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1 Introduction

Tontines are financial products, where a part of the returns is obtained via the inheritance

of wealth from non-surviving participants. Tontines date back to the 17th century (Weir,

1989) when they were staged as public financial instruments to raise funds. Starting with

Piggott et al. (2005) and Sabin (2010), modern forms of tontines have regained popular-

ity in recent years because they spread the risk of living a long life by combining features

of a group annuity with a sort of mortality lottery (see also Valdez et al. (2006), Stamos

(2008), Qiao and Sherris (2013), Hanewald et al. (2013), Donnelly et al. (2013, 2014),

Milevsky and Salisbury (2015), Li and Rothschild (2020) and Bernhardt and Donnelly

(2019)). However, all the existing literature overlooks the fees required to administrate

modern tontines,2 and most of the literature examines these products from the perspec-

tive of tontine participants.

Our aim is to analyze the effec on the benefits of a tontine to its participants and the

insurert of paying a small emolument to the insurer managing the tontine product. We

also look into different ways of organizing the payment, and evaluate both the interests

of an insurer in organizing a modern tontine and the consequences on the expected

utility of the tontine participants. Intuitively, if insurers or financial managers are not

provided with a high enough incentive to organize the tontine, e.g. by providing them

an explicit fee, they will not be particularly interested in trading the tontine product.

However, if fees paid to the managers are too high, pension savers would probably think

that tontines were not an attractive alternative to life annuities. By considering possible

forms of administration fees in a tontine scheme, we are able to introduce a realistic

framework in the debate on choosing between tontines versus annuities, and we also

show that there is a viable incentive for insurers to manage a tontine. We find a large

margin for benefits, which could be the most attractive incentive for launching modern

tontine products to the market.

The motive for the current analysis is to assess the viability of fees payable by policy-

holders to service providers, i.e. insurers or financial managers, in order to manage the

tontine administration. Once this is established, we can then proceed to an analysis of

what can happen once these products can be underwritten. Organizing a tontine is a

type of service provision, and this provision can be paid for in various ways. For example,

2These costs might include but not be limited to the following: (a) organizing a modern tontine,
(b) managing the investments, (c) distributing dividends and (d) informing participants. Indeed, in a
digitalized world, where communicating with the customer is the future of mobile banking, it suggests
a significant amount of back-office and regular online service to communicate with clients.
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fees can be paid at the beginning, or for a stipulated time, or until the participant dies.

Inspired by the literature on variable annuities (e.g. MacKay et al. (2017) and Cui et al.

(2017)), we introduce two specific ways of charging fees for the tontines, and compare the

two schemes: a (possibly) time-varying proportional fee of the payoff charged over time

and a fixed up-front fee. Before the tontines or tontine-like products are launched, it is

likely that the tontine providers will check the regularly used fee structures for similar

products existing on the market. As both fixed and variable fees are used for regular

and variable annuities, we believe that both fee types can also be adopted for tontine

products. Forman and Sabin (2016) introduce a so-called survivor fund, a product very

similar to tontines, and mention that there would be a one-time administrative fee at

the end of the contract and regular management and record-keeping fees. We find that

a constant fraction of the payoff being deducted over time can yield the same level of

expected utility to policyholders as a fixed up-front fee, where the market value of both

fees is identical. We also design a time-decreasing proportional fee deducted over time,

and in our numerical exercise, we find that it delivers a slightly lower level of expected

utility than the fixed up-front fee for the chosen parameters.

Another motive for this study is the so-called annuity puzzle. This is a term used to

describe the discrepancy between the theoretical demand for annuities (see, for instance,

Yaari (1965) and Peijnenburg et al. (2016)) and the fact that few households voluntarily

purchase an annuity (see, for example, Hu and Scott (2007), Inkmann et al. (2010) and

Lockwood (2012)). Much of the relevant literature offers explanations regarding the

annuity puzzle (see e.g. Beshears et al. (2014), Agnew et al. (2008), Brown et al. (2017)

and Zhang et al. (2020)), using empirical and behavioral approaches. One interpretation

is that individuals perceive annuities as too expensive. In our paper, we focus on the

design of the fee structure for tontines to show that these can become an attractive

alternative to annuities, both for policyholders and for insurers.

To gain further insights into the fee charged for tontine products, we compare tontines

with annuities. Under a fixed up-front fee and for a given annuity, we then determine

the critical indifference loading for the tontine which makes a policyholder indifferent

to choosing between a fee-based tontine or the annuity. This fee can be interpreted as

the maximum willingness to pay for the tontine product, at which the policyholders are

prepared to buy the tontine products when given the choice between an annuity or a

tontine. This indifference fee turns out to be very close to the fee of the annuity. For

example, we find, under our parameter choices, that policyholders with a relative risk

aversion level of 10 are indifferent to choosing between a tontine with a fee of 12.5% and
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an annuity with a fee of 14%. For risk aversions below 10, the corresponding indifference

fee of the tontine is even larger and comes closer to the 14% of the annuity. The high

maximum willingness to pay from our analysis suggests that tontine providers have sig-

nificant scope to set a reasonable fee for tontines. Organizing and managing a tontine

can become quite mechanical, and can be easily integrated into any “fintech” investment

platform or an “insurtech” company that would simply have to design a particular form

of dividend distribution, based only on surviving participants on top of a smart long-term

investment strategy. Furthermore, as negligible safety loadings will be charged for the

longevity risk in a tontine product (see also Chen et al. (2019)), any fee charges which

lie between the essential management and indifference fee are likely to be reasonable for

a tontine product. The difference between the indifference fee and the actual fee charged

will become a benefit to the tontine participants, as a saving in fees. This would boost

their income and on average would compensate the instability of the tontine income.

Forman and Sabin (2015, 2016) also point out that tontines and survivor funds could

have significantly lower fees than annuities. By setting certain profit margins for tontine

participants, more customers would be attracted to tontine products.

To further examine the comparative advantages of fee-based tontines over fee-based an-

nuities, we carry out a mean-variance, and a quantile analysis for the insurer, starting

with an identical number of contracts in each case. We find that the expected profit of

the annuity is slightly larger, because the insurer may charge higher fees for annuities.

