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Cavity-mediated interactions have recently been proposed as a route toward
strongly correlated many-body regimes in atomic ensembles. The underlying
mechanism is that an antiferromagnetic cavity-mediated interaction penalises
total transverse spin fluctuations, pushing the system toward states of small
total spin, where the physics is determined by the cavity fluctuations. Once the
system reaches a degenerate singlet-like sector, additional spatially structured
spin couplings lift the degeneracy and select specific many-body phases, such
as quantum spin liquids. This thesis addresses the first of these steps: the
quasi-adiabatic preparation of squeezed antiferromagnetic states in a collective
cavity-QED setting. We consider two atomic sublattices initialised in a classi-
cal antiferromagnetic product state pinned by a staggered field, and ramp up
a cavity-mediated interaction that generates correlations between the sublat-
tices, suppressing their collective transverse fluctuations. Since the cavity is
intrinsically lossy, we describe the dynamics with a Lindblad master equation
for collective photon loss, which introduces a competition between diabatic ex-
citations from fast ramps and dissipative degradation from slow ones. We solve
this trade-off in the minimal two-atom case, where the target is the antisym-
metric Bell state, and then extend the analysis to larger ensembles using linear
spin-wave theory, where the target is a two-mode squeezed antiferromagnetic
state. In both regimes, the optimal protocol is not the most adiabatic one, but
the one that best balances diabatic and dissipative errors. As the atom num-
ber increases, the achievable squeezing improves monotonically despite collec-
tive dissipation, approaching Heisenberg-limited scaling (o< 1/N) in the weak-
dissipation regime. These results show that squeezed antiferromagnetic states
remain accessible under realistic cavity-QED conditions, supporting their role
as a collective precursor toward richer, spatially structured many-body phases.
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1 Introduction

Cavity quantum electrodynamics (QED) describes systems in which atoms are coupled
through a common delocalised cavity mode, giving rise to effective collective interactions
between many atoms [LSSV10, MPDR21, RDBE13]. By the collective nature of the in-
teraction, these systems realise phenomena that can be described in terms of a single
macroscopic spin, such as superradiant transitions [SBY "25] and collective spin squeez-
ing |[LSSV10, MNSZ19]. However, more recently, cavity-mediated interactions have also
been proposed as a route towards strongly correlated many-body regimes, where this
macroscopic-spin picture breaks down [MOJ25]. The key idea is to use antiferromag-
netic collective interactions that energetically favour states with a small total spin while
penalising states that represent a macroscopic spin. The collective interactions therefore
push the system into a highly entangled regime. For strong cavity-mediated interactions,
the system is pushed to a singlet-like sector. The addition of perturbative short-range
interactions then imprints a local structure into the entangled states, such that the system
can realise exotic many-body spin phenomena, like quantum spin liquids [SB, BCK20)].

An important practical question is how to prepare such singlet-like states. This is nontrivial
for two main reasons. First, the cavity-mediated interaction favours low total spin states
rather than simply reinforcing classical antiferromagnetic order. As a result, the prepara-
tion requires building correlations between the two sublattices and tracking a state that is
no longer well described by a simple symmetry-broken order parameter [MOJ"25]. Second,
cavity-QED platforms are intrinsically open systems, so photons can leak out of the cavity,
and atoms may also emit into free space [MPDR21, Cha24b]. A complete description of
the preparation protocol would therefore have to treat many-body correlations, competing
short-range and long-range interactions, and open-system dissipation on the same footing,
which is extremely challenging.

A natural way to make this preparation problem more tractable is to separate it into two
stages. The first stage uses the collective cavity interaction to build correlations in the
antiferromagnet and prepare a squeezed antiferromagnetic precursor with reduced total
transverse spin fluctuations. The second stage, not addressed in this thesis, would use spa-
tially structured spin couplings to select a specific many-body phase within the resulting
low-spin, singlet-like regime. In this thesis, we focus on the first stage of this strategy. The
central objective is to determine the optimal two-mode squeezing that can be reached dur-
ing the collective adiabatic stage and to establish how this optimum scales with the system
size. To this end, we propose a quasi-adiabatic protocol. In an ideal closed system, this
protocol is motivated by the adiabatic theorem: if a system is initialised in the ground state
of a Hamiltonian and the Hamiltonian is changed sufficiently slowly, the state remains close
to the instantaneous ground state [Stel9]. In a cavity-QED setting, however, the system
is open, and photon leakage introduces collective dissipation during the same preparation
process. The protocol must therefore be slow enough to suppress diabatic excitations, but
fast enough to avoid excessive dissipative loss. We consider an effective spin Hamiltonian
with two competing terms: a staggered field, which favours a classical antiferromagnetic
product state, and a cavity-mediated interaction, which penalises total transverse spin fluc-
tuations. The system is initialised in the classical antiferromagnetic product state pinned
by the staggered field. The cavity-mediated interaction is then ramped up over time so that
the state approximately follows the instantaneous ground state, developing correlations be-
tween the two sublattices that suppress total transverse spin fluctuations. We study this




competition first in the two-atom case, where the target is the antisymmetric Bell state,
and then for larger atom numbers using linear spin-wave theory, where the target is a
two-mode squeezed antiferromagnetic state.

The main result of this work is that the optimal preparation is not simply the most adi-
abatic one. Instead, it is set by a balance between diabatic errors and collective photon
loss. In the two-atom case, this balance determines the best Bell-state fidelity that can
be reached. In the many-atom case, it determines the optimal two-mode squeezing and
its dependence on system size. We find that collective dissipation reduces the achievable
squeezing, but does not remove the improvement with atom number over the range stud-
ied. This shows that squeezed antiferromagnetic states can remain accessible in realistic
cavity-QED settings, and supports their role as useful collective precursor states for later
stages where spatial interactions may select more strongly correlated many-body phases.

The thesis is organised as follows. We begin by developing the effective model used through-
out the work. This includes the cavity-mediated collective interaction, the staggered field
that pins the initial antiferromagnetic state, and the quasi-adiabatic protocol used to ramp
the cavity strength in the coherent limit. Collective dissipation is then introduced through
a Lindblad master equation, which allows us to describe photon loss from the cavity during
the preparation. We next turn to the two-atom case, which serves as a minimal benchmark
for the quasi-adiabatic protocol. In this setting, the preparation quality is quantified by the
Bell-state fidelity, allowing us to compare coherent evolution with the case where collective
photon loss is included. We finally analyse larger atom numbers within linear spin-wave
theory, where the relevant target is a two-mode squeezed antiferromagnetic state. In this
regime, we study how the achievable squeezing depends on atom number, ramp speed,
and dissipation strength, before summarising the main conclusions and discussing possible
extensions.

2 Model

2.1 Atom - cavity mode interaction

We consider a standard cavity-QED setup, where a two-level atom interacts with a quan-
tised electromagnetic field confined between two mirrors. When the atomic transition is
close to one cavity resonance, the dynamics can be restricted to a single relevant mode.
In this regime, the atom-light interaction is described by the Jaynes—Cummings model
(JCM) [Cha24b].

The JCM describes the coherent exchange of excitations between a two-level atom and a
single quantised cavity mode [JCG3]. It is obtained within the rotating-wave approximation,
where only the near-resonant atom-photon exchange processes are retained and dissipation
is neglected. The resulting Hamiltonian is

hw
Hjycn = 7002 + hwa'a + hyg (a_aT + a+a) , (1)
where wy is the atomic transition frequency, w is the cavity resonance frequency, o~ and o™
are the atomic lowering and raising operators, a is the cavity-mode annihilation operator,

and g is the atom-cavity coupling strength [Cha24b, Ste, SK93].

For an ensemble of identical two-level atoms coupled to the same cavity mode, the JCM
generalises to the Tavis-Cummings model (TCM) [TC68|. In this case, the cavity mode
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couples to the collective spin operators

N
S“:;z;a?, Si:Zin.
j=

In the rotating frame of the atomic transition frequency, the atom-cavity dynamics is
described by
Hrenm = hAca’a+ hg(aST +a'S7),

where A, = w — wyp is the detuning between the cavity mode and the atomic transition.

We now consider the dispersive regime, where the detuning is the largest energy scale
of the system. In this limit, real exchange of excitations between the atoms and the
cavity is strongly suppressed. The cavity therefore remains close to empty and photons
are only virtually populated, meaning that they appear only as intermediate, short-lived
excitations that mediate interactions between atoms [BGGW21|. This effective interaction
can be obtained by completing the square

Hrem _ i 9+)< 9>_92+
. —Ac<a +ACS a—i—ACS ACSS.

The first term describes excitations of the displaced cavity mode. In the dispersive ap-
proximation, these excitations are projected out: the cavity field follows the atomic state
adiabatically rather than being populated by real photons. Equivalently, the shifted mode
a+ (g/A;)S™ is taken to remain in its vacuum. The remaining term gives the coherent
effective interaction )
9 o+ a—
Hpg=—-h=—S57S5".
eff Ac
Using ST = S* +i5Y,
S+S_ — (Sz)2 + (Sy)2 + Sz

The term proportional to S? is a single-particle frequency shift and can be absorbed into
the definition of the atomic transition frequency. Thus, the cavity-mediated collective
interaction takes the form

Heay = A [(5) +(8%)] - (2)

The resulting Hamiltonian characterises a collective infinite-range interaction mediated by
virtual cavity photons whose strength is set by A.

