restriction of R-modules U — V.

Proposition 3.7. Let R be a ring, M a R-module and M the sheaf defined above on
X = SpecR, then:

1. M is an Ox-module.

2. My =~ M, for all p € Spec(R)

P

3. Forall f € R, M(D(f)) >~ Mg, in particular M(X) ~ M.

Proof. For the first statement notice that every step in the construction is compati-
ble with the structure of module so it is clear that M is an Ox-module. For (2), (3)
see 2.15 and replace R by M where needed. O

Example 3.8. Let X = Spec(R) and F the sheaf associated to the presheaf defined
as:

Ox(U)ifo¢g Uu
uw—
0ifoe U

And taking the restriction maps to be those of Ox if 0 € V C U and 0 otherwise.
Then, F is an Ox—module and the stalks are 7y = 0 and F, = Ox, if p # 0.
Notice that, since 0 € X, F(X) = 0. By the previous result F cannot be of the
form M for any R—module M because otherwise 0 = F(X) = M and this would
imply that F is the zero sheaf and it is not.
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Example 3.9. Take R = Z|[x](,) and X = Spec(R) = {(x), (0)}. We have only three
open sets that are:

@ Spec(R) D((x)) = {(0)}.
The structural sheaf satisfies
Ox(@) =0 Ox(Spec(R)) =R Ox({(0)}) = Z[x] (o) = Z(x).

An Ox-module F can be specified as follows:

Then, F cannot be of the type M for any R—module M since by the previous
proposition we get M = F(X) = 0 and hence F would be identically 0 and this is
not true.

Definition 3.10. Let (X, Ox) be a scheme. An Ox-module F is a quasicoherent sheaf
if X can be covered by affine subsets U; ~ Spec(R;), such that, for all i exists M; a
Ri-module that F, ~ M;. If all of those M; can be chosen to be finitely generated as
Ri-modules we say that F is a coherent sheaf.

Example 3.11. For any noetherian scheme (X, Ox), the structural sheaf is quasi-
coherent.

We are going to see now two important results where the property of the sheaf
to be quasicoherent is very relevant. The first one will be related to general lack of
surjectivity when taking global sections on a short exact sequence of sheaves, that
will be not the case when the first sheaf is quasicoherent. The second one will be
the relation between closed subschemes and quasicoherent sheaves of ideals.
Theorem 3.12. Let X be an affine scheme and F', F, F" three Ox-modules such that

0—->F - F—=F"—=0. (3.1)
If F' is quasicoherent then:
0— F(X) = F(X) = F"(X) =0 (3.2)
is exact.

In order to prove this theorem we need a couple of previous lemmas.
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Lemma 3.13. Let X = Spec(R) be an affine scheme and f € R. Let D(f) be the basic
open subset associated to f and F a quasicoherent sheaf on X.

1. If s € F(X) such that s|p sy = 0 then 3n > 0 such that f"s = 0.
2. Ift € F(D(f)) then 3n > 0 such that f"t extends to a global section.

Proof. 1. As X is an affine scheme, it is quasicompact (see 2.39), and, moreover
F is quasicoherent. Hence 3{D(g;)}ic; a finite open covering of X with
Fp(g) = Mi for some Ag,-modules M;. We denote by s; = Sip(g;) € Mi.
Notice that D(f) N D(g:) = D(fg:) implies Fp(s,) = (]\A/I/i)f, since s = 0 in
F(D(f)), this implies that s = 0 in F(D(fg:)) = (M;)s (see 3.7). So the
localization by f sends s; to 0 at (M;)y, in other words, s; is annihilated by
some power of f. Take N = max;_j{n; : f"s; = 0}, then fNs; = 0 for all
i € I. Now using that F is a sheaf, by the locality axiom we get fNs = 0.

2. Take s € F(D(f)), we want to show that there exists some N > 0 such that
fN can be lifted to a global section of F. Using the same argument that
in the previous case, we have {D(g;)}ics a finite open covering of X with
Fb(g) = M; for some Ag,-modules M;. Moreover s|pf,,) € (M;)f is of the
form s;/ f" for some s; € M;. Because of I is finite we can take a common
N > 0, hence s; = fNs = s; in the intersection D(f) N D(g;) N D(gj). By
applying (1) in Spec(Rg,g;) we have that fM(s; —s;) = 0 in D(g;) N D(g;) for
some M > 0 sufficiently large. Now, using the gluing axiom, there exists a
global section t of F that extends fMs (given just by gluing together those
fMSi).

