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Abstract: Active fluids represent a new paradigm in non-equilibrium physics. Even at low
Reynolds numbers, they can develop spontaneous flows that resemble inertial turbulence in their
chaotic behaviour, also with a universal scaling law. However, unlike classical turbulence, active
turbulence lacks an energy cascade. Instead, it self-organizes the scales at which energy is injected
and dissipated. This suggests we may be dealing with a new class of turbulence—one we are still
learning how to describe. This thesis is the first to study mixing in this rich scenario, in which two
qualitatively different turbulence limits emerge: one characterized by fully developed turbulence and
another where labyrinth-like patterns form and the system becomes dynamically arrested. We study
the mixing of a passive scalar and the movement of tracer particles within these simulated flows.
We aim to characterize each flow regime using our mixing analysis. We find that tracer particles
provide a more effective way to probe the transport properties of each regime, particularly through
quantities like the ballistic time and the excess kurtosis, which clearly distinguish the two types of
flow and point towards a non-diffusive stationary state of the labyrinths. Interestingly, also in the
labyrinthine regime, tracer particles show a heavy-tailed distribution in concentration, indicating
clustering and the possible formation of particle caustics. Although this study is still in progress,
our results already point toward labyrinthine flows as a distinct form of quantitative and qualitative
turbulence, with unique transport properties.

I. INTRODUCTION

Turbulence is found everywhere. From cooking to in-
terstellar gas clouds. And though it is regarded as the
last unsolved problem in classical physics, its study has
benefited many neighbouring areas of physics. Concepts
such as scale-invariance, universality, and anomalous dif-
fusion—now fundamental in many fields—were originally
developed in the context of turbulence [1–3]. Turbulence
is also highly relevant beyond theoretical physics, play-
ing an important role in applied areas such as mixing
technology and meteorology.

While inertial turbulence is governed by the Reynolds
number and arises when inertial forces dominate over
viscous forces, turbulent-like behaviour has also been
observed in bacterial suspensions at very low Reynolds
numbers [4]. Since this discovery, significant effort has
gone into defining this new class of turbulence, known
as active turbulence [5]. More recent studies reveal the
existence of yet another turbulent regime, characterized
by labyrinthine patterns and dynamical arrest [6].

This is where the present thesis attempts to contribute
by providing a study of mixing in these flows, something
that has not been done before. To this end, we have di-
vided the thesis into three sections. The first introduces
the model of defect-free active nematics that exhibit tur-
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bulent behaviour and reviews the literature on mixing
and the advection of tracer particles. The second sec-
tion forms the core of this work, where we explain the
simulations carried out, their analysis, and the results
obtained. We describe in detail the observables con-
structed to characterize the different regimes of active
turbulence, and examine the insights they provide into
the behaviour of the flow. Among these observables are
the ballistic time and the loyalty time, which help quan-
tify transport properties. In addition, we include other
noteworthy results, such as the clustering and particle
caustic formation, which are not based on an observable
but offer valuable information for understanding the dif-
ferent features of transport in each flow regime. Finally,
the conclusions summarise our progress in understand-
ing the field, as well as outlining possible future research
directions.

A. Introduction to active turbulence

Over the past two decades, active fluids have emerged
as a new paradigm in non-equilibrium statistical physics.
They are a continuous medium driven internally dissipat-
ing energy, and therefore generating spontaneous flows
and forces. It has been shown that, for a range of param-
eters, these flows become chaotic and show turbulent-
like behaviour [5]. Since active fluids operate at very
low Reynolds number, inertia is not what is driving the
chaotic flow but, still, the flow is reminiscent of classic
inertial turbulence (there is a universal scaling of the en-
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ergy spectrum predicted first by Giomi [7] and numeri-
cally found in [8]). Instead, in active fluids, what induces
turbulence in the flow is the dissipation of energy of its
constituents, which is the so-called activity.

There are some important differences from the classical
inertial turbulence. Perhaps the most important one is
the lack of energy cascades, and that the scale at which
energy is injected is not imposed by the external driv-
ing as an input, but rather, it is the active fluid that
self-organizes. This means that the scale at which en-
ergy is injected is, in fact, part of the solution. On the
other hand, the velocity power spectrum of active ne-
matic turbulence features a scaling law of −1 for large
scales, which is independent of the material properties
and the appearance of topological defects. This universal
behaviour is what may suggest that we may be in front
of a new class of turbulence that the literature calls ac-
tive turbulence [5]. To what extent active chaotic flows
define a new class of turbulence has to be settled yet,
but these chaotic flows have already been found in many
different experimental realisations: bacterial suspensions
[9], swarming sperm [10], mixtures of cytoskeletal compo-
nents [11], tissue cell monolayers [12], and artificial self-
propelled particles [13]... To study these systems, we will
restrict ourselves to the defect-free active nematic turbu-
lence, which makes the simulations less demanding, and
if we wanted to test our model experimentally, we would
use a microtubule-kinesin suspension in two dimensions
because it has the same symmetries as our defect-free
active nematic model for the labyrinthine case.

Finally, discoveries show flow’s behaviours that rarely,
if ever, have been seen: unicursal labyrinth-like patterns
with an arrested dynamics [6]. Now we will define the
model with which we can simulate the flows mentioned
above, which at the same time will provide the velocity
fields responsible for the advection of particles and the
passive scalar.

1. Hydrodynamics of defect-free active nematics

We build our model of the hydrodynamics of defect-
free active nematics from a phenomenological perspective
and rely on symmetries and conservation laws. This way
we are coarse-graining the fast variables and studying
how the hydrodynamic modes and the order parameters,
associated with breaking symmetries, evolve.