2.2 Physical system and Hamiltonian

The cavity-mediated interaction derived above couples only to the total collective spin of
the ensemble. By itself, this collective term does not distinguish between the two sublat-
tices or select any particular antiferromagnetic configuration. Since our goal is to study
the collective squeezing of an antiferromagnetic state, we consider an ensemble divided
into two sublattices, A and B, initially polarised in opposite directions. This provides the
simplest collective description of a classical antiferromagnet and allows us to study how
cavity-mediated interactions generate correlations between the two sublattices.

We therefore introduce collective spin operators S/ and SZ for the two sublattices. For N
spin-1/2 atoms equally divided between A and B, each sublattice contains N/2 atoms and
has a collective spin length s = N/4. To pin the initial antiferromagnetic configuration, we




introduce a staggered longitudinal field that acts with opposite sign on the two sublattices.
This can be interpreted as a Zeeman term in the Hamiltonian,

Hy = —A (5;“ - Sf) , (3)

where A denotes the strength of the staggered field. For A > 0, this term favours spins
in sublattice A pointing along +2 and spins in sublattice B pointing along —Z, giving the
classical antiferromagnetic product state.

Overall, the effective Hamiltonian studied in this work is
H(t) = \((S2+ 85) + (85 + 5P)?) — A (84— 57) . (4)

The first term describes the cavity-mediated interaction (2), written in terms of the total
transverse spin of the two sublattices. The second term is the staggered field (3) that helps
initialise the system as it favours the classical antiferromagnetic configuration.

The squeezing mechanism can be understood directly from the structure of the Hamilto-
nian (4), since the relative importance of the two terms is controlled by the parameters A
and A. When the longitudinal field dominates, the ground state is close to the classical
AFM product state. This state has zero mean total magnetisation, (S2 + SB) = 0, but
it still has transverse spin fluctuations. The relevant quantities are the variances of the
total transverse spin components, S;;‘ + 8B and S’;‘ + Sf . As the cavity strength A is
increased, the first term in the Hamiltonian assigns an energy cost to these total trans-
verse fluctuations. The system can lower its energy by developing correlations between
the two sublattices, so that their transverse fluctuations partially cancel in the total spin.
In other words, a fluctuation of one sublattice in a transverse direction is accompanied
by an opposite fluctuation of the other sublattice. The noise of the collective variables is
therefore reduced, while the noise of the corresponding relative variables is increased. This
redistribution of quantum noise is the two-mode spin-squeezing mechanism.

The Hamiltonian (4) suggests a possible path for squeezing. For fixed A, the nature of the
ground state depends on the cavity strength A\. When A = 0, the staggered field selects
the classical antiferromagnetic product state. As A is increased, the ground state lowers
its energy by developing correlations between the two sublattices, becoming a squeezed
antiferromagnetic state. Therefore, by making the cavity strength time-dependent,

A — A1)

the instantaneous ground state is continuously deformed from the classical antiferromag-
netic product state into a squeezed antiferromagnetic state. This strategy is useful only
if the actual quantum state can follow the changing ground state during the ramp, which
brings us to the question of adiabaticity.

2.3 Adiabaticity and diabatic errors

The preparation protocol is based on the adiabatic theorem. In general, if a quantum
system is initialised in the ground state of a Hamiltonian and the Hamiltonian is changed
sufficiently slowly compared with the relevant energy gaps, the state remains close to the
instantaneous ground state during the evolution [Stel9]. In our case, we use this idea
to prepare the squeezed antiferromagnetic state. The system is initialised in the classical




AFM ground state for no cavity coupling, and the parameter A(¢) is ramped over time. If
the ramp is slow enough, the state follows the instantaneous ground state of (4) as it de-
velops correlations between the two sublattices. If A\(¢) is changed too quickly, population
is transferred to excited states, producing diabatic errors.

The goal is therefore to choose a ramp A(t) that changes the Hamiltonian slowly enough for
the state to remain close to the instantaneous ground state, while still reaching the squeezed
regime in a finite time. To formulate this requirement, we introduce the instantaneous
eigenstates of the time-dependent Hamiltonian,

H{(t) [n(t)) = En(t) [n(t)),

where |0(t)) denotes the instantaneous ground state and |n(t)), with n > 0, denotes an
instantaneous excited state. We quantify the degree of adiabaticity through the dimension-
less parameter

_ | {n®)]2:0(2))
= |y | “

The numerator measures how strongly the time dependence of the Hamiltonian couples the
instantaneous ground state to the excited state |n(t)), while the denominator is the corre-
sponding energy gap. The adiabatic condition requires €,(t) < 1 for all relevant excited
states throughout the ramp. The smaller this ratio is throughout the ramp, the closer the
evolution remains to the adiabatic limit. When this condition is not satisfied, population
can be transferred out of the instantaneous ground state, producing diabatic errors.

The adiabatic parameter provides a practical way to choose the ramp speed. Instead of
varying A(t) linearly in time, we can adapt the speed of the ramp to the instantaneous
spectrum of the Hamiltonian. The idea is to move slowly in regions where the ground state
is more sensitive to changes in A, or where the energy gap to excited states is small, and
faster where the evolution is naturally more adiabatic. This is done by fixing the adiabatic
parameter to a constant value, €(t) = €y, which defines a locally optimised ramp. The
value of €y controls the total ramp duration: smaller ¢y correspond to slower and more
adiabatic protocols, while larger ¢ yield faster ramps with stronger diabatic errors.

In a closed system, one would therefore expect the preparation to improve monotonically as
€o is reduced. However, in a realistic cavity-QED implementation, the coherent interaction
is not the only process present. The same cavity mode that mediates the effective spin
interaction can also lose photons to the environment, producing a collective dissipative
channel. This introduces a competing error mechanism: making the ramp slower suppresses
diabatic excitations but also gives dissipation more time to degrade the state. The optimal
preparation is therefore determined by a balance between these two effects, which motivates
the inclusion of collective dissipation in the following section.

2.4 Collective dissipation

To describe the second source of error in the preparation protocol, we now include the effect
of collective dissipation. This term represents the loss channel associated with the cavity
mode itself. Photons can leak through the cavity mirrors into the external environment.
Since all atoms couple to the same cavity mode, this loss process acts on the ensemble
collectively rather than on each atom independently. If the emitted light is not monitored,
the information carried away by these photons is lost, and the atomic state can no longer




be described by purely unitary evolution; rather, it must be described by a density matrix.

In this work, we model this process as Markovian. This means that the emitted photons do
not return to interact with the atoms again, so the environment does not retain memory
that affects the later dynamics of the system. Under this assumption, the evolution is
described by a Lindblad master equation,

§(t) = —ilH(t), p(O)] + Drlp(t)],
Dulp(®)] = T(0) (Lo - SLILp(e)}) (6)
(t) = nA(t).

Here, the first term describes the coherent evolution generated by the Hamiltonian (4),
while the second term is the dissipator associated with collective photon loss. This channel
is described by the collective jump operator L = S4 + S8, which acts on the two sub-
lattices as a whole rather than representing independent decay processes for each atom.
Since both the coherent interaction and the collective dissipation originate from the same
atom-cavity coupling, we take the dissipation rate to have the same time dependence as
the cavity-mediated interaction, I'(t) = nA(t). The dimensionless parameter 7 controls
the relative strength of dissipation compared with the coherent dynamics, and depends on
microscopic parameters such as the cavity linewidth and microscopic detunings.

With both the diabatic excitations and dissipative losses, the protocol is directly affected
by the competing error mechanisms. If the ramp is too fast, diabatic excitations prevent
the state from following the instantaneous ground state. But if it is too slow, the system
spends more time exposed to dissipative processes. Consequently, the optimal protocol
is expected to occur at an intermediate stopping time, where the benefits of improved
adiabaticity are balanced by the accumulated dissipative noise.