However, the variance of the annuity payoff exceeds that of the tontine payoff drastically

over a longer period of the retirement phase. From this observation and the quantile

analysis, we can conclude that fee-based tontines are less volatile and easier to manage

from an insurer’s point of view. A comparison of the coefficients of variation of the an-

nuity and tontine payoffs confirms these observations, as the coefficient of variation of

the tontine payoff is below that of the annuity payoff over a longer period of the retire-

ment phase. Finally, under the indifference fee (which makes policyholders indifferent

to choosing between a tontine or an annuity), we find that reserves of tontines are lower

than reserves of annuities at practically all times during the retirement phase. All in all,

our results suggest that insurers could largely benefit from issuing tontines with fees, as

the fees obtained from tontines, especially compared to annuities, are an (almost) certain

profit for insurers. Given that the actual administration expenses of tontines could be

fairly low in an increasingly digitalized world, insurers could expect to retain a greater

part of the fees as profits.

Unlike Chen et al. (2020) and Chen and Rach (2019), which build on previous studies
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(Milevsky and Salisbury (2015)) by coming up with some innovative combinations of ton-

tines and annuities, the current paper contributes to the existing literature by analyzing

different fee structures in tontines and their impact on benefit for the policyholders and

insurers in comparison to annuities. It is widely accepted that policyholders prefer ton-

tines to annuities with rather low safety loadings (see e.g. Stamos (2008), Hanewald et al.

(2013), Donnelly et al. (2013) and Milevsky and Salisbury (2015)). Our results are con-

sistent with this literature in showing that the indifference fee of the tontine can come

extremely close to the fee of the annuity. However, this literature focuses exclusively on

the perspective of the policyholder, whereas our paper additionally shows that insurers

might generate sizeable and secure profits from underwriting fee-based tontines. Never-

theless, our results also carry a certain risk by giving insurers significant freedom to set

fees for tontines which might be too similar to the fees of annuities. Hence, when insurers

start issuing tontines in the (near or distant) future, it seems reasonable to suggest that

regulators should observe and, if necessary, control the corresponding fees.

The remainder of our article is organized in the following way: In Section 2, we describe

the model setup, in particular the mortality model, the tontine structure and the organi-

zation of fees, and derive the utility-maximizing tontine payoffs under each fee structure.

In Section 3, taking the insurer’s perspective, we compare fee-based tontines to fee-based

annuities. To be precise, we derive the indifference loading of the tontine which makes

policyholders indifferent to choosing between annuities or tontines, and analyze the vari-

ance, coefficient of variation and quantiles of the tontine and annuity payoffs over time.

The section ends with an analysis of the reserves of annuities and tontines. Section 4

concludes the article and is followed by an appendix with one proof.

2 Optimal tontines with fees

In this section, we describe the model setup used throughout the paper. Following e.g.

Yaari (1965) and Milevsky and Salisbury (2015), we consider a continuous-time setting.

2.1 A simple stochastic mortality model

In this paper, we disregard financial market risk in order to focus exclusively on mortality

risk. We assume a rather simple stochastic mortality risk model which allows us to dis-

tinguish two sources of mortality risk: unsystematic (or idiosyncratic) and systematic (or
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aggregate) mortality risk. Unsystematic mortality risk stems from the fact that lifetimes

of individuals are unknown but still follow some mortality law. This risk component

can be diversified through pooling, i.e. it tends to disappear if the portfolios are large

enough. The systematic mortality risk, also called longevity risk in the context of retire-

ment products, stems from the fact that we are not able to determine the actual “true”

mortality law with certainty. This risk component affects all policies in the same way.

In the context of retirement products, this component can be identified as the so-called

longevity risk, that is, the risk of an overall unanticipated decline in mortality rates (see,

for example, Pitacco et al., 2009). When it is present, even with a large portfolio, there

is a residual part of risk that cannot be eliminated.

For any x -year-old policyholder, the best-estimate t -year survival probability is denoted

by tpx which can be computed from some continuous-time mortality law. We incorporate

uncertainty in this mortality law in a similar way to, for example, Lin and Cox (2005)

by applying a random shock ϵ to the best-estimate survival probabilities. Given the

shock ϵ , the shocked survival curve is given by tp
1−ϵ
x . This shock covers the systematic

mortality risk described above. We assume that ϵ is a continuous random variable taking

values in (−∞, 1) almost surely whose density is denoted by fϵ(·) . The special case

without longevity shock is simply obtained by setting ϵ = 0 .

2.2 Tontine: Payoff and premium

We denote the remaining future lifetime of the policyholder by ζϵ , with ϵ being the

random longevity shock as defined in Subsection 2.1. At time 0, the policyholder invests

his initial wealth v in a retirement product. In a tontine contract, mortality risk is

shared among a homogeneous pool of n ≥ 1 policyholders who are of the same age.3

The unsystematic mortality risk can initially be diversified by a large enough pool size

n . The systematic risk, however, cannot be diversified, as this type of risk affects all the

policyholders in the same way. At older ages, as the pool size decreases, the remaining

policyholders are left with both systematic and unsystematic risk. We follow the specific

tontine design described by Milevsky and Salisbury (2015), denoting by Nϵ(t) the num-

ber of policyholders alive at time t . As mentioned earlier, we consider two explicit fee

structures for the tontine product, i.e. a fixed initial fee and a variable fee. Depending

on the fee structure, the survival benefits received by each policyholder are different. In

the case of a fixed initial fee, each policyholder receives a stream of survival benefits

3That is, the insurer carries the longevity risk of the last survivor in the pool.
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ndF (t)/Nϵ(t) , where dF (t) is a deterministic payment stream specified at the beginning

of the contract:4

bF (t) := 1{ζϵ>t}
ndF (t)

Nϵ(t)
, (1)

where we follow the notation of Milevsky and Salisbury (2015). In the case of a variable

fee, the fraction α(t) ∈ (0, 1) of the survival benefits is used as a time-varying pro-

portional fee. In other words, the policyholder receives (1 − α(t))ndV (t)/Nϵ(t) at time

t , while the insurer retains α(t)ndV (t)/Nϵ(t) from each living policyholder. In total,

in the case of a variable fee, this yields the following continuous payment stream to a

policyholder for each t ≥ 0 :5

bV (t) := 1{ζϵ>t}
(1− α(t))ndV (t)

Nϵ(t)
. (2)

In particular, as in an annuity product, the tontine provides an income for life, where

the income provided by the tontine (2) depends on the number of survivors Nϵ(t) .

