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PhD Dissertation

Advisors: Luis Victor Dieulefait and Francesc Fité Naya
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Abstract

This thesis is concerned with the arithmetic properties of abelian varieties in
relation to their endomorphism algebras. We study the reductions of an abelian
variety defined over a number field, as well as the system of Galois representations
attached to it. We also give some results on modularity of abelian varieties with
respect to Siegel modular forms.

Chapter 1 gives some background definitions and results on central simple alge-
bras and abelian varieties. The proper content begins with Chapter 2, in which we
study embeddings of simple algebras. An emphasis is made in characterising the
existence of an embedding between two simple algebras. We specialize a criterion
of Chia-Fu Yu for algebras over global and local fields, which plays an important
role in Chapters 3, 5 and 7.

Chapter 3 studies the properties of abelian varieties defined over finite fields
under the assumption that their endomorphism algebra is noncommutative. We
focus on classifying abelian fourfolds with quaternionic multiplication. We show
that an abelian variety over a number field with noncommutative endomorphism
algebra splits modulo all but finitely many primes. This generalizes the analogue
result for fake elliptic curves, and strengthens a conjecture of Murty and Patankar.
We also give an example of an abelian fourfold with exactly two good, geometrically
simple reductions.

Chapter 4 begins the description of the systems of Galois representations asso-
ciated to abelian varieties with some noninteger endomorphism. We describe the
irreducible constituents of the Tate module in terms of the endomorphism algebra,
and we show how the representations take values in a twisted form of the algebraic
group GLn. We also show the nature of the Weil pairing on these irreducible con-
situents, which depends on the Albert type of the endomorphisms. Chapter 5 is
based on joint work with F. Fité and X. Guitart. It defines the notion of an abelian
variety genuinely of GLn-type, to generalize Ribet’s abelian varieties of GL2-type
without potential complex multiplication. These are the varieties whose system of
Galois representations stays absolutely irreducible when taking a base change to a
finite field extension. We give a theory of building blocks. Under a technical hy-
pothesis, we define inner twists and the Nebentype character of an abelian variety.
We give a characterization of abelian varieties with symplectic or orthogonal Galois
representation, which we call genuinely of GSpn or GOn-type. This enlarges the
class of abelian varieties with such representations previously given by Banaszak,
Gajda and Krasoń. Finally, we prove that an abelian variety genuinely of GL4-type
is Siegel modular if and only if it is genuinely of GSp4-type.

In Chapter 6 we construct a family of building blocks of GL4-type. These
are given as Jacobians of genus 2 curves with a Richelot isogeny to their Galois
conjugate. Under certain conditions, we obtain by Weil restriction examples of
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ii ABSTRACT

abelian fourfolds genuinely of GSp4-type. The family includes examples of Galois
representations with image in GSp4 and nontrivial Nebentype.

Chapter 7 is based on joint work with A. Pacetti. It deals with the Galois
representations associated with abelian k-varieties. One of the key points is that
we do not assume that all endomorphisms are defined over the base field. This
allows to treat abelian varieties potentially of GLn-type. A recipe is given to at-
tach a representation of the absolute Galois group of k to such an abelian variety.
In addition, some results are given to characterize when these preserve a pairing
induced by the Weil pairing, building on the ideas of Chapter 4. As an application,
we show that abelian surfaces over Q with potential quaternionic multiplication are
Siegel modular.

Keywords: abelian varieties, central simple algebras, Honda–Tate theory, Ga-
lois representations, quaternionic multiplication, modularity.
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Notations

We denote the ring of n-by-n matrices over a ring R by Mn(R). The identity
matrix is denoted by Id. Matrix transposition is denoted by ⊤. If X is a central
simple algebra over a number field Z, we let Ram(X) be the set of places of Z
at which X ramifies. Given a place v of Z, the local Hasse invariant of X at v is
denoted by invv[X].

Given a group G and a character χ with values in a field F , we denote by F (χ)
the representation afforded by χ. If V is another representation of G, we write V (χ)
or V ⊗ χ for the representation V ⊗ F (χ). The notation EndF [G](V ), or simply
EndG(V ), denotes the endomorphisms of V as an F -vector space which commute
with the action of G.

We fix once and for all an algebraic closure Q̄ of Q. Given a number field k
embedded in Q̄, we let Gk be its absolute Galois group Gal(Q̄/k). Occasionally,
we will also write k̄ instead of Q̄. For a prime v of k, Frobv ∈ Gk denotes an
arithmetic Frobenius element over v. Assuming a fixed embedding k̄ ↪→ k̄v, the
inertia subgroup at v is denoted by Iv. For a rational prime ℓ, we denote the ℓ-adic
cyclotomic character by χℓ. In particular, if F/Qℓ is an extension, F (χℓ) is the
F [Gk]-module affording the cyclotomic character.

If X is a scheme over a field k and K/k is an extension, we denote by XK the
extension of scalars X ×Spec k SpecK. For an abelian variety A defined over a field
k, End(A) denotes the ring of endomorphisms of A that are defined over k, and we
let End0(A) := End(A) ⊗ Q be the endomorphism algebra of A. Hence, if K/k is
an extension, we write End(AK) and End0(AK) to denote the ring and algebra of
endomorphisms that are defined over K. If k is a number field and A is an abelian
variety over k, we denote by SA the finite set of primes of bad reduction for A, and
by ΣA the set of primes of good reduction.
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Introduction

This thesis concerns the arithmetic properties of abelian varieties in relation
to their endomorphism algebras. Specifically, given some abelian variety A over
a number field k, we study its reductions modulo good primes, as well as the
shape of the representations given by the action of Galois on the Tate module
of A. We consider these aspects especially in the presence of noncommutative
endomorphisms. We also explore connections to modularity.

Several of the main results and expectations on the arithmetic of abelian vari-
eties require some restriction on the endomorphism algebra. To name some, we find
the theory of complex multiplication, Serre’s open image theorem (and the closely
related Mumford–Tate conjecture), and the modularity theorems for elliptic curves
and abelian varieties of GL2-type. This sort of result usually employs one of the
following hypotheses:

(1) End(A)⊗Q is a CM field of degree 2 dimA.
(2) End(A)⊗Q is a field of degree dimA.
(3) End(Ak̄) = Z.
(4) End(A) = End(Ak̄).

Here and in the rest of the thesis, End(A) denotes the ring of endomorphisms of
A that are defined over its base field, and we let End0(A) := End(A) ⊗ Q be the
endomorphism algebra of A. An abelian variety satisfying (1) is usually said to have
complex multiplication, while (2) corresponds to abelian varieties of GL2-type. All
of these conditions are imposed to control the image of the Galois representation
given by the (rational) ℓ-adic Tate module of A. For each rational prime ℓ, this
module is defined as the projective limit

Vℓ(A) := lim←−
n

A[ℓn]⊗Zℓ
Qℓ.

The absolute Galois group Gk = Gal(k̄/k) acts on Vℓ(A), and we have Vℓ(A) ≃
Q2 dimA

ℓ as Qℓ-vector spaces. Moreover, after fixing a polarization for A, we have
the Gk-equivariant, alternating, nondegenerate Weil pairing

ψℓ : Vℓ(A)× Vℓ(A)→ Qℓ(χℓ).

Therefore we obtain a continuous representation ρA,ℓ : Gk → GSp2 dimA(Qℓ). A
famous theorem of Faltings gives further information on the image of this represen-
tation: for every finite extension K/k, we have

(0.1) End0(AK)⊗Q Qℓ ≃ EndGK
(Vℓ(A)).

After this isomorphism, we see that conditions (3) and (4) above are imposed to
ensure that the image of the representation ρA,ℓ does not change substantially upon
restriction to a finite index subgroup of Gk. When the endomorphism ring End(A)
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4 INTRODUCTION

is strictly larger than Z, by (0.1) the representation ρA,ℓ cannot be absolutely
irreducible, and the module Vℓ(A) must be decomposed into irreducible pieces.

We introduce the following terminology to systematize the possible restrictions
on the endomorphism algebra End0(A).

Definition 0.0.1.

(1) We say an abelian variety A over a field k is of GLn-type if there exists a
number field E with [E : Q] = 2 dimA/n and an embedding of Q-algebras
E → End0(A).1

(2) We say A is genuinely of GLn-type if A is simple, of GLn-type, and Ak̄

has no isogeny factor of GLm-type with m < n.

For example, suppose that A has complex multiplication, i.e. E = End0(A) is
a CM field of degree 2 dimA. Then Vℓ(A) is a free E ⊗ Qℓ-module of rank 1. By
considering all primes L of E over ℓ, we have the decomposition E⊗Qℓ ≃

∏
L|ℓEL,

and consequently a decomposition of E ⊗Qℓ[Gk]-modules

Vℓ(A) =
⊕
L|ℓ

VL(A),

with each VL(A) an EL-vector space of dimension 1. Considering the Galois action
we obtain a representation ρA,L : Gk → E×

L for each L. Since E×
L = GL1(EL), it

makes sense that A is called of GL1-type.
If we move on to GL2-type, we have a similar pattern. Suppose there is a

number field E of degree [E : Q] = dimA embedding into End0(A), so that A is
of GL2-type. Then for every prime L of E over ℓ there is a Galois representation
ρA,L : Gk → GL2(EL), which corresponds to a 2-dimensional piece VL(A) of Vℓ(A).
From the perspective of representation theory, these are some of the first nonabelian
representations of Gk one encounters.

Abelian varieties of GL2-type over Q originally appeared as quotients of the
Jacobians J0(N) and J1(N) of modular curves. This is sometimes known as the
Eichler–Shimura relation (see [DS05, Chapter 8] for an exposition). In [Rib04,
§4], Ribet showed that every abelian variety of GL2-type over Q appears in this
way up to isogeny, using Serre’s modularity conjecture. After the proof of this
conjecture by Khare and Wintenberger [KW09a, KW09b], we have the following
parametrisation.

Theorem 0.0.2 (Eichler–Shimura, Ribet, Khare–Wintenberger). Let N be a pos-
itive integer. There is a bijection between the following sets:

(1) Isogeny classes of simple abelian varieties A/Q, of GL2-type and conductor
N .

(2) Normalized classical modular eigen newforms f ∈ Snew
2 (Γ1(N)), up to

Galois conjugation.

The bijection is such that, if a modular eigenform f corresponds to the variety Af ,

and we let Ef = End0(Af ) = Q({ap(f)}p∤N ), then

L(Af , s) =
∏

σ:Ef→C
L(σf, s).

1For us, an embedding of (associative, unital) algebras is an injective ring homomorphism sending
1 7→ 1.
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We remark that there is an important difference between Theorem 0.0.2 and
the modularity theorem for elliptic curves (cf. [Wil95, TW95, BCDT01]). Ev-
ery elliptic curve corresponds to some eigenform f which is modular for the group
Γ0(N). If we restrict to abelian varieties Af such that f ∈ S2(Γ0(N)), then neces-

sarily Ef = End0(Af ) is a totally real number field. To allow for coefficients that
are not totally real, we need to allow f to have nontrivial Nebentype, thus requiring
f to have level Γ1(N) (see [DS05] for more details).

The Nebentype is also present in the Tate modules attached to A, as was shown
in [Rib04]. We have the following result, describing the endomorphism algebra over
Q and Q̄, as well as the representations ρA,L.

Theorem 0.0.3 (Ribet). Let A/Q be a simple abelian variety genuinely of GL2-
type. Let E be a subfield of End0(A) with [E : Q] = dimA. Then:

(1) A is geometrically isotypical: there exists some simple abelian variety B/Q̄
of GL2-type and not of GL1-type, such that AQ̄ ∼ Br for some r.

(2) E = End0(A), and End0(B) is either a totally real field, or an indefinite
quaternion algebra over a totally real field.

(3) For every rational prime ℓ and every prime L of E above ℓ, there is a
continuous absolutely irreducible representation

ρA,L : GQ → GL2(EL),

such that ρA,ℓ ≃
⊕

L|ℓ ResEL/Qℓ
ρA,L. The representations {ρA,L}L form

a strictly compatible system of E-rational representations. Moreover, there
exists an odd character ε : GQ → Q̄× of finite order, independent of L,
such that det ρA,L = εχℓ. Here χℓ denotes the cyclotomic character.

(4) Let F be the center of End0(B). If we let N be the conductor of A, then
for every prime L | ℓ of E,

E = Q({Tr(ρA,L(Frobp))}p∤ℓN ), and

F = Q

({
Tr(ρA,L(Frobp))

2

ε(Frobp)

}
p∤ℓN

)
Going back to the modularity theorem, let f ∈ S2(N) be a classical eigenform

and let Af/Q be the corresponding abelian variety. If Af is genuinely of GL2-type,
then by Theorem 0.0.3 we know that Af,Q̄ ∼ Br for some simple abelian variety

B/Q̄ of GL2-type, and End0(B) is either a totally real field or a totally indefinite
quaternion algebra over a totally real field. The variety B is called the building
block associated to A [Pyl04].

If our base field k is larger than Q, a GL2-type abelian variety A can have
a noncommutative endomorphism algebra. Given an abelian surface A/k of GL2-
type, we say A has quaternionic multiplication (QM for short) if End0(A) is an
indefinite quaternion algebra.2 In this case we know that the factors in the Euler
product of the L-function L(A, s) are all squares. This is a consequence of Honda–
Tate theory, but in fact we can say more.

We let ΣA be the set of primes of k of good reduction for A, and denote by Av

the reduction of A modulo a prime v ∈ ΣA.

2If A is genuinely of GL2-type, then it cannot have QM by a definite quaternion algebra.
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Theorem 0.0.4 (Morita, Yoshida, Ohta). Let A be a simple abelian surface over a
number field k. Suppose that D = End0(A) is an noncommutative division algebra.
Let Ram(D) be the set of rational primes ℓ such that D ⊗Qℓ is a division algebra.

(1) Let v ∈ ΣA be a prime with residue characteristic p, and suppose D splits
at p. Then Av is isogenous to the square of an elliptic curve. In particular,
A splits modulo all but finitely many primes.

(2) For every prime ℓ ̸∈ Ram(D), there exists an absolutely irreducible con-
tinuous representation σA,ℓ : Gk → GL2(Qℓ) such that

ρA,ℓ ≃ σA,ℓ ⊕ σA,ℓ.

(3) If ℓ ∈ Ram(D), then there is a representation

σA,ℓ : Gk → (D ⊗Qℓ)
×

which is compatible with the representations at split primes in the following
sense. Let ℓ′ be a prime at which D splits. For almost all primes v of
Gk, the reduced trace and norm of σA,ℓ(Frobv) coincide with the trace and
determinant of σA,ℓ′(Frobv), respectively.

Because of Theorem 0.0.4, abelian surfaces with QM are sometimes called fake
elliptic curves. The Qℓ coefficients in the representation σA,ℓ for non-ramified ℓ
might seem surprising: in the definition of the submodules VL(A) above, we had
chosen a maximal subfield E ⊂ D, which in this case would be quadratic. But
choosing such a subfield is arbitrary (there are infinitely many of them inside of
D), and it is more natural to use the idempotents in the algebra D⊗Qℓ ≃ M2(Qℓ)
to decompose Vℓ(A) into 2-dimensional submodules.

Going beyond GL2-types, the first variety we find not treated by these consid-
erations is an abelian surface A defined over Q and such that End0(A) = Q, and
more generally abelian varieties of GL4-type. The surface A is of GL4-type, and it
has a system of Galois representations

(0.2) ρA,ℓ : GQ → GSp4(Qℓ).

The Langlands philosophy says that ρA,ℓ (or at least the associated L-function
L(A, s)) should come from an automorphic object, just as we had in Theorem 0.0.2.
Brumer and Kramer [BK14] proposed a precise modularity conjecture involving
Siegel modular forms of genus 2 and paramodular level. We briefly recall their
definition, which parallels that of classical modular forms, and refer the reader to
[PY15] and [JLRS23, Part II] for further details. The Siegel upper half-space of
genus 2 is defined to be the set of complex symmetric 2-by-2 matrices with positive
definite imaginary part,

H2 := {Z ∈ M2(C) | Z⊤ = Z, Im(Z) > 0}.

This is a 3-dimensional complex manifold. Let Sp4(R) be the symplectic group of
4-by-4 real matrices preserving a fixed alternating form. This group acts on H2 by
matrix Möbius transformations(

A B
C D

)
· Z 7→ (AZ +B)(CZ +D)−1.
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For every positive integer N , our substitute for the classical Γ0(N) is the paramod-
ular group

K(N) =


∗ N∗ ∗ ∗
∗ ∗ ∗ ∗/N
∗ N∗ ∗ ∗
N∗ N∗ N∗ ∗

 ∩ Sp4(Q),

where each ∗ ∈ Z. A Siegel modular form of weight 2 and paramodular level N
is an holomorphic map f : H2 → C satisfying f(M · Z) = det(CZ + D)−2f(Z)

for all M =

(
A B
C D

)
∈ K(N). We denote the vector space of such forms by

S2(K(N)). There is a theory of Hecke operators on this space, leading to the
notion of eigenforms. The Paramodular Conjecture of Brumer and Kramer can be
stated as follows.

Conjecture 0.0.5 (Paramodularity, first version). For every abelian surface A de-
fined over Q with End0(A) = Q and conductor N , there exists a Siegel paramodular
eigenform f ∈ S2(K(N)) such that

L(A, s) = L(f, s).

We say an abelian surface A satisfying Conjecture 0.0.5 is paramodular. The
converse direction of this conjecture is known to be false. The first reason why is
that there is a lift from Jacobi forms into Siegel paramodular forms Grit : Jcusp

2,N →
S2(K(N)), known as the Gritsenko lift, and L-functions of forms which are Grit-
senko lifts cannot correspond to abelian varieties (cf. the introduction of [BK14]).
But even if we disregard these lifts, there is yet another class of abelian varieties
with representations in the same shape as (0.2). Much in the same way that QM
abelian surfaces have 2-dimensional representations (cf. Theorem 0.0.4), we obtain
4-dimensional representations from QM fourfolds. The precise statement comes
from [Chi90].

Theorem 0.0.6 (Chi). Let A/k be a simple abelian fourfold such that D = End0(A)
is an indefinite quaternion algebra with center Q. Then for every prime ℓ ̸∈ Ram(D)
there exists a continuous, absolutely irreducible representation

σA,ℓ : Gk → GSp4(Qℓ)

with sim ◦ σA,ℓ = χℓ such that ρA,ℓ ≃ σA,ℓ ⊕ σA,ℓ.

The fact that the image of σA,ℓ lands in a symplectic group (and not just
in GL4(Qℓ)) is nontrivial: one needs to find a decomposition of Qℓ[Gk]-modules
Vℓ(A) ≃ X ⊕ Y , in such a way that the Weil pairing ψℓ on Vℓ(A) restricts to
nondegenerate pairings on X and Y . This theorem of Chi holds more generally for
any dimension of A, under the assumption that D = End0(A) is a totally indefinite
quaternion algebra over a totally real field. Banaszak, Gajda, Krasoń and Kaim-
Garnek have generalized the pairing construction to allow End0(A) to have any
Albert type [BGK06, BGK10, BKG21].

Calegari et al. [BCGP21] were the first to observe that QM abelian fourfolds
may well exist over Q, and so Conjecture 0.0.5 should be adapted accordingly.
The updated Paramodularity conjecture for Siegel paramodular forms with rational
eigenvalues is as follows (cf. [BK19, Conjecture]).
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Conjecture 0.0.7 (Paramodularity conjecture, updated version). Let N be a pos-
itive integer. Let AN be the set of isogeny classes of abelian surfaces defined over
Q with End0(A) = Q and conductor N . Let BN be the set of isogeny classes of
simple abelian fourfolds over Q with End0(A) an indefinite quaternion algebra with
center Q and conductor N2. Let PN be the set of eigenforms f ∈ S2(K(N)) with
rational Hecke eigenvalues, modulo scalars, which are not Gritsenko lifts. There
is a bijection PN ↔ AN ∪ BN such that, if f ∈ PN and Af is the corresponding
abelian variety,

L(Af , s) =

{
L(f, s), if Af ∈ AN ,

L(f, s)2, if Af ∈ BN .

The biggest hurdle towards establishing this conjecture is that there cannot be
an Eichler–Shimura construction realizing the abelian variety Af corresponding to
some paramodular form f . In particular, we do not know how to predict whether
Af ∈ AN or Af ∈ BN in terms of f .

By means of techniques for comparison of Galois representations and modular-
ity lifting theorems, many cases of Conjecture 0.0.5 are now known. In [BCGP21],
it was shown that infinitely many abelian surfaces are paramodular. Some abelian
surfaces of small conductor have been shown to be paramodular (cf. [BPP+19,
BK20]). Some explicit paramodular surfaces were also found in [CCG20]. The
recent preprint [BCGP25] shows paramodularity of many abelian surfaces, by
imposing local conditions at 2 and 3.

In [BK14, Conjecture 1.4], Brumer and Kramer already give a more general
conjecture for an abelian variety A of GL4-type such that End0(A) is a totally real
field of degree dimA/2. This conjecture is probably incomplete, as it does not
include varieties with QM by a totally indefinite quaternion algebra. On the other
hand, these conjectures do not cover every possible abelian variety of GL4-type over
Q. We will aim to classify these in order to make the picture clearer.

0.1. Main results

A substantial portion of this thesis aims to generalize Theorems 0.0.3, 0.0.4
and 0.0.6 for abelian varieties genuinely of GLn-type with arbitrary n.

0.1.1. Embeddings of simple algebras. Given a simple abelian variety A
defined over a number field k, the endomorphism algebra End0(A) is a division
algebra. To study it, we can relate it to several other algebras, given by base
changes of A. On the one hand, we may consider a field extension K/k, so that we
obtain an embedding End0(A) → End0(AK). On the other, we may take a prime
v of good reduction for A, and consider the injection into the endomorphisms of
the reduction, End0(A) → End0(Av). A third base change operation (which we
will not consider) would be taking specializations of an abelian scheme X → S over
some base scheme S.

Since we see embeddings of semisimple algebras so often, it makes sense to
study them in general first. Let Q be a perfect field. Suppose that Y is a simple Q-
algebra and that X is a simple Q-subalgebra of Y . Let ZX and ZY be the respective
centers of X and Y . If ZY ⊆ ZX , then the Double Centralizer theorem [Pie82,
Theorem 12.7] relates the dimensions of X, Y , and the centralizer of X in Y . It
also gives a certain relation between the Brauer classes of these three algebras, in
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particular, the centralizer has the same Brauer class as X ⊗ Y op, where Y op is the
opposite algebra of Y .

In [Yu12], Chia-Fu Yu gives a general criterion to characterize when a simple
algebra X embeds into another simple algebra Y . The criterion uses invariants
of X, Y and X ⊗ Y op, and as such it can be seen as both a generalization and a
converse of the Double Centralizer theorem, especially when we do not have the
inclusion ZY ⊆ ZX .

Since we will only encounter algebras over number fields, we will prove a cri-
terion (equivalent to Yu’s) that gives us a stronger relation between X and Y .
Essentially, it says that X embeds into Y if and only if a dimension condition
holds, and X and Y have similar Brauer classes.

Theorem 0.1.1 (Adapted from Theorem 2.3.2). Let Q be a global or a local field,
let ZX and ZY be finite extensions of Q, and let X,Y be simple Q-algebras with re-
spective centers ZX and ZY . Let Y ≃ Mr(Y

′), with Y ′ a division algebra. Consider
the product of fields

ZX ⊗Q ZY ≃ F1 × · · · × Fs.

There exists an embedding of Q-algebras ι : X → Y if and only if there exist
non-negative integers r1, . . . , rs with

(1)
∑s

i=1 ri = r, and

(2) If ri > 0, then the quantity di =
ri
√

dimZY
Y

[Fi:ZY ]
√

dimZX
X

is an integer, and we

have
di[X ⊗ZX

Fi] = di[Y ⊗ZY
Fi].

Many results throughout the thesis use the theorem above in some form.

0.1.2. Split and simple reductions. As stated in Theorem 0.0.4, an abelian
surface with quaternionic multiplication splits modulo all but finitely many primes.
Based on this phenomenon, Murty and Patankar proposed the following conjecture
[MP08].

Conjecture 0.1.2 (Murty–Patankar, as stated in [Zyw14]). Let A be an abelian
variety over a number field k. Let V be the set of primes of good, simple reduction
for A. Then, after possibly replacing k by a finite extension, the density of V exists
and is equal to 1 if and only if End0(Ak̄) is commutative.

This conjecture has been shown to be true in many cases [Ach09, Ach12],
and holds for all abelian varieties satisfying the Mumford–Tate conjecture [Zyw14].
The result is in fact easy to show in the case where End0(A) is noncommutative,
using a result of Waterhouse [Wat69, Theorem 6.1]. We prove a strengthening of
this fact.

Theorem 3.5.2. Let A/k be a simple abelian variety such that D = End0(A)
is noncommutative. If Av is simple for some v over a rational prime p, then D
ramifies at some prime over p. In particular, A splits modulo all but finitely many
primes.

This result prompts two follow-up questions. First, what are the possible good
reductions of an abelian variety with noncommutative endomorphism algebra? And
second, does there exist an abelian variety A over some number field k, such that
Av is (geometrically) simple modulo some good prime v?
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For abelian surfaces with QM, the first question has been answered in [Jor86,
§2] and [Yu13b]. We give some results for arbitrary dimension, and classify all QM
abelian fourfolds over finite fields. Regarding the second question, we display an
abelian fourfold having exactly two primes of good, geometrically simple reduction.

0.1.3. Galois representations. Given a simple abelian variety A/k of GLn-
type, we wish to precisely describe the system of representations ρA,L : Gk →
GLn(EL). At least when the field k is totally real and n = 2, the answer is
essentially a combination of Theorems 0.0.3 and 0.0.4 (the extension to k totally
real follows from adapting the arguments in Pyle’s thesis, cf. [Pyl04]). However,
the subject is not so easy when we let n > 2, as the group GLn is quite large, and
ρA,L will usually have some self-duality property coming from the Weil pairing.
In this sense, the notion of GLn-type is too coarse, though we maintain it for
convenience.

As we had in the GL2-type case for quaternionic multiplication, choosing a
maximal field E ⊆ End0(A) is somewhat arbitrary. To avoid this choice, we work
with representations with noncommutative coefficients. Given a positive integer m
and a simple algebra D, recall that the algebraic group GLm(D) represents the
functor Alg→ Grp given by A 7→ (Mm(D ⊗A))×. We have the following result.

Theorem 0.1.3 (Theorem 4.2.7, Proposition 5.1.3, Proposition 5.4.3). Let A be
a simple abelian variety defined over a number field k. Let D = End0(A), H the
center of D, tA the Schur index of D, and n := 2 dimA

tA[H:Q] . Let SA be the set of primes

of k of bad reduction for A, and let Ram(D) be the set of primes of H at which D
ramifies.

(1) The number n is the smallest integer such that A is of GLn-type. The
Schur index tA divides n.

(2) The variety A has an associated strictly compatible system {ρA,λ}λ⊂H

of H-rational λ-adic representations with values in GLn/tA(D
op), with

exceptional set SA.
(3) Fix any prime λ of H. The center H is generated over Q by the traces of

ρA,λ(Frobv), for v outside of SA and coprime with λ.
(4) For every λ ̸∈ Ram(D), the representation ρA,λ takes values in GLn(Hλ)

and is absolutely irreducible.
(5) If ℓ is a rational prime such that λ ̸∈ Ram(D) for every λ | ℓ, then we

have a decomposition

ρA,ℓ ≃
⊕
λ|ℓ

ResHλ/Qℓ
ρ⊕tA
A,λ .

In addition, if we fix E ⊆ D a maximal subfield such that E/H is Galois, a prime
λ of H, and a prime L of E over λ, then we have ρA,L ≃ ρA,λ ⊗Hλ

EL.

Given a simple abelian variety A of GLn-type and a prime λ ̸∈ Ram(End0(A))
of the centerH, we letWλ(A) be the absolutely irreducibleHλ[Gk]-module realizing
the representation ρA,λ.

Next, we give the precise self-duality condition and Nebentype of the system
above under two natural hypotheses. First, we assume that A is genuinely of GLn-
type. This implies in particular that Ak̄ ∼ Br, with B/k̄ a simple abelian variety
of GLn-type (we call B the building block associated to A).
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If one follows the arguments leading to Theorem 0.0.3, it becomes apparent
that they essentially follow from the fact that the center F of the endomorphism
algebra of the building block is totally real (a property implied by k = Q and
n = 2). Hence we make the following definition.

Definition 0.1.4. Let A be genuinely of GLn-type with associated building block
B. We say A is geometrically of the first kind if the center F of End0(B) is a
totally real field.

It can be shown that, if A is genuinely of GLn-type and geometrically of the
first kind, then n is necessarily even. Abelian varieties geometrically of the first
kind are characterized by the following property.

Theorem 0.1.5 (Proposition 5.5.12, Theorem 5.6.4, Theorem 5.7.4). Let A/k be
an abelian variety genuinely of GLn-type and let B be its associated building block.
Let H be the center of D = End0(A), and let F be the center of End0(B). The
following are equivalent:

(1) A is geometrically of the first kind.
(2) There exists a finite order character ε : Gk → Q̄×, called the Nebentype of

A, and a set T of primes of H of density one, with the following property.
For every λ ∈ T there exists a nondegenerate Hλ-bilinear, Gk-equivariant
pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ).

Suppose that these hold. Then:

(i) The set T is the complement of Ram(D). Moreover, for each λ ∈ T , the
pairing ψλ on Wλ(A) is unique up to scalars.

(ii) The pairings ψλ are alternating if End0(B) has Albert type I or II, and
symmetric if End0(B) has Albert type III.

(iii) Fix a prime λ of H. The center F of End0(B) is generated over Q by the
elements Tr(ρA,λ(Frobv))

2/ε(Frobv), for v outside of a finite set.

Corollary 0.1.6 (Corollary 5.7.6). Suppose that A is genuinely of GLn-type and
geometrically of the first kind. Let B be the building block associated to A. Then
the following holds:

(i) If B has Albert type I or II, then for all but finitely many λ the represen-
tation ρA,λ takes values in GSpn(Hλ).

(ii) If B has Albert type III, then for all but finitely many λ the representation
ρA,λ takes values in GOn(Hλ).

We say an abelian variety A is genuinely of GSpn-type if it falls in Case (i)
of Corollary 0.1.6, and genuinely of GOn-type if it falls in Case (ii). We provide
families of examples of abelian fourfolds genuinely of GSp4-type, both with trivial
and nontrivial Nebentype. These results are based on joint work with Francesc Fité
and Xavier Guitart [FFG24].

Beyond varieties genuinely of GLn-type, we also consider abelian varieties of
GLr-type such that AL is isotypical over some extension L/k, but possibly of GLn-
type over L, n < r.

Theorem 0.1.7 (Adapted from Theorem 7.2.1). Let A/k be a simple abelian va-
riety, and let L/k be a finite Galois extension such that AL is isotypical. Let H ′

be the center of End0(AL). Let H ′
0 be the fixed subfield of H ′ with respect to the
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action of Gal(L/k) on H ′ (cf. Proposition 7.1.3). Suppose AL is of GLn-type and
let m = n · [H ′ : H ′

0]. For every prime λ of H ′ not in Ram(End0(AL)), there exist:

(1) A finite order character ξ : GL → (H̄ ′
λ)

×, and
(2) An absolutely irreducible representation RA,λ : Gk → GLm(H̄ ′

λ),

such that RA,λ|GL admits ρAL,λ ⊗ ξ as an irreducible constituent.

The result above holds more generally for weak abelian k-varieties. If L/k is a
Galois extension, we say an abelian variety A/L is a weak k-variety if A is isogenous
to sA for all s ∈ Gal(L/k). In some cases, we also give some results that ensure
that the representation RA,λ preserves a nondegenerate pairing. These results are
part of joint work with Ariel Pacetti [FP24].

0.1.4. Siegel-modular abelian varieties. In [BK14, Conjecture 1.4], Brumer
and Kramer proposed a generalization of Conjecture 0.0.7 for nonlift Siegel paramod-
ular forms with coefficients in a field of degree > 1. One would like to further extend
the conjecture to all abelian varieties genuinely of GSp4-type, including those with
nontrivial Nebentypes.

There is a difference with the classical picture: for a positive integer N , the
quotient Γ0(N)/Γ1(N) is isomorphic to (Z/NZ)×, and so we can have characters
of Γ0(N) of many orders. The paramodular group K(N), however, does not enjoy
this property. Its abelianization is always a subgroup of (Z/12Z)2 [DM02], and so
we are limited in the characters that are possible.

Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (2, 2),
and let E be its coefficient field. As explained in [Wei22, Theorem 3.3], if π is not
CAP or endoscopic then there exists a compatible system of Galois representations
{ρA,ℓ : GQ → GSp4(Ēλ)}λ. We say an abelian variety A/Q is Siegel-modular if
its associated system of Galois representations is isomorphic (up to extension of
scalars) to the system attached to π. This allows us to consider a representation
π with arbitrary central character, corresponding to a Dirichlet character acting as
the Nebentype.

We will not focus here on finding the substitute level for the paramodular group,
instead, we look at the problem of describing the endomorphisms of A in terms of
the corresponding automorphic representation π.

Theorem 5.8.1. Let π be a cuspidal automorphic representation of GSp4(AQ) of
weight (2, 2) which is not CAP or endoscopic. Suppose that A/Q is an abelian
variety genuinely of GL4-type that is Siegel-modular and corresponds to π. Let B
be the building block associated to A. Then:

(1) A is geometrically of the first kind, and End0(B) is either a totally real
field or a totally indefinite quaternion algebra over a totally real field.

(2) The Nebentypes of π and A coincide, and the centers of End0(A) and
End0(B) are determined by the Hecke eigenvalues of π, as given in The-
orems 0.1.3 and 0.1.5.

In particular, Theorem 5.8.1 discards the possibility that a Siegel-modular
abelian fourfold A/Q has End0(A) a definite quaternion algebra, as suggested in
[BCGP21, §10.4.1].

Using Theorem 0.1.7, we show the modularity of abelian surfaces over Q with
potential quaternionic multiplication. This result is also part of [FP24]. Recall
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that an order O of a quaternion algebra D is said to be hereditary if every left ideal
I ⊂ O is projective as a left O-module.

Theorem 0.1.8 (Theorem 7.5.3 and Corollary 7.5.5). Let A/Q be an abelian sur-
face such that End0(A) = Q and End0(AQ̄) is either M2(Q), or a division indefinite
quaternion algebra with center Q. Then A is Siegel-modular.

If in addition End(AQ̄) is a hereditary quaternion order and A admits a prin-
cipal polarization, then A is paramodular.

0.2. Chapter organization

The thesis is organized in seven chapters. In Chapter 1 we give an overview
of the background for developing the results. We give the basic definitions and
results about central simple algebras and Galois cohomology. We also review some
definitions on abelian varieties, and we give the Albert classification.

We study embeddings of simple algebras in Chapter 2. This chapter gives a
version of Yu’s criterion, which plays an important role in Chapters 3, 5 and 7.

Chapter 3 studies the properties of abelian varieties defined over finite fields
under the assumption that their endomorphism algebra is noncommutative. The
chapter focuses on classifying which abelian fourfolds have a fixed quaternion alge-
bra embedded in their endomorphism algebra. The main result of [Flo25] is given
(cf. Theorem 3.5.2), and we also explore the primes of good, simple reduction for
surfaces and fourfolds with QM.

Chapter 4 begins the description of the ℓ-adic systems of Galois representations
associated to abelian varieties with endomorphism ring larger than Z. We give a
unified and systematic presentation of the Galois representations with coefficients
in the (opposite) endomorphism algebra, together with the Weil pairings on the
consitutents of the Tate module. Most of these properties were scattered across
different sources (including [Oht74, Rib76, Del82, Chi91, BGK06, BGK10,
BKG21]).

Chapter 5 is based on joint work with F. Fité and X. Guitart [FFG24]. It
treats the notion of abelian varieties genuinely of GLn-type. The property makes
the representations of Gal(k̄/k) from Chapter 4 not only absolutely irreducible,
but also absolutely irreducible when restricted to Gal(k̄/L) for any finite extension
L of k. After describing the dimension conditions on the endomorphism algebra
of A, we define the notion of building block, taking after the classical GL2-type
theory of Ribet [Rib76, Rib04] and Pyle [Pyl04]. Assuming A is geometrically
of the first kind, we define the inner twists associated with A, and in particular the
Nebentype of A. Building on Chapter 4, a characterization of abelian varieties with
a symplectic or orthogonal Galois representation is given. This enlarges the class
of abelian varieties with symplectic or orthogonal Galois representations given in
[BGK06] and [BGK10]. The Nebentype character then coincides with the simil-
itude character of the symplectic or orthogonal Galois representation associated to
A. Finally, the chapter characterizes which abelian varieties genuinely of GL4-type
can be Siegel-modular.

Chapter 6 gives the construction of a family of GL4-type building blocks, which
also appeared in [FFG24]. For a given quadratic number field k satisfying a certain
condition, these are genus 2 curves C/k such that their Jacobians are k-isogenous to
their Galois conjugates. By Weil restriction, one obtains Q-simple abelian fourfolds
with endomorphism algebra Q(

√
2) or Q(

√
−2). The generic fiber of the family of
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Jacobians has trivial endomorphism ring. This is the first known instance of a
family of GL4-type Q-surfaces. In the case of multiplication by

√
−2, this gives a

family of Galois representations with image in GSp4 and nontrivial Nebentype.
Chapter 7 is based on joint work with A. Pacetti [FP24]. It deals with the

Galois representations associated with abelian k-varieties A defined over a number
field L with L/k being a Galois extension. One of the key points is not assuming
that A has all its endomorphisms defined over the base field L. This allows to treat
abelian varieties potentially of GLn-type, as opposed to those genuinely of GLn-type.
A recipe is given to attach a representation of minimal dimension RA of Gal(k̄/k)
to A. Moreover, some results are given to characterize when RA will preserve a
pairing coming from the Weil pairing of A, again derived from the information of
Chapter 4. The Siegel-modularity of abelian surfaces A/Q with potential QM is
shown as an application.



CHAPTER 1

Background

In this chapter we introduce some basic definitions and results that will be
used throughout the text. In Section 1.1 we review the main results on simple
algebras, in particular over global and local fields. We continue in Section 1.2 with
Galois cohomology, in particular, we give the cohomological interpretation of the
Brauer group. We give the basic definitions on abelian varieties in Section 1.3.
In Section 1.4 we state the Albert classification for division algebras with positive
involution.

1.1. Central simple algebras

In this section we define simple algebras, and we give three of the fundamental
results about them: Wedderburn’s theorem, the Skolem–Noether theorem, and
the Double Centralizer theorem. We introduce the Brauer group, and we state
the main exact sequence relating the Brauer group of a global field with the local
Brauer groups. For a short introduction to simple algebras, we refer the reader to
[Mil20, Chapter IV]. For more thorough treatments, see [Pie82] and [Rei03].

Throughout the section we let F be a perfect field, and we fix once and for all
an algebraic closure F̄ of F .

LetX be an associative ring with unit. The subring Z = {z | zx = xz, for all x ∈
X} is called the center of X. We say X is an F -algebra if F ⊆ Z and X is finite-
dimensional as an F -vector space. We say X is F -central if Z = F . The left and
right ideals of X satisfy the usual definitions. We say an ideal I of X is two-sided if
it is a left and a right ideal at the same time. We say X is simple if it has no non-
trivial two-sided ideals. We say X is a central simple F -algebra if X is F -central
and simple. When the center is clear from the context, we just say X is a central
simple algebra.

Examples of central simple F -algebras are F itself (since a field has no nontrivial
ideals) and the matrix ring Mn(F ), for every n ≥ 1.

Lemma 1.1.1. The following are equivalent.

(1) F is the center of X, and X has no nontrivial two-sided ideals.
(2) X ⊗F F̄ ≃ Mn(F̄ ) for some positive integer n.

We say an algebra X is semisimple if it is isomorphic to a product of simple
algebras.1

We say an algebra X is a division algebra if every nonzero element has a
multiplicative inverse. A division algebra is simple; the proof is the same used to
show that a field has no nontrivial ideals. The following result states that a simple
algebra is isomorphic to a ring of matrices with coefficients in a division algebra.

1The usual definition of a semisimple algebra says that every X-module is semisimple, but the

two definitions are equivalent.

15
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Theorem 1.1.2 (Wedderburn). Let X be a simple algebra. There exists some
n ≥ 1 and a division algebra D such that X ≃ Mn(D).

In particular, the dimension over F of a central simple F -algebra X is a square,
say n2 = dimF X. We say n is the degree of X. We say X is a quaternion algebra
if X is an algebra of degree 2.

Given a central simple F -algebra X, its group of F -linear ring automorphisms
is denoted by AutF (X). For example, it is well-known that AutF (Mn(F )) ≃
PGLn(F ), the n-by-n matrices in F modulo scalars. This is equivalent to say-
ing that every F -automorphism of Mn(F ) is inner. More generally, we have the
following result (cf. [Pie82, §12.6]).

Theorem 1.1.3 (Skolem–Noether). Let ψ : X → X be an F -linear automorphism
of X. Then there exists some a ∈ X× such that for all x ∈ X, ψ(x) = axa−1.

We now introduce the Brauer group and some properties of Brauer classes (cf.
[Pie82, 12.5]). Given an algebra X, recall that its opposite algebra Xop has the
same underlying set and addition as X, but the multiplication is reversed: for
x, y ∈ Xop, we define x ∗ y := yx.

We say two central simple algebras X and Y are Brauer equivalent if there are
integers m and n with Mm(X) ≃ Mn(Y ). This defines an equivalence relation on
the set of all central simple F -algebras. We denote by [X] the Brauer class of X.
The set of all such classes is denoted by Br(F ). Given central simple F -algebras X
and Y , X ⊗F Y is again simple. In addition, we have the following properties:

(1) For every n ≥ 1, X ⊗F Mn(F ) ≃ Mn(X).
(2) The tensor product (with respect to F ) is associative and commutative.
(3) If X is a central simple algebra of degree n, then X ⊗F X

op ≃ Mn2(F ).

Observe that these properties allow us to define a sum operation on Br(F ). Given
[X], [Y ] ∈ Br(F ), we define [X]+ [Y ] := [X⊗F Y ], and −[X] := [Xop]. The neutral
element is [F ], and Br(F ) is thus an abelian group called the Brauer group. By
the properties of the tensor product, the Brauer group is functorial with respect
to field extensions. Given an extension L/F , the map Br(F ) → Br(L) given by
[X] 7→ [X ⊗F L] is a group homomorphism.

We now give another fundamental result on simple algebras. Given a subalgebra
X of an algebra Y , we define the centralizer of X in Y as

CY (X) := {y ∈ Y | yx = xy for all x ∈ X}.

Namely, CY (X) is the subalgebra of all elements of Y commuting with X. In
particular, the center of X is included in CY (X).

Theorem 1.1.4 (Double Centralizer theorem). Let X and Y be central simple
algebras over the fields ZX and ZY , respectively. Suppose that X is a ZY -subalgebra
of Y (in particular, ZY ⊆ ZX). Let CY (X) be the centralizer of X in Y .

(1) CY (X) is a central simple algebra over ZX .
(2) dimZY

X · dimZY
CY (X) = dimZY

Y .
(3) CY (CY (X)) = X.
(4) [X ⊗ZX

CY (X)] = [Y ⊗ZY
ZX ] in Br(ZX).

Proof. Statements (1), (2) and (3) are standard, see e.g. [Pie82, Theo-
rem 12.7]. Along the proof of this result, it is shown that the algebras Y ⊗ZY

Xop
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and CY (X) are Brauer equivalent. From the isomorphism Y ⊗ZY
Xop ≃ (Y ⊗ZY

ZX)⊗ZX
Xop, we obtain the equality

[Y ⊗ZY
ZX ]− [X] = [CY (X)]

in Br(ZX), and statement (4) follows from this. □

We are mainly interested in central simple algebras with center a number field.
We now describe the Brauer groups of such fields. To begin, we let F be a local
field. If F = C, then F is algebraically closed, and therefore all central simple
F -algebras have trivial Brauer class. Hence Br(C) = 0. For F = R, Frobenius
showed that the only nontrivial Brauer class is given by the Hamilton quaternions
H (cf. [Pie82, Corollary 13.1c]), and so Br(R) ≃ 1

2Z/Z. We will think of these
Brauer groups as subgroups of Q/Z.

If F is a nonarchimedean local field, then there is a canonical isomorphism
invF : Br(F ) → Q/Z, called the Hasse invariant (cf. [Pie82, §17.10]). Note that
[X] is the trivial class if and only if invF [X] = 0. If L/F is a finite extension,
the invariants of X and X ⊗F L are related by the formula invL[X ⊗F L] ≡ [L :
F ] · invF [X] (mod Z).

Let now K be a global field and v a place of K. If we denote by Kv the
completion of K along v, we then have a group homomorphism Br(K)→ Br(Kv),
[X] 7→ [X⊗KKv]. We define the local Hasse invariant at v by invv[X] := invKv

[X⊗
Kv]. The following result says the local-global principle for the triviality of Brauer
classes holds.