We will also consider the modulus of the nematic vector
nα to have a fixed modulus nαnα = 1, which implies
we can describe the nematic vector field with just an
angle field θ that ranges from 0 to 2π, if the fluid is
polar, or from 0 to π, if nematic, and ensure there are no
topological defects.

To build the dynamic equations of our variables, we
start from the momentum conservation law and the dy-
namics of the director field from passive nematics. Af-
ter some involved calculations that we summarize in
the appendix section we reach these equations for the

stream function of the flow ψ, defined by vx = ∂yψ and
vy = −∂xψ, and the nematic director angle θ, defined as
n = (cos θ, sin θ):

∇2ω = ∇4ψ = −S∂α∂β q̄αβ
+Rν∂α∂β(q̄αβh∥ − qαβh⊥)

+
R

2
∇2h⊥ +Rϵαβ(∂αh∥)∂βθ,

(1)

∂tθ − ϵαβ∂αψ ∂βθ +
1

2
∇2ψ = h⊥ + νqαβ∂α∂βψ. (2)

The first thing to comment is that we have made the
equations dimensionless with the system size L, rescaling
time by the active time τa = η/|ζ|, pressure by the active
stress |ζ| and the orientational field by K/L2, where K is
the constant in the approximated Frank free energy com-
ing from the liquid crystals theory. Our equations have
some dimensionless parameters that we can tune to reach
the flow regime we want. The flow activity is represented
by the parameter A = L2/l2a, where l

2
a = K/(|ζ|R) is the

active length. R = γ/η is a viscosity ratio and S is the
sign of the active stresses S = sign(ζ). Thus, for extensile
stresses, S would be positive, and for contractile stresses,
negative. Besides, it can be easily checked that the dy-
namics is invariant under the transformation ν → −ν,
S → −S and θ → θ± π/2. However, the hydrodynamics
changes dramatically in the change of sign of the product
of S and the flow alignment coefficient ν [6], where ν ≤ 0
corresponds to rod-like nematic components and ν > 0
corresponds to disk-like.
Less important for a first view of the defect-free ac-

tive nematics model are the nematic orientation tensor
qαβ = nαnβ − 1/2δαβ and its anti-symmetrized version
q̄αβ ≡ −ϵαγqγβ . We are also defining the parallel and
the perpendicular component of the orientational field as
[14]:

h⊥ =
1

A
∇2θ, h∥ = νq̄αβ∂α∂βψ. (3)

The second thing to realize, and more importantly, is that
the stream function is entirely determined by the director
angle by equation (1). Therefore, fixing the director norm
leaves the whole problem to a single degree of freedom:
the director angle θ. This makes simulating this model
much simpler than others, enabling larger sizes and times
to be reached. Besides, by precluding topological defects,
the problem has a biunivocal correspondence to the polar
active fluids.

2. Labyrinths vs chaotic flows

To finish this introduction in active turbulence, we take
a closer look at the two different scenarios depending
on the sign of the product of Sν. The case in which
Sν > 1 corresponds to strong large-scale turbulence:
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(a)

(b) (c)

FIG. 1: (a): Snapshots from simulations of our model of defect-free active nematic turbulence in the two regimes ac-
cording to the flow alignment, fixing the sign of the active stress to S = −1. (b): Velocity power spectra characterizing
fully developed active nematic turbulence for the chaotic (red) and the labyrinthine (blue) case, and an intermediate
case (ν = 0 in black). We see the large jets of the chaotic regime and the selected wavelength corresponding to the
wall streams. All three cases follow the universal −1 scaling law expected for big scales. (c): The correlation time
spectra of the velocity field and the nematic field show much larger correlation times for the labyrinthine regime than
for the chaotic case. Panels (a) and (b) adapted from reference [6].

chaotic flows with transient large-scale jets, as is shown
in the kinetic energy spectrum in Figure 1b. The flow
patterns are largely uncorrelated with the director field
and are produced by long-range hydrodynamic interac-
tions. We will call these the chaotic flows, which reveal
some statistical similarities to inertial turbulence, such as
the flow field with vortices at many scales and the short
correlation times at all length scales, as Figure 1c shows.
Nevertheless, this turbulent flow still presents a typical
length scale at which wall patterns form and break con-
tinuously because they are unstable [14].

On the other hand, in [6] it is shown that the case in

which the product is negative, Sν < 1, corresponds to a
flow in which dynamics seems to have been arrested and
the extraordinary labyrinth-like patterns arise. Unlike
the Sν > 1 case, the wall patterns at the typical length
scale are stable, but with a non-relaxational dynamics in
the sense that there is still a weak background of large-
scale chaotic flows producing the −1 scaling law. This
resembles the systems displaying frustration like gels and
glasses with long correlation times, and tends towards a
state in which walls form a unicursal labyrinth.
Another important point to highlight is the formation

of labyrinthine flows in real active fluids, such as micro-
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tubule–kinesin suspensions. Although the current model
assumes the absence of topological defects, efforts are
underway to incorporate defects into the model. Prelim-
inary results suggest that labyrinth patterns persist when
the defect density remains low.

B. Introduction to mixing

This work focuses on mixing within a novel class of
turbulent flows. To proceed, we must first understand
the concept of mixing and how it can reveal properties
of the underlying advective velocity field.

The science of mixing studies the evolution of a sys-
tem from one state of simplicity, where the constituents
of the system are segregated, to another state of simplic-
ity: uniformity [15]. Therefore, a substance is said to be
properly mixed if gradients are lowered down to the inter-
particle scale. There are mechanisms, like advection by a
turbulent flow, that may speed up the evolution towards
complete uniformity, but it is diffusion alone that drives
the system to this final state of simplicity down to the
intermolecular scale. Therefore, the equation giving the
evolution of the system is the advection-diffusion equa-
tion:

∂tc = D∇2c− v · ∇c, (4)

where c(t, r) is the concentration field of a passive scalar,
D is the diffusion constant, and v is the incompressible
velocity field that advects the passive scalar.