3 The two-atom case

The simplest case of the collective antiferromagnetic model is obtained by considering
only two atoms, N = 2. In this limit, the system is small enough to obtain analytical
results and provides a transparent setting in which to understand the basic mechanism of
the protocol. The two-atom problem should therefore be viewed as a minimal test case
for the preparation protocol. It contains the same basic ingredients as the many-body
problem and, at the same time, the Hilbert space is small enough that the dynamics and
the target singlet can be understood analytically. In this small setting, the target state is
the antisymmetric Bell state

gy = T =) (7)

V2
Then, the most direct way of measuring the success of the protocol is the Bell state fidelity;
in other words, the overlap between the found state and the singlet (7). For a mixed
state, the fidelity with a pure state is given by the expectation value of the corresponding
projector,

Fgen(t) = Tr[|S)XS] p(8)] = (S| p(t) |S) - (8)

For two atoms, the full Hilbert space is four-dimensional, with basis {|11), |T), [41), [44) }-
However, the Hamiltonian (4) conserves the total magnetisation M = S2 4+ SB. Since
the protocol starts from the antiferromagnetic state |1]), which belongs to the M = 0




sector, the coherent dynamics remains within the subspace spanned by {|1]),[}1)}. The
states [11) and [{{) belong to the sectors M = +1 and M = —1, respectively, and are not
coupled to the antiferromagnetic sector by the Hamiltonian. In this M = 0 subspace, the
Hamiltonian (4) takes the form

A=A )
H(t):< At) )\(t)+A>’

as found in the Appendix A.1. By diagonalizing this matrix, we can obtain the analytical
expression for the eigenenergies

Ex = \(t) £ /A2 4 \(t)2

and for the ground state

ot ot At
lg(t)) = cos (2) IT) — sin (2) [41)  where tan@(t) = A((t)) .
This instantaneous ground state is the relevant state because the preparation protocol is
based on adiabatic following. In the ideal adiabatic limit, the physical state would remain
equal to |g(t)) throughout the ramp. The overlap between the ground state of the coherent
Hamiltonian and the Bell state (7) gives the ideal coherent Bell fidelity,

1 1 A(t)
Fgen(t) = (S| g(t tHS)==[1+sinf(t)| = =14+ ——=——1.

Ban(t) = (S]9(1)) {9(t)] $) = 5 [1 +sin0()] = 5|1+ AZHW}
This expression gives the ideal adiabatic Bell fidelity without taking into account any dia-
batic errors or dissipative losses. It gives the fidelity that would be obtained if the state
followed the instantaneous ground state perfectly during the ramp. It depends only on the
ratio A/A(t) and it reaches its maximum value for A/A(t) — 0.

In practice, the ramp has to be performed in a finite time. The state cannot follow the
instantaneous ground state perfectly, and part of the population can be transferred to the
instantaneous excited state.

To reduce these errors in a controlled way, we use the adiabatic parameter introduced
in Eq. (5) to design the ramp. We choose A(t) by imposing a constant value €(t) = €.
This makes the ramp slower in the regions where the instantaneous ground state is more
strongly coupled to the excited state or where the energy gap is smaller, and faster where
the evolution is naturally more adiabatic. In this sense, the protocol ensures that the
evolution remains equally adiabatic along the ramp. The analytical form of this optimised
ramp is

460A2t

Al = A= (deoAt)2

and its derivation is given in the Appendix A.2.

9)

If photon leakage from the cavity is also included, the two-atom system must be described
using the Lindblad master equation introduced in Eq. (6). In this case, the collective jump
operator L = S4 4+ SB does not preserve the S, = 0 subspace, so the system should be
described in the enlarged basis {|1l), [{1), [{{)}, where the density matrix takes the form

Pa(t) z(t) +ay(t) 0
p(t) = | x(t) —iy(?) po(t) 0
0 0 pe(t)




With this parametrisation, p,(t) and py(t) are the populations of the two antiferromagnetic
states, |1)) and [{1) respectively. The off-diagonal element z(t) + iy(t) gives their coher-
ence, which distinguishes a quantum superposition from a classical mixture. Lastly, p.(t)
is the population transferred to |[{|) by collective dissipation.

Following the strategy detailed in Appendix A.3, the Lindblad master equation reduces to
the following closed set of real differential equations:

Pa(t) = =2X(1)y(t) — T'(t) [pa(t) + 2(t)] ,
Po(t) = 2A(0)y(t) — T'(t) [po(t) + 2(1)] ,

=T(t) [pa(t) + po(t) + 22(t)] , (10)
i(t) = —2Ay(t) — T(H)z(t) — ;t) a(t) +pu(t)]

y(t) = 282(t) = A(t) [ps(t) — pa(t)] = T(t)y(2) .

The structure of these equations separates the coherent dynamics, governed by A(¢) and
A, from the collective dissipation dynamics, governed by I'(¢). The population transferred
to |JJ) depends not only on p,(t) and py(t), but also on the coherence z(t), which re-
flects the collective nature of the dissipation. In particular, for the singlet state, one has
Pa = Pb = 1/2 and x = —1/2, so p.(t) vanishes, showing that (7) is a dark-state of the
collective dissipation channel (it cannot emit collectively).

This real formulation is convenient for numerical integration. Instead of integrating the full
complex density matrix directly, we integrate the real vector r(t) = (pa(t), pp(t), pe(t), x(t), y(t))
from the initial AFM product state r(0) = (1,0,0,0,0).

The Bell-state fidelity is obtained analytically by projecting the density matrix onto the
singlet state (8):

Fran(t) = 3[palt) + u(0) — 22(0)]. (1)

This expression shows that a high Bell fidelity requires the state to remain in the antiferro-
magnetic subspace while developing the correct relative phase between its two components.
Population outside this subspace, such as population in [||), does not contribute to the
singlet overlap. Moreover, since p,(t) + pp(t) < 1, the population contribution alone is
bounded by 1/2. A Bell fidelity above this value is only possible if the coherence z(t) is
negative, as required by the relative minus sign between [f]) and [|1) in the singlet. In
the ideal case, p, = pp = 1/2 and x = —1/2, giving Fpey = 1.

3.1 Results and discussion

We first study the preparation of the two-atom singlet in the absence of dissipation. We
characterise the performance of the protocol through the Bell-state fidelity (11), calculated
by numerically integrating the equations (10) for I'(¢) = 0, that is n = 0.

In the adiabatic limit, the system is expected to follow the instantaneous ground state.
Therefore, the parameter €y controls the trade-off between adiabaticity and evolution time:
smaller values of €y correspond to slower ramps and should lead to higher fidelities, whereas
larger values produce faster but less adiabatic dynamics. The figures below show this
dependence.
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Figure 1: Coherent preparation of the two-atom singlet for A = 1.0 and 1 = 0.0. The left panel shows
the Bell-state fidelity (8) during the ramp as a function of the dimensionless time (u = 4egAt) for
different values of the adiabatic parameter, indicated by colour. The right panel shows the maximum
Bell-state fidelity reached during the ramp as a function of €.

The behaviour shown in Fig. 1 confirms the expected role of the adiabatic parameter. For
the smallest values of €p, the Bell-state fidelity reaches values very close to unity, showing
that the two-atom singlet can be prepared with high accuracy in the coherent limit. As ¢
increases, the maximum fidelity decreases, indicating the increasing relevance of diabatic
transitions.

In addition, for sufficiently small €, small oscillations can be observed in the fidelity during
the ramp. These oscillations are not captured by the ideal adiabatic prediction (3) since
they originate from coherent interference between the instantaneous eigenstates. During a
finite-time ramp, the evolved state is not exactly the instantaneous ground state, but also
contains a contribution from the instantaneous excited state. Since these two components
have different energies, they accumulate phase at different rates. This relative phase pro-
duces oscillations in the coherence z(t) and, consequently, in the Bell-state fidelity. They
are only visible for smaller values of ¢y because the ramp is slow enough that the system
has more physical time to undergo these coherent oscillations.

Having established the coherent reference case, we now include collective dissipation. In
this case, making the ramp slower is no longer always beneficial. A smaller ¢y makes the
ramp more adiabatic and suppresses diabatic excitations, but it also increases the time
over which dissipative effects can accumulate. The final fidelity is therefore determined by
the competition between two error mechanisms: diabatic errors, which are more relevant
for fast ramps, and dissipative losses, which become more important when the evolution
lasts too long.

For this reason, the optimisation involves two independent choices. The parameter ¢; fixes
the speed of the locally optimised ramp, while the stopping time determines the point
along the ramp at which the state is taken as the final prepared state. For each value of
€0, the fidelity may reach a maximum at an intermediate time, before dissipation has had
time to degrade the state significantly. We therefore optimise the Bell-state fidelity both
over the ramp parameter ¢y and over the stopping time. To study this competition, we
use the same locally optimised ramp (9) and integrate the equations of motion (10) with
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a finite dissipation strength 1. The results are showed in Fig. 2.
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Figure 2: Effect of collective dissipation on the two-atom Bell-state preparation for A = 1.0. The
left panel shows the Bell-state fidelity (8) during the ramp as a function of the dimensionless time
(u = 4egAt) for n = 0.4 and different values of the adiabatic parameter, indicated by colour. The
dashed curves correspond to the coherent reference case, while the solid curves show the evolution in
the presence of collective dissipation. The orange markers indicate the maximum fidelity reached along
each dissipative trajectory. These maximum values are then plotted in the right panel as a function of
€o for different dissipation strengths 7, indicated by colour. For each value of 7, the red line connects
the value of ¢ that gives the highest Bell-state fidelity, defining the optimal ramp parameter €{(n).

