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I. INTRODUCTION

Gravitational energy extraction from a black hole (BH)
is expected to happen through quantum-mechanical ef-
fects, via the emission of Hawking radiation [1]. In addi-
tion, several classical mechanisms for energy extraction
exist for rotating (Kerr) BHs. In [2], R. Penrose first pro-
posed a mechanism exploiting the existence of negative-
energy states for particles in the ergosphere of a Kerr
BH to extract energy and angular momentum from it, a
phenomenon known as the Penrose process. A more de-
tailed formulation of it was subsequently presented in [3].
The same year, Ya. B. Zel’dovich suggested the idea that
energy can be extracted from a rotating BH via scatter-
ing of incident waves, establishing an analogy with the
scattering of electromagnetic waves in rotating absorbing
cylinders [4]. This phenomenon (termed superradiance)
was theoretically confirmed later on by A. A. Starobinsky
employing a massless scalar field [5]. This wave ampli-
fication led S. Detweiler to study the conditions under
which bosonic (scalar field) clouds and instabilities de-
velop around a Kerr BH when the field is massive [6]
(see also the more recent work [7]). Importantly, stud-
ies of BH superradiance have already been applied to set
constraints on the mass of ultra-light bosons —not only
scalars, but also vectors—, since the energy extraction pro-
duces a decrease of the BH spin producing gaps in the
spin—mass plane, and the aforesaid instability of bosonic
clouds acts as a source of gravitational waves [8].

In this Bachelor’s Thesis (TFG), we first study in de-
tail the spacetime around a rotating BH, described by
the Kerr metric, including the properties of a region of
the Kerr spacetime known as the ergosphere. The main
goal of this work is to delve deeper into the knowledge of
general relativity (beyond that covered in the undergrad-
uate course) and high-energy physics, mainly through the
study of the Penrose process and the basics of BH super-
radiance.

Throughout this work, we employ the system of natu-
ral units and the metric signature (— + ++). We leave
some explicit calculations to Appendices A - F.

II. THE KERR METRIC AND ROTATING
BLACK HOLES

A. General considerations

The metric components of an axially symmetric space-
time, g,., are given by Kerr’s solution to Einstein’s field
equations. In Boyer-Lindquist coordinates, the corre-
sponding line element squared ds? = g,,, dztdz" is
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being p? = 72 + a?cos? @ and A = 1?2 — 2Mr + a?. Using
the variables

2M
52 = (r2+a?)?—a?Asin?0, =22 = 27"(1 . (2)
gos X
we can rewrite the line element (1) in an alternative way
to showcase its relation with a rotating body:

22
dr?® + p2do* + el sin? 0 (d¢ — @dt)” .

(3)
In these expressions, ¢ represents time, 6 and ¢ are re-
spectively the polar and azimuthal angles, with § = 0
corresponding to the axis of symmetry of the spacetime.
The radial-like variable r has a special behaviour, as its
origin is at a circumference of radius a centred on the
origin of Cartesian coordinates for the equatorial plane,
see, e.g., [9]. The parameter a = J/M is the angular
momentum of the rotating body, J, over its mass, M.

The determinant of the Kerr metric, g, is

P
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9 = 9tt9rr9009p — gt2¢gmgeg = —p4 sin? 0, (4)

and the non-zero g*¥ components of the inverse metric
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The Kerr metric is a vacuum solution to Einstein’s field
equations, as it leads to the Ricci tensor being null ev-
erywhere. None of the Kerr metric components depends
on either ¢ or t. These symmetries imply that £y = 0y
and £y = 0; are two Killing vectors of the metric.

Both the condition A = 0 and p? = 0 cause some
components of the metric to diverge in Boyer-Lindquist
coordinates. It can be seen that the scalar invariants of
the curvature tensor do not diverge when the condition
A =0 is fulfilled [9] , indicating this apparent singularity
is just a coordinate artefact. The condition

p> =12 +a*cos’0 =0 (6)
does result in a divergence in invariants of the curvature
tensor [9], and hence represents a physical singularity.
This singularity takes place at the disk defined by r =0
and § = 7/2, and indicates the presence of a black hole
in the spacetime described solely by the Kerr metric.