Even though the advective term can dominate over the
diffusion one, diffusion has a singular role, and advection
only speeds up the evolution towards uniformity. This
can be understood easily with the time evolution of the
fluctuations around the mean concentration, also called
mixing rate [16]:

d

dt
(⟨c2⟩ − ⟨c⟩2) = −2D⟨(∇c)2⟩, (5)

which shows that fluctuations in concentration decay
only due to diffusion. Then, the role of advection is
to deform the concentration field towards lower scales,
where diffusion is more efficient, as can be checked with
the Fourier transform of the diffusion equation:

∂tĉ = −Dq2ĉ. (6)

All this implies that mixing is neither stirring nor
blending, and so the limit D = 0 is a singular one. Never-
theless, we are interested in this limit because it provides
the greatest amount of information about advective flow
and its transport properties. We can do this by simu-
lating the advection of tracer particles without diffusion.
But then, it is important to keep in mind that in that
case, we are not studying mixing, although we can build
useful observables with a coarse-grained particle density
field.

1. Designing observables

When studying the mixing of a substance, we need to
consider the observables that can best answer our ques-
tions. Usually, it is not the mean concentration of the
mixture ⟨c⟩ nor the variance ⟨c2⟩ − ⟨c⟩2 that we are in-
terested in, but the extreme events and their probability
to happen. We may also want to ask the time it takes
to reach the mixed state, which comes from an interplay
between the advective flow and the strength of diffusion,
or, more related to our work, the transport properties the
flow has, especially in the limit when diffusion is greatly
inefficient.

Therefore, to obtain the probability of an extreme con-
centration event, we can rely directly on the probabil-
ity density function of the concentration of the
mixture p(c), which defines de probability of finding the
mixture between concentrations c and c+ dc and is well
normalized

∫
p(c)dc = 1. The notation ⟨·⟩ defines the

average of an observable weighted by p(c). It is shown
to evolve from the initial state to the complete unifor-
mity p(c) = δ(c− ⟨c⟩) with a gamma function whenever
we have confined conditions that force the strips of the
dispersing mixture to overlap [15].

To study the transport properties, instead of the prob-
ability density function, we may prefer to use the concen-
tration field itself and its spatial distribution. Then, for
instance, we will use r2 to define the spatial second mo-
ment of the concentration field, where the concentration
field will always fulfil

∫
c(r, t)d2r = 1. This observable is

equivalent to the mean squared displacement of the
tracer particles and will be useful to study the transport
properties of the flow. We can also compute the fourth
moment r4 which will enable us to calculate the excess
kurtosis:

γ(t) ≡ r4

(r2)2
− 2, (7)

which is 0 for a Gaussian statistics of independent dis-
placements in two dimensions. For isotropic distribu-
tions, negative values of γ show that the distribution de-
cays faster than a Gaussian, and when γ is positive, it
exhibits heavy tails. Therefore, for these measures, we
will use the tracer particles even though we are aware
that this is not mixing in the strict sense discussed be-
fore.

II. SIMULATIONS AND THEIR ANALYSIS

The simulation of mixing and tracer particles in active
flows was divided into two parts: advective flow simula-
tion on the one hand, and simulation of mixing and tracer
particles in the velocity field obtained on the other.

4



Mixing in Active Turbulence Eduardo Dejuán Bitriá

FIG. 2: Time evolution of the advection-diffusion of a passive scalar for the labyrinthine and chaotic flow. The
diffusion constant is set to D = 0.05: the minimum value our spatial and temporal resolution allowed us.

A. Simulation of the active flow

The code, written in Julia, was provided by the super-
visor, and I only had to implement minor changes for my
purposes. When we wanted long recordings of the evolu-
tion of the velocity field, we used the faculty cluster to
run the simulation. These simulations lasted for a couple
of days.

The parameters used are the size of the system L =
256, which is a 2D plane with periodic boundary con-
ditions, the activity number A = 32 · 105, the sign of
the active stress parameter S = −1 (contractile) and the
the flow alignment coefficient negative ν = −1.1 for the
chaotic case, and positive ν = 1.1 for the labyrinthine
case.

The equations of the model (1) and (2) were solved
with a program in Julia in the Fourier space when the
flow alignment coefficient was ν = 0. However, the cases
in which ν ̸= 0 were computationally more demanding,
and a finite-element program was used.

B. Simulation of the mixing

Once we have the velocity fields, we simulate the mix-
ing of a passive scalar and the transport of tracer particles
to describe the turbulent velocity fields.

1. Simulation of the advection diffusion equation

Mixing is studied through the advection diffusion equa-
tion (4), loading at every time step the velocity field from
a previous simulation.
A code written in Julia working in the Fourier space

was provided by the supervisor and modified to adapt
to our needs. These simulations were computationally
cheap and lasted no more than twenty minutes.
Since we wanted the low diffusion limit, we used dif-

fusion constants from D = 1 down to D = 0.05, in units
of the active length and active time. Figure 2 shows the
evolution of the concentration field in four snapshots, for
the chaotic and labyrinthine case.

2. Simulation of the tracer particles

This approach presents some crucial advantages over
the simulation of the advection-diffusion equation. The
first one is that the limitD → 0 is very demanding for the
simulations of the concentration field in terms of spatial
and temporal resolution, but this limit can be achieved
easily by simulating tracer particles that are advected by
the velocity field. Thus, the equation to be solved for
each particle is:

ẋ(t) = v(x, t), (8)

which is the Lagrangian description of the flow.
These simulations were done with a code written in

C entirely on my own, and, like the advection-diffusion
simulations, were cheap computationally, lasting for no
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more than twenty minutes, for 105 particles. The inte-
gration method used was the Euler method, which is the
least demanding computationally but also the least pre-
cise, with an error of the order of O(∆t2). However, since
we already had the limit of the updating of the velocity
field every ∆t, this precision is enough.