O

Lemma 3.14. With the hypothesis of theorem 3.12 if s € F"(X) and D(f) is an open
basic subset such that sy can be lifted to a section t € F(D(f)) then there exists n > 0
such that f"s can be lifted to a global section of F.

Proof. As 3.1 is exact and X is an affine scheme we can take {D(g;)}ics a finite
open covering of X such that s|p(,,) can be extended to a section s; € F(D(gi)).
In D(fgi) we have that s p(f,,) and t|p(fg,) both lift to s|p(,,), using the injectivity
of the first map of 3.1 we get (s; — t)|p(fq,) € F'(D(fgi))- Now, using the second
statement of the previous lemma, we have that there exists some n > 0 and some
sections r; € F'(D(g;)) such that rp(se) = f"(si — t)|p(fs)- So we have that
0; = r; + f"s; are sections of F(D(g;)) that restricts to f"t in D(fg;).

Now we want to glue these ¢; in order to get a global section o of F. Notice
that 0;1p(g,6) — TjiD(gi5)) € F(D(8ig))) goes to zero in D(fgig;). Using the first
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statement of the lemma 3.13, there exists n;; such that f" (O’i‘ D(gig;) ~ 7 D(gl-g]-)) =0.
We can take a common N for all (i,j), so all of fNt; € F(D(g;)) matches on
the intersections D(g;) N D(g;). Hence, using the gluing axiom, we get a global
section o of F such that o — fN*"s since each fNo; fN+"s|D(gi). This ends the
proof. O]

Now we can proceed with the proof of the theorem 3.12.

Proof. It only remains to show the surjectivity of the last map, this is a direct
consequence of remark 1.31 in the first chapter. Indeed: let s be a global section
of F”. Consider {D(f;)}ics a finite open covering of X such that s can be
extended to a section s; € F(D(f;)). Using the second lemma there exists n > 0
such that f/'s|p(y lifts to a global section t; of F. As D(f]') cover X we have
that 1 = ) ;a;f/" (see 2.39 proof) and hence ) ; a;t; lifts s. So we have proved the
surjectivity that was remaining. O

In the chapter 2 we have defined closed subscheme of a scheme (X, Ox) to be:
Z C X a closed subset and ¢ : Z — X a closed immersion. We have also seen that,
the structural sheaf of Z in this case is Ox/Z for some sheaf of ideals Z C Oy.
It is not clear, even in the affine case, that every sheaf of ideals Z C Ox give rise
to a closed subscheme. As we have said in the previous chapter, we are going
to see now that we need to ask Z to be quasicoherent. The following results will
be quoted since the proofs, although they are not much complicated, are not our
main goal.

Proposition 3.15. Let Z be a closed subscheme of X, with structural sheaf Ox /T for
7T C Ox sheaf of ideals. Then, L is quasicoherent.

Proof. See [5, Proposition 10.54] O

Proposition 3.16. For (X, Ox) a scheme and T C Ox quasicoherent sheaf of ideals.
(Supp(Ox/T),0x/T) is a closed subscheme.

Proof. See [5, Proposition 10.53] O

Now we are able to characterize the closed subschemes of affine schemes.

Proposition 3.17. Let X = Spec(R) be an affine scheme. There is the following bijection:

{Ideals « C R} <— {closed subschemes of X}
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Proof. We have seen in the example 2.32 that, for a C R ideal, Spec(R/a) is a closed
subscheme of Spec(R). Conversely, take Z a closed subscheme given by the ideal
sheaf 7 C Ox. Since Z is quasicoherent there is some I C R ideal such that Z = I
(see [5, Theorem 10.31]). Then,

Oy = Coker(Z — Ox) = Coker(I — R) = R/I

In particular we have seen the following result.

Corollary 3.18. All closed subschemes of an affine scheme are affine.



Chapter 4

Sheaves cohomology

4.1 Introduction

One of the main problems one has when working with sheaves is the fact that
a surjective morphism of sheaves may not preserve its surjectivity when taking
global sections. That is, when one has a short exact sequence of sheaves

0F - F—=F"=0 (4.1)

when taking the global section functor (ie: T'(X,—) : Sh(X) — Ab defined as
I'(X,F) = F(X)), one obtains:

0> T(X,F') = T(X,F) = T(X, F"). (4.2)

In general we lose the exactness on the right. An example of this behaviour is
given in 1.31.