B. The event horizon and the ergosurface

The event horizon of a BH is the region of spacetime
in which time-like vectors become space-like, in such a
way that a particle crossing the event horizon is forced
to approach the singularity of the BH. This is manifested
in this region being a null-surface. As the components of
a vector normal to a r=const. surface are d,,r, the surface
r=const. defines the event horizon if

g Ourd,r =0, (7

which imposes that all normal vectors to the surface are
null. Hence, the r =const. null surface satisfies

¢ =0 (8)
The condition (8) directly implies A = 0; that is,

r?2 —2Mr +a®> =0, (9)
which has two 75, + solutions,

Th4+ = M + M2 — a2 . (10)
The solution 7, 4 = 7, with the larger distance to the
singularity of the black hole defines the relevant radius
of the event horizon for an observer outside the black
hole. The solution 7, _, also defines a null-surface, but
it is completely contained within the event horizon. For
a non-rotating BH (a — 0), both solutions for the event
horizon in the Schwarzschild metric are recovered.
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In the Schwarzschild metric, the surface ¢"" = 0, on
which the event horizon also lies in the spherically sym-
metric spacetime, is also an infinite redshift surface. This
is not the case in the spacetime defined by the Kerr met-
ric. To find the infinite redshift surface, which is also
called ergosurface in the Kerr metric, let us consider the
energy of a photon that a certain observer measures.

The energy Eqs of a photon of momentum K = K*9,
measured by an observer with 4-velocity U = U*0,, is

Eobs = *U#Ku . (11)
A static observer has a 4-velocity
U0 =R &30 (12)

which is normalised through a parameter R that satisfies

R—\/;. (13)

Thus, the static observer measures the energy of the pho-
ton to be

FEopps = —R fé)K“ . (14)
The relation between the energy E(();)g measured by an

observer with R = R and the energy Eéii measured by
an observer with R = R is then

EW = M p® (15)

Equation (15) shows that no photon emitted at a point
where R — oo will be observed by any observer. Using
the expression (13), it is seen that the condition g = 0
defines the surface on which this phenomenon takes place.
This condition, in turn, leads to

2Mr = 1%+ acos? 6 , (16)

whose r4+ solutions read,

B OM + 4AM? — 4a2 cos2 6

Tt 5 (17)
The radius
M? — a2 cos? 0 (18)
is called inner ergosurface, whereas
ry =M+ M?—a?cos?6 (19)

is the outer ergosurface. Both surfaces exhibit the same
behaviour, but the relevant region of spacetime for an
observer outside the black hole is the exterior one. Both
event horizons and the inner ergosurface are contained
within the outer ergosurface, except at the axis of sym-
metry of the BH, where the outer ergosurface and outer
event horizon coincide. At the axis of symmetry, the
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inner ergosurface and the inner event horizon also coin-
cide, the former being contained by the latter in the other
points of the surface.

The ergosphere of a BH is the region between the er-
gosurface and the event horizon. The restrictions on
the trajectories that the region contained within a null-
surface imposes are not present in the ergosphere, but
limitations do exist on the possible trajectories within
the ergosphere, as expected for being g;; > 0 in this re-
gion.

Consider an observer describing a circular trajectory
with angular velocity 2 = d¢/dt around the axis of sym-
metry of the BH. Its 4-velocity U is

Cdto dpo  dt (D D
_chazf+ch(3¢>_dT<8t+Qa¢)' (20)

The norm squared of U can be written as

dt\?
_ I " v v
ViU, = (dT) (5@) +£<¢>>Q) (5<t> +§<<z>>9) Gy -
(21)
As the 4-velocity is normalized, U*U, = —1, we find
9o + 29160 + gt <0 . (22)

The quadratic coefficient of Q in the inequality (22) is
positive in all spacetime. Thus, the inequality holds when
Q_ < Q< Qy, being Q_ and Q4 the solutions to the
equation gs3Q% + 2¢:6Q + g1 = 0,

(M)Q_ g (g

Yoo oo

Qp=-9 4
9oe

Both solutions may be re-expressed using the parameter
@ from the expression (2). In particular, we may express
Q_ as

2
9ie

O =a (1 — J1- 9”94”5) . (24)

It is seen from equation (24) that the minimum angular
velocity €)_ is positive for

Judos - g, (25)
9t

which is satisfied only for g;; > 0. The ergosphere ful-
fils this condition, and so it can be concluded that static
trajectories (which have 0 = 0) cannot exist in the ergo-
sphere, no matter how much energy an observer uses to
try to remain static.