Theorem 1.1.5 (Albert–Brauer–Hasse–Noether). Let K be a global field and let
X be a central simple K-algebra. Then [X] = [K] if and only if [X ⊗K Kv] = [Kv]
for every place v of K. Equivalently, two central simple K-algebras X and Y are
Brauer equivalent if and only if invv[X] = invv[Y ] for every place v of K.

Theorem 1.1.5 above says that the group homomorphism Br(K)→
⊕

v Br(Kv)
is injective. The image is given by the elements in

⊕
v Br(Kv) whose Hasse invari-

ants sum to zero.

Theorem 1.1.6. Let K be a global field. The following sequence is exact:

0→ Br(K)→
⊕
v

Br(Kv)
∑

v invKv→ Q/Z→ 0.

A proof of this result is given in [Pie82, Chapter 18]. Sometimes, one refers
informally to this exact sequence as the parity condition. For example, if X is a
division quaternion algebra over a global field K, then invv[X] = 0 or 1/2 for every
place v, and the exactness implies there must be an even number of places v with
invv[X] = 1/2. Similar conditions can be derived for division algebras of higher
degree.

Given a central simple algebra X over a global field K, we say X ramifies at a
place v if invv[X] ̸= 0. We denote by Ram(X) the (finite) set of places v of K at
which X ramifies.

1.1.1. Indices and exponents of Brauer classes. For a central simple F -
algebra X, we let X ′ be a central division F -algebra such that X ≃ Mc(X

′). We
say c = cX is the capacity of X. The Schur index of X, denoted by tX , is defined
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to be the degree of the division algebra X ′. In particular, the Schur indices of X
and X ′ coincide. We have the equality

dimF X = (cXtX)
2
.

Given a central simple F -algebra X, we say a field E ⊇ F is a splitting field for X if
[X ⊗F E] = [E]. We also say that E splits X. The algebraic closure F̄ of F always
splits X, but we can find smaller splitting fields. We say a field E ⊆ X is a maximal
subfield if for every x ∈ X \ E, the subalgebra of X generated by E and x is no
longer a field. Any maximal subfield E of X contains the center F , and we have
dimF X = [E : F ]2. In addition, E is a splitting field for X.2 These facts amount
to saying that, if X is a division F -algebra and tX is its Schur index, then there
exists a maximal subfield E ⊆ X such that [E : F ] = tX , and X ⊗F E ≃ MtX (E).

Using Theorem 1.1.5 in combination with the Grunwald–Wang theorem (cf.
[Pie82, §18.6]), one can show that every central simple algebra X over a number
field F has a maximal subfield E such that E/F is a cyclic extension.

We now consider another invariant of X. We say the order ordF [X] of the class
of X in Br(F ) is the exponent of X. It is closely related to the Schur index by the
following proposition (cf. [Pie82, Proposition 14.4b]).

Proposition 1.1.7.

(i) The exponent ordZ [X] divides the Schur index tX .
(ii) Every prime divisor of tX divides ordZ [X].

In several occasions, we will assume the following hypothesis.

Hypothesis 1.1.8. We say X satisfies the exponent-index (or EI) condition if
tX = ordZ [X].

The EI condition is satisfied in any of the following cases:

(1) tX is squarefree.
(2) Z is a local field (cf. [Rei03, Theorem 31.4]).
(3) Z is a global field (cf. [Rei03, Theorem 32.19]).

The reader can find a valuable historical overview of (2) and (3) in [Roq05] and the
references therein. We now state some properties of exponents of Brauer classes.

Proposition 1.1.9. Let L/ZY be a finite extension of fields, and let Y be a central
simple ZY -algebra.

(1) If L splits Y , then ordK [Y ] divides [L : ZY ].
(2) Y contains a subfield L that splits it, and ordZY

[Y ] = [L : ZY ].
(3) ordZY

[Y ] divides [L : ZY ] · ordL[Y ⊗ZY
L].

(4) Suppose that Y is a division algebra and L is a ZY -subalgebra of Y . Then

ordL[Y ⊗ZY
L] =

ordZY
[Y ]

[L : ZY ]
.

Proof. The first three properties are proven in Section 13.4 of [Pie82]. Let
us show (4). By (3) we have

ordZY
[Y ] | [L : ZY ] · ordL[Y ⊗ZY

L].

2All of these statements are proven in [Pie82, Chapter 13]. However, Pierce calls these fields
strictly maximal.
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To see the reverse divisibility, we letM ⊂ Y be a maximal field containing L. Then
M splits Y , and in particular it splits Y ⊗ZY

L. Therefore by (1) we obtain

ordL[Y ⊗ZY
L] | [M : L]

and we are done since [M : L] = [M :ZY ]
[L:ZY ] =

ordZY
[Y ]

[L:ZY ] . □

We now give a consequence of the Double Centralizer theorem (cf. Theo-
rem 1.1.4), due to Jiangwei Xue, for algebras satisfying the exponent-index condi-
tion.

Proposition 1.1.10. Let Y be a central division ZY -algebra and X a ZY -subalgebra
of Y . Let C = CY (X) be the centralizer of X in Y . Suppose that X, Y and C
satisfy the EI condition. Then

ordZX
[X] · ordZX

[C] = ordZX
[Y ⊗ZY

ZX ]

and gcd(ordZX
[X], ordZX

[C]) = 1. Moreover, if we let d = ordZX
[C], then we have

an equality of nontrivial classes

d[X] = d[Y ⊗ZY
ZX ] in Br(ZX).

Proof. Theorem 1.1.4 applied to X gives

dimZY
X · dimZY

C = dimZY
Y.

Since all algebras involved are division algebras, this equality can be expanded to

(ordZX
[X])2 · (ordZX

[C])2 · [ZX : ZY ]
2 = (ordZY

[Y ])2.

Therefore, applying Proposition 1.1.9(4) we obtain

ordZX
[X] · ordZX

[C] = ordZX
[Y ⊗ZY

ZX ].

Moreover, the Double Centralizer theorem also gives the equality

(1.1) [X] + [C] = [Y ⊗ZY
ZX ].

The following elementary lemma then implies that d = ordZX
[C] is coprime to

ordZX
[X].

Lemma 1.1.11. Let (G,+) be a torsion abelian group and let a, b ∈ G. Then

ord(a+ b) = ord(a) · ord(b) ⇐⇒ gcd(ord(a), ord(b)) = 1.

Multiplying (1.1) by d yields the desired equality of nontrivial Brauer classes. □

1.2. Galois cohomology

In this section we introduce just enough Galois cohomology to give a different
interpretation of the Brauer group. In particular, we give the two constructions
of central simple algebras from 1- and 2-cocycles, and we show that these give
opposite algebras. For these constructions, we need to consider the action of the
Galois group on GLn and PGLn, and so we introduce the nonabelian cohomology
sets H0, H1 and H2.

Let G be a profinite group. A G-module is a discrete group A, not necessarily
abelian, endowed with a left G-action. We say A is a G-module. We define the
following terms.

• H0(G,A) := AG, the subgroup of elements of A pointwise fixed by G.
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• A 1-cocycle is a continuous map G → A satisfying ast = as · s(at). We
say as ∈ Z1(G,A).

• Two 1-cocycles as, bs are cohomologous if there exists some a ∈ A such
that bs = a−1 · as · s(a) for all s ∈ G.

• as = 1 is the unit cocycle.
• H1(G,A) := Z1(G,A)/ ∼, where ∼ is the relation of being cohomologous.
This is a pointed set with distinguished element the unit cocycle.

Suppose now A is abelian. In this case, H1(G,A) is also a group, with product
of 1-cocycles defined by (ab)s := as ·bs. A 2-cocycle with values in A is a continuous
map c : G×G→ A satisfying

(1.2) g(ch,j) · cg,hj = cg,h · cgh,j
for all g, h, j ∈ G. We denote the set of 2-cocycles by Z2(G,A). This is an abelian
group under multiplication of cocycles. Given any map f : G → A, there is an
associated 2-cocycle cg,h = fg · g(fh) · f−1

gh , called a 2-coboundary. The group

generated by 2-coboundaries is denoted by B2(G,A). We finally define the second
cohomology group of G with coefficients in A to be

H2(G,A) := Z2(G,A)/B2(G,A).

Let A,B,C be G-modules, and consider a short exact sequence

0→ A
i→ B

p→ C → 0.

Assume that A ⊆ Z(B). Then, there is an exact sequence of pointed sets

0→ H0(G,A)→ H0(G,B)→ H0(G,C)

→ H1(G,A)→ H1(G,B)→ H1(G,C)
δ→ H2(G,A).

The relevant map for us is δ, and is given as follows. Let g 7→ cg be a 1-cocycle in
H1(G,C). By definition we have cgh = cg · gch for g, h ∈ G. For each g ∈ G, let
bg ∈ B be such that p(bg) = cg. Then p(bgh) = p(bg · gbh), and so bg · gbh · b−1

gh ∈ A.
We then define

(g, h) 7→ αg,h := bg · gbh · b−1
gh ,

and let δ(c) = α. One checks that α ∈ H2(G,A), this is where the assumption
A ⊆ Z(B) is needed. For the missing details, see [Ser79, Appendix to Chapter
VII].

Let L/F be a Galois extension of fields. It is well-known that G = Gal(L/F ) is
a profinite group. Let A be a G-module. For r ∈ {0, 1, 2}, we have an description
of the rth cohomology group of G as a direct limit,

Hr(G,M) ≃ lim−→
F⊆E⊆L

Hr(Gal(E/F ), AGal(L/E)),

where E ranges through all the intermediate fields such that E/F is finite and
Galois, and MGal(L/E) denotes the elements of A fixed by the open subgroup
Gal(L/E) of G. A common G-module once considers is A = L×, and so we let
Hr(L/F ) := Hr(Gal(L/F ), L×).

We now give the cohomological interpretation of Brauer groups. Let F be a
field, and let E/F be a finite Galois extension. We consider the set of Brauer classes

Br(E/F ) = {[X] ∈ Br(F ) | E splits X}.
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It is straightforward to check that Br(E/F ) is a group, and that Br(F ) = lim−→E/F
Br(E/F ).

Fix a separable algebraic closure F̄ of F .

Theorem 1.2.1. For every finite Galois extension E/F , we have an isomorphism
Br(E/F ) ≃ H2(E/F ). Given a further extension E′/E with E′/F Galois, the cor-
responding isomorphisms are compatible with the injections Br(E/F )→ Br(E′/F )
and H2(E/F )→ H2(E′/F ). As a consequence, Br(F ) ≃ H2(F̄/F ).

For a full proof of this theorem, we refer the reader to [Ser79, Chapter X] or
[Mil20, § IV.3]. Here, we only give the morphism H2(E/F ) → Br(E/F ) from 2-
cocycles with values in E× to central simple F -algebras split by E. Since Br(E/F )
is abelian, there are in fact two isomorphisms one can give inverse to each other.
One is given by crossed-product algebras, and the other is its opposite.

We first see the construction of crossed-product algebras. Let F be a field, and
let E/F be a finite Galois extension of degree n. Let G = Gal(E/F ). Consider n
symbols {us}s∈G and, for each pair s, t ∈ G, fix a constant fs,t ∈ E×. Then we
can define a multiplication on the vector space X :=

⊕
Eus by us · x = s(x) · us

for every x ∈ E, and us · ut = fs,tus,t. The product in X is then associative if and
only if the relation (1.2) is satisfied for all s, t, u ∈ Gal(E/F ). We also denote X
by Ef [G] and we call it the crossed-product algebra given by f .

The following result is [Rei03, Theorem 29.6].

Theorem 1.2.2. For each 2-cocycle fs,t, the crossed-product algebra X = Ef [G]
is a central simple F -algebra. The field E is its own centralizer in X, and it is a
maximal subfield of X. If gs,t is another 2-cocyle, then Ef [G] is F -isomorphic to
Eg[G] if and only if f and g are cohomologous.

We now review the second construction of an algebra from a cocycle, which
will be the opposite to the above. Let again E/F be a finite Galois extension of
degree n and let G = Gal(E/F ). Consider the exact sequence of G-modules

1→ E× → GLn(E)
p→ PGLn(E)→ 1.

We obtain an exact sequence of pointed sets in cohomology

H1(G,GLn(E))
p→ H1(G,PGLn(E))

δ→ H2(E/F ).

By [Ser79, Chapter X, Proposition 3] we have H1(G,GLn(E)) = 0, and so δ
is “injective” in the sense that δ(c) = 0 if and only if c ∈ H1(G,PGLn(E)) is
cohomologous to the trivial cocycle. Now consider a 1-cocycle cg = Ag (mod E)×

in PGLn(E) (so that Ag ∈ GLn(E) for each g ∈ G). Recall that we have

δ(c)g,h = Ag · gAh ·A−1
gh .

We define the following F -vector space:

Ac := {X ∈ Mn(E) | gX = A−1
g ·X ·Ag for each g ∈ G}.

The following result is well-known (see [Chi87, §1] for a proof).

Proposition 1.2.3. Ac is a central simple F -algebra of dimension n2 and satisfies
Ac ⊗F E ≃ Mn(E). If c and d represent the same class in H1(G,PGLn(E)), then
Ac ≃ Ad.

Proposition 1.2.4. We have an isomorphism Ac ≃ Eδ(c)[G]op of F -algebras.
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Proof. Fix a basis {eg}g∈G of V = Hn. We will see it as an E-basis for
V ⊗ E. For each g ∈ G, let Bg be a matrix in GLn(E) such that Bgeh = cg,hegh.
By [Ser79, § X.5, Lemma 1] the map g 7→ Bg mod E× is a 1-cocycle cohomologous
to g 7→ Ag mod E×. Hence we may assume that

Ac = {X ∈ Mn(E) | gX = B−1
g ·X ·Bg for each g ∈ G}.

For each g ∈ G and x ∈ E, we consider matrices Ug and Vx in GLn(E) satisfying

Ug · eh = ch,gehg and Vx · eh = h(x)eh

for all h ∈ G. We first check that Ug ∈ Ac, which is equivalent to the equality
UgBh = Bhh(Ug). Indeed, for all g, h, i ∈ G we have

UgBhei = Ugch,iehi = ch,ichi,gehig = h(ci,g)ch,igehig

= h(ci,g)Bheig = Bh · h(ci,geig)
= Bhh(Ugh

−1(ei)) = Bhh(Ug)ei.

Now we check that Vx ∈ Ac. For all g, h ∈ G, we have

Bgg(Vx)eh = Bgg(Vxg
−1(eh)) = Bgg(Vxeh)

= Bggh(x)eh = gh(x)cg,hegh = VxBgeh.

Now we need to check that the matrices Vx and Ug satisfy the relations of Eδ(c)[G]op,
namely UhUg = UghVcg,h and VxUg = UgVg(x). For the first, we let i ∈ G and
compute

UhUgei = Uhci,geig = ci,gcig,heigh = ci,gcig,hc
−1
i,ghUghei

= i(cg,h)Ughei = UghVcg,hei.

The second is checked in the same way:

VxUgei = Vxci,geig = ig(x)ci,geig = Ugig(x)ei = UgVg(x)ei.

Hence the map Vx 7→ x, Ug 7→ [g] gives an isomorphism of algebras Ac ≃ Eδ(c)[G]op.
□

1.3. Abelian varieties

In this section we review the basic concepts about our main objects of study.
Our main references for the topic are [Mum08] and [Mil08]. Let K be a field and
fix an algebraic closure K̄ of K.

An abelian variety A is a complete algebraic variety over K with a point 0 ∈
A(K) and morphisms of algebraic varieties m : A × A → A, i : A → A such that
A(K̄) is a group with binary operation m, inverse i, and identity element 0. More
succintly, an abelian variety over K is a complete group variety with its operations
and identity element defined over K. Using the hypothesis that A is complete, one
shows that A(K̄) is an abelian group. For every extension L/K, the set of points
A(L) is also an (abelian) group.

Example 1.3.1. Two common examples to keep in mind are elliptic curves and
Jacobians. An elliptic curve is a (smooth, geometrically irreducible, projective)
genus 1 curve with a point over K. Elliptic curves are the abelian varieties of
dimension 1. Given a curve C/K of genus ≥ 1, its Jacobian Jac(C) is an abelian
variety over K with the following property. For every extension L/K such that
C(L) ̸= ∅, there is an isomorphism of groups Jac(C)(L) ≃ Pic0(C)GL .
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Let A and B be abelian varieties over K. A morphism of abelian varieties
ϕ : A → B is a morphism of algebraic varieties taking the identity 0A to the
identity 0B (unless otherwise specified, we suppose that ϕ is itself defined over K).
It can be shown that ϕ induces a group homomorphism A(L) → B(L) for every
extension L/K. We say ϕ is an isogeny if (1) the induced map A(K̄) → B(K̄)
is surjective, (2) dimA = dimB, and (3) the kernel3 of ϕ is a finite subgroup of
A(K̄). Note that any two of these properties implies the third. In that case, we
write A ∼ B and say that A and B are isogenous. If L/K is an extension, we say A
and B are L-isogenous if there is an isogeny AL → BL defined over L. The degree
deg ϕ of an isogeny ϕ is the order of its kernel.4

We denote by Hom(A,B) the abelian group of all morphisms A → B that are
defined over K. If A = B, we let End(A) := Hom(A,A), this is the endomorphism
ring of A. Given an extension L/K, we have an injective ring homomorphism
End(A) → End(AL). The absolute Galois group GK acts on End(AK̄), we have

End(AL) = End(AK̄)Gal(K̄/L).
Let n be a nonzero integer. By repeated use of the morphisms m and i, one

sees that the multiplication-by-n map [n] : A → A is an endomorphism of A.
In fact, more is true: the kernel of [n] is always finite, and if charK ∤ n, its
kernel is isomorphic (as an abstract group) to (Z/nZ)2 dimA. Therefore, [n] is an
isogeny. Once shows that [n] ̸= [n′] for n ̸= n′. Hence there is an injective ring
homomorphism Z → End(A), and End(A) is a ring of characteristic zero. It can
be shown that End(A) is finitely generated as a Z-module.

For every abelian variety A, there is a dual abelian variety A∨, which has the
property that A∨(K̄) ≃ Pic0(AK̄) as groups. Every ample invertible sheaf L on A
defines an isogeny ϕL : A→ A∨, which we call a polarization. If deg ϕL = 1, we say
ϕL is a principal polarization. A fundamental result says that every abelian variety
A admits a polarization, and in particular every abelian variety is projective.

Let ϕ : A → B be an isogeny, and let n = deg ϕ. There is a dual isogeny
ϕ∨ : B∨ → A∨ such that ϕ∨ ◦ϕ = [n]A. If ψA is a polarization of A, and ϕ : A→ A
is an isogeny, then there exists an isogeny ϕ† : A → A such that [degψA] ◦ ϕ† =
ψ∨
A ◦ ϕ∨ ◦ ψA. We call ϕ† the Rosati dual of ϕ. The Rosati dual is independent of

the choice of polarization.
We say A is simple if it contains no abelian subvariety other than 0 and A itself.

If A and B are simple, then any nonzero morphism A→ B must be an isogeny.
We let End0(A) := End(A)⊗Z Q be the endomorphism algebra of A. This is a

semisimple Q-algebra. If A and B are isogenous, then End0(A) ≃ End0(B). Note
that if ϕ ∈ End(A) is an isogeny, then its image in End0(A) is invertible, and every
invertible element in End0(A) is a rational multiple of an isogeny. Thus, End0(A) is
a division algebra if and only if A is simple. More generally, we have the following
result.

Theorem 1.3.2. Let A be an abelian variety. There exist simple abelian varieties
A1, . . . , Ar and positive integers n1, . . . , nr such that Hom(Ai, Aj) = 0 for i ̸= j,
and

A ∼ An1
1 × · · · ×Anr

r .

3This is a scheme-theoretic kernel. For the sake of exposition, we may assume that K is a field of

zero characteristic.
4This is again the order of the kernel as a finite group scheme.
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Moreover, End0(A) ≃ End0(
∏r

i=1A
ni
i ) ≃

∏r
i=1 Mni

(End0(Ai)).

We say A is split if it is isogenous to a product of nonzero abelian varieties
B × B′, equivalently, if r · n1 > 1 in Theorem 1.3.2. We say A is isotypical if A is
isogenous to the power Bn of a simple abelian variety B, equivalently, if r = 1 in
Theorem 1.3.2 (n1 may be larger than 1). We say A is geometrically simple (resp.
split, isotypical) if AK̄ is simple (resp. split, isotypical).

1.4. The Albert classification

Let X be a central simple algebra. An involution (·)′ : X → X is an iso-
morphism of additive groups such that x′′ = x, and with the property that for all
x, y ∈ X, (xy)′ = y′ · x′. We say an involution is of the first kind if it restricts to
the identity on the center F on X, and of the second kind otherwise. An involution
of the second kind restricts to an order-2 automorphism of F .

Let F̄ be an algebraic closure of F . Given an element x of X, we define its
(reduced) trace TrX/F (x) to be the trace of the image of x under the composition

X → X ⊗F F̄
≃→ Mn(F̄ ), where n is the degree of X.

Suppose now X is a division algebra with center a number field F . Given
a ∈ X, we let TrX/Q(a) := TrF/Q(TrX/F (a)). We say an involution (·)′ : X → X is
positive if TrX/Q(xx

′) > 0 for every nonzero x in X. Albert classified the division
algebras with positive involution into four types.

Theorem 1.4.1. Let F be a number field and let D be a central division algebra
over F . Suppose D has a positive involution ′, let F0 be the subfield of F of elements
fixed by ′. Then (D,′ ) falls in one of the following cases.

Type I. D = F = F0 is a totally real field and ′ is the identity.
Type II. F = F0 is a totally real field and D is a totally indefinite quaternion

algebra.
Type III. F = F0 is a totally real field and D is a totally definite quaternion algebra.

Moreover, the involution ′ is the standard involution x′ = TrD/F (x)− x.
Type IV. F is a CM field, F0 is its maximal totally real subfield. Let σ be the

nontrivial automorphism of F which is trivial on F0. Then D is a central
division algebra over F with the properties
(a) invv[D ⊗F Fv] = 0 for every place v of F fixed by σ,
(b) invv[D ⊗F Fv] + invσv[D ⊗F Fσv] = 0 for any finite place v of F .

We observe that types I, II and III correspond to involutions of the first kind,
while type IV corresponds to an involution of the second kind.

Let A be a simple abelian variety. Then the endomorphism algebra End0(A) is
a division Q-algebra. Fix a polarisation and let (·)† : End0(A) → End0(A) be the
map giving the Rosati dual. One shows that this a positive involution. Therefore,
Theorem 1.4.1 applies to End0(A), and the endomorphism algebra falls in one of
the four Albert types.

Let tA be the Schur index of End0(A). Let F be the center of End0(A) and let
F0 be the subfield of F fixed by Rosati. We let e = [F : Q] and e0 = [F0 : Q]. We
also let S be the subset of End0(A) on which the Rosati involution is trivial,

S = {ϕ ∈ End0(A) | ϕ† = ϕ},
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Type e tA η Restriction in char 0
Restriction in
char p > 0

I e0 1 1 e | g e | g
II e0 2 3

4 2e | g 2e | g
III e0 2 1

4 2e | g e | g
IV 2e0 tA

1
2 e0t

2
A | g e0tA | g

Table 1.1. Summary of the Albert types for the endomorphism
algebra End0(A) of a simple abelian variety A.

and let η = dimQ S
dimQ End0(A)

. In Table 1.1, we list the conditions on e, e0, tA, and η

according to the Albert type of the algebra End0(A) (cf. [Mum08, pg. 202] for
some remarks on these conditions).





CHAPTER 2

Embeddings of simple algebras

Let Q be a perfect field. Throughout this whole chapter, we let X and Y
be simple finite-dimensional Q-algebras. We denote their respective centers by
ZX and ZY . Recall that an embedding of Q-algebras ι : X → Y is an injective ring
homomorphism which is Q-linear. In particular, we have ι(1) = 1 and ι(qx) = qι(x)
for all q ∈ Q and all x ∈ X. Sometimes we also say ι is an embedding when it is an
embedding of algebras over the prime field, without any implication for the linearity
with respect to a larger field.

The main goal of the chapter is to characterize the existence of an embedding
of Q-algebras X → Y . We begin in Section 2.1 by reviewing a theorem of Chia-Fu
Yu which gives a general numerical criterion based on invariants of the algebras X
and Y . We then study the class of primitive embeddings in Section 2.2. This allows
us to give a criterion equivalent to Yu’s theorem in Section 2.3, which only requires
comparing the Brauer classes of X and Y . We end by giving some applications in
particular cases in Section 2.4.

2.1. A numerical criterion for embeddings

Given a simple algebra Y , by Wedderburn’s structure theorem (cf. Theo-
rem 1.1.2) there exists a division algebra Y ′ and a positive integer c such that
Y = Mc(Y

′). Recall that c = c(Y ) is the capacity of Y . We denote by tY the Schur
index of Y , so that dimZY

Y ′ = t2Y . Recall also that

(2.1) dimZY
Y = t2Y c

2
Y .

Let Y be a division algebra and let E/ZY be a finite extension with [E :
ZY ] = tY . It is well-known that E is contained in Y if and only if E splits Y
(cf. [Pie82, §13.4 Lemma]). In [Yu12, Theorem 1.2], Chia-Fu Yu has given the
following generalization of this fact, which characterizes all possible subalgebras of
Y .

Theorem 2.1.1. Let X and Y be two finite-dimensional simple algebras over a
field Q with centers ZX and ZY , respectively. Let Y ≃ Mr(Y

′), with Y ′ a division
algebra.

(1) Suppose that ZX and ZY are Q-linearly disjoint, so that L = ZX ⊗Q ZY

is a field. Then, there is an embedding Q-algebras X → Y if and only if

dimQX | r · c,

where c is the capacity of the L-central simple algebra

Y ′ ⊗Q Xop ≃ (Y ′ ⊗ZY
L)⊗L (L⊗ZX

Xop).

27
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(2) More generally, consider the product of fields ZX ⊗Q ZY = F1 × · · · × Fs,
so that we have

Y ′ ⊗Q Xop ≃
s∏

i=1

Mci(∆i),

where ∆i is a central division algebra over Fi. Then, there is a Q-algebra
embedding of X into Y if and only if there are non-negative integers
r1, . . . , rs such that

∑
ri = r, and for each i = 1, . . . , s,

ci dimQ ∆i

dimQ Y ′

∣∣∣ ri.
Proof. We give a proof of (1) following [Yu13b, Proposition 2.2]. Let V be

a right Y ′-module such that Y = EndY ′(V ). There is an embedding of Q-algebras
X → Y if and only if V is an (X,Y ′)-bimodule, that is, if and only if V is a right
(Y ′ ⊗Q Xop)-module. Let

Y ′ ⊗Q Xop ≃ Mc(∆)

with ∆ a division ZX ⊗Q ZY -algebra. Then V is a right Y ′ ⊗Q X
op-module if and

only if cdimQ ∆ divides dimQ V . Let us rewrite this quantities: on the one hand,
we have

dimQ Y
′ ⊗Q Xop = dimQ Y

′ · dimQX = c2 dimQ ∆,

and hence cdimQ ∆ = dimQ Y
′ · dimQX/c. On the other hand, we have dimQ V =

r dimQ Y
′. It follows that cdimQ ∆ | dimQ V if and only if dimQX | c·r, as claimed.

Part (2) is a particular case of [Yu12, Theorem 1.2], which requires us to look
at the maximal semisimple quotient of Y ′⊗HX

op. To apply it we note that, since Q
is a perfect field, all our (finite-dimensional, simple) algebras are separable [Pie82,
§10.7, Corollary b]. Hence Y ′ ⊗Q Xop is again separable [Rei03, Corollary 7.19]
and so it is semisimple with the stated form, thus we obtain our statement. See
Remark 2.3.3 below for a different proof. □

In this chapter we will give more conceptual criteria equivalent to Theorem 2.1.1(2)
to determine the subalgebras of a central simple algebra Y . We do this in Theo-
rem 2.3.2.

Remark 2.1.2. Yu’s theorem contains the classical characterization of maximal
subfields of Y . Indeed, let dimZY

Y = t2Y c
2
Y and let E ⊇ ZY be a field with [E :

ZX ] = tY cY . Then E ⊆ Y if and only if

[E : ZX ] | c(Y ⊗ZY
E).

Since c(Y ⊗ZY
E) ≤

√
dimZY

Y , this is the case if and only if Y ⊗ZY
E = MtY cY (E),

that is, if and only if E splits Y .

Remark 2.1.3. In the same notation of the Theorem, we observe that when L =
ZX ⊗Q ZY is a field, we have the equality

r · c(Y ′ ⊗Q Xop) = c(Mr(Y
′)⊗Q Xop) = c(Y ⊗Q Xop).

This means that we do not need to separate the division part of Y in order to
compute the involved invariants.
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2.2. Primitive embeddings

Let ι : X → Y be an embedding of Q-algebras. Denote by Z the subalgebra of
Y generated by ι(ZX) and ZY . There is a surjective homomorphism defined by

ZX ⊗Q ZY → Z(2.2)

x⊗ y 7→ ι(x) · y.(2.3)

If we suppose that ZX and ZY are Q-linearly disjoint, then Z is a field. This will
be a particularly useful property, and we make the following definition.

Definition 2.2.1. We say an embedding X → Y is primitive if the subalgebra Z
of Y is a field.

Example 2.2.2. If Y is a division algebra and X is a Q-subalgebra of Y , then the
embedding X → Y is primitive. Indeed, the algebra Z = ZXZY is a field, since ZY

is the center of Y and so it commutes with ZX .

Remark 2.2.3. Let α ∈ AutZY
(Y ) be an automorphism of Y and let ι : X → Y

be an embedding. Then ι is primitive if and only if α ◦ ι is primitive.

Lemma 2.2.4. An embedding ι : X → Y of Q-algebras is primitive if and only if
there exist an extension F/ZX with F ⊇ ZY and an embedding ι̃ : X ⊗ZX

F → Y
of ZY -algebras such that

(1) ι̃|X = ι, and
(2) ι̃ restricts to an isomorphism between F and Z.

Proof. If such a ι̃ exists, its properties ensure that ι is primitive. Conversely,
suppose ι is a primitive embedding. Let f(x) ∈ Q[x] be an irreducible polynomial
such that ZY ≃ Q[x]/(f(x)). This polynomial factors as f1(x) · · · fs(x) in ZX [x].
Letting Fj := ZX [x]/(fj(x)), we obtain the isomorphism

ZX ⊗Q ZY ≃ ZX ⊗Q Q[x]/(f(x)) ≃ ZX [x]/(f(x))

≃ ZX [x]/(f1(x))× · · · × ZX [x]/(fs(x)) = F1 × · · · × Fs.

Let ZY = Q(α) for some α with f(α) = 0, and Fj = ZX(γj) for some γj with
fj(γj) = 0 for each j. The field ZY embeds into each Fj via

φj : ZY → Fj∑
aiα

i 7→
∑

aiγ
i
j .

This gives each Fj a ZY -algebra structure, and makes explicit the isomorphism
ZX ⊗Q ZY ≃ F1 × · · · × Fs (of ZY -algebras) as

ZX ⊗Q ZY → F1 × · · · × Fs

a⊗ k 7→ (aφ1(k), . . . , aφs(k)).

The above discussion yields a direct product decompositionX⊗QZY ≃
∏

j X⊗ZX

Fj , this isomorphism is of ZY -algebras. We denote by inci the canonical monomor-
phism (of ZY -modules) X ⊗ZX

Fi →
∏

j X ⊗ZX
Fj ≃ X ⊗Q ZY . Note that inci

sends 1 7→ ei = (0, . . . , 1, . . . , 0) (the vector with a 1 in the ith place), and so it is
not a morphism of ZY -algebras. However, inci is multiplicative, as

inci(ab) = (0, . . . , ab, . . . , 0) = (0, . . . , a, . . . , 0)(0, . . . , b, . . . , 0).
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Let ϕ̃ : X × ZY → Y denote multiplication inside Y , (x, y) 7→ ι(x)y. The map

ϕ̃ is Q-bilinear, so it factors through a unique Q-linear map ϕ : X ⊗Q ZY → Y . In

fact, ϕ is ZY -linear, this is seen directly from the definition of ϕ̃. In addition, ϕ is
not the zero map. Therefore, there is some i ∈ {1, . . . , s} for which ϕ ◦ inci is not
the zero map. We let ι̃ := ϕ ◦ inci. Our situation is as follows:

X × ZY

��

ϕ̃

$$
X ⊗ZX

Fi
inci
//

ι̃

::X ⊗Q ZY
ϕ

// Y.

A priori, ι̃ is only a morphism of ZY -modules. We want to see that it is multiplica-
tive and sends 1 7→ 1. For the multiplicativity, take a, a′ ∈ ZX and k, k′ ∈ ZY .
Because ZY is the center of Y , it commutes with ι(X) and we have

ϕ(αα′ ⊗ kk′) = ι(αα′)kk′ = ι(α)kι(α′)k′ = ϕ(α⊗ k)ϕ(α′ ⊗ k′).

Hence ϕ and ι̃ = ϕ ◦ inci are multiplicative; ϕ is also a ring homomorphism since it
sends 1 7→ 1.

The kernel of ι̃ is a two-sided ideal of X ⊗ZX
Fi. Since this is a simple algebra,

we deduce that ι̃ is injective. Hence it restricts to an injection Fi → Z = ι(ZX)ZY .
Therefore ι̃(1) = 1, and so ι̃ is an embedding of ZY -algebras. It is clear that it
agrees with ι on X, since for d ∈ X,

ι̃(d) = ϕ(inci(d)) = ϕ(d · inci(1)) = ϕ(d) · ϕ(inci(1)) = ι(d).

To see (2), we note that ι(ZX) ⊆ ι̃(Fi). We also have ZY ⊆ ι̃(Fi), since ι̃ is
ZY -linear. Finally, ι̃(Fi) ⊆ ι(ZX)ZY , because ι(ZX)ZY is the image of the center
ZX ⊗Q ZY of X ⊗Q ZY through ϕ. Therefore ι̃(Fi) = ι(ZX)ZY = Z. □

Example 2.2.5. The isomorphism ZX ⊗Q ZY ≃ F1 × · · · × Fs and the action of

ZY on each Fj become clearer with the following example. Let ZX = Q( 4
√
2) and

ZY = Q(i 4
√
2) (as subfields of C), and let Q = Q. Then ZY = Q[x]/(x4 − 2), and

the identity

x4 − 2 = (x2 −
√
2)(x2 +

√
2) = (x− 4

√
2)(x+

4
√
2)(x2 +

√
2)

in ZX [x] gives

Q(
4
√
2)⊗Q Q(i

4
√
2) = Q(

4
√
2)[x]/(x4 − 2)

≃ Q(
4
√
2)[x]/(x− 4

√
2)×Q(

4
√
2)[x]/(x+

4
√
2)×Q(

4
√
2)[x]/(x2 +

√
2)

≃ Q(
4
√
2)×Q(

4
√
2)×Q(

4
√
2, i).

The two actions of ZY = Q(i 4
√
2) on F1 = F2 = Q( 4

√
2) correspond to the two

isomorphisms that send i 4
√
2 7→ 4

√
2 and i 4

√
2 7→ − 4

√
2. Meanwhile, the action of ZY

on F3 = Q( 4
√
2, i) is given by the obvious inclusion, given the chosen generators.

Suppose now that we have positive integers r1, . . . , rk and primitive embeddings

ιi : X → Mri(Y ), i = 1, . . . , k.
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By setting r =
∑

i ri, we can define a block-diagonal embedding

ι =
∏

ιi : X →
∏
i

Mri(Y ) ⊆ Mr(Y ),

which is not necessarily primitive. We now show that all embeddings are essentially
of this form.

Proposition 2.2.6. Let ι : X → Mr(Y ) be any embedding of Q-algebras. Then
there exist integers r1, . . . , rk with

∑
i ri = r and primitive embeddings ιi : X →

Mri(Y ) such that the block-diagonal embedding∏
ιi : X →

∏
i

Mri(Y ) ⊆ Mr(Y )

is conjugate to ι.

Proof. As above, let Z be the subalgebra of Mr(Y ) generated by ι(ZX) and
ZY . As in the proof of Lemma 2.2.4, let F1, . . . , Fs be fields such that

ZX ⊗Q ZY ≃ F1 × · · · × Fs.

We claim that there exists a subset I ⊆ {1, . . . , s} with

(2.4) Z ≃
∏
i∈I

Fi.

Indeed, this is the case since we have a surjective ring homomorphism ZX⊗QZY →
Z (cf. (2.2)), and its kernel is an ideal of the product ring

∏s
i=1 Fi. Hence this kernel

is of the form
∏

j ̸∈I Fj ×
∏

i∈I{0Fi
}. By the same construction as in Lemma 2.2.4,

we have a ZY -algebra homomorphism

ι̃ :
∏
i∈I

X ⊗ZX
Fi → Mr(Y )

such that its precomposition with the diagonal embedding X →
∏

i∈I X ⊗ Fi is
equal to the original ι.

For each i ∈ I, let ei ∈ Z be the (nonzero) idempotent corresponding to Fi

through (2.4). We have
∑

i∈I ei = 1. By Lemma 2.2.7 below, each ei is conjugate
to a diagonal matrix whose only nonzero entries equal 1. Since all the idempotents
commute, we may diagonalise them simultaneously by an element of GLr(Y ) to find
that the image of ι̃ lands in a block-diagonal subalgebra Mr1(Y )× · · · ×Mrk(Y ) ⊆
Mr(Y ). In particular, ι̃ is injective, and its restriction to each X ⊗ZX

Fi, i ∈ I,
gives an embedding

ι̃i : X ⊗ZX
Fi → Mri(Y )

which is ZY -linear. Again as in Lemma 2.2.4 we have that ι̃i|Fi
is an isomorphism

of Fi with the compositum of ZX and ZY in Mri(Y ). Hence the restriction ι̃i|X is
a primitive embedding. Finally, the product embedding

∏
ι̃i|X is conjugate to the

original ι. □

Lemma 2.2.7. Let ZY be a field, Y a division algebra with center ZY , and r ≥ 1
an integer. An idempotent e ∈ Mr(Y ) is conjugate by a matrix in GLr(Y ) to a
diagonal matrix whose only nonzero entries equal 1.



32 2. EMBEDDINGS OF SIMPLE ALGEBRAS

Proof. The minimal polynomial of an idempotent e ∈ Mr(Y ) is x(x − 1),
so in particular e is a separable element. By [Yu13a, Lemma 2], the (reduced)
characteristic polynomial of e equals xa(x − 1)b for some a, b with a + b = rtY .
We can write Mr(Y ) = EndY (V ) for some ZY -vector space V , and by the theory
of canonical forms for Mr(Y ) (cf. [Yu13a, §3 and §5]) we can decompose V as a
(ZY [e], Y )-bimodule as

V ≃ V a
0 ⊕ V b

1 .

Here we are choosing Vi so that it is a Y -module of dimension 1 on which e acts as
i = 0 or 1. Letting f ∈ Mr(ZY ) ⊆ Mr(Y ) be a diagonal matrix with a entries equal
to 1 and b entries equal to 0, we obtain the same decomposition of V as a (ZY [f ], Y )-
bimodule. This implies e, f are conjugate by some element in GLr(Y ). □

Example 2.2.8. The following is an example of a non-primitive embedding. Let
Y = M2(Q(

√
5)) and let ZX = X = Q(

√
5). We have the embedding of Q-algebras

ι : Q(
√
5)→ M2(Q(

√
5))

√
5 7→

(
0 5
1 0.

)
It is straightforward to see that the compositum of ι(Q(

√
5)) and the center Q(

√
5)

is the product of fields Q(
√
5)×Q(

√
5), which is conjugate to the diagonal matrices.

By conjugating ι we obtain

Q(
√
5)→ Q(

√
5)×Q(

√
5) ⊂ M2(

√
5)

√
5 7→ (

√
5,−
√
5).

This is the product of two primitive embeddings from Proposition 2.2.6.
In particular, this example shows that the composition of primitive embeddings

is not necessarily a primitive embedding. Indeed, ι is the compositum of two prim-
itive embeddings Q(

√
5)→ M2(Q) and M2(Q)→ M2(Q(

√
5)).

As a corollary of Proposition 2.2.6, we obtain the following result.

Corollary 2.2.9. Let X and Y be simple Q-algebras with centers ZX and ZY

satisfying dimZX
X = dimZY

Y . Given an embedding of Q-algebras ι : X → Y ,
we have ι(ZX) ⊆ ZY and Y ≃ X ⊗ZX

ZY . In particular, any embedding between
algebras of the same degree is primitive.

Proof. Write Y = Mr(Y
′) with Y ′ a division algebra, we have dimZY

Y =
r2 dimZY

Y ′. By Proposition 2.2.6, there is some r′ ≤ r and a finite extension F/ZX

such that there is an embedding ι′ : X ⊗ZX
F → Mr′(Y

′). Therefore we have

dimZY
Mr′(Y

′) = (r′)2 dimZY
Y ′ ≥ dimZY

X ⊗ZX
F ≥ dimZX

X = r2 dimZY
Y ′.

Therefore r′ ≥ r, and r = r′. It follows that Y ≃ X ⊗ZX
F , so F = ZY , and

therefore ZX ⊆ ZY . □

Remark 2.2.10. Corollary 2.2.9 appears as Lemma 7.4.2 in [CMSV19]. Our
proof is different from theirs in that we do not use the Albert–Brauer–Hasse–Noether
theorem or the Chebotaryov density theorem, and in particular applies to fields that
are not number fields.
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2.3. A criterion on Brauer classes

Recall from Section 1.1 that an algebra X is said to satisfy the exponent-
index (EI) condition if tX =

(√
dimZX

X
)
/cX = ordZX

[X], where tX (resp. cX ,
ordZX

[X]) is the Schur index (resp. capacity, exponent) of X. In this section, we
assume that all algebras satisfy the EI condition. In later chapters, we will always
have ZX and ZY number fields, so this condition will be automatically satisfied.

We consider the problem of deciding when there exists an embedding of X into
Y in a particularly simple situation.

Proposition 2.3.1. Let X and Y be simple algebras such that ZX is a ZY -
subalgebra of Y . Then, X is a ZY -subalgebra of Y if and only if the quantity

d =
tY cY

tXcX [ZX : ZY ]

is an integer and the equality d[X] = d[Y ⊗ZY
ZX ] holds in Br(ZX).

Proof. By Theorem 2.1.1(1),X is a ZY -subalgebra of Y if and only if dimZY
X =

t2Xc
2
X [ZX : ZY ] divides the capacity c of the algebra (Y ⊗ZY

ZX) ⊗ZX
Xop. The

dimension of this algebra is

dimZX
((Y ⊗ZY

ZX)⊗ZX
Xop) = (dimZY

Y ) · (dimZX
X) = (tY cY tXcX)2.

Let t be the Schur index of the algebra (Y ⊗ZY
ZX) ⊗ZX

Xop. Then by (2.1), we
have

c = c((Y ⊗ZY
ZX)⊗ZX

Xop) =
tY cY tXcX

t
.

Hence dimZY
X | c if and only if

d :=
tY cY

tXcX [ZX : ZY ]

is an integer and t | d. Since we assume the EI condition, t = ordZX
[(Y ⊗ZY

ZX)⊗ZX
Xop] is the exponent of (Y ⊗ZY

ZX)⊗ZX
Xop, and so X is a ZY -algebra

of Y if and only if d ∈ Z and d[(Y ⊗ZY
ZX)⊗ZX

Xop] = [ZX ], if and only if

d[Y ⊗ZY
ZX ] = d[X].

The statement follows. □

As a direct corollary, we obtain the following equivalent formulation of Theo-
rem 2.1.1.

Theorem 2.3.2. Let X and Y be simple Q-algebras with respective centers ZX and
ZY . Let Y ≃ Mr(Y

′), with Y ′ a division algebra. Consider the product of fields

ZX ⊗Q ZY ≃ F1 × · · · × Fs.

There exists an embedding of Q-algebras ι : X → Y if and only if there exist
non-negative integers r1, . . . , rs with

(1)
∑s

i=1 ri = r, and
(2) If ri > 0, then the quantity di =

ritY
[Fi:ZY ]tXcX

is an integer, and we have

di[X ⊗ZX
Fi] = di[Y ⊗ZY

Fi].

Moreover, ι is a primitive embedding if and only if ri0 = r for some i0.
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Proof. By Proposition 2.2.6, having an embedding ι : X → Mr(Y
′) is equiv-

alent to having nonnegative integers r1, . . . , rs with
∑

i ri = r and primitive em-
beddings ιi : X → Mri(Y

′) whenever ri > 0. By Lemma 2.2.4, each ιi extends to
some embedding ι̃i : X ⊗ZX

Fi → Mri(Y
′), and then condition (2) comes directly

from Proposition 2.3.1. □

Remark 2.3.3. We can now prove Theorem 2.1.1 using Theorem 2.3.2. Write
Y ≃ Mr(Y

′). In the notation of Theorem 2.1.1, let

Mci(∆i) ≃ (Y ′ ⊗ZY
Fi)⊗Fi

(X ⊗ZX
Fi)

op

for each i = 1, . . . , s. Let t∆i = ordFi [∆i]. Then, our criterion says that having an
embedding X → Y is equivalent to having

t∆i
[Y ′ ⊗ZY

Fi] = t∆i
[X ⊗ZX

Fi]

and t∆i [Fi : ZY ]cXtX | ritY . By direct manipulation, this divisibility relation is
equivalent to

t∆i
[Fi : Q]tY cXtX
dimQ Y ′ | ri,

since dimQ Y
′ = t2Y [ZY : Q]. But now we have c2i dimFi

∆i = t2Y c
2
Xt

2
X and

dimFi
∆i = t2∆i

, and so the above is equivalent to

cit
2
∆i

[Fi : Q]

dimQ Y ′ =
ci dimQ ∆i

dimQ Y ′ | ri.