C. Results

The main objective in our study of mixing is the char-
acterization of the two regimes of flows that we have
called chaotic and labyrinthine.

Therefore, once we had run the simulations, I devel-
oped all the analysis programs in search of an observable
able to:

1. Differentiate between the chaotic and labyrinthine
regimes,

2. Capture the transport properties of each regime.

1. Ballistic regime

The first observable that could be used to do this is the
mean squared displacement. We can compute it both as
the spatial second moment of the concentration field and
with the tracer particles. The advantage of the tracer
particles is that we can get rid of the diffusive part and
purely study the advection process.

We can see that the advection of the flow causes a
ballistic transient that lasts the time during which the
velocity field is correlated. However, the diffusive term
in the advection-diffusion equation (4) tends to suppress
this ballistic transient. So, if we want to study the veloc-
ity field and not just a diffusion problem, we must take
the limit D → 0. We can explicitly see this from the for-
mula derived for the mean squared displacement in the
appendix section:

r2 = 4Dt+ 2

∫ t

0

dt

∫
A

v · r c(r, t)d2r, (9)

where A is the area of the system. If we now perform a
Taylor expansion for small times, we obtain:

r2 = 4Dt+
t2

σ2

∫
A

(v · r)2c(r)|t=0d
2r +O(t3), (10)

where the initial concentration profile is assumed to be
Gaussian with σ2 spatial variance. This result contains
the transient diffusive behaviour due only to the diffusive
term and the second transient with ballistic behaviour
only caused by the advection term, as Figure 3a shows.
This final idea is valid regardless of the initial condition
of the concentration profile, as soon as it has radial sym-
metry. Therefore, since the diffusion constant modifies

the ballistic regime, we must use the tracer particle sim-
ulations to turn off diffusion and study the advective flow
alone.
Once we have managed to remove the diffusive con-

tribution by simulating the tracer particles, we analyse
Figure 3b, which shows the mean squared displacement of
the tracer particles without diffusion in the labyrinthine
and chaotic case. We see the expected ballistic transients
and realize that they last for different times in each case.
We call this the ballistic time τb, which is around 50 for
the labyrinths and 10 for the chaotic flow.
These ballistic times appear promising for our pur-

pose of characterizing the two different flow regimes, and
therefore, we must find a way to extract them quanti-
tatively. To this end, we can express the mean squared
displacement of the tracer particles in the following way,
also derived in the appendix section:

r2 = ⟨|v|2⟩∆t2
(
N + 2

N∑
i<j

g(i, j)
)
, (11)

where ⟨|v|2⟩ is the velocity of a step averaged over tra-
jectories and ∆t carry the time units of the discrete steps
so that t = ∆tN and

g(τ) =
1

⟨|v|2⟩
⟨v(s) · v(s+ τ)⟩ (12)

is the autocorrelation function of the velocity of a trajec-
tory, which is only dependent on the difference of times
because we are in a steady state regime.
Therefore, equation (11) already shows that the cor-

relation of the velocities is closely related to the mean
squared displacement, and so, as we expected, the bal-
listic time can be determined by the correlation of the
velocities in the trajectory.
Before we get into the numbers to get the ballistic

times, it will be helpful to understand the equation (11)
better. If we take the limit in which the autocorrelation
function is g(τ) = δ(τ), then the process is Markovian
and we see that the mean squared displacement is diffu-
sive (grows linearly with time) with an effective diffusion
constant Deff = ⟨|v|2⟩∆t/4. However, for short time-
scales, we can expect that the advective velocity field is
correlated in time with an exponential decay character-
ized by τd. In this other case, we would have a short
transient where we can approximate the exponential to
a constant. This implies that the expression (11) takes
the form of a ballistic term, proportional to N2, while
the diffusive terms proportional to N cancel out. Thus,
we obtain the duration of the ballistic transient in the
mean squared displacement by estimating the character-
istic decay time of the autocorrelation function, which
can also be defined as the average time the trajectory
takes to change the initial direction. Figure 4 shows the
autocorrelation of the velocities of the particles g(t), and
so the next step is to extract from them the decay time.
Firstly, the autocorrelation function of the chaotic case

contains a lot of noise, so the best approach is to fit it to
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(a) (b)

FIG. 3: (a): mean squared displacement of the advection-diffusion simulation with flow alignment coefficient ν = 0
and a diffusion constant D = 0.1. The ballistic correction of the diffusion limit is shown in red, matching perfectly the
first transient of the curve. (b): mean squared displacement of tracer particles without diffusion for the labyrinthine
case ν = 1.1 and the chaotic case ν = −1.1. The ballistic regime appears more clearly because we are at the D = 0
limit. Time is in active time units.

FIG. 4: Autocorrelation functions of the particle veloc-
ity computed with (12) for the labyrinthine and chaotic
case. Inset: the first part of the autocorrelation func-
tions, from which we can extract their decay times, and
compare them to the ballistic times in the mean squared
displacement. Time is in active time units.

an exponential function in the most appropriate region.
This yields a characteristic decay time of τd = 8.0(1.0)
for the chaotic case, which coincides with the duration of
the ballistic regime in 3b.