In this chapter we will introduce a first steps in sheaves cohomology. This is
defining a family of additive functors

b

HP(X,—): Sh(X) — A
—  HP(X,F)

]:
with the following properties:
1. HY(X, F) =T(X,F) = F(X)

2. Functoriality: for any p > 0, HP(X, —) is a functor between the category of
abelian sheaves and the category of abelian groups.

3. There are connection morphisms: for any short exact sequence of sheaves
as 3.1, there is a family of morphisms {6? : HP(X, F") — HP™'(X, F')} >0,

34
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named connection morphisms, such that we have a long exact sequence that
extends 4.2:

0——TI(X,F) I['(X,F) r(x,r" (4.3)

/io//

HY(X, F') — > H'(X, F) —— H'(X, F")

//51/

H2(X, F') — = H*(X, F) — = HX(X, F") — ...

Cohomology groups will "control" the behaviour of F while being an important
family of geometric invariants.

4.2 Cech cohomology

4.2.1 Cech cohomology of a covering

In this section we will take X to be a topological space, F an abelian sheaf on
X, U = {U;}ie a covering of X indexed by I a totally ordered set. In order to
make the construction easier (and by the fact that in the following sections we will
can lay to this case) we consider I to be finite.

Definition 4.1. For p > 0 we define the following group:

/////

.....

An element « € CP(U,F) is defined by giving w;,
(p + 1)-tuple of indexes with iy < ... < i,.

€ F(U,..i,) for all

4

.....

Definition 4.2. For p > 0 we define the morphism d¥ : C¥ (U, F) — CPTL (U, F)
given by:
p+1

Proposition 4.3. dP*1od? =0 forall p > 0.
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Proof. Take a € CP(U,F) and a (p + 1)-tuple of indexes with iy < ... < ip12, we
want to see the following equality:

(@1 @iy, iyr)igysiy = O

Applying the definition:

+2
(dp+1(dpoci0,“_,ip+l))i0 ,,,,, ipe2 ZZ;)(_l)k((d Rip,.ipi1) iy P %Z)MO ipra
p+2 p+1 -
:kg(:)(_l)k (S_O(_l)s(“m i Zp+1)‘u’0 ,,,,, 1p+1>10 - Z‘p+2|uzo ..... ip+2
—OSS<;SP+2((—1>S*"+(—1)”"1)( iorerdiresips2) Uiy iy = O

Hence, we have shown that (C*(U, F),d*) is a finite complex of abelian groups.

Definition 4.4. We denote by Z¥V (U, F) = Ker d?, whose elements are named cocycles.
We denote by BP (U, F) = Im dP~!, whose elements are named coboundaries.

Definition 4.5. The p-th Cech cohomology group of F with respect to U is:

Example 4.6. Take X = S! with the euclidean topology. Take the following cover-
ing U = {U,V} of X and F the constant sheaf Z,:

Figure 4.1: A covering of st
Then one has:
COU,F)=2Z,(U) x Zr(V) ~Z x Z
CYUF)=2,UNV)~ZxZ

A Zx7Z — ZxZ
(a,b) +— (b—ab—a)
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Since Kerd® = Z(1,1) ~ Z and Imd° ~ Z the Cech cohomology groups of Z,
with respect to U/ are:

Zifp=0,1
HP (U, F) =
0if p > 2.

Example 4.7. Let IP; the projective line over k. We are going to compute the
Cech cohomology of Op: (m) with respect to the open covering Uy = Spec(k[x]),
U; = Spec(k[x~']), where Uy N U; = Spec(k[x, x']). The associated Cech complex
is the following;:

0 —— Oy (P}) —= Opy (m) (o) x Oy (m) (Uy) —= Oy (m) (Uzo) —=0

- -

k[x] x k[x~1] a klx,x71]

The morphism « is:
w: k[x] xk[x7Y] —
(p(x),q(x71) +— x™q(x™") = p(x)
We have seen in 2.59 that:

1. For m < 0 we have,
Ops (m)(P}) = 0

2. For m > 0 we have,
m

Oy (m)(P}) = Pk’
r=0

Therefore, with the notation of this chapter,

D kx"if m >0
H(U, (’)P}((m)) = Kera =
0ifm <0

We are going to compute now H'(U/, O]Pi (m)). For this let us consider cases de-
pending on m.