This is the condition from Theorem 2.1.1.

2.4. Applications

As in the previous section, we assume that all algebras satisfy the EI condition.
We give three consequences of Propositions 2.2.6 and 2.3.1.

2.4.1. Existence of a primitive embedding. Let X and Y be Q-algebras
with respective centers ZX and ZY , and let φ : X → Y be an embedding. We
want to give conditions to ensure the existence of a (possibly different) primitive
embedding of X into Y .

To be able to give general conditions, let us give the setup for the next lemma.
Write Y = Mr(Y

′) with Y ′ a division algebra. Let F1, . . . , Fs be fields such that
ZX⊗QZY ≃ F1×· · ·×Fs, and let {ri}si=1 be nonnegative integers giving the decom-
position of φ into primitive embeddings φi : X → Mri(Y

′) (cf. Proposition 2.2.6).
Let I = {i | ri > 0} ⊆ {1, . . . , s}, this is the set of indices i such that the field Fi

intervenes in the decomposition of φ.

Lemma 2.4.1. Suppose that for some i0 ∈ {1, . . . , s} there is a field homomorphism
Fi0 → Fi for every i ∈ I. Then, there exists a primitive embedding ψ : X → Y .

Proof. Theorem 2.3.2 asserts that:

(i) For each i ∈ I, [Fi : ZY ]tXcX | ritY , and
(ii) If we let di =

ritY
[Fi:ZY ]tXcX

, then di[X ⊗ZX
Fi] = di[Y ⊗ZY

Fi].

If we let Ci := (X ⊗ZX
Fi) ⊗Fi

(Y ⊗ZY
Fi)

op, then (ii) amounts to ordFi
[Ci] | di.

We have the equality

[Fi : Fi0 ]di =
ritY

[Fi0 : ZY ]tXcX
,
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from which we know that [Fi0 : ZY ]tXcX |
∑

i ritY = rtY . From the relation
[Ci] = [Ci0 ⊗Fi0

Fi] and Proposition 1.1.9, we have

ord[Ci0 ] | ord[Ci0 ⊗Fi0
Fi] · [Fi : Fi0 ] | di · [Fi : Fi0 ],

and hence di · [Fi : Fi0 ] · [Ci0 ] is the trivial class in Br(Fi0). It follows that(∑
i

di · [Fi : Fi0 ]

)
· [Ci0 ] =

rtY
[Fi0 : ZY ]tXcX

· [Ci0 ] = [Fi0 ].

Therefore, letting d = rtY
[Fi0 :ZY ]tXcX

we have

d[X ⊗ZX
Fi0 ] = d[Y ⊗ZY

Fi0 ],

and by Theorem 2.3.2, there exists an embedding ψ : X → Y which is primitive. □

Theorem 2.4.2. Let X and Y be Q-algebras with respective centers ZX and ZY .
Suppose that either ZX/Q or ZY /Q is a Galois extension. If there is an embed-
ding of Q-algebras φ : X → Y , then there exists a (possibly different) primitive
embedding of Q-algebras ψ : X → Y .

Proof. Let F1, . . . , Fs be fields such that ZX ⊗Q ZY ≃ F1 × · · · × Fs. The
condition that ZX/Q or ZY /Q is Galois implies that there are isomorphisms Fi ≃ Fj

for all i and j. Hence a primitive embedding ψ : X → Y exists by Lemma 2.4.1. □

As a second consequence of Lemma 2.4.1, we can guarantee the existence of
primitive embeddings whenever one of the centers is relatively small.

Theorem 2.4.3. Suppose that there exists an embedding φ : X → Y and either
ZX/Q or ZY /Q is an extension of degree at most 4. Then, there exists a primitive
embedding ψ : X → Y .

Proof. Let δ = [ZX : Q]. Since the argument is symmetric, we shall assume
that δ ≤ 4. If δ = 1 the embedding φ is primitive, and if δ = 2 then a primitive ψ
exists by Theorem 2.4.2.

Write ZX ⊗Q ZY ≃ F1× · · · ×Fs as usual, and let ri be the integers associated
to each Fi and φ as in the beginning of the section. Note that

(2.5) [ZX : Q] = δ =

s∑
i=1

[Fi : ZY ].

We suppose that ri < r = cY for all i, otherwise φ is already primitive.
Suppose δ = 3. By (2.5) there must exist some i0 ∈ {1, 2, 3} such that [Fi0 :

ZY ] = 1, that is, such that Fi0 ≃ ZY . Since for every i, Fi is an extension of
ZY , there is a homomorphism Fi0 → Fi. Lemma 2.4.1 implies that a primitive
ψ : X → Y exists.

Finally, suppose δ = 4. By the same argument as above, we conclude the
existence of a primitive embedding ψ : X → Y assuming that [Fi0 : ZY ] = 1
for some i0. Hence, it only remains to show that ψ exists assuming s = 2 and
[F1 : ZY ] = [F2 : ZY ] = 2. There is an irreducible polynomial f ∈ Q[x], of degree
4, such that ZX ≃ Q[x]/(f). Our situation amounts to saying that f = g1g2 in
ZY [x], where g1, g2 are degree-2 irreducible polynomials, and Fi ≃ ZY [x]/(gi). If
g1 splits in F2, then clearly F1 ≃ F2. Otherwise, the field K = ZY [x]/(g1, g2) is
a biquadratic Galois extension of ZY , which is a splitting field for f . Hence K
contains the Galois closure L of ZX/Q. Now we let αi, βi be the two roots of gi. In
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our situation, the group Gal(L/Q) is a transitive subgroup of S4 containing C2×C2,
and so there is a Q-automorphism σ of L sending α1 ↔ α2 and β1 ↔ β2. Therefore
σ induces an isomorphism F1 ≃ F2.

In any case, the isomorphism F1 ≃ F2 gives us a primitive embedding ψ : X →
Y by Lemma 2.4.1. □

We now show a smallest example of algebras X,Y such that an embedding
X → Y exists, but it cannot be a primitive embedding.

Example 2.4.4. Let L/Q be a Galois extension with Galois group S5. Choose a
subgroup H of S5 isomorphic to S4, and let F = LH , this is a degree-5 extension
of Q which is not Galois. Choose a subgroup H ′ of S5 isomorphic to D2·6; it can
be shown that H ′ is a maximal subgroup. Let K = LH′

be the fixed field, we have
[K : Q] = 10, and K has no proper subfields other than Q. In particular, there is
no homomorphism F → K.

We observe that F and K are not linearly disjoint: indeed, a compositum of F
and K is a subfield of L, but [F : Q][K : Q] = 50 does not divide [L : Q] = 120.
Hence there is an integer s ≥ 2 and fields F1, . . . , Fs such that

F ⊗Q K ≃ F1 × · · · × Fs.

For each i, we necessarily have [Fi : K] > 1, since otherwise F would admit an
injection to K. From the relation

∑
i[Fi : K] = [F : Q] = 5 it follows that s = 2,

[F1 : K] = 2, and [F2 : K] = 3.
Now by Theorem 2.3.2 there exists an embedding F → M5(K), by letting r1 = 2

and r2 = 3. But there cannot exist such an embedding which is also primitive, since
neither [F1 : K] nor [F2 : K] divides 5.

2.4.2. Algebras with a shared maximal subfield. The second application
concerns algebras which share a maximal subfield.

Theorem 2.4.5. Let X and Y be simple Q-algebras. Let E ⊇ Q be a field which
is a maximal subfield of both X and Y . Then X is a Q-subalgebra of Y if and only
if ZY ⊆ ZX and [X] = [Y ⊗ZY

ZX ] in Br(ZX).

Proof. If E is a maximal subfield of Y , then ZY ⊆ E. Hence ZY is a subfield
of X. Suppose that X is a Q-subalgebra of Y . Then ZY ⊆ ZX , since ZY commutes
with all the elements of X. Now we have [E : ZY ] = tY cY and [E : ZX ] = tXcX ,
from which we obtain tY cY

tXcX [ZX :ZY ] = 1. By Proposition 2.3.1 we obtain [X] =

[Y ⊗ZY
ZX ].

Conversely, the conditions ZY ⊆ ZX and the Brauer class equation imply that
X is a Q-subalgebra of Y (and even a ZY -subalgebra) by Proposition 2.3.1. □

2.4.3. Embeddings of division algebras. Our third application concerns
embeddings of division algebras.

Theorem 2.4.6. Suppose X and Y are division Q-algebras. Suppose ZX is a Q-
subalgebra of Y and let Z = ZXZY be the subalgebra of Y generated by the fields
ZX and ZY . Then, X is a Q-subalgebra of Y if and only if d = tY

[Z:ZY ]tX
is an

integer and there is a equality

d[X ⊗ZX
Z] = d[Y ⊗ZY

Z]
in Br(Z). The Brauer classes in this equality are nontrivial if tX > 1. Moreover,

tY
[Z:ZY ]tX

is coprime with tX .
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Proof. By Example 2.2.2, Z is a field. Hence by Lemma 2.2.4, X is a Q-
subalgebra of Y if and only if X ⊗ZX

Z is a ZY -subalgebra of Y . The necessary
and sufficient equality of Brauer classes is given by Proposition 2.3.1 for

d =
tY

[Z : ZY ]cX
.

The equality of Brauer classes is necessarily nontrivial when tX > 1. Indeed,
by Proposition 1.1.9(4) we have ordZ [Y ⊗ZY

Z] = tY
[Z:ZY ] . Hence d[Y ⊗ZY

Z] is
never the trivial class, since d < tY /[Z : ZY ].

If X is a subalgebra of Y , then so is X ⊗ZX
Z. Hence tX⊗Z = tX . By

Proposition 1.1.10, tY
[Z:ZY ]tX

is the Schur index of the centralizer of X in Y , which

in particular is coprime to tX . □





CHAPTER 3

Local conditions for endomorphism algebras

Let A be an abelian variety defined over a number field k, let v be a prime
of good reduction for A, and denote by Av the reduction of A modulo v. In this
chapter we explore some consequences of Theorem 2.3.2 applied to the embedding
of Q-algebras End0(A) → End0(Av) given by reduction modulo v. We focus on
the particular case that End0(A) is noncommutative. The structure of End0(Av) is
well-known from Honda–Tate theory, and we aim to relate the invariants at places
over pv for both endomorphism algebras.

We begin in Section 3.1 by recalling some facts about End0(B) for an abelian
variety B defined over a finite field Fq. After proving some generalities about

End0(B) assuming it contains a noncommutative algebra in Section 3.2, we study
the problem of determining whether a quaternion algebra D admits an embedding
D → End0(B) in Section 3.3. We give a complete answer to this problem when B
is an abelian fourfold in Section 3.4.

In Section 3.5 we give an application to the global case. We show that if
End0(A) is noncommutative, then Av is split modulo all but finitely many primes v
of k. We also study the possible places of simple reduction in Section 3.5.1. The lo-
cal conditions give the possible isotypical reductions of a fourfold with quaternionic
multiplication. We give an example of a QM abelian fourfold with two primes of
geometrically simple reduction.

3.1. Preliminaries

Let p be a prime and let Fq be the finite field with q = pd elements. Let B be
an abelian variety of dimension g defined over Fq. The Frobenius automorphism
x 7→ xq of F̄q/Fq induces an endomorphism of B which we denote by πB , or by π
when there is no confusion. Let LB(T ) be the characteristic polynomial of πB . By
[Tat66, Proposition 2], for any ℓ ̸= p there is an isomorphism

End(B)⊗Z Qℓ ≃ EndGFq
(Vℓ(B)),

where Vℓ(V ) is the ℓ-adic Tate module of B. The fact that dimQℓ
Vℓ(B) = 2g implies

degLB(T ) = 2g. We factor LB as a product of powers of irreducible polynomials
over Q,

LB(T ) =
∏

P (T )a(P ),

and define the invariant r(LB) =
∑

P a(P )
2 degP . Tate shows [Tat66, Theorem 1]

that
rankZ End(B) = r(LB).

The properties of End0(B) = End(B)⊗Q in relation to πB are explained in [Tat66,
Theorem 2], which we state here for convenience.

39
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Theorem 3.1.1 (Tate).

(a) The algebra Q[π] is the center of the semisimple algebra End0(B).
(b) We have 2g ≤ dimQ End0(B) = r(LB) ≤ (2g)2.
(c) The following statements are equivalent:

(c1) dimQ End0(B) = 2g.
(c2) LB(T ) has no multiple root.
(c3) End0(B) = Q[π].
(c4) End0(B) is commutative.

(d) The following statements are equivalent:
(d1) dimQ End0(B) = (2g)2.
(d2) LB(T ) is a power of a linear polynomial.
(d3) Q[π] = Q.
(d4) End0(B) ≃ Mg(Dp), where Dp is the quaternion algebra over Q ram-

ified at p and infinity.
(d5) B ∼ Eg, where E is a supersingular elliptic curve whose endomor-

phisms are all defined over Fq.
(e) B is Fq-isogenous to a power of a Fq-simple abelian variety if and only if

LB(T ) is a power of a Q-irreducible polynomial P (T ). When this is the
case, Q(π) is a field, and End0(B) is a central simple algebra over Q(π)
which splits at all finite primes v of Q(π) not dividing p, and has invariant
1
2 at every real prime of Q(π). At primes p | p, the invariant is

invp[End
0(B)] ≡ ordp(π) · [Q(π)p : Qp]

ordp(q)
(mod Z).

Suppose now that LB(T ) = P (T )m with P (T ) irreducible in Q[T ], which cor-
responds to B being Fq-isogenous to the rth power of a simple abelian variety for
some r | m (we also say B is isotypical). Then, Q(π) is the field Q[T ]/(P (T )), and
we have dimQ End0(B) = m2 degP . Hence we have

(3.1) dimQ(π) End
0(B) = m2 =

(
2g

degP (T )

)2

=

(
2g

[Q(π) : Q]

)2

.

In particular, the maximal subfields M in End0(B) satisfy [M : Q(π)] = 2g/[Q(π) :
Q], equivalently, [M : Q] = 2g.

Recall that an elliptic curve E/Fq is called supersingular if the group scheme
E[p] has no F̄q-points other than 0. More generally, we say an abelian variety B/Fq

is supersingular if it is F̄q-isogenous to a product of supersingular elliptic curves.

Proposition 3.1.2. For an abelian variety B defined over Fq, the following are
equivalent:

(1) B is supersingular.
(2) There is a root of unity ζ such that π = ζ

√
q.

(3) The ideals (π2) and (q) coincide.
(4) The ideals (π) and (π̄) coincide.

Proof. These characterizations are well-known. The proof follows from con-
sidering the Frobenius endomorphism of a supersingular elliptic curve, plus the
facts that ππ̄ = q and |π|C =

√
q. For further reference, see e.g. [Gon98] and

[Yu13b, Theorem 2.9]. □
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By Albert’s classification (cf. Theorem 1.4.1), Q(π) is either a totally real or a
CM number field.

Lemma 3.1.3. If Q(π) is a totally real field, then it equals Q or Q(
√
p) whenever

q is an even or an odd power of p, respectively. If moreover B is simple, then:

• Q(π) = Q if and only if B is a supersingular elliptic curve.
• Q(π) = Q(

√
p) if and only if B is a supersingular abelian surface. In that

case, End0(B) is the quaternion algebra over Q(
√
p) ramified exactly at

the two infinite places.

Proof. By the Weil conjectures, we have |π| = √q for every archimedean

absolute value | · | of Q(π). Hence if Q(π) is totally real we have π2 = q, so B is
supersingular. Hence Q(π) equals Q or Q(

√
p) when q is an even or odd power of

p.
By Theorem 3.1.1 we know that Q(π) = Q if and only if B is a supersingular

elliptic curve. Hence if B is a simple abelian surface with Q(π) totally real, this
must equal Q(

√
p). Conversely, suppose that Q(π) = Q(

√
p). By Theorem 3.1.1 we

know that End0(B) ramifies at the infinite places, and possibly at some place over
p. In particular we have

inv∞i
[End0(B)] =

1

2
mod Z, i = 1, 2

for both embeddings ∞1,∞2 : Q(
√
p) → R. Since p ramifies in Q(

√
p), and the

local invariants of the algebra End0(B) sum to an integer, we must have

invp[End
0(B)] = 0 mod Z.

It follows that End0(B) is a quaternion algebra over Q(
√
p), and hence its maximal

fields have degree 2 dimB = 4 over Q. Hence B must be a surface. In addition, the
Frobenius endomorphism of BFq2

is π2 = q, which gives the center Q. Hence BFq2

is isogenous to the square of a supersingular elliptic curve. □

As a direct consequence of the previous lemma, we obtain the following fact.

Corollary 3.1.4. Suppose that B/Fq is simple and dimB ≥ 3. Then Q(π) is a
CM field.

We will occasionally be interested in the p-rank of B, which is defined as

f(B) := dimFp
Hom(µp, B[p]),

where µp is the group scheme of pth roots of unity. Recall (e.g. from [Mum08,

§15]) that f(B) satisfies 0 ≤ f(B) ≤ g and |B[pn](F̄q)| = pn·f(B). The number
f(B) is an isogeny invariant and is invariant under base change. When f(B) = g,
we say B is ordinary. Supersingular varieties have p-rank zero, but the converse is
only true for dimB ≤ 2.

3.2. Noncommutative endomorphisms over finite fields

Let B be an abelian variety Fq. In this section, we state some general facts

about the endomorphism algebra End0(B) assuming it is noncommutative.
We have seen that in Lemma 3.1.3 that B is a (power of a) simple surface

with quaternionic multiplication when Q(π) = Q(
√
p). For completeness, we list

all possibilities of noncommutative algebras of simple abelian surfaces.
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Proposition 3.2.1. Let B be a simple abelian surface over a finite field Fq of

characteristic p. Let Y = End0(B) and let Q(π) be the center of Y . If Y is
noncommutative, then B is supersingular, and one of the following is true:

(1) Q(π) = Q(
√
p), Y is the unique quaternion algebra over Q(π) ramified at

both infinite places, and d is odd.
(2) Q(π) is a quadratic imaginary field where p splits, Y is the quaternion

algebra over Q(π) ramified at both places over p, d is even, and
a. p ≡ 1 (mod 4), Q(π) = Q(

√
−1), and π is a root of T 2 + pd,

b. p ≡ 1 (mod 3), Q(π) = Q(
√
−3), and π is a root of T 2± pd/2T + pd.

Proof. See the Remark in [Oor88, p. 487]. □

The following result due to Waterhouse (cf. [Wat69, Theorem 6.1]) explains
the relation between the degree of Fq/Fp and the Schur index of End0(B).

Proposition 3.2.2 (after Waterhouse). Let B be a simple abelian variety defined
over Fq. If Q(π) is a CM field and tB denotes the Schur index of End0(B), then
tB divides d = [Fq : Fp].

In the particular case where d = 1 and B is defined over Fp, we deduce that

End0(B) = Q(π).

Proof. By Theorem 3.1.1, End0(B) can only ramify at primes of Q(π) over
p. Let p | p, we let [Q(π)p : Qp] = epfp so that ep is the ramification degree of p
over p. We have the formula

invp[End
0(B)] ≡ ordp(π) · epfp

ordp(pd)
=

ordp(π) · epfp
dep

=
ordp(π) · fp

d
(mod Z).

Since ordQ(π)[End
0(B)] divides ordQ(π)p [End

0(B)], and the latter divides d, the
statement follows. □

We start our investigation of subalgebras of End0(B). We first show some
relations between the Schur index and the dimension of B.

Proposition 3.2.3. Let q = pd, B =
∏

iB
ri
i be an abelian variety over Fq with

each Bi simple and Bi ̸∼ Bj for i ̸= j. Let Z be a number field and let X be
a central simple Z-algebra. Suppose there exists an embedding of Q-algebras φ :
X → End0(B). Let tX denote the Schur index of X and let πi be the Frobenius
endomorphism of Bi. We have the following properties.

(a) The characteristic polynomial of the Frobenius endomorphism of B is of
the form P (T )tX with P (T ) ∈ Z[T ].

(b) The relation tX [Z : Q] | 2 dimB holds.
(c) If Z is totally real and all the fields Q(πi) are CM, then tX [Z : Q] | dimB.

Proof. Since End0(B) ≃
∏

i Mri(End
0(Bi)), the embedding φ is a product of

embeddings φi : X → Mri(End
0(Bi)). By Proposition 2.2.6, there exist primitive

embeddings
ψij : X → Msij (End

0(Bi))

such that
∑

j sij = ri and φi =
∏

j ψij . Let πi be the Frobenius endomorphism

of Bi and let ti be the Schur index of End0(Bi). Let Fij be fields such that
Z⊗QQ(πi) ≃ Fi1×· · ·×Fik. Then by Proposition 2.3.2 we know that tX [Fij : Q(πi)]
divides sijti, and hence tX divides riti. By Tate’s theorem, it follows that the
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characteristic polynomial of Frobenius of Bri
i is a tXth power in Z[T ], and (a)

follows. For (b), we multiply the divisibility relation by [Q(πi) : Q] to obtain

tX [Fij : Z][Z : Q] | riti[Q(πi) : Q] = 2ri dimBi.

Hence tX [Z : Q] |
∑

i 2ri dimBi = 2dimB. For (c), we note that since Z is
totally real and Q(πi) is CM, we necessarily have [Fij : Z] even. Hence we obtain
2tX [Z : Q] | 2 dimB, which yields the result. □

3.3. Quaternionic multiplication over finite fields

For this section we fix a prime p, a finite field Fq with q = pd, and an isotypical
abelian variety B = (B′)r defined over Fq and of dimension g = dimB. We let

Y ′ = End0(B′) and Y = Mr(Y
′) = End0(B). We also let tB be the Schur index

of [Y ] = [Y ′] in Br(Q(π)). Consider the following variation on Oort’s problem
[Oor88] (cf. [Yu13b], where the case dimB = 2 is treated).

Problem 3.3.1. Let F be a totally real number field and D a division quaternion
algebra with center F . Give necessary and sufficient conditions in order to have an
embedding D → Y .

We separate Problem 3.3.1 in two: first, the center F should be a subalgebra
of Y ; second, an embedding F → Y should extend to an embedding D → Y . The
first is solved easily by the numerical conditions described in the previous chapter.
By specializing Theorem 2.3.2, we have the following criterion.

Let X and Y be simple algebras with respective centers ZX and ZY . Recall
from Definition 2.2.1 that an embedding ϕ : X → Y is said to be primitive if the
subalgebra of Y generated by ϕ(ZX) and ZY is a field.

Proposition 3.3.2. Consider the decomposition F ⊗QQ(π) ≃ F1×· · ·×Fs. Then,
there exists an embedding of Q-algebras ι : F → Y = Mr(Y

′) if and only if there
exist nonnegative integers r1, . . . , rs such that

(1)
∑s

i ri = r, and
(2) For each i such that ri > 0, [Fi : Q(π)] divides ritB, and the class of

[Y ⊗Q(π) Fi] in Br(Q(π)) has order dividing ritB/[Fi : Q(π)].

The embedding ι is primitive if and only if r = ri0 > 0 for some index i0. □

For the rest of the section we will assume that F is a Q-subalgebra of Y . In
addition to the assumption that F is totally real, we know that the center Q(π)
of Y is either a totally real or a CM field. Moreover, we have certain divisibility
relations.

Lemma 3.3.3. Suppose that there is an embedding D → Y and Q(π) is a CM
field. Then [Q(π) : Q] | g and [F : Q] | g2 .

Proof. The first relation is Proposition 3.2.3(a), and the second is Proposi-
tion 3.2.3(c). □

The rest of the section is organised as follows. We begin by solving Prob-
lem 3.3.1 whenever Q(π) is a totally real field. Then, we solve it for the two
maximal cases in Lemma 3.3.3 assuming Q(π) is a CM field. Namely, we first treat
the case [Q(π) : Q] = g, and then the case where [F : Q] = g/2. We will give the
complete solution for the case g = 4 in Section 3.4. In the specific case of four-
folds, we are in some instances able to compute the p-rank of B, as well as some
information about Q(π) and Y .
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3.3.1. Q(π) totally real. We denote by Dp the unique quaternion algebra
over Q ramified at p and infinity. We denote by D∞ the unique quaternion alge-
bra over Q(

√
p) ramified at both infinite places. Throughout this section, E/Fq

denotes a suitable supersingular elliptic curve with End0(E) = Dp, and S denotes

a supersingular surface with End0(S) = D∞.
Recall from Lemma 3.1.3 that, if Q(π) is totally real, then we either have

Q(π) = Q or Q(
√
p). The first case then corresponds to B ∼ Eg, and Y = Mg(Dp).

The second case corresponds to B ∼ Sg/2, with Y = Mg/2(D∞).

Fix embeddings F → Q̄ and Q(π)→ Q̄. We let F (π) be the compositum of F
and Q(π) in this common algebraic closure. The algebras Dp and D∞ are ramified
at the real places of Q(π). Since F (π) is totally real, the real places of Q(π) do
not ramify in F (π), and so Dp ⊗Q(π) F (π) and D∞ ⊗Q(π) F (π) remain ramified at
infinity. In particular, they are both quaternion division algebras over F (π).

Recall that D is said to be definite at a place F ↪→ R if D ⊗F R is isomorphic
to the Hamilton quaternions, otherwise we say D splits at that place. We say D is
totally definite if it is definite for every place F ↪→ R.

Proposition 3.3.4. Suppose that D splits at some infinite place of F . Then, there
exists an embedding D → Y if and only if one of the following happens:

(1) B ∼ Eg, Y = Mg(Dp), and 2[F : Q] | g.
(2) B ∼ Sg/2, Y = Mg/2(D∞), and either:

(a)
√
p ∈ F , and 2[F : Q] | g; or

(b)
√
p ̸∈ F , and 4[F : Q] | g.

Suppose instead that D is totally definite. Then, there exists an embedding D → Y
if and only if one of the following happens:

(3) B ∼ Eg, Y = Mg(Dp), and either 2[F : Q] | g, or [F : Q] | g and

[D] = [Dp ⊗Q F ] in Br(F ).

(4) B ∼ Sg/2, Y = Mg/2(D∞), and either:
(a)
√
p ∈ F , and either 2[F : Q] | g, or [F : Q] | g and [D] = [D∞⊗Q(

√
p)

F ] in Br(F ) (i.e., Ram(D) equals the set of infinite places of F);
(b)
√
p ̸∈ F , and either 4[F : Q] | g, or 2[F : Q] | g and

[D ⊗F F (
√
p)] = [D∞ ⊗Q(

√
p) F (

√
p)] in Br(F (

√
p)).

Proof. Consider the intersection F ∩Q(π) inside of Y . Since Q(π)/F ∩Q(π) is
an extension of degree at most 2, by Theorem 2.4.2 there must exist an embedding ι :
F → Y which is primitive. We will consider the necessary and sufficient conditions
for ι to extend to an embedding D → Y . For convenience, we let Q = ι(F )∩Q(π).

Let cB , tB be the capacity and Schur index of Y . Then we have

cBtB =

{
2g, if Q(π) = Q,
g, if Q(π) = Q(

√
p).

Since ι : F → Y is a primitive embedding, by Proposition 2.3.2 we have an embed-
ding ι̃ : D → Y extending ι if and only if 2[F (π) : Q(π)] divides cBtB , and

(3.2) d[D ⊗F F (π)] = d[Y ⊗Q(π) F (π)]

with d = cBtB
2[F (π):Q(π)] . Now we reason by cases (a summary can be found in Ta-

ble 3.3.1). If D splits at some infinite place, then (3.2) can only hold if d is even.
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This yields the condition 4[F (π) : Q(π)] | cBtB . Now [F (π) : Q(π)] = [F : Q] if
Q = ι(F ) ∩Q(π) = Q, and [F (π) : Q(π)] = [F : Q]/2 otherwise. Cases (1) and (2)
follow.

If we suppose that D is totally definite, then (3.2) holds if d is even (recovering
the condition 4[F (π) : Q(π)] | cBtB once again) or if d is odd, 2[F (π) : Q(π)] | cBtB ,
and the equation

(3.3) [D ⊗F F (π)] = [Y ⊗Q(π) F (π)]

holds. The previous reasoning yields cases (3) and (4). □

D is totally definite? r ι(F ) ∩Q(π) Q(π) Conditions
no g Q Q 2[F : Q] | g
no g/2 Q Q(

√
p) 4[F : Q] | g

no g/2 Q(
√
p) Q(

√
p) 2[F : Q] | g

yes g Q Q 2[F : Q] | g,
or (3.3) and [F : Q] | g

yes g/2 Q Q(
√
p)

4[F : Q] | g,
or (3.3) and 2[F : Q] | g

yes g/2 Q(
√
p) Q(

√
p)

2[F : Q] | g,
or (3.3) and [F : Q] | g

Table 3.1. Cases considered during the proof of Proposition 3.3.4.
The integer r is such that B ∼ (B′)r with B′ simple.

Remark 3.3.5. The proof of Proposition 3.3.4 gives an embedding of D into Y
which is always primitive. We observe that this is due to the fact that Q(π)/Q
is an extension of degree 1 or 2, from which one produces a primitive embedding
ι : F → Y . If one starts with a different, nonprimitive embedding ι′ : F → Y ,
it is also possible to characterize whether it extends to a nonprimitive embedding
D → Y .

Remark 3.3.6. When D splits at all infinite places of F , we say that D is totally
indefinite. Then Table 1.1 says that a simple abelian variety B over Fq can have

End0(B) ≃ D with D totally indefinite only if 2[F : Q] | g. The similar condition
[F : Q] | g appears when D is totally definite.

The proposition above generalizes these conditions to the case of B not simple
having an embedding D → End0(B).

3.3.2. Q(π) a CM field of degree g. In the remaining we consider what
happens when Q(π) is a CM field. We write Q(π)+ for its maximal totally real
subfield. Recall that B ∼ (B′)r with B′ a simple abelian variety, so that Y ′ =
End0(B′) is a division algebra and Y = End0(B) = Mr(Y

′). We first consider the
special case where [Q(π) : Q] = g. Fix an embedding ι : F → Y .

By Theorem 3.1.1, Y ′ is a division algebra that splits at all finite primes ℓ ̸= p
and ramifies at the real primes. But since Q(π) has no real primes, if Y ′ is not
commutative then it must at least ramify at two primes of Q(π) over p. As a result
of these considerations, we obtain the following two propositions.
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Proposition 3.3.7. The embedding ι : F → Y extends to D if and only if ι(F ) ⊂
Q(π) and Y ≃ D⊗F Q(π). In that case, let l ∈ Ram(D) be over some prime ℓ ̸= p,
and let L1, . . . ,Ls be the primes of Q(π) over l. Then [Q(π)Li : Fl] is even for all
i = 1, . . . , s.

Proof. By Theorem 3.1.1, [Q(π) : Q] = g implies that Y is a quaternion
algebra over Q(π). The first statement then follows from Corollary 2.2.9. For the
second, let l and L1, . . . ,Ls be as above. We have invlD = 1

2 and invLi
(Y ) = 0.

By the formula

invLi
(Y ) ≡ [Q(π)Li

: Fl] · invl(D) (mod Z),
we clearly need [Q(π)Li

: Fl] to be even. □

Proposition 3.3.8. Suppose that there is an embedding ι : D → Y . The following
are equivalent:

(1) B is simple.
(2) Q(π) does not split D.
(3) There is a prime p ∈ Ram(D) dividing p and a prime P in Q(π) over p

with P, P̄ ∈ Ram(D ⊗F Q(π)) and [Q(π)P : Fp], [Q(π)P̄ : Fp] odd.

Proof. By Proposition 3.3.7 we have Y = D⊗F Q(π). The variety B is simple
if and only if Y is a division algebra, which happens if and only if Q(π) does not
split D.

Suppose D ⊗F Q(π) is a division algebra. Let ·̄ denote complex conjugation.
Then there are two primes P, P̄ in Q(π) over p with

invP(D ⊗F Q(π)) = invP̄(D ⊗F Q(π)) =
1

2
.

Let p = P ∩ F = P̄ ∩ F . Then by the formula

invP(D ⊗F Q(π)) ≡ [Q(π)P : Fp] · invp(D) (mod Z)
and the fact that D is a division quaternion algebra, we obtain p ∈ Ram(D) and
[Q(π)P : Fp] = [Q(π)P̄ : Fp] is odd.

Conversely, suppose that we have p,P1,P2 as in (3). Then

invPi(D ⊗F Q(π)) = [Q(π)Pi : Fp] · invp(D) =
1

2
(mod Z),

so D ⊗F Q(π) is a division algebra, and Q(π) does not split D. □

We now give a special case in which B splits geometrically.

Proposition 3.3.9. Suppose that the following conditions are satisfied:

(1) [Q(π) : Q] = g,
(2) p splits completely in Q(π),
(3) ι extends to D, and
(4) D ramifies at every prime of F over p.

Then B is supersingular.

Proof. By Proposition 3.3.8, having p split completely inQ(π) implies End0(B) ≃
D ⊗F Q(π) ramifies at each prime P | p. In fact we know more: we have [Q(π)P :
Qp] = 1, and by Theorem 3.1.1 then

invP(Y ) =
ordP(π)

d
≡ 1

2
(mod Z).
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But ππ̄ = q = pd, so ordP(π) ≤ d. These observations imply ordP(π) = d/2 for all
P | p. Hence (π2) = (pd), and the result follows by Proposition 3.1.2. □

3.3.3. [F : Q] = g/2, Q(π) CM. We now treat the case in which Q(π) is a CM
field and [F : Q] = g/2. As before, we let Y = End0(B) and we fix an embedding
ι : F → Y .

Lemma 3.3.10. Suppose that ι : F → Y extends to D. Then, the following
properties hold.

(1) The embedding ι is primitive.
(2) The compositum F (π) of ι(F ) and Q(π) in Y is a field of degree g.
(3) ι extends to an embedding D ⊗F F (π)→ Y .
(4) The intersection ι(F ) ∩Q(π) is the maximal totally real field Q(π)+.

Proof. Suppose we have an embedding ι : D → Y = Mr(Y
′). Let F1, . . . , Fs

be fields with

F ⊗Q Q(π) ≃ F1 × · · · × Fs.

By Theorem 2.3.2 there exist non-negative integers r1, . . . , rs with
∑

i ri = r and
such that 2[Fi : Q(π)] | ritY for all i, where tY is the Schur index of Y (we do not
need the Brauer class equation yet). Multiplying by the degree of Q(π), we obtain
the divisibility relation

2[Fi : Q] | ritY [Q(π) : Q].

Now we note that [Fi : Q] ≥ 2[F : Q] = g, since F is totally real and Q(π) is
totally imaginary. Hence the left-hand side is at least 2g for every i. On the other
hand, we have ritY [Q(π) : Q] ≤ rtY [Q(π) : Q] = 2g. Hence there is a single i0 with
ri0 > 0, which must be r = ri0 . It follows that ι is primitive, and the compositum
Fi0 = F (π) of ι(F ) and Q(π) has degree g. This gives (1) and (2). Since ι is
primitive, Lemma 2.2.4 gives (3).

Now we have [F (π) : Q] = g, and F (π) is a CM field, since it is a quadratic
totally imaginary field with maximal totally real field F . Hence, ι(F ) contains the
maximal totally real subfield Q(π)+ of Q(π). This proves (4). □

Remark 3.3.11. A slightly stronger statement holds. Let B =
∏
Bri

i is a product
of isotypical components with Hom(Bi, Bj) = 0 for i ̸= j, such that the center

Q(πi) of End
0(Bri

i ) is a CM field. Consider the same hypotheses on F and D and

assume we have an embedding D → End0(B). We can then apply Lemma 3.3.10
to each isotypical component, and deduce that D → End0(Bri

i ) must be a primitive
embedding. But the algebra D ⊗F F (π) contains maximal fields of degree 2 dimB,
and therefore we must have ri dimBi = dimB. It follows that B was already
isotypical.

We are ready to state the main result of this section.

Theorem 3.3.12. Suppose F is a totally real field with [F : Q] = g/2 and Q(π) is
a CM field. Then, ι : F → Y extends to D → Y if and only if Q(π)+ ⊆ ι(F ) and
the equality

[D ⊗F F (π)] = [Y ⊗Q(π) F (π)]

holds in Br(F (π)).
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Proof. We have shown in Lemma 3.3.10 above that in order to have an embed-
ding ι : D → Y it is necessary that ι is a primitive embedding and Q(π)+ ⊂ ι(F ).
Hence the existence of D → Y is equivalent to having an embedding D⊗F F (π)→
Y . By Proposition 2.3.1 we know that this is the case if and only if

d[D ⊗F F (π)] = d[Y ⊗Q(π) F (π)]

in Br(F (π)), where d = rtY
2[F (π):Q(π)] =

rtY [Q(π):Q]
2[F (π):Q] = 1. This proves the statement.

□

Remark 3.3.13. This result appears in [AT23, Theorem 1.3]. In their case, F
is not assumed to be totally real, which means Lemma 3.3.10 does not need to
apply, and in particular B is not automatically isotypical. Instead, two isotypical
components of dimension g/2 can occur. Moreover, if F is not totally real then the
embedding ι : D → Y is not necessarily primitive, but it can be shown that there
exists an embedding if and only if a primitive embedding exists (cf. Theorem 2.4.2).

3.4. Endomorphism algebras of fourfolds with QM

The results of Section 3.3 are enough to solve Problem 3.3.1 for fourfolds com-
pletely. Namely, we give here a classification of the endomorphism algebras that
an abelian fourfold B over Fq with quaternionic multiplication can have. We let
F be a totally real field and D a division quaternion algebra over F . We assume
that F is a Q-subalgebra of End0(B), and ask ourselves whether there exists an
embedding ι : D → End0(B). We assume B ∼ (B′)r is isotypical, with B′ simple
over Fq. The non-isotypical case has already been treated, since it can be reduced
to the case of surfaces, see [Yu13b].

The case where Q(π) was totally real was studied in Proposition 3.3.4. Hence
we restrict to Q(π) being a CM field. By Lemma 3.3.3, if there exists an embedding
D → End0(B) then we have the following possibilities for F and Q(π):

i. F = Q, and Q(π) is quadratic imaginary.
ii. F = Q, and Q(π) is a quartic CM field.
iii. Q(π) is a quartic CM field and F ≃ Q(π)+ is its real quadratic field (cf.

Lemma 3.3.10).
iv. F is a real quadratic field and Q(π) is an imaginary quadratic field.

Since [Q(π) : Q] ≤ 4, it follows from Theorem 2.4.3 that if there is an embedding
D → End0(B), then there must also exist a (possibly different) primitive embedding
(cf. Definition 2.2.1). In fact, since the algebra End0(B) is not too large, we can
say more.

Lemma 3.4.1. If there exists an embedding ι : D → End0(B), then it must be
primitive.

Proof. We reason by the cases listed above. If F = Q then the embedding ι
is obviously primitive. If F is real quadratic and Q(π) is imaginary quadratic then
they are linearly disjoint and again ι is primitive. Finally, if F is real quadratic and
Q(π) is quartic CM, and ι extends to D → End0(B), then we are in the situation
of Lemma 3.3.10, so that ι(F ) ≃ Q(π)+ ⊂ Q(π) and again ι is primitive. □

From now on we assume that there exists a fixed primitive embedding ι : F →
End0(B). Our goal is to characterize whether ι extends to an embedding of D into
End0(B).
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Example 3.4.2. Suppose F = Q and B ∼ E4 with E an elliptic curve. Then, there
is always an embedding D → End0(B). In fact, D ⊂ M4(Q), as can be checked
either by means of Theorem 2.1.1; or by taking a maximal quadratic field M of D
and realising D as a subalgebra of M2(M) ⊂ M4(Q); or by considering the action
of D on itself.

Proposition 3.4.3 (Case i.). Suppose F = Q and Q(π) is quadratic imaginary.
There exists an embedding ι : D → End0(B) if and only if one of the following
holds:

(1) B ∼ E4, with E an elliptic curve.
(2) B ∼ S2, where S is a supersingular Fq-simple abelian surface with Q(π) =

Q(
√
−1) or Q(

√
−3), and End0(S) the unique quaternion algebra over

Q(π) ramified at the places above p, and [Fq : Fp] is even.

Proof. Let B ∼ B′r with B′ simple. If r = 1 then End0(B) has Schur index
4. Since F ⊂ Q(π), and tB

tD
= 2 is not coprime with tD = 2, Theorem 2.4.6 implies

D is not a subalgebra of End0(B). Hence it is necessary that r = 2 or 4; if r = 4
then B′ is an elliptic curve, and ι extends to D by Example 3.4.2.

If r = 2 then B′ is a Fq-simple surface. Proposition 3.2.1 tells us the possible

endomorphism algebras of B′. In particular, End0(B′) is a quaternion algebra.
Now by Theorem 2.3.2, D embeds into M2(End

0(B′)) if and only if

2[D ⊗Q Q(π)] = 2[End0(B′)] = [Q(π)].

Since 2[D] = [Q], this condition is always satisfied, and the case r = 2 is always
possible. □

Proposition 3.4.4 (Cases ii. and iii.). Suppose Q(π) is quartic CM. Then ι extends
to D → End0(B) if and only if

ι(F ) ⊂ Q(π) and End0(B) ≃ D ⊗F Q(π).

In that case, B is simple if and only if D ramifies at a prime over p and Q(π) does
not split D. Otherwise, B ∼ S2 for a simple surface S with End0(S) = Q(π).

Proof. This follows from Propositions 3.3.7 and 3.3.8. □

Proposition 3.4.5 (Case iv.). Suppose F is real quadratic and Q(π) is imaginary
quadratic. Then ι extends to D → End0(B) if and only if one of the following
happens:

(1) B ∼ E4, with E an elliptic curve with End0(E) = Q(π), and F (π) splits
D. If in addition D ramifies at a prime over p, then E is supersingular.

(2) B ∼ S2, with S a supersingular Fq-simple abelian surface with Q(π) =

Q(
√
−1) or Q(

√
−3), End0(S) the unique quaternion algebra over Q(π)

ramified at the places above p, [Fq : Fp] is even, and

[D ⊗F F (π)] = [End0(S)⊗Q(π) F (π)] in Br(F (π)).

(3) B is geometrically simple, has p-rank 0, and End0(B) is a degree-4 division
algebra over Q(π), such that

[D ⊗F F (π)] = [End0(B)⊗Q(π) F (π)] in Br(F (π)).

In particular, [Fq : Fp] is a multiple of 4 and B is not supersingular. The
prime p does not split in F , and D ramifies at p.
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Proof. Since Q(π) is quadratic, we have Q(π)+ = Q. Theorem 3.3.12 says
that D embeds into End0(B) if and only if

[D ⊗F F (π)] = [End0(B)⊗Q(π) F (π)]

in Br(F (π)). Let B ∼ (B′)r with B′ simple. If r = 4, then B ∼ E4 with E an
elliptic curve, so that [End0(B)] = [Q(π)], which yields the condition that F (π)
splits D. If D ramifies at a prime over p, then it must be the case that p is not
split in Q(π). If we let p | p in Q(π), then p̄ = p and so π = π̄. Proposition 3.1.2
implies E is supersingular.

If r = 2, then B ∼ S2 is the square of a simple surface. Proposition 3.2.1 gives
the only possibilities for End0(S).

Suppose r = 1 so that B is simple. Since End0(B) contains a maximal field
M of degree 4 over Q(π), it is indeed a division algebra of Schur index 4 (cf.
Section 3.1). By [Gon98, 3.2], the degree of End0(B) divides the p-rank f(B) of
B, so f(B) = 0 or 4. But if f(B) = 4 then End0(B) would be a field [Gon98, 3.6],
which is a contradiction. Hence B has p-rank 0. If B is not geometrically simple,
then over F̄p it is isogenous to a power of a curve or a surface having p-rank 0, and
hence it is supersingular. Hence BF̄q

∼ E4, with E a supersingular elliptic curve
with endomorphism algebra Dp. But this is not possible, because Proposition 2.3.1

imposes the condition [End0(B)] = [Dp ⊗Q Q(π)], which does not hold.
Therefore B is geometrically simple, and in it is particular not supersingular.

It remains to show that p is nonsplit in F and that D ramifies at p. Because
End0(B) is a division algebra, p has to split in Q(π), say as pp̄, and (possibly after
exchanging p, p̄) we have

invp(End
0(B)) =

1

4
, invp̄(End

0(B)) =
3

4
.