By contrast, the labyrinth case exhibits an autocor-
relation function with a very low noise level, but with a
clear anti-correlation behaviour that cannot be explained

by an exponential alone. To extract the decay time from
the labyrinths’ autocorrelation function, we found it nec-
essary to fit the function y = exp(−t/τd) cos(ωt), where
the cosine tries to account for the anti-correlation dis-
played in 4. Thus, we obtain a decay time τd = 39.0(2.0)
which also matches the ballistic time shown in 3b. The
fitted value of ω is ω = 0.0335(10), which is of the same
order as the inverse of the decay time. This shows that
the cosine function is relevant for obtaining an accurate
measurement of the decay time.
We cannot ignore the peculiar behavior of the correla-

tion function in the labyrinth case, where the velocities
of a trajectory do not simply decorrelate with time, as
the exponential model suggests, but first anti-correlate.
This is due to two things: first, the labyrinthine nature
of the velocity field, and second, the dynamical arrest of
the pattern flow. On one hand, particles follow the walls
of the labyrinth, which has patterns where the wall turns
180◦ when it reaches a bifurcation, but this would not be
enough to explain the anti-correlation if the labyrinthine
pattern was not almost stationary. Previous work [6] has
shown that the flow has an arrested dynamics with large
correlation times 1c, and the patterns remain stable ex-
cept for a weak background of large-scale chaotic flows
displaying the universal −1 exponent shown in Figure 1b.

2. Loyalty time

One of the reasons mentioned before for the anti-
correlation in Figure 4 is the dynamical arrest of the
labyrinth flow. If the wall patterns changed shape in a
shorter time scale, we would not see the anti-correlation
regime. Thus, there is another time scale in the tra-
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jectories that characterizes how the labyrinthine pattern
decorrelates.

Following this direction, we can try to extract another
characteristic time of the trajectories, because we see that
the tracer particles in the labyrinths tend to follow the
same paths, staying together even when turning. Thus,
this second characteristic time will be larger than the
ballistic time, and we will call it τL, the loyalty time.
We suggested that it could be related to the timescale
at which the labyrinthine pattern decorrelates, but in
this work, we will not go so far, and we will just try to
compute it from our trajectories. Nevertheless, we will
see that it leads the way to one of the most significant
differences between the chaotic flows and the labyrinths:
clustering and caustics.

FIG. 5: Four particle trajectories of the labyrinthine case
until t = 300 and two trajectories of the chaotic case until
t = 150, initially very close together. We see that in both
cases the ballistic time is shorter than the loyalty time:
the particles stay close to each other even though they
follow complicated trajectories, but in different ways and
for different lengths of time.

We can attempt to extract this loyalty time τL by set-
ting a threshold in distance and measuring the time that
a pair of particles, initially together, separate more than
the threshold. We find that the loyalty time is distributed
according to an exponential probability function, and
we can see in Figure 6 that the two regimes are very
well differentiated and that they are one order of mag-
nitude greater than their respective ballistic times. In
the labyrinthine case, we can even see that some pairs of
particles stayed together the whole simulation.

The choice of the threshold is only relevant if it can
capture the time at which the trajectories separate and
not just a fluctuation. This can be easily checked by vi-
sually analysing the trajectories. Our final choice of the
threshold was the distance between walls, which corre-
sponded to 10 times the initial separation of the parti-
cles.

FIG. 6: Probability distribution of the loyalty time, in
active time units, for the tracer particles in a labyrinthine
flow and a chaotic flow, respectively.

3. Clustering

When computing the loyalty times of the particle tra-
jectories, one could object that what makes the parti-
cles stick together is the fact that they are advected by
the same flow jets and only separate when these jets can
differentiate between the particles and advect them dif-
ferently. This is what happens in the chaotic case, giv-
ing place to the parallel trajectories seen in Figure 5.
The case of the trajectories in the labyrinths is different,
though; traces are not merely parallel, but there is a ten-
dency in the trajectories to coalesce. This is driving the
particles to form clusters. To see it, we will now make a
coarse-grained particle concentration field, and then use
the probability distribution of the concentration.

We can construct this spatial distribution of particles
and obtain the evolution of the probability of concentra-
tion distribution when we start from a uniform configura-
tion of particles, corresponding to a Dirac delta probabil-
ity distribution. To build it, we can either set the coarse
factor to be the same as the velocity field resolution, or
we can make it larger better to resolve the low-density
region of the probability distribution. However, we must
be aware that by doing this, we are losing statistics and
the spatial correlations. Therefore, for Figures 7a and
7d, we chose the lowest velocity field resolution that still
preserves the spatial patterns. For the probability distri-
butions, we used a coarser resolution, four times lower,
which helps us see the beginning of the distribution more
clearly.

The distributions shown in Figures 7b and 7e settle
into an attractor shaped like a gamma function as the
flow drives the particles toward a statistically station-
ary state, which matches what is typically expected for
mixing in a turbulent flow within a confined system [15].
However, there are clear qualitative differences between
the chaotic case and the labyrinths, which can already be
seen in the coarse-grained concentration fields in Figures
7a and 7d.
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(a) (b) (c)

(d) (e) (f)

FIG. 7: (a), (d): Coarse-grained concentration field of the particles advected by the labyrinthine flow and the chaotic
flow at the last time frame. We must use a logarithm to see the caustic patterns in the labyrinths because of the
saturation of the particle clusters. The chaotic concentration field is much more homogeneous. (b), (e): Time
evolution of the coarse-grained concentration of particles PDF of both cases. We start from a homogeneous state,
and the distribution approaches a gamma distribution, but in the labyrinthine case, it takes longer and has long tails.
(c), (f): Concentration distributions averaged over the stationary state frames. The main body fits very well to a
gamma distribution in both cases, but the labyrinths present heavy tails. The tail behaviours are explicitly checked
in the insets, where lin-log scales are used.

