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1. Introduction

Fix an integer n > 1 and denote by (e;)ic[,; the standard basis of R". The hypergraphic polytope
of a hypergraph H on [n] is the Minkowski sum Ay = ) ,_. Ay, where Ay is the simplex
given by the convex hull of the points e, for h € H. These polytopes (or some special cases)
were studied in [1-3,7,10,11,17,23,26,27,30] among others. In particular, the face lattice of Ay was
described combinatorially in terms of acyclic orientations of H in [7]. Note that the singletons of H
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are irrelevant for the combinatorics of Ay as they just contribute to translations. It is convenient
for us to assume that {i} € H for all i € [n].

The hypergraphic poset Py is the transitive closure of the skeleton of Ay oriented in the
direction w == (n,n—1,...,2,1)—(1,2,...,n—1,n)=n-1,n-3,...,3—n,1—n). For
instance,

o if H = ([;]) is the complete graph (or any hypergraph containing it), then Ay is the
permutahedron and Py is the weak order on permutations,

o if H = {[i,j]|1<i<j<n}is the complete interval hypergraph, then Ay is J.-L. Loday’s
associahedron [20,33] and Py is the Tamari lattice on binary trees [36].

Further important examples of hypergraphic polytopes include graphical zonotopes, graph
associahedra [12], nestohedra [17,26], multiplihedra [4,13,18,32,35], and constrainahedra [9,13],
and other examples given below. Hypergraphic polytopes belong to the more general class of
deformed permutahedra (aka. generalized permutahedra [26], or polymatroids [16]). The later are
all deformations of the permutahedron, ie. all polytopes whose normal fan coarsen the braid
arrangement, and are all obtained as Minkowski sums and differences of faces of the standard
simplex. Among those, the hypergraphic polytopes are those which can be constructed using only
Minkowski sums of faces of the standard simplex.

In view of the two above examples, we would like to characterize the hypergraphs H for
which Py is a lattice, a distributive lattice, a semidistributive lattice, a congruence-uniform lattice,
a (semi-)lattice quotient of the weak order on permutations, etc. These questions were settled
in [24] for graphical zonotopes and in [13] for multiplihedra and constrainahedra. In contrast, they
were only partially answered in [5] for graph associahedra [12], and still remain largely open for
nestohedra [17,26].

In this paper, we study the case of interval hypergraphs I, i.e. when all hyperedges of T are
intervals of [n]. Note that the family of interval hypergraphic polytopes includes

e the classical associahedron of [20,33] when I contains all intervals of [n],

o the Pitman-Stanley polytope [34] when I is the set of all singletons {i} and all initial inter-
vals [i] for i € [n],

o the freehedron of [31] when I is the set of all singletons {i}, all initial intervals [i] for i € [n],
and all final intervals [n] \ [i] fori € [n — 1],

o the fertilitopes of [15] when any two intervals of T are either nested or disjoint.

In fact, it follows from [6,22] that the interval hypergraphic polytopes are precisely the weak
Minkowski summands of the classical associahedron (recall that a polytope P C R" is a weak
Minkowski summand of a polytope Q C R" if there exists a real A > 0 and a polytope R C R?
such that AQ = P + R). In other words, interval hypergraphic polytopes are all deformations
of the classical associahedron, i.e. all polytopes whose normal fan coarsens the sylvester fan. In
contrast, the permutahedron, graphical zonotopes, graph associahedra, nestohedra, multiplihedra
and constrainahedra are not interval hypergraphic polytopes.

We obtain the following characterizations, where we assume that {i} € I for all i € [n] as
mentioned earlier. See Sections 4-7 and Figs. 4-8 for illustrations.

Theorem A. For an interval hypergraph I, the poset Py is a lattice if and only if I is closed under
intersection (ie. I,] e Tand I NJ # @ impliesI NJ € T).

Theorem B. For an interval hypergraph 1, the poset P; is a distributive lattice if and only if forallI,] € T
such that1 € J,1 2 J and I N] # &, the intersection I N ] is in T and is initial or final in any K € T
withINJ C K.

Theorem C. For an interval hypergraph 1, the poset Py is a join semidistributive lattice if and only
if T is closed under intersection and for all [r,1'], [s,s'], [t,t'], [u,u'] € T such thatr <s<r' <¥,
r<t<s <t ,u<min(st)ands < u/, there is [v,v'] € I such that v < sands <v <t A
symmetric characterization holds for meet semidistributivity.
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Theorem D. For an interval hypergraph 1, the poset morphism from the weak order to the poset P; is
a meet (resp. join) semilattice morphism if and only if 1 is closed under initial (resp. final) subintervals
(ie. [i, k] € T implies [i,j] € 1 (resp. [j, k] € I) forany 1 <i<j <k <n).

For instance, among the four above-mentioned families of interval hypergraphic polytopes,
we recover that the Pitman-Stanley polytope and all fertilitopes yield distributive lattices, the
associahedron yields a semidistributive (but not distributive) lattice which is a quotient of the
weak order, while the freehedron is not even a lattice (this was actually the motivation for [25]
to construct alternative realizations of the skeleton of the freehedron).

Once Theorem A is established, an important step for Theorems B and C is to understand join
irreducible elements of P;. Section 6.1 provides a combinatorial description of the join irreducible
elements of the lattice P; for an arbitrary interval hypergraph T closed under intersections. To
prepare this slightly technical description, we already describe some join irreducible elements of P;
in Section 5.1, which happen to be all join irreducible elements of P; under the condition of Theorem
B.

The paper is organized as follows. In Section 2, we recall basic properties of hypergraphic
polytopes, we define hypergraphic posets, and we recall the natural poset morphism from the weak
order on permutations to the hypergraphic poset P;. In Section 3, we develop specific properties
of interval hypergraphic polytopes, in particular a simple characterization of their vertices and a
global description of the relations in their hypergraphic posets. In Section 4, we characterize the
interval hypergraphs I for which the interval hypergraphic poset Py is a lattice, proving Theorem A.
In Section 5, we describe a family of join irreducible elements of P; and we characterize the interval
hypergraphs I for which Py is a distributive lattice, proving Theorem B. In Section 6, we describe
all join irreducible elements of P; and we characterize the interval hypergraphs I for which Py is a
join (or meet) semidistributive lattice, proving Theorem C. In Section 7, we characterize the interval
hypergraphs I for which the poset morphism from the weak order on permutations to P; is a join
(or meet) semilattice morphism, proving Theorem D.