1. For m > 0 any polynomial of k[x, x 1] can be written like x"g(x~!) — p(x)
for suitable g, p. Hence Ima = k[x, x1].

2. If m = —1 we claim that Im & = k[x, x1].
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e Fort # 1one has that, x~f = x~1(x~**1) — 0. And, x' = x71(0) — (—x).
e Fort =1onehasx ! =x71(1) —0. And, x = x1(0) — (—x)

Hence, every monomial of positive or negative exponent lies in the image.
We have seen:
HY(U, OPIE(m)) =0 form > —1

3. For m < —2 notice that the monomials x! with t € {-1,-2,...,m+ 1} cannot
be written as x"g(x~1) — p(x). Indeed, suppose x! = x"g(x~!) — p(x), with
t € {-1,-2,..,m+1}, for some g(x ') € k[x"!] and p(x) € k[x]. It is clear
that p = 0. Therefore,

d d
Mg(x ) =" Y ax =Y g = o
r=0 r=0

Then, it would exist some 0 < r < d such that, a; = 0 for all j # 7, a, # 0
andr+m =t So,r=t—-m< —1—m < —1+2 = 1. Therefore r = 0 and
that would imply a9 = x'.

So we have proved that, as a k-vectorial space, Im«a is the set of finite lin-
ear combinations of monomials x” with » ¢ {—1,—2,..,m + 1}. Hence,

HY (U, Op1)(m) = k[x, xfl]/lm,x is a k-vectorial space of dimension 1 — m.

4.2.2 Cech cohomology

Cech cohomology of a covering have the enormous advantage that, given a nice
covering, all the calculus involved are completely explicit. However, it presents
a series of significant disadvantages. The first of them, and probably the most
obvious, is that we want something that does not depend on the covering, and
the cohomology we have defined depends in a strong way on that. For example
taking the trivial covering gives us trivial cohomology for p > 1. Moreover, it is
not clear that the Cech cohomology of a covering satisfies those desired properties
that we asked for in the introduction of this chapter (see 4.1).

To address these problems, we will make the coverings finer. This will enable
us to define a cohomology that works well.

Definition 4.8. A refinement of an open covering, U = {Uj; }icy of X, is an open covering
V ={Vi}jejand amap ¢ : ] — I such that, Vj € ], V; C Uyj).

Definition 4.9. With the previous notation, the morphism of refinement is

refzz,v: cru,F) — CPOV,F)

o,y (Qg(io)iplip)) VgV
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If one takes paper and pencil, with a bit of patience, it is just a matter of
calculations to see that the following diagram is commutative:

”efz;,v
CP(U,F) CP(V,F)
o e I
refzztjl

CPri(U, F) —=CPtY(v, F).
Hence, a refinement induces a map between the complexes
ref*: C*(U,F) — C*(V, F).
Therefore, it also induces a map between the cohomology groups:
ref*: H*(U,F) — H*(V, F).

The notion of refinement allows us to define a preorder on the set of open
coverings of X. We say that V < U if V is a refinement of ¢/. Moreover, this is
directed, since {U; N V;};; <U and {U;NV;}; < V.

Definition 4.10. The p-th Cech cohomology group of F is,

HP (X, F) = lim HF (U, F)
u

and the direct limit is taken over the set of opening coverings of X ordered by refinement.

Let us see now that, this definition for the cohomology of sheaves is a good
answer to those requirements we asked for in the introduction of the chapter.

Proposition 4.11. H(X, F) = I'(X, F)

Proof. Let us actually check that, for any open covering {U;};c; of X, H(U, F) =
['(X,F). We want to see that Kerd® = F(X). Take a € C°(U, F). It is defined by
sections «; € F(U;). Now, fori < j
0
(d DC)i/f = “j‘uimu]- - “ilu,-muj
By the locality axiom, this is zero if, and only if, a; comes from a global section

of F. We have seen that H*(U, F) = Kerd® = F(X), for any open covering of X.
Hence, H'(X, F) = I'(X, F). O
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Proposition 4.12. Cohomology groups define a family of functors

HP(X,—): Sh(X) —s Ab
F ~— HP(X,F)

Proof. Given a morphism of sheaves ¢ : 7 — G, using the definition of it and
sheaves axioms, one can show that, Vp > 0, it induces a map,

¢F : CP(U, F) — CP(U,G).

With an easy, but tedious computation, one can check that d¥ o ¢ = dF o P+,
Hence it passes to the cohomology groups. Now, since this happens for any open
covering, we have shown that cohomology groups define a family of functors
between Sh(X) and Ab. O

To establish the existence of connection morphisms, as well as to prove the
Leray’s theorem that we will state later, a more complex construction of sheaf co-
homology is required. This construction, which involves technical concepts from
category theory (that are not the aim of this text), is thereafter shown to coincide
with Cech cohomology. This construction can be found in [8, Chapter III, Section
1] and [8, Chapter III, Section 2].