Figure 2 shows the effect of collective dissipation on the system’s evolution over the ramp.
In the left panel, the dissipative trajectories reach lower maximum fidelities than their
coherent counterparts. For some ramps, the maximum fidelity is reached before the end of
the protocol: after this point, continuing the evolution only allows dissipation to further
degrade the state. The right panel makes the trade-off between diabatic and dissipative
errors explicit and identifies the optimal value of the adiabatic parameter for each dissi-
pation strength. For large values of ¢y, ramps are fast, and diabatic excitations evade the
instantaneous ground state, reducing the fidelity. For small values of ¢y, longer evolution
leads to the accumulation of dissipation, which also reduces the fidelity. Consequently, for
each value of dissipation strength 7, there is an optimal value of the adiabatic parameter
€, that, at the same time, defines an optimal ramp speed. The relation between these
parameters is visible in Fig. 3.
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Figure 3: Dependence of the optimized two-atom Bell-state preparation on the collective dissipation
strength 7, for A = 1.0. The left panel shows the best achievable Bell-state fidelity after optimizing over
€. The right panel shows the corresponding optimal ramp parameter €}(n), which increases with 7.

Figure 3 summarises the optimal performance of the dissipative two-atom protocol. The
left panel shows that the best achievable Bell-state fidelity decreases as the dissipation
strength 7 is increased. This confirms that collective losses limit the preparation qual-
ity. Even though the target singlet itself is a dark state of the jump operator L |S) = 0,
the system is not in the singlet state during the ramp, so it remains partially sensitive
to the dissipative channel. The right panel shows the value of the adiabatic parameter
that maximises the fidelity for each 7. The optimal value ¢ increases with the dissipation
strength, meaning that stronger dissipation favours faster ramps. This is consistent with
the trade-off discussed above: when losses are weak, the protocol can be slower and more
adiabatic, whereas for larger 7 it becomes advantageous to reduce the evolution time, even
at the cost of allowing more diabatic error. The optimal protocol is therefore obtained by
balancing diabatic errors with the collective losses.

The study of the two-atom case has provided a minimal setting in which the main mecha-
nisms of the protocol can be identified explicitly. In the coherent limit, the optimised ramp
prepares the Bell singlet by suppressing diabatic transitions, while in the open-system set-
ting, the achievable fidelity is limited by the competition between adiabaticity and collec-
tive dissipation. We now consider larger atom numbers, where the target is no longer a
two-particle Bell state but a squeezed antiferromagnetic state involving collective quantum
correlations between the two sublattices.

4 The N-atom case

Now we will consider larger system sizes. The objective is to determine how the optimal
two-mode squeezing in the collective adiabatic stage scales with atom number N. In this
case, the target state is no longer characterised by the Bell-state fidelity. Instead, we
quantify the success of the protocol through the squeezing parameter

N (5242

E =2 mm — e (12)

13



where S; = S4 + SP and S, = SyA + 5’5 are the total transverse spin components. This
quantity compares the transverse collective spin fluctuations with the remaining antiferro-
magnetic order. The numerator measures the residual fluctuations of the total transverse
spin, which are precisely the fluctuations penalised by the cavity-mediated interaction. The
denominator is proportional to the square of the staggered magnetisation, |(S4) — (SB)|,
and therefore measures how strongly the two sublattices remain polarised in opposite di-
rections. The prefactor N/2 is chosen so that the classical antiferromagnetic product state
has €2 = 1. Indeed, for the state with all spins in sublattice A pointing along +% and
all spins in sublattice B pointing along —2, one has (S4) = N/4 and (SB) = —N/4, so
[(SAY — (SB)|2 = N?/4. At the same time, the transverse fluctuations are those of N
independent spin-1/2 particles, giving (S? + S§> = N/2. Substituting these values into
Eq. (12) gives €2 = 1. Values ¢2 < 1 therefore indicate that the state has reduced collec-
tive transverse fluctuations compared with the classical AFM reference state, while still
retaining antiferromagnetic order.

For large IV, an exact treatment of the dynamics quickly becomes impractical for extracting
asymptotic scaling. Even within the collective spin sector of the two sublattices, the Hilbert
space grows with system size, and solving the full master equation becomes increasingly
costly. We use linear spin-wave theory (LSWT) as the main analytical and numerical
framework, as it provides direct analytical insight and remains efficient enough to study
large systems.

4.1 Linear Spin-Wave Theory

To study the N-atom case, we use the Holstein-Primakoff (HP) transformation. The idea
is to expand the spin dynamics around the classical antiferromagnetic product state. In-
stead of describing each individual spin, we describe small collective deviations from this
classical configuration. These deviations are represented by bosonic modes. For sublattice
A, the reference state is the fully polarised state along +Z2. This state has maximal eigen-
value of S2, namely my = s, and is identified with the bosonic vacuum. Adding one HP
boson reduces this eigenvalue by one unit. More generally, a state with n, = afa bosons
corresponds to an eigenvalue my = s — n,. For sublattice B, the reference spin points
in the opposite direction, so the signs are reversed. The bosonic vacuum corresponds to
mp = —s, and a state with n, = b'b bosons has mp = —s + np. In both sublattices, the
boson number counts deviations from the local classical spin direction.

Using this transformation in each sublattice we can obtain the relations

SA=s—ala, S*=+V2s—afaa, S*=a"V2s—adla,
SE=blb—s, S8 =0blv2s—blb, SB=+2s—blbb.

Here, a! and b! create symmetric spin-wave excitations on sublattices A and B relative
to the classical AFM state, which is identified with the bosonic vacuum |0) 4 |0) 5. For a
system of N spin-1/2 atoms divided equally into two sublattices, each sublattice contains
N/2 atoms. Since the spins within each sublattice are treated collectively, the maximum
spin length of each sublattice is s = N/4. This is the spin length around which we perform
the Holstein-Primakoff expansion.

(13)

While this mapping is formally exact, the LSW'T consists of expanding the square roots
in (13) around the classical AFM state and keeping only the leading terms in the bosonic

14



operators [Cha24a]. This gives the linear spin-wave operators

5’;4 =s—ala, Sﬁ =V2sa, S4=a"V2s,

14
SE =bb—s, SP =025, SB=V2s0. 14

This approximation neglects interactions between spin waves and therefore remains con-
trolled as long as the spin-wave density is small compared with the sublattice spin length,

N
(a'a), (b'D) < 25 = 5

Physically, this means that the dynamics remains close to the classical AFM reference state
and only a small fraction of the available spin length is converted into quantum fluctuations.

In the Hamiltonian (4), using the LSWT operators is equivalent to retaining terms up to
quadratic order in the bosonic operators. This analysis, detailed in Appendix B.1, yields
the LSWT Hamiltonian

H(t) = Ey(t) + A(t)(a'a + b'b) + B(t)(ab + a'dl),
NA(t) NA(t) (15)
5

where A(t) = A + and B(t) =
Here, Ey(t) = N(A(t)—A)/2 is a time-dependent energy offset proportional to the identity.
It comes from the classical AFM reference energy and the part of the cavity term free of
operators. Since it does not affect the equations of motion, it will be omitted in what
follows.

The term in the LWST Hamiltonian (15) that is proportional to A(t) gives the energy cost
of creating spin-wave excitations on either sublattice. The next term, proportional to B(t),
does not conserve the number of spin waves: it creates or annihilates pairs of excitations,
one in each sublattice. This is the key term responsible for generating correlations between
the two sublattices. When A(0) = 0, one has B(0) = 0 and the bosonic vacuum corresponds
to the classical AFM state. As the cavity strength is increased, the term afb’ creates pairs
of spin-wave excitations, one in each sublattice, while the Hermitian-conjugate term ab
annihilates such pairs. The instantaneous ground state is therefore no longer the simple
AFM vacuum, but a superposition of states with correlated spin-wave excitations in the
two sublattices. This is the squeezed antiferromagnetic state described within LSWT.

Following the procedure explained in the Model section 2.3, the Hamiltonian can be diag-
onalized in the instantaneous Bogoliubov basis to obtain an analytical expression for the
adiabatic parameter introduced in Eq. (5). Although the general definition contains an
index n, within LSWT the instantaneous ground state is a two-mode squeezed vacuum
whose time dependence enters only through the squeezing parameter 6(¢). As a result,
01 |0(t)) couples the ground state only to the Bogoliubov-pair excitation af(t)37(¢)|0(t)),
so the relevant adiabatic parameter reduces to a single quantity, denoted by €(¢). Imposing
€(t) = €o and solving for the cavity strength A(¢) gives the locally optimised ramp

At) = %[(1 —degAt) 2 —1]. (16)

The derivation of this expression is given in Appendix B.2. This expression also makes
clear that ¢y controls the speed of the ramp. A smaller value of ¢y enforces a more adiabatic
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evolution, so the same change in A(t) is performed more slowly. A larger value of ¢ allows
the ramp to move faster, but produces stronger diabatic errors. The total preparation
time is determined not only by €, but also by where the ramp is stopped. This distinction
becomes important in the dissipative case, where the final squeezing depends both on how
adiabatically the state is prepared and on how long dissipative effects have time to accu-
mulate.