The first key difference is that in the labyrinthine flows,
particle clustering leads to a concentration field with long
tails, clearly deviating from the gamma-like behaviour.
In contrast, the concentration field in the chaotic case
fits a gamma function very well. This suggests that
labyrinthine flows are not typical turbulent flows that
mix tracers evenly and in an uncorrelated way. Instead,
tracer particles in these flows tend to cluster and form
caustics, even in the limit of zero inertia, which is our
case. It would be interesting to explore this behaviour
further in the context of other known caustic phenomena
[17].

We also observe that the time it takes to reach the at-
tractor differs between chaotic and labyrinthine flows. To
investigate this, we look at how the second moment of the
particle concentration distribution evolves. Once again,
the dynamics of the labyrinthine flow are much slower
than those of the chaotic flow, resembling the behaviour

seen in glasses and gels. One could question whether
the concentration distribution in the labyrinths has truly
reached a stationary state. Although Figure 7b suggests
that the main part of the distribution has settled into
the gamma attractor, the standard deviation continues
to grow, likely due to the ongoing formation and growth
of particle clusters.

4. Other observables

We believe that the observables we have developed,
such as the ballistic time and the loyalty time, as well
as the clustering and caustic properties studied with the
coarse-grained concentration field, characterize very well
the different regimes of active turbulence we are consid-
ering. However, in our search for the best observable,
we came across others that may also deserve a word. In
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FIG. 8: Time evolution of the standard deviation of the
particle concentration distribution of each case. We see
that in the chaotic flow, a steady state is reached in the
first 200 steps, while in the labyrinths the standard de-
viations evolve very slowly, and we needed to double the
simulation to reach a steady state in 1500 active time
units.

this way, we aim to illustrate the unusual nature of the
labyrinthine flows and how they can enable an efficient
mixing with unique properties.

First of all, for the sake of completeness, we can com-
pute the persistence length of the trajectories of the
tracer particles. This measure is related to the autocor-
relation of the velocity g(t) that we have already studied,
but with the difference that it is not the correlation in
time, but along the length covered. Therefore, instead
of the characteristic time τd that we related to the bal-
listic time, we obtain a characteristic length called the
persistence length. The calculation to obtain the new
correlation function is:

C(∆r) =
1

⟨|v|2⟩
⟨v(s) · v(s+∆r)⟩, (13)

where, unlike (12), we are not discretizing the trajectory
by equidistant time intervals, but by length intervals.

In Figure 9 we see that the correlation function in
distance is very similar to the one in time, Figure 4,
so we observe the same anti-correlation regime in the
labyrinths. However, we obtain very similar persistence
lengths: p = 5.86(10) for the labyrinths and p = 5.23(10)
in the chaotic case. This result highlights that the mean
velocity of the chaotic flow is larger than that of the
labyrinths, so we must be careful when comparing the
flows. However, this result can tell us that the labyrinths
are more efficient at transporting, because they can
cover the same distance ballistically with less kinetic
energy.

In this respect, perhaps the most direct way of differen-
tiating the ballistic transport by each regime is the radial

FIG. 9: Distance correlation of the velocity of trajecto-
ries. Fitting exponentials yields the persistence lengths
of the trajectories. Distances are in the length of the sys-
tem units.

distribution of the concentration field. Simulations
of the advection-diffusion equation lead to different con-
centration fields depending on the advective flow we use.
From the time frames 2, we can see that the labyrinthine
flow was very efficient in transporting matter through its
labyrinth paths, carrying matter far away from the initial
position. On the other hand, the chaotic flow was not so
efficient at short time scales, but its conventional turbu-
lent behaviour shows that it enhances mixing more than
the labyrinths at longer timescales. This is what the evo-
lution of the radial profile of the concentration field can
show very clearly, as displayed in 10. The radial profile is
calculated by fixing the distance to the origin, averaging
over the polar angle, and multiplying by the Jacobian of
the polar coordinates.

Therefore, what we see is that, in the labyrinthine
case, matter is transported far away from the origin in
a very short time, but in the end, it is outperformed
by the chaotic flow. We can realize that this behaviour
is already present in the mean squared displacement of
the particles 3b, which is nothing but the second spatial
moment of the concentration field.

Finally, we may ask whether the system reaches a dif-
fusive regime after the initial ballistic transient. The
mean squared displacement shown in Figure 3b hints at
a power-law behaviour at long times. Still, with our cur-
rent data, we cannot decide for or against, nor extract
the power exponent and verify it grows linearly, i.e., it
is diffusive. Instead, we can use the excess kurtosis γ
defined as (7) to at least test that the system has not
reached the diffusive regime [18]. Since γ quantifies devi-
ations from Gaussian displacement statistics, a non-zero
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FIG. 10: Time evolution of the radial profile of the advection-diffusion equation for the labyrinthine and chaotic
flow, respectively. The diffusion constant is set to D = 0.05, the minimum value our spatial and temporal resolution
allowed us. We see that the chaotic flow moves toward a homogenous state more rapidly, but the labyrinthine flow
can transport matter far from the origin very efficiently through its labyrinthine paths.

value indicates non-diffusive behaviour. Figure 11 shows
that the chaotic case presents an excess kurtosis around
0, so we cannot decide whether we have reached a diffu-
sive limit. However, the labyrinths have γ > 0, meaning
the displacement distribution has long tails. Therefore,
we can be sure we are not in a diffusive regime. Fur-
thermore, when we extend the simulation by doubling its
time, the labyrinthic case shows that it does not decay to
zero but reaches a steady state value of around 0.8 after
1500 time steps. Further statistics would be useful for
computing this value precisely. Interestingly, this evo-
lution of γ(t) resembles the one in the run-and-tumble
dynamics followed by bacterial swimmers [18] with the
difference that we do not reach a diffusive limit, since
γ(t) does not go to zero.