Let P be a place of F (π) over p, and let q = P∩F . Then, by the equality of classes
in Br(F (π)) we have

[F (π)P : Fq] · invq(D) ≡ invP(D ⊗F F (π)) ≡ invP(End0(B)⊗Q(π) F (π))

≡ [F (π)P : Q(π)p] · invp(End0(B)) (mod Z).

Modulo integers, we can only have invP(D ⊗F F (π)) = 0 or 1/2. But since

invp(End
0(B)) = 1/4, for invP(End0(B) ⊗Q(π) F (π)) to equal 0 we would need

[F (π)P : Q(π)p] = 4, which is impossible since [F (π) : Q(π)] = 2. Hence

invP(End0(B)⊗Q(π) F (π)) = 1/2,

and therefore [F (π)P : Q(π)p] = 2. Hence [F (π)P : Qp] = 2. This implies that p
is nonsplit in F , otherwise, p would split completely in F (π). Finally, invP(D ⊗F

F (π)) = 1/2 requires D to be ramified at p. □

Example 3.4.6. Let us give examples of the geometrically simple fourfolds appear-
ing in case (3) in Proposition 3.4.5 over several Fq.

• Over F24 , we can take B to have characteristic polynomial of Frobenius
(T 2 − 6T + 16)4.
• Over F34 , we take the polynomial (T 2 − 15T + 81)4.
• Over F54 , we take the polynomial (T 2 − 45T + 625)4.
• Over F74 , we take the polynomial (T 2 − 91T + 2401)4.
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Other examples can be computed by searching through quadratic Weil polynomials
with independent term q = p4.

Finally, we summarize the situation when F = Q.

Theorem 3.4.7. Let D be a quaternion algebra over Q, and let B be an isotypic
abelian fourfold over a finite field Fq of characteristic p with Q(π) a CM field. There

exists an embedding ι : D → End0(B) if and only if one of the following happens:

(1) B is isogenous to E4, where E is an elliptic curve.
(2) B is isogenous to the square of a simple surface S, with either

a. Q(π) = Q(
√
−1) or Q(

√
−3), End0(S) is a quaternion algebra, D⊗Q

Q(π) ≃ End0(S), and [Fq : Fp] is even.

b. End0(S) = Q(π) a quartic CM field that splits D. If in addition D
ramifies at p, then S is ordinary or supersingular.

(3) B is a supersingular simple fourfold, Q(π) is a quartic CM field, End0(B) ≃
D ⊗Q Q(π), and D ramifies at p.

Proof. Case (1) is Example 3.4.2. Case (2a) comes from Proposition 3.4.3.
Finally, cases (2b) and (3) are the two possibilities from Proposition 3.4.4.

Suppose that we are in case (2b) and D ramifies at p. Suppose that the p-rank
f(S) is not 0, we want to discard the possibility that f(S) = 1. Since f(S) ≥ 1,
SF̄q

is either simple or the square of an elliptic curve: if it was the product of
nonisogenous elliptic curves, then at least one of them would be ordinary with
quadratic endomorphism ring, where the quartic field Q(π) cannot embed. Hence
it remains to see that if S is geometrically simple, then f(S) = 2. In that case we
have End0(SF̄q

) = Q(π). By Proposition 3.3.8 every prime p | p of Q(π) satisfies

that the degree [Q(π)p : Qp] is even. The proof of [Gon98, Theorem 3.7] shows
that f(S) = 2.

In case (3), it remains to show that B is supersingular. Suppose then that B
is a simple fourfold, Q(π) is a quartic CM field, End0(B) = D ⊗Q Q(π), and D
ramifies at p. If the prime p splits completely in Q(π), then B is supersingular by
Proposition 3.3.9.

Suppose p does not split completely in Q(π). Since we are assuming B is simple,
End0(B) is a division quaternion algebra, and by Theorem 1.1.6 it must ramify at
exactly two primes p1, p̄1 of Q(π) over p, which satisfy [Q(π)p1 : Qp] = [Q(π)p̄1 :
Qp] = 1 by Proposition 3.3.8. Moreover, (p) decomposes as p1p̄1p

e
2 in the ring of

integers of Q(π), with e = 1 or 2 and the prime p2 satisfying [Q(π)p2
: Qp] = 2 and

p̄2 = p2. We have ordp1
(π) ≤ ordp1

(ππ̄) = ordp1
(pd) = d and also ordp̄1

(π) ≤ d,
where q = pd. On the other hand, by Theorem 3.1.1 we have

ordp1
(π) · [Q(π)p1

: Qp]

ordp1
(pd)

=
ordp1

(π)

d
≡ 1

2
(mod Z)

and the same relation for ordp̄1(π). We thus obtain ordp1(π) = ordp̄1(π) = d/2. On
the other hand, we have ordp2

(π) = ordp̄2
(π̄) = ordp2

(π̄), so necessarily ordp2
(π) =

ordp2
(p)d/2 = ed/2. Hence (π2) = (ππ̄) = (pd), so there exists a root of unity ζ

with π = ζ
√
pd, and B is supersingular. □

Corollary 3.4.8. In case (3) of Theorem 3.4.7, Q(π) is the cyclotomic field Q(ζn)
for n = 5, 8 or 12, and we have p ≡ 1 (mod n).
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Proof. With our hypothesis, B is supersingular and q = pd with d even. Be-
cause B is supersingular, we know that π = ζn

√
q for some n, and so Q(π) = Q(ζn).

The possibilities for n come from the condition φ(n) = 4. By Proposition 3.3.8,
there must exist some prime p | p with [Q(π)p : Qp] = 1, which implies at once that
p splits completely in Q(ζn). This gives the congruence condition. □

Example 3.4.9. By searching through degree-4 Weil polynomials (cf. [MNH02]),
we can give examples of case (3) of Theorem 3.4.7. Let D be the quaternion algebra
over Q ramified at 2 and 11. Over F112 , consider the abelian fourfold B whose
characteristic polynomial of Frobenius is

(T 4 − 11T 3 + 121T 2 − 1331T + 14641)2.

One checks that Q(π) = Q(ζ5), in which 2 is inert and 11 splits completely.
Moreover, ordp(π) = 1 for every p | 11. It follows from Theorem 3.1.1 that

End0(B) is a quaternion algebra over Q(ζ5) ramified at every prime over 11, and
that End0(B) ≃ D ⊗Q Q(ζ5).

An example with Q(π) = Q(ζ8) arises by taking B/F172 with polynomial (T 4 +
83521)2. To obtain Q(π) = Q(ζ12), we may take B/F132 with polynomial (T 4 −
169T 2 + 28561)2.

3.5. A theorem on split reductions

We end the chapter by considering reductions of abelian varieties. We let k be
a number field, A an abelian variety over k, and ΣA the set of primes of k of good
reduction for A. For v ∈ ΣA, we denote by Av the reduction of A modulo v. We
also denote by Fv the residue field of v and by pv its characteristic.

We begin by recalling a classical result about surfaces, which goes back to
Morita [Mor70, §4] and Yoshida [Yos73, Lemma 6].

Proposition 3.5.1. Suppose A is a simple abelian surface with quaternionic mul-
tiplication. Let v ∈ ΣA. If Av is simple, then End0(A) ramifies at pv.

Proof. The fact that A is simple and has quaternionic multiplication implies
by [Shi63, Proposition 15] that End0(A) is an indefinite quaternion algebra with
center Q. The reduction modulo v gives an embedding of Q-algebras

End0(A)→ End0(Av),

making End0(Av) noncommutative. We are assuming Av simple, and so End0(Av)
is a division algebra. Its center is the field Q(π) generated by Frobenius. By
Theorem 3.1.1, Q(π) strictly contains Q. It follows by Table 1.1 that [Q(π) : Q] = 2
and End0(Av) is a quaternion algebra. By Corollary 2.2.9 we have

(3.4) End0(Av) ≃ End0(A)⊗Q Q(π).

Again by Theorem 3.1.1, if Q(π) is real quadratic then End0(Av) needs to be totally
definite. But this cannot be since End0(A) is indefinite. Hence Q(π) is an imaginary
quadratic field in which pv splits, and End0(Av) ramifies exactly at the primes over
pv. It follows from (3.4) that End0(A) ramifies at pv. □

The following is the main result of this section, which is part of [Flo25].
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Theorem 3.5.2. Suppose A is simple and End0(A) is noncommutative. Let v ∈
ΣA. If Av is simple, then End0(A) ramifies at some prime above pv. In particular,
A splits modulo all but finitely many primes.

Proof. The reduction modulo v produces an embedding

ι : End0(A)→ End0(Av).

Since we are assuming Av simple, End0(Av) is a division algebra. By Example 2.2.2,
ι is a primitive embedding. Let Z(π) be the subfield of End0(Av) given by com-
posing the centers Z and Q(π) of End0(A) and End0(Av), respectively. Then by
Theorem 2.4.6 there is some positive integer t and an equality of nontrivial classes

(3.5) t[End0(A)⊗Z Z(π)] = t[End0(Av)⊗Q(π) Z(π)]

in Br(Z(π)). By Proposition 3.5.1, we may assume dimA ≥ 3. Hence we know by
Corollary 3.1.4 that Q(π) is a CM field, and so by Theorem 3.1.1 End0(Av) ramifies
at some prime of Q(π) over pv. The nontriviality of (3.5) implies that End0(A)
ramifies at some prime of Z over pv. □

3.5.1. Primes of simple reduction. We keep the notation above. Given a
simple abelian variety A with noncommutative endomorphism algebra, the conclu-
sion of Theorem 3.5.2 is that we have a finite set S ⊂ ΣA described in terms of
End0(A) such that Av is simple for every v ∈ S. We now focus on saying something
more about the primes in S. In particular, we want to show whether S is ever a
nonempty set.

It has been claimed that Av is never simple if End0(A) is an indefinite quater-
nion algebra (cf. the introduction of [Ach12], but also some older proofs of Propo-
sition 3.5.1). Among other considerations, we give here two examples of abelian
varieties with quaternionic multiplication having at least one prime of simple re-
duction.

We begin by making a remark on the field Fv. By Proposition 3.2.2, we need the
residual degree fv = [Fv : Fpv ] of v to be strictly greater than 1. More concretely,
we have the following.

Proposition 3.5.3. Let A be an abelian variety over a number field k. Let v ∈ ΣA

be such that Av is simple. Then tA divides fv.

Proof. Let tv be the Schur index of End0(Av). As a consequence of Proposi-
tion 3.2.2, we have tv | fv. Now we note that the embedding End0(A)→ End0(Av)
is primitive, and so tA divides tv by Proposition 2.3.1. The result follows. □

In the case of abelian surfaces, we have the following situation.

Proposition 3.5.4. Let A be a simple abelian surface with D = End0(A) a quater-
nion algebra over Q. Let v ∈ ΣA and suppose Av is simple.

(a) Av is geometrically isogenous to the square of a supersingular elliptic
curve.

(b) We have pv ̸∈ {2, 3} and pv ̸≡ 11 (mod 12).
(c) If k is quadratic field, then pv is prime in k.
(d) If k = Q(

√
−1), then pv ≡ 7 (mod 12).

(e) If k = Q(
√
−3), then pv ≡ 5 (mod 12).
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Proof. We have the isomorphism

End0(A)⊗Q Q(π) ≃ End0(Av),

so that End0(A) ramifies at pv and End0(Av) is a division quaternion algebra. By
Proposition 3.2.1 we know that A is supersingular, and we either have pv ≡ 1
(mod 4) (whenever Q(π) = Q(

√
−1)) or pv ≡ 1 (mod 3) (if Q(π) = Q(

√
−3)).

Hence Av is not geometrically simple. To prove (a) we show that, if Av,F̄v
∼ E×E′,

then E and E′ are isogenous. This is because otherwise we would have an embed-
ding D → End0(E) ≃ Dpv

, but this would contradict the fact that D is indefinite,
while Dpv

is definite. Alternatively, the curves E and E′ are supersingular, so they
are isogenous over F̄v. The congruence conditions give (b).

In addition, v needs to have even residual degree by Proposition 3.5.3, and so
we obtain (c). In the particular case where k = Q(

√
−1) or Q(

√
−3), we obtain (d)

and (e) as the combination of (b) and (c). □

Looking at the discriminants smaller than 100, we obtain the following.

Corollary 3.5.5. Let A/k be a simple abelian surface with QM by the quaternion
algebra D with discriminant 6, 22, 33, 46, 69 or 94. Then, the reduction Av is
isogenous to the square of an elliptic curve for every v ∈ ΣA.

The following example is an instance of an abelian surface with quaternionic
multiplication having a prime of simple reduction.

Example 3.5.6. Let ε be the quadratic character of GQ given by the extension

Q(
√
79)/Q, and let f be an eigenform in the unique Galois orbit of Snew

2 (Γ0(316), ε)
([LMF25, Newform orbit 316.2.d.a]). Then Q({ap(f)}) has degree 4 over Q, and

the abelian fourfold Af decomposes over k = Q(
√
−1,
√
79) as the square of a

geometrically simple abelian surface A0/k with QM by the quaternion algebra D of
discriminant 14 (cf. [Que12, §5.1]).

Let v be one of the two primes of k over 7, so that Fv = F72 . Then, the char-
acteristic polynomial of the Frobenius πA0,v of A0,v is (T 2 + 7T + 49)2. One easily

computes using Theorem 3.1.1 that A0,v is simple, End0(A0,v) is the quaternion

algebra over Q(πA0,v ) = Q(
√
−3) ramified at the two primes over 7, and A0,v is

supersingular in accordance with Proposition 3.2.1.
Hence not every abelian surface with quaternionic multiplication splits modulo

all its primes of good reduction.

If we let A/k be a fourfold, we find that A splits (geometrically) modulo all
primes v ∈ ΣA if End0(A) is a division quaternion algebra with center Q. On the
other hand, we will also show an example of a fourfold A such that End0(A) is a
quaternion algebra over a real quadratic field F , and such that Av is geometrically
simple for certain primes v ∈ ΣA.

Theorem 3.5.7. Let A/k be a simple abelian fourfold such that End0(A) has a
quaternion subalgebra D over Q. Let v ∈ ΣA be over a rational prime p at which
D ramifies. Then, one of the following possibilities occurs.

(1) Av is Fv-isogenous to E4, where E is an ordinary elliptic curve.
(2) Av is Fv-isogenous to S2, where S is an ordinary abelian surface.
(3) Av is supersingular.

https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/316/2/d/a/
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In particular, Av is split or supersingular (and hence geometrically split) for every
v ∈ ΣA.

Proof. Let v ∈ ΣA, let pv be the residual characteristic of Fv, and let π be
the Frobenius endomorphism of Av. We assume that D ramifies at pv.

Suppose that Av is not simple. Then Av is isogenous to a product of simple
varieties. Each simple isogeny factor (say A′) is of dimension 1 or 2. Indeed, if
dimA′ = 3 and A′ is simple, then Q(πA′) is a CM field and D ⊆ End0(A′), and
then by Proposition 3.2.3 we have 2 = ordQ[D] | dimA′ = 3, a contradiction. If

Av ∼ A1 ×A2 with Hom(A1, A2) = 0, then we have an embedding D → End0(Ai)
for i = 1, 2. We have already seen that dimAi ≤ 2, and therefore Ai is supersingular
(if Ai is an elliptic curve this is well-known; if it is a surface, we use [Yu13b,
Lemma 2.8]). It follows that Av is supersingular.

If Av is nonsimple isotypical or simple, the result follows from the various
possibilities in Theorem 3.4.7.

□

We now display an example of an abelian fourfold with noncommutative endo-
morphism algebra which is geometrically simple modulo at least one prime.

Example 3.5.8. Let ε be the quadratic character of GQ associated to the field

Q(
√
29), and consider the space Snew

2 (Γ0(156), ε). In this space, there is a unique
Galois orbit of eigenforms without CM ([LMF25, Newform orbit 156.2.h.b]). Let
f be one such eigenform. Then we have [Q({ap(f)}) : Q] = 16, so that the abelian
variety Af/Q given by Eichler–Shimura has dimension 16.

Let k = Q(
√
−3,
√
−1,
√
13). By [Que12, §5.2], there exists a geometrically

simple abelian fourfold A0/k such that Af,k ∼ A4
0. Let F = Q(

√
17), p2, p

′
2 the

primes of F over 2, and p17 the prime of F over 17. Then End0(A0) is the quater-
nion algebra over F ramified at p2 and p17. Since Af has good reduction at 17, so
does A0. The characteristic polynomial of the Frobenius πA of Af,17 is

(T 8 − 17T 6 + 136T 4 − 4913T 2 + 83521)4.

The two primes of k over 17 have residue field isomorphic to F172 . Let v | 17, then
πA0,v

= π2
Av

has characteristic polynomial

(T 4 − 17T 3 + 136T 2 − 4913T + 83521)2.

We observe that the slopes of the Newton polygon attached to A0,v are 1
4 and 3

4 ,
and hence A0,v is geometrically simple (these slopes would not occur if A0,v had
an isogeny factor of dimension ≤ 2). Alternatively, we may apply the criterion in
[FFG24, Lemma 9.1] to see A0,v is geometrically simple, and in fact the center of

End0(A0,F̄v
) is Q(πA0,v

).

Now we see from Proposition 3.4.4 that End0(A0,F̄17
) = End0(A0,v) ≃ End0(A)⊗F

Q(πA0,v
) is the quaternion algebra over Q(πA0,v

) ramified at the two primes over
17. Therefore A0/k is an example of an abelian variety that splits modulo all but
finitely many primes of k, but has exactly two geometrically simple good reductions.

More generally, we pose the following problem.

Problem 3.5.9. Let A be an abelian variety over a number field k, such that

(1) A is geometrically simple,
(2) End0(A) is a noncommutative algebra, and

https://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/156/2/h/b/
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(3) For some v ∈ ΣA, Av is geometrically simple.

Give necessary conditions to be satisfied by v and End0(A).

We end with the following complimentary result, which in fact does not pose
any additional restrictions for Av to be simple. However, it does give information
on [Fv : Fpv

] whenever Av is not simple.

Proposition 3.5.10. Let A be an abelian variety over a number field k. Suppose
that End0(A) is a quaternion algebra with center F . Let K be the Galois closure
of k/Q. Let FK be the compositum of F and K in a common algebraic closure. If
dimA
[FK:K] ≡ 2 (mod 4), then FK splits End0(A).

Proof. Let D = End0(A) and g = dimA. Consider the embedding of Q-
algebras

φ : D → End(Lie(AK)) ≃ Mg(K),

where Lie(AK) is the tangent space of AK at the identity element. Since K/Q is
Galois, by Theorem 2.4.2 we may pick a (possibly different) primitive embedding
ψ : D → Mg(K). Hence by Proposition 2.3.1 we have that 2[FK : K] divides g
and, letting d = g/2[FK : K], we have d[D ⊗F FK] = d[FK]. But d is odd, so
this equality of Brauer classes becomes [D⊗F FK] = [FK]. Hence FK splits D as
claimed. □

Remark 3.5.11. Let D be an indefinite quaternion algebra with center Q. It is
expected [BCGP21, §10.3] that there exists a simple abelian fourfold A over Q
with End0(A) = D. The statement (and proof) of Proposition 3.5.10 clearly do not
apply in this situation, and no information about D can be extracted from the base
field.



CHAPTER 4

Tate modules and pairings

In this chapter, we study the Tate modules of an abelian variety A defined over
a number field k. We describe the absolutely irreducible Gk-submodules arising
from the action of the endomorphism algebra of A. We also explain how these
pieces inherit the Weil pairing, and how the Albert type of A conditions the nature
of the pairing. The chapter is meant to serve as a survey of results that will be
used throughout the next few chapters.

In Section 4.1 we introduce the necessary definitions on compatible systems
of representations with values in the algebraic group of a simple algebra. In Sec-
tion 4.2 we describe the strictly compatible system associated to A; the main result
is Theorem 4.2.7. In Section 4.3 we restrict the Weil pairing to our system of
representations.

4.1. Compatible systems of representations

In this section we explain the notion of a compatible system of Galois repre-
sentations with values in the algebraic group of a simple algebra, following [Ser98,
Chapter I, §2.4]. The definitions we introduce generalize the usual notion of com-
patible system of Galois representations (with values in GLn). We will show that
the rationality and compatibility of the system can be expressed in terms of reduced
characteristic polynomials.

Let F be a number field and let G be a linear algebraic group over F . Let RG
be the coordinate ring of G. An element f ∈ RG is called central if f(αβ) = f(βα)
for all α, β ∈ G(A) and every commutative F -algebra A. If α ∈ G(A), we say the
conjugacy class of α in G is F -rational if f(α) ∈ F for every central f ∈ RG .

Example 4.1.1. Let G = GLn/F = SpecF [{xij}1≤i,j≤n,det
−1]. For M ∈ G(F ),

let ci(M) be the ith coefficient of the characteristic polynomial of M , 0 ≤ i ≤ n−1.
In particular, c0 = det and cn−1 = −Tr. Then ci ∈ RGLn is a central element, and
moreover every central element is of the form P (c0, . . . , cn−1) for some polynomial
P ∈ F [x0, . . . , xn−1].

Note that for every prime λ of F , the group G(Fλ) has a natural topological
group structure.

Definition 4.1.2. Let k be a number field and let λ be a prime of F . A λ-adic
representation with values in G is a continuous homomorphism ρλ : Gk → G(Fλ).
In addition:

• We say ρλ is unramified at a prime v of k if ρλ(Iw) = {1} for any
valuation w of k̄ extending v.

• We say ρλ is F -rational if there is a finite set S of primes of k such
that ρλ is unramified outside S, and such that ρλ(Frobv) is F -rational for
every v ̸∈ S.

57



58 4. TATE MODULES AND PAIRINGS

Definition 4.1.3. Let λ, λ′ be two primes of F and let ρλ, ρλ′ be F -rational repre-
sentations of Gk with values in G. Then ρλ, ρλ′ are compatible if they are unram-
ified outside of a finite set S, and f(ρλ(Frobv)) = f(ρλ′(Frobv)) for all v ̸∈ S and
every central element f ∈ RG.

We now give the main definition in this section. For a prime λ of F (resp. v
of k), we let pλ (resp. pv) be its residual characteristic. Let Sλ := {v prime of k |
pv = pλ}.
Definition 4.1.4. For each prime λ of F , let ρλ be an F -rational λ-adic represen-
tation with values in G. The collection {ρλ}λ is called an F -rational compatible
system if ρλ and ρλ′ are compatible for all λ, λ′. The system is called strictly
compatible if there exists a finite set S of primes of k such that

(1) For every v ̸∈ S ∪ Sλ, ρλ is unramified at v, and ρλ(Frobv) is F -rational.
(2) For every v ̸∈ S ∪ Sλ ∪ Sλ′ and every central element f ∈ RG, we have

f(ρλ(Frobv)) = f(ρλ′(Frobv)).

The smallest possible set S is called the exceptional set of the system. When the
group G is GLn/F for some n, we will also call {ρλ}λ a (strictly) compatible system,
without specifying the group in which the representations take their values.

Recall that any central simple F -algebra D defines a group scheme GL1(D),
whose functor of points is

AlgF → Grp

A 7→ (D ⊗F A)
×.

In particular, we have GL1(Mn(F )) ≃ GLn/F . Moreover, for every extension L/F
we have GL1(D)L = GL1(D⊗F L) (see [KMRT98, Chapter IV, 20.2] for details).

We want to consider systems of λ-adic representations with values in GL1(D)
for some central simple algebra D. Hence we need to study the notions of F -
rationality and compatibility, which are stated in terms of the central elements
of RGL1(D). We will see that central elements are expressed in terms of reduced
characteristic polynomials.

Definition 4.1.5. Let D be a central simple F -algebra, L any field containing F ,
and m ≥ 1 an integer. Given an F -algebra homomorphism ϕ : D → Mm(L), the
ϕ-characteristic polynomial of an element α ∈ D is

CharPolϕ(x, α) := det(xId− ϕ(α)) ∈ L[x],
the characteristic polynomial of the image of α through ϕ. This definition is inde-
pendent of the choice of homomorphism of D into Mm(L) by the Skolem–Noether
theorem (cf. Theorem 1.1.3).

Given a central simple F -algebra D of dimension n2, any element α ∈ D
defines by left multiplication an F -linear map αl ∈ HomF (D,D). After fixing a
basis, this left-regular representation gives a homomorphism of F -algebras ϕl : D →
Mn2(F ). The characteristic polynomial of α is defined to be CharPolϕl

(x, α). This
polynomial clearly has degree n2.

Let E be any field containing F that splitsD. Then, the isomorphismD⊗FE ≃
Mn(E) gives an embedding of F -algebras ϕE : D → Mn(E). We define the reduced
characteristic polynomial of α to be

RedCharPol(x, α) := CharPolϕE
(x, α).
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This is a polynomial of degree n. The notation reflects the fact that RedCharPol(x, α)
is independent of the choice of E, as stated in the following result.

Proposition 4.1.6. If E, E′ are two splitting fields for D, then CharPolϕE
(x, α) =

CharPolϕE′ (x, α). Moreover, RedCharPol(x, α) ∈ F [x].

Proof. See [Rei03, §9a] and [Pie82, §16.1]. □

The adjective reduced conveys the idea that every ϕ-characteristic polynomial
comes from RedCharPol(x, α). This is made precise by the following result.

Proposition 4.1.7. Let ϕ : D → Mm(L) be any F -algebra homomorphism. Then
m = nk for some integer k, and CharPolϕ(x, α) = RedCharPol(x, α)k. In particu-
lar, if ϕl : D → Mn2(F ) is the left-regular representation of D, then

CharPolϕl
(x, α) = RedCharPol(x, α)n.

Proof. The divisibility n | m comes e.g. from Proposition 2.3.1. For the rest,
see [Pie82, §16.1, Lemma 1]. □

We now want to see the coefficients of RedCharPol(x, α) as elements of the ring
RGL1(D).

Proposition 4.1.8. Let u1, . . . , un2 be an F -basis of D and let α =
∑n2

i=1 aiui be
an element of D, ai ∈ F . Denote by a the vector (a1, a2, . . . , an2). Then, there are
polynomials τ0, . . . , τn−1 ∈ F [ξ1, . . . , ξn2 ] such that

RedCharPol(x, α) = xn + τn−1(a)x
n−1 + · · ·+ τ0(a).

In particular, each τi is a central element of RGL1(D).

Proof. The existence of the polynomials τi is shown in [Jac96, §1.6]. To see
that each τi is a central element, it is enough to see them in RGL1(D) ⊗F E ≃
RGLn,E for a splitting field E, where they are the coefficients of the characteristic
polynomial. □

Lemma 4.1.9. Let D be a central simple F -algebra and consider the linear al-
gebraic group G = GL1(D). Let L/F be an extension. Then, the coefficients of
RedCharPol(x, α) of an element α ∈ G(L) determine the values of f(α) for any
central element f ∈ RG.

Proof. Note that it is enough to show the statement for elements α ∈ G(F ).
Let f ∈ RG be central. For any splitting field E of D, we have

GL1(D)E = GL1(D ⊗F E) ≃ GLn/E ,

and hence we have an isomorphism RG ⊗F E ≃ RGLn /E of E-algebras. Now we
compose the inclusion RG → RG ⊗F E with this isomorphism. Since f ⊗ 1 is still a
central element in RG ⊗F E, we can express f as a polynomial in E[x0, . . . , xn−1]
of the coefficients of the reduced characteristic polynomial. □

Corollary 4.1.10. Let G = GL1(D) and let L/F be an extension. Then, an
element α ∈ G(L) is F -rational if and only if its reduced characteristic polynomial
lies in F [x].
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Proof. This is a consequence of Proposition 4.1.8 and Lemma 4.1.9. In-
deed, if f ∈ RG is a central element, then it can be expressed as a polynomial
P (τ0, . . . , τn−1) with coefficients in a splitting field E of D. At the same time, we
have τ0, . . . , τn−1 ∈ RG . But f takes values in F for all elements in G(F ), and so
P (x0, . . . , xn−1) has coefficients in F (cf. [Jac96, §3.1, pg. 98]).

□

4.2. The Tate module

We begin by briefly recalling some definitions on equivariant pairings. Let E
be a field and let Ē be an algebraic closure of E. Let V be a finite-dimensional
E-vector space. Let ψ : V × V → E be a map which is E-linear in the first entry
and additive in the second.

(i) We say ψ is an alternating pairing, if ψ(v, w) = −ψ(w, v) for all v, w ∈ V .
(ii) We say ψ is a symmetric pairing, if ψ(v, w) = ψ(w, v) for all v, w ∈ V .
(iii) Suppose that E has an automorphism σ : E → E of order 2. Then we say

ψ is a σ-hermitian (or simply, hermitian) pairing if ψ(v, w) = σ(ψ(w, v))
for all v, w ∈ V .

In particular, an alternating or symmetric pairing is E-bilinear, while a hermitian
pairing is E-antilinear in the second entry. If unspecified, a pairing ψ on V is an
alternating, symmetric or hermitian pairing.

Fix a non-degenerate pairing ψ : V × V → E. Let G be a group and consider
a representation ρ : G → GL(V ) ≃ GLn(E), where n = dimE V . Recall that a
subspace W ⊆ V is said to be G-invariant if ρ(G)w ⊆ W for all w ∈ W . We
say ρ is irreducible if the only nontrivial G-invariant subspace of V is V itself, and
absolutely irreducible if V ⊗E Ē is irreducible. Recall that a pairing ψ : G→ E× is
G-equivariant with similitude character χ if ψ(gv, gw) = χ(g)ψ(v, w) for all g ∈ G
and v, w ∈ V . When the character is clear from the context, we just say ψ is
G-equivariant.

For the rest of the chapter, we let k be a number field and A be a simple abelian
variety over k of dimension g. We let SA be the set of primes of k of bad reduction
for A. We fix once and for all a polarization on A (i.e. an ample divisor L, which
induces an isogeny ϕL : A → A∨). For every f ∈ End0(A), we denote its Rosati
involution by f†.

For every prime number ℓ and positive integer n, the ℓn-torsion A[ℓn] of A
is isomorphic as (an abstract group) to (Z/ℓnZ)2g. Multiplication by ℓ gives a
surjective map A[ℓn+1] → A[ℓn]. One forms the ℓ-adic Tate module by taking the
projective limit,

TℓA := lim←−
n

A[ℓn],

which is abstractly isomorphic to the group Z2g
ℓ . The absolute Galois group Gk

acts on each of the A[ℓn] and commutes with multiplication by ℓ. Hence we have a
continuous homomorphism

ρA,ℓ : Gk → Aut(TℓA) ≃ GL2g(Zℓ).

When we work with A up to isogeny, we study the rational ℓ-adic Tate module,
defined as Vℓ(A) := TℓA⊗Zℓ

Qℓ. The image of the representation ρA,ℓ then lands in
GL2g(Qℓ). In general, the image is constrained by the Weil pairing (cf. [Mum08,
§20]). Recall that χℓ : Gk → Q×

ℓ denotes the ℓ-adic cyclotomic character.
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Proposition 4.2.1. There exists a nondegenerate, Qℓ-bilinear, Gk-equivariant al-
ternating pairing ψℓ : Vℓ(A) × Vℓ(A) → Qℓ(χℓ). For every f ∈ End0(A) and all
v, w ∈ Vℓ(A), we have ψℓ(fv, w) = ψℓ(v, f

†w).

In the rest of the chapter, ψℓ will always denote the Weil pairing on Vℓ(A). We
now state the important result of Faltings (cf. [Fal83, Satz 4]).

Theorem 4.2.2 (Faltings). For every extension K/k, Vℓ(A) is a semisimple Qℓ[GK ]-
module, and we have End0(AK)⊗Q Qℓ ≃ EndGK

(Vℓ(A)).

Let H be the center of End0(A). The Qℓ-vector space Vℓ(A) has an action of
H, and hence is a free H ⊗Q Qℓ-module. Consider the decomposition as a product
of fields

H ⊗Q Qℓ ≃
∏
λ|ℓ

Hλ,

where λ ranges over the primes of H dividing ℓ. Let eλ be the idempotent corre-
sponding to 1 in Hλ. Then we can define a subspace of Vℓ(A), Vλ(A) := eλ · Vℓ(A).
If σλ : H ⊗Qℓ → Hλ corresponds to the projection onto the λ-adic factor, we can
also think of Vλ(A) as the tensor product Vℓ(A) ⊗H⊗Qℓ

Hλ with respect to σλ. If
ResHλ/Qℓ

Vλ(A) denotes Vλ(A) seen as a Qℓ[Gk]-module, we have an isomorphism
of Qℓ[Gk]-modules

Vℓ(A) ≃
⊕
λ|ℓ

ResHλ/Qℓ
Vλ(A).

Proposition 4.2.3. The subspace Vλ(A) has dimension dimHλ
Vλ(A) =

2g
[H:Q] , and

EndHλ[Gk](Vλ(A)) ≃ End0(A)⊗H Hλ.

In particular, if End0(A) = H is commutative, then each Vλ(A) is an absolutely
irreducible Hλ[Gk]-module.

Proof. The dimension statement is [Rib76, Theorem 2.1.1]. The second
statement is a consequence of Theorem 4.2.2. Indeed, we have

EndH⊗Qℓ[Gk](Vℓ(A)) ≃ End0(A)⊗Q Qℓ ≃
⊕
λ|ℓ

End0(A)⊗H Hλ,

and now we observe that EndHλ[Gk](Vλ(A)) contains End
0(A)⊗H Hλ (and cannot

be larger). □

The following is [Rib76, Theorem 2.1.2].

Proposition 4.2.4. The action of Gk on each Vλ(A) yields a strictly compatible
system of H-rational representations with exceptional set SA.

To make notation lighter, from now on we let D = End0(A). We have already
seen that the Vλ(A) are absolutely irreducible when D is commutative. More gen-
erally, we let tA be the Schur index of D. Let λ be a prime of H not in Ram(D),
so that

D ⊗H Hλ ≃ MtA(Hλ).

Since the action of D and Gk on Vλ(A) commute, there must exist an Hλ[Gk]-
submodule Wλ(A) of Vλ(A) such that Vλ(A) ≃ Wλ(A)

⊕tA . We let ρA,λ : Gk →
GL(Wλ(A)) be the representation given by the action of Gk.

Proposition 4.2.5. The following properties hold.
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(a) The Hλ[Gk]-module Wλ(A) is absolutely irreducible.
(b) If λ′ ̸∈ Ram(D), then ρA,λ and ρA,λ′ are compatible.
(c) For every prime v ̸∈ SA ∪ Sλ, ρA,λ(Frobv) is H-rational.

Proof. (a) By Proposition 4.2.3 we have EndHλ[Gk](Vλ(A)) = Mt(Hλ). The

isomorphism Vλ(A) ≃ Wλ(A)
⊕tA implies EndHλ[Gk](Wλ(A)) = Hλ. It follows that

Wλ(A) is absolutely irreducible.
(b) For v ̸∈ SA ∪Sλ ∪Sλ′ , let fλ(T ) and fλ′(T ) be the respective characteristic

polynomials of ρA,λ(Frobv). Since Vλ(A) ≃ Wλ(A)
⊕tA and Vλ′(A) ≃ Wλ′(A)⊕tA ,

and the representations Vλ(A) and Vλ′(A) are compatible, we obtain fλ(T )
tA =

fλ′(T )tA . Hence fλ(T ) = fλ′(T ).
(c) Let f(T ) be the characteristic polynomial of ρA,λ(Frobv). Since Vλ(A) ≃

Wλ(A)
⊕tA , by Proposition 4.2.4 we have f(T )tA ∈ H[T ]. Therefore f(T ) ∈ H̄[T ].

For every σ ∈ GH , we have σ(f(T )tA) = f(T )tA , so σ sends each root of f(T )tA to
a root of f(T )tA . It follows that σ sends each root of f(T ) to a root of f(T ), and
so f(T ) ∈ H[T ] as desired. □

Remark 4.2.6. Let ℓ be a rational prime and let λ | ℓ. Let f(T ) be the character-
istic polynomial of ρA,λ(Frobv). The isomorphism of Qℓ[Gk]-modules

Vℓ(A) ≃
⊕
λ|ℓ

ResHλ/Qℓ
Wλ(A)

⊕tA

implies that the characteristic polynomial P (T ) of Frobv acting on Vℓ(A) equals

NmH[T ]/Q[T ](f(T ))
tA =

∏
σ:H→Q̄

σ(f(T ))⊕tA .

On the other hand, P (T ) equals the characteristic polynomial of the Frobenius en-
domorphism πv of the reduction Av. By e.g. Proposition 3.2.3, there exists a
polynomial g ∈ Z[T ] with P (T ) = g(T )tA . In follows that

g(T ) = NmH[T ]/Q[T ](f(T )).

We are close to having a compatible system from the modules Wλ(A). It
remains to build compatible representations at the ramified primes. For a positive
integer r we let GLr(D

op) the group scheme GL1(Mr(D
op)). We now show the

following result.

Theorem 4.2.7. Let A be a simple abelian variety defined over a number field k.
Let D = End0(A), H the center of D, tA the Schur index of D, and n := 2g

tA[H:Q] .

(1) The variety A has an associated strictly compatible system {ρA,λ}λ of H-
rational λ-adic representations with values in GLn/tA(D

op).
(2) For every λ ̸∈ Ram(D), the representation ρA,λ takes values in GLn(Hλ)

and is absolutely irreducible.
(3) The exceptional set of the compatible system is SA.

Proof. Let λ ∈ Ram(D) be such that Dλ := D ⊗H Hλ is a division algebra
(this always holds if tA is prime). By Theorem 4.2.2 we have EndHλ[Gk](Vλ(A)) =
D⊗H Hλ =: Dλ, a division algebra. By the assumption that Dλ is division, Vλ(A)
is a free left Dλ-module of rank

rankDλ
Vλ(A) =

dimHλ
Vλ(A)

dimHλ
Dλ

=
2g

t2A[H : Q]
.
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We define n := 2g
tA[H:Q] and identify Vλ(A) ≃ Dn/tA

λ as a left Dλ-module. We recall

a well-known property.

Lemma 4.2.8. Let X be a central simple algebra, and consider X as a left X-
module. Then EndX(X) ≃ Xop. For m ≥ 1, we have EndX(Xm) ≃ Mm(Xop).

Proof. For a ∈ X, the map φa : x 7→ xa is X-linear, and hence φa ∈
EndX(X). If φ ∈ EndX(X), then φ = φa for a = φ(1). The isomorphism of
algebras comes from the equality φa(φb(1)) = φa(b) = ba = φba(1). The general
case of Xm is identical, by considering the action of some φ ∈ EndX(Xm) on a
basis. □

In view of the lemma, the action of Gk on Vλ(A) gives a subgroup of

AutDλ
(D

n/tA
λ ) ≃ GLn/tA(D

op
λ ).

This yields a representation ρA,λ : Gk → GLn/tA(D
op
λ ). Note that reduced charac-

teristic polynomials of elements in GLn/tA(D
op
λ ) have degree n. It remains to show

that the representation ρA,λ is H-rational and compatible with ρA,λ′ for any other
λ′ ̸∈ Ram(D).

Consider the homomorphism φ : GLn/tA(D
op
λ ) → GLntA(Hλ), which corre-

sponds to the restriction of scalars AutDλ
(D

n/tA
λ ) ⊂ AutHλ

(D
n/tA
λ ). Then by

Proposition 4.1.7, the φ-characteristic polynomial of any α ∈ GLn/tA(D
op
λ ) acting

on D
n/tA
λ equals (RedCharPol(α, T ))tA .
Now recall from Proposition 4.2.4 that the Hλ-vector spaces ResDλ/Hλ

(Vλ(A))
and Vλ′(A) are part of the same strictly compatible system of representations.
Moreover, we have Vλ′(A) ≃Wλ′(A)⊕tA . It follows that

(RedCharPol(ρA,λ(Frobv), T ))
tA = (CharPol(ρA,λ′(Frobv), T ))

tA .

Since both RedCharPol(ρA,λ(Frobv), T ) and CharPol(ρA,λ′(Frobv), T ) are monic
polynomials, we obtain the result by Lemma 4.1.9 and Corollary 4.1.10.

For tA = 1 or prime, the argument just given proves the result. For composite
tA, one may perform a similar argument by seeing Vλ(A) as a free D′

λ-module,
where D′

λ is a central division Hλ-algebra such that Dλ ≃ Mr(D
′
λ). We give an

alternative full proof using descent in Section 5.4. □

Remark 4.2.9. The theorem above appears in [Oht74] in the case where A is a
simple abelian surface with indefinite quaternionic multiplication.

4.3. Weil pairings with values in Hλ

In this section we let A be a simple abelian variety over a number field k. As
in the previous section we fix a polarization for A and denote by (·)† the Rosati
involution. We let H be the center of End0(A) and let λ be a prime of H. In
the same way as Vℓ(A) has a nondegenerate Gk-equivariant pairing (cf. Proposi-
tion 4.2.1), we want to endow each Hλ[Gk]-module Wλ(A) with such a pairing. We
will explain the pairing constructions introduced by Chi in [Chi90], and expanded
by Banaszak, Gajda and Krasoń in [BGK06, BGK10]. Unlike in these works, we
do not require that A has all of its endomorphisms defined over k.1

1In fact, the cited references do not need all endomorphisms to be defined over k to construct
the pairings either, but they do require them in order to show some cases of the Mumford–Tate

conjecture.



64 4. TATE MODULES AND PAIRINGS

We begin by recalling a classical result introduced by Deligne.

Lemma 4.3.1. Let Q be a field and E an étale Q-algebra. Let V,W be free E-
modules of finite rank. Suppose that ψ : V ×W → Q is a Q-bilinear pairing such
that ψ(ev, w) = ψ(v, ew) for all v ∈ V , w ∈ W , e ∈ E. Then there exists a unique
E-bilinear pairing ϕ : V ×W → E such that

ψ(v, w) = TrE/Q ϕ(v, w).

Moreover, ϕ is nondegenerate if and only if ψ is nondegenerate.

Proof. We follow [Del82, Sublemma 4.7]. We first note that the trace TrE/Q

defines an isomorphism

HomE(V ⊗E W,E)
∼→ HomQ(V ⊗E W,Q)(4.1)

of Q-vector spaces by mapping f 7→ TrE/Q ◦f . Indeed, the nondegeneracy of the
trace implies the map is injective. Let r, s be the E-rank of V and W , respectively.
Now the Q-dimension of HomE(V ⊗E W,E) is rsdimQE, which is the same as the
Q-dimension of HomQ(V ⊗E W,Q). Therefore the map is an isomorphism.

Now we see the Q-bilinear form ψ as a Q-bilinear map V ⊗E W → Q. From
(4.1) we obtain a ϕ ∈ HomE(V ⊗E W,E) with TrE/Q ϕ = ψ, which is necessarily
unique.

It is clear that if ϕ is degenerate then so is ψ. If ϕ is nondegenerate, then
for all v ∈ V , w ∈ W with ϕ(v, w) ̸= 0 there exists some α ∈ E such that
TrE/Q(αϕ(v, w)) ̸= 0, and so ψ(v, αw) ̸= 0. Hence ψ is nondegenerate. □

We now apply Lemma 4.3.1 to give a pairing on Vλ(A).

Proposition 4.3.2. Suppose that H is totally real. Then there exists a unique
nondegenerate Hλ-bilinear alternating pairing ϕλ : Vλ(A)× Vλ(A)→ Hλ(χℓ), with
the following properties:

(1) For every endomorphism f ∈ End0(A)⊗H Hλ and all v, w ∈ Vλ(A),

ϕλ(fv, w) = ϕλ(v, f
†w).

(2) ϕλ is Gk-equivariant.

Proof. As stated in Proposition 4.2.1, Vℓ(A) is endowed with a nondegenerate
Qℓ-bilinear pairing ψℓ. Since H is totally real, the Rosati involution acts trivially
on it, and so ψℓ(ev, w) = ψℓ(v, ew) for every e ∈ H and all v, w ∈ Vℓ(A). Hence we
can apply Lemma 4.3.1 to find that there is an (H ⊗ Qℓ)-bilinear nondegenerate
pairing Φℓ : Vℓ(A)× Vℓ(A)→ H ⊗Q Qℓ.

This pairing is the unique one with the property that TrH⊗QQℓ/Qℓ
(Φℓ) = ψℓ,

and all properties of Φℓ are checked using this uniqueness. We check first that it is
alternating: for all v, w ∈ Vℓ(A), note that

Tr(Φℓ(v, w)) = ψℓ(v, w) = −ψℓ(w, v) = −Tr(Φℓ(w, v)).

Property (1) is similar, since for all f ∈ End0(A),

Tr(Φℓ(fv, w)) = ψℓ(fv, w) = ψℓ(v, f
†w) = Tr(Φℓ(v, f

†w)).

For (2), let s ∈ Gk, and then

Tr(Φℓ(
sv, sw)) = ψℓ(

sv, sw) = Tr(χℓ(s)Φℓ(v, w)).
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Now let σλ : H⊗QQℓ → Hλ be the projection, and define ϕλ := σλ◦Φℓ|Vλ(A)×Vλ(A).
All the properties are maintained, and it only remains to check that ψλ is nonde-
generate. But this is a consequence of the H⊗QQℓ-linearity of Φℓ. Indeed, suppose
that ψλ were degenerate and fix some eλv ∈ Vλ(A). Then for all λ′ ̸= λ we have
eλeλ′ = 0, and so for all eλ′w ∈ Vλ′(A) we have

Φℓ(eλv, eλ′w) = eλeλ′Φℓ(v, w) = 0.