The LSWT Hamiltonian (15) is quadratic in the bosonic operators and therefore preserves
Gaukian states under time evolution. Moreover, the collective jump operator L = S4 + S5
that describes the collective dissipation can be rewritten in terms of the LSW'T operators
as

L~+V2s(a' +b). (17)

Thus, within LSWT, the open-system dynamics is generated by a quadratic Hamilto-
nian (15) together with a jump operator linear in the bosonic fields (17). As a result,
Gaubian states remain Gaukian [CR12, BZ22|, and the relevant quantities are the non-
zero second moments

na(t) = (a'a), np(t) = (b'D), m(t) = (ab),

together with m*(t) = (a'd!). The equations of motion follow from the adjoint evolution

d . ;
2 (0) = —1(0H() + (D}[0]).
which yields the closed system
fia = —iB(t) (m* —m) + %NF(t)(nA +1+ W)
1 *
i = ~iB(1) (m* —m) ~ N T(t) (np + %) (18)

i = %A m — iB(E) (14 na +np) + iNF(t) (np —na—1),

which is derived in Appendix B.3, with the remaining equations obtained by complex conju-
gation. These equations provide a description of the collective dissipative dynamics within
LSWT, reducing the open-system evolution to a small set of coupled ordinary differential
equations that can be integrated efficiently throughout the ramp.

Finally, the squeezing parameter (12) can be written directly in terms of the second mo-
ments evolved above. Using the LSWT expressions (44), one obtains

o _
bos (N/Q—TLA—TLB)2

[na +np+ 1+ 2Re(m)] (19)

The initial AFM vacuum has n = 0 and m = 0, giving Sﬁos = 1. Values 5%05 < 1 indicate
squeezing, which requires the buildup of a negative two-mode correlation mge < 0 between
the two sublattices. The imaginary part mp, does not enter the squeezing parameter
directly, but it affects its time evolution through the coupled equations of motion.

4.2 Results and discussion

We now use the differential equations (18) obtained within LSWT to study the prepa-
ration of squeezed antiferromagnetic states for larger atom numbers. The system is ini-
tialised in the AFM product state, which corresponds to the bosonic vacuum, so that
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n4(0) = np(0) = m(0) = 0. For each value of system size N, adiabatic parameter €
and dissipation strength 7, the equations of motion (18) are integrated along the locally
optimised ramp (16), and the squeezing is evaluated using Eq. (19).

We first analyse the time evolution of the squeezing introduced in the system for different
adiabatic tolerance at a fixed atom number and dissipation parameter. This allows us
to see how the collective squeezing fgos (19) develops during the protocol and how the
minimum value of &2, changes as the system size is increased.

Squeezing parameter £2(t) over time Minimum squeezing ming2(t) vs &,
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Figure 4: Effect of the adiabaticity on the antiferromagnetic squeezed state for A = 1.0 and n = 0.4.
The left panel shows the squeezing parameter (19) for N = 200 and different adiabatic parameters e,
distinguishable by colour. The dashed lines represent the same trajectories in the coherent scenario
(n = 0). The pink markers indicate the minimum 5%05 reached along each trajectory. These values are
then plotted in the right panel as a function of ¢ for different atom numbers N.

Figure 4 makes explicit the dependence of the squeezing on the adiabatic parameter and on
the stopping time. In the left panel, we can see that 5%08 initially decreases from its AFM
value &2, = 1, indicating the generation of collective quantum correlations between the
two sublattices. However, the system reaches a point where the accumulated dissipation
is strong enough to produce large losses and squeezing increases again. This behaviour
implies an optimal stopping time where the protocol reaches its maximal efficiency. In the
right panel, the protocol has been optimised over time and highlights the best outcome of
the protocol for a particular set of parameters (NN, eg) with fixed n = 0.4. For a fixed atom
number N we get back to the error competing mechanism. For small ¢y, the ramp is slow
and the system spends more time exposed to collective dissipation. For large ¢y, the ramp
is faster but diabatic errors reduce the amount of squeezing generated. Between these two
regimes there is an optimal value of ¢y, where the two effects are balanced. As N increases,
the minimum value of 5%08 decreases, showing that larger systems allow stronger two-mode
squeezing.

As in the two atom case, the coherent evolution produces oscillations in the dynamics of
the system. These oscillations can be understood from the equation of motion for the pair
correlator m = (ab). In the absence of collective dissipation, this equation reduces to

m = —21A(t)m —iB(t) (1 +na +np).

The term proportional to B(t) generates pair correlations, while the term proportional
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to A(t) rotates their complex phase. In the ideal adiabatic limit, m(¢) would remain at
its instantaneous ground-state value. But for a finite ramp speed, the correlator devel-
ops a small deviation from this value. The coherent rotation of this deviation produces
oscillations in Re(m) and, in the squeezing parameter &2 ..

The right panel in Fig. 4 shows that, for each system size, there is an optimal ¢y that gener-
ates the maximum squeezing. This fixes the optimal adiabatic tolerance ¢y and provides a
single measure of the best squeezing achieved for a given atom number N and a particular
dissipation strength 7. In Fig. 5, we see the relation between these four magnitudes.

100 Minimum squeezing achievable as a function of N Optimal & for minimum squeezing as a function of N
T 0.9
S 0.35 | o0
E\:\§SS NS . e R 0.8
PR R RS 22
N e % s
10-14 e iy 0.30 gos e 0.7
RN \\‘:\ R ,:’. o : 0
AR LN R .
A R LN f% oo 0.6
N \\\\ o Sy N 0.25 Ko o
—_ \ e T . ‘
F 1074 LA S W X ¢ . 05
SN ~, L = *
W Sowoe e W 9 2 S
£ RN 0.20 &t
. N, ~ 0.4
£ N ow BNt P
NN N w e \.\. -E;'
\_\ \\ n\\ S 0.15 | ’:1 03
10-34 N N “ 9\ e . .”r
SRR K
_13 e ® . o 0.2
""" N MO 0101 ¢
—— N2 \ e 0.1
10744 _._ p-t Ay
N\
T T T T BaaM ] T 0.05 T T T T T T 0.0
10* 102 10° 104 10° 10° 10t 102 10° 104 10° 10°
N A=10 N

Figure 5: Dependence of the optimised squeezing protocol on the atom number N and dissipation
strength 7, for A = 1.0. Different colours correspond to different values of 7. The left panel shows the
best achievable squeezing parameter after optimizing over €3. The dashed grey lines show the reference
scalings N=/3, N~=1/2 and N—!, used as guides to compare the behaviour. The right panel shows the
corresponding optimal ramp parameter €;5(n), which generally increases with N but has an observable
discontinuity.

Figure 5 shows the central qualitative results of the N-atom protocol. The left panel
compares the minimum squeezing parameter £2, . optimised over the stopping time and
adiabatic parameter, as a function of system size for several values of 7. For reference,
the power laws N=/3, N=1/2 and N~! are also plotted. The right panel shows the cor-
responding optimal ramp parameter as a function of the system size and the dissipation
strength.

The most immediate feature of the left panel is that, for the accessible range of system sizes
and 7 considered, the achievable squeezing improves monotonically with N for every dissi-
pation strength. This means that larger ensembles consistently develop stronger two-mode
correlations between the sublattices. However, increasing the collective loss strength shifts
the curves upward, reducing the amount of achievable squeezing. For weak collective loss,
the numerical curves approach a scaling close to the ideal N~! behaviour. In metrological
terms, this corresponds to Heisenberg-limited scaling, where the phase sensitivity improves
as 1/N, rather than the standard quantum limit scaling 1/v/N obtained with uncorrelated
particles [GLMO04, PSO™18]. This behaviour is non-trivial, but it can be understood from
the collective nature of the loss channel. The cavity does not distinguish the two sublattices
separately; it couples to their total spin through the jump operator L = S + SZ. During
the ramp, the correlations that generate squeezing make the transverse fluctuations of the
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two sublattices partially cancel in this total spin. As a result, the state becomes less visible
to the collective emission channel; in other words, it becomes dark. In the ideal singlet
limit, the cancellation is complete and the collective jump operator annihilates the state,
so it is completely dark.

For stronger dissipation, the scaling becomes weaker, lying closer to intermediate power
laws such as N™%/2 or N=/3. This indicates that collective loss limits the quantitative
amount of squeezing but does not immediately remove the system-size improvement.

The right panel shows that the value of the ramp parameter e which optimises the squeez-
ing generally increases with N, meaning that larger systems favour faster (less adiabatic)
ramps. As the protocol generates increasingly squeezed collective states, the state can
become progressively less bright under the collective emission channel. Consequently, the
optimal ramp speed is set by the interplay between coherent squeezing, collective emission,
and the stability of the dynamical trajectory. Therefore, the observed drift of € with sys-
tem size may reflect the fact that larger systems can reach strong squeezing over shorter
effective ramp times before dissipative or dynamical instabilities dominate. The right panel
also presents a sharp jump that originates from coherent oscillations in the time evolution
of ¢2(t). As shown in Fig. 4, the squeezing dynamics is not strictly monotonic, but it
develops oscillations associated with the dynamics of the pair correlations. As a result,
each trajectory contains several local minima. As the system size is varied, the identity
of the deepest local minimum can change, and the global minimum may switch between
different local minima, resulting in a sharp drop in the adiabatic parameter.