2. Hypergraphic posets
2.1. Hypergraphic polytopes
A hypergraph H on [n] := {1, ..., n} is a collection of subsets of [n]. By convention, we always

assume that H contains all singletons {i} for i € [n]. The hypergraphic polytope Ay is the Minkowski
sum

AH = ZAH,

HeH

where Ay is the simplex given by the convex hull of the points e, € R" for h € H.

Example 2.1. For the hypergraph H = {1, 2, 3, 4, 123, 134}, we have

e1 e1
y A
ey es es
Aqp3 Aq3q Ag =A1+ Ay + A3+ A4+ Az + Ay

which is a 3-dimensional polytope sitting in R*. Note that as n < 9 in all our examples, we simplify
notations and write 123 for the set {1, 2, 3}.

Remark 2.2. Note that the singleton hyperedges are irrelevant for our purposes. Namely, adding
to H the hyperedge {i} for some i € [n] just translates the polytope Ay in the direction e;, which
does not affect the face structure of the polytope. For our conditions on hypergraphs of Theorems
A and B, it is convenient for us to assume that {i} € H for all i € [n]. When quoting results from [7],
the reader will have to be mindful that they took the opposite convention.
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Fig. 1. The polytope Ay for H = {1, 2, 3, 4, 123, 134} has seven vertices corresponding to the acyclic orientations of H
and eleven (oriented) edges corresponding to the increasing flips between these orientations. The poset Py is the transitive
closure of the increasing flip graph.

2.2. Acyclic orientations, increasing flips, and hypergraphic posets

We now recall from [7, Thm. 2.18] a combinatorial model for the graph (Vy, Ey) of Ay. As we
are only interested in the 1-skeleton of Ay, we simplify some of the general definitions of [7] which
were designed to deal with all faces of Ay.

Definition 2.3. An orientation of H is a map O from H to [n] such that O(H) € H for all H € H.
Equivalently, we often represent the orientation O as the set of pairs {(O(H),H) | H € H}. The
orientation O is acyclic if there is no Hy, ..., H, with k > 2 such that O(H;+1) € H; ~ {O(H;)}
for i € [k — 1] and O(H1) € Hi ~ {O(Hy)}.

Remark 2.4. The singleton {i} of H is always oriented O({i}) = i, and plays no role in de-
termining the acyclicity of O since {i} \ {0({i})} = @. We will therefore omit the singletons
when describing or drawing orientations (see also Example 3.3). If we list the non-singleton
elements (Hy, H, ..., Hy) of H in some fixed order, it is then convenient to describe an orientation O
as the tuple O = (O(Hy), O(H3), ..., O(Hy)).

Example 2.5. Using H = {1, 2, 3, 4, 123, 134} as in Example 2.1, we order the two non-singleton
(123, 134). There are 9 orientations of H, 7 of which are acyclic as displayed in Fig. 1. For instance,
the orientation (0(123), 0(134)) = (1, 3) is cyclic since 0(123) = 1 € 134 and 0(134) = 3 € 123 is
a cycle with k = 2.

Definition 2.6. Two orientations O # O’ of H are related by an increasing flip if there exist
1<i<j<nsuchthatforall H € H,

e if O(H) # O'(H), then O(H) =i and O'(H) = j, and
o if {i,j} CH, then O(H) =i <= O'(H)=]j.
We denote such a flip by 0—i—0'.

Example 2.7. Fig. 1 shows all the increasing flips between the acyclic orientations of the
hypergraph H = {1, 2, 3, 4, 123, 134} of Examples 2.1 and 2.5. For instance, (2, 3)—23-(3, 3)
indicates that there is an increasing flip from O = (2,3)to 0’ = (3,3) withi=2 < 3 =j.

The following correspondence was already observed in [7, Thm. 2.18] (it even extends to all faces
of Ay, but we do not need this level of generality in this paper). We provide an alternative short
proof for convenience.
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Proposition 2.8 ([7, Thm. 2.18]). The graph of the hypergraphic polytope Ay oriented in the direc-
tionw:=(n,n—1,...,2,1)—(1,2,...,n—1,n)=n—-3,n—1,...,1—n,3 — n) is isomorphic
to the increasing flip graph on acyclic orientations of H.

Proof. Recall that the face of a Minkowski sum ), P; minimizing a direction v is the Minkowski
sum of the faces of the summands P; minimizing v.

The vertex of Ay minimizing a generic direction v is e; for i € H such that v; = min {v, |he H}.
An acyclic orientation of H corresponds to the choice of one vertex in each Ay, and the orientation
is acyclic if and only if this choice corresponds to a generic orientation v, hence to a vertex of Ay.

The edges of Ay are oriented in the directions e; — e; for i, j € H. The edges of Ay are thus also
oriented by e; — ej, and thus correspond to pairs of acyclic orientations which differ by a flip. O

Finally, the main objects of this paper are the following posets.

Definition 2.9. The hypergraphic poset Py is the transitive closure of the increasing flip graph on
acyclic orientations of H.

Example 2.10. For the hypergraph H = {1, 2, 3, 4, 123, 134} of Examples 2.1, 2.5 and 2.7, the
poset Py is represented in Fig. 1(right).

Remark 2.11. As seen in Fig. 1 the edges in Ey are not necessarily cover relations in Py. The
simplest case is given by H = {1, 2, 3, 123}, whose hypergraphic polytope is

(3)
T N3
Ag=L01+L0+ A3+ Ap3= 5

‘ /12z
1)

and the left edge (1)—13-+(3) of Ay is not a cover relation of Py.

We conclude with an elementary yet relevant symmetry.
Proposition 2.12. For x € [n], define x :=n —x+ 1. For H C [n], define H := {h*> | h € H}. For

an hypergraph H, define H = {H* | H € H}. For an orientation O of H, define the orientation O
of H by O (H* ) := O(H)*. Then the map A — A is an anti-isomorphism from Py to Py<.

Proof. Straightforward. O
2.3. Surjection map

The hypergraphic polytope Ay is a deformed permutahedron (aka. generalized permutahe-
dron [26,27], aka. polymatroid [16]). This means that the normal fan of A coarsens the normal
fan of the permutahedron. Hence, there is a natural surjection from the faces of the permutahedron
to the faces of Ay, which was described in detail in [7, Lem. 2.9]. Here, we focus on the surjection ©
from the permutations of [n] to the acyclic orientations of H.