The valuation of tontine products has been well studied in recent literature, e.g. Milevsky and Salisbury

(2015) and Chen et al. (2019). Working from these recent studies, we apply the fact that

the remaining number of individuals being alive at time t > 0 follows a binomial distri-

bution, that is, (Nϵ(t)− 1 | ζϵ > t, ϵ) ∼ Bin (n− 1, tp
1−ϵ
x ) , conditional on the considered

policyholder still being alive and given ϵ . Here, we make use of the (conditional) inde-

pendence of the pool members. Following equation (2.5) in Chen et al. (2019), for the

fixed and continuous fees, the corresponding net premiums, P F
0 and P V

0 , for the tontine

payoffs in (1) and (2) are given by

P F
0 =

∫ ∞

0

e−rt dF (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt

P V
0 =

∫ ∞

0

e−rt (1− α(t))dV (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt,

where r is the constant risk-free rate.

4For the case Nϵ(t),= 0 we define bF (t) := 0 .
5Similar to the fixed initial fee, for the case Nϵ(t) = 0 , we define bV (t) := 0 .
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2.3 Optimization problem in the case of a fixed fee

First, we assume that the insurer charges a single fixed fee for the tontine at time 0.

This implies that, in addition to the net premium, the policyholder shall pay a single

up-front fee M0/n . M0 can be considered as the total expenses the insurer will charge

from all the policyholders to bring the tontine into operation, and is split equally among

the policyholders.

Assuming that the policyholder is interested in maximizing his/her expected lifetime

utility of a tontine with the payout function defined in (1), the expected utility is given

by

U
(
{dF (t)}t≥0

)
:= E

[∫ ∞

0

e−ρtu

(
ndF (t)

Nϵ(t)

)
1{ζϵ>t}dt

]
=

∫ ∞

0

e−ρt κn,γ,ϵ(tpx) u
(
dF (t)

)
dt , (3)

where u(x) = x1−γ

1−γ
, γ > 0, γ ̸= 1, and

κn,γ,ϵ(tpx) = E

[(
n

Nϵ(t)

)1−γ

1{ζϵ>t}

]

=
n∑

k=1

(
n

k

)(
k

n

)γ
1∫

−∞

(
tp

1−φ
x

)k (
1− tp

1−φ
x

)n−k
fϵ(φ) dφ.

Throughout the paper, we assume a constant relative risk aversion utility function to

describe a policyholder’s preferences for each tontine payout. Furthermore, the individual

uses a subjective discount factor ρ which might differ from the risk-free rate r .

After calculating the expected lifetime utility, the optimization problem in the case of a

fixed fee can be presented as follows:

max
dF (t)

∫ ∞

0

e−ρt κn,γ,ϵ(tpx) u
(
dF (t)

)
dt subject to P F

0 +
M0

n
≤ v. (4)

The optimization problem is conducted under a budget constraint. In this optimization

problem, we have assumed that the policyholder’s initial wealth v is fully used to invest

in the tontine, whose total costs (net premium P F
0 plus the additional fee M0/n ) shall

not exceed the initial wealth level.
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Theorem 2.1. The solution to problem (4) is given by

dF∗(t) =
e

(r−ρ)t
γ (κn,γ,ϵ(tpx))

1/γ

λ
1/γ
F

(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ , (5)

where the optimal Lagrangian multiplier λF is given by

λF =

 1

v − M0

n

∫ ∞

0

e(
1
γ
−1)rt− 1

γ
ρt (κn,γ,ϵ(tpx))

1/γ(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ−1
dt




γ

.

The optimal level of expected utility is given by

UF =
1

1− γ
· λF ·

(
v − M0

n

)
.

Proof. Due to the strictly increasing utility, the optimal solution suggests that the budget

constraint is binding. In other words, we can reduce the budget constraint to an equality,

i.e. P F
0 +M0/n = v . We can reformulate this as

v − M0

n
= P F

0 .

This allows us to solve (4) by applying Theorem 2(b) in Chen et al. (2019) using the

reduced initial wealth v − M0

n
.

The case with no fees can obviously be obtained by setting the fee M0 equal to zero.

Clearly, for all γ > 0 , γ ̸= 1 , the optimal level of expected utility decreases in M0 . In

other words, the larger the fee M0 , the lower the expected utility of the policyholder.

2.4 Optimization problem in the case of a variable fee

Instead of a fixed fee, we now move to a time-varying proportional fee, i.e. a function α(t)

which depends on t . In this case, the policyholder receives (1 − α(t))ndV (t)/Nϵ(t) at

time t , while the insurer retains α(t)ndV (t)/Nϵ(t) from each living policyholder. Thus,
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the utility maximization problem for the tontine payoff defined in (2) becomes:

max
dV (t)

∫ ∞

0

e−ρt κn,γ,ϵ(tpx) u
(
(1− α(t))dV (t)

)
dt

subject to v ≥
∫ ∞

0

e−rtα(t)dV (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt

+

∫ ∞

0

e−rt(1− α(t))dV (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt

:= present value of the variable fees + net premium of (2).

(6)

As in the case of a fixed fee, the optimization problem is conducted subject to a budget

constraint: The total initial wealth v of the policyholder is used to cover the net premium

of the tontine payoff in (2) and the variable fees.

Theorem 2.2 provides the solution to Problem (6).

Theorem 2.2. The solution of problem (6) is given by

dV ∗(t) =
1

1− α(t)
· e

(r−ρ)t
γ ((1− α(t))κn,γ,ϵ(tpx))

1/γ

λ
1/γ
V

(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ , (7)

where the optimal Lagrangian multiplier λV is given by

λV =

1

v

∫ ∞

0

e(
1
γ
−1)rt− 1

γ
ρt 1

1− α(t)
· ((1− α(t))κn,γ,ϵ(tpx))

1/γ(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ−1
dt




γ

.

The optimal level of expected utility is given by

UV =
1

1− γ
· λV · v.

Proof: See Appendix A.1.

Some questions naturally arise at this point: When is one fee structure superior to the

other? Does a relation exist between M0 and α(t) to make the insurer/policyholder

indifferent between the two fee structures? From the insurer’s perspective, we look at

the initial value of the total fee incomes the insurer obtains. From the fixed fee scheme,

the total fee income of the insurance is given by M0 , while from the variable fee scheme,
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the initial value of the total fee income is determined by

E
[∫ ∞

0

e−rtα(t)
n dV (t)

Nϵ(t)
·Nϵ(t) · 1{Nϵ(t)>0}dt

]

=

∫ ∞

0

e−rt α(t)n dV (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt. (8)

The insurer, in total, obtains Nϵ(t) · α(t)ndV (t)
Nϵ(t)

1{Nϵ(t)>0} variable payments from the sur-

viving policyholders. Note that if

M0 ≥
∫ ∞

0

e−rt α(t)n dV (t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt, (9)

the fixed fee scheme is more (weakly) beneficial than its variable counterpart. Apparently,

the reverse argument holds when “≤ ”, instead of “≥ ”, appears in the above condition.