Overall, the N-atom results show that collective dissipation reduces the achievable squeez-
ing but does not eliminate the improvement with system size over the range of atom
numbers considered. For all values of the collective loss strength studied here, the opti-
mised squeezing parameter decreases monotonically with NV within the accessible numerical
range. The apparent scaling becomes weaker as the dissipation strength is increased, in-
dicating that collective loss limits the amount of squeezing that can be reached at finite
system sizes. However, these results should be interpreted as finite-size effective scalings
rather than definitive asymptotic power laws. It remains possible that, at much larger N,
the curves cross over to a common asymptotic behaviour. Nevertheless, within the range
studied here, the protocol remains effective for generating increasingly correlated states as
the number of atoms is increased.

5 Conclusions

In this thesis, we have studied the quasi-adiabatic preparation of squeezed antiferromag-
netic states in a collective cavity-QED setting. The motivation was to understand how a
classical antiferromagnetic product state can be transformed into an intermediate collec-
tive state with reduced total-spin fluctuations, as a first step towards accessing singlet-like
many-body physics. The preparation protocol consists of ramping up the cavity-mediated
interaction in a finite time, slowly enough to keep the system close to the instantaneous
ground state, but without allowing dissipative effects to dominate.

The two-atom problem provided the simplest setting in which the mechanism could be
analysed explicitly. In the coherent case, the locally optimised ramp prepares the antisym-
metric Bell state with fidelity approaching unity when the ramp is sufficiently slow. Once

19



collective photon loss is included, the best achievable fidelity is reduced, and slower ramps
are no longer always optimal. The preparation quality is instead controlled by a competi-
tion between diabatic errors, which favour slower evolution, and dissipative losses, which
favour shorter protocols. As a result, the best protocol is characterised by an optimal ramp
speed, set by €y, and an optimal stopping time.

For larger atom numbers, linear spin-wave theory allowed us to extend the protocol from
the two-atom benchmark to collective many-body ensembles. Within this approximation,
the quasi-adiabatic ramp prepares a two-mode squeezed antiferromagnetic state: the total
transverse spin fluctuations are reduced while the staggered magnetisation remains finite.
This state is not yet a many-body singlet or a quantum spin liquid, but it is the collec-
tive intermediate state targeted in the broader preparation strategy. It provides a bridge
between the classical AFM product state and the singlet-like regime where additional spa-
tially structured interactions could select more strongly correlated many-body phases.

The many-atom results show that collective dissipation reduces the achievable squeezing
but does not remove the improvement with system size. Over the range of atom num-
bers studied, the optimised squeezing improves monotonically with N for all dissipation
strengths considered. In the weak-dissipation regime, the finite-size behaviour is close
to the Heisenberg-limited reference, ¢2,. ~ N~!, which is the most favourable scaling
expected for this squeezing parameter. Increasing the dissipation weakens this effective
scaling, although the squeezing still improves with N over the accessible range. This be-
haviour reflects the collective nature of the cavity coupling: the correlations generated
during the ramp suppress the total transverse spin fluctuations, making the state less
bright to the same collective channel that produces photon loss. These scalings should
therefore be interpreted as finite-size behaviours rather than definitive asymptotic power
laws.

The main conclusion is that the best preparation protocol is not simply the most adia-
batic one. It is the protocol that best balances coherent evolution and the accumulation
of collective loss. This balance depends on system size and dissipation strength, and it
determines both the optimal ramp speed and the optimal stopping time. In this sense,
the work identifies the central constraint for using the collective cavity stage as a first
step towards correlated antiferromagnetic many-body states. The cavity must generate
sufficiently strong collective correlations to suppress total-spin fluctuations, but the prepa-
ration must be fast enough to avoid losing those correlations before they can serve as a
useful starting point for singlet-like many-body physics.

Several extensions remain open. A natural next step is to benchmark the LSWT predictions
against exact collective-spin simulations at intermediate system sizes, in order to determine
the range of validity of the bosonic approximation. It would also be useful to optimise
ramps directly in the presence of dissipation, rather than using ramps derived from the
closed-system adiabatic condition. Another important direction is to include independent
local spontaneous emission, which would test how much of the favourable behaviour found
here relies on the dissipation being collective. Finally, the squeezed antiferromagnetic states
prepared in this work could be used as initial states for the next stage of the broader many-
body protocol, where spatially structured interactions are introduced to select specific
correlated phases within the singlet-like regime.
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A The two-atom formalism

In this section, we are going to find the analytical expression for the two-atom coherent
Hamiltonian and its eigenenergies, as well as its master equation and the locally optimised
ramp for the quasi-adiabatic protocol.

A.1 The two-atom coherent Hamiltonian

Starting from the collective Hamiltonian (4), we will need the expressions for the spin
operators. The natural basis for two spins is {|11), [T}), [{1) , [{4)}, but since it conserves
the total magnetisation and the initial AFM has S%** = 0, the dynamics remains in the
two-dimensional subspace {|1}), [{1)}.

For a spin-1/2 particle,
Oa 1

Sa = ? and (Sa)Q = Z
Expanding the first term of the Hamiltonian gives
A B\2 A B\2 __ [ QA2 A2 B\2 B2 A qB AgB
(5% +52)" + (55 +5,)" = (5)"+(5,)" + (5)" +(5,)" +2(5. 57 +5,°5,)
=1+ SiS;+ 5,54,

where we have used the definition S* = S, + 1Sy. The term SXS; +S5y Sg exchanges the
two spin configurations in the sector with total magnetization zero. Explicitly, S, S'§| ™

) =[11) and SESE[ 1) = | 1)
On the other hand, the external field term acts as

(58— SP)1)) = (SAm)u) |>(SB|¢>
<§ DY)~ 1) (— 1
(S
(-

) =11)
>>|¢> |¢>(SB|¢>
WY =11 (510) == 1)

(52 = ST)[41) =

)
)
) )
1
5| )
As a result, the Hamiltonian is

MO=A @)
H<t>:< () )\(t)+A>'

The term A(t)1 is a global energy shift. It only produces an overall phase in the wavefunc-

tion, so it does not affect fidelities or populations. Removing this irrelevant constant and
omitting the explicit time dependence, we obtain the effective Hamiltonian

Healt) = (‘AA 2) . (20)

We proceed with solving the Schrédinger equation

Hegt [¢)) = E |¢) (21)
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with |¢) = a|T]) + b[{1), or in vector form

) = (b) . (22)

The eigenvalues are obtained from

—-A—F A
det(Heg — E1) = det < \ A E) =0,
that gives
E? —A* -\ =0.
Thus,
Er =+R where R= A2+ )2, (23)

To find the corresponding eigenvectors we solve

Hyp <Z> — By <Z> e  (Heg— E+1) (‘;) —0.

From the first row

(“Bs—Ada+ \p=0= 2= ExFa
a A
and imposing normalization
lal> + > =1
gives
o2 = X o (Be+A)
N+ (BL+A)?2 7 N+ (Bx + A%

Using (23), A2 = B2 — A? = (EL + A)(E+ — A) and the denominator becomes

N+ (Bx+ A = (Bx + A)(Bx — A) + (BEx + A)?
= (E:t + A) [(Ei — A) + (E:t + A)]
=2E,(Ex +A).

Finally, choosing a > 0, we get the instantaneous eigenstates

Er— A
2E,

Ei + A
2F,

|Ex) = [T+ [ 41 (24)

Restoring the explicit time dependence,

Bal) = | E St [P S 0, (25)
A(lt):,/R(Q’fl)%(*t‘)A and B(t):,/w, (26)

the instantaneous ground and excited states are

Defining




We can rewrite these coefficients in terms of an angle 6(t) using the definition

cosf(t) = R?t) , sinf(t) = Alt) . tanf(t) = )‘(At)

and using the half-angle identities

A(t):\/1~|—A/R(t) \/1+cos«9(t)_ 9(;)

= = cos
2 2
_ J1=A/R({) _ [L—cosf(t) . 6(t)
B(t)—\/ 5 —\/ 5 = sin—=.
Therefore, the instantaneous ground and excited states become
0 0
9(0) = cos " 1) —sin 20 11y
0 0
eft)) = sin 2 113y - cos 20 11y

A.2  The two-atom protocol

With the analytical expression for the instantaneous eigenstates and eigenenergies, the
adiabatic parameter (5) can be calculated analytically.