Proposition 4.13. For any short exact sequence of sheaves 0 — F' — F — F" — 0
there is a family of morphisms {67 : HP (X, F") — HPTY(X, F')}p>o, such that:

0—— HO(X,]:’) — HO(X, F)—— HO(X, F")

/JO//

HY(X, F') — H'(X, F) — H'(X, F")

//51/

H2(X, F') — = HX(X, F) —— HX(X, F") — ...

Proof. See [5, Apendix B, Proposition B.8.]. ]

Theorem 4.14 (Leray’s theorem). Let U = {Uj;}; be an open covering, such that, for all
p>0andiy <..<i, H'(U;; N..NU;, F) =0, then:

HP(X,F) = H' (U, F).

Proof. See [5, Apendix B, Proposition B.15.]. O
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4.3 Grothendieck vanishing theorem

In this section we are going to see the first vanishing theorem of the coho-
mology of sheaves. Moreover, together with Leray’s theorem, we will see that this
result allow us to know the cohomology of a separated scheme just by calculations
using Cech cohomology with respect any affine covering.

Theorem 4.15 (First vanishing theorem). Let X = Spec(R) be an affine scheme and F
a quasicoherent sheaf on X. Then,

HP(X,F)=0 Vp > 0. (4.4)
Proof. First of let us reduce our problem doing some observations:

1. All cohomology groups H?(X, F) are defined by taking the direct limit of
HP (U, F) over the directed set of open coverings of X ordered by refinement.
Since we have proved that the basic open sets form a base for the topology
on X (see 2.12), it is sufficient to prove that, for coverings U = {D(g;) }ic1,
with g; € R, we have HP (U, F) =0 for all p > 0.

2. Since X is affine, then it is quasicompact (see 2.39). Hence, we can take I to
be finite. Moreover, we have that all of those g;, where i € I, generate the
unit ideal (see 2.40).

3. As F is a quasicoherent sheaf 7 = M for some R-module M. We have
shown in 3.7 that,

(0) T(X,F) = M
(1) F(D(gi)) = Mg,
(2) F(D(gi) N D(gj)) = Mg,

) F (N D(g1)) = Mg,
Hence, the Cech complex is formed by products of localizations of M.

Asking for all high dimensional cohomology groups to vanish, is the same as
asking for the exactness of the following sequence:

0— = T(X,F) —=COU,F) s CV U, F) -1~ (U, F) — ... (45)
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This is,

d d
0O—s M —— HMgi 4(]) HMgigj 41> H Mgigjgk —_— ... (46)

iel i<j i<j<k

So, for each o € CP(U, F) such that is a cocycle, this is d¥o = 0, we want to see it
is also a coboundary, in other words, we want to find some T € CP ‘1(1/{, F) such
that d" "1t = 0.

We are going to see, in a constructive way, that Ker d* = Im d°.

Take o € Kerd!, o € [Ticj Mg,g,, it is defined giving ¢;; for i < j. We can

write 0;; = Ww)”’” Notice that, since there are a finite number of g; , we can take
i8j
a common r for all 0;;. So, we can write 0;; = (g_;),. Since ¢ is a cocycle, for
18]

i < j <k, we have the following relation in Mg,¢.c,:

Mik M mi

(gigk)”  (gige)”  (8ig)"

So, for some ! > 0, multiplying by g'*’

i we have the following relation in nggk:

mygi ™ mygl  migh
= & LI 4.7)
(8ig0)" & 8]

Rewriting, it is:

r+l -~ olot ot
Mg _ k&) Mij8i8) _

s~ g G “8)

Now, since D(g;) = D(g¥) for any k > 0, we have that {D(g/™)}c; is also an open
covering of X. Therefore, those gf*l generate the unit ideal. So, there exist {h;}ic;,
where h; € R, such that, 1 =} ;¢; higl”l. Let us define T € [[;c; My, as, for each
jel,

L.
3j

iel

In H]-<k nggk, this is,

I r
8i8kMij
T = h,‘ .
* ;’ (8j&x)"
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Now, let us show that, indeed, (d°7);x = 0; for each j < k.