Furthermore, the condition in (9) will be reduced to some more intuitive relations between

M0 and the variable fraction α(t) if a specific form for α(t) is assumed.

From the policyholder’s point of view, we further analyze and compare his/her expected

lifetime utility from the fixed and variable fee scheme. Considering two fee structures

with identical initial values, the policyholder would choose the structure which results in

a higher expected discounted lifetime utility.

In the following, we present some special cases for the time-varying fee α(t) .

2.4.1 Variable fee structure with a constant α

At any instant t ≥ 0 , we assume α(t) ≡ α ∈ (0, 1) . Let us first write down the optimal

withdrawal payment for this case, which can be obtained by replacing α(t) by α in (7).

Corollary 2.3. The solution to problem (6) for the special case α(t) ≡ α ∈ (0, 1), ∀t ,
is given by

dV ∗(t) = (1− α)1/γ−1 e
(r−ρ)t

γ (κn,γ,ϵ(tpx))
1/γ

(λc
V )

1/γ
(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ ,
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where the optimal Lagrangian multiplier λc
V is given by

λc
V = (1− α)1−γ

1

v

∫ ∞

0

e(
1
γ
−1)rt− 1

γ
ρt (κn,γ,ϵ(tpx))

1/γ(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ−1
dt




γ

.

The optimal level of expected utility is given by

U c
V =

1

1− γ
· λc

V · v.

In this case, the insurer obtains Nϵ(t) · αndV ∗(t)
Nϵ(t)

1{Nϵ(t)>0} variable payments from the

surviving policyholders. The initial value of these payments, collected from all the poli-

cyholders, can be computed as:

∫ ∞

0

e−rt αnd(t)

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt =

n · α
1− α

P V
0

Condition (9) suggests a critical value of α which makes the insurer indifferent to choos-

ing between the fixed or variable fee (M0 is the total fixed fee):

α∗ =
M0

nP V
0 +M0

=
M0/n

P V
0 +M0/n

=
M0

nv
. (10)

where we have used P V
0 +M0/n = v which is the budget constraint of Problem (4), i.e.

we assume that for both the fixed and the variable fee problem the policyholder has the

same initial wealth v .

Next, we want to examine whether the indifference fee fraction α∗ , resulting from the

perspective of the insurer, is also the critical fee that makes the policyholder indifferent

to choosing between the two fee schemes. For this, we look at the expected lifetime

utility of the policyholder, given α∗ .

Proposition 2.4. Given α∗ = M0

nv
, we obtain

(i) (1− α∗)dV ∗(t) = d∗F (t) ;

(ii) U c
V = UF .

Proof. We prove both points in detail, where (ii) follows directly from (i) :

11



(i) Note that the optimal payoffs dF∗(t) and dV ∗(t) (cf. Corollary 2.3) take similar

forms. We have

dV ∗(t) =(1− α∗)1/γ−1 λ
1/γ
F

(λc
V )

1/γ
dF∗(t)

=(1− α∗)1/γ−1 v

v − M0

n

(1− α∗)1−1/γdF∗(t)

=
v

v − M0

n

dF∗(t)
α∗=

M0
nv=

1

1− α∗d
F∗(t).

(ii) The two utility levels differ only in the Lagrangian multiplier and the initial wealth.

In particular, we have

U c
V =

1

1− γ
· λc

V · v

=
1

1− γ
(1− α∗)1−γv−γ

(
v − M0

n

)γ

· λF · v

α∗=
M0
nv=

1

1− γ
· λF ·

(
v − M0

n

)
= UF .

Proposition 2.4 shows that the indifference fee fraction α∗ , resulting from the perspective

of the insurer, makes the policyholder indifferent to choosing between the fixed or variable

fee scheme, in terms of expected lifetime utility. For other cases, we can make the

following remarks.

� If a variable fee with α > α∗ = M0

nv
is charged, the insurer benefits from higher

variable fee incomes, while it makes the policyholder worse off than when a fixed

single fee is applied.

� If a variable fee with α < α∗ = M0

nv
is charged, it makes the policyholder better off

than with a fixed single fee, but the insurer’s fee income deteriorates.

In our paper, the optimization problems are done under a budget constraint, which can

be considered as a risk-neutral insurer’s participation constraint, where the insurer’s

utility is characterized by a linear function. If we allow the insurer to also be risk averse,

the above indifference result might not hold.

12



We use the remainder of this subsection to illustrate a numerical example. Table 1

provides the base case parameters used in the majority of the subsequent numerical

analyses.

Initial wealth Pool size Risk aversion
v = 100 n = 1000 γ = 4

Risk-free rate Subjective discount rate Fee
r = 0.01 ρ = r M0 = 5000
Initial age Gompertz law Longevity shock
x = 65 m = 88.721, β = 10 ϵ ∼ N(−∞,1) (−0.0035, 0.08142)

Table 1: Base case parameter setup.

The parameters we choose coincide mostly with the parameters chosen in Chen et al.

(2020):

� For the pool size n , we follow Qiao and Sherris (2013) who assume a similar pool

size for their analysis of group self-annuitization schemes.

� The risk-free interest rate is chosen close to zero, based on the prevailing low

interest rate environment in many developed countries. In Germany, for instance,

the average risk-free rate of investment in 2019 was equal to 1.1% (cf. Statista,

2019).

� For the mortality law we assume the well-known Gompertz law (see Gompertz,

1825) which is frequently used in actuarial science (see Milevsky, 2020). To be

precise, we assume that for any x and t ≥ 0 , the force of mortality is given by

µx+t =
1

β
e

x+t−m
β ,

and the t -year survival probability of an x -year old is given by

tpx = e−
∫ t
0 µx+sds = e

e
x−m

β

(
1−e

t
β

)
,

where m > 0 denotes the modal age at death and β > 0 is the dispersion coeffi-

cient. For the values of m and β , we follow Milevsky and Salisbury (2015).

� Concerning the longevity shock ϵ , we follow Chen et al. (2019) and assume that it

follows a truncated normal distribution on the interval (−∞, 1) . The parameters

used for this distribution also stem from Chen et al. (2019).
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� The fee level of M0 = 5000 results in a fee of M0/n = 5 for each individual

retiree. Note that due to the choice of the initial wealth level, this amounts to 5%

of the initial wealth. The critical proportion α∗ that results from this choice can

be calculated as α∗ = 0.05 .