III. CONCLUSIONS

The emergence of turbulent-like flows in active fluids
is a surprising phenomenon that continues to be the sub-
ject of research. Perhaps even more unexpected is the
discovery of labyrinthine flows, characterized by their
unicursal structure and arrested dynamics, which make
them fundamentally different from conventional turbu-
lence. This thesis has contributed to our understanding
of these labyrinthine flows by providing a study of mixing
that identifies the key properties that distinguish them
from the chaotic case examined here, with Sν > 1. This
latter case can be considered a more standard turbulent
regime. In doing so, we have achieved our goal of con-
structing observables capable of distinguishing between
these flow regimes and capturing their distinct transport
behaviours.

Among these observables, we can start by commenting
on the ballistic time, which is the period during which the
trajectories in each flow are advected in a ballistic way.

FIG. 11: Excess kurtosis function γ(t) for the displace-
ment distribution as a function of time. While the chaotic
case does not present significant deviations of the kurto-
sis from a Gaussian distribution, the labyrinths present
positive γ that imply a long-tailed distribution of dis-
placements. The insets, in lin-log scale, help to visualize
the deviations from the Gaussian of the distributions of
x displacements after 400 time steps.

We have seen that this time is larger for the labyrinth
flow, τb = 39.3(2.0), than for the chaotic, τb = 8.0(1.0),
where we have used the characteristic time of the auto-
correlation function (12) to compute them. This ballistic
behaviour is also shown in the time evolution of the radial
profile 10 of the concentration field 2.

After this ballistic transient, the mean squared dis-
placement alone 3b cannot test whether we have reached
the diffusive limit or not, so we use the excess kurtosis
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γ(t) to see that the distribution of displacements of the
labyrinths has long tails and so deviates strongly from a
Gaussian, decaying very slowly with time. Moreover, we
know from the anti-correlation region of the labyrinth in
Figure 4 that the state after the ballistic transient may
be more complicated than a power law. In contrast with
the labyrinths, the chaotic case presents a γ(t) fluctuat-
ing around zero compatible with a Gaussian distribution.
We need improved statistics of its mean squared displace-
ment to check whether we reach a diffusive limit.

By analysing the trajectories of tracer particles, we
observed that particles starting close together tend to re-
main close, even while following complex paths. This be-
haviour differs both quantitatively and qualitatively be-
tween the labyrinthine and chaotic cases. To capture the
quantitative difference, we used the loyalty time, which
was τL = 261(5) for the labyrinths and τL = 71.6(1.2) for
the chaotic case. To study the qualitative difference, we
used the coarse-grained concentration of particles. The
probability distribution of the concentration of particles
had different behaviours for each case: in both cases, the
main body of the distribution followed a gamma func-
tion, as expected in [15], but the labyrinth case had a
heavy tail, showing important clustering effects. Besides,
while the coarse-grained concentration of the chaotic case
was spatially uncorrelated, in the labyrinth case, patterns
emerged, suggesting particle caustics.

Therefore, our work does not exhaust the field of study
of mixing in labyrinths in active turbulence but rather
opens up new research directions. For instance, improved
statistics and longer simulations would be valuable for
determining whether these flows ultimately reach a dif-
fusive regime and whether the clustering of particles truly
settles into a stationary state. We also leave for future re-
search the study of topological defects in the nematic vec-
tor field, which we suspect could drive the system toward
a melted phase, as well as a study of mixing deep into
the stationary state. Finally, another important line of
study is the formation of particle caustics in labyrinthine
flows. It is a legitimate question to ask whether these
caustics influence the emergence of labyrinths when we
consider the components of the active fluid as the true
tracers of the flows they generate.

APPENDIX

A. Hydrodynamic model

A priori, in our defect-free active nematic model, we
have 6 hydrodynamic variables: mass density, energy
density, momentum density (a two-dimensional vector),
and the polarization field or nematic vector nα, which
comes from the spontaneous breaking of the spatial sym-
metry. We will consider the modulus of the nematic vec-
tor nα to be a fast variable and so fix it to nαnα = 1.
This implies we can describe the nematic vector field with
just an angle field θ that ranges from 0 to 2π if the fluid

is polar or from 0 to π if nematic.
To build the dynamic equations of our variables, we

start from the momentum conservation law and the dy-
namics of the director field from passive nematics. The
momentum conservation law reduces to force balance be-
cause we are at a low Reynolds number, where η and γ
are the shear and rotational viscosities, respectively.

0 = −∂αP + ∂β(σαβ + σa
αβ + σE

αβ), (14)

∂tnα + vα∂βnα + ωαβnβ =
1

γ
hα − νvαβnβ . (15)

The incompressibility condition of the flow field ∂αvα = 0
is enforced by the pressure P term; σE

αβ is the Ericksen
stress and the σαβ and σa

αβ are the symmetric and anti-
symmetric parts of the deviatoric stress tensor:

σa
αβ =

1

2
(nαhβ − hαnβ), σE

αβ = − δFn

δ(∂αnγ)
∂βnγ , (16)

σαβ = 2ηvαβ −ζqαβ +
ν

2
(nαhβ +hαnβ −nγhγδαβ). (17)

We are using hα = −δFn/δnα = K∇2nα + h0∥nα for

the orientational field produced by the distortions in the
nematic vector n. Besides, in the one constant K ap-
proximation, the Frank free energy reads:

Fn =

∫ [
K

2
(∂αnβ)(∂αnβ)−

1

2
h0∥nαnα

]
d2r (18)

where we are assuming that deep in the nematic phase
the director field has fixed modulus and, thus, we are im-
peding topological defects using the Lagrange multiplier
h0∥.