This result is a manifestation of the frame dragging in
the Kerr metric, of which the component g4 of the metric
is responsible. The frame dragging is more important the
closer to the singularity of the black hole. From equation
(22), we see that in the limit where

Gtt9od
3 = L, (26)
e
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the values of Q_ and Q4 coincide. Consequently, there
is only one permitted angular velocity, which will be de-
noted as Qp, in the limit of approaching this region of
spacetime. Equation (26) is equivalent to

Ap*=0. (27)

As p? = 0 is the singularity of the BH, the relevant so-
lution to equation (27) is the event horizon. In the limit
of approaching the event horizon from outside, the only
permitted angular velocity Qp is

- a a
QH:w =

= . 28
rn G2+ TZ 2Mry, (28)

IIT. THE PENROSE PROCESS

The geometry of spacetime that is being described in
this TFG allows for particles to have negative energy.
The energy E of a particle in the Kerr spacetime with
mass m can be obtained by contracting the Killing vector
&) with its momentum P:

E=—p=—p'gu—p°gs: - (29)

The normalisation condition for the 4-momentum

(pup* = —m?) leads to
—m® = p; 9" +2pwy 9" +p5 90 +07 970 +p% g™ . (30)

The previous expressions may be combined along with
the definition (2) to obtain:

E = dpy + \/wz'pi - % [pig¢¢ +p59% +p2g +m?|

(31)

where it has been taken into account that at » — oo, the

energy F of a particle at rest has to be £ = m, so only

the + sign solution is possible out of the two quadratic
+ sign solutions.

The energy of a particle can be negative, if pg < 0, and

- p} (9% — &%g") + pjg® + plg’" +m?
—Wpgy > | — " .
g
(32)
The most favorable case in which this inequality can be
fulfilled is obtained when py = 0, p, = 0, m — 0. In this

limit, the inequality (32) becomes

-9 e 2V
@ v (33)
where e72¥ = g?? — G2%g*. Tt can be used that
1 -
g = gt +e?a?, (34)
to rewrite the inequality (33) as
+ e _
gttezw > e21/ 29 . (35)
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Thus, we see that, even in the aforesaid favourable sce-
nario, the condition gy > 0 must be fulfilled in order for
a particle to have E < 0.

This type of solutions are hence only possible inside
the ergosphere and are a result of the frame dragging in
the Kerr metric. As photons coming from the ergosur-
face arrive at any observer with a wavelength A\ — oo, no
information can be transmitted through the ergosurface,
and negative energy particles cannot be measured. Tra-
jectories in which a particle escapes from the ergosurface
are however allowed.

Let us consider a particle with energy E 4 that falls into
the ergosphere of a BH and decays, while being in the
ergosphere, into two particles: a particle B with energy
Ep that falls into the event horizon, and a particle C
with energy F¢ that escapes from the ergosurface. If the
particle B has Ep < 0, by conservation of energy, it is
seen that the outgoing particle has a larger energy than
that of the incoming particle: Ec = E4—FEpg > E4. The
described phenomenon is known as the Penrose process,
and involves a loss of mass M and a loss of angular
momentum §J from the BH. Let us find now the relation
between 6 M and dJ.

The starting point is to consider the only Killing vector
that is time-like infinitesimally outside the event horizon
of a Kerr black hole, § g, with components

fétK) = fé) + Qp 5&) > (36)
as has been shown through equation (21) and inequality
(22). The contraction of £y with the 4-momentum P of
a particle with energy E'p and angular momentum gives

félK)PM =—Fp+Qy Lp . (37)

In the Penrose process, the particle having energy
Ep < 0 that falls into the event horizon produces an
extraction of mass dM = Ep and of angular momentum
0J = Lp from the black hole. As the contraction of two
time-like vectors oriented the same way is negative, in
the Penrose Process it is satisfied that

¢ s5J (38)

oM .
= 2M7‘h

The previous inequality also reflects a general property
of black holes: the area of the event horizon can only
increase by means of classical processes. To demonstrate
this property for the Penrose process, the area A of the
event horizon has been calculated using the line element
evaluated at r = rj, when not considering variations in ¢
or r:

T 27
A:/ d6/ dqﬁ,/iggggw‘rh =Adr (rp +a®) . (39)
0 0

In this work, by using the definition for the irreducible
mass M2, = A/16m, it has been found that

M2 = % (M2 /M- J2) , (40)

Treball de Fi de Grau

and the variation 6 M,

My a
— | M — —— §J

M?2 — g2 ( 2Mry, ) ’

has been obtained. Using the inequality (38), it is seen
from equation (41) that A > 0, indicating that the area

of the event horizon of BHs in the Penrose process can
only increase.