In Figure 1, we provide the optimal tontine payoff (5) for the initial fee M0 given in

Table 1 and for M0 = 0 . We have added M0 = 0 to compare fee-based tontines with

those with no fees.

Figure 1: Optimal payoff (5) for two fee levels M0 = 5000 and M0 = 0 . The parameters
are chosen as in Table 1.

As the optimal payoff (5) is proportional to the initial investment v , a fixed fee leads

to a reduced payoff at all times compared to a payoff with no fee. Note that this payoff

is identical to the payoff resulting under a constant proportional fee charged over time

which is therefore omitted in Figure 1.

2.4.2 Time-decreasing fee structure

In addition to the constant α , we consider a time-decreasing fee structure, with the

reasoning that more medical/care expenses are needed for more advanced ages, e.g.

α(t) = α0e
−gt , with α0 ∈ (0, 1) and g ≥ 0 . Furthermore, we assume that fees are only

14



paid until a certain age x+ τ , e.g. until 75, in which case the fee becomes

α(t) =

α0e
−gt t ≤ τ

0 t > τ.
(11)

In contrast to the case of α(t) = α , the specific form of (11) does not allow us to derive

a proposition, such as Proposition 2.4. In other words, we can only rely on numerical

procedures to compare the fixed with the variable fee scheme.

Note that with this specific form for α(t) , condition (9) becomes

M0 ≥
∫ τ

0

e−(r+g)tα0 · n · dV (t)
1∫

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ dt. (12)

Note that the optimal withdrawal plan dV (t) depends on α0 , which is why we need to

rely on numerical procedures (e.g. the bisection method) to find an α0 which achieves

equality in (12). We rely on the base case parameters summarized in Table 1 for the

parameterized fee structure (11):

Growth rate Duration Initial fee
g = 0.02 τ = 10 α0 = 0.109

Table 2: Base case parameter setup for the parameterized fee structure (11).

For these parameters, we obtain a critical value of the initial fee α0 = 0.109 . In Figure

2, we provide the optimal tontine payoff (7) multiplied by (1− α(t)) and compare it to

the optimal payoff (5) under a constant fee α , both relying on the base case parameters

presented in Table 1.

We observe that the payoff resulting under the time-varying fee is lower (higher) than the

payoff resulting under the constant fee before (after) the duration of the fee payments is

reached. At time 10, there is a jump in the payoff resulting under the time-varying fee,

since the payoff switches from a payoff with fee to a payoff with no fee.

2.4.3 Comparison of constant and time-decreasing fee structure

In this subsection, we want to work out whether a time-decreasing fee structure or a

constant fee structure is more beneficial to the retirees. To compare the utility levels
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Figure 2: Optimal payoffs (7) multiplied by (1 − α(t)) and (5) for the fee level M0 =
5000 . The parameters are chosen as in Table 1 and 2.

resulting under the two schemes in an appropriate way, we introduce the certainty equiv-

alent CE as the level of the deterministic lifelong retirement payment that yields the

same expected utility as some given retirement plan (which in our case is the tontine

under a constant and a time-decreasing fee fraction). That is, CE is determined by

E
[∫ ∞

0

e−ρt
1{ζϵ>t}u(CE) dt

]
=

∫ ∞

0

e−ρt
tpx mϵ(− ln tpx)u(CE) dt = UV ,

or equivalently,

CE =

(
(1− γ)UV

(∫ ∞

0

e−ρt
tpx mϵ(− ln tpx) dt

)−1
) 1

1−γ

,

where UV is the expected discounted lifetime utility of the individual resulting under a

variable fee structure (either constant α or decreasing α(t) ). Note that the certainty

equivalent is an increasing function in UV .

In Table 3, we compare the certainty equivalents resulting under a constant proportional

fee α and a time-decreasing fee α(t) . We observe that a constant fee delivers a higher CE

for all constellations of subjective discount factors and relative risk aversions. As the risk

aversion increases, the difference between the certainty equivalents diminishes, implying

that retirees with a lower risk aversion suffer larger losses under the time-decreasing fee
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γ = 0.5 γ = 4 γ = 8
ρ = 0 (5.208,5.184) (5.145,5.143) (5.107,5.106)
ρ = r (5.172,5.155) (5.141,5.140) (5.106,5.105)

ρ = 0.02 (5.207,5.194) (5.147,5.145) (5.110,5.109)

Table 3: Certainty equivalents (CEc
V ,CE

dec
V ) obtained under a constant and a time-

decreasing proportional fee structure dependent on the risk aversion and the subjective
discount factor. The remaining parameters are chosen as in Tables 1 and 2.

structure. However, note that the losses are only very small as the retiree adjusts his/her

optimal payoff to each fee structure by choosing the appropriate optimal tontine payoff.

In Table 4, we show a similar analysis as in Table 3 for an alternative fee of M0 = 10000 .

We make similar observations as in Table 3. The main difference is that all the certainty

γ = 0.5 γ = 4 γ = 8
ρ = 0 (4.934,4.800) (4.874,4.867) (4.838,4.835)
ρ = r (4.900,4.811) (4.871,4.864) (4.838,4.834)

ρ = 0.02 (4.933,4.870) (4.876,4.870) (4.841,4.838)

Table 4: Certainty equivalents (CEc
V ,CE

dec
V ) obtained under a constant and a time-

decreasing proportional fee structure dependent on the risk aversion and the subjective
discount factor. The remaining parameters are chosen as in Tables 1 and 2 except for
M0 = 10000 .

equivalents have decreased and that the differences between the certainty equivalent of

the constant and the time-decreasing fee have increased, both due to the higher fee

M0 = 10000 .

3 Comparison to annuities

In this section, we compare tontines containing fees to annuities containing fees. For

simplicity, we focus on the case with a fixed initial fee which is equal to considering a

constant proportional fee over time. Note that the optimal payoffs and utility levels of

the annuity have been included in all the previous sections and can simply be obtained

by setting n = 1 in the tontine solutions.
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3.1 Indifference fee

Typically, annuities contain higher fees than tontines. If we denote the initial fee charged

for the annuity by ∆0 , we want to determine M∗
0/n < ∆0 such that the tontine and

the annuity deliver the same levels of expected utility. A similar indifference loading for

the annuity has already been considered by Milevsky and Salisbury (2015). It can be

obtained by equating the optimal levels of expected utility of the corresponding optimal

solutions:

λF

(
v − M∗

0

n

)
=

(
v − M∗

0

n

)1−γ

∫ ∞

0

e(
1
γ
−1)rt− 1

γ
ρt (κn,γ,ϵ(tpx))

1/γ(∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

)1/γ−1
dt


γ

= (v −∆0)
1−γ

(∫ ∞

0

e(
1
γ
−1)rt− 1

γ
ρt

∫ 1

−∞
tp

1−φ
x fϵ(φ) dφ dt

)γ

.