Definition 2.13. For a permutation 7 of [n], the orientation ©, of H is defined for all H € H by

Ox(H) == 7 (min {j | 7(j) € H}).

Proposition 2.14 ([7, Lem. 2.9]). For any hypergraph H on [n],

e the map O is a surjection from the permutations of [n] to the acyclic orientations of H,
e two acyclic orientations A, B of H are related by a flip if and only if there are permutations s, g
of [n] which differ by a simple transposition such that O,, = A and O,, = B.

5
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| (14)

Fig. 2. The poset morphism © from the weak order (left) to the hypergraphical poset Py (right), for H =
{1,2,3, 4,123, 134}. The fibers of © appear as blue bubbles on the weak order, labeled by their acyclic orientation
of H (left).

In other words, the graph (Vy, Ey) of Ay is isomorphic to the graph obtained by contracting the fibers
of O in the graph of the permutahedron.

Corollary 2.15. The map O defines a poset morphism from the weak order on permutations to the
hypergraphic poset Py.

Finally, we describe the fibers of the surjection O : &, — Vy. Given an acyclic orientation A
of H, define <4 as the order on [n] obtained by the transitive closure of the union of the orders
{A(H) < h | heH {A(H)}} for each H € H. That is,

heH~{A(H)}

<a = Trans. cl. U

HeH A(H)

This is a well defined partial order since A is acyclic. The following lemma is straightforward.

Lemma 2.16. For any acyclic orientation A of H, the preimage ©~1(A) := {7 | O, = A} is the set of
linear extensions of <.

Example 2.17. Continuing with the hypergraph H = {1, 2, 3, 4, 123, 134} of Examples 2.1, 2.5, 2.7
and 2.10, let A be the acyclic orientation (2, 4). The order <y is the following

1 3 1 3 1 3
<4 = Transitive closure ( \/ u\/ ) = | >< |
2 4 2 4

The linear extensions of this order are the permutations 2413, 2431, 4213 and 4231. All other fibers
are represented in Fig. 2.

3. Interval hypergraphic posets
In this paper, we focus on the following family of hypergraphs on [n].

Definition 3.1. An interval hypergraph I is an hypergraph on [n] where each I € I is an interval of
the form I = [i,j] :={i,i+ 1,i+2,...,j—1,j}.

Example 3.2. Our running example H = {1, 2, 3, 4, 123, 134} of Examples 2.1, 2.5, 2.7, 2.10 and
2.17, is not an interval hypergraph, as 134 is not an interval.

6
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>~ —_—
-— —e —
—e——
—e—
——
—
—
———
{1,2,3,4,123,23,234,1234} 12 3 4

Fig. 3. The interval hypergraphical polytope A; (top left), the fibers of the corresponding map © (bottom left), and the
interval hypergraphical poset P; (right), for I = {1, 2, 3, 4, 123, 23, 234, 1234}.

Example 3.3. The hypergraph I = {1, 2, 3, 4, 123, 23, 234, 1234} is an interval hypergraph and
04132 = (1,4, 3, 4) is an acyclic orientation of I (for the lexicographic order (123, 1234, 23, 234) of
the non-singletons). We will represent interval hypergraphs and their orientations graphically as
follows:

L — —e
]I_ — _ —-e
= — Onn= ——— o
—_— [ e |
1 2 3 4 1 2 3 4

As before, we omit to draw the singletons {i} for i € [n]. See also Fig. 3.

Example 3.4. We have represented further interval hypergraphic posets in Figs. 4-8. These figures
illustrate in particular the following relevant families of interval hypergraphic posets mentioned in
the introduction:

o if T = {[i,j]|1<i<j<n}is the set of all intervals of [n], then P; is the Tamari lattice
corresponding to the classical associahedron of [20,33]; see Fig. 5;

o if I = {[1,i]|ie [n]} is the set of initial intervals of [n], then P; is the boolean lattice
corresponding to the Pitman-Stanley polytope [34]; see Fig. 6 (bottom right);

o if 1 = {[1,i] |ie [n]}U({[i,n]|ie [n]}is the set of all initial or final intervals of [n], then P;
is a poset given by the freehedron of [31], which is not even a lattice; see Fig. 4 (right);

e if any two intervals of T are either nested or disjoint, then Pj is a distributive lattice given by
the fertilitope of [15]; see Fig. 6 (top right and bottom) and Section 5.4.

Remark 3.5. Recall that a polytope P C R" is a weak Minkowski summand of a polytope Q C R"
if there exists a real A > 0 and a polytope R C RY such that AQ = P + R. Equivalently, P
is a weak Minkowski summand of Q if the normal fan of Q refines the normal fan of P. The
weak Minkowski summands of Q form a cone under Minkowski sum and dilation [21], called the

7
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deformation cone of Q. For instance, the deformation cone of the permutahedron is the cone of
generalized permutahedra [26,27] (also known as submodular cone, or cone of polymatroids [16]).
Note that all hypergraphic polytopes are generalized permutahedra. It follows from [6,22] that the
deformation cone of the associahedron of [20,33] is a simplicial cone generated by the faces of the
standard simplex corresponding to intervals of [n]. In particular, the interval hypergraphic polytopes
are precisely the weak Minkowski summands of the associahedron [20,33].

3.1. Acyclic orientations for interval hypergraphs

In this section we give a simple characterization of the acyclic orientations of an interval
hypergraph L.

Proposition 3.6. An orientation O of an interval hypergraph 1 is acyclic if and only if thereisnol,] € T
such that O(I) € ] ~ {0(J)} and O(J) € I \ {O(I)}. Graphically, there is no pattern

e
o(l)
Proof. If the orientation O contains this pattern, it is clearly cyclic. Conversely, assume that O is
cyclic. Then we can find Iy, ...,I; € T with k > 2 such that O(l;;1) € I; ~ {O(I;)} for i € [k — 1]
and O(I) € Iy ~ {O(I)}. Graphically

Iy —_—

I3 —e—i
Iy L2
I ——

Assume that k > 2 and is minimal for this property. Note that O(I;) # O(I;y) for all i. By symmetry,
suppose O(I;) < O(I,). If there is i € [k — 1] such that O(I;11) < O(I;), then for the smallest such i,
we have

e either 0(11;1) (S [O(Ii+1 ), O(I,')] C; so that O(I,',]) el; and O(I,') e li_q,
e or O(li11) € [0(Ii—1), O(I;)] < I;_4, so that we can drop [; from our sequence, contradicting the
minimality of k.