Lot ;..
(dOT)j,k Zh glg] lk higlgkmzz
o (&gl (88K

B Z 818] ik gﬁg,ﬁmz‘j
=\ (8igk)"  (8i8k)
gf—&-r mjk
. = . r = Uj,k~
(48) &= (g]gk)  (gj8k)

With this we have proved that H! (i, F) = 0. The same argument, taking care of
the p + 2 indices, shows the general case. O

Corollary 4.16. Let (X, Ox) be a noetherian scheme such that exist an open affine cover-
ing U = {U,}ic; with the property that, for all iy < ... < iy, the intersection U;, N...N U,
is affine. Then, for any quasicoherent sheaf F on X,

HP(X,F) = HP (U, F) Vp > 0. (4.9)

Proof. Since X is noetherian, it is quasicompact. Therefore, we can take U/ to be
finite. By hypothesis, for all i1 < ... < i,, the intersection U; N ...N U;, is affine, so,
by the theorem above, its cohomology vanishes. Hence, the condition of Leray’s
theorem holds. O

Remark 4.17. The condition we asked for on the open affine covering i/, have all its
intersections affine, it is satisfied by most usual examples. There is a concept, that
is not introduced in this text, that translates the Haussdorff property of topological
spaces into a property of schemes. This is known as separated schemes. Most of
the schemes one work with, for example affine schemes and projective schemes,
are examples of such. This type of schemes have the property that the intersection
of open affine subschemes is again affine.

With this theorem we can show that the affine line with two origin, defined in
2.56, is not an affine scheme.

Example 4.18. Denote by X the affine line with two origin. X is covered by two
copies, Uy, Up, of Spec(k[x]), with U; N U, = Spec(k[x, x~!]). The structural sheaf
of X is quasicoherent, due to the previous result we have that H? (U; NUy, Ox) =0
for p > 0. Hence, this covering satisfies the condition of Leray’s theorem. There-
fore, we can compute the cohomology of X using Cech cohomology for this cov-
ering.

0— > k[x] x k] L~ k[x,x ]E =0
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So, H(X, Ox) = Iﬁf;f = k[’;{’[’;?] # 0. With this we have shown that the affine line

with two origin is not an affine scheme.
Example 4.19. We have seen in 4.7 the computation of the cohomology of (’)P,} (m)
with respect the covering Uy = Spec(k[x]), Uy = Spec(k[x~1]). This covering

satisfies the condition of the corollary 4.16, since Uy N U; = Spec(k[x,x71]) is
affine. Hence, we have computed all cohomology groups of the family of sheaves

We will now present a dimensional vanishing theorem from Grothendieck. The
proof of this result is much more technical than this work pretends to. A complete
and detailed proof can be found in [8, III, Theorem 2.7].

Theorem 4.20 (Dimensional vanishing theorem). If (X, Ox) is a noetherian scheme
of dimension n, for any abelian sheaf F on X,
HV(X,F)=0  Vp>n. (4.10)

Using the first vanishing theorem and the dimensional vanishing theorem, sim-
ilar arguments than the ones used in the example 4.7 show the following cohomol-
ogy groups of the family of sheaves Opy, (m):

R[x0, .., Xp]m ifm >0

HO(P%, Opy (m)) =
0ifm<O0

Remark 4.21. We denote by R|xo, .., Xx|m the ring of homogeneous polyno-
mials of degree m in n + 1 variables with coefficients in R.

HP (P%, Opr(m)) =0, for 0 < p < n.

Rifm=-n—-1

H"(IPg, Opy (m)) =
Oifm>-n-—1

HP (P%, Opr (m)) =0, for p > n.

Moreover, is a well known result, and follows by the proof of the previous state-
ment, that,

dimH" (P}, Opy (m)) = <_’”n_ 1). (4.11)
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4.3.1 Bézout’s theorem

As a final part of this work, we are going to present a proof of Bézout’s theorem
for projective plane curves using almost everything we have seen at this point.

Remark 4.22. To simplify the notation, we will write V(F) to denote V((F)).

We wonder how many times do intersect two plane curves without common
components C; = V(F),C, = V(E) C ]Pi. Morally, Bézout’s theorem says that, if
one count each intersection as it should be counted, the two curves intersects d,d>
times, where d; is the degree of Fj, and d> is the degree of F,. Hence, what we
first need is to define what does "to count well intersections" means.

Beforehand, there are many ways to define this concept, but every definition
one can give should satisfy a list of requirements or axioms that ensure that the
definition is consistent with the properties that the intersection multiplicity should
intuitively satisfy. These axioms can be found in [6, Chapter 3, Section 3]. Later is
shown that, if a definition that satisfies all of this conditions exists, then is unique.
We are going to use a definition based on the relation between points, maximal
ideals and coordinate rings at a point.