Solving this equation for M∗
0/n delivers the indifference fee6

M∗
0

n
= v − (v −∆0)

(∫∞
0

e(
1
γ
−1)rt− 1

γ
ρt
∫ 1

−∞ tp
1−φ
x fϵ(φ) dφ dt

) γ
1−γ(∫∞

0
e(

1
γ
−1)rt− 1

γ
ρt (κn,γ,ϵ(tpx))

1/γ

(
∫ 1
−∞ (1−(1−tp

1−φ
x )

n
)fϵ(φ) dφ)

1/γ−1 dt

) γ
1−γ

(13)

as critical fee of the tontine. In the following studies, the following values for the fee of

the annuity are considered:

� Chen et al. (2019) derive a loading of 4.8% for the annuity using parameters similar

to ours. Therefore, we set the minimum fee at ∆0 = 0.04 · v , i.e. 4% of the initial

wealth of the policyholder is used to finance the fees and the remaining 96% is used

to finance the benefits.

� Sabin (2010) writes that annuities are 14% higher than fair. For this reason, we

set the maximum fee of the annuity at ∆0 = 0.14 · v , i.e. 14% of the initial wealth

of the policyholder is used to finance the fees and the remaining 86% is used to

finance the benefits.

6Note that we have used the term “indifference fee” in Section 2 already, where it describes the
critical fee level which makes the insurer indifferent to choosing between the variable and single up-front
fee. As in this section, we focus only on the case with a single up-front fee, we use the term “indifference
fee” again to label the critical fee level which makes the policyholder indifferent to choosing between the
tontine and the annuity.
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� Additionally, we consider the intermediate values ∆0 = 0.07 · v and ∆0 = 0.1 · v .

Figure 3 provides the indifference fee (13) dependent on the relative risk aversion γ for

the different annuity fees presented above. In all panels, we observe that the indiffer-

ence fee decreases in the risk aversion. This result is what one would expect because

individuals with a higher risk aversion seek the stable payments of an annuity more

than individuals with a lower risk aversion, meaning that the latter ones are willing to

pay a higher fee for a tontine than individuals with a higher risk aversion. A minor

observation is that the critical tontine fee increases as the fee of the annuity increases.

A quite unexpected outcome of Figure 3 is, however, the rather high magnitude of the

indifference fee. Considering the base case parameters (Panel (a)) with an annuity fee of

14 as an example, for the highest risk aversion that we consider ( γ = 10 ), the insurer

may still charge a fee below 12.5 to make the tontine more attractive than the annuity

(with a fee of 14). In other words, insurers would have to reduce their fees by at most

(14 − 12.5)/14 = 0.11 = 11% compared to annuities in order to make tontines more

appealing than annuities. For the lowest annuity fee ∆0 = 4 , the critical tontine fee for

the highest risk aversion is 2.34.

Under a higher standard deviation of the shock ϵ (Panel (b)), which translates into a

higher longevity risk for the policyholders, the indifference fee decreases more steeply in

the risk aversion and the indifference fees are lower than in the base case. This means

that policyholders, particularly those with relatively high risk aversions, are less willing

to buy a tontine with such a higher risk. Note that for an annuity loading of ∆0 = 4

the indifference fee of the tontine even falls below zero for the highest risk aversions. In

this case, this means that the policyholder needs to be paid by the insurer to trade in

tontines, instead of paying a fee.

If, however, the standard deviation is lowered (compared to the base case parameters,

Panel (c)), the decrease of the indifference fee in the risk aversion is less pronounced

and the indifference fees increase compared to the base case parameters. In other words,

under a lower systematic mortality risk, individuals are more willing to buy tontines.

As already pointed out in the introduction, organizing and managing a tontine can

become quite mechanical and consequently would not require a high management fee.

Furthermore, compared to annuities where the annuity providers bear the longevity risk

fully, the longevity risk in a tontine product is shared among the tontine participants.

This implies that negligible safety loadings would be charged for the longevity risk in a

tontine product (see also Chen et al. (2019)). The high indifference fee resulting from
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this part of our analysis suggests that tontine providers have ample scope for setting

a reasonable fee for tontines. Any fee charges which lie between the essential manage-

ment and indifference fee could be considered reasonable. The difference between the

indifference fee and the actual fee charged will become a benefit to tontine participants

through savings in fees. This would boost their income and on average would compensate

the instability of the tontine income. By offering a range of profit margins to tontine

participants, more customers would be attracted to tontine products.

3.2 Mean and variance analysis

In this subsection, we take a closer look at the expected profit and the volatility of the

payoffs from the insurer’s perspective. For simplicity, we again focus on the case with

a fixed initial fee which is equal to considering a constant proportional fee over time.

We assume that the indifference fee which makes the policyholder indifferent to choosing

between a tontine or an annuity is applied in the subsequent analyses. Note that the

payoffs of the tontine and the annuity are, from the insurer’s perspective, given by

BT (t) = ndF (t)1{Nϵ(t)>0} (14)

BA(t) = c(t)Nϵ(t). (15)

respectively, where c(t) is the deterministic payout function of the annuity. The expected

present value of future profits of the tontine is given by

E
[
nv −

∫ ∞

0

e−rtndF (t)1{Nϵ(t)>0}dt

]
= nv − nP F

0 = M∗
0 ,

whereas the expected present value of n annuities is given by

E
[
nv −

∫ ∞

0

e−rtc(t)Nϵ(t)dt

]
= nv − nP F,A

0 = n∆0.

Hence, the expected value of future profits of the annuity exceeds that of the tontine.

However, the profits of the annuity might have to be used as a security buffer due to the

longevity risk contained in annuities, whereas the risks contained in tontines are much

less pronounced. We illustrate this by an analysis of the variance of the payoffs of the

two retirement products. The variance of the tontine payoff is given by

Var
(
ndF (t)1{Nϵ(t)>0}

)
= (ndF (t))2Var

(
1{Nϵ(t)>t}

)
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= (ndF (t))2
(
E
[
1{Nϵ(t)>t}

]
− E

[
1{Nϵ(t)>t}

]2)
= (ndF (t))2

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

 1∫
−∞

(
1− tp

1−φ
x

)n
fϵ(φ) dφ

 .