We thus obtain O(I;) < --- < O(). As O(I;) € I, we get O(Iy—1) € [O(I1),0(Ix)] < I, so
that O(lx_1) € Iy and O(I) € Iy_1. O

Remark 3.7. Proposition 3.6 fails when H is not an interval hypergraph. For instance, the orienta-
tion O of the hypergraph H := {1, 2, 3, 12, 23, 13} defined by 0(12) = 1, 0(23) = 2 and O(13) = 3
has a 3-cycle but no 2-cycle.

3.2. Fibers of O for interval hypergraphs

One striking property for interval hypergraphs is that the fibers of the surjection O are intervals
in the weak order. To describe this we first need to recall the following classical result of A. Bjérner
and M. Wachs [8, Thm. 6.8]

Proposition 3.8 ([8, Thm. 6.8]). The set of linear extensions of a poset < on [n] forms an interval [o, t]
of the weak order if and only if a<xc = a<borb<c and a>c = awborbc, for ev-
ery 1 < a < b < ¢ < n. Moreover, the inversions of o are the pairs (b, a) witha < b and a > b,
and the non-inversions of t are the pairs (a, b) with a < b and a < b.

This statement was refined in [14] to describe Tamari interval posets.

8
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Proposition 3.9 ([14, Coro. 2.24]). The set of linear extensions of a poset < on [n] forms an
interval [o, t] of the weak order such that o avoids the pattern 231 and t avoids the pattern 213
ifandonlyifa<c = a<bandar>c = brcforeveryl <a<b<c<n

Proposition 3.10. The fiber ©~'(A) of any acyclic orientation A of an interval hypergraph 1 is
an interval of the weak order with minimum avoiding the pattern 231 and maximum avoiding the
pattern 213 (in other words, a Tamari interval).

Proof. From Lemma 2.16, the fiber ©®~'(A) is the set of linear extensions of <, so that we use
the characterization of Proposition 3.9 to prove Proposition 3.10. Let 1 < a < b < ¢ < [n]. If we
have a <, c, then, by definition of <, there must be a sequence I, ..., Iy € I such that a = A(l;),
A(liy1) € L foralli € [k—1],and ¢ € Ii. As Uie[k] I; is an interval containingaand cand a < b < ¢, it
contains also b. Hence, there is i € [k] such that b € I;, and the sequence Iy, ..., I; proves that a <4 b.
The case a >4 c is similar and implies that b >4 c. O

Example 3.11. For the hypergraph I = {1, 2, 3, 4, 123, 23, 234, 1234} of Example 3.3, the fibers of
the surjection map O are represented in Fig. 3 (bottom left).

Remark 3.12. It follows from Proposition 3.10 that the surjective poset morphism O factorizes
through the Tamari lattice.

Remark 3.13. Proposition 3.10 fails when H is not an interval hypergraph. For H := {1, 2, 3, 13},
there are two fibers {123, 213, 132} and {231, 312, 321} which are not intervals of the weak order.

3.3. Source characterization for interval hypergraphs

We now characterize the comparisons in the poset P; in terms of the comparisons of the sources
foreachl € L.

Proposition 3.14. For any acyclic orientations A and B of an interval hypergraph 1,

A<BinPp <<= A(l)<B()forall el

Proof. The forward direction is immediate as it holds for increasing flip by Definition 2.6 and any
cover of Pj is an increasing flip. For the backward direction, assume that A(I) < B(I) for all I € I.
The proof works by induction on |{I € T| A(I) < B(I)} |.

Choose | € T such that A(J) < B(J) and for any I € T with A(I) < B(I), we have B(I) < B(J),
or B(I) = B(J) and A(I) < A(J).

Let O be the orientation of I obtained from A by flipping A(J) to B(J) as described in Definition 2.6.
We claim that O is acyclic and that O(I) < B(I) for all I € I. We conclude by induction that O < B,
and thus A < O < B as desired.

We first prove that O is acyclic. Otherwise, we would have I, I’ € T such that O(I) € I’ < {O(I')}
and O(I') € I ~ {O(I)}. As A is acyclic, we have A(I) # O(I) or A(I') # O(I'), but not both
since O(I) # O(I'). Hence, we can assume by symmetry that O(I) = A(I) while A(I') = A(J)
and O(I') = B(J). Up to updating J to I’, we can thus also assume that I’ = J. As B is acyclic, we
have B(I) £ O(I). Since A(I) = O(I) £ B(I), our choice of | ensures that

e either B(I) < B(J). We then obtain that A(I) < B(I) < B(J). As A(I) = 0(I) e I’ =] and B(J) € ],
we thus get that B(I) € J. Moreover, B(J) = O(I') € I. As B(I) # B(J), we obtain a contradiction
with the acyclicity of B.

e or B(I) = B(J) and A(I) < A(J). We then have A(I) < A(J) < B(J) = B(I) so that A(J) € I.
As A(I) = 0(I) e I' =] and A(I) # A(J), we obtain a contradiction with the acyclicity of A.

We now prove that O(I) < B(I) for all I € I. We thus consider I € I and distinguish two cases:

9
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e Assume first that A(I) = A(J) and B(J) € I. By Definition 2.6, we then have O(I) = B(J).
Moreover, as I is an interval and contains A(J) and B(J), it contains [A(J), BJ)] < J. As B
is acyclic, this implies that B(I) ¢ [A(J), BJ)[. As A(J) = A(I) < B(I), we thus obtain
that O(I) = B(J) < B(I).

e Otherwise, we have O(I) = A(I) < B(I). O

Remark 3.15. After the completion of this paper, Proposition 3.14 was extended to arbitrary
hypergraphs by F. Gélinas in [19].

Remark 3.16. Note that Proposition 3.14 implies that the hypergraphic poset P; has Dushnik-Miller
dimension at most |I].

3.4. Flips and cover relations for interval hypergraphs

In this section, we exploit Proposition 3.6 to provide a simple description of the flips and cover
relations of P; for an interval hypergraph L.