Definition 4.23. Let k be a closed algebraically field. Let C; = V(f1),Co = V(f2) C A2
be two plane curves. We define the intersection multiplicity of C1, C, at a point p to be,

Ip(Cl, Cz) = dimy (k[x,y]/(fl’f2>>mp . (4.12)

Where my, denotes the maximal ideal associated to p by the Nullstellensatz theorem.

Lemma 4.24. Let k be a closed algebraically field. Let C; = V(F;),Ca = V(F) two
curves in P%. If C1, C, do not have common components, they intersect in a finite number
of points.

Proof. Without loss of generality we can suppose they intersect in an affine plane.
Indeed, if they intersect at the infinite line they do it in a finite number of points,
since it is clear a line and a curve intersect in a finite number of points. Now,
take fi(x,y) = Fi(1,x,y) and fo(x,y) = F(1,x,y), consider them as elements of
k(x)[y], in order to work in an Euclidean domain. Then, by Bézout’s identity there
are some @ b) r(x) € k(x) such that,

(x)7 d'(x)’
TS+ o faey) = (),

Hence, a(x)f1(x,y) + b(x)fa(x,y) = r(x)d(x)d'(x). If (x0,50) € V(i) N V(f2),
then f1(x0,y0) = fa(x0,y0) = 0 and this implies that r(xo)d(xo)d’(x9) = 0. This
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is a polynomial in one variable with coefficients in k, that we are supposing to be
algebraically closed, hence, there are just a finite number of xy that are solution of
r(x)d(x)d’'(x) = 0. By symmetry, repeating the argument changing the variables x
and y we get that there are just a finite number of points in the intersection. [

Now we can announce Bézout’s theorem for projective plane curves.

Theorem 4.25 (Bézout’s theorem). Let k be an algebraically closed field. If C; =
V(F),Cy = V(E) C IPf are two plane projective curves with no common components,
di = deg(Fy) and dy = deg(F,), the following equality holds,

Y. 1,(Cy, ) = didy. (4.13)
pEC] NGy

Before starting with the proof of the theorem, we need to make a brief paren-
thesis and explain another way to construct projective spaces as schemes.

Similarly to how we constructed affine schemes in Chapter 2, it is possible to
construct projective schemes directly, without going through the process of gluing
affine schemes as we saw in 2.3. We will only see an outline of this construction.
Nevertheless, one should remember that all results can be proved in the simi-
lar way as those already seen for affine schemes, adapting the arguments when
necessary.

Definition 4.26. Let R be a commutative ring with unity. We say R is a graded ring if
it can be written as R = @,,cz Ry, with the property that R, R, C Ryy4y. The elements
of Ry, are called homogeneous of degree m.

Example 4.27. For any commutative ring with unity R, the ring of polynomials
Rlxo, ..., xn] is a graded ring. Indeed, if we denote by R,, the set of homogeneous
polynomial, in xo, ..., x, variables, of degree m, then, R[xo,..., xs] = @50 Ru-
Moreover, it is clear that R, R,y C Ry .

We give now the main steps in the construction.
¢ Step 1: Take R a graded ring. Define the following set,
Proj(R) = {p € Spec(R) that do not contain Ry = @5 Rm} .
m>0

e Step 2: We define Zariski’s topology over this set by defining the closed
subsets to be, for each a C R ideal, V(a) = {p € Proj(R) | a C p}. A base of
the topology is given by {D (f) := D(f) N Proj(R) | f € R}.
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* Step 3: a structural sheaf, denoted by Op,,j(r), on Proj (R) is constructed. In
a way that, OProj(R)(D+ (f)) = (Rf)O

Definition 4.28. Given R a commutative ring with unity we define the n-projective
scheme to be P, = Proj(R|[xo, ..., Xn]).

Remark 4.29. This definition coincides with the definition that we gave in 2.4.1
using the gluing technique.

We can start now with the proof of Bézout’s theorem. Let us use from now on
the notation introduced in the statement of the theorem.