But this is implies that Φℓ is a degenerate pairing, which is a contradiction. There-
fore we have seen that Vλ(A) and Vλ′(A) are orthogonal with respect to Φℓ, and so
ϕλ is nondegenerate. □

We next proceed according to the Albert type of A. When A has Albert type
I, we have seen in Proposition 4.2.3 that Vλ(A) is absolutely irreducible, and we
obtain pairings on the compatible system {ρA,λ}λ as claimed. However, if A has
Albert type II or III then Vλ(A) is no longer irreducible, and we will need to show
that there is a restriction of ϕλ which is nondegenerate on an irreducible submodule
Wλ(A). We will also mention the situation for Albert type IV, which is not covered
by Proposition 4.3.2.

4.3.1. Albert type I. Let A be a simple abelian variety over k such that
H = End0(A) is a totally real field. This corresponds to A having Albert type I (cf.
Section 1.4). To keep notational consistency, we let Wλ(A) := Vλ(A) and denote
the pairing on Wλ(A) from Proposition 4.3.2 by ψλ. We have the following result,
which is found in [BGK06, Section 5].

Theorem 4.3.3. For every prime λ of H, the Hλ[Gk]-module Wλ(A) satisfies:

(1) dimHλ
Wλ(A) =

2 dimA
[H:Q] .

(2) Wλ(A) is absolutely irreducible.
(3) There exists a nondegenerate, Hλ-bilinear, alternating, Gk-equivariant

pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(χℓ).

Proof. The first two points come from Proposition 4.2.3; in particular,Wλ(A)
is absolutely irreducible since EndHλ[Gk](Wλ(A)) = Hλ. The pairing ψλ comes from
Proposition 4.3.2. □

4.3.2. Albert types II and III. We now let A be a simple abelian variety
over k such that D = End0(A) is a division quaternion algebra with center a
totally real field H. This corresponds to A having Albert type II (when D is
totally indefinite) or III (D totally definite).

Let λ be a prime of H not in Ram(D). We have seen that Vλ(A) ≃Wλ(A)
⊕2.

Following [Chi90] and [BGK06, BGK10], we will find a suitable isomorphic
copy of Wλ(A) such that Vλ(A) inherits the nondegenerate pairing from Proposi-
tion 4.3.2.

Since λ ̸∈ Ram(D), we have D ⊗H Hλ ≃ M2(Hλ). We take as generators for
this algebra the matrices

t =

(
1 0
0 −1

)
, u =

(
0 1
1 0

)
,
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which satisfy the relations u2 = t2 = 1 and tu = −ut. As explained in Section 1.1,
the irreducible M2(Hλ)-modules are isomorphic to H2

λ. However, there are sev-
eral ways to decompose Vλ(A) as a sum of two submodules. We perform such a
decomposition in two ways. Let e = 1

2 (1 + t), and

X := eVλ(A), Y := (1− e)Vλ(A).
Then we have Vλ(A) ≃ X ⊕ Y (as Hλ[Gk]-modules). Moreover, the subspaces
X and Y are isomorphic via multiplication by u. Hence dimHλ

X = dimHλ
Y =

1
2 dimHλ

Vλ(A) =
dimA
[H:Q] .

Similarly, let f = 1
2 (1 + u), and

X̃ := fVλ(A), Ỹ := (1− f)Vλ(A).

The same assertions as above hold for X̃ and Ỹ : Vλ(A) ≃ X̃⊕Ỹ asHλ[Gk]-modules,

X̃ ≃ Ỹ , and dimHλ
X̃ = dimHλ

Ỹ = 1
2 dimHλ

Vλ(A).

Proposition 4.3.4. The Hλ[Gk]-modules X,Y, X̃ and Ỹ are absolutely irreducible.

Proof. By Theorem 4.2.2, we have EndHλ[Gk](Vλ(A)) ≃ D⊗HHλ ≃ M2(Hλ).
Since Vλ(A) can be written as the direct sum of two copies ofX, we have EndHλ[Gk](X) ≃
Hλ. We conclude that X is absolutely irreducible. The same reasoning applies to
Y, X̃ and Ỹ . □

Since the modules X and Y are irreducible as Hλ[Gk]-modules, the following
property holds: either they are both (maximal) isotropic with respect to the pairing

ϕλ : Vλ(A)× Vλ(A)→ Hλ(χℓ)

introduced in Proposition 4.3.2, or ϕλ is a nondegenerate on both X and Y . The
second case is moreover equivalent to X and Y being orthogonal, since ϕλ is alter-
nating. The same reasoning holds for X̃ and Ỹ .

4.3.2.1. Type II. We specialize to the case where D is totally indefinite. The
following proof is a simplification of [Chi90, Lemma 3.3].

Lemma 4.3.5. The modules X and Y are isotropic if and only if the modules X̃
and Ỹ are orthogonal.

Proof. Suppose X and Y are maximal isotropic. Then for all v, w ∈ Vλ(A)
we have

ψλ(ev, ew) = ψλ(v, e
†ew) = 0,

ψλ((1− e)v, (1− e)w) = ψλ(v, (1− e)†(1− e)w) = 0.

Since ψλ is nondegenerate, it follows that e†e = 0 and (1 − e)†(1 − e) = 0, and
hence e† = 1 − e. By the Lemma 4.3.6 below, there exists a symmetric matrix
B ∈ M2(Hλ) such that the Rosati involution takes the form A† = BA⊤B−1 for all
A. By equating e† = BeB−1 = 1− e we obtain

B =

(
0 1
1 0

)
.

This gives u† = BuB−1 = u and t† = BtB−1 = −t.
Now we have ux = x for all x ∈ X̃, and uy = −y for all y ∈ Ỹ . Therefore we

have
ψλ(x, y) = ψλ(ux, y) = ψλ(x, uy) = ψλ(x,−y),
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which implies ψ(x, y) = 0. Hence X̃ and Ỹ are orthogonal.

The argument is symmetric if we assume that X̃ and Ỹ are maximal isotropic:
in that case, we obtain the equality f† = 1−f , which in turn implies that the Rosati

involution takes the form A† = BA⊤B−1 with B =

(
1 0
0 −1

)
. Hence u† = −u,

t† = t. We conclude that X and Y are orthogonal, since tx = x for all x ∈ X and
ty = −y for all y ∈ Y . □

Lemma 4.3.6. Let A be a simple abelian variety such that D = End0(A) has Albert
type II. Let H be the center of X, and let λ be a prime of H where D splits. Then,
the Rosati involution on Dλ is given by X† = BX⊤B−1 for all X ∈ Dλ, where
B ∈ Dλ ≃ M2(Hλ) is a symmetric matrix.

Proof. Since † and ⊤ are both involutions fixing every element of the center
H of Dλ, by Skolem–Noether (cf. Theorem 1.1.3) there exists some B ∈ Dλ (up to
multiplication by scalars in H×

λ ) such that X† = BX⊤X−1 for all X ∈ Dλ. Hence
we have

X = X†† = B(B−1)⊤XB⊤B−1

for all X ∈ Dλ, and therefore B = εB⊤ for some ε ∈ H. On the other hand,
B = B⊤⊤ = ε2B, from which we know that ε ∈ {+1,−1}. Hence B is either
symmetric or antisymmetric.

Suppose B is antisymmetric. Then we can multiply B by a constant so that it

takes the form B =

(
0 −1
1 0

)
. Hence the Rosati involution takes the form(

a b
c d

)†

=

(
0 −1
1 0

)(
a b
c d

)(
0 1
−1 0

)
=

(
d −c
−b a

)
.

This would imply that dimHλ
{X ∈ D ⊗H Hλ | X† = X} = 2. But this is in con-

tradiction with Table 1.1, since D is of Albert type II, and we know the dimension
of the elements fixed by Rosati is 3. Therefore B is a symmetric matrix. □

Putting everything together, we obtain the following result.

Theorem 4.3.7. Let A/k be a simple abelian variety such that D = End0(A) has
Albert type II. Let H be the center of D. For every prime λ where D splits, there
exists an absolutely irreducible Hλ[Gk]-submodule Wλ(A) of Vλ(A) such that

(1) dimHλ
Wλ(A) =

dimA
[H:Q] .

(2) Vλ(A) ≃Wλ(A)⊕Wλ(A).
(3) There exists a nondegenerate, Hλ-bilinear, alternating, Gk-equivariant

pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(χℓ).

Proof. We chooseWλ(A) to be the submodule X or X̃ of Vλ(A), according to

whether X̃ or X is isotropic for ϕλ : Vλ(A)× Vλ(A)→ Hλ(χℓ). The isomorphisms

X ≃ Y and X̃ ≃ Ỹ give the decomposition of Vλ(A) and the dimension of Wλ(A).
Finally, we let ψλ := ϕλ|Wλ(A)×Wλ(A). □

Remark 4.3.8. Let ψ be a nondegenerate alternating form on an n-dimensional
F -vector space V . Recall that the symplectic similitude group of ψ is

GSpn(F ) = {g ∈ GL(V ) | ψ(gv, gw) = χ(g)ψ(v, w), all v, w ∈ V }
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where χ(g) ∈ F× is the similitude of g.
Given a prime λ ̸∈ Ram(D), the representation ρA,λ : Gk → GLn(Hλ) given

by the action of Gk on Wλ(A) has image in GSpn(Hλ), where n = dimHλ
Wλ. For

a prime λ ∈ Ram(D), we have a representation ρA,λ : Gk → GLn/2(Dλ), which
holds a similar restriction. Indeed, let E ⊂ Dλ be a maximal subfield. Then the
representation ρA,λ ⊗Hλ

E takes values in GLn(E), and by the compatibility of the
system of representations we in fact find that the image lies in GSpn(E).

4.3.2.2. Type III. We now specialize to the case in which D = End0(A) is
totally definite. As above we let λ be a prime of H such that D splits, and again
we take the generators

t =

(
1 0
0 −1

)
, u =

(
0 1
1 0

)
for D ⊗H Hλ ≃ M2(Hλ). We let e = 1

2 (1 + t) and f = 1
2 (1 + u), and then define

the following subspaces of Vλ(A):

X := eVλ(A), Y := (1− e)Vλ(A);

X̃ := fVλ(A), Ỹ := (1− f)Vλ(A).

We again have isomorphisms of Hλ[Gk]-modules X ≃ Y , X̃ ≃ Ỹ , and Vλ(A) ≃
X ⊕ Y ≃ X̃ ⊕ Ỹ . However, we encounter the following problem.

Lemma 4.3.9. The subspaces X, Y , X̃ and Ỹ are all isotropic with respect to the
pairing ϕλ.

Proof. By Theorem 1.4.1, the Rosati involution † on D, and hence on D ⊗H

Hλ, is the standard involution. Hence for all x ∈ M2(Hλ) we have

x† = Trx− x.
By direct computation we obtain e† = 1 − e and f† = 1 − f . In particular, we
obtain e†e = 0. Hence for all v, w ∈ Vλ(A), we have

ϕλ(ev, ew) = ϕλ(v, e
†ew) = 0.

This shows that X is isotropic. The similar equalities (1 − e)†(1 − e) = 0 and

f†f = (1− f)†(1− f) = 0 show that Y, X̃ and Ỹ are isotropic too. □

To define a pairing on the subspaces of Vλ(A), we let J =

(
0 1
−1 0

)
and define

ψλ(v, w) := ϕλ(Jv,w)

for all v, w ∈ Vλ(A). This is an Hλ-bilinear, nondegenerate, Gk-equivariant pairing.
We have the following properties.

Lemma 4.3.10. The pairing ψλ is symmetric, and for all B ∈ M2(Hλ) and v, w ∈
Vλ(A) we have

ψλ(Bv,w) = ψλ(v,B
⊤w).

Moreover, X (resp. X̃) is orthogonal to Y (resp. Ỹ ) with respect to ψλ.

Proof. We first note that J† = −J = J⊤ = J−1. With this and the property
that ϕλ(Bv,w) = ϕλ(v,B

†w) we have

ψλ(v, w) = ϕλ(Jv,w) = −ϕλ(J†w, v) = ϕλ(Jw, v)

= ψλ(w, v).
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Hence ψλ is symmetric. For the second property, we have already noted that
B† = J−1B⊤J = J†B⊤J for every B ∈ M2(Hλ). Therefore B

†J† = J†B⊤, and

ψλ(Bv,w) = ϕλ(JBv,w) = ϕλ(v,B
†J†w)

= ϕλ(v, J
†B⊤w) = ϕλ(Jv,B

⊤w) = ψλ(v,B
⊤w).

To see that X and Y are orthogonal, note that e⊤ = e = e2, and so for all
v, w ∈ Vλ(A) we have

ψλ(ev, (1− e)w) = ψλ(v, e(1− e)w) = 0.

Similarly, we have f⊤ = f = f2, and hence X̃ = fVλ(A) and Ỹ = (1− f)Vλ(A) are
also orthogonal. □

Theorem 4.3.11. Let A/k be a simple abelian variety such that D = End0(A) has
Albert type III. Let H be the center of D. For every prime λ where D splits, there
exists an absolutely irreducible Hλ[Gk]-submodule Wλ(A) of Vλ(A) such that

(1) dimHλ
Wλ(A) =

dimA
[H:Q] .

(2) Vλ(A) ≃Wλ(A)⊕Wλ(A).
(3) There exists a nondegenerate, Hλ-bilinear, symmetric, Gk-equivariant pair-

ing
ψλ :Wλ(A)×Wλ(A)→ Hλ(χℓ).

Proof. Everything is proven by Lemma 4.3.10: we only need to chooseWλ(A)

to be X (in fact, we may also choose Y, X̃, or Ỹ ), and then consider the restriction
of the pairing ψλ on Vλ(A) to Wλ(A). □

Remark 4.3.12. Let ψ be a nondegenerate symmetric form on an n-dimensional
F -vector space V . Recall that the orthogonal similitude group of ψ is

GOn(F ) = {g ∈ GL(V ) | ψ(gv, gw) = χ(g)ψ(v, w), all v, w ∈ V }
where χ(g) ∈ F× is the similitude of g.

The content of Remark 4.3.8 holds as well in Albert type III with the appropriate
change. For λ ̸∈ Ram(D) the representations ρA,λ : Gk → GLn(Hλ) take values in
GOn(Hλ). Meanwhile, if λ ∈ Ram(D) and E ⊂ Dλ is a maximal subfield, then the
representation ρA,λ ⊗Hλ

E takes values in GOn(E).

4.3.3. Albert Type IV. We conclude the chapter with a brief mention of
the remaining Albert type. Suppose that H is a CM field, so that D = End0(A)
is an algebra with Albert type IV. Let λ be a prime of H. In the same spirit as
for the first three Albert types, we wish to endow Vλ(A) with some nondegenerate
pairing that helps us study the action of Galois.

Denote by H+ be the maximal totally real field in H and let ·̄ : H → H
denote complex conjugation. This induces an involution on the étale Qℓ-algebra
Hℓ := H ⊗Q Qℓ, namely ·̄ ⊗ id : H ⊗ Qℓ → H ⊗ Qℓ. Recall that a pairing ψ on a
free Hℓ-module V is hermitian if it is Hℓ-linear in the first component, and for all
v, w ∈ V we have ψ(v, w) = ψ(w, v). We have the following lemma from [Chi91].

Lemma 4.3.13. Let j ∈ H× be such that j̄ = −j. There exists a unique nonde-
generate, Gk-equivariant, hermitian pairing

Φℓ : Vℓ(A)× Vℓ(A)→ Hℓ(χℓ)

such that TrHℓ/Qℓ
(jΦℓ) = ψℓ.
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Proof (sketch). This is shown in a similar fashion to Proposition 4.3.2 for
H totally real. The key difference is that the Rosati involution restricted to H acts
as complex conjugation, so that ψℓ(fv, w) = ψℓ(v, f̄w) for all v, w ∈ Vℓ(A) and all
f ∈ H. In other words, ψℓ is an H ⊗Qℓ-bilinear pairing Vℓ(A)× Uℓ(A)→ Qℓ(χℓ),
where Uℓ(A) := Vℓ(A)⊗H⊗Qℓ

H ⊗Qℓ by taking the tensor via the involution ·̄ ⊗ id.
Lemma 4.3.1 yields a unique biadditive pairing

Φ̃ℓ : Vℓ(A)× Vℓ(A)→ Hℓ

with TrHℓ/Qℓ
(Φ̃ℓ) = ψℓ which is Hℓ-linear in the first variable and Hℓ-antilinear

in the second variable. One then defines Φℓ := j−1Φ̃ℓ and checks the remaining
properties for Φℓ. See [Chi91, Lemma 2.2] and [BKG21, §3] for further details. □

Notice that the action of complex conjugation on Hℓ ≃
∏

λ|ℓHλ exchanges the

factors Hλ and Hλ̄. This poses an issue when trying to restrict the pairing Φℓ to
each factor Vλ(A) of Vℓ(A). We can circumvent this by restricting to certain primes.

Proposition 4.3.14. Suppose End0(A) = H is commutative. Let λ be a prime of
H, λ0 the prime of H+ below it, and suppose that λ0 is inert in H (so that [Hλ :
H+

λ0
] = 2). Then Φℓ restricts to a nondegenerate, Gk-equivariant, Hλ-hermitian

pairing
ϕλ : Vλ(A)× Vλ(A)→ Hλ(χℓ).

More care has to be taken when D has Schur index tA > 1. As explained in
Section 4.2, we still have a decomposition Vλ(A) ≃Wλ(A)

⊕tA . However, the results
on the existence of a pairing are less developed. We summarize the situation in the
following result and refer to [BKG21] for the remaining details.

Theorem 4.3.15 (Banaszak, Kaim-Garnek). There is a positive density set L
of primes of H such that, if λ ∈ L, there exists a nondegenerate, bilinear, Hλ-
hermitian, Gk-equivariant pairing

ϕλ :Wλ(A)×Wλ(A)→ Hλ(χℓ).



CHAPTER 5

Abelian varieties genuinely of GLn-type

Throughout this chapter, we let k be a number field and A an abelian variety
defined over k. We say that A is of GLn-type for some positive integer n if there
is a number field E with an embedding E → End0(A) and such that [E : Q] =
2 dimA

n . We say that A is genuinely of GLn-type if A is simple, of GLn-type, and
Ak̄ has no isogeny factor of GLm-type for m < n. In this chapter, we study the
Galois representations introduced in the previous chapter for A, mainly under the
assumption that A is genuinely of GLn-type.

We start in Section 5.1 by studying the possible endomorphism algebras for an
abelian variety A of GLn-type. We then introduce in Section 5.2 the hypothesis
that A is genuinely of GLn-type, and study its decomposition over k̄. This yields
the notion of the building block associated to A. Section 5.3 is somewhat technical
and deals with Galois descent on the field of coefficients of representations. We
use the results in Section 5.4, where we finish proving Theorem 4.2.7 for arbitrary
Schur indices of End0(A).

The next few sections focus on abelian varieties geometrically of the first kind.
We introduce the inner twists of A in Section 5.5, and in particular we define the
Nebentype character. In Section 5.6 we give a characterization of the property of
being geometrically of the first kind. In Section 5.7 we show that the representations
attached to these varieties take values in a symplectic or orthogonal group. We end
the chapter in Section 5.8 with a description of the abelian varieties genuinely of
GL4-type that correspond to automorphic representations of GSp4(AQ).

A substantial portion of this chapter is joint work with Francesc Fité and Xavier
Guitart, and has been written up in [FFG24].

5.1. Endomorphism algebra and isogeny decomposition

Let k be a number field and A an abelian variety defined over k. Let E be a
number field and let E → End0(A) be an embedding. After fixing some embedding
k → C, the Q-vector space V = H1(A(C)top,Q) has dimension 2 dimA, and by
functoriality we obtain an embedding E → EndQ(V ) ≃ M2 dimA(Q). Hence [E : Q]
divides 2 dimA.

Definition 5.1.1. Let n := 2 dimA
[E:Q] . We say A is of GLn-type.

For example, if n = 1 then E is necessarily a CM field (cf. Table 1.1), and
we also say A has complex multiplication by E. Abelian varieties of GL2-type
defined over Q have been studied in relation to the Shimura–Taniyama conjecture,
see [Rib76, Rib04]. Any abelian surface is of GL4-type by taking E = Q.

As explained in Section 4.2, to every abelian variety A of GLn-type we can
attach a compatible system of Galois representations with values in a form of GLn,
coming from the irreducible subrepresentations of the Tate module.

71
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In this section, we study the endomorphism algebra (and thus the isogeny
decomposition) of an abelian variety A/k of GLn-type. We begin by quoting the
following result (cf. [Rib04, Theorem 2.1] and [Shi72, Proposition 1.5]).

Proposition 5.1.2. Let A/k be an abelian variety of GL2-type. Then one of the
following is true.

(i) A is k-isogenous to a product of abelian varieties of GL1-type.
(ii) A is k-isogenous to the power (A′)r of a simple abelian variety A′/k,

which is of GL2-type and not of GL1-type. The algebra End0(A′) is either
a number field of degree dimA′, or a division quaternion algebra over a
number field of degree dimA′/2.

Before generalizing the result above, we observe the following straightforward
fact: if A is of GLn-type and E is a field in End0(A) such that n = 2dimA/[E : Q],
then Ar is of GLn-type for all r ≥ 1. Indeed, End0(Ar) = Mr(End

0(A)) contains
fields of degree r[E : Q], and n = 2r dimA

r[E:Q] .

Proposition 5.1.3. Let A/k be an abelian variety of GLn-type. Then one of the
following is true.

(i) A is k-isogenous to a product A1 × · · · × As, s ≥ 1, where each Ai is of
GLni

-type for some ni < n.
(ii) A is k-isogenous to (A′)r, where A′ is a simple abelian variety defined over

k which is of GLn-type and not of GLm-type for any m < n. Moreover,
End0(A′) is a division algebra of Schur index tA′ over a number field H

with [H : Q] = 2 dimA′

ntA′
, and tA′ | n.

Proof. Write A ∼ A1× · · · ×As, with each Ai an isotypical variety such that
Hom(Ai, Aj) = 0 for all i ̸= j. Fix a field E with an embedding E → End0(A), so

that n = 2dimA/[E : Q]. Then we have for each i an embedding E → End0(Ai).
Hence there exist integers n1 . . . , ns such that ni =

2 dimAi

[E:Q] . If s ≥ 2, we obtain

ni =
2dimAi

[E : Q]
<

2 dimA

[E : Q]
= n.

This shows most of (i): the only remaining case is when s = 1, and End0(A)
contains a number field of degree strictly larger than [E : Q], which again yields
n1 < n.

Suppose now that s = 1 and A ∼ (A′)r with A′ not of GLm-type for m < n.
Our task is to show A is not of GLm-type for any m < n, and to describe End0(A′).
Let D be the centralizer of E in End0(A). We claim that D is a division algebra.
This is equivalent to saying that every λ ∈ End(A) that commutes with E is an
isogeny. Indeed, if that was not the case then the image of λ would be an abelian
subvariety B of A with dimB < dimA. In particular, B would be isotypical. Since
λ and E commute, there would exist an embedding E → End0(B), and hence an
integer d = 2 dimB

[E:Q] such that B is of GLd-type. By induction on d (and using

Proposition 5.1.2), it follows that B is isogenous to a power of an abelian variety
of GLd-type. Hence A′ is of GLd-type. But

d =
2dimB

[E : Q]
<

2 dimA

[E : Q]
= n,
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which contradicts the assumption that A′ is not of GLd-type. Hence D is a division
algebra.

Now E must be a maximal subfield of D, since otherwise A would be of GLm-
type for some m < n. The Double Centralizer theorem (cf. Theorem 1.1.4) implies
that D = E and E is maximal in End0(A). Now if we let

• Q = End0(A′),
• H the center of Q, and
• tA′ = ordH [Q] the Schur index of Q,

then End0(A) = Mr(Q), and [E : H] = rtA′ . Hence

[H : Q] =
[E : Q]

[E : H]
=

2r dimA′

nrtA′
=

2dimA′

ntA′
.

We now have that H1((A′)topC ,Q) is a free left Q-module, and dimQQ = t2A′ [H : Q]
divides 2 dimA′ = ntA′ [H : Q]. It follows that tA′ | n. Finally we see that A′ is
of GLn-type, since Q contains a (maximal) number field of degree tA′ [H : Q] =
2 dimA′

n . □

Remark 5.1.4. It A falls in Case (ii) of Proposition 5.1.3, then then we have seen
that the field E is maximal in End0(A). In particular, E contains the center H of
End0(A). Let tA = ordH [End0(A)] be the Schur index of End0(A). If A is simple,
then we have

2 dimA = n[E : Q] = ntA[H : Q].

Example 5.1.5. Let A/k be an abelian variety of GL4-type which lands in Case
(i) of Proposition 5.1.3. Then A is k-isogenous to the product of either:

(a) four abelian varieties of GL1-type, all of the same dimension dimA/4;
(b) two abelian varieties of GL1-type of dimension dimA/4, and an abelian

variety of GL2-type and dimension dimA/2;
(c) two abelian varieties of GL2-type, each of dimension dimA/2;
(d) an abelian variety of GL1-type and dimension dimA/4 times one of GL3-

type and dimension 3 dimA/4.

The stated isogeny factors may be isogenous (so that we have a power of a GL1 or
GL2-type abelian variety). Each possible isogeny factor can in turn be isotypical.

Example 5.1.6. Let A be an abelian variety over k and of GL4-type which satisfies
Case (ii) of Proposition 5.1.3. Then A ∼ (A′)r, where A′ is of GL4-type, and
End0(A′) is either:

(a) a totally real field of degree dimA′/2;
(b) a quaternion algebra over a totally real field of degree dimA′/4;
(c) a CM field of degree dimA′/2;
(d) a quaternion algebra over a CM field of degree dimA′/4;
(e) a division algebra of Schur index 4 over a CM field of degree dimA′/8.

Proposition 5.1.7. Let A be an abelian variety over k of GLn-type. Suppose that
k is a number field and [k : Q] is coprime with 2[E : Q]. If A falls in Case (ii) of
Proposition 5.1.3, then 2tA divides n. In particular, n is even.

Proof. Let A ∼ (A′)r with A′ simple. Let V = Lie(A′) be the tangent space
at the origin of A′, this is a k-vector space of k-dimension dimA′. Hence we have
dimQ V = [k : Q] dimA′. By functoriality it is also a free left End0(A′)-module,
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and so dimQ End0(A′) = t2A′ [H : Q] divides [k : Q] dimA′ = [k : Q]ntA′ [H:Q]
2 . It

follows that 2tA′ divides [k : Q]n. Since [k : Q] is coprime with 2[E : Q], it is
also coprime with 2tA′ , and hence 2tA′ divides n. The statement follows since
tA = ordH [End0(A)] = ordH [End0(A′)] = tA′ . □

Definition 5.1.8. Let A/k be an abelian variety of GLn-type. We say A is gen-
uinely of GLn-type if Ak̄ has no simple isogeny factor of GLm-type for m < n.
Equivalently, we ask that Ak̄ is of GLn-type and satisfies Case (ii) of Proposi-
tion 5.1.3.

Proposition 5.1.9. A simple abelian variety A is genuinely of GLn-type for some n
if and only if it End0(Ak̄) is simple, and there exists a maximal subfield of End0(A)
which is also maximal in End0(Ak̄).

Proof. Suppose that A is genuinely of GLn-type. Then by Case (ii) of Propo-
sition 5.1.3 applied to Ak̄ we obtain that Ak̄ is isotypical, and so End0(Ak̄) is
simple. The proof of the same result (cf. Remark 5.1.4) shows that there is a
maximal subfield E of End0(A) which is also maximal in End0(Ak̄).

We now show the converse. Since we assume that End0(Ak̄) is simple, there
exists a simple abelian variety B over k̄ such that Ak̄ ∼ Br. Let E be a maximal
subfield of End0(A) which is also maximal in End0(Ak̄) ≃ Mr(End

0(B)). If we let
F be the center of End0(B) and tB = ordF [End

0(B)] the Schur index of End0(B),
then we have the equality

[E : Q] = rtB [F : Q] =
2 dimA

n
.

On the other hand, a maximal subfield E′ of End0(B) has degree [E′ : Q] = tB [F :
Q] = 2 dimB

m , where m is the minimal integer such that B is of GLm-type. We end
the proof by noting that

nrtB [F : Q] = 2 dimA = 2r dimB = mrtB [F : Q],

from which we obtain m = n. Hence Ak̄ has a single isotypical factor of GLn-type,
with n minimal. Therefore A is genuinely of GLn-type. □

5.2. GLn-type building blocks

Let k be a number field and let L/k be a Galois extension. Let B/L be an
abelian variety. We say B is a strong k-variety relative to L 1 if for every s ∈
Gal(L/k) there is an L-isogeny µs :

sB → B and, for every s ∈ Gal(L/k) and every
φ ∈ End(B) we have the equality

φ ◦ µs = µs ◦ sφ.

In the literature, one usually says B is a k-variety if Bk̄ is a strong k-variety relative
to k̄.

Definition 5.2.1. Let n be a positive integer. We say a variety B/k̄ is a k-building
block of GLn-type if the following conditions are satisfied:

(1) B is a strong k-variety relative to k̄, and
(2) End0(B) is a division algebra with center F and Schur index tB such that

ntB [F : Q] = 2 dimB.

1We will discuss the notion of a weak k-variety in Chapter 7
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Lemma 5.2.2. Let A/k be a simple abelian variety genuinely of GLn-type, so that
Ak̄ ∼ Br for a k-building block B. Let H and F denote the respective centers of
End0(A) and End0(B). Then F ⊆ H.

Proof. From Proposition 5.1.9, the simple algebras End0(A) and End0(Ak̄) ≃
Mr(End

0(B)) have a common maximal subfield, say E. Hence F ⊆ E ⊆ End0(A).
Since F commutes with all of End0(A), we obtain F ⊆ H. □

Proposition 5.2.3. Let A/k be genuinely of GLn-type. Then, the isotypical factor
B of Ak̄ is a GLn-type k-building block.

Proof. By Lemma 5.2.2, for every s ∈ Gk the map

End0(Ak̄)→ End0(Ak̄)

φ 7→ sφ

is an F -algebra homomorphism. By the Skolem–Noether theorem (cf. Theo-
rem 1.1.3) there exists some α(s) ∈ End0(Ak̄)

× such that sφ = α(s)φα(s)−1.
Since A is defined over k, we have sAk̄ = Ak̄, and so α(s) is an isogeny sAk̄ → Ak̄.
Hence Ak̄ is an abelian k-variety. By [Gui10, Proposition 3.2], B is also an abelian
k-variety. □

From now on, if A/k is an abelian variety genuinely of GLn-type and Ak̄ ∼ Br

with B simple, we say B is the building block associated to A.

Proposition 5.2.4. Let B/k̄ be a GLn-type k-building block for some n. There
exists an abelian variety A defined over k which is genuinely of GLn-type and whose
associated building block is B.

Proof. By [Gui12, Theorem 2.5], there exists an abelian variety A defined
over k such that Ak̄ ∼ Br for some r, and such that E = End0(A) is a field which is
maximal in End0(Ak̄). As B is of GLn-type, we need to show that A is of GLn-type
as well. Let F and tB be the center and Schur index of End0(B), respectively. Then
we have [E : Q] = rtB [F : Q], and so

2 dimA

[E : Q]
=

2r dimB

rtB [F : Q]
=

2 dimB

tB [F : Q]
= n.

We have indeed shown that A is of GLn-type. □

Proposition 5.2.5. Let A be an abelian variety genuinely of GLn-type and let B
be its associated building block. Let H and F be the respective centers of End0(A)
and End0(B). Then, the equality of Brauer classes

[End0(A)] = [End0(B)⊗F H]

holds in Br(H). In particular, ordH [End0(A)] divides ordF [End
0(B)].

Proof. By Proposition 5.1.9, the algebras End0(A) and End0(Ak̄) ≃ Mr(End
0(B))

share a maximal field, say E. The equality of Brauer classes is then given by The-
orem 2.4.5 and the fact that [End0(Ak̄)] = [End0(B)]. The divisibility between
Schur indices follows from the fact that

Br(F )→ Br(H), [X] 7→ [X ⊗F H]

is a group homomorphism. □
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Recall from Section 1.4 that an algebra X with positive involution is of the first
kind if the involution restricts to the identity on the center Z of X, otherwise we
say X of the second kind. According to Theorem 1.4.1, X being of the first kind is
equivalent to Z being totally real, and to X having Albert type I, II or III.

Definition 5.2.6. Let A/k be an abelian variety genuinely of GLn-type with asso-
ciated building block B/k̄. We say A is of the first kind (resp. second kind) if the
endomorphism algebra End0(A) is of the first kind (resp. second kind).

We say A is geometrically of the first kind (resp. geometrically of the second
kind) if the building block B is of the first kind (resp. second kind).

Remark 5.2.7. If k has a real embedding and A/k is genuinely of GL2-type then
[Shi63, Theorem 5] implies that A is geometrically of the first kind (see [Gui12,
Proposition 3.4] for a proof). The properties of the Galois representation associated
to such an A when k = Q were explained in [Rib04]. In the subsequent sections
we will show that the representation associated to an abelian variety geometrically
of the first kind (and genuinely of GLn-type, any n) has many of these properties.

Remark 5.2.8. If A is geometrically of the first kind, then n is even. This can be
checked on the building block B. Indeed, if End0(B) = F has Albert type I, then by
Table 1.1 we have [F : Q] | dimB, and so n = 2dimB/[F : Q] is even. If End0(B)
has Albert type II or III, then from Proposition 5.1.3 we know ordF [End

0(B)] = 2
divides n.

Proposition 5.2.9. Let A be an abelian variety genuinely of GLn-type and let B
be its associated building block. If A is of the first kind, then B is also of the first
kind. More precisely,

(i) If A has Albert type I, then B has Albert type I or II.
(ii) If A has Albert type II, then B has Albert type II.
(iii) If A has Albert type III, then B has Albert type III.

Proof. If we let H and F be the respective centers of End0(A) and End0(B),
then we have seen that F ⊆ H, and

[End0(A)] = [End0(B)⊗F H].

If A is of the first kind, then H is totally real, and therefore F is totally real. Hence
B is also of the first kind. Assuming H totally real, the Brauer class equation tells
us that the real places of End0(A) are ramified if and only if the real places of
End0(B) are ramified. In addition, if tA and tB are the respective Schur indices of
these algebras, we have tA | tB .

If A has Albert type II or III then this says tA = 2 = tB , and the Albert type
of B has to coincide with that of A. If A has Albert type I, then End0(A) is split
at the real places, and so must be End0(B). Hence B has Albert type I or II. □

Corollary 5.2.10. Let A be an abelian variety genuinely of GLn-type and geo-
metrically of the first kind. Then End0(A) is a field or a quaternion algebra. In
addition, if B is the building block associated to A, and End0(A) is a quaternion
algebra, then End0(B) is a quaternion algebra.
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5.3. Descent of trace fields

In this section, we let E/H be a finite Galois extension with Galois group
∆ = Gal(E/H). Let G be a group, and consider a representation

ρ : G→ AutE(En) ≃ GLn(E)

on V = En. We assume that ρ is absolutely irreducible and that the characteristic
polynomial of every ρ(s) for every s ∈ G lies in H[T ]. If charH = 0, it is enough to
suppose that Tr ρ(s) ∈ H for each s ∈ G. We want to study when the representation
ρ is realizable over H. More precisely, we ask whether there exists an H[G]-module
W such that W ⊗H E ≃ V as E[G]-modules. This is equivalent to having ρ(G) ⊆
GLn(H) up to conjugation. The cohomological approach we will take goes back to
[Sch04] (see also [Nek12, Appendix B]).

For g ∈ ∆, consider the representation gV whose underlying vector space is
V , and the action of s ∈ G is given by conjugating every entry of ρ(s) by g.
Denote by gρ the corresponding group homomorphism G → GLn(E). Since V
and gV are irreducible and Tr(ρ) = Tr(gρ) ∈ H, these two representations are
isomorphic (cf. [Bou22, §21.1, Proposition 1]) and there exist homomorphisms
{Ag ∈ HomE(

gV, V )}g∈∆ (unique up to scalars in E) such that the diagram com-
mutes for every g ∈ ∆:

gV
Ag
//

gρ

��

V

ρ

��
gV

Ag

// V.

We identify each Ag with a matrix in GLn(E) such that ρ(s) = Ag
gρ(s)A−1

g for
every s ∈ G.

Lemma 5.3.1. The map ∆→ PGLn(E), g 7→ Ag (mod E×) is a 1-cocycle.

Proof. From the equality

Agh
ghρ(s)A−1

gh = ρ(s) = (Ag
gAh)

ghρ(s)(Ag
gAh

gh)−1

and the fact that ρ is irreducible, we deduce that there must exist some e ∈ E×

such that Agh = eAg
gAh. Hence g 7→ Ag (mod E×) is a 1-cocycle. □

Recall the exact sequence of ∆-modules

1→ E× → GLn(E)→ PGLn(E)→ 1.

From Section 1.2, there is a connecting homomorphism δ of pointed sets and an
exact sequence of pointed sets

H1(∆,GLn(E))→ H1(∆,PGLn(E))
δ→ H2(∆,E×).

We recall that δ is injective, since H1(∆,GLn(E)) vanishes. We let cV (g, h) be the
image through δ of the cocycle g 7→ Ag (mod E×). This 2-cocycle is given explicitly
as

cV (g, h) = Ag · gAh ·A−1
gh .

In particular, cV (g, h) ∈ E× for all g, h ∈ ∆.
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Lemma 5.3.2. Consider the algebra

A = {X ∈ Mn(E) | X = Ag · gX ·A−1
g for all g ∈ ∆},

attached to the 1-cocycle g 7→ Ag (mod E×) (cf. Section 1.2). The group homo-
morphism ρ : G→ GLn(E) has image contained in A×.

Proof. This is obvious from the definition of the matrices Ag. □

Proposition 5.3.3. The representation ρ is realizable over H if and only if the
1-cocyle Ag (mod E×) is trivial (equivalently, if the 2-cocyle cV is trivial).

Proof. If ρ is realizable over H, then we can take the matrix Ag to be the
identity for each g ∈ ∆, and the cocycle is trivial. Conversely, suppose that Ag

(mod E×) is the trivial cocycle. Then by Lemmas 5.3.2 and 1.2.3 the image of ρ is
conjugate to a subgroup of GLn(H), and so it acts on the H-vector space W = Hn.
It is immediate that W ⊗H E ≃ V as E[G]-modules. □

Recall that from the 2-cocycle cV we can define the crossed product algebra
EcV [∆] =

⊕
g∈∆[g] ·E. The product operation in EcV [∆] is defined by the relations

[g] · [h] = cV (g, h)[gh] and [g] · a = ga · [g],

for all g, h ∈ ∆ and a ∈ E.
For the coming proof, we will need the property that extension of scalars is left

adjoint to the restriction of scalars. More concretely, let R and S be commutative
rings, f : R → S a ring homomorphism, M an R-module and N an S-module.
Then there is an isomorphism of groups

HomS(M ⊗R S,N) ≃ HomR(M,ResS/RN)

which sends ϕ ∈ HomS(M ⊗R S,N) to the R-homomorphism m 7→ ϕ(m ⊗ f(1)).
For more details, we refer the reader to [Bou98, Chapter II, §5].

Lemma 5.3.4. There is an H-algebra isomorphism EndH[G](ResE/H V ) ≃ EcV [∆].
In particular, if n = [E : H] then EndH[G](ResE/H V ) ≃ Aop.

Proof. We have a chain of isomorphisms

EndH[G](ResE/H V ) = HomH[G](ResE/H V,ResE/H V )

≃ HomE[G](ResE/H V ⊗H E, V )

≃
⊕
g∈∆

HomE[G](
gV, V ).

Since V is irreducible as an E[G]-module, the E-vector space HomE[G](
gV, V ) is

generated by a single map, say λg, which sends gv 7→ Ag
gv for each v ∈ V . Hence

EndH[G](ResE/H V ) is isomorphic to EcV [∆] as an E-vector space, and we need to
check the relations for the crossed-product algebra.

For g ∈ ∆ we have

λg : ResV → ResV

v 7→ λg(v ⊗ 1) = λg((
tv)t∈∆) = Ag · gv.

Hence, given g, h ∈ ∆ and v ∈ V we obtain

λg ◦ λh(v) = λg(Ah · hv) = Ag · gAh · ghv = cV (g, h) ·Agh · ghv = cV (g, h)λgh(v),
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by the definition of the 2-cocycle cV . On the other hand, given a ∈ E and g ∈ ∆
we have

λg(av) = Ag · g(av) = gaAg
gv = ga · λg(v).

Therefore EndH[G](ResE/H V ) ≃ EcV [∆] as H-algebras. The second assertion is a
consequence of Proposition 1.2.4. □

5.4. λ-adic representations

In this section, we let k be a number field and A be a simple abelian variety
defined over k. Let SA be the set of primes of bad reduction for A. Let H and tA
be the center and Schur index of End0(A), respectively. By Proposition 5.1.3, A is
of GLn-type for n = 2dimA/tA[H : Q]. In the previous chapter we have proved
the following result for tA = 1 or a prime.

Theorem 4.2.7. The abelian variety A has an associated strictly compatible system
{ρA,λ}λ of H-rational λ-adic representations with values in GLn/tA(D

op), where

D = End0(A). For every λ ̸∈ Ram(D), ρλ takes values in GLn(Hλ) and is abso-
lutely irreducible. The exceptional set of the compatible system is SA.

Our goal is to prove this result for arbitrary tA. We let E be a maximal subfield
of End0(A). We ask that E/H is a Galois extension; such an E always exists by
the theorem of Albert–Brauer–Hasse–Noether (cf. Theorem 1.1.5). It might be
possible to remove this hypothesis, but we impose it since it makes our arguments
easier.

Let ℓ be a rational prime. As in Section 4.2, we denote by Vℓ(A) the ℓ-adic
Tate module of A. The field E acts on Vℓ(A), making it a free E ⊗Q Qℓ-module
of rank n. We have the direct product decomposition E ⊗Qℓ ≃

∏
L|ℓEL, where L

ranges over the primes of E dividing ℓ, and for each L we define the L-adic Tate
module as

VL(A) := Vℓ(A)⊗E⊗Qℓ
EL.

Let ρA,L : Gk → AutEL
(VL(A)) ≃ GLn(EL) be the corresponding Galois represen-

tation. Theorem 2.1.2 in [Rib76] asserts that {ρA,L}L forms a strictly compatible
system of E-rational representations of Gk. There is an isomorphism of Qℓ[Gk]-
modules

(5.1) Vℓ(A) ≃
⊕
L|ℓ

ResEL/Qℓ
(VL(A)).

Lemma 5.4.1. We have EndEL[Gk](VL(A)) = EL. If in addition A is genuinely
of GLn-type, then for every finite extension L/k we have EndEL[GL](VL(A)) = EL.
In particular, VL(A) is an absolutely irreducible EL[Gk]-module.

Proof. This is a consequence of Theorem 4.2.2, which gives us the isomor-
phism End0(AL)⊗Qℓ ≃ EndGL

(Vℓ(A)). Since we are assuming that A is genuinely
of GLn-type, the field E is maximal in End0(AL), and hence

EndE⊗Qℓ[GL](Vℓ(A)) = E ⊗Qℓ ≃
⊕
L|ℓ

EL.

On the other hand, EndEL′ [GL](VL(A)) contains EL′ for every L′ | ℓ. This implies
EndEL′ [GL](VL′(A)) = EL′ . □
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Fix a prime λ | ℓ of H and a prime L of E over λ. We now want to show
that the representation ρA,L has traces in Hλ. To do so we use the Hλ[Gk]-module
Vλ(A) from Section 4.2, defined as Vλ(A) = Vℓ(A) ⊗H⊗Qℓ

Hλ. This satisfies the
isomorphism of Hλ[Gk]-modules

(5.2) Vλ(A) ≃
⊕
L′|λ

ResEL′/Hλ
VL′(A).

For every other L′ | λ, fix an isomorphism EL ≃ EL′ , this allows us to see VL′(A)
as an EL-vector space (this is where we use the hypothesis that E/H is Galois).

Proposition 5.4.2. For every prime L′ of E and every v ̸∈ SA not dividing ℓ,
Tr(Frobv | VL(A)) ∈ H. Moreover, we have an isomorphism of EL[Gk]-modules
gVL′(A) ≃ VL′′(A) for all g ∈ Gal(EL/Hλ) and all L′ and L′′ dividing the same
prime λ of H.

Proof. By Theorem 4.2.2, we have the isomorphism End0(A)⊗HHλ ≃ EndHλ[Gk](Vλ(A)),

this is a central division Hλ-algebra of Hλ-dimension t2A = [E : H]2. From (5.2) we
have

EndHλ[Gk](Vλ(A)) ≃ EndHλ[Gk](
⊕
L′|ℓ

ResEL/Hλ
VL′(A))

≃
⊕

L′,L′′|λ

HomHλ[Gk](ResEL/Hλ
VL′(A),ResEL/Hλ

VL′′(A))

≃
⊕

L′,L′′|λ

HomEL[Gk](ResEL/Hλ
VL′(A)⊗Hλ

EL, VL′′(A))

≃
⊕

L′,L′′|λ

⊕
g∈Gal(EL/Hλ)

HomEL[Gk](
gVL′(A), VL′′(A)).