Proposition 3.17.  Consider an acyclic orientation A of an interval hypergraph I, an increasing
flip (1)—13-(3) (in the sense of Definition 2.6), and let k := max {max(I) | I € 1 and A(I) = i}. Then B
is acyclic if and only if there is no J € T with j € J ~ {A(J)} and A(J) € 1i, k]. A symmetric statement
holds for decreasing flips.

Proof. We prove the result for increasing flips, the result for decreasing flips follows by the
symmetry of Proposition 2.12.

Assume first that there is ] € I with j € J <~ {A(J)} and A(J) € 1i,k]. Let I € T be such
that A(I) = i and k = max(I). Then B(J) = A(J) € 1i,k] = JA(I), max(I)] € I and B(I) =j € ]
and B(I) = j # A(J) = B(J) implies that B is cyclic.

Conversely, assume that B is cyclic. By Proposition 3.6, there are I,] € T with B(I) € J ~ {B(J)}
and B(J) € I ~ {B(I)}. As A is acyclic, we have i = A(I) £ B(I) =j or i = A(J) # B(J) = j, but not both
since B(I) # B(J). By symmetry, we can assume that i = A(I) # B(I) =j and A(J) = B(J). We obtain
that j = B(I) € J ~ {B(J)} = ] ~ {A(J)}. Moreover, we have i < A(J) as otherwise A(J) = B(J) € I
and A(I) = i € [A(),j] = [AU),B(I)] < J and A(I) # A(J) would contradict the acyclicity of A.
As A(J) = B(J) € I ~ {B(I)}, we obtain that i < A(J) < max(I). We conclude that A(J) € 1i, k]
since max(I) < kas A(I) =i. O

Proposition 3.18. Consider an acyclic orientation A of an interval hypergraph 1 and i € [n] such that
there is I € T with i = A(I) < max(I). Then there exists j > i such that the orientation of 1 obtained by
flipping i to j is acyclic. A symmetric statement holds with a decreasing flip if i = A(I) > min(I).

Proof. We prove the result for increasing flips, the result for decreasing flips follows by the
symmetry of Proposition 2.12.
Let k := max{max(I) | I € I and A(I) = i} and consider

X= U 7~
Ak
Assume that X = ]i, k], and consider a minimal j € ]i, k] for the poset <i4. As j € X, thereis ] € I
such that A(J) € 1i, k] and j € J ~ {A(J)}. Hence, we have A(J) <4 j and A(J) € li, k], a contradiction.
We conclude that there is j € ]i, k] . X. By Proposition 3.17, the orientation obtained from A by
flipping of i to j is acyclic. O

Remark 3.19. Proposition 3.18 fails when H is not an interval hypergraph. For instance, for the
hypergraph H = {1, 2, 3, 4, 123, 134} of Examples 2.1, 2.5, 2.7, 2.10 and 2.17, and the acyclic
orientation A defined by A(123) = 2 and A(134) = 1, we have 2 = A(123) < max(123), but no
increasing flip from A to an acyclic orientation of H flips 2.

10
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Proposition 3.20. An increasing flip A—ii—>B between two acyclic orientations of an interval
hypergraph 1 is a cover relation of Py if and only if

lijt < | J~ a0
A(/])ﬂi.j]

Proof. Let k := max{max(I) |l e Tand A(I) =i} and I € T be such that A(I) = i and k = max(I).
Note that i < j < k since (1)—13-+(3) is a flip.

Assume first that there is £ € Ji,j[ UA(])eJi,jJ] ~ {A(J)}. We claim that there is noJ € I
with £ € J ~ A(J) and A(J) € i, k]. Indeed, by definition of ¢, we would have A(J) > j.
Then B(I) =j € [¢,A(J)] €J and B(J) = A(J) € i, k] € I and B(I) = j < A(J) = B(J) contradicts the
acyclicity of A. We conclude from Proposition 3.17 that the orientation C of I obtained by flipping i
to £ is acyclic. This implies that (1)—13-+(3) is not a cover relation as it is obtained transitively
from (1)—13-+(3) and (1)—13>(3).

Conversely, assume that A < B is not a cover relation. Then there is a flip (1)—13-+(3),
where C is an acyclic orientation of I such that A < C < B. Since (1)—13-+(3) is a flip, we
have A(K) = C(K) = B(K) for any K € 1, except if A(K) =i and B(K) = j. Hence, there is K € I such
that A(I) =i < C(I) = £ < j = B(I). Since (1)—13+(3) is a flip, we obtain from Proposition 3.17 that
there is noJ € Twith £ € J ~ {A(J)} and A(J) € i, k] < 1i, jl. Hence, £ € i, j[ < UAU)E],-J]] ~{A(J)}. O

4. Interval hypergraphic lattices

In this section, we prove Theorem A which we first introduce properly:

Definition 4.1. An interval hypergraph I is closed under intersection if [,] € Tand I NJ] # &
implies I NJ € L.

Definition 4.2. A poset P is a lattice if any subset of P admits a join (least upper bound) and a meet
(greatest lower bound).

Theorem A. For an interval hypergraph 1 on [n] (with our convention that {i} € I for all i € [n]), the
poset Py is a lattice if and only if T is closed under intersection.

Example 4.3. The interval hypergraphic posets of Fig. 4 are not lattices, while those of Figs. 5-8
are lattices.

Example 4.4. The hypergraphic poset of {1, 2, 3, 12, 23, 123} (resp. of {1, 2, 3, 12, 123}) is a lattice.
In general, the hypergraphic poset of all intervals (resp. all initial intervals) is the Tamari lattice
(resp. the boolean lattice). See Figs. 5 and 6 (bottom right).

Example 4.5. The hypergraphic posets of {1,2,3,4,123,234} and {1,2,3,4,12,123,1234,234,34} are

not lattices. In general, the hypergraphic poset of all initial and final intervals is not a lattice. See
Fig. 4.

4.1. If Py is a lattice, then I is closed under intersection

We are now ready to show the forward implication of Theorem A. See Fig. 4 for an illustration.

Proposition 4.6. If1 is an interval hypergraph such that the poset Py is a lattice, then 1 is closed under
intersection.

11
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{1,2,3,4,123,234} {1,2,3,4,12,123,1234, 234, 34}

Fig. 4. Two interval hypergraphic posets which are not lattices.