OM;py = (41)

IV. SUPERRADIANCE

The massless Klein-Gordon equation,

gV, vV, =0, (42)
is the equation that governs the behaviour of a spin-0
massless field ® on a curved spacetime. The equation
may be rewritten in the following convenient way:

——0, [\/—gg’“’aﬂfI)] =0.

= (43)

5

In the Kerr metric, the massless Klein-Gordon equation
is expanded as

1 . 4Mar
0= @89 (Sln9 80@) + 8r (A(“)TCI)) — A 3t5¢<1>+
—(rP+a?)? 1 a
+ X + a“sin“ 0| 0;0;P + e + A 0405 .

(44)

The field ® must reflect the axial and temporal sym-

metry of the Kerr spacetime, and so we may propose a
solution

(t,r,0,¢) = e (1, 0) | (45)
where m and w are two integration constants. Because
of the periodicity in ¢, the parameter m is a real inte-
ger; whereas the parameter w is complex. In this work,
the solution in which w has no imaginary part has been
studied.

It is known, because of the separation of variables of
the Hamilton-Jacobi equations in the Kerr metric [9],
that ® can be written as

O(t,r,0,0) = e R(r)S(6), (46)
where the r and 6 dependence is separated. The Klein-
Gordon equation now implies:

d dR

Bl Y N

dr < dr) *

+R() {wz(rz +a?)? félAMarwquanz +A] _o

d*S as m? 9 9 . 9

WJrcotG@fS(H) Lir129+w a” sin 0+A} =0,
(47)
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with A a constant (see Appendix G). The equation (47)
for R(r) is rewritable using the variables defined by

dr/dr* = A/(r® 4 a®) and R = f/\/72 + a2 as

2
di*]; © +fa2) 5 [an2 +w?(r? +a%)? - AA-
—4mem—\/7mAi (rA )} =0.
dr \ (r? + a?)3/?
(48)
For r > a, r > M, the equation for f becomes
2
dcj“*fQ + fW+0(r ) =0. (49)

Its solution is a linear combination of an outgoing wave

e with coefficient Cy and an incoming wave e %"
with coefficient C'y,
i~ Coe™" + Cre ™" . (50)

In the limit of r — rp, in which A — 0, the equation for
f becomes

d’f am 2
4 _ ~ 51
gzt ("’ 2M7‘h> 0, (51
with solution
fo = Coexp [i(w — am/2Mrp)r*] , (52)

as the outgoing trajectory is not permitted at r = rp,.

The case of a field ® which initially propagates towards
the event horizon, in such a way that f =~ Cyexpliwr*]
at large distances to the black hole, has been stud-
ied using the Wronskian W (gy,g2) of two linearly in-
dependent solutions ¢g; and go of a differential equa-
tion. For a second-order ordinary differential equation
" (x)+a(x)g' (z)+b(x)g(x) = 0 with solutions g; and ga,
the Wronskian satisfies that W' (g1, 92) = a(x)W (g1, g2)-

Thus, the Wronskian W of the solutions of f remains
constant for all *. Considering the solution f; from ex-
pression (50) and its complex conjugate f;, the Wron-
skian gives the result

W (f1, 1) = 2iw (|Co*=|C1?) (53)

In turn, the Wronskian of the solution fs from expres-
sion (52) and its complex conjugate f3 gives

W(fz,fé‘):?ilCzF(w—amm) NGy

Hence, it can be concluded that the wave scattered at
the event horizon of the black hole has higher energy than
the incoming wave (that is, |C1|?> |Cp|?) if it is satisfied
that

Qgm = m>w . (55)

V. CONCLUSIONS

In this work, classical processes of energy extraction
from a rotating black hole have been successfully studied,
making use of the undergraduate knowledge of general
relativity and mathematical analysis.

e It has been shown that the Kerr metric predicts the
existence of axially symmetric black holes, whose
event horizon and ergosurface have been deter-
mined.

e The condition for the existence of the Penrose pro-
cess has been found, together with the relation that
the extracted mass and angular momentum from
the black hole satisfy.

e The condition for black hole superradiance in the
Kerr metric has been derived.