Now by Lemma 5.4.1 each EL[Gk]-module is absolutely irreducible, and hence
dimEL

HomEL[Gk](
gVL′(A), VL′′(A)) ≤ 1 with equality if and only if gVL′(A) ≃

VL′′(A) as EL[Gk]-modules. Hence the Hλ-dimension of EndHλ[Gk](Vλ(A)) is at

most
(

[E:H]
[EL:Hλ]

)2
[EL : Hλ]

2 = [E : H]2, with equality if and only if gVL′(A) ≃
VL′′(A) for every g ∈ Gal(EL/Hλ) and all L′,L′′ | λ. This is indeed the case, since
this dimension coincides with that of End0(A)⊗H Hλ.

In particular, we have found that gVL(A) ≃ VL(A) for all g ∈ Gal(EL/Hλ).
Therefore Tr(Frobv | VL(A)) ∈ Hλ for every prime λ of H. Since this trace also
belongs to E, we conclude that Tr(Frobv | VL(A)) ∈ H. □

Recall from Section 4.2 that, when λ ̸∈ Ram(End0(A)), the Hλ[Gk]-module
Vλ(A) has an absolutely irreducible submoduleWλ(A), such that Vλ(A) ≃Wλ(A)

⊕tA .

Proposition 5.4.3. The EL[Gk]-module VL(A) is realizable over Hλ if and only
if λ ̸∈ Ram(End0(A)). More precisely,

(1) If λ ̸∈ Ram(End0(A)), then

VL(A) ≃Wλ(A)⊗Hλ
EL

as EL[GL]-modules.
(2) If there exists an Hλ[Gk]-module W such that VL(A) ≃ W ⊗Hλ

EL as

EL[Gk]-modules, then λ ̸∈ Ram(End0(A)).
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Proof. For the first statement, we have that for every v ̸∈ SA and not dividing
λ,

tA TrHλ
(Frobv |Wλ(A)) = TrHλ

(Frobv | Vλ(A))

=
∑
L′|λ

TrHλ
(Frobv | ResEL/Hλ

VL′(A)) (5.2)

=
∑
L′|λ

[EL : Hλ] TrEL
(Frobv | VL(A)) (Proposition 5.4.2)

= [E : H] TrEL
(Frobv | VL(A))

= tA TrEL
(Frobv | VL(A)) (E is maximal).

Hence the traces of Frobenius coincide for Wλ(A) and VL(A), and we obtain the
stated isomorphism from the Chebotaryov density theorem.

For the second part, suppose that there is an Hλ[Gk]-module W such that
VΛ(A) ≃W ⊗Hλ

EL. Then by (5.2) and Proposition 5.4.2 we obtain

Vλ(A) ≃W⊕tA .

Then from Proposition 4.2.3 we have

End0(A)⊗H Hλ ≃ EndHλ[Gk](Vλ(A)) ≃ EndHλ[Gk](W
⊕tA) ≃ MtA(Hλ),

which implies λ ̸∈ Ram(End0(A)). □

We have determined the primes L of E such that VL(A) can be descended to
H. We will now finish the proof of Theorem 4.2.7.

Proof of Theorem 4.2.7. Given a prime λ of H, pick a prime L | λ of E.
Since [EL : Hλ] | tA | n, we can fix a Galois extension E/Hλ of degree n containing
EL. Let

ρλ : Gk → GLn(E)
be the representation given by the action of Gk on V := VL(A) ⊗EL

E. We will
show that the homomorphism ρλ takes values in GLn/tA((D ⊗H Hλ)

op).
We know by Lemmas 5.3.2 and 5.3.4 that the image of ρλ lands in the units

of EndHλ[Gk](ResE/Hλ
V )op. Let s be the number of primes of E over λ, we ob-

serve that [E : EL] =
n

[EL:Hλ]
= ns

[E:H] = ns
tA
. By Proposition 5.4.2 and Faltings’

isomorphism we obtain

D ⊗H Hλ ≃ EndHλ[Gk](Vλ(A)) ≃ EndHλ[Gk](
⊕
L′|λ

ResEL/Hλ
VL′(A))

≃ EndHλ[Gk](VL(A)
⊕s)

≃ Ms(EndHλ[Gk](ResEL/Hλ
VL(A)).

From the isomorphism ResE/EL
V ≃ VL(A)⊕[E:EL], we have

EndHλ[Gk](ResE/Hλ
V )op ≃ M[E:EL](EndHλ[Gk](ResEL/Hλ

VL(A))
op

= Mns/tA(EndHλ[Gk](ResEL/Hλ
VL(A))

op

≃ Mn/tA(D ⊗H Hλ)
op.

Thus we obtain the result. □
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5.5. Inner twists and the Nebentype

In this section we let A be an abelian variety defined over k genuinely of GLn-
type, and let B be its associated building block. There exists a minimal extension
K/k over which A has all its endomorphisms defined. We let H and F be the
centers of End0(A) and End0(B), respectively. For each s ∈ Gal(K/k), there is an
F -algebra homomorphism

Ψs : End
0(AK)→ End0(AK)

φ 7→ sφ

As in the proof of Proposition 5.2.3, there exists some α(s) ∈ End0(AK)× such that
sφ = α(s)φα(s)−1. We fix a choice of α(s) for every s ∈ Gal(K/k).

We first observe that the α(s) generate H over F .

Lemma 5.5.1. We have F ({α(s)}s∈Gal(K/k)) = H.

Proof. Let D = End0(A), X = End0(AK) and H ′ = F ({α(s)}s∈Gal(K/k)).

For every φ ∈ X we have φ = sφ if and only if φ ∈ D, and sφ = α(s)φα(s)−1.
Hence sα(s) = α(s) for every s, and H ′ ⊆ H. Moreover, we find D = CX(H ′),
the centralizer of H ′ in X. On the other hand, we have H ⊆ CX(D), so H ⊆
CX(CX(H ′)). We now apply the Double Centralizer theorem (cf. Theorem 1.1.4),
which yields H ⊆ CX(CX(H ′)) = H ′. □

We now define certain maps (which will be seen to be characters) that will be
used later to study the Tate modules of A.

Definition 5.5.2. For every γ ∈ Aut(H/F ), we define the inner twist associated
to γ as the map

χγ : Gal(K/k)→ H×

s 7→ γα(s)/α(s).

Lemma 5.5.3. For all γ, δ ∈ Aut(H/F ) we have the cocycle identity χγδ = χγ ·γχδ.
Each map χγ is a character.

Proof. The first assertion is a simple check. For the second, we define

ξ(s, t) = α(s)α(t)α(st)−1.

By the definition of α : Gal(K/k) → H× we see that ξ(s, t) commutes with all
End0(AK) and so ξ(s, t) ∈ F×. Hence we also have

ξ(s, t) = γα(s)γα(t)γα(st)−1.

Dividing both equalities it follows that χγ(st) = χγ(s)χγ(t). □

Suppose from now on that A is geometrically of the first kind, so that F is
totally real. The field H is either totally real or a CM field. We can thus consider
the complex conjugation γ = c ∈ Aut(H/F ), and we say ε := χ−1

c is the Nebentype
of A. Note that ε is nontrivial if and only if H is a CM field. We will often consider
each inner twist χγ as a (finite order) character of Gk.

Remark 5.5.4. Since A is geometrically of the first kind, we have that n is even.
A treatment of inner and outer twists for odd n can be found in [Sha25].



5.5. INNER TWISTS AND THE NEBENTYPE 83

For the next result, we fix a polarization of A, and denote by ′ the Rosati
involution on End0(A). Recall that this involution restricts to c on the center H of
End0(A).

Proposition 5.5.5. If A is geometrically of the first kind, then the extension H/F
is abelian.

Proof. Since it makes notation clearer, we will use ·̄ to denote complex con-
jugation. Note first that we can write

(5.3) α(s)2 = α(s) · α(s) · ε(s)

for every s ∈ Gal(K/k). Let us show that α(s) · α(s) ∈ F by checking that it
commutes with every element φ ∈ End0(AK). Indeed, we have

sφ = α(s)φα(s)−1, (sφ)
′
= α(s)−1φ′α(s).

Now we note that sφ′ = (sφ)
′
, since the polarization of A is defined over k. Hence

we obtain α(s)−1α(s)−1φ′α(s)α(s) = φ′ for all φ ∈ End0(AK), and so α(s)α(s) ∈ F
for all s.

We finish observing that, by (5.3), H is contained in the extension of F gener-

ated by the square roots of α(s)α(s) and by ζ2m, where m is the order of ε. □

Let D = End0(A). In the remaining of the section we will show how the
inner twists just defined interact with the system of representations ρA,λ : Gk →
GLn/tA(D

op
λ ) from Theorem 4.2.7, under the assumption that A is geometrically

of the first kind. For a prime λ of H we let Vλ(A) = Vℓ(A) ⊗H⊗Qℓ
Hλ as usual,

and for λ ̸∈ Ram(D), we let Wλ(A) be the absolutely irreducible Hλ[Gk]-module
realising ρA,λ.

By Proposition 5.5.5 we have that H/F is a Galois extension. Given some λ | ℓ,
we fix an isomorphism Hλ ≃ Hλ′ for every other λ′ | ℓ. If Vλ′(A) and Wλ′(A) are
the Hλ′ [Gk]-modules associated to A, this isomorphism allows us to consider them
as vector spaces over Hλ. For each prime l | ℓ of F , we let Vl(A) := Vℓ(A)⊗F⊗Qℓ

Fl.
Similarly as in (5.2), we have an isomorphism

Vl(A) ≃
⊕
λ|l

ResHλ/Fl
Vλ(A)

of Fl[Gk]-modules. Let SA be the primes of k of bad reduction for A, and SA,K the
primes of K lying above the primes in SA.

Proposition 5.5.6. Let l be some prime of F and a prime λ | l of H. For all
primes λ′, λ′′ | l of H and every g ∈ Gal(Hλ/Fl), we have an isomorphism

gVλ′(A) ≃ Vλ′′(A)

of Hλ[GK ]-modules. In particular, for every prime w ̸∈ SA,K the trace Tr(Frobw |
Vλ(A)) belongs to F . If in addition λ′, λ′′ are not in Ram(End0(A)), then we have
an isomorphism gWλ′(A) ≃Wλ′′(A) of Hλ[GK ]-modules.

Proof. The proof is identical to that of Proposition 5.4.2, we provide it for
completeness. By the isomorphism Vλ(A) ≃Wλ(A)

⊕tA (whenever λ ̸∈ Ram(End0(A))),
it is enough to have the stated isomorphisms for the modules Vλ(A). By applying
Theorem 4.2.2 we have the isomorphism

(5.4) End0(AK)⊗F Fl ≃ EndFl[GK ](Vl(A)).
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Let E be a maximal subfield of End0(A) with E/H Galois. The left-hand side of
(5.4) is an algebra of Fl-dimension [E : F ]2, as E is maximal in End0(AK). We
now let G = Gal(Hλ/Fl) and rewrite the right-hand side as follows:

EndFl[GK ](Vl(A)) ≃
⊕

λ′,λ′′|l

HomFl[GK ](ResHλ/Fl
Vλ′(A),ResHλ/Fl

Vλ′′(A))

≃
⊕

λ′,λ′′|l

⊕
g∈G

HomHλ[GK ](
gVλ′(A), Vλ′′(A)).

Now dimFl
HomHλ[GK ](

gVλ′(A), Vλ′′(A)) ≤ t2A[Hλ : Fl], and hence the Fl-dimension

of EndFl[GK ](Vl(A)) is at most t2A[H : F ]2 = [E : F ]2, with equality if and only if
gVλ′(A) ≃ Vλ′′(A) for all λ′, λ′′ | l and g ∈ Gal(Hλ/Fl). This is indeed the case,
and we have the desired isomorphisms.

In particular we now have g Tr(Frobw | Vλ(A)) = Tr(Frobw | Vλ(A)) for every
w ̸∈ SA,K and g ∈ Gal(Hλ/Fl), and so the trace of Frobw belongs to Fl ∩H. As
this holds for any prime l of F , we obtain Tr(Frobw | Vλ(A)) ∈ F . □

Remark 5.5.7. The proof we have just given still holds if A is geometrically of the
second kind, as long as the extension of CM fields H/F is Galois.

Given λ, λ′ ̸∈ Ram(D), we now know that Wλ(A) and Wλ′(A) are isomorphic
as Hλ[GK ]-modules. We wish to describe their relation as Gk-modules. We begin
by observing the following fact.

Lemma 5.5.8. Let A be geometrically of the first kind and λ, λ′ ̸∈ Ram(D). There
exists at most one finite image character χ : Gk → H×

λ such that Wλ(A) ≃ χ ⊗
Wλ′(A). In particular, if χ satisfies Wλ(A) ≃ χ⊗Wλ(A), then χ is trivial.

Proof. Let χ, ξ : Gk → H×
λ be two finite characters such that

Wλ(A) ≃ χ⊗Wλ′(A) ≃ ξ ⊗Wλ′(A).

Let L/k be a finite Galois extension such that GL is contained in the kernel of χ
and ξ. By irreducibility of Wλ(A) and Wλ′(A) as Hλ[GL]-modules, we have that

HomGL
(Wλ(A),Wλ′(A))

has Hλ-dimension 1. But this is a representation of Gal(L/k), and hence it must
equal both χ and ξ, so χ = ξ. □

We now show how the character in the previous lemma is precisely an inner
twist. As in Section 5.3, for every γ ∈ Gal(H/F ) we let γWλ(A) be the Hλ[Gk]-
moduleWλ(A) with the action of Gk given by conjugating every entry in the image
of ρA,λ by γ.

Proposition 5.5.9. Let A be geometrically of the first kind, let λ ̸∈ Ram(D) be a
prime of H, and let γ ∈ Gal(H/F ). We have the isomorphism of Hλ[Gk]-modules

Wλ(A) ≃ χ−1
γ ⊗ γWλ(A),

where χγ(s) =
γα(s)/α(s) is the inner twist associated to γ. In particular, we have

Wλ(A) ≃ ε⊗ cWλ(A),

where c denotes complex conjugation and ε = χ−1
c is the Nebentype of A.
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Proof. To show the statement is equivalent to showing it for Vλ(A) and
γVλ(A). By Proposition 5.5.6 we have Vλ(A) ≃ γVλ(A) as Hλ[GK ]-modules. Hence
to show

Vλ(A) ≃ χ−1
γ ⊗ γVλ(A)

is equivalent to showing that Gal(K/k) acts via χ−1
γ on

(γVλ(A)
∨ ⊗ Vλ(A))GK ≃ HomHλ[GK ](

γVλ(A), Vλ(A)),

where ∨ denotes the contragredient representation. Let l be the prime of F below
λ and γ(λ). We have seen that

End0(AK)⊗F Fl ≃
⊕

λ′,λ′′|l

⊕
h∈Gal(Hλ/Fl)

HomHλ[GK ](
hVλ′(A), Vλ′′(A)),

and any s ∈ Gal(K/k) acts on End0(AK) by conjugation by α(s). In particu-
lar, if λ′ = σ(λ) and λ′′ = τ(λ), then α(s) acts on HomHλ[GK ](

hVλ′(A), Vλ′′(A)) as
τα(s)/σhα(s). Hence Gal(K/k) acts on HomHλ[GK ](

γVλ(A), Vλ(A)) as α(s)/
γα(s) =

χγ(s)
−1, as expected. □

Remark 5.5.10. Let l be a prime of F splitting completely in H and let λ be a
prime of H over l. For every γ ∈ Gal(H/F ), γ acts on Wλ(A) by conjugating the
entries of Gk → Aut(Wλ(A)) ≃ GLn(Hλ) by γ (cf. Section 5.3). If σλ : H⊗QQℓ →
Hλ and σγ(λ) : H⊗QQℓ → Hγ(λ) denote the projections onto the respective factors,

we have σγ(λ) = γ ◦ σλ. Recall that Vλ(A) = Vℓ(A) ⊗H⊗Qℓ
Hλ ≃ Wλ(A)

⊕tA , with
the tensor product being taken with respect to σλ, and similarly for γ(λ). Hence
we obtain γWλ(A) ≃ Wγ(λ)(A) as Hλ[Gk]-modules (i.e. as Fl[Gk]-modules, since
Hλ ≃ Fl). Therefore, the isomorphism in the proposition above becomes

Wλ(A) ≃ χ−1
γ ⊗Wγ(λ)(A).

This corresponds to Lemmas 5.10 and 5.11 in [Pyl04].
In general, if l is any prime of F , λ | l and γ ∈ Gal(H/F ), then γWλ(A) ≃

gWγ(λ)(A) for some g ∈ Gal(Hλ/Fl). Note that this is an artifact of having to
choose an isomorphism Hλ ≃ Hγ(λ) to be able to compare the modules in the first
place.

Corollary 5.5.11. Supose A is geometrically of the first kind. The subextension
of K/k cut out by all the inner twists is K/k itself. In particular, Gal(K/k) is
abelian.

Proof. Let l be a prime of F that splits completely in H and such that every
λ | l is not in Ram(D). By the proof of Proposition 5.5.6, K/k is the smallest
extension such that Wλ(A) ≃Wλ′(A) for all λ, λ′ | l. By Proposition 5.5.9, K/k is
the extension cut out by the inner twists. □

We have seen the relation between the Hλ[Gk]-modules Wλ(A) and the inner
twists of A. We now use the properties seen so far to endow Wλ(A) with a pairing,
which in particular will allow us to compute the determinant of the representation.

Proposition 5.5.12. Suppose A is geometrically of the first kind. For each λ ̸∈
Ram(D), there exists an Hλ-bilinear, Gk-equivariant, nondegenerate pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ).

This pairing is unique up to multiplication by elements in H×
λ .
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Proof. We first note that we have isomorphisms

HomHλ[Gk](Wλ(A)⊗Wλ(A), εχℓ) ≃ ((Wλ(A)⊗Wλ(A))
∨ ⊗ εχℓ)

Gk

≃ (Wλ(A)
∨ ⊗ (Wλ(A)

∨ ⊗ εχℓ))
Gk

≃ HomHλ[Gk](Wλ(A),Wλ(A)
∨ ⊗ εχℓ),

where all tensor products are with respect to Hλ to account for Hλ-linearity.
Hence, the existence of a pairing is equivalent to having an isomorphism Wλ(A) ≃
Wλ(A)

∨ ⊗ εχℓ of Hλ[Gk]-modules. Its uniqueness will be a consequence of the
irreducibility of Wλ(A). By Proposition 5.5.9, we have the isomorphism

Wλ(A) ≃ cWλ(A)⊗ ε.
Let v ̸∈ SA and let α be an eigenvalue of Frobv acting on Wλ(A). By the Weil
conjectures, we have ᾱ = Nm(v)/α. It follows from this fact and the Chebotaryov
density theorem that

cWλ(A) ≃Wλ(A)
∨ ⊗ χℓ.

Combining the displayed isomorphisms we obtain Wλ(A) ≃ Wλ(A)
∨ ⊗ εχℓ, as

desired. □

Remark 5.5.13. If A is of the first kind over k, then the moduleWλ(A) already has

a nondegenerate Gk-equivariant pairing ψ̃λ by Theorems 4.3.3, 4.3.7 and 4.3.11.
Hence the pairing just constructed must agree with ψ̃λ up to scalars.

Corollary 5.5.14. Suppose A is genuinely of GLn-type and geometrically of the
first kind. For every prime λ ̸∈ Ram(D), the determinant of the representation

Wλ(A) equals ε
n/2χ

n/2
ℓ .

Proof. The previous proposition gives an isomorphism Wλ(A) ≃ Wλ(A)
∨ ⊗

εχℓ. Hence, if s ∈ Gk then the eigenvalues of s acting on Wλ(A) come in pairs α, α′

such that αα′ = ε(s)χℓ(s). The product of all the eigenvalues of s is thus equal to
ε(s)n/2χℓ(s)

n/2. □

5.6. A converse theorem

Let A be an abelian variety defined over k genuinely of GLn-type and let B
be its building block. We have seen in Proposition 5.5.12 that the Tate modules of
A have a non-degenerate, bilinear, Galois-equivariant pairing if A is geometrically
of the first kind. In this section we prove the converse statement: if some Tate
modules of A have such a pairing, then A is geometrically of the first kind.

The main idea in our statement takes inspiration from [Rib04, Theorem 5.3],
where Ribet treats the case of an abelian variety A/Q which is genuinely of GL2-
type. We shall see along our reasoning that Ribet was using the determinant pairing
(cf. [Rib04, Lemma 3.1]) to show A is geometrically of the first kind.

Let H be the center of D = End0(A), F the center of End0(B), and E a
maximal subfield of End0(A). Let SA be the set of primes of k of bad reduction for
A.

We begin by characterizing the center of the endomorphism algebra of A as we
take an extension of k.

Proposition 5.6.1. Let L/k be a finite extension and let SA,L be the set of primes
of L above SA. The following fields coincide:
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(1) The center M1 of End0(AL).
(2) The field M2 generated over Q by the traces Tr(Frobv | Wλ(A)), where λ

is a fixed prime of H and v varies over the primes of L not in SA,L and
coprime with λ.

If in addition we fix a rational prime ℓ that splits completely in H, then M1 and
M2 are also equal to:

(3) The smallest subfield M3 of H satisfying the following property: two
primes λ, λ′ of H lie over the same prime l | ℓ of M3 if and only if
Wλ(A) ≃Wλ′(A) as Qℓ[GL]-modules.

Proof. Since the centerM1 of End0(AL) does not vary with ℓ, and theWλ(A)
form a compatible system, it is enough to prove the equality of all three fields
assuming that ℓ splits completely in H. Note then that Hλ = Qℓ for every λ | ℓ.
By letting ℓ be a rational prime that splits completely in H, the primes over ℓ are
in one-to-one correspondence with the embeddings H → Qℓ. If λ | ℓ, we denote by
bλ the image of b ∈ H through the corresponding embedding.

For each prime v of L not in SA,L, we let av ∈ H be the corresponding trace
of Frobenius. With these, we have

Tr(Frobv |Wλ(A)) = av,λ Tr(Frobv |Wλ′(A)) = av,λ′

for all λ, λ′ | ℓ. We now have Wλ(A) ≃ Wλ′(A) as Qℓ[GL]-modules if and only
if av,λ = av,λ′ for all but finitely many v, and this is the case if and only if the
embeddings given by λ and λ′ coincide on M2 = Q({av}v ̸∈SA,L

). Moreover, the
embeddings given by λ, λ′ coincide on M2 if and only if they lie over the same
prime l | ℓ of M2. Hence M2 =M3.

Now we know thatWλ(A) is an absolutely irreducible Qℓ[GL]-module, and that
EndQℓ[GL](Wλ(A)) = Hλ = Qℓ. We observe that

Vℓ(A) =
⊕
λ|ℓ

ResHλ/Qℓ
Wλ(A)

⊕tA =
⊕
λ|ℓ

Wλ(A)
⊕tA .

Using the characterizing property of M3, we see the endomorphisms of this repre-
sentation are

EndQℓ[GL](Vℓ(A)) =
∑
λ,λ′|ℓ

HomQℓ[GL](Wλ(A)
⊕tA ,Wλ′(A)⊕tA) =

⊕
l′3|ℓ

MtA[H:M3](Qℓ),

where l′3 ranges over the primes of M3 above ℓ. On the other hand, Faltings’
isomorphism tells us that EndQℓ[GL](Vℓ(A)) = End0(AL) ⊗ Qℓ. The latter is an
algebra with center

M1 ⊗Q Qℓ ≃
∏
l′1|ℓ

M1,l′1
=
∏
l′1|ℓ

Qℓ,

where l′1 ranges over the primes of M1 above ℓ. This shows M1 ⊗ Qℓ = M3 ⊗ Qℓ.
This is an equality inside H ⊗ Qℓ, so M1 satisfies the same property as M3, and
hence M1 =M3. □

Recall that K/k is the minimal extension such that End(AK) = End(Ak̄).

Corollary 5.6.2. Let ℓ be a rational prime that splits completely in H and let
λ, λ′ | ℓ be primes of H. Then λ and λ′ lie over the same prime of F if and only if
there exists a finite order character χ : Gk → H× such that Wλ(A) ≃Wλ′(A)⊗ χ.
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Proof. This is a direct application of Proposition 5.6.1, by taking L = K and
considering that F =M1 is the center of End0(AK). □

Proposition 5.6.3. Let ξ : Gk → Q̄× be a finite order character. Suppose that
there is a set T of primes of H of density one with the following property. For
every λ ∈ T , there exists a nondegenerate, Hλ-bilinear, Gk-equivariant pairing

Wλ(A)×Wλ(A)→ Hλ(ξχℓ),

Then F = Q
({

Tr(Frobv|Wλ(A))2

ξ(Frobv)

}
v ̸∈SA

)
.

Proof. Choose a rational prime ℓ splitting completely in H, in such a way
that every prime λ | ℓ of H is in the set T . Fix some prime l | ℓ of F and two primes
λ, λ′ | l of H. In particular,Wλ(A) andWλ′(A) have each a pairing as stated. Then
by Corollary 5.6.2 there exists a character χ of Gk with

Wλ(A) ≃Wλ′(A)⊗ χ.

Therefore, for every prime v of k not in SA and coprime with ℓ we have

av,λ = av,λ′ · χ(Frobv).

By taking similitudes with respect to the Gk-equivariant pairings, and then dividing
by the cyclotomic character, we have

ξ(Frobv)λ = (χ(Frobv)
2ξ(Frobv))λ′ .

We thus obtain

(5.5)
a2v,λ

ξ(Frobv)λ
=

a2v,λ′

ξ(Frobv)λ′
,

and hence
a2
v

ξ(Frobv)
∈ F . By varying ℓ, we obtain the inclusion Q({ a2

v

ξ(Frobv)
}v ̸∈SA

) ⊆
F .

To see the reverse inclusion, suppose that the equality (5.5) holds for every pair
λ and λ′ over the fixed prime ℓ, and for all v ̸∈ SA and not dividing ℓ. Our goal is to
see that λ and λ′ lie over the same prime of F . By the Chebotaryov density theorem,

the functions Tr2

sim of Gk agree for Wλ(A) and Wλ′(A). By taking an extension L of
k containing K and such that GL ⊆ ker ξ, we see that Tr(g | Wλ(A)) = ±Tr(g |
Wλ′(A)) for all g ∈ GL. Hence Wλ(A) and Wλ′(A) become GL′ -isomorphic once
we take a further finite extension L′/L. It follows by Proposition 5.6.1 that λ and

λ′ lie over the same prime of F , and hence F ⊆ Q({ a2
v

ξ(Frobv)
}v ̸∈SA

). □

In summary, we have obtained the following result.

Theorem 5.6.4. Let A be genuinely of GLn-type. The following are equivalent.

(1) A is geometrically of the first kind.
(2) There exists a finite order character ξ : Gk → Q̄× and a set T of primes of

H of density one, such that for every λ ∈ T there exists a nondegenerate
Hλ-bilinear, Gk-equivariant pairing

Wλ(A)×Wλ(A)→ Hλ(ξχℓ).

In that case, ξ = ε, and F = Q({ a2
v

ξ(Frobv)
}v ̸∈SA

).
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Proof. That (1) implies (2) is Proposition 5.5.12. Conversely, if we assume
(2) then by Proposition 5.6.3 we have the equality

F = Q

({
Tr(Frobv |Wλ(A))

2

ξ(Frobv)

}
v ̸∈SA

)
.

Let λ ∈ T and let c denote complex conjugation. By the Weil conjectures, we have
cWλ(A) ≃ Wλ(A)

∨ ⊗ χℓ. The pairing on Wλ(A) is equivalent to an isomorphism
Wλ(A) ≃Wλ(A)

∨ ⊗ ξχℓ. Combining both isomorphisms we obtain

cWλ(A) ≃Wλ(A)
∨ ⊗ χℓ ≃Wλ(A)⊗ ξ−1.

Hence, if we let av = Tr(Frobv |Wλ(A)), then c(av) = av/ξ(Frobv). It follows that

c

(
a2v

ξ(Frobv)

)
=

c(av)
2

ξ(Frobv)−1
=

a2v
ξ(Frobx)

,

and F is totally real. This is the definition of A being geometrically of the first kind,
and we obtain (1). A posteriori, ξ = ε, due to the uniqueness in Proposition 5.5.12.

□

5.7. Symplectic and orthogonal representations

In this section, we let A/k be an abelian variety genuinely of GLn-type and
geometrically of the first kind. We let K/k be the minimal extension such that
End(AK) = End(Ak̄), we have AK ∼ Br, where B is the building block associated
to A. As before, we let H be the center of D = End0(A) and F be the center of
End0(B).

Lemma 5.7.1. Let λ be a prime of H lying over a prime l ̸∈ Ram(End0(B)) of F .
Then λ ̸∈ Ram(End0(A)).

Proof. This is a consequence of the Brauer class equation

[End0(A)] = [End0(B)⊗F H]

from Proposition 5.2.5. Indeed, if End0(B) ⊗F Fl is a matrix algebra, then so
is (End0(B) ⊗F Fl) ⊗Fl

Hλ, and we are done since the latter is isomorphic to

(End0(B)⊗F H)⊗H Hλ. □

Fix a prime l ̸∈ Ram(End0(B)) and let λ be a prime of H over l. In Section 5.4,
we studied the Gk-modules Vλ(A) = Vℓ(A)⊗H⊗Qℓ

Hλ and Vl(A) = Vℓ(A)⊗F⊗Qℓ
Fl,

which are related via the isomorphism

(5.6) Vl(A) =
⊕
λ′|l

ResHλ′/Fl
Vλ(A).

of Fl[Gk]-modules. Recall that there is an absolutely irreducible Hλ[Gk]-module
Wλ(A) such that Vλ(A) ≃ Wλ(A)

⊕tA . By Proposition 5.5.12, there exists an Hλ-
bilinear, non-degenerate, Gk-equivariant pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ),

where ε is the Nebentype character of A. If H is a totally real field, then ε is trivial,
and moreover ψλ is either alternating (if End0(A) has Albert type I or II) or sym-
metric (if End0(A) has Albert type III). This is a consequence of Theorems 4.3.3,
4.3.7 and 4.3.11, together with the uniqueness of ψλ up to scalars.
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We now want to show the alternating or symmetric nature under the assump-
tion that H is not totally real using the building block B. Since AK ∼ Br, we have
Vℓ(A) ≃ Vℓ(B)⊕r as Qℓ[GK ]-modules. We let Vl(B) = Vℓ(B) ⊗F⊗Qℓ

Fl, we then
have the isomorphism of Fl[GK ]-modules

(5.7) Vl(A) ≃ Vl(B)⊕r.

Since B is of the first kind and l ̸∈ Ram(End0(B)), we know (again from the
results of Chapter 4) that there exists an absolutely irreducible Fl[GK ]-module
Wl(B) such that Vl(B) ≃ Wl(B)⊕tB . Moreover, this module comes with an Fl-
bilinear, non-degenerate, GK-equivariant pairing

ψl :Wl(B)×Wl(B)→ Fl(χℓ |GK
),

which is alternating if B has Albert type I or II, and symmetric if B has Albert
type III.

Proposition 5.7.2. For every l ̸∈ Ram(End0(B)) and every λ of H over l, there
is an isomorphism Wλ(A) ≃Wl(B)⊗Fl

Hλ of Hλ[GK ]-modules.

Proof. Since we are assuming A to be geometrically of the first kind, H/F is a
Galois extension by Proposition 5.5.5. Hence we may fix an isomorphism Hλ′ ≃ Hλ

for each λ′ | Fl, and see Wλ′(A) as an Hλ[GK ]-module. We have isomorphisms of
Fl[GK ]-modules

Vl(A) ≃ Vl(B) ≃Wl(B)⊕rtB

Vl(A) ≃
⊕
λ′|l

ResHλ|Fl
Vλ′(A) ≃

⊕
λ′|l

ResHλ|Fl
Wλ′(A)⊕tA .

Let SA,K be the set of primes of K above the primes of SA. For every prime w of
K, w ̸∈ SA,K , we have

rtB TrFl
(Frobw |Wl(B)) = TrFl

(Frobw | Vl(A))

= tA
∑
λ′|l

TrFl
(Frobw | ResHλ|Fl

(Wλ′(A))).

Now by Proposition 5.5.6 we know that TrHλ
(Frobw | Wλ′(A)) ∈ F and that

Wλ′(A) ≃Wλ(A). Hence the above is equal to

tA[Hλ : Fl]
∑
λ′|l

TrHλ
(Frobw |Wλ′(A)) = tA[H : F ] TrHλ

(Frobw |Wλ(A)).

Now we have rtB = [E : F ] = tA[H : F ]. Hence the proof concludes from the
equalities TrFl

(Frobw | Wl(B)) = TrHλ
(Frobw | Wλ(A)) and the Chebotaryov

density theorem. □

Remark 5.7.3. Just as in Remark 5.5.7, the proposition above works exactly the
same whenever F is a CM field, as long as we assume H/F is a Galois extension.

Theorem 5.7.4. Let l ̸∈ Ram(End0(B)) and λ a prime of H over l. The Hλ-
bilinear, Gk-equivariant, nondegenerate pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ)

from Proposition 5.5.12 is alternating if B has Albert type I or II, and symmetric
if B has Albert type III.
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Proof. By Proposition 5.7.2, we can define a pairing on Wλ(A),

ψ̃λ :Wλ(A)×Wλ(A)→ Hλ(χℓ|GK
), ψ̃λ(v ⊗ a,w ⊗ b) := ab · ψl(v, w)

for v, w ∈ Wl(B) and a, b ∈ Hλ. The pairing ψ̃λ inherits the properties of ψl: it
is Hλ-bilinear, nondegenerate, GK-equivariant, alternating if B has Albert type I
or II, and symmetric if B has Albert type III. Now we see that the Gk-equivariant
pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ)

must coincide, up to some scalar in H×
λ , with ψ̃λ when seen as a GK-equivariant

pairing: this is a consequence of the irreducibility of Wλ(A) as an Hλ[GK ]-module.
Hence ψλ is necessarily alternating or symmetric according to the nature of ψl. □

Remark 5.7.5. Theorem 5.7.4 gives an alternative proof of the following fact:
there is no abelian variety A/k which is genuinely of GL2-type and whose building
block B has Albert type III (cf. [Shi63, Theorem 5(a)]). Indeed, the Hλ-bilinear,
GK-equivariant, nondegenerate symmetric pairing

ψλ :Wλ(A)×Wλ(A)→ Hλ(εχℓ)

must coincide with the determinant pairing on Wλ(A) up to a scalar in H×
λ . How-

ever, the latter is an alternating pairing, which would imply ψλ is degenerate, which
is a contradiction. Hence B cannot have Albert type III.

We summarize the results we have obtained.

Corollary 5.7.6. Let A be a simple abelian variety over a number field k which
is genuinely of GLn-type and geometrically of the first kind. Let H be the center
of D = End0(A) and let tA ∈ {1, 2} be the Schur index of D. Attached to A there
is a strictly compatible system {ρA,λ}λ of H-rational representations with values in
GLn/tA(D

op).
Let B be the building block associated to A. For every λ ̸∈ Ram(D), the repre-

sentation ρλ is absolutely irreducible, and moreover:

(1) If B has Albert type I or II, then ρλ takes values in GSpn(Hλ).
(2) If B has Albert type III, then ρλ takes values in GOn(Hλ).

In both cases, the similitude factor of ρλ equals εχℓ.

Definition 5.7.7. Let A/k be an abelian variety genuinely of GLn-type and let
B/k̄ be its associated building block. We say A is genuinely of GSpn-type if B has
Albert type I or II. We say A is genuinely of GOn-type if B has Albert type III.

We close the section by giving some examples.

Example 5.7.8.

(1) Any abelian variety A/k with End(Ak̄) = Z is genuinely of GSp2 dimA-
type. As the center H = Q, the Nebentype of A is trivial.

(2) Given any even g, Mestre [Mes09] has constructed families of genus g
curves C/k such that (generically) Jac(C) is geometrically simple and has

End0(Jac(C)Q̄) = Q(
√
2).

In our language, this is a family of varieties genuinely of GSpg-type. Note

that the Nebentype is always trivial, since Q(
√
2) is totally real. For an

example, we may take the curve

C : y2 = (x− 3)(3x− 1)(x2 − 5)(x2 + 11)(x2 + 7)(x2 − 4)/k,
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where k = Q(
√
5). By using the algorithm in [CMSV19], one checks that

End0(Jac(C)) = End0(Jac(C)k̄) = Q(
√
2).

(3) In Chapter 6, we will give families of abelian fourfolds genuinely of GSp4-
type. By taking appropriate specializations, we will obtain fourfolds whose
Nebentype is a nontrivial quadratic character.

(4) In [CFLV23], Cantoral-Farfán, Lombardo and Voight give curves C/Q of
every even genus g ≥ 4, such that its jacobian A = Jac(C) has End0(A) =
Q(
√
−1), and End0(AQ̄) is the quaternion algebra ramified at 2 and ∞. It

follows that A is genuinely of GOg/2-type and has nontrivial Nebentype.
For a concrete example, we may take the jacobian of the genus-4 curve

C : y2 = x(x4 − 1)(x4 + x2 + 1).

5.8. Siegel-modular abelian varieties

Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (2, 2)
which is not CAP or endoscopic. Let επ be the Dirichlet character corresponding
to the central character of π, and let Hπ be the coefficient field of π. By [Wei22,
Theorem 3.3], for each prime λ of Hπ there is a continuous, semisimple Galois
representation

ρπ,λ : GQ → GSp4(H̄π,λ)

with similitude επχℓ. Moreover, the representations {ρπ,λ} form a strictly compat-
ible system (with exceptional set equal to the set of primes at which π ramifies).
We let Wλ(π) be the H̄π,λ-vector space on which GQ acts through ρπ,λ. We fix a
prime λ of H dividing a rational prime ℓ, and we define the number field

Fπ = Q

({
Tr(ρπ,λ(Frobp))

2

επ(p)

}
p∤ℓN

)
.

Theorem 5.8.1. Let A/Q be an abelian variety genuinely of GL4-type and let
B/Q̄ be its associated building block. Let HA be the center of End0(A) and let FA

be the center of End0(AQ̄). Let ℓ be a rational prime. Fix embeddings Hπ → Q̄ℓ

and HA → Q̄ℓ and let λ, λ′ be the corresponding primes of Hπ and HA over ℓ,
respectively. Suppose that λ′ ̸∈ Ram(End0(A)) and that there is an isomorphism of
Q̄ℓ[GQ]-modules

Wλ(π) ≃Wλ′(A)⊗Hλ′ Q̄ℓ.

Then A is geometrically of the first kind and B has Albert type I or II. Moreover,
we have HA = Hπ, FA = Fπ, and if εA denotes the Nebentype of A, then εA = επ.

Proof. The fields Hπ and HA are generated by the traces of Frobenius ele-
ments Frobv for v acting on Wλ(π) and Wλ(A) outside of a finite set, respectively.
It follows that HA = Hπ, and we may assume λ = λ′. The fact that ρπ,λ takes val-
ues in GSp4(H̄π,λ) means there is a GQ-equivariant, nondegenerate, H̄π,λ-bilinear
alternating pairing

Ψλ :Wλ(π)×Wλ(π)→ H̄π,λ(επχℓ).

Since the image of ρπ,λ ≃ ρA,λ also lands in GL4(Hπ,λ), and Ψλ is given by linear
conditions and has similitude επχℓ, it follows that there exists a pairing on Wλ(A)
with similitude επχℓ. Namely, we have a pairing

ψλ :Wλ(A)×Wλ(A)→ H̄A,λ(επχℓ)
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which is equivariant, nondegenerate and alternating. We now observe that for every
other rational prime ℓ̃ and λ̃ | ℓ̃ of HA not in Ram(End0(A)), we have

Wλ̃(π) ≃Wλ̃(A)⊗ H̄A,λ̃,

because the representations in both sides are part of their respective compatible
systems. In particular, Wλ(A) carries an alternating pairing for all but finitely
many λ. By Theorem 5.6.4, A is geometrically of the first kind and επ = εA, and
we also obtain FA = Fπ. Finally, assume for a contradiction the building block
B has Albert type III. Then by Theorem 5.7.4 we would have a nondegenerate
symmetric pairing ψ′

λ onWλ(A) with similitude character εAχℓ. By the uniqueness
of the pairing ψ′

λ up to scalars from Proposition 5.5.12, we have ψλ = κψ′
λ for

some nonzero κ, and so ψλ is both alternating and symmetric. But then this is a
degenerate pairing, which is a contradiction. Hence B has Albert type I or II. □

Remark 5.8.2. In [KKW22, § 2.1], the field Fπ has been identified as the field
generated by the traces of ρπ,λ after restricting to the field cut out by inner twists.
By Corollary 5.5.11, Proposition 5.6.1 and Proposition 5.6.3, this corresponds to
our characterization of the center FA of End0(AQ̄).

In the particular case where A is a fourfold and End0(A) = D is a quaternion
algebra, the result we just proved confirms the expectation in [BCGP21, §10.4.1]
that D should be indefinite. More precisely, we have the following result.

Proposition 5.8.3. Let π be an automorphic representation of GSp4(AQ) of weight
(2, 2) which is not CAP or endoscopic, and suppose that Hπ = Q (in particular, the
character επ is trivial). If A/Q is a simple abelian variety genuinely of GL4-type
such that ρπ,ℓ ≃ ρA,ℓ for some prime ℓ, then either

(1) A is an abelian surface with End0(AQ̄) = Q, or

(2) A is an abelian fourfold, and End0(A) is a division indefinite quaternion
algebra with center Q.

In both cases, End0(A) = End0(AQ̄) and A is geometrically simple.

Proof. By Theorem 5.8.1, the variety A is geometrically of the first kind and
HA = Q, and its associated building block has Albert type I or II. By Proposi-
tion 5.2.9, we obtain that End0(A) is an algebra with either Albert type I or II.
The first case yields End0(A) = Q, and since A is genuinely of GL4-type, necessarily
dimA = 2 and A is geometrically simple with End0(AQ̄) = Q.

The second case implies D = End0(A) is an indefinite quaternion algebra over
Q, and letting E be a maximal subfield of endomorphisms we obtain dimA =
n[E:Q]

2 = 4·2
2 = 4. That A is geometrically simple also follows: otherwise, AQ̄ would

be isogenous to the square of a simple surface with trivial endomorphism ring, and
we would have an embedding D → M2(Q). But this would contradict the fact that
D was a division algebra, therefore, AQ̄ is simple. □

Remark 5.8.4. The existence of an abelian variety A/Q associated to a representa-
tion π as in the previous result has been shown (assuming several open conjectures)
in [BCGP21, Lemma 10.3.2].





CHAPTER 6

Families of abelian fourfolds of GSp4-type

Let k be a number field. In this chapter we construct a family of abelian
surfaces which are k-building blocks of GL4-type (cf. Definition 5.2.1). Assuming a
certain norm condition on k, we will obtain abelian fourfolds A/k whose associated
building block is a given member B of our family. We also show that End0(A) is

either Q(
√
2) or Q(

√
−2). This yields examples of abelian fourfolds genuinely of

GSp4-type, and in particular we will encounter nontrivial Nebentypes.
The construction uses Richelot isogenies of genus 2 curves. We review them

in Section 6.1, as well as some ideas from effective elimination theory. We then
compute the family of building blocks in Section 6.2. We show how to descend the
building blocks to a quadratic extension of k in Section 6.3, this also gives us the
abelian fourfolds genuinely of GSp4-type and their endomorphisms. We conclude
in Section 6.4 with some particular examples.

Throughout the chapter, if C : y2 = f(x) is a hyperelliptic curve over a field
K and d ∈ K×, we let Cd : dy2 = f(x) be the quadratic twist of C by d. If
d is a nonsquare, the curve Cd is the twist of C corresponding to the extension
K(
√
d)/K. We will use a similar notation for abelian varieties, letting Jac(C)d be

the the twist of Jac(C) by K(
√
d)/K. In this way, we can identify the twist Jac(C)d

with Jac(Cd).

6.1. Preliminaries

We begin by recalling the notion of a building block from Definition 5.2.1. Let
k be a number field, and let B/k̄ be an abelian variety. We say B is a k-building
block of GLn-type if the following conditions hold:

(1) For every s ∈ Gk, there exists an isogeny µs : sB → B, such that for all
φ ∈ End0(B), φ ◦ µs = µs ◦ sφ.

(2) End0(B) is a division algebra with center F and Schur index tB such that
ntB [F : Q] = 2 dimB.

If we let K/k be a finite Galois extension such that B is defined over K and
End0(BK) = End0(Bk̄), then we may replace the group Gk in (1) by Gal(K/k),
and condition (2) amounts to saying that B is geometrically simple, of GLn-type,
and not of GLm-type for m < n.