In the constitutive equation (17) we are using η as the
shear viscosity; vαβ = 1/2(∂αvβ + ∂βvα) stands for the
symmetric part of the strain rate tensor; we are using ζ
as the active stress parameter and qαβ = nαnβ − 1/2δαβ
stands for the nematic orientation tensor defined by the
director field n. The flow alignment parameter is ν and
describes how the stresses arise due to flow alignment:
ν ≤ 0 corresponds to rod-like nematic components, while
ν > 0 corresponds to disk-like.
On the other hand, equation (15) determines the

dynamics of the nematic field. The left hand side is
the co-rotational and co-moving material derivative of
the director field and so ωαβ = 1/2(∂αvβ − ∂βvα) is
the vorticity tensor, while in the right hand side we
have the dissipative terms: the elastic torques acting
on the director field, done by the orientational field
hα and the reorientation due to the flow-alignment effect.

When it comes to simulate the evolution of the ac-
tive fluid given by (14) and (15), we can reduce the de-
grees of freedom to the stream function ψ defined by
vx = ∂yψ and vy = −∂xψ, and the nematic director
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angle θ: n = (cos θ, sin θ). We make the equations di-
mensionless with the system size L, rescaling time by the
active time τa = η/|ζ|, pressure by the active stress |ζ|
and the orientational field by K/L2, and finally reach
the equations (1) and (2) of the evolution of the stream
function and the nematic angle. For the definition of
q̄αβ ≡ −ϵαγqγβ we are using the Levy-Civita pseudo-
tensor ϵαβ .

B. Concentration field approach of the MSD

In the concentration field approach, the mean squared
displacement is calculated as the spatial second moment
of the concentration field in time: r2(t) =

∫
A
r2c(r, t)d2,

where the concentration field fulfils
∫
A
c(r, t)d2r = 1. We

can obtain the time evolution of the mean squared dis-
placement (9) from the advection diffusion equation (4)
by multiplying by r2 and integrating over the area of the
system, which we consider to be infinite, or with periodic
boundary conditions:

∂tr2 = D

∫
A

∇2c(r, t)r2d2r −
∫
A

v · ∇c(r, t)r2d2r. (19)

The diffusive term can be rewritten using the polar form
of the Laplacian operator, and so it reduces to

D

∫
A

∇2c(r)r2d2r = D

∫ ∞

0

dr

∫ 2π

0

dθr2∂r(r∂rc) + r∂2θc

= 4D,

because the integral of the concentration is conserved,
and this identity ∂θc(r, θ = 2π) = ∂θc(r, θ = 0) is fulfilled
by continuity.

On the other hand, the advective term can be managed
so that it also simplifies to just one term:∫

A

v · ∇c r2d2r =
∫
A

∇(r2vc)d2r −
∫
A

∇(r2v)c d2r

=0−
∫
A

∇(r2) · vc d2r

=− 2

∫
A

r · vc d2r.

After performing the integration by parts, we see that
the first integral vanishes on the boundaries, the second
yields only the gradient of r2, because the flow is incom-
pressible, leading to the final expression.

Therefore, we can integrate the differential equation
(19) and we end up with the expression (9) with a dif-
fusive term and an additional term coming from the ad-
vection by the flow:

r2 = 4Dt+ 2

∫ t

0

dt

∫
A

v · r c(r, t)d2r.

This expression for the evolution of the mean squared
displacement is exact and involves no approximation or
premise.

However, to better understand this advective term, we
will assume the initial condition of the concentration field
to be radially symmetric, and more specifically, Gaussian
with spatial variance σ2. If we now make a Taylor ex-
pansion of the integral up to second order, we obtain:∫ t

0

dt

∫
A

v · rc d2r = t

∫
A

v · rc d2r|t=0+

+t2
1

2
∂t

∫
A

v · rc d2r|t=0 +O(t3),

where we first take the derivative and then evaluate at
the initial time. We realize that the linear term cancels
because the flow is incompressible, and the initial con-
centration field is radially symmetric. To compute the
second term, we must calculate the time derivative, and
so, changing to polar coordinates, we will have the fol-
lowing:

∂t

∫
A

v · rc d2r = 0 +

∫
vrr

2∂tc drdθ

=

∫
A

vrr
2(D∇2c− v · ∇c)drdθ,

where the integral of the time derivative of the veloc-
ity flow cancels for the same reason as before: flow in-
compressibility, provided that the symmetry of the initial
condition of the concentration is radial. We have used the
advection-diffusion equation to get to the last expression.
We realize that, again, provided the right symmetry of
the initial condition, the term with the diffusion constant
is zero. Then, we are only left with the term:∫

A

r2v2r∂rc drdθ = − 1

σ2

∫
A

(v · r)2c d2r|t=0,

where σ2 was the variance of the concentration field, ini-
tially with a Gaussian shape.
Therefore, putting all things together, we get the ex-

pression (10) that shows a purely diffusive transient fol-
lowed by a ballistic transient only dependent on the ad-
vective flow:

r2 = 4Dt+
t2

σ2

∫
A

(v · r)2c d2r|t=0 +O(t3).

C. Particles approach of the MSD

To arrive at the relationship given in (11) of the mean
squared displacement with the autocorrelation function
g(τ) computed with

g(τ) =
1

⟨|v|2⟩
⟨v(s) · v(s+ τ)⟩,

we must start from the definition of the mean squared
displacement of a single particle:

r21(t) = (r(t)− r(0))2 = ∆t

N∑
i,j=0

vivj ,
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we have changed to a discrete description of the trajec-
tories with ∆t the time between steps, so that t = ∆tN .

When we average over all the particle trajectories, mul-
tiply and divide by the average velocity, and rewrite the
summation with the diagonal terms of the symmetric ma-
trix out, we end up with the expression (11):

r2(t) = ⟨|v|2⟩∆t2
(
N + 2

N∑
i<j

g(i, j)
)
,

where g(i, j) is only dependent on the difference: g(j−i),

when we are at the stationary state.
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