The superradiance phenomena may be further stud-
ied by considering massive fields, from which black hole
instability leading to bosonic clouds may emerge.
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Appendix A: Useful relations

Throughout this work, the following relations between the variables p?, ¥? and A have often been used to do
calculations:

»?2 = A2 + A(4Mr — a®sin® ) + 4M?*r? | (A1)

A = p? —2Mr + a*sin 6 . (A2)

Appendix B: Derivation of equation (4)

From the expression (1) along with the definitions on (2), it can be seen that the g,,,, components of the Kerr metric
are

A — a?sin? 6 2Marsin® 6
2
goo 9ro 9goo 9G¢o P
0 — 0 0
gor YGrr 96r Gér _ A Bl
- 0 0 p? 0 (B1)
goo gro goo G¢o o Marsin 0 9
gog 9ro oo Yoo —L;m 0 0 =5sin’f
P P
It follows that the determinant of the Kerr metric, g, is
9 = 910911900966 — YipGrr o0 (B2)
a2 2 2. 2 .92 4
(A a® sin 0) S22 4M*4a?r®sin® 0 ’ (B3)

A N A
It is very convenient to use the relations (A1) and (A2) to obtain the determinant, which may be calculated as:

(A —a? sin® 0) o . 5 AM?2a2r? sin* 0
_g_fZ sin 9—1-#
A —a%sin? 0
— w [A% + A(4Mr — a®sin® 0) + 4M?r?] sin® ¢

As we square A , we find that A? cancels out most of the terms in the previous expression:

A% = 4 OM?r? 4 ot — AM3 — 2Mra® 4 2r%a?,
A? = p* + atsin 6 + 4M?r? + 2p%a® sin® 0 — AMrp® — 4AMra® sin® 6
A? = p* +atsin® 0 + 4M?r? 4+ a®sin® 6(2p* — 4AM7r) — AMrp? .

Hence,

g=—psin?6 .
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Appendix C: Derivation of equation (27)

From the condition (26), that is, from

2
g

gt = 2=, (26)
9o¢

the equation (27) can be derived by making use of the relation (A2):

4M?a?r?sin® 0
sin? @ [p2(r2 + a2 — 2Mr) + 2Mr(a? + r2)]
(2Mr — p?) [p*(r* 4+ a® — 2Mr) + 2Mr(a® + r?)] = 4M>a®r®sin® 0
(2Mr — p?) [P*A + 2Mr(A + 2M7)] = 4M?a®r? sin® 0
(2Mr — p®) [A(p* + 2Mr) + AM>r?] = 4M*a®r® sin® 0
A(4M?r? — p*) + AM*r?(2Mr — p?) = AM?a®r? sin® 0
4M?r%(A + a*sin® 0 — A) — Ap* = 4M?a?r? sin® 0
4AM?r2a®sin? 6 — Ap* = 4M3a?r?sin® 0
Apt=0.

2Mr — p? =

Appendix D: Derivation of equation (39)
The line element squared ds? evaluated at r = rj,, when not considering variations in ¢ or r is

(1 + a?)’

.2 2
———————sin“ 0d¢” . D1
r% 4+ a?cos? 6 ot (D1)

ds* = (T}ZL + a? cos? 0) do* +

From (D1), the area A of the event horizon is obtained as:

™ 2m
A= [ as [ dogaagas) (D2)
0 0 Th
™ 2m
A :/ d9/ dp\/ (r2 + a2)* sin? 0 (D3)
0 0
™ 2m
A= / d@/ d¢ (rj + a”) sin6 (D4)
0 0
A=2m(r} +d) / dfsin 6 (D5)
0
A=dr(r} +d%) . (39)
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Appendix E: Derivation of expression (41)

From expression (40), the variation §(MZ.,.) can be obtained

S(M?

wrr

3 _
)= % (2M(5M+4M oM 2J5J>

2V M4 — J?