We wish to produce an abelian surface B/K which is a k-building block of
GL4-type. Since a simple abelian surface genuinely of GL4-type has trivial en-
domorphism ring, asking for condition (1) in the definition above is equivalent to
asking for a set of isogenies {µs : sB → B}s∈Gal(K/k), possibly defined over k̄. We
also make the simplification that K/k is quadratic. Our problem is the following.

95
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Problem 6.1.1. Let K/k be a quadratic extension of number fields and let s be the
nontrivial element of Gal(K/k). Compute an abelian surface B/K with End(BK̄) =
Z such that there is an isogeny µs :

sB → B.

We will in fact look for a genus 2 curve C/K such that B = Jac(C) satisfies
the conditions in the problem. The (2, 2)-isogenies on B (called Richelot isogenies)
can be easily computed in terms of C, and we will impose equations so that the
codomain surface is the jacobian of sC. We shall solve these equations by using the
results of elimination theory.

6.1.1. Richelot isogenies. We follow [BD11], which in turn follows [Smi05,
Chapter 8]. The interested reader may also consult [CF96, Chapter 9]. In this
section, we let K be a field of characteristic different from 2 and C be a genus two
curve defined over K. Such a curve can always be given as

C : Y 2 = f(X) =

6∏
i=1

(X − ei)

where ei ∈ K̄ for each i = 1, . . . , 6. The Weierstrass points of C are Ti = (ei, 0) for
i = 1, . . . , 6. Then it can be shown that

Pic0(CK̄)[2] = {[Ti − Tj ]}i,j∈{1,...,6}.

In particular, given a reordering {i1, . . . , i6} of the set {1, . . . , 6}, one can show that

[Ti1 − Ti2 ] + [Ti3 − Ti4 ] = [Ti5 − Ti6 ].

This makes {0, [Ti1 − Ti2 ], [Ti3 − Ti4 ], [Ti5 − Ti6 ]} a subgroup of Pic0(CK̄)[2]. Upon
considering the mod 2 Weil pairing ψ̄2 : Jac(C)[2] × Jac(C)[2] → {±1}, it turns
out that all maximal isotropic subgroups of Pic0(CK̄)[2] are precisely of this form.
Such a subgroup of Pic0(CK̄)[2] is then represented by a quadratic splitting

f(X) = F1(X)F2(X)F3(X),

where F1, F2, F3 are quadratic polynomials

F1(X) = a2X
2 + a1X + a0,

F2(X) = b2X
2 + b1X + b0,

F3(X) = c2X
2 + c1X + c0

with coefficients in K̄ (in practice, we will assume the coefficients lie in K). The
quadratic splitting is said to be non-singular if the determinant

δ := det

a0 a1 a2
b0 b1 b2
c0 c1 c2


is non-zero. In that case, we let

G̃i(X) := F ′
j(X)Fk(X)− Fj(X)F ′

k(X),

and Gi = δ−1G̃i, where the tuple (i, j, k) is one of (1, 2, 3), (2, 3, 1), (3, 1, 2). Then
for d ∈ K×, we define the curve

(6.1) C̃d : dV 2 = G1(U)G2(U)G3(U).
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In particular, the curve C̃d is a quadratic twist of C̃ := C̃1. There is a correspon-
dence Γd ⊂ (C × C̃d)K̄ ,

(6.2) Γd :

{
F1(X)G1(U) + F2(X)G2(U) = 0√
dY V = F1(X)G1(U)(X − U).

This correspondence induces two isogenies

φ : Pic0(CK̄)→ Pic0(C̃d,K̄), φ̂ : Pic0(C̃d,K̄)→ Pic0(CK̄),

dual of each other, of degree (2, 2) (meaning that kerφ, ker φ̂ ∼= Z/2Z×Z/2Z). The
isogenies come from considering the diagram

Γd

π1

��

π2

  

C C̃d,

where π1 and π2 are the restrictions to Γd of the projections from C × C̃d, so that
φ = π2,∗ ◦ π∗

1 and φ̂ = π1,∗ ◦ π∗
2 . Observe that these are maps between Pic(C) and

Pic(C̃d), so we can compute them for divisors of arbitrary degree.
We now describe φ and φ̂ explicitly on affine divisors

∑
ni(ai, bi), it is enough

to find the image of the class of (a, b) ∈ C(K̄) and extend by linearity. We let
α1, α2 be the two roots of the quadratic equation

F1(a)G1(U) + F2(a)G2(U) = 0.

Suppose b ̸= 0. Then, for i = 1, 2 we let βi =
F1(a)G1(αi)(a−αi)

b
√
d

, so that

φ([(a, b)]) = [(α1, β1) + (α2, β2)].

Note that either α1, α2 ∈ K, or they live in a quadratic extension of K and are
Galois conjugates. This means that the image of [(a, b)] is a divisor defined over
K. However, we remark that Γd itself might only be defined over the quadratic
extension K(

√
d) of K. In particular, φ is defined over K if and only if d ∈ (K×)2.

The correspondence (6.2) is symmetric in (X,Y ) and (U, V ), so that φ̂ is ob-

tained with the same procedure. Indeed, let (u, v) ∈ C̃d(K̄) be an affine point with
v ̸= 0, and let µ1, µ2 be the two roots of the quadratic equation

F1(X)G1(u) + F2(X)G2(u) = 0.

Then, for i = 1, 2 we let νi =
F1(µi)G1(u)(µi−u)

v
√
d

, so that

φ̂([(u, v)]) = [(µ1, ν1) + (µ2, ν2)].

As for φ, the isogeny φ̂ is defined over K if and only if d ∈ (K×)2.

6.1.2. Elimination theory. We briefly summarize some tools that we need
from [CLO15, Chapter 3]. To find parametrizations of genus 2 curves equipped
with a Richelot isogeny, we will need to solve fairly large systems of equations.
Elimination theory can help us do that, by reducing to a lower-dimensional variety
that is hopefully simpler.

Let k be a field. Given an ideal I = (f1, . . . , fs) ⊂ k[x1, . . . , xn], the jth
elimination ideal Ij is the ideal of k[xj+1, . . . , xn] given by

Ij = I ∩ k[xj+1, . . . , xn].
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This ideal is easily computed with the aid of Gröbner bases (cf. [CLO15, The-
orem 2]). The vanishing locus V (I) of the ideal I is an affine variety in An(k̄),
while the vanishing locus of V (Ij) of the jth elimination ideal is an affine variety
in An−j(k̄). We have a projection map

πj : An → An−j

which maps V (I) inside V (Ij). This step is called “elimination”, since the equations
defining V (Ij) have fewer variables. A point x ∈ V (Ij) is called a partial solution.
If we work over k̄, we have the following theorem.

Theorem 6.1.2 (Closure theorem). Let V = V (I) ⊂ An(k̄) and let Ij be the jth
elimination ideal of I. Then:

(1) V (Ij) is the smallest affine variety containing πj(I), that is, πj(I) =
V (Ij).

(2) When V ̸= ∅, there is an affine variety W ⊊ V (Ij) such that V (Ij) \W ⊆
πj(V ).

Provided we can find points in V (Ij), we want to recover points in V (Ij−1).
For that, we observe that we have a filtration

V (I)→ V (I1)→ V (I2)→ · · · → V (In),

so that we can treat the problem as if we had eliminated one variable at a time.

Theorem 6.1.3 (Extension theorem). Let I = (f1, . . . , fs) ⊂ k̄[x1, . . . , xn] and let
I1 be the first elimination ideal of I. For each 1 ≤ i ≤ s, write fi in the form

fi = ci(x2, . . . , xn)x
Ni
1 + terms of lower degree in x1,

where Ni ≥ 0 and ci ∈ k̄[x2, . . . , xn] is nonzero. Suppose that we have a partial
solution (a2, . . . , an) ∈ V (I1). If (a2, . . . , an) ̸∈ V (c1, . . . , cs), then there exists
a1 ∈ k̄ such that (a1, a2, . . . , an) ∈ V (I).

If we wish to parametrize points in V (I)(k), we will have to be careful enough
to choose points in the smaller variety V (Ij) such that their successive extensions
happen in k. In our particular example, this will be possible thanks to the linear
form of the extension equations.

6.2. k-varieties over k̄

In this section we give a family of genus 2 curves whose Jacobians solve Prob-
lem 6.1.1. Our treatment is mostly computational, we give the family in Theo-
rem 6.2.1.

We work over a base field k. Let ∆ ∈ k× be a nonsquare and let K = k(
√
∆).

Let also Gal(K/k) = ⟨σ⟩. Let aij , bij , cij be variables with 0 ≤ i ≤ 2 and j = 1, 2,
and set

ai = ai0 + ai1
√
∆, bi = bi0 + bi1

√
∆, ci = ci0 + ci1

√
∆,

for i = 0, 1, 2. With similar notation as in Section 6.1.1, we consider polyomials
Fi ∈ K[X, aij , bij , cij ],

F1(X) = a2X
2 + a1X + a0,

F2(X) = b2X
2 + b1X + b0,

F3(X) = c2X
2 + c1X + c0.
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We let

δ := det

a0 a1 a2
b0 b1 b2
c0 c1 c2

 ,

and G̃i := F ′
jFk −FjF

′
k for (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2). We also introduce a

variable d (cf. (6.1)), which we will adjust to solve our equations. We have seen that
there is a Richelot correspondence between the curves C : Y 2 = F1(X)F2(X)F3(X)

and C̃d : dδ3V 2 = G̃1(U)G̃2(U)G̃3(U), which are defined over K[d, aij , bij , cij ].
With notation as above, a first possibility would be to ask for the equality

σC = C̃d, that is, asking for the equation σ(dδ3F1F2F3) = G̃1G̃2G̃3 to be satisfied.
The problem is that the polynomial δ3 is too complicated, and it would be hard to
solve the system. Instead, we will ask for the equality σC = C̃d/δ3 , via the equation

σ(dF1F2F3) = G̃1G̃2G̃3

By equating the coefficients of powers of X in terms of the basis 1,
√
∆ of K/k,

this produces a set of twelve equations in the nineteen variables {d, aij , bij , cij},
corresponding to an affine variety W ⊂ A19

k . Each point on W (k) will give a genus

2 curve C/K with σC = C̃d/δ3 and a (2, 2)-isogeny Jac(C)→ Jac(C̃d/δ3) = Jac(σC).

We observe that the isogeny will be defined over the field K(
√
d,
√
δ), which is a

priori a biquadratic extension of K. However, the variety W is still difficult to
parametrize. A reasonable restriction is to impose the equations

(6.3) σ(dF1) = G̃1,
σF2 = G̃2,

σF3 = G̃3.

which correspond to a subvariety V ⊂ W . The vanishing ideal for V has the
following generating polynomials:

−∆c01b11 +∆c11b01 + c10b00 + da00 − c00b10, c00b11 − c11b00 − c10b01 + da01 + c01b10,

∆c01a11 −∆c11a01 + c00a10 − c10a00 + b00, − c01a10 − c00a11 + c11a00 + c10a01 + b01,

−∆b01a11 +∆b11a01 − b00a10 + a00b10 + c00, b01a10 + b00a11 − b11a00 − a01b10 + c01,

2∆c21b01 − 2∆c01b21 + 2c20b00 + da10 − 2c00b20, − 2c21b00 − 2c20b01 + da11 + 2c01b20 + 2c00b21,

2∆c01a21 − 2∆c21a01 + 2c00a20 − 2c20a00 + b10, − 2c01a20 − 2c00a21 + 2c21a00 + 2c20a01 + b11,

−2∆b01a21 + 2∆a01b21 − 2b00a20 + 2a00b20 + c10, 2b01a20 + 2b00a21 − 2a01b20 − 2a00b21 + c11,

∆c21b11 −∆c11b21 + da20 − c10b20 + c20b10, − c20b11 + da21 + c11b20 + c10b21 − c21b10,

∆c11a21 −∆c21a11 + c10a20 − c20a10 + b20, − c11a20 − c10a21 + c21a10 + c20a11 + b21,

−∆b11a21 +∆a11b21 + a10b20 − a20b10 + c20, b11a20 − a11b20 − a10b21 + a21b10 + c21.

We wish to find (at least some of) the points in V (k). The first step towards
that is considering the elimination ideal

Ia = I(V ) ∩ k[d, a20, a21, a10, a11, a00, a01].

By using Sage [The23], we find that Ia has a decomposition as the product of
ideals

Ia = (a20, a21, a10, a11, a00, a01)(a
2
10 −∆a211 + 4∆a21a01 − 4a20a00 + 1).

In other words, V (Ia) has two irreducible components, one of them corresponding
to the polynomial F1 being zero. This case does not interest us, in fact, we can
replace V by an open set such that no points correspond to a product of polynomials
with either F1, F2 or F3 vanishing identically. Let I ′a be the ideal generated by
a210 −∆a211 + 4∆a21a01 − 4a20a00 + 1.
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The interesting component is a quadric hypersurface, which is very easy to
parametrize. Moreover, if we define two more elimination ideals

Ib = I(V ) ∩ k[d, b20, b21, b10, b11, b00, b01],
Ib = I(V ) ∩ k[d, c20, c21, c10, c11, c00, c01]

and discard the convenient points, we have the very similar generators

I ′b = (b210 −∆b211 + 4∆b21b01 − 4b20b00 + d),

I ′c = (c210 −∆c211 + 4∆c21c01 − 4c20c00 + d).

We denote by V ′ ⊂ V the affine subvariety at which the polynomials Fi are not
identically zero.

In the following, we will make F2 a degree-1 polynomial, an we will extend
the partial solutions from the varieties V (I ′a) and V (I ′b) ∩ {b20 = b21 = 0} (cf.
Theorem 6.1.3). Note that we have projections

V ′

""||

V (I ′a) V (I ′b).

Since the polynomial defining I ′b evaluated at b20 = b21 = 0 is

b210 −∆b211 + d,

setting the parameter d = ∆ gives the trivial root (b10, b11) = (0, 1). We fix values
in k for a20, a21, a10, a11, a01. Using the quadratic generator of I ′a and imposing
a20 ̸= 0 we have

a00 =
a210 −∆a211 + 4∆a21a01 + 1

4a20
.

Substituting these fixed values of b20, b21, b10, b11 and of aij in the generators of I
that do not involve b00 or b01, we have the following (linear) system of equations
on the variables cij :

(6.4)



c20 = ∆a21

c21 = −a20
−2a00c20 − 2∆a01c21 + 2a20c00 + 2∆a21c01 = 0

−a10c20 −∆a11c21 + a20c10 +∆a21c11 = 0

2a01c20 + 2a00c21 − 2a21c00 − 2a20c01 = −1
a11c20 + a10c21 − a21c10 − a20c11 = 0

We immediately find that c20 = ∆a21 and c21 = −a20. Solving the rest of the
system yields the values

c10 = −∆a11, c11 = −a10, c00 = −∆a01, c01 =
1

2
− a00.



6.2. K-VARIETIES OVER K̄ 101

We now let M be the matrix
1 0 0 0 0 0
0 1 0 0 0 0

−2a00 −2∆a01 0 0 2a20 2∆a21
−a10 −∆a11 a20 ∆a21 0 0
2a01 2a00 0 0 −2a21 −2a20
a11 a10 −a21 −a20 0 0


corresponding to the homogeneous system of (6.4). We find that detM = −4NmK/k(a20+√
∆a21)

2, so the given solution to the system is unique if and only if a2 = a20 +√
∆a21 ̸= 0, if and only if the polynomial F1(X) has degree 2. Since we have chosen

F2(X) to have degree 1, and the product F1F2F3 needs to have degree 5 or 6, the
condition a2 ̸= 0 was already necessary. It remains to compute b00 and b01. Among
the equations defining V ′ we have

b00 = c10a00 − c00a10 +∆(c11a01 − c01a11),
b01 = c01a10 + c00a11 − c11a00 − c10a01.

These values are compatible with the previously found ones in the sense of Theo-
rem 6.1.3, yielding a point of V ′(k).

To obtain an explicit parametrization, we choose values r, s, t ∈ k and let
a20 = 1, a21 = 0, a10 = r, a11 = s, a01 = t. We have proved the first half of our main
result.

Theorem 6.2.1. Let k be a number field and let K = k(
√
∆) be a quadratic

extension. Let σ be the nontrivial element of Gal(K/k). Given r, s, t ∈ k, let
w = (r2 −∆s2 + 1)/4, and define three polynomials

F1(X) = X2 + (r + s
√
∆)X + (w + t

√
∆)

F2(X) =
√
∆X +

(
−s∆

2
+
r

2

√
∆

)
F3(X) = −

√
∆X2 − (s∆+ r

√
∆)X +

(
−∆t+

(
1

2
− w

)√
∆

)
.

Let Cr,s,t be the curve Y 2 = F1(X)F2(X)F3(X), provided it is smooth. Then the

jacobian of Cr,s,t is (2, 2)-isogenous over K(
√
−2) = k(

√
∆,
√
−2) to the jacobian

of σCr,s,t. In particular, Jac(Cr,s,t) is a genus-2 k-surface with respect to k̄.

Proof. It remains to see that Jac(C) is (2, 2)-isogenous to Jac(σC) overK(
√
−2).

We already know that there is an equality σC = C̃∆/δ3 , and we have an isogeny

Jac(C) → Jac(C̃∆/δ3), which is defined over K(
√
δ). By direct computation, we

have

δ =

∣∣∣∣∣∣
w + t

√
∆ r + s

√
∆ 1

0
√
∆ 1

2 (−s∆+ r
√
∆)

−
√
∆ (−s∆− r

√
∆) −∆t+

(
1
2 − w)

)√
∆

∣∣∣∣∣∣ = −∆

2
,

so that K(
√
δ) = K(

√
−2). □

Remark 6.2.2. The discriminant of C = Cr,s,t is a nonzero polynomial in r, s, t
and w (which is seen by evaluating e.g. at (r, s, t) = (1,−1, 2)), so the curve is
generically smooth.
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In addition, the family contains infinitely many non-isomorphic curves. To see
this, we restrict to the one-parameter family C0,1,t, and compute its absolute Igusa
invariants as given by Sage’s absolute igusa invariants kohel. We find that
the first of these invariants is a quotient of polynomials p(t)/q(t) with deg p = 10
and deg q = 6.

6.3. Twisting and fourfolds over k

We begin by fixing the notation for this section. Let k be a number field,
∆ ∈ k× a nonsquare, and K = k(

√
∆). Let r, s, t ∈ k and let Cr,s,t/K be the

corresponding genus 2 curve from Theorem 6.2.1 (we assume that it is smooth).
Let σ be the nontrivial automorphism of K/k.

By our construction, we know that there is a Richelot isogeny Jac(C) →
Jac(σC), which is defined over K(

√
−2). In this section we show how to twist

the curve C so that the corresponding isogeny is defined over K. With this twist,
the Weil restriction to k will give an abelian fourfold genuinely of GSp4-type with
building block Jac(C) (cf. Proposition 5.2.4).

Theorem 6.3.1. Let C = Cr,s,t be as above. Suppose that there is an element
α ∈ K× such that −2NmK/k(α) is a square in K. Then the jacobian of the twisted
curve Cα is (2, 2)-isogenous over K to the jacobian of σCα.

Proof. We follow closely the proof of [Has97, Proposition 4.2], where a sim-
ilar situation is solved for families of elliptic Q-curves.

Recall that the equation defining the curve C has the form y2 = F1(X)F2(X)F3(X),
which is a quadratic splitting in the language of Section 6.1.1. We let f(x) :=

F1(X)F2(X)F3(X). For each d ∈ K× there is a (2, 2)-isogeny Jac(C) → Jac(C̃d)

over K(
√
d), where C̃d : dv2 = G1(u)G2(u)G3(u) and G1, G2, G3 are obtained from

F1, F2, F3. By the construction leading to Theorem 6.2.1, together with its proof,
we have σC = C̃−2· 4

∆2
, and there is an isogeny

(6.5) φ : Jac(C)→ Jac(C̃−2· 4
∆2

) = Jac(σC)

which is defined over K(
√
−2).

Let [a, b] be the divisor corresponding to a point (a, b) on C(K̄) with b ̸= 0. As
explained in Section 6.1.1 φ is given on affine divisors by

φ([a, b]) =
∑
i=1,2

[

(
ξi,

∆

2
√
−2

F1(a)G1(ξi)(a− ξi)
b

)
]

with ξ1, ξ2 the roots of the quadratic equation F1(a)G1(X) + F2(a)G2(X) = 0.
Let α ∈ K× be such that −2NmK/k(α) is a square in K. Let Cα be the

twist αy2 = f(x) of C, and let τ : Cα → C be the K(
√
α)-isomorphism (x, y) 7→

(x, y/
√
α). We also denote by τ the isomorphism of jacobians Jac(Cα)→ Jac(C).

Let σ̃ be an automorphism in Gal(K(
√
−2,
√
α)/k) such that σ̃|K(

√
−2) = σ.

The composition ψ := σ̃τ−1 ◦ φ ◦ τ is then a (2, 2)-isogeny Jac(Cα) → Jac(σCα).
Let [a, b] be the divisor corresponding to an affine point (a, b) on Cα(K̄). Letting
ξ1, ξ2 be the roots of F1(a)G1(X) + F2(a)G2(X) = 0, ψ is given by

ψ([a, b]) =
∑
i=1,2

[

(
αi,

∆ · σ̃(
√
α)
√
α

2
√
−2

F1(a)G1(αi)(a− αi)

b

)
]
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We have (σ̃(
√
α)
√
α)2 = NmK/k(α), and so

σ̃(
√
α)
√
α√

−2
=

NmK/k(α)√
−2NmK/k(α)

.

By hypothesis −2Nmk/Q(α) is a square in K, so indeed the isogeny ψ : Jac(Cα)→
Jac(σCα) is defined over K. □

From this point on we suppose that there exists some α ∈ K is such that
−2NmK/k(α) is a square in K. We let C = Cr,s,t and we consider the abelian

surface A = Jac(Cα). We assume that End0(AK̄) = Q. We want to compute the
endomorphism algebra of the Weil restriction ResK/k(A).

We know by construction that there is an isogeny µσ : σA→ A (this is the dual
to the isogeny σ̃τ−1 ◦φ ◦ τ , in the notation of the proof of Theorem 6.3.1). We also
let µid be the identity isogeny A → A. For each s ∈ Gk, let µs = µσ if s|K = σ,
and µs = µid = id otherwise. We define the following map:

c : Gk ×Gk → Q×

(s, t) 7→ c(s, t) = µs ◦ sµt ◦ µ−1
st .

As is classically known, c is a 2-cocycle of Gk with values in Q× (see e.g. Chapter
3 of [Gui10]).1 We now compute this 2-cocycle. We first observe that if s, t ∈ GK

then c(s, t) = 1, and similarly if s|K = σ and t ∈ GK then c(s, t) = c(t, s) = 1.

Proposition 6.3.2. Let α and c be as above. For every automorphism s ∈ Gk

restricting to σ on K,

c(s, s) =

{
+2, if NmK/k(α) ∈ −2∆(k×)2,

−2, if NmK/k(α) ∈ −2(k×)2.

Proof. The result will follow by comparing µ̂σ and σµσ. Indeed, we have

c(s, s) = µσ ◦ σµσ ◦ µ−1
σ2 ,

and since µσ2 = 1 and A is assumed to have trivial endomorphisms, by taking
degrees we will have µσ ◦ σµσ = [±2] = µσ ◦ µ̂σ.

If we write C ′ = (Cr,s,t)α, then A = Jac(C ′) is (2, 2)-isogenous to the Jacobian

of σC ′ = C̃−2Nm(α). Recall that the Richelot correspondence Γ ⊂ C ′ × σC ′ gives
the form of µσ and its dual isogeny. The correspondence is sent via σ to σΓ ⊂
σ(C ′ × σC ′) = σC ′ × C ′, and has the explicit form

σΓ :


σF1(X)σG1(U) + σF2(X)σG2(U) = 0

σ(
√
−2Nm(α))Y V = σF1(X)σG1(U)(X − U)

−σ(
√
−2Nm(α))Y V = σF2(X)σG2(U)(X − U).

In what follows, we need to keep in mind that the affine points in σ(C ′ × σC ′) =
σC ′ × C ′ have coordinates ((U, V ), (X,Y )), and we see them on C ′ × σC ′ through
the isomorphism ((U, V ), (X,Y )) 7→ ((X,Y ), (U, V )). Recall the explicit formula
for µ̂σ: if (u, v) ∈ σC ′(K̄), the points {(µ1, ν1), (µ2, ν2)} = V (Γ ∩ (U − u, V − v))
give the image µ̂σ(u, v) = (µ1, ν1) + (µ2, ν2). In particular, µ1 and µ2 are the roots
of

F1(X)G1(u) + F2(X)G2(u) = 0.

1We will study this map in some generality in Chapter 7.
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On the other hand, the image through σµσ of u, v ∈ σC ′ is given by the points
{(α1, β1), (α2, β2)} = V (σΓ∩(X−u, Y −v)), so that σµσ(u, v) = (α1, β1)+(α2, β2).
This means that α1 and α2 are the roots of

σF1(u)
σG1(U) + σF2(u)

σG2(U) = 0.

By the hypothesis defining the variety V we have

σ(F1(X)G1(U) + F2(X)G2(U)) = F1(U)G1(X) + F2(U)G2(X),

so {α1, α2} = {µ1, µ2}. Hence to decide on the sign of σµσ = ±µ̂σ we only need to
compare the signs of {β1, β2} and {ν1, ν2}. For i = 1, 2 we have

νi =
F1(µi)G1(u)(µi − u)√

−2Nm(α)v
, βi =

σF1(u)
σG1(αi)(u− αi)

σ(
√
−2Nm(α))v

.

Since σF1(X)σG1(U) = F1(U)G1(X), we have βi = −F1(αi)G1(u)(αi−u)

σ(
√

−2Nm(α))v
and so

σµσ = µ̂σ whenever σ(
√
−2Nm(α)) = −

√
−2Nm(α). Likewise, we obtain σµσ =

−µ̂σ whenever σ(
√
−2Nm(α)) =

√
−2Nm(α).

Now α has been chosen so that −2Nm(α) is a square in K×. Any element in

K is of the form a + b
√
∆, with a, b ∈ k, and (a + b

√
∆)2 = a2 + 2ab

√
∆ + b2∆.

Since −2NmK/k(α) is in k, its square root can only be of the form a ∈ k (with

b = 0) or b
√
∆ ∈ k (with a = 0). The two cases in the statement follow. □

Proposition 6.3.3. Let K/k be a quadratic extension, Cr,s,t/K a genus 2 curve in
the family of Theorem 6.2.1, and let A = Jac(Cr,s,t). Suppose that End(AK̄) = Z.
Let α ∈ K× be such that −2NmK/k(α) is a square in K×. Let Aα = Jac((Cr,s,t)α).
Then

End0(ResK/k(Aα)) ≃

{
Q(
√
+2), if NmK/k(α) ∈ −2∆(k×)2,

Q(
√
−2), if NmK/k(α) ∈ −2(k×)2.

Proof. From [Gui10, Proposition 5.32] we have that End0(ResK/k(Aα)) is
isomorphic to the twisted group algebra Qc[Gal(K/k)] = Q · [1] ⊕ Q · [σ], whose
product satisfies the rules

[1]2 = [1], [1] · [σ] = [σ] · [1] = [σ], [σ]2 = c(σ, σ)[1].

The result follows from Proposition 6.3.2. □

6.4. Examples

We now showcase some examples of the fourfolds constructed in the previous
section when k = Q. Let r, s, t ∈ Q be such that the curve C = Cr,s,t given in
Theorem 6.2.1 is smooth and let A = Jac(C). As in the previous section, given
α ∈ K× we let Aα = Jac(Cα) be the corresponding twist. We begin with the
following observation.

Lemma 6.4.1. Let ∆ ∈ Q<0 and let K = Q(
√
∆). Suppose there exists some

α ∈ K× such that −2NmK/Q(α) is a square in K. If End(AK̄) = Z, then

End0(ResK/Q(Aα)) = Q(
√
2).
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Proof. Let α be such that −2Nm(α) ∈ K×,2. As computed in the proof
of Proposition 6.3.2, Nm(α) necessarily lies in −2∆(Q×)2 or −2(Q×)2. Since the
norm on a quadratic imaginary field is positive, we necessarily have Nm(α) ∈
−2∆(Q×)2. The endomorphism algebra of the Weil restriction of Aα comes from
Proposition 6.3.3. □

Example 6.4.2. For ∆ ∈ {−4,−7,−8}, the field K = Q(
√
∆) contains elements

of norm −2∆. For an explicit example, let ∆ = −7 and Gal(Q(
√
−7)/Q) = ⟨σ⟩,

let (r, s, t) = (−1, 3,−3), and consider the genus-2 curve

C = C−1,3,−3 : Y 2 = F1(X)F2(X)F3(X),

F1(X) = X2 + (3
√
−7− 1)X − 3

√
−7 + 65

4
,

F2(X) =
√
−7X − X

2
+

21

2
,

F3(X) = −
√
−7X2 + (

√
−7 + 21)X − 63

√
−7

4
− 21,

defined over Q(
√
−7). We compute (for instance, using the criterion in [FFG24,

§9], or the algorithm of [CMSV19]) that End(Jac(C)K̄) = Z.
The polynomials G̃1(X), G̃2(X), G̃3(X) are

G̃1(X) = −7X2 + (21
√
−7 + 7)X − 21

√
−7− 455

4
= −7 · σF1(X),

G̃2(X) = −
√
−7X +

1

2
Z +

21

2
= σF2(X),

G̃3(X) =
√
−7X2 + (−

√
−7 + 21)X +

63

4

√
−7− 21 = σF3(X).

The relations indicate that σC = C̃−2· 47
, with C̃−2· 47

: −7y2 = G̃1(X)G̃2(X)G̃3(X).

Moreover Jac(C) is (2, 2)-isogenous over K(
√
−2) to Jac(C̃−2· 47

). If we twist C by

α = 7−
√
−7

2 (which has norm 14) we obtain an isogeny

Jac(Cα)→ Jac(Cα),

and letting X = ResK/Q(Jac(Cα)), we must have End0(X) = Q(
√
2). Hence X

is an abelian variety genuinely of GSp4-type (cf. Definition 5.7.7), and it has an
associated system of Galois representations{

ρX,λ : GQ → GSp4(Q(
√
2)λ)

}
λ⊂OQ(

√
2)

.

The Nebentype of X is trivial since H = Q(
√
2) is a totally real field, and hence

if λ divides the rational prime ℓ we have sim ◦ρX,λ = χℓ, the ℓ-adic cyclotomic
character.

We end by presenting an example over a real quadratic field.

Example 6.4.3. We work over K = Q(
√
17). Again using the family of Theo-

rem 6.2.1, we let (r, s, t) = (1,−3, 1), and consider the corresponding genus 2 curve

C = C1,−3,1 : Y 2 = F1(X)F2(X)F3(X).
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Letting A = Jac(C), we check (by the same techniques as in the previous example)
that End(AK̄) = Z. By twisting, we will again be able to find a fourfold over Q
which is genuinely of GSp4-type. The remarkable fact is that in K we have the
following elements:

• α = 17−5
√
17

2 , with NmK/Q(α) = −2 · 17.
• β = − 3+

√
17

2 , with NmK/Q(β) = −2.
In particular, if we let X(α) = ResK/Q(Aα) and X(β) = ResK/Q(Aβ), we find

that End0(X(α)) = Q(
√
2), while End0(X(β)) = Q(

√
−2). Both of these abelian

fourfolds are genuinely of GSp4. In the first case, there is a Galois representation

ρX(α),λ : GQ → GSp4(Q(
√
2)λ) for each prime λ over a rational prime ℓ, and

sim ◦ρX(α),λ = χℓ. In the second case, the representations ρX(β),λ take values in

GSp4(Q(
√
−2)), and sim ◦ρX(β),λ = ηK/Qχℓ, where ηK/Q : GQ → {±1} is the

character that cuts the extension K/Q.
We can see the character explicitly in the characteristic polynomials of Frobe-

nius for the system of representations associated to X(β). For instance, we have
ηK/Q(Frob31) = −1, so that there is a single prime p of Q(

√
−2) over 31. Let λ be

a prime of Q(
√
−2) coprime with 31. We compute that

Lp(T ) = det(ρX(β),λ(Frobp)− 1) = T 4 − 2
√
−2T 3 − 26T 2 + 62

√
−2T + 961.

By numerically approximating the roots of this polynomial, we find that it has roots
π1 ≈ −5.04− 2.38i, π2 ≈ −4.08 + 3.79i, and −31

π1
, −31

π2
. The negative sign is giving

us the Nebentype (cf. the proof of Proposition 5.5.12).
On the other hand, the prime 43 splits in K, so that ηK/Q(Frob43) = 1. For

any of the two primes p | 43 in Q(
√
−2), we have

Lp(T ) = T 4 − 8T 3 + 62T 2 − 344T + 1849.

This polynomial has approximate roots π1 ≈ −1.16− 6.45i, π2 ≈ 5.16− 4.04i, and
43
π1
, 43

π2
.



CHAPTER 7

Galois representations from abelian k-varieties

In this chapter we generalize some of the results in Chapter 5 for abelian k-
varieties. Most of the results have been written up in joint work with Ariel Pacetti
(see [FP24]).

Let L/k be a Galois extension of number fields. We say an abelian variety A
is a weak k-variety if it is isogenous to all of its Gal(L/k)-Galois conjugates. This
definition relaxes the classical notion of a k-variety, which we rename here to strong
k-variety. We give the definitions and implications for the Galois representations
attached to k-varieties in Section 7.1.

By a process of extension and induction, in Section 7.2 we construct representa-
tions of Gk from the compatible system of Chapter 4. In Section 7.3 we discuss some
results on extension and induction of equivariant pairings for general group repre-
sentations, which we apply in Section 7.4 to our Galois representations. Finally,
Section 7.5 contains the following application: if A/Q is an abelian surface with
potential quaternionic multiplication, then A is Siegel-modular. In many cases, we
also show that A is paramodular.

7.1. Abelian k-varieties

Throughout this section, k is a number field and L/k is a finite Galois extension.
Let A/L be an isotypical abelian variety. We say A is a weak k-variety if for every
s ∈ Gal(L/k) there is an L-isogeny

µs :
sA→ A.

We say A is a strong k-variety if, in addition, for every s ∈ Gal(L/k) and every
φ ∈ End(A) we have the equality

(7.1) φ ◦ µs = µs ◦ sφ.

Since s ∈ Gk acts on End0(A) = End(A)⊗Q as s(φ⊗x) := sφ⊗x for φ ∈ End(A),
x ∈ Q, we can also state (7.1) in terms of End0(A). It is clear that there must
exist some intermediate field k ⊆ K ⊆ L such that A is a strong K-variety. The
extension L/K is Galois. Our goal is to show the following result.

Proposition 7.1.1. There exists a smallest field K with k ⊆ K ⊆ L such that A
is a strong K-variety. Moreover, K/k is Galois.

Let H be the center of the simple algebra D = End0(A). Suppose that we have
fixed a system of isogenies {µs : sA → A}s∈Gal(L/k), which we inflate to a system
of isogenies {µs}s∈Gk

.

Lemma 7.1.2. Consider the map c : Gk×Gk → D× given by c(s, t) := µs◦sµt◦µ−1
st .

If A is a strong k-variety, then c ∈ Z2(Gk, H
×), with the trivial action of Gk on

H×.

107
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Proof. The proof is a standard verification. We carry it out since the result
is usually stated for strong k-varieties for which End(A) = End(Ak̄) (which is not
required in our definition).

Suppose that for all φ ∈ D = End0(A) and all s ∈ Gk we have µs
sφ = φµs.

Then for all φ ∈ D we have

c(s, t)φ =
(
µs

sµtµ
−1
st

)
stφ = µs

sµt
stφµ−1

st

= µs
sφsµtµ

−1
st = φµs

sµtµ
−1
st = φc(s, t).

Hence c(s, t) belongs to the center H of D. Since it is defined as a composition of
isogenies, we obtain c(s, t) ∈ H×.

The map c : Gk ×Gk → H× is a 2-cocycle with the trivial action of Gk on H×

if and only if for all s, t, u ∈ Gk the equality

c(t, u) · c(s, tu) = c(s, t) · c(st, u)

holds. The left-hand side is the composition of isogenies c(t, u)µs
sµtuµ

−1
stu, while

the right-hand side equals µs
sµtµ

−1
st µst

stµuµ
−1
stu. Hence we have equality if and only

if

c(t, u)µs
sµtu = µs

s(µt
tµu),

if and only if c(t, u)µs
sc(t, u)−1 = µs. This equality holds because c(t, u) belongs

to H, and so c(t, u)µs = µs
sc(t, u). □

For every φ ∈ H and s ∈ Gal(L/k), we define an endomorphism of A by

(7.2) s · φ := µs ◦ sφ ◦ µ−1
s .

The following result is the content of [Gui10, §2.1]. We give a proof for complete-
ness.

Proposition 7.1.3. We have the following properties.

(1) The endomorphism s · φ lies in H.
(2) The value of s · φ is independent of the choice of the isogeny µs.
(3) The map

Gal(L/k)×H → H, (s, φ) 7→ s · φ
defines an action of Gal(L/k) on H.

Proof. To show (1), let α ∈ End0(A) and let β := µ−1
s αµs ∈ End0(sA). Then

we have s(s
−1

β), and

µs
sφµ−1

s α = µs
sφβµ−1

s = µs
s(φ(s

−1

β))µ−1
s

= µs
s(s

−1

βφ)µ−1
s = αµs

sφµ−1
s .

Hence s · φ = µs
sφµ−1

s ∈ H. For (2), suppose νs : sA → A is a different isogeny.
Then

µs
sφµ−1

s = µs(µ
−1
s νs)

sφ(µ−1
s νs)

−1µ−1
s .

Now we conclude by the fact that sφ lies in the center of End0(sA), and µ−1
s νs ∈

End0(sA).
Finally, we show (3). As in Lemma 7.1.2, for all s, t ∈ Gal(L/k) we let c(s, t) :=

µs ◦ sµt ◦ µ−1
st . We remark that we are not asking that A is a strong k-variety, so
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c is not necessarily a 2-cocycle, but it does take values in D. Let s, t ∈ Gal(L/k)
and φ ∈ H. Then we have

s · (t · φ) = µs ◦ s(µt ◦ tφ ◦ µ−1
t ) ◦ µ−1

s = (µs ◦ sµt) ◦ stφ ◦ (µs ◦ sµt)
−1

= c(s, t) ◦ µst ◦ stφ ◦ µ−1
st ◦ c(s, t)−1 = µst ◦ stφ ◦ µ−1

st = (st) · φ.

In the second-to-last equality, we have used that µst ◦ stφ ◦ µ−1
st lies in H, and so it

commutes with c(s, t) = D. Hence we have shown that s · (t · φ) = (st) · φ, and we
have an action of Gal(L/k) on H. □

Definition 7.1.4. We define G0 to be the subgroup of Gal(L/k) acting trivially
on H through (7.2). We define H0 to be the subfield of H fixed by the action of
Gal(L/k).

Lemma 7.1.5. The extension H/H0 is Galois, the group G0 is a normal subgroup
of Gal(L/k), and we have an isomorphism

Gal(L/k)/G0 ≃ Gal(H/H0).

Moreover, we have an inclusion-reversing bijection between the subgroups of Gal(L/k)
containing G0, and the subextensions of H/H0.

Proof. Consider the group homomorphism ψ : Gal(L/k)→ Aut(H) given by
the action defined in (7.2). From this, we see that the extension H/H0 is Galois
since H0 is the fixed subfield of H by the image of ψ, and the subgroup G0 of
Gal(L/k) is normal since it is the kernel of ψ. The remaining remarks are given by
the first isomorphism theorem for groups and the Galois correspondence. □

Before proving Proposition 7.1.1, we need one more (well-known) lemma.

Lemma 7.1.6. Let K ⊆ L be a subfield. Then A is a strong K-variety if and only
if φ ◦ µs = µs ◦ sφ for all φ ∈ H and s ∈ Gal(L/K).

Proof. If A is a strong K-variety, then the equation holds by definition for
all φ ∈ D, and in particular for all φ ∈ H. Conversely, suppose that for all
s ∈ Gal(L/K) and all φ ∈ H we have φ ◦µs = µs ◦ sφ. For each s ∈ Gal(L/K), we
define a Q-algebra automorphism

Ψs : D → D, φ 7→ µs ◦ sφ ◦ µ−1
s .

The hypothesis implies that Ψs is an H-algebra automorphism. Therefore, by
Skolem–Noether (Theorem 1.1.3) there exists some αs ∈ D× such that

µs ◦ sφ ◦ µ−1
s = α−1

s φαs

for all φ ∈ D. It follows that A is a strong K-variety with respect to the system of
isogenies {αsµs}s∈Gal(L/K). □

Proof of Proposition 7.1.1. We want to show that there is a smallest sub-
fieldK of L/k such that A is a strongK-variety, and thatK/k is a Galois extension.

Let G0 be as in Definition 7.1.4 and let K = LG0 . Since G0 is normal, the
extension K/k is Galois. We have to check that, if k ⊆ K ′ ⊆ L and A is a strong
K ′-variety, then K ⊆ K ′. Let s ∈ Gal(L/K ′). Since A is a strong K ′-variety, by
Lemma 7.1.6 we have s · φ = φ for all φ ∈ H, and so s ∈ G0. It follows that
K ⊆ K ′. □



110 7. GALOIS REPRESENTATIONS FROM ABELIAN K-VARIETIES

Remark 7.1.7. The field K given by Proposition 7.1.1 is sensitive to the field
L over which A is defined. As an example, consider an elliptic curve E/Q with
End0(EQ̄) = Q(

√
−1) (and End0(E) = Q). If we let k = L = Q, then we obviously

have K = Q. Hence E is both a weak and a strong Q-variety.
Let now L′ = Q(

√
−1), and let K ′ be the smallest intermediate subfield of L′/Q

such that EL′ is a strong K ′-variety. Since End0(EL) = End0(EQ̄) = Q(
√
−1),

which is commutative, we have K ′ = L′, otherwise E would have all its endomor-
phisms defined over Q. Hence EQ(

√
−1) is a strong Q(

√
−1)-variety, and it cannot

be a strong Q-variety.

7.2. Representations of Gk

Let L/k be a Galois extension of number fields. Let A/L be a simple weak
k-variety. Let D = End0(A), H the center of D, tA the Schur index of D, and
let n = 2dimA/tA[H : Q] so that A is of GLn-type. In this section we prove the
following result.

Theorem 7.2.1. Let λ be a prime of H not in Ram(D) and let ρA,λ : GL →
GLn(Hλ) be the representation attached to A by Theorem 4.2.7. Let H0 be the
subfield of H fixed by the action of Gal(L/k) (cf. Proposition 7.1.3) and let m =
n[H : H0]. There exist:

(1) A finite order character ξ : GL → H̄×
λ , and

(2) An absolutely irreducible representation RA,λ : Gk → GLm(H̄λ),

such that RA,λ|GL admits ρA,λ ⊗ ξ as an irreducible constituent. If moreover A is
genuinely of GLn-type and geometrically of the first kind, then there is a strictly
compatible system of representations {R′

A,λ : Gk → GLm(H̄λ)}λ such that RA,λ =

R′
A,λ for all but finitely many λ.

Let K be the smallest intermediate subfield in L/k such that A is a strong
K-variety (cf. Proposition 7.1.1). For every s ∈ Gal(L/K), fix an isogeny µs :
sA → A such that is a strong K-variety with respect to the set {µs}s∈Gal(L/K).
By inflation we have an isogeny µs for every s ∈ GK . Let {ρA,λ}λ be the H-
rational strictly compatible system of representations with values in GLn/tA(D

op)
from Theorem 4.2.7.

For every prime λ ̸∈ Ram(D), the representation ρA,λ takes values in GLn(Hλ)
and is realized by an Hλ[GL]-module Wλ(A). Note that for every s ∈ GK and
t ∈ GL,

sρA,λ(t) := ρA,λ(sts
−1) is the representation corresponding to Wλ(

sA).
Using that A is a strong K-variety, we will find an isomorphism

sρA,λ ≃ ρA,λ.

Then we will be able to extend the representation ρA,λ to GK up to a twist.
Let B,B′/L be any two abelian varieties. Recall that Faltings’ theorem gives

an isomorphism Hom(B,B′) ⊗ Qℓ → HomGL
(Vℓ(B), Vℓ(B

′)). If φ : B → B′ is
a morphism, we denote by φℓ the induced morphism of representations Vℓ(B) →
Vℓ(B

′). For every s ∈ GK we let µs,ℓ : Vℓ(
sA) → Vℓ(A) be the isomorphism of

Qℓ[GL]-modules induced by the isogeny µs :
sA→ A.

Lemma 7.2.2. Let ℓ be a rational prime.

(1) For every prime λ | ℓ of H not in Ram(D) there exists an isomorphism
of Hλ[GL]-modules µs,λ :Wλ(

sA)→Wλ(A).



7.2. REPRESENTATIONS OF GK 111

(2) If λ ̸∈ Ram(End0(A)) for every λ | ℓ, then the isomorphism µs,ℓ : Vℓ(
sA)→

Vℓ(A) decomposes as µs,ℓ =
⊕

λ|ℓ µ
⊕tA
s,λ .