Using the law of total variance, the variance of the annuity payoff can be determined as

Var (c(t)Nϵ(t)) = (c(t))2Var (Nϵ(t))

= (c(t))2 (Var (E [Nϵ(t) | ϵ]) + E [Var (Nϵ(t) | ϵ)])

= (c(t))2
(
Var

(
ntp

1−ϵ
x

)
+ E

[
ntp

1−ϵ
x

(
1− tp

1−ϵ
x

)])
= (c(t))2

(
n2
(
E
[(

tp
1−ϵ
x

)2]− E
[
tp

1−ϵ
x

]2)
+ E

[
ntp

1−ϵ
x

(
1− tp

1−ϵ
x

)])
= (c(t))2

(
n2
(
E
[
tp

2(1−ϵ)
x

]
− E

[
tp

1−ϵ
x

]2)
+ n

(
E
[
tp

1−ϵ
x

]
− E

[
tp

2(1−ϵ)
x

]))
,

where E
[
tp

a(1−ϵ)
x

]
= tp

a
x·mϵ(−a ln tpx) for a = 1, 2 . In Figure 4, we provide the variances

of the annuity and the tontine derived above over time for different values of the annuity

fee ∆0 , where we rely on the optimal tontine payoff dF∗(t) .

Although the variance of the annuity does not dominate the variance of the tontine at

all times (for the four different fees, respectively), it seems clear from Figure 4 that the

tontine is easier to manage from an insurer’s perspective. As the variance measures

deviations from the expectation upwards and downwards, we can also conclude that

a tontine contains far less potential for profits and less risk for losses than annuities.

Nevertheless, as we have seen in the previous analyses, the insurer may still charge a

relatively high fee for the tontine which is practically a guaranteed profit, given the low

variance of the tontine payoff. Additionally, we observe that the variance of the annuity

decreases in the fee ∆0 . Naturally, a higher volatility implies a higher variance of the

payoffs, in particular for the annuity.

As a final quantity of interest in this subsection, we look at the coefficient of variation

(CV) at each time. This is defined as the standard deviation divided by the expectation,

i.e. in the case of the tontine we obtain

CVT (t) =

√
Var(BT (t))

E [BT (t)]

21



=

√
1∫

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

(
1∫

−∞

(
1− tp

1−φ
x

)n
fϵ(φ) dφ

)
1∫

−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

=

√√√√√√√√
1∫

−∞

(
1− tp

1−φ
x

)n
fϵ(φ) dφ

1∫
−∞

(
1−

(
1− tp

1−φ
x

)n)
fϵ(φ) dφ

.

For the annuity, however, we obtain

CVA(t) =

√
Var(BA(t))

E [BA(t)]

=

√
n2
(
E
[
tp

2(1−ϵ)
x

]
− E [tp1−ϵ

x ]2
)
+ n

(
E [tp1−ϵ

x ]− E
[
tp

2(1−ϵ)
x

])
nE [tp1−ϵ

x ]

=

√
n
(
E
[
tp

2(1−ϵ)
x

]
− E [tp1−ϵ

x ]2
)
+
(
E [tp1−ϵ

x ]− E
[
tp

2(1−ϵ)
x

])
√
n · E [tp1−ϵ

x ]
.

Note that the coefficients of variation of the annuity and the tontine do not depend on

the fee levels M0 and ∆0 . Figure 5 provides the difference CVA(t) − CVT (t) of the

coefficients of variation of the annuity and tontine payoff over time as derived above.7

We observe that the CV of the tontine is lower than the CV of the annuity at all times

considered (except for time 0, where both are equal to zero). Naturally, a higher standard

deviation implies a higher difference between the CVs, as the standard deviation of the

annuity is affected more strongly by the higher systematic mortality risk.

3.3 Quantile analysis

In this subsection, we further analyze the annuity and tontine payoffs by considering the

0.01-, 0.99- and 0.5-quantile (i.e. the median) of the tontine and annuity payoffs (14)

and (15). The setting and the parameters are similar to the previous subsections and

7Note that, in Figure 5, the time axis ranges only from 0 to 50 instead of 55, because the denominators
in both CVs come extremely close to zero for t > 50 , which delivers unstable results. The probability
for a policyholder of surviving 50 years is E

[
50p

1−ϵ
x

]
= 1.90·10−6 , i.e. it would also not be an unrealistic

assumption to set the highest maximum age at 115.
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we rely again on the optimal tontine payoff dF∗(t) . Figure 6 provides the corresponding

quantiles of the annuity and tontine payoffs. As the plots for the different annuity fees

∆0 ∈ {4, 7, 10, 14} look rather similar (the only difference is that the lower fees shift

the curves upwards), here we only provide the plot for ∆0 = 14 . We observe that

the tontine payoff is basically stable over time, whereas the annuity payoff allows for

a lot of variability upwards and downwards. The only time when the tontine payoff is

not fully stable is after 40 to 50 years, depending on the standard deviation (when the

policyholders are aged 105). Naturally, as the standard deviation increases, the quantile

range of the payoffs of both products also becomes larger. For the annuity, this increase

in the quantile range affects all time points up to time 50, whereas in the tontine, only

the time range 40 to 50 is affected.

These observations confirm the conclusions drawn from the previous subsection that the

annuity payoff is much more volatile over time and, consequently, harder to manage from

a risk manager’s perspective.

3.4 Analysis of the reserves

Another question of interest to the insurer is how high the reserves need to be for different

products. In the tontine design introduced by Milevsky and Salisbury (2015) which

we consider in this paper, the insurer promises the payments ndF (t) to the pool of

policyholders. Hence, the insurer has to set up reserves for the tontine and, of course,

also for the annuity. To determine the best-estimate reserve at a time t > 0 , we follow

Börger (2010) and assume that the development of the mortality follows best-estimate

assumptions until time t . To be precise, the number of living policyholders at time t is

given by ntpx . Multiplying the per-contract reserves of the annuity and tontine given in

Chen et al. (2019) by n , we obtain the following expressions for the overall best-estimate

reserve of the tontine and the annuity:

tV
T
x = ntpx

∫ ∞

t

e−r(s−t)

∫ 1

−∞
(1− (1− s−tpx+t)

n) fϵ(φ)dφ · dF (s) ds,

tV
A
x = ntpx

∫ ∞

t

e−r(s−t)
s−tpx+t ·mϵ(− ln s−tpx+t)c(s) ds.