As Cq, C; do not have common components they intersect in a finite number of
points {pi, ..., ps}. Using a change of coordinates, if needed, we can suppose that
{p1, - ps} € D(x) ~ k[x, y]. Hence we can think we are in the affine plane. Taking
Z = V(F) N V(F,) we can suppose it is a closed subscheme of an affine scheme,
by taking the closed immersion to be the inclusion. By the corollary 3.18 Z is
also an affine scheme. Recall that for X = Spec(R) one has that Ox(X) = R, and
Ox(D(f)) = R¢. We have that, Oz(Z) = k[x,y]/(f1, f2), where f; = Fi(1,y,z) and
fo = (1,y,z). This is an artinian ring, hence, it can be written as a direct sum of
localization at its maximal ideals. By the Nullstellensatz we know that its maximal
ideals are in fact those ideals associated to the points pj, ..., ps. Hence,

0,(2) - @ (=91 / (5, 1),

Recall that Oz(Z) =T(Z, Oz). Now, if we take dimensions we get,

S

dimH%(Z,07) = dim T (Z, Oz) = Zdzmk ( /(f1,f2 ) ZIP, C1,Ca).
Mp; i=1
(4.14)

Notice now that Z is a closed subscheme, so the structural sheaf on it is given by
the short exact sequence of sheaves,

0—Zy — Ox — 1,07 — 0.

Taking the long exact sequence of sheaves cohomology, using the computations we
have made of the cohomology groups of the structural sheaf on 7 and Grothendieck’s
vanishing theorem, we can deduce the following:

1. We have an exact sequence,

0 — H°(P%,Zz) — k — H°(IP?,..07) — H'(IP2,Z7) — 0.
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By definition of 1, we have HP(IP?,1,07) = HP(Z,Oz). 1t is clear that the
constant functions live in H°(Z, O), hence we deduce that dim; H° (]P%, Iz) =
0. So, we conclude that,

dimH*(Z,07) = dimH' (P2, Z7) + 1. (4.15)

2. Since Z is a 0 dimensional scheme HF(Z,Oz) = 0 for p > 1. We have the
following exact sequence

0 — H'(Z,0z) = HX(P}, Iz) — H* (P}, Op2) — H*(Z,0z) — 0.
Substituting the known groups, it is,
0—0— H?*(P2,T;) -0 —0—0.
We get that, HZ(]Pi,IZ) =0.

We keep these results for later. Now, let us note that, by taking the intersection of
plane curves, we naturally obtain a short exact sequence of graded rings. We are
going to use the following notation, for d € Z,

(R[x,y,z])(d) = D Rlx,y, z]m-

m>d

We claim that the following is a short exact sequence,

0 (Rlx,y,2))(~di —d) — (R[x,y,2))(~d) & (R[x,y,2]) (~d2) -2+ (F, F2) 0

With the maps «, § defined as, a(h) = (—hF,, hF) and B(h1, hy) = h1F; + hyF,.

Since F;, F, do not have common terms, we obtain that  is surjective. More-
over, using that our graded rings are integral domains, we get that « is injective.
Finally, we have that Ima = Ker B. Indeed, (hy,hy) € Ker B <+ h1F; = —hyF,, since
F1, F, do not have common terms it may exist 1 € (R[x,y,z])(—d; — d2) such that
hFl = hz and —th = hl, SO, (hl,hz) = (—th, hFl)

We take now the ~ sheaves that were introduced in Chapter 3, adapting the
construction to graded rings. Roughly speaking, we associate a sheaf to every
graded ring in a similar way we have done with modules. This ~ functor preserves
the exactness. Later we check that this associated sheaves are in fact of the form
Opy (m). With this we will get a short exact sequence of sheaves.

0— OPi<—d1 — dz) — O]p%(_dl) D Oﬂai(—dz) — IZ — 0. (416)

To see this step in detail one can see [5, Chapter 12, Section 1], all the theory
involved in this part is out of the scope of this work.
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Returning to the problem at hand, 4.15 has reduced us to calculating the di-
mension of H!(P?,Z;). Taking the long exact sequence of sheaves cohomology in
4.16, and using again the known cohomology groups and the vanishing theorems
we get the following exact sequence.

0 — H'(P}, Iz) — H* (P}, Opy (—d1 — dy)) —
— H*(IP}, Opr (—dy)) ® H2(IP, Opp (—da)) — H*(P}, Zz) — 0

Recall that dimH" (P}, Opr (m)) = (*";*1) for m < 0. Using what we have de-
duced in (2) we conclude that,

dimH' (P2, T,) = (dl +§2 - 1) _ (dlz_ 1) _ <d22_ 1). 4.17)

We have all the ingredients we need to finish the proof just by computation.

Y. L(Ci,C) = dimHY(Z,07)
peCiNCy

L dimH (P2, 7,) + 1

417 (dy +d2 —1 B di—1 B dr — 1
w0 ) ()
= did>

The proof of Bézout’s theorem is finished.
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