Since the basis are time independent,

[Brg(t)) = A1) [14) — B(t) 1)

and

B —AR(t) AR(t)
B amraz ~ "V iBmrme
AR(t) /B(t)  A(t)
" 4R(t)? (A(t) B(t)>

Since A(t)? + B(t)? = 1,

_ AR@®) 1
(e(t) |Oeg(t)) = “4R(t)2 A(t)B(t)
_ ARy [ 2R _2R(0)
4R\ R(t) +AR(t) — A
ARt 1
~ 2R(t) || R(t)2 - A2
AR(t) | 1 LR(E)




and thus

(e)1019(0) = ~5 i
On the other hand, using the gap
E; — E_ =2R(t) = 2[A* + ,\(t)2]1/2
we obtain N
- 4[A2|+ )\((tz)|2]3/2 ' (29)

Imposing the condition €(t) = ¢y and taking into account that A(t) > 0, we get the locally
optimized coupling speed

: 4
At) = % (A2 + A(1)2]Y2.
Separating variables gives
d\ _ deo gt

D2+ NP2 D

At) ax deg [t
v R
o [A24M2P2 Ao

) e,

A2/ATEND? A

A(t) = 4egAty/ A2 + \(t)2
A(t)? = (4e0At)* (A% + A(1)°)
A1)2[1 — (4egAt)?] = (4egA%t)?
A1) = deg At

This ramp naturally gives a maximal duration, determined by the singularity of the de-
nominator

and integrating from 0 to ¢

Solving for A(t),

. 1
T 460A '
In practice, the ramp is stopped at a finite value Apax, reducing the duration to
T\ — /)\max X _ Amax
A A 4egAVAZF N2

A.3  The two-atom master equation

We now derive the density-matrix equations for the dissipative N = 2 problem. We work
in the dynamically accessible product-state basis {|T}),[{1),[{4)}. In this basis, after
removing the global energy shift A(¢)1, the coherent Hamiltonian is

A AE) 0
Hit)=|xt) A of. (30)
0 0 O




The collective lowering jump operator L = S4 + SB acts as

LIt =14, LI =11, L) =0

Therefore, in this particular basis,

L= (31)

= o O
= o O
O O O

11
and L'L=1]1 1
00

o O O

The dissipative dynamics is governed by the Lindblad master equation (6).

We now write the most general Hermitian density matrix in this reduced basis as

) o) |. (32)

Here, pqo(t), py(t) and p.(t) are populations. Since the density matrix is Hermitian, pf = p
and its diagonal elements are real. Moreover, since p is positive semidefinite, these popula-
tions are non-negative and can be interpreted as probabilities. The off-diagonal elements
q(t),u(t) and v(t) are coherences and are (in general) complex.

For compactness, in the following derivation we temporarily omit the explicit time depen-
dence of A\, I'; and the density-matrix elements. First, we compute the coherent contribu-
tion —i[H (t), p]. Multiplying the matrices gives

—Aps +A¢* —Aqg+Appy —Au+ v
Hp=1 Aps+ Ag* Ag+Apy,  Au+Av |,
0 0 0

and
—Apa+Ag Apa+Aq O
pH = | —Ag¢*+Xpp AN+ Ap, 0
—Au* + A" w4+ Av* 0

Therefore, the commutator is

Mq* —q) —2Aq+ Ay — pa) —Au+ v
[H,p] = Hp — pH = | 2A¢" + X(pa — 1) Mg —q%) A+ Av |,
Au* — \v* —Au* — Av* 0

and the coherent part of the master equation is

—iA(q* — q) 2iAq — iX(pp — pa)  1AuU— il
—i[H, p] = | =2iAq* — i\(pa — pp) —iA(q — ¢%) —idu —iAv | . (33)
—iAu* + iAv* iAu* + iAv* 0

Next, we compute the dissipative contribution Dy [p]. First,

LpLt =

o O O

0
0 0
0




The anticommutator {LTL, p} = LTLp + pL'L gives

20a +q+q° pat+pr+2¢ utv
{(L'L,p} = | pa+1p+20° 2pp+q+q" u+tv

uw* 4+ v* u* 4+ v* 0
Therefore, the dissipative part is
—pa—Req  —q—3(pa+m) —(u+v)
Drlp) =T | —¢* — 5(pa+m)  —p»— Reg —3(u+v) |- (34)
—5(u* +v%) —3(u* +v*)  pa+py+2Req

Combining the coherent and dissipative parts, we find the following equations of motion:

Pa = —2MImq — T (p, + Req),
Py = +2MImg — I' (p, + Req),
De = F(pa + oy + 2Re(.7) )

. . . r
¢ =2iAq = i\(py — pa) = Tq = 5 (pa + p), (35)

T
U =1Au—ilv — §(u+v),

r
0= —iAv —i\u — §(u+’u).

These expressions explicitly show that the coherences v and v form a homogeneous subsys-
tem: they are coupled to each other, but they are not sourced by the populations or by the
coherence q. Therefore, if at the beginning of the protocol u(0) = 0 and v(0) = 0, then they
will remain zero at all times u(t) = 0,v(t) = 0. The coherence ¢ can be decomposed into
its real and imaginary parts, ¢ = x + iy. With this decomposition, the complex equation
for ¢ can be rewritten as two real equations for x and y. Starting from

L . . . r
& iy = [2iA =T [wﬂy]—M[pb—pa]—g[mepb],

separating real and imaginary parts gives

r
i = —2Ay — Tz — — [pg :
& y—Tx 2[19 + po) (36)

U =20z — X[py — pa] — Ty.

Including the time dependence again, the full reduced system can be written as a set of
five real ordinary differential equations:

Balt) = ~2X(0(0) ~ D0 [palt) +2(0)] (37)
5u(t) = 21 (8) ~ T0) [o(1) + 2(0)]. (38)
5e(t) = (1) [palt) + py(1) + 22(0)] (39)
(1) = ~229(1) ~ T(0)(t) ~ "2 palt) + (0] (40)
i(0) = 28a(t) = ME) [pb(8) — pul)] ~ T(Oy(e). (a1)

These expressions clearly separate the coherent dynamics from the collective dynamics
governed by A(t) and I'(t) respectively.
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B The N-atom formalism

In this section, we are going to find the analytical expression for the N-atom coherent
Hamiltonian and its eigenenergies, as well as the quasi-adiabatic protocol and the equa-
tions of motion when the collective dissipation is taken into account.

B.1 The N-atom coherent Hamiltonian

Starting from the collective Hamiltonian (4), we want to find an expression for the Hamil-
tonian in the LSWT approximation. We first rewrite the transverse spin components in
terms of ladder operators,

(52 +55) + (s +57) = % (545 +5.5,),

where Sy = Sﬁ + Sf and S_ = S4 + SB. We now expand the spin ladder operators using
the Holstein—Primakoff transformation (13) and truncate them to leading order

Sf:/ﬂa, S~ 2sal,
SB ~ 25l SB ~ /2sb.

Therefore,

S+:\/%(a+bT), S_z\/%<aT+b).
Substituting these expressions into the transverse part of the Hamiltonian gives
S (V232 [(ab7) (a 40) + (af +5) (a4 01)]

s (aTa+bTb+ab+aTbT + 1), (42)

(s +82) + (s +52) =~

where we have used the commutation relations
[a,aT] =1, [b, bT] =1, [a,b] = [aT,bT] =0.
The longitudinal field term becomes

A (8- 85) = [(s - ala) - (B s)]

— _2sA+ A (aTa + bTb) . (43)

Keeping only terms up to quadratic order in the bosonic operators, the Hamiltonian be-
comes

Hiswr(t) = Eo(t) + [A + 2sA(1)] (aTa 4 bTb) + 25A(t) (ab 4 aTbT) :

where Ey(t) = 2sA(t) —2sA is an irrelevant time-dependent constant. Since each sublattice
contains N/2 spins, its collective spin length is s = N/4 and the LSWT Hamiltonian can
be written as

Higwr(t) = Eot) + A(t) (ala + b'b) + B(t) (ab+ alb'), (44)
with
Al =a+ Y ;(t), By =~ ;(t). (45)
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In this form, the Hamiltonian is quadratic in the bosonic operators and can be diagonalized
exactly by the Bogoliubov transformation

a(t) = cosh 0(t) a + sinh O(t) b, a = cosh 0(t) a — sinh 0(¢) BT,
B(t) = cosh O(t) b+ sinh 0(t) a', b = cosh () § — sinh 6(t) a'.
Using the transformations above in the Hamiltonian (44) leads to
Hyswr(t) = Eg(t) + A(t) [ cosh 20(t) (oo + BT8) — sinh 20(t) (BT + apB)]
+ B(t)[ cosh 260(t) (a8 + ol BT) — sinh 260(t) (oo + B1)] .

The parameter 0(t) is fixed by requiring that the anomalous terms o3+ af 3" vanish, which
gives

tanh 20(¢) = g — o) = iln(l + NZ(“) .

With this choice, the coeflicient of the remaining diagonal terms gives

A(t) cosh 20(t) — B(t) sinh 20(t) = A(t) cosh 26(t) — B(t) ig; cosh 26(t)

2 2
= W cosh 260(t)
_A(t)? — B(t)? 1
- A(t) 1 — tanh?26(t)
_A@)? - B@)’ A(t)
N A(t) A(t)2 — B(t)?