Proof. See Example 4.7 for the smallest example of the proof. By contradiction, assume we
have I,J] e Tsuch that @ #1NJ ¢ 1. Define 1 <a<b<c<d<nby

a=b—1, b:=min(INnJ), c:=max(Inj), d:=c+1.

Note that b # c since T contains all singletons, hence 1 < a < b < ¢ < d < n. By symmetry, we
assume that a € I ~J and d € J \ I. Let X be the word formed by the complement of {a, b, c, d}
in [n] written in increasing order. We now construct four permutations

74 = bacdX, 7 = acdbX, 7tc = dbacX, 7p = cdbaX,
and consider the four distinct acyclic orientations
A= 0y, B := Oy, C == Oxe, D := O,.
We display below the four orientations highlighting only the intervals I and J:

o— ] —e— ] — —e
A= o I B= o, 1 C= o I D= 1
ab c d ab c d a b c d a b c d
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—_—
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*— —e *—
—e *— *—
1254\1234/1234
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*—
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{1,2,3,12,23,123} {1,2,3,4,12,23,34,123,234,1234}

Fig. 5. The Tamari lattice (semidistributive lattice, but not distributive).

We have that w4 < 7c, ma < 7p and 7 < 7p in the weak order. Corollary 2.15 implies that A < C,
A < D and B < D in P;. We moreover claim that B < C but this does not follow directly from the
weak order since wp # 7. To show our claim, consider 7w = adcbX and 7w = adbcX. For any K € I
such that a, d ¢ K, we cannot have both b, ¢ € K, since this would imply that K = [b,c] =1N] €1,
a contradiction. This shows that E = Oy, = O, = F. Now we have ng < 7 and 7y < m¢ which
givesB<E=F <C.

If the poset Py is a latticeand A < CA < D,B < C and B < D, there is M such that A < M,
B<M,M < C and M < D (anything between A v B and C A D works). Let ), be any permutation
such that M = O, and let

m = (min{i | 7u(i) € IUJ}).

If m < b, then M(I) = m < b = A(I) and the easy forward implication of Proposition 3.14 implies
that A £ M. By similar arguments b < m < ¢ would imply B £ M, b < m < ¢ would imply M £ C,
and ¢ < m would imply M £ D. This is a contradiction to the existence of m. O

13
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Example 4.7. For the hypergraph {1, 2, 3, 4, 123, 234} illustrated in Fig. 4 (left), we have a = 1,
b=2,c=3,d=4and

A= o B= ¢ — C= e and D= , 3
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

We have A, B < C, D and there is no M with A,B < M < C, D, so that A and B have no join, and C
and D has no meet.

Remark 4.8. Proposition 4.6 fails when H is not an interval hypergraph. For instance, the hy-
pergraph H = {1, 2, 3, 4,5, 1234, 2345, 23, 24, 34} is not closed under intersection, while its
hypergraphic poset Py is a lattice.

4.2. Properties of Pr when 1 is closed under intersection

For the backward implication of Theorem A, we need to investigate the properties of interval
hypergraphs that are closed under intersection. Recall from Proposition 3.10 that the fiber ©~!(A)
of any acyclic orientation A of T is an interval [JTAl , nAT ] in the weak order. In the following we will
keep this convention that JTA¢ and nAT respectively denote the minimum and the maximum of the
interval ©~1(A).

Theorem 4.9. If1 is an interval hypergraph closed under intersection, then the following are equivalent
for two acyclic orientations A and B of I:

(a) A<B in Py,

(b) A(I) < B(I) forall I €1,

(c) 71: < ]TBT in the weak order,
(d) i>4 jimplies i #g j for all i < j.

Proof. The equivalence (a) <= (b) was established in Proposition 3.14.

For the equivalence (¢) <= (d), Propositions 3.8 and 3.10 show that the inversion set of JTA¢
is {(j,i) i <j, i>aj} while the inversion set of nBT is {(j,i) | i <j, i 4 j}. The equivalence of
(c) <= (d) thus follows from the characterization of the weak order in terms of inclusion of
inversion sets.

The implication (c) = (a) follows from Corollary 2.15. Thus we only need to prove (b) = (d).

For a contradiction, assume that A(I) < B(I) for all I € T and that we have some i < j such that
i >4 jand i < j. Choose one such pair with j — i minimal. Since i >4 j there are Iy, ..., I; € T such
that j = A(I;), A(Ip+1) € I, forall p € [a— 1], and i € I,. Since i < j there are Jy, ..., J, € I such
that i = B(J1), BUg+1) € Jg forall g € [b — 1], and j € J,. Note that i >, A(l,) for all p € [a] and
that B(J;) < j for all g € [b]. Moreover, as Upe[a] I, and qulb]jq are both intervals containing i
and j, we have i <ig k >4 j for all i < k < j. By minimality of j — i, we thus obtain that A(I,) ¢ i, jl
for p € [a] and B(Jy) ¢ i, j[ for q € [b]. Hence, [i, j] is contained in some I, and some I;. As A and B
are acyclic, we obtain thata =1 =b.

We can thus assume that we have I, ] € T such that i = B(J) € I and j = A(I) € J. As T is closed
under intersection, we have {i,j} € K := I NJ] € I. We have A(K) = j, as otherwise A(I) =j € K
an A(K) € K C I and A(I) # A(K) would contradict the acyclicity of A. Similarly, we have B(K) = i.
We conclude that B(K) =i < j = A(K) and K € T contradicting (b). O

Remark 4.9. The implication (a) = (c) in Theorem 4.9 fails when T is not closed under intersec-
tion. For instance, for I = {1, 2, 3, 4, 123, 234} and the acyclic orientations

—e—i < —e < —e—

—— = — = —e—i

1 2 3 4 1 2 3 4 1 2 3 4
A B C

14
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we have [y, 7] = [1324,1342], [y, 7)1 = [1423,4132] and [z}, 7l] = [4213,4231],

so;rA¢ fng.

4.3. If T is closed under intersection, then P; is a lattice
We now conclude the proof of Theorem A. This is a corollary of Theorem 4.9.

Proposition 4.10. If T is an interval hypergraph closed under intersection, then the poset P; is a lattice
where

AVB=0_, and AAB=0_1 1.