As §(M2.,) = 2M;..0 M., we find that §M;,., is

wrr

2MEM~/ M — J2 +2M35M — J§J

5Mi7‘r -
VMY = J2 . 2M;,,
SML SM(2M/ MY = J2% +2M3) — J6J
AM;p o/ ME = J2
SML A5MM32., adJ
T AM/ME = J2 AM; /M2 — a2
1 SMM;.,  adJ
(SMirr - M2 — a2 < M - 4Mir7')

Mirr adJ
My, = —20 (M — === .
o irr /7M2 — .2 (5 AM2 )

wrr

Appendix F: Derivation of equation (44)

The non-zero derivatives of the auxiliary variables p2, A, and X are:

8rp2 =2r,
dpp* = —2a%sinf cos b ,
OrA =2r —2M

2% = 4r(r* + a®) — 0,Ad*sin? 0
92?2 = —2a%Asinfcosb .

These results, together with (A2), are used for the expansion of the Klein-Gordon equation:

gV, vV, =
1
=—0,|vV—9g""0,®| =
=5 [ 99" Ou }
1
= — [8,(\/11)9“”8”(1) + vV—90,(¢"")0,® + V—gg""0,0,P

= =0.(V=9)9" 00+ 0,(g" )08 + g 9,0,

i) i)

i)
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. 1 81’(_9) "z
i) "o, =

o
- ﬁaa(—g)ae(fb)gee + ﬁ@-(—g)@-(@)g” _
= ﬁ(2,0289(,02) sin? § 4 p?2sin @ cos 9)%59@4_
t ﬁ%zar(f) sin’ epAzarcp _
- pzxsiln29 (99(p®) sin® 0 + p? sin 0 cos ) D+
pélsilnzgc?r(p% sin? 0A9, d =

1 1
_ 2 . .
= (—2@ s cos 6 + T nd cos 9) Op D+

1
+ 72TA67¢) =
P

cos 6 . 1
= m(pQ — 2a%sin” 0) 0y ® + EQTA@,@

i) 0,90, =
= 0,g"" 0, ® + 0pg” 0p® + 0,9 0p® + 19" 0, B+
+ 8¢gt¢8t<1> + 8¢g¢¢8¢<1> =
O Ap® — 9 p* A 200 p
- P
—2rA0,® + 2p%(r — M)0,®
= 1 +
p
2a? cos @ sin 0 i
P p?
2(2r —2M) — A2 2
iy (2r 7 ) T8T<I>+—4a2005981n989<1>:
P P
A2

1 2
2 (2r —2M) — TJ 0, P + Ea2 cos 0 sin 00y

or® — O0p® =

a289<1> =
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i) g"9,0,® =

= %&«&@ + %6939(13 - Z:pgatat@ - %%&84@ + m&zﬁ(bé =
— %ara@ + p—tagaecb + (W + a” sin® 9) p%atat@ - %%@%‘D + <51r1129 - a:) p—126¢a¢<1> .
Combining ), i¢) and i), we get:
i) + i) + dii)
c0829 '1 0B + 2(r — M)(?'TCI)—F
p? sind 2
+ %ar&@ + %8059@ + <_(T2A+GQ)2 + a?sin? 9> %atatcb - M{Tar%@t&ﬁ@ + <su1129 — a:) %&55‘@5(1) =0.

1
We see that — is a common factor

€080 0® + 2(r — M), 0+
sin 6
—(r? +a?)? . 4Mar 1 a?
Aa,,(?T(I) + 8989(1) + (A + CL2 SHl2 0 atatq) — A 3t3¢<l> + Sin2 9 — K 84)84)@ =0
1 _ —(r? + a?)? . 4Mar 1 a?
@69 (sin 00y ®) + 0, (AD,P) + (A + a2 sin? 9) 0,0, P — A 0:04P + (szo — A) 00,2 =0 .

Appendix G: Further remarks on expression (47)

The constant A is a separation constant that comes from the method of separation of variables applied on the
expression (44).

The equation for S(f) may be solved using the change of variables z = cosf, which reduces the equation to an
angular spheroidal wave equation.

The variable r* allows us to conveniently rewrite the equation for R(r). It may be implicitly defined by

dr* 1 +ad?
ar A (G1)

Thus, it takes the form

2M7”’h
Th —T—

Th

In(r —ry) + 2M <1 - > In(r—7r_) . (G2)

T —T_—
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