In Figure 7, we show the reserves of the annuity and the tontine over time using the

optimal payoff dF∗(t) . For each fee ∆0 , we observe that the annuity requires a higher

reserve than the tontine at all times except t = 0 , which is due to the fact that the fee

23



charged for the tontine is lower than that of the annuity. Additionally, we observe that

the reserves of the annuity and tontine decrease over time, with the reserve of the tontine

decreasing more rapidly than the reserve of the annuity. Different volatility levels of the

shock ϵ do not seem to have a major impact on the reserves of the retirement product.

One thing that we can observe is that the reserve at time 0 (i.e. the initial value) of the

tontine exceeds that of the annuity to a greater extent if a higher volatility is present.

This is a direct result of the lower tontine indifference fee obtained under higher volatility

levels (see Figure 3).

4 Conclusions

We have analyzed the impact of fees in modern tontines, where two different fee structures

are considered: a (possibly) time-varying proportional fee of the payoff charged over time

and a fixed, up-front fee. We find that a constant fraction of the payoff being deducted

over time yields the same level of expected utility to policyholders as a fixed- up-front

fee. A time-decreasing proportional fee deducted over time delivers an only slightly

lower level of expected utility than the fixed up-front fee. Hence, tontine managers can

charge higher costs in the younger ages, when individuals are less likely to suffer from

the lack of financial resources compared to older ages, when individuals generally need

a higher income to cover care expenditure. Our framework also allows for a comparison

with annuities and reveals that tontine managers could charge a little less than annuity

managers even for highly risk-averse individuals and consumers would still prefer tontine

schemes, the advantage being that tontine managers do not need to be concerned about

longevity risk.

From a mean-variance analysis of the payoffs of tontines and annuities from the insurer’s

perspective, we find that the variance of the annuity payoff significantly exceeds that

of the tontine payoff for a greater part of the retirement phase. An analysis of the

coefficients of variation of the annuity and tontine payoff and a quantile analysis confirm

the substantially reduced risk of the tontine products to the insurer. Furthermore, under

the indifference fee (which makes policyholders indifferent to choosing between a tontine

or an annuity), we find that reserves of tontines are lower than those of annuities at

practically all times during the retirement phase. These results indicate that insurers

might generate sizeable and secure profits from issuing fee-based tontines.

As an extension to this article, the problem could be reformulated, possibly as a game
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in which the insurer chooses the fee and the participants choose payment streams. De-

termining the optimal fee structure would be an interesting question for future research.
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A Proofs

A.1 Proof of Theorem 2.2

For a similar proof see also Milevsky and Salisbury (2015) and Chen et al. (2019). The

Lagrangian function is given by:

L =

∫ ∞

0

e−ρtκn,γ,ϵ(tpx)u((1− α(t))dV (t))dt

+ λV

(
v −

∫ ∞

0

e−rt

∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
dφdV (t) dt

)
.

The first-order condition is:

∂L
∂dV (t)

= e−ρtκn,γ,ϵ(tpx)u
′((1− α(t))dV (t))(1− α(t))− λV e

−rt

∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
dφ = 0

⇔ dV ∗(t) =
1

1− α(t)

(
e(ρ−r)tλV

∫ 1

−∞

(
1− (1− tp

1−φ
x )

n)
dφ

(1− α(t))κn,γ,ϵ(tpx)

)−1/γ

.

Plugging these terms into the budget constraint delivers an explicit formula for the

Lagrangian multiplier:

v =

∫ ∞

0

e−rt

∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
dφ

1

1− α(t)

(
e(ρ−r)tλV

∫ 1

−∞

(
1− (1− tp

1−φ
x )

n)
dφ

(1− α(t))κn,γ,ϵ(tpx)

)− 1
γ

dt.

This delivers the following formula for the Lagrangian multiplier:

λV =

(
1

v

∫ ∞

0

e−rt

∫ 1

−∞

(
1−

(
1− tp

1−φ
x

)n)
dφ

1

1− α(t)

(
e(ρ−r)t

∫ 1

−∞

(
1− (1− tp

1−φ
x )

n)
dφ

(1− α(t))κn,γ,ϵ(tpx)

)− 1
γ

dt

)γ

.

The overall expected discounted lifetime utility is then given by:

E
[∫ ζϵ

0

e−ρtu

(
n(1− α(t))dV ∗(t)

Nϵ(t)

)
dt

]

=

∫ ∞

0

e−ρtκn,γ,ϵ(tpx)u

(e(ρ−r)tλV

∫ 1

−∞

(
1− (1− tp

1−φ
x )

n)
dφ

(1− α(t))κn,γ,ϵ(tpx)

)−1/γ
 dt
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=
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1− 1
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(a) σ = 0.0814 (b) σ = 2 · 0.0814

(c) σ = 0.5 · 0.0814

Figure 3: Indifference fee for the tontine dependent on the relative risk aversion γ . The
remaining parameters are chosen as in Table 1.
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(a) σ = 0.0814 (b) σ = 2 · 0.0814

(c) σ = 0.5 · 0.0814

Figure 4: Variance of the annuity and tontine payoffs from the insurer’s perspective over
time. The fee charged for the tontine is the indifference fee (see Figure 3). The remaining
parameters are chosen as in Table 1.
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(a) σ = 0.0814 (b) σ = 2 · 0.0814

(c) σ = 0.5 · 0.0814

Figure 5: Difference of the coefficients of variation of the annuity and tontine payoffs
CVA(t) − CVT (t) from the insurer’s perspective over time. The remaining parameters
are chosen as in Table 1.
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(a) Tontine, σ = 0.0814 (b) Annuity, σ = 0.0814

(c) Tontine, σ = 2 · 0.0814 (d) Annuity, σ = 2 · 0.0814

(e) Tontine, σ = 0.5 · 0.0814 (f) Annuity, σ = 0.5 · 0.0814

Figure 6: Quantiles of the annuity and tontine payoffs from the insurer’s perspective over
time. The fee charged for the annuity is ∆0 = 0.14 · v . The fee charged for the tontine
is the indifference fee which is equal to 13.42 for γ = 4 . The remaining parameters are
chosen as in Table 1.
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(a) σ = 0.0814 (b) σ = 2 · 0.0814

(c) σ = 0.5 · 0.0814

Figure 7: Reserves of the annuity and tontine over time. The fee charged for the tontine
is the indifference fee. The remaining parameters are chosen as in Table 1.
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