T[A VTTB TTA AT

Proof. Consider four acyclic orientations A, B, C,D of I such that A< C,A<D,B<Cand B <D.
. : : { —" " T { T
Theorem 4.9 implies that 7, < 7., m, < np, n; <n; and 7; < 7. Hence

ab<mbvad, wb<mivad, wivad<al,  wivad <xl,
which implies by Corollary 2.15 that
A= Oﬂ/‘l\/ng’ B < Orrjv:-r;’ Orrjv:—rg =G, Ozrjvné =D.

This implies that A and B admit a join

AVB< On}ivné'
As A < Av Band B < A Vv B, Theorem 4.9 ensures that JTA¢ < nATvB and ng < 7TATvB' SO
that 7'(Ai \Y nlj < T[ATVB' By Corollary 2.15, this implies

Onj V”g <AVB.

This shows the result for the join V. The proof for the meet A is similar. O

Example 4.11. For the hypergraph {1, 2, 3, 4, 123, 23, 234, 1234} of Example 3.3 and Fig. 3, we
have

~—i —e—i —e—i
*— —4e _ — — —e
. iV e i = O02130v1324a = 03214 = —— o
——i *—i —e
1 2 3 4 1 2 3 4 1 2 3 4
and
*— —— *—
*— —=e _ _ _ *—
* AN v = 02431701342 = 01234 = o |
—— *— *—
1 2 3 4 1 2 3 4 1 2 3 4

Remark 4.12. Proposition 4.10 fails when H is not an interval hypergraph. For instance, the
hypergraph H = {1, 2, 3,4, 12, 13, 24, 34} is closed under intersection, while its hypergraphic
poset Py is not a lattice. More generally, all hypergraphs H with |[H| < 2 for all H € H are
closed under intersection, and the graphical zonotopes whose oriented skeleta are lattices were
characterized in [24].

Remark 4.13. In fact, our proof of Proposition 4.10 is a general statement about quasi lattice
maps. Namely, if L is a lattice and P a poset, and ¥ : L — P is a poset morphism such
that ¢~ 1(A) = [nj, nAT] is an interval for all A € P, and A < B implies nAl < nBT, then P is a lattice

where AV B = lP(ﬂAl \Y n;) and AAB = lP(yTAT A ng ). Note that lattice maps satisfy the stronger

condition that A < B implies 7y < w} and 7, < x,. It would be interesting to characterize the

quasi lattice maps of the weak order. Note that the lattice maps of the weak order where described
by N. Reading in [28,29].
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Proposition 4.14. For an interval hypergraph 1 closed under intersection, any acyclic orienta-
tions A1, ...Aq of I, and any I € 1, we have

(\V 4)n = min(l ~ (U U ming), A,,(])[)).
pelq] pelq]l Jel
Ap(Del
Proof. Let O be the orientation of I defined by the formula of the statement. We first prove that O
is acyclic. Otherwise, Proposition 3.6 ensures the existence of I,] € I such that O(I) € J ~ {0(J)}
and O(J) € I ~ {O(I)}. Assume by symmetry that O(I) < O(J). As O(I) € J and O(J) > O(I), there
exists p € [q] and K € I such that A,(K) € J and min(K) < O(I) < Ap(K) < 0O(J). As I is an
interval containing O(I) and O(J), and O(I) < A,(K) < 0(J)), it also contains A,(K). We thus obtain
that A,(K) e I and min(K) < O(I) < A,(K) contradicting our definition of O.
We now prove that O = \/pE[q] Ap. For p € [g] and I € I, we have A,(I) € I, hence O(I) > Ay(I),

so that O > A, by Proposition 3.14. Consider now an acyclic orientation O’ of I such that A, < 0’
for all p € [q]. Assume that there are I, € I and p € [q] such that A,(J) e I. Then A,(J) e IN] €1,
so that A,(I NJ) = Ap(J) by acyclicity of A,. By Proposition 3.14, we thus obtain O'(I N J) = A,(J).
By acyclicity of ', this implies that O'(I) ¢ [min(I NJ), Ap(J)[, so that O'(I) ¢ [min(J), A,(J)[. We
conclude that O(I) < O'(I). Hence, O < O’ by Proposition 3.14. O

5. Distributive interval hypergraphic lattices
In this section, we prove Theorem B which we first introduce properly:

Definition 5.1. We say that an interval hypergraph I is distributive if for all I, ] € I such that! Z J,
I 2] and I N] # @, the intersection I N ] is in I and is initial or final in any K € T with I NJ C K.

Definition 5.2. A lattice (L, <, Vv, A) is distributive if
av(bAac)=(avb)Aa(avrc) and an(bvc)=(anb)v(anc)

for all a, b, c € L (the two conditions are in fact equivalent). Equivalently, L is distributive if and
only if it is isomorphic to the inclusion lattice on lower sets of its poset of join irreducible elements.

Theorem B. For an interval hypergraph 1 on [n] (with our convention that {i} € I for all i € [n]), the
poset Py is a distributive lattice if and only if I is distributive.

Example 5.3. The interval hypergraphic posets of Fig. 6 are distributive lattices, while those of Figs.
4,5,7 and 8 are not.

Example 5.4. The hypergraphic poset of {1, 2, 3, 12, 123} is a distributive lattice (it is a diamond).
In general, the hypergraphic poset of all initial intervals is the boolean lattice, which is distributive.
See Fig. 6 and Section 5.4 for more examples of distributive hypergraphs.

Example 5.5. The hypergraphic poset of {1, 2, 3, 12, 23, 123} is a semidistributive but not distribu-
tive lattice (it is a pentagon). In general, the hypergraphic poset of all intervals is the Tamari lattice,
which is semidistributive but not distributive. See Fig. 5.

5.1. Some join irreducible acyclic orientations

In this section, we assume that I is an interval hypergraph closed under intersection so that
the hypergraph poset P; is a lattice by Proposition 4.10. Our first task will be to identify some join
irreducible acyclic orientations of T (a complete but more technical description of all join irreducible
acyclic orientations of T will appear later in Section 6.1). The following notations are illustrated in
Examples 5.10-5.14 below.
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Fig. 6. Four distributive interval hypergraphic lattices.

Notation 5.6. Define J; := Ul ~ {min(I)}.

Iel

Notation 5.7. Forj € 7y, we let

5= ) n

Iel
Jjel~{min(I)}
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(note that J; € I since 1 is closed under intersection), and we set p; := min(J;) and v; := max(J;). By
definition min(I) < p; < j < v; < max(I) for any I € I such that j € I ~ {min(I)}.