= VA()? = B(t)?,

where we have used that cosh(z) = 1/v/1 — tanh? 2. In conclusion, the LSWT Hamiltonian
takes the diagonal form
H(t) = Eyg(t) + w(t) (aa + B16), (46)

where Fy(t) is the ground-state energy and the Bogoliubov excitation frequency is

w(t) = \/A(A+ NA(¥)) . (47)

The corresponding instantaneous ground state |6(t)) is the Bogoliubov vacuum «(t) |0(t)) =
B(t)|6(t)) = 0, which has energy Eoo(t) = Ep(t). The lowest excited state in the S, =0
sector is the pair excitation |1, 1(¢)) = afB7|0(t)), which has energy E1 1(t) = Ep(t)+2w(t).

B.2 The N-atom protocol
Now we will calculate analytically the adiabatic parameter (5) in order to find the locally

optimised ramp for A(t).

The time dependence enters only through the single parameter 6(t), and thus differentiating
gives

0:16(1)) = 6(t) ' 51 16(1)) ,

up to an overall phase convention and

(1, 1(1)] 2:0(t)) = (o' BT (0(1)] ) (6(t) ' BT 0(2)) ) = 6(¢) .
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So the adiabatic parameter reduces to

L10I90W) | _ 1601 N
Eq1(t) — Eop(t) 2w(t) 8A2(1 N %&))3/2 ]

€(t) = ‘

which is controlled by the ratio of the squeezing rate 6(t) to the pair gap 2w(t). Imposing
€(t) = €y and considering A > 0 gives the locally optimised coupling speed

oo BegA? NA(t)\3/2
Alt) = =% (1+ 3 )
Separating variables gives
d\ 8egA?
32 =N dt
(1+22)

and integrating from 0 to ¢

/A(t) dXN _ /t 8eg A it
0 N,\/)3/ 2 o N

(1+%
2 NA(t)\=1/27  8egA?
—N/A[l—(lJr ) =t
Solving for A(t),
NA(t)\—1/2
1-— (1 + A ) = 4€0At
NA(f)\-1/2
(1+ 3 ) T =1-4eAt
1+ Nz(t) = (1 — 4epAt) 2
NA(t
A( ) _ (1 —4epAt)™2 —1
A
At) = 511 - deoAt)~% — 1]

This ramp naturally gives a maximal duration, determined by the singularity

1

ty = .
4eg A

This is in agreement with the two-atom case. If the ramp is stopped at a finite value Apax,
the time accumulated along the trajectory would reduce to

Amax d)\ 1 N)\max — 1/2
T = — = ]. - 1 . 4
A /0 Al el [ < A ) (48)

This locally optimised ramp adapts the instantaneous speed to the local adiabatic condition.
As A grows and becomes comparable to A/N | the excitation gap increases and the protocol
can accelerate significantly while maintaining the same adiabatic error.
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B.3 The N-atom system equations

We now derive the equations of motion for the relevant second moments in the presence of
collective dissipation. The expectation value of any operator O evolves according to the

Heisenberg equation
d

dt
The dissipative contribution is generated by the Lindblad dissipator

(0) = —i([0, H(#))) + (D}[O]).

Dulpl =T(t) (LpL = 5{L'L.p} ) |

where the collective jump operator L = S4 + SB can be rewritten in terms of the bosonic
ladder
L~+2s(a' +b). (49)

The corresponding adjoint dissipator acting on observables is
1 1
D} [0] =T(t)(LioL - SLIL, 0}) = S0 (zf[o, ]+ [L1,01L). (50)

Because the Hamiltonian (46) is quadratic and the jump operator (49) is linear in the
bosonic fields, the dynamics of the system is described by the second moments

na = (a'a), np = (b'b), m = (ab), m* = (a'd"),
c= <aTb>, Ug = (a2 , up = <bz>>
¢ =(abl), wi={(a"?), up=(0"?%.

We first derive the closed coherent equations, which correspond to the first term of the
Heisenberg equation. For the expectation value (afa),

d

@<aTa> = —iB(t)(— (ab) + (a'b")) = n4 = —iB(t)(m* —m),

while the corresponding equation for (bTb> is obtained by exchanging a <+ b and lead to
the same equation. Similarly, for the mixed expectation value (ab) one finds

%(ab) = —2iA(t)(ab)—iB(t)({ala) + (bT0)+1) = 1iv = —20AB)m—iB(t)(na+np+1).

We now consider the correlator ¢ = (afb). Using the above commutators, its coherent time
evolution is
d

Zlalt) = —iA(t)( — (a'b) + (afb)) —iBE)(~ 47 + ((0)?) = = —iBt)(uh — up).

Next, we consider the anomalous correlator w4 = <a2>. Its coherent time evolution is
d /9 : 2 . t . . . «
7 <a > = —2iA(t) <a > — 2iB(t) <ab > =  ua=—2iA(t)ua — 2iB(t) c".
By the same calculation, and using the a <> b symmetry of the coherent dynamics, we

obtain for up = (b%)
’IIJ,B = —QiA(t) up — QiB(t) C.
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Thus, the coherent dynamics closes on the set {n4,np, m,c,ua,up} according to

na = —iB(t)(m* —m),

np = —iB(t)(m" —m)

m = —2iA(t)m —iB(t)(na + np + 1)
= B (uy — up),

g = —21A(t)ug — 21B(t) c*

up = —2iA(t)up — 2iB(t) c,

where the remaining equations follow by complex conjugation. We now turn to the dissi-
pative contribution. Using the form (50), it is sufficient to evaluate the commutators of O
with the jump operator

L=5%+58~2s(al +0).

We begin with the number operators nyg = <aTa> and np = <bTb>. For a'a, the adjoint
dissipator gives

DE[aTa] = sI'(t) ((a +bNal — (—a)(a’ + b)) = sI'(t) (aaT +bla’ + aal + ab).
For bfb, one analogously finds
D} [b'b] = s0(¢) ((a + 1) (=) — bi(al + b)) = —sD(£) (ab + bTb + blal +bTb).
We next consider the second moments m = (ab) and ¢ = <aTb>. For ab, we obtain
D} [ab] = sT(t) ((a + )b — a(al + b)) = sT(2) (b1 — aa).
For a'b, we find
D} [a't] = sT(1) (0= (=b+ a')(a' + b)) = sT(1) (b* - (a")?).

Finally, we evaluate the dissipator for the anomalous moments us = (a?) and up = (b?).
For a?, this gives

D} [a?] = sT(t) ((a + b1)2a — 0) = 2s() (a? + ab').
For b?, we analogously obtain
D} [1?] = sT(t) (0 - 2b(at + b)) = —250(t)(a'b + b?).

Combining the coherent and dissipative contributions, we arrive at the following closed
system of coupled differential equations:

i = —iB(t)(m* —m) + gl“(t)(mm +24+m+m"),
np = —iB(t)(m* —m) — gl“(t)(%B +m +m"),
m = —2iA(t)m —iB(t)(na+np +1) + gf(t)(mg —ny —1),
¢ = —iB(t)(u} — up) + gF(t) (up —u}),
4= —2iA(t)us — 2iB(t) ¢* + gf(t) (ua + ),

i = —2A(t) ug — AB(t) ¢ — %I‘(t) (up + ),
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where we used s = N/4. The equations for m*, ¢*, u%, and u}; are obtained by complex con-
jugation. This system of equations separates into two independent groups. The first group
is formed by {na,np, m,m*}. These variables describe the occupations of the two spin-
wave modes and the anomalous two-mode correlation (ab). Importantly, their equations do
not depend on ¢, ug,up. The second group is formed by {c,u,up}, together with their
complex conjugates. These variables describe single-particle coherence between the two
modes and single-mode anomalous correlations. Since the initial antiferromagnetic prod-
uct state corresponds to the bosonic vacuum, one has initially ¢(0) = u4(0) = up(0) = 0.
The equations above show that with these particular initial conditions, they remain zero
throughout the evolution. As a result, for the dynamics considered in this work, it is suffi-
cient to keep only the closed subsystem for {n4,ng,m, m*}.

To obtain a real system of equations suitable for numerical integration, we separate the
real and imaginary parts of the complex correlator m as

m = MRe + 1M, m* = mge — iMmn.
From this, it follows that
m* —m = —2imn, m+m* = 2mge.
Substituting these expressions into the equations for n4 and npg, we obtain
. N
na = —2B(t)mm, + EF(t) (na+14mRge),
. N
ng = —23<t)m1m — EF(t) (nB + mRe).
Substituting m = mge + imy, into the equation for m, we find
: . . : N
MRe + IMm = 2A(t)m1m — 21A(t)mRe — IB(t) (nA +npg + 1) + ZF(t) (nB —NgA— 1).
Finally, equating real and imaginary parts yields
. N
mre = 2A() M, + ZF(t) (ng —na—1),
’fnlm = —2A(t)mRe — B(t) (nA +npg + 1).

Therefore, the dynamics relevant for the squeezed antiferromagnetic state can be evolved
using the real variables {n4,ng, mRe, Mim}-
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