Proof. Since Vλ(A) =Wλ(A)
⊕tA , it is enough to show the lemma for Vλ(A).

Hence we will prove that there exists some φs,λ : Vλ(
sA) → Vλ(A) satisfying the

commutative diagram in the statement, and then take µs,λ so that φs,λ = µ⊕tA
s,λ .

Let eλ be the idempotent corresponding to the λ-adic factor in H ⊗ Qℓ =∏
λ|ℓHλ. Note that there exist endomorphisms αi ∈ End(A) and constants qi ∈ Qℓ

for i = 1, . . . , k such that eλ =
∑k

i=1 αi ⊗ qi. Now we define φs,λ := µs,ℓ ◦ seλ. We
first show that φs,λ has image in Vλ(A). Indeed, we have

seλ =
∑

i
sαi⊗ qi, and so

φs,λ = µs,ℓ ◦ seλ =
∑
i

µs,ℓ ◦ sαi ⊗ qi =
∑
i

αi ◦ µs,ℓ ⊗ qi = eλ ◦ µs,ℓ.

Now (1) is a consequence of the equality ρA,ℓ ◦µs,ℓ = µs,ℓ ◦ sρA,ℓ. For (2), note that
if sv ∈ Vℓ(sA), then sv =

∑
λ
seλ

sv, and so

µs,ℓ(
sv) = µs,ℓ(

∑
λ

seλ
sv) =

∑
λ

µs,λ(
sv).

□

Theorem 7.2.3. Let L/K be a Galois extension and let A/L be a strong K-
variety. There exists a finite order character ξ : GL → H̄× and a representation
ρ̃A,λ : GK → GLn(H̄λ), such that ρ̃A,λ |GL

= ρA,λ ⊗ ξ. Moreover, ξ is independent
of λ, and the representation ρ̃A,λ is unique up to twisting by finite characters of
GK .

Proof. By Lemma 7.2.2 there exists an isomorphism of representations µs,λ :
Wλ(

sA)→Wλ(A), so that sρA,λ ≃ ρA,λ for every s ∈ GK . Hence for every s ∈ GK

there exists a matrix Bs ∈ GLn(Hλ) such that

(7.3) sρA,λ(t) = Bs · ρA,λ(t) ·B−1
s

for all s ∈ GK and t ∈ GL. By Schur’s lemma, and because ρA,λ is irreducible, each
Bs is unique up to scalars. In particular, we choose Bt = ρA,λ(t) for all t ∈ GL.
Now let PρA,λ : GL → PGLn(Hλ) be the projective representation obtained by
composing ρA,λ with the projection π : GLn(Hλ) → PGLn(Hλ). We can then

extend PρA,λ to a map P̃ρA,λ : GK → PGLn(Hλ) by setting P̃ρA,λ(s) = Bs for
every s ∈ GK . Since the Bs are unique up to scalars, this is a well-defined map.
Define cλ(s, t) := Bs ·Bt ·B−1

st . By the irreducibility of ρA,λ and (7.3) we have that

cλ(s, t) ∈ H×
λ . It follows that P̃ρA,λ is a homomorphism.

It is a straightforward computation to check that cλ is a 2-cocyle inH2(GK , H
×
λ ),

where we consider the trivial action of GK on H×
λ . The λ-adic 2-cocycle cλ comes

in fact from the global 2-cocycle c(s, t) ∈ H2(GK , H
×) introduced in Lemma 7.1.2.

Indeed, the construction of the isomorphisms µs,λ, and thus of cλ, implies that cλ
is the image of c through the composition of the maps

H → H ⊗Qℓ
Faltings→ EndH⊗Qℓ[GK ](Vℓ(A))

σλ→ EndHλ[GK ](Vλ(A)),

where as usual σλ : H ⊗ Qℓ → Hλ denotes the projection. Now a result of Tate
(see [Ser77, § 6.5]) says that H2(GK , H̄

×) is trivial. This means that there exists
a locally constant function β : GK → H̄×, which equals 1 on GL′ for some finite
extension L′ of L, such that cλ(s, t) = β(s)β(t)β(st)−1. Note that β is independent
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of λ, since it is a splitting of the global cocycle c. Hence we may lift P̃ρA,λ to
a representation ρ̃A,λ : GK → GLn(H̄λ) by letting ρ̃A,λ(s) = Bsβ(s)

−1 for all
s ∈ GK .

Since β is trivial when restricted to GL′ , we find that ρ̃A,λ|GL′ = ρA,λ|GL′ .
Hence there exists a finite order character ξλ : GL → H̄× such that ρ̃A,λ|GL =

ρA,λ⊗ ξλ. But this automatically implies that β|GL = ξ−1
λ , and since β is indepen-

dent of λ, so is ξ = ξλ. Finally, the uniqueness of ρ̃A,λ up to finite twists of GK

comes from Schur’s lemma and the fact that the representation ρA,λ is absolutely
irreducible (cf. Theorem 4.2.7). □

Remark 7.2.4. If L/K is a cyclic extension, then the representation ρA,λ extends
to a representation of GK without twisting. Indeed, let s be an element in GK

generating Gal(L/K), and let d = [L : K] so that sd ∈ GL. As in the proof above,
there exists some Bs ∈ GLn(Hλ) such that for all t ∈ GL,

ρA,λ(sts
−1) = BsρA,λ(t)B

−1
s .

On the other hand, we must have ρA,λ(s
d) = κBd

s for some κ ∈ Hλ. Hence we may
define ρ̃A,λ(s) to be d

√
κBs (up to some dth root of unity). This definition yields an

extension to GK .
On the other hand, the twist is usually needed. An example provided by Alex

Bartel is the following. If we let Q8 be the quaternion group, then its center is
C = {±1}, and we may look at the nontrivial character ρ : C → C×. This character
satisfies sρ = ρ for all s ∈ Q8, but it cannot extend to the full group, precisely
because C is the center.

Example 7.2.5. Let ∆ ∈ Q be squarefree and let L = Q(
√
∆). In Theorem 6.2.1

we have constructed abelian surfaces A/L such that AL̄ is a Q-surface (given that
End(AL̄) = Z). In that construction an isogeny AL̄ ∼ sAL̄ is not necessarily defined
over L, but only over L(

√
−2). Even when no twist of A is a Q-variety over L, it

is always possible to twist the representation ρA,ℓ : GL → GSp4(Qℓ) by a character
so that it extends to GQ, since ρAL(

√
−2),ℓ = ρA,ℓ|GL(

√
−2) extends up to twist by

Theorem 7.2.3.
Using the fact that A is genuinely of GL4-type, the extension has the following

geometric interpretation. We know that AL(
√
−2) is a Q-abelian variety, and so AQ̄

is a GL4-type building block (cf. Definition 5.2.1). Hence by Proposition 5.2.4 there
exists an abelian variety A0 defined over Q, which is genuinely of GL4-type, and
such that A is its associated building block. This implies that A0,Q̄ ∼ Ar

Q̄ for some

r. Let M/Q be a Galois extension with L(
√
−2) ⊂ M over which this isogeny is

defined. Let H be the center of End0(A0/Q). For each prime λ ̸∈ Ram(End0(A)),
A has an associated representation ρA0,λ : GQ → GSp4(Hλ). Let ℓ be the rational
prime below λ. By Proposition 5.7.2, up to extension of scalars we have ρA0,λ|GM ≃
ρAL,ℓ = ρA,ℓ|GM . Hence there exists a character ξ : GL → Q̄× factoring through
Gal(M/L) such that ρA,ℓ ⊗ ξ extends to ρA0,λ. Observe that in the situation of
Theorem 6.3.1 (in which A ∼ sA over L) the abelian variety A0 is just the fourfold
given by the Weil restriction ResL/Q(A).

The same situation in the case of elliptic Q-curves is found in [PVT22] and
[PVT23], where the character ξ is computed explicitly in some cases.

The example above generalizes in a straightforward manner assuming the hy-
potheses introduced in Chapter 5. In fact, since we produced an abelian variety
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defined over K, the individual representations from Theorem 7.2.3 form a compat-
ible system.

Theorem 7.2.6. Let L/K be a Galois extension and let A/L be an abelian variety.
Suppose that A is genuinely of GLn-type and geometrically of the first kind. Suppose
in addition that A is a strong K-variety.

Then there exists an abelian variety genuinely of GLn-type A0/K such that if
we let D0 = End0(A0,K), then compatible system {ρA0,λ0

: GK → GLn/tA0
(Dop

0 )}λ0

extends {ρA,λ}λ up to twist in the sense of Theorem 7.2.3 for all but finitely many
primes.

Proof. Let B be the building block associated to A and let F be the center
of End0(B). Let L′/K be a Galois extension containing L such that the building
block B is defined over L′ and AL′ ∼ Br over L′. Let l be a prime of F not in
Ram(End0(B)) and let λ be a prime of H over l. Let ρB,l : GL′ → GLn(Fl) be the
l-adic representation associated to B, and let Wλ(A) and Wl(B) be the respective
Hλ[GL] and Fl[GL′ ]-modules.

Since F ⊆ H (cf. Lemma 5.2.2), the fact that A is a strong K-variety implies B
is also a strong K-variety by Lemma 7.1.6. Hence by Proposition 5.2.4 there exists
an abelian variety A0/K which is genuinely of GLn-type and whose associated
building block is B. By enlarging L′, we may assume that B is defined over L′ and
that we have an L′-isogeny A0,L′ ∼ Br. We let H0 be the center of D0 = End0(A0)
and λ0 be a prime of H0 over l. Then we have an H0,λ0

[GK ]-module Wλ0
(A0),

and a corresponding representation ρA0,λ0 : GK → GLn(H̄0,λ0). We claim that the
set {ρA0,λ0

}λ0
is the compatible system we want, after performing the necessary

book-keeping to have one representation for every prime λ of H.
Let us show that ρA0,λ0

satisfies the extension property we need with respect to
ρA,λ. By Propositions 5.5.6 and 5.7.2, we have an isomorphism of Hλ[GL′ ]-modules

Wλ(A) ≃Wl(B)⊗Fl
Hλ,

and a corresponding isomorphism of H0,λ0
[GL′ ]-modules

Wλ0(A0) ≃Wl(B)⊗Fl
H0,λ0 .

Hence up to extension of scalars we have ρA,λ|GL′ ≃ ρA0,λ0
|GL′ . On the other

hand, there exists a finite order character ξ : GL → Q̄× and a representation
ρ̃A,λ : GK → GLn(H̄λ), such that ρ̃A,λ|GL ≃ ρA,λ⊗ξ. By irreducibility of ρA,λ|GL′ ,
it follows that (up to extension of scalars) the representations ρ̃A,λ and ρA0,λ0

must
be twists of each other. Hence there exists a finite order character χ : GK → Q̄×

such that ρA0,λ0
|GL ≃ ρA,λ ⊗ χ. This proves the claim.

□

Remark 7.2.7. The theorem above may be extended to abelian K-varieties gen-
uinely of GLn-type and geometrically of the second kind, as long as one can con-
struct the variety A0/K in such a way that the center of End0(A0) is Galois over
the center of the algebra of the building block B (cf. Remarks 5.5.7 and 5.7.3).

More generally, we expect the representations of Theorem 7.2.3 to form a com-
patible system without the assumption that A is genuinely of GLn-type. This should
follow by considering the endomorphisms of the restriction of scalars to K of Ar

L′

for some finite extension L′/L and a suitable r.
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We now wish to extend the representation ρ̃A,λ from Theorem 7.2.3 further, so
that we obtain a representation of Gk (remember that L ⊇ K ⊇ k, and A is a weak
k-variety). We define

RA,λ := IndGk

GK
ρ̃A,λ.

If W̃λ denotes the H̄λ-vector space on which GK acts through ρ̃A,λ, then the vector
space associated to the representation RA,λ is

Uλ =
⊕

s∈Gal(K/k)

sW̃λ.

Recall from the previous section that Gal(L/k) acts on the center H of End0(A).
Let H0 be the subfield of H fixed by this action.

Lemma 7.2.8.

(1) The representation RA,λ has dimension 2g
tA[H0:Q] = n[H : H0].

(2) Assume that sρ̃A,λ is not isomorphic to ρA,λ for any s ∈ Gal(K/k). Then
the representation RA,λ is absolutely irreducible.

Proof. For (1), we have

dimH̄λ
Uλ = dimHλ

Wλ(A)[K : k] = n[K : k] =
2g

tA[H : Q]
[H : H0] =

2g

tA[H0 : Q]
,

where we are using the correspondence in Lemma 7.1.5 to deduce [K : k] = [H :
H0]. The absolute irreducibility of RA,λ is a consequence of Mackey’s irreducibility
criterion [Bou22, §21, exercise 8]. □

We conclude the proof of the main result of the section.

Proof of Theorem 7.2.1. We briefly recall the notation: L/k is a Galois
extension, A/L a simple weak k-variety, and K/k the smallest subextension such
that A is a strong K-variety. The field H is the center of D = End0(A) and tA
the Schur index of D. The variety A is of GLn-type with n = 2 dimA

tA[H:Q] . For a given

prime λ ̸∈ Ram(D) of H, we construct a representation RA,λ of Gk in two steps:

(1) Extension. Let ρA,λ : GL → GLn(Hλ). By Theorem 7.2.3 there exists a
finite character ξ : GL → H̄×

λ and a representation ρ̃A,λ : GK → GLn(H̄λ)
such that ρ̃A,λ|GL ≃ ρA,λ ⊗ ξ. We let H0 be the subfield of H fixed by
the action of Gal(L/k).

(2) Induction. By taking a GK-twist of ρ̃A,λ, it is always possible to ensure
that sρ̃A,λ ̸≃ ρ̃A,λ for all s ∈ Gk. Hence by Lemma 7.2.8, the induction

RA,λ := IndGk

GK
ρ̃A,λ is absolutely irreducible, and has dimension n[H :

H0].

Finally, suppose A is genuinely of GLn-type and geometrically of the first kind.
By Theorem 7.2.6 in the extension step we have a compatible system of represen-
tations {ρ̃A0,λ0

: GK → GLn/tA0
(Dop

0 )}λ0
. Here A0/K is a certain abelian variety

defined over K and D0 = End0(A0), and the representation ρ̃A0,λ0
extends ρA,λ for

all but finitely many primes (some book-keeping is required to match primes λ and
λ0). By letting H0 be the center of D0 and extending scalars to H̄0,λ0 , we obtain
a system of representations with values in GLn. Once again we may take a twist
and induce to an absolutely irreducible representation. □
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7.2.1. Dimension and base change. We continue with the notation in the
section. Namely, L/k is a Galois extension, A/L a weak k-variety, and K is the
smallest intermediate subfield such that K/k is Galois and A is a strong K-variety.

Let H be the center of End0(A). For all but finitely many primes λ of A,

Theorem 7.2.1 gives a representation R
(L)
A,λ : Gk → GLm(H̄λ) coming from the

Tate module of A, where m is some known dimension. Let L′/k be another Galois

extension such that L ⊆ L′. We now discuss the relation between R
(L)
A,λ and the

representation of Gk associated to AL′ by the same result. This relation is not
necessarily obvious, since by Remark 7.1.7 the subfield K ′ of L′/k analogous to K
may be different for AL′ .

We assume that AL′ is isotypical, so that AL′ ∼ Br for some L′-simple variety
B. We denote by H ′ the center of End0(AL′) = Mr(End

0(B)). For a prime λ′

of H ′, let R
(L′)
B,λ : Gk → GLm′(H̄ ′

λ′) be the representation of Gk associated to B

by Theorem 7.2.1. Note that B (and so A) is of GLn′ -type for some n′ ≤ n, in

accordance with Proposition 5.1.3. We let R
(L′)
A,λ′ := R

(L′)
B,λ′ .

We begin by comparing the dimensions m and m′ of R
(L)
A,λ and R

(L′)
A,λ′ , respec-

tively. Recall that the group Gal(L′/k) acts on H ′, this leaves a fixed subfield
H ′

0 ⊆ H ′ (cf. Proposition 7.1.3). The same group also acts on H (since Gal(L/k)
acts on H, and any s ∈ Gal(L′/k) which fixes L also fixes H), and so we have a
fixed subfield H0 ⊆ H. For the next lemma, we let tA and tB be the respective
Schur indices of End0(A) and End0(B), and recall that End0(AL′) ≃ Mr(End

0(B)).

Lemma 7.2.9. The field H ′
0 is a subfield of H0. Moreover, the degree [H0 : H ′

0]
divides the integer rtB

tA
.

Proof. For the inclusion of H ′
0 into H0, we have

H ′
0 = H ′Gal(L′/K) = (H ′Gal(L′/L))Gal(L/K) = (H ′ ∩H)Gal(L/K) ⊆ HGal(L/K) = H0.

We know from Lemma 7.1.5 that the extension H ′/H ′
0 is Galois. Now the base

change of A to AL′ gives us an embedding ofH ′
0-algebras End

0(A)→ Mr(End
0(B)).

By Theorem 2.4.2, there exists a possibly different primitive embedding of H ′
0-

algebras ψ : End0(A) → Mr(End
0(B)). Recall that ψ being primitive means that

the subalgebra of Mr(End
0(B)) generated by ψ(H) and H ′ is a field. Denote by

F this compositum of ψ(H) and H ′. Then Theorem 2.3.2 gives us the divisibility
relation

tA[F : H ′] | rtB .

Hence rtB/tA is an integer, and it is a multiple of [F : H ′]. The result will follow
from the fact that [F : H ′] = [H0 : H ′

0], as we now show. Since H ′/H ′
0 is Galois, so

is the extension H ′/H ∩H ′, and so we have the equality [H : H ∩H ′] = [F : H ′].
On the other hand, we have H ′

0 = (H∩H ′)Gal(L/K), so (H∩H ′)/H ′
0 is also a Galois
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extension. Hence [H0 : H ′
0] = [H : H ∩H ′] = [F : H ′], as claimed.

F
[F :H′] | rtB

tA≡

H

≡

H ′

Gal

H ∩H ′

GalH0

≡

H ′
0

□

As a consequence of the above result, we can compare the dimensions of R
(L)
A,λ

and R
(L′)
A,λ′ .

Corollary 7.2.10. The dimension of R
(L′)
A,λ′ divides the dimension of R

(L)
A,λ. More-

over, the dimensions are equal if and only if [H0 : H ′
0] = rtB/tA, and in particular

if A remains of GLn-type upon base change to L′.

Proof. We have

dimR
(L)
A,λ =

2g

tA[H0 : Q]
=

2g

rtB [H0 : Q]
· rtB
tA

=
2g

rtB [H ′
0 : Q]

· 1

[H0 : H ′
0]
· rtB
tA

.

By Lemma 7.2.9, [H0 : H ′
0] divides rtB/tA. On the other hand we have dimB =

dimA/r = g/r, and by Lemma 7.2.8 we have dimR
(L′)
B,λ′ =

2g
rtB [H′

0:Q] . The statement

holds since we have defined R
(L′)
A,λ′ to be R

(L′)
B,λ′ . Finally, if A and B are of GLn-

type (and not of GLm-type for m < n), then tA = rtB , so that rtB/tA = 1 and
[H0 : H ′

0] = rtB/tA. Hence the dimensions are equal if AL′ remains of GLn-
type. □

We end the section by showing that the representations R
(L)
A,λ and R

(L′)
A,λ′ are

isomorphic up to twist when A is genuinely of GLn-type and geometrically of the
first kind. In Section 7.5 below, we will determine the precise relation between

the representations R
(L)
A,λ and R

(L′)
A,λ′ when A is not genuinely of GLn-type in a very

particular case.

Proposition 7.2.11. With the notation above, suppose that A is genuinely of GLn-
type. Then H ′ ⊆ H and m = m′. If in addition A is geometrically of the first kind,

then given a prime λ of H dividing a prime λ′ of H ′, the representations R
(L)
A,λ and

R
(L′)
A,λ′ are isomorphic up to a twist.

Proof. The inclusion H ′ ⊆ H is proven as in the beginning of Section 5.5.
Since A is genuinely of GLn-type, it is of GLn-type both over L and L′, and so
if we let AL′ ∼ Br with B simple and tA, tB the Schur indices of End0(A) and
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End0(B), we have rtB = tA (cf. the proof of Proposition 5.1.9). The equality of
dimensions m = m′ then follows from Corollary 7.2.10. Finally, the isomorphism
of the representations up to twist follows from Theorem 7.2.6 and the fact that A
and B that they are both constructed from the same building block The inclusion
H ′ ⊆ H is proven as in the beginning of Section 5.5. Since A is genuinely of GLn-
type, it is of GLn-type both over L and L′, and so if we let AL′ ∼ Br with B
simple and tA, tB the Schur indices of End0(A) and End0(B), we have rtB = tA (cf.
the proof of Proposition 5.1.9). The equality of dimensions m = m′ then follows
from Corollary 7.2.10. Finally, the isomorphism of the representations up to twist
follows from Theorem 7.2.6 and the fact that A and B have the same associated
building block. □

7.3. Pairings and representations

In this section we consider some results on equivariant pairings for arbitrary
group representations. We will later apply these to the representations RA,λ con-
structed in the previous section. We begin with a variation on a classical result.

Lemma 7.3.1 (Schur’s lemma). Let ρ : G → GLn(E) be an irreducible represen-
tation. Let χ : G→ E× be a character and let † : GLn(E)→ GLn(E) be any map.
Suppose that there exist two matrices M,M ′ ∈ GLn(E) such that{

Mρ(g) = χ(g)ρ(g)†M,

M ′ρ(g) = χ(g)ρ(g)†M ′

for every g ∈ G. Then, there exists some λ ∈ E× such that M = λM ′.

Proof. Consider the characteristic polynomial p(x) = det(M − xM ′). This
polynomial is nonzero, and in fact has leading coefficient (−1)n detM ′ and degree-
0 coefficient detM . Let λ ∈ Ē× be a root of p(x) and consider a nonzero vector
v ∈ ker(M − λM ′). For every g ∈ G we then have

(M − λM ′)ρ(g)v = χ(g)ρ(g)†(M − λM ′)v = 0.

Therefore ker(M − λM ′) is a nonzero G-invariant subspace of V . Since G is irre-
ducible, we obtain the equality M = λM ′. In turn, this implies that λ ∈ E×, and
the lemma follows. □

Remark 7.3.2. The usual Schur’s lemma is a particular case of Lemma 7.3.1,
once we let χ be the trivial character, X† = X and M ′ = Id.

We apply the previous result to show that there is essentially a unique G-
equivariant pairing on V of a given kind and with a given similitude character.

Corollary 7.3.3. Let ρ : G → GL(V ) be an irreducible representation. Let χ :
G → E× be a character, and let ψ and ϕ be two pairings on V of the same kind
(i.e. both alternating, symmetric or hermitian). If both ψ and ϕ are G-equivariant
with similitude character χ, then there exists a constant λ ∈ E× with ψ = λϕ.

Proof. We set ρ(g)† = ρ(g)⊤ if ψ, ϕ are alternating or bilinear, and ρ(g)† =

ρ(g)
⊤
if they are hermitian. Moreover, we set M , M ′ to be the respective matrices

giving the pairings on a basis of V . Then we get the result as a consequence of
Lemma 7.3.1. □

A second important application is the following extension result.
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Corollary 7.3.4. Let ρ : G → GL(V ) be a representation and let H be a normal
irreducible subgroup of G. Let χ : H → E× be a character and suppose that
ψ : V×V → E× is a non-degenerate H-equivariant pairing with similitude character
χ. The following are equivalent.

(1) The pairing ψ is G-equivariant for some similitude character χ̃ : G→ E×.
(2) There exists a character χ′ : G→ E× extending χ.
(3) For all s ∈ G, the character χ satisfies sχ = χ.

Proof. The implications (1) =⇒ (2) =⇒ (3) are immediate. To see (3) =⇒
(1), suppose that sχ = χ for all s ∈ H. After fixing a basis of V , we replace
the group G by its image through ρ in GLn(E). Let M ∈ GLn(E) be a matrix
representing the pairing ψ. Then for every h ∈ H we have

h†Mh = χ(h)M

with either h† = h⊤ or h† = h̄⊤. Moreover, for every g ∈ G and h ∈ H we have

(ghg−1)†M(ghg−1) = χ(ghg−1)M = gχ(h)M = χ(h)M.

By manipulation, we obtain h†(g†Mg)h = χ(h)g†Mg. By Lemma 7.3.1 applied to
M and M ′ = g†Mg, there exists some χ̃ = χ̃(g) ∈ E× such that g†Mg = χ̃(g)M .
This defines a map χ̃ : G → E× which coincides with χ on H, and it is directly
checked to be a character. Therefore ψ is G-equivariant with similitude character
χ̃. □

The remaining step in the section is to characterize when we can endow an
induced representation with a pairing.

Proposition 7.3.5. Let G be a group, let H be a normal subgroup of G of finite
index, and let ρ : H → GL(V ) be an irreducible representation. Consider the

induced representation IndGH ρ, given by the action of G on the vector space

U =
⊕

[g]∈G/H

gV.

Suppose ψ : V × V → E× is a nondegenerate H-equivariant pairing with similitude
character χ. The following are equivalent.

(1) There is a nondegenerate G-equivariant pairing Ψ : U × U → E× whose
restriction to V is ψ.

(2) The character χ extends to a character of G.

Proof. Let Ψ : U × U → E be a G-equivariant pairing with similitude char-
acter χ′ : G→ E× and suppose that Ψ|V × V = ψ. Then χ′|H = χ , and χ′ is an
extension of χ to G.

Conversely, let χ̃ : G→ E× be an extension of the character χ. Let h1, . . . , hr
be coset representatives for the quotient G/H. We define the following diagonal
pairing on U :

Ψ(hiu, hjv) :=

{
0, if i ̸= j,

χ̃(hi)ψ(u, v), if i = j.

It is clear by the definition that Ψ is nondegenerate and that it restricts to ψ on
V . □
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Remark 7.3.6. Observe that we have not proved Proposition 7.3.5 above with
Corollary 7.3.3, and in fact the pairing Ψ is not unique. Indeed, this is because
the induced representation U is not irreducible as a representation of H. Moreover,
there are as many pairings Ψ on U extending ψ as characters of G extending the
similitude of ψ.

7.4. Pairings and k-varieties

In this section we let L/k be a Galois extension and let A/L be a simple weak
k-variety. Let K be the smallest subfield of L/k such that A is a strong K-variety.
Let H be the center of D = End0(A), and let tA be the Schur index of D. Let
n = 2dimA/tA[H : Q], so that A is of GLn-type.

We let {ρA,λ}λ be the compatible system of Galois representations of GL at-
tached to A by Theorem 4.2.7. For each λ of H, we let ρ̃A,λ be a representation
of GK given by Theorem 7.2.3. Let ξ : GL → Q̄× be the finite character such
that ρ̃A,λ|GL ≃ ρA,λ ⊗ ξ. Let RA,λ be the induced representation of Gk given by
Theorem 7.2.1.

Proposition 7.4.1. Suppose that A is genuinely of GLn-type and geometrically of
the first kind. Let εA : GL → H× be the Nebentype character attached to A. Let
λ ̸∈ Ram(D) be a prime of H.

(1) The representation ρ̃A,λ preserves a nondegenerate, GK-equivariant, H̄λ-
bilinear pairing ψλ with similitude character ε0χℓ, where ε0 : GK → Q̄×

is a finite character such that ε0|GL = εAξ
2.

(2) The representation RA,λ preserves a pairing Ψλ induced from ψλ if and
only if ε0 extends to a character of Gk.

In addition, if B is the building block associated to A, then the pairings are alter-
nating if B has Albert type I or II, and symmetric if B has Albert type III.

Proof. The hypotheses that A is genuinely of GLn-type and geometrically of
the first kind allow us to apply Theorem 7.2.6 so that ρ̃A,λ is the λ0-adic repre-
sentation coming from some A0/K which is genuinely of GLn-type and shares the
associated building block with A. Hence the character ε0 is the Nebentype of A0,
as explained in Section 5.5. Now the representation ρA,λ preserves a pairing ψλ

with similitude character εA, and so the similitude of ρA,λ ⊗ ξ ≃ ρA0,λ0 is εAξ
2.

Hence ε0|GL = εAξ
2.

The statement in (2) comes directly from Proposition 7.3.5, since ε0χℓ extends
to a character of Gk if and only if ε0 extends. Finally, the alternating or symmetric
nature of the pairing ψλ (and Ψλ, when it exists) is determined by Theorem 5.7.4
and the irreducibility of ρA,λ. □

More generally, we know that since A is of GLn-type, there is a set L of primes
of H such that for all λ ∈ L, there exists a nondegenerate, GL-equivariant pairing
ψλ :Wλ(A)×Wλ(A)→ Hλ(χℓ). Moreover:

(a) If A has Albert type I or II, then L comprises all primes of H not in
Ram(D), and ψλ is alternating (cf. Theorems 4.3.3 and 4.3.7).

(b) If A has Albert type III, then L comprises all primes of H not in Ram(D),
and ψλ is symmetric (cf. Theorem 4.3.11).

(c) If A has Albert type IV, then L is disjoint from Ram(D), has positive
density, and ψλ is hermitian (cf. Section 4.3.3).
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With this notation, the most general resulting after Corollary 7.3.4 and Propo-
sition 7.3.5 is the following.

Proposition 7.4.2. Let λ ∈ L.
(1) The representation ρ̃A,λ preserves a pairing ψ̃λ (of the same kind as ψλ)

if and only if ξ2 extends to a character of GK .
(2) Suppose that ρ̃A,λ preserves a pairing ψ̃λ as above with similitude character

ε : GK → Q×. Then RA,λ admits a nondegenerate, Gk-equivariant pairing
Ψλ extending ψλ if and only if ε admits a further extension to Gk.

7.5. Modularity of surfaces with potential quaternionic multiplication

In this section we let A/Q be an abelian surface satisfying the following:

• End(A) = Z, and
• D = End0(AQ̄) is either M2(Q) or a division indefinite quaternion algebra
with center Q.

We will prove that A is Siegel-modular in Theorem 7.5.3. Under certain hypotheses,
we will also show that A is paramodular in Corollary 7.5.5.

We let L/Q be the smallest extension such that End0(AL) = End0(AQ̄). By
[DR04, Proposition 2.1], L/Q has Galois group Cn or D2·n for n = 2, 3, 4, or 6.

Lemma 7.5.1. AL is a strong Q-variety.

Proof. The variety A is defined over Q, and therefore AL is isogenous (via
the identity) to all its Galois conjugates. This makes AL is a weak Q-variety.
Since End0(AL) = End0(AQ̄), the center of End0(AL) is Q, and so the identity
µs

sφ = φµs with µs = id is satisfied for all φ ∈ Q and all s ∈ GQ. It follows from
Lemma 7.1.6 that AL is a strong Q-variety. □

After the lemma above, we fix an isogeny µs :
sA→ A for every s ∈ Gal(L/Q)

in such a way that A is a strong Q-variety with respect to µs.

Lemma 7.5.2. For every subfield K ⊆ L with L/K cyclic, the endomorphism
algebra End0(AK) contains a quadratic field. In particular, the hypothesis that
End(A) = Z implies that L/Q is a dihedral Galois extension. Moreover, for each
such K, AK is genuinely of GL2-type.

Proof. Let L/K be cyclic and let s be a generator of Gal(L/K). If L = K
then D = End0(AL) contains a quadratic subfield and there is nothing to prove.
Otherwise we consider the Q-algebra automorphism

Ψs : D → D, φ 7→ sφ.

By the Skolem–Noether theorem (cf. Theorem 1.1.3), there exists some α(s) ∈ D×

such that sφ = Ψs(φ) = α(s)φα(s)−1 for all φ ∈ D. Then α(s) ∈ End0(AK):
indeed, sα(s) = α(s). We claim that α(s) ̸∈ Q, otherwise, for all φ ∈ D we would
have sφ = φ ∈ End0(A), contradicting the well-known fact that abelian surfaces
over Q cannot have quaternionic multiplication (see for instance Proposition 5.1.7).

Hence Q(α(s)) is a (maximal) quadratic subfield of D, and is contained in
End0(AK). It follows that L/Q cannot be cyclic, for otherwise End0(A) would
contain a quadratic field. That A is genuinely of GL2-type also follows. □
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Recall from Section 5.8 that an abelian variety B/Q is said to be Siegel-modular
if there is a cuspidal automorphic representation π of GSp4(AQ) such that L(A, s) =
L(π, s).

Theorem 7.5.3. The abelian surface A is Siegel-modular.

Proof. Since AL is a strong Q-variety genuinely of GL2-type and geometri-
cally of the first kind, by Theorem 7.2.6 there exists an abelian variety A0 defined
over Q which is genuinely of GL2-type whose associated building block is AQ̄, and
whose compatible system of representations extends that of AL. By [Rib04, The-
orem 4.4] and Serre’s modularity conjecture [KW09a, KW09b], A0 is modular.

The modularity of A follows from base change and automorphic induction, as we
now explain. Let K/Q be a quadratic subextension of L/Q and let E = End0(AK)
be the corresponding quadratic field of endomorphisms. Let E0 = End0(A0) (which
is a number field of degree dimA0, by e.g. Proposition 5.1.7), let ℓ be a rational
prime splitting in E and at which D = End0(AL) splits, and let λ0 be a prime of
E0 over ℓ. For some character ξ : GL → Q̄× (as constructed in Theorem 7.2.3), we
have

ρA0,λ0
|GL ≃ ρAL,ℓ ⊗ ξ.

Now the representation ρA0,λ0
|GL is modular by [Lan80], since L/Q is a solvable

extension. Undoing the twist by ξ we obtain that ρAL,ℓ is modular for some cuspidal
automorphic representation πL of GL2(AL). Let λ, λ′ be the primes of E over ℓ.
Again by cyclic base change, the representation ρAK ,λ : GK → GL2(Eλ) (which
extends ρAL,ℓ) corresponds to some automorphic representation πK of GL2(AK).

Now we have an isomorphism of representations sρAK ,λ ≃ ρAK ,λ′ for a gener-
ator s of Gal(K/Q), since AK is a weak Q-variety (and it is not strong). Hence

the representation ρA,ℓ : GQ → GSp4(Qℓ) equals the induction IndQK ρAK ,λ. By
automorphic induction (e.g. as in [Hen12, Théorème 3]) there exists an automor-
phic representation πQ of GL4(AQ) corresponding to ρA,ℓ. It remains to show that
πQ is the transfer of an automorphic representation Π of GSp4(AQ). This follows
from the fact that ρA,ℓ preserves the usual Weil pairing, and so it is of symplectic
type in the terminology of [BCGP21, §2.9]. The result follows from [BCGP21,
Theorem 2.9.3]. □

Lemma 7.5.4. Suppose Gal(L/Q) ≃ D4 ≃ C2 × C2. Then there are two qua-
dratic subfields K,K ′ of L such that the endomorphism algebras End0(AK) and
End0(AK′) are real quadratic fields.

Proof. There are three different quadratic subfields in L. Let K1,K2 be two
such fields. If Ei = End0(AKi) were an imaginary quadratic field for i = 1 and 2,
this would contradict the fact that D is an indefinite quaternion algebra. Indeed,
in the notation of Lemma 7.5.2, Ei = Q(α(si)), where Gal(L/Ki) = ⟨si⟩, and
α(s1), α(s2) generate D as a Q-algebra. But Ei being quadratic imaginary would
imply D is generated by noncommuting elements a1, a2 with a

2
i < 0, and then D⊗R

would be isomorphic to the Hamilton quaternions. Hence for some i ∈ {1, 2}, Ei

must be a real quadratic field. □

Recall from [Voi21, Chapter 21] that an order O in a quaternion algebra is
said to be hereditary if every left ideal I ⊂ O is projective as a left O-module.

Corollary 7.5.5. If Gal(L/Q) ≃ C2 × C2, then A is paramodular. In particular,
this is the case if A is principally polarizable and End(AQ̄) is a hereditary order.
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Proof. Suppose Gal(L/Q) ≃ C2×C2. In virtue of Lemma 7.5.4, we may fix a
quadratic subfield K of L such that E = End0(AK) is a real quadratic field. Let λ
be a prime of E and consider the representation ρAK ,λ : GK → GL2(Eλ). Since E
is real quadratic and AK is genuinely of GL2-type, there is a finite order character
ε of GK such that det ρA,λ = εχℓ (cf. Corollary 5.5.14). The character ε is actually
trivial, since it is defined in terms of complex conjugation acting on E, which is a
totally real field (cf. Definition 5.5.2).

Now we use a modification of the proof of Theorem 7.5.3. Recall that there ex-
ists a cuspidal automorphic representation πK of GL2(AK) corresponding to ρAK ,λ.
Suppose K is real quadratic. Since det ρAK ,λ = χℓ, we may apply [JLR12, Main
Theorem] to show that the induction of πK to Q is paramodular. If K is imag-
inary quadratic, the analogue result is [BDPc15, Theorem 4.1], and again A is
paramodular.

By [DR04, Theorem 3.4], if A admits a principal polarization and End(AL)
is a hereditary order then Gal(L/Q) ≃ C2 × C2. Hence the result applies in this
situation. □

Remark 7.5.6. The proof we have just given does not generalize when Gal(L/Q) is
not isomorphic to C2×C2 because the representation ρAK ,λ always has determinant
εχℓ with ε a nontrivial character of Gal(L/K). In fact, more is true: if we let K
be the (only) quadratic subfield of L, then End0(AK) is always imaginary quadratic
(cf. [FKRS12, Table 7]). The construction of the Nebentype of AK then implies ε
is nontrivial. The theorems we use to show paramodularity don’t apply in this case.

But the situation is even worse: in many cases (such as Gal(L/Q) ≃ D2·3) the
character ε does not extend to a character of the full Galois group of L, and then by
Proposition 7.4.1 (applied to the weak Q-variety AK) the induction of ρAK ,λ cannot
preserve a pairing coming from the determinant form. The problem is then that we
do not control the level of the induction on the automorphic side.

Example 7.5.7. The following abelian surface satisfies Corollary 7.5.5. We let C
be the genus 2 curve

y2 =

(
x2 +

7

2

)(
83

30
x4 + 13x3 − 1519

30
x2 + 49x− 1813

120

)
and let A = Jac(C) be its jacobian. As computed in [DR05, Theorem 2.1], we
have:

• End(A) = Z,
• End0(AQ(

√
−14)) = Q(

√
2),

• End0(AQ(
√
21)) = Q(

√
3),

• End0(AQ(
√
−6)) = Q(

√
−6), and

• End0(AQ(
√
−6,

√
−14)) is a maximal order in the quaternion algebra of dis-

criminant 6.

Hence in Corollary 7.5.5 we may take K = Q(
√
−14) or K = Q(

√
21) to obtain

a representation of GK with trivial Nebentype, and then its induction to GQ must
coincide with ρA,ℓ. The induced pairing coincides with the Weil pairing. It follows
that A is paramodular.

We remark that ρA,ℓ preserves a second pairing φℓ, given by extending the non-

trivial character of Gal(Q(
√
−6,
√
−14)/Q(

√
−6)) to GQ and then applying Propo-

sition 7.3.5. This does not contradict the uniqueness of pairings, since the Weil
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pairing and φℓ have different Nebentypes. This phenomenon correlates with the
fact that ρA,ℓ has many traces equal to zero: otherwise, we would be able to show
that φℓ must, in fact, have similitude character equal to χℓ.
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[Nek12] Jan Nekovář. Level raising and anticyclotomic Selmer groups for Hilbert modular forms
of weight two. Canad. J. Math., 64(3):588–668, 2012. 77

[Oht74] Masami Ohta. On l-adic representations of Galois groups obtained from certain two-

dimensional abelian varieties. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 21:299–308,
1974. 13, 63

[Oor88] Frans Oort. Endomorphism algebras of abelian varieties. In Hijikata et al., editors, Al-

gebraic Geometry and Commutative Algebra, pages 469–502. Academic Press, 1988. 42,
43

[Pie82] Richard S. Pierce. Associative algebras, volume 9 of Studies in the History of Modern

Science. Springer-Verlag, New York-Berlin, 1982. 8, 15, 16, 17, 18, 27, 28, 59
[PVT22] Ariel Pacetti and Lucas Villagra Torcomian. Q-Curves, Hecke characters and some Dio-

phantine equations. Math. Comp., 91(338):2817–2865, 2022. 112
[PVT23] Ariel Pacetti and Lucas Villagra Torcomian. Q-curves, Hecke characters and some Dio-

phantine equations II. Publ. Mat., 67(2):569–599, 2023. 112

[PY15] Cris Poor and David S. Yuen. Paramodular cusp forms. Math. Comp., 84(293):1401–
1438, 2015. 6

[Pyl04] Elisabeth E. Pyle. Abelian varieties over Q with large endomorphism algebras and their

simple components over Q. In Modular curves and abelian varieties, volume 224 of Progr.
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Resum en català

En aquesta tesi es consideren les propietats artimètiques de les varietats abelianes
en relació amb les seves àlgebres d’endomorfismes. Més precisament, estudiem les
reduccions bones d’una varietat abeliana definida sobre un cos de nombres, aix́ı
com les de representacions de Galois associades. També donem alguns resultats de
modularitat de varietats abelianes respecte de formes modulars de Siegel.

El Caṕıtol 1 dona algunes definicions i resultats preliminars sobre àlgebres
simples i varietats abelianes. El treball pròpiament dit comença amb el Caṕıtol
2, on estudiem les immersions1 d’àlgebres simples. Hem fet un èmfasi especial en
caracteritzar l’existència d’una immersió entre dues àlgebres simples. Donem una
especialització d’un criteri de Chia-Fu Yu per a àlgebres sobre cossos globals i locals,
que pren un paper important en els Caṕıtols 3, 5 i 7.

El Caṕıtol 3 estudia les propietats de les varietats abelianes definides sobre
cossos finits sota la hipòtesi que l’àlgebra d’endomorfismes és no commutativa.
Ens centrem en classificar les 4-varietats abelianes amb multiplicació quaterniònica.
Demostrem el següent resultat: una varietat abeliana sobre un cos de nombres amb
endomorfismes no commutatius és no simple mòdul tot primer fora d’un conjunt
finit. Aquest enunciat generalitza el resultat anàleg per a les anomenades “corbes
el·ĺıptiques falses”, i fa més precisa una de les direccions de la Conjectura de Murty
i Patankar. D’altra banda, també donem un exemple d’una 4-varietat abeliana amb
exactament dues reduccions geomètricament simples.

Al Caṕıtol 4, comencem la descripció de les representacions de Galois associades
a varietats abelianes amb algun endomorfisme no enter. Descrivim les components
irreductibles del mòdul de Tate en termes de l’àlgebra d’endomorfismes, i provem
que les representacions de Galois prenen valors en una forma del grup algebraic GLn.
També explicitem la natura de l’emparellament de Weil en aquestes components ir-
reductibles, que depèn del tipus d’Albert de l’àlgebra d’endomorfismes. El Caṕıtol
5 es basa en un treball conjunt amb F. Fité i X. Guitart. Hi definim la noció de va-
rietat abeliana genüınament de tipus GLn, tot generalitzant les varietats abelianes
de tipus GL2 i sense multiplicació complexa potencial considerades per Ribet. El
sistema de representacions associat a aquestes varietats té la propietat de ser absolu-
tament irreductible al fer un canvi de base a una extensió finita. Donem una teoria
de building blocks per a aquestes varietats. Sota certa hipòtesi tècnica, definim
també els inner twists i el caràcter d’una varietat abeliana, anomenat Nebentipus.
Caracteritzem les varietats amb representació de Galois simplèctica o ortogonal,
que anomenem genüınament de tipus GSpn o GOn, respectivament. D’aquesta
manera, ampliem la classe de varietats abelianes amb tals representacions donada

1En anglès, embeddings.
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anteriorment per Banaszak, Gajda i Krasoń. Finalment, demostrem que una vari-
etat abeliana genüınament de tipus GL4 és modular de Siegel si i només si aquesta
és genüınament de tipus GSp4.

Al Caṕıtol 6 constrüım una famı́lia de building blocks de tipus GL4. Aquests
venen donats per les Jacobianes de certes corbes de gènere 2 amb una isogènia de
Richelot a les seves conjugades de Galois. Sota certes condicions, la restricció de
Weil ens dona exemples de 4-varietats abelianes genüınament de tipus GSp4. La
famı́lia inclou exemples de representacions de Galois amb imatge a GSp4 i Neben-
tipus no trivial.

El Caṕıtol 7 està basat en un treball conjunt amb A. Pacetti. S’hi tracten
les representacions de Galois associades a k-varietats abelianes. Un dels punts
principals és que no assumim que tots els endomorfismes de la varietat estan definits
sobre el cos base. Això permet tractar varietats abelianes potencialment de tipus
GLn. Donem un procediment per a construir una representació del grup absolut
de Galois de k associada a una k-varietat abeliana. A més, donem alguns resultats
sobre l’aparellament de Weil indüıt a aquestes representacions. Com a aplicació,
demostrem que les superf́ıcies abelianes sobre Q amb multiplicació quaterniònica
potencial són modulars de Siegel.

Paraules clau: varietats abelianes, àlgebres centrals simples, teoria d’Honda–
Tate, representacions de Galois, multiplicació quaterniònica, modularitat.
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