Notation 5.8. For j € i, consider the acyclic orientation A; := O, uj+1,...j) obtained as the image
by the surjection map O of Definition 2.13 of the cycle permutation

(o 14+ 1, ) =120y = Vj gy G = 1+ 1)
obtained from the identity permutation by placing j just before ;. Note that for all | € I

o i ifj € ] and min(J) = p;,
AU = {min(]) otherwise.

Notation 5.9. Fori,j € 7, we writei < jif and only if y = Jj and i <j.

Example 5.10. For the hypergraph T = {1,2,3,12,123}, we have /7 = {2,3} and the
corresponding acyclic orientations are

A= o and Az = ¢ °
1 2 3 1 2 3

and are incomparable.

Example 5.11. For the hypergraph I = {1,2, 3,12, 23,123} illustrated in Fig. 5(left), we
have 71 = {2, 3} and the corresponding acyclic orientations are

—e— *—

A, = b and Az = o °
1 2 3 1 2 3

and are incomparable.

Example 5.12. For the hypergraph I := {1, 2, 3, 12, 23, 34, 123, 234, 1234} illustrated in Fig. 5
(right), we have J; = {2, 3, 4}, and the corresponding acyclic orientations are

| L e I e |

——i —e—i ———
Ay = *— Az = *— and Aq = —e
o— —e o—
—e *— *—
1 2 3 4 1 2 3 4 1 2 3 4

and are incomparable.

Example 5.13. For the hypergraph I := {1, 2, 3, 4, 123, 23, 234} illustrated in Fig. 6 (top left), we
have J; = {2, 3, 4}, and the corresponding acyclic orientations are

— i —e—1 — o
A= e A3 = o— and Ay = o T
1 2 3 4 1 2 3 4 1 2 3 4

and are incomparable.

Example 5.14. For the hypergraph I := {1, 2, 3, 4, 123, 1234} illustrated in Fig. 6(top right), we
have 71 = {2, 3, 4}, and the corresponding acyclic orientations are

—e— ——i —e
A= e As= o and Ayj=
1 2 3 4 1 2 3 4 1 2 3 4

and we have A, < As.
Lemma 5.15. Fori # j € 7, we have A; # A;.

Proof. If i # j, then we have A(J;) € {;, i} while A;(J;) =j ¢ {u;,i}. O
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Lemma 5.16. Fori,j € J;, we have A; < Aj <= i<].

Proof. By Proposition 3.14 we have A; < A; if and only if Ai(I) < A;(I) for all I € 1. The forward
direction is thus a direct consequence of the following four observations:

if wi # pj, then A(Ji) = i > p; = min(J;) = Ai(Ji),

if vy < Vj, thenj ¢ J; < {ui}, so that Ai(J;) =i > p; = min(J;) = Aj(],'),
if i > j, then A(Jy) = i > j = Ai(Jy),

i < jimplies that u; < pj and v; < v;.

For the backward direction, assume i < j, and consider I € I Asi < j, A(I) € {min(I),i}
and A;(I) € {min(I), j}, we have A;(I) < A;(I) except if A(I) = i and A;(I) = min(I). As A;(I) = i,
we would have i € I and min(I) = ;. As Aj(I) = min(I) and min(I) = u; = u;, we would have j ¢ I.
This contradicts the fact that v; = v;. O

Lemma 5.17. For any j € J; and any acyclic orientation A of I, we have

e A<A < A=min(P;)orA=A; withi<}j,
e Aj<A > j<A()

Proof. By Proposition 3.14, A < A; implies that A(I) < Aj(I)foralll € I. For I, I’ € I such thatj € INI’
and min(I) = min(I") = p;, we have A(I) = A(I') since A is acyclic. If A < A;, we conclude that there
is i € [u;,j[ such that A(I) = iifj € I and min(I) = u;, and A(I) = min(I) otherwise. Hence,
A = min(P;) or A = A;. The first point thus follows from Lemma 5.16.

For the second point, A; < A implies j = Aj(J;) < A(J;) by Proposition 3.14. Conversely, if j < A(J;),
then for any I € T,

e if j € I and min(I) = u;, we have A;j(I) = j < A(I) (by acyclicity of A),
e otherwise, A;(I) = min(I) < A(I).

Hence, Aj < A by Proposition 3.14. O

Proposition 5.18. If I is an interval hypergraph closed under intersections, then the acyclic orienta-
tion A; is join irreducible for any j € 7.

Proof. By Lemma 5.17, the lower set of A; in P; is the chain min(P;) < Ay < -+ < Aj, < 4
where {i; < -+ <ip} = {i € % | j =J;j and i < j}. Hence, 4; is join irreducible. O

Corollary 5.19. If I is an interval hypergraph closed under intersections, then the map j — A; is an
injective poset morphism from (7, <) to the subposet of join irreducibles of P;.

Proof. Immediate from Lemma 5.15 and Proposition 5.18 and Lemma 5.16. O

In the next two propositions, we assume I is closed under intersections.

Proposition 5.20. For any two lower sets X and Y of (J1, <), if \/yex Ax = V ey Ay then X =Y.

Proof. Assume \/,.x Ax = \/,., Ay and let x € X. Then x = A(Jx) < (V,ex A)Ux) = (V ey Ay) Us).
From the description of the join of Proposition 4.14, we thus obtain that there existsy € Y andJ € T
such that A,(J) € Jx and min(J) < x < A,(J). As min(J) # Ay(J), we obtain that A,(J) = ¥y
and min(J) = u,. We get that u, < x <y < v, hence that x € J, ~ {uy} and y € J, ~ {ux} so
that Jy = J,. As x < y, we conclude that x < y, so that x € Y. We thus obtained that X C Y, and
thus X = Y by symmetry. O
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Proposition 5.21. max(P;) = \/ A;.
JET

Proof. Assume by contradiction max(P;) # \/ =: A. Then there is I € T with A(I) < max(I).
Let j := A(I)+ 1. As j € I ~ {min(I)}, wehave/f(]j JejSlandA(l) =j—1 € Ji. AsA < A
we have A(I) = j — 1 < j = Ai(Jj) < A(J;) so that A(I) # A(J;). We thus obtain that A is cyclic, a
contradiction. O

Corollary 5.22. For any interval hypergraph 1 closed under intersection, Py contains a distributive
sublattice containing min(P;) and max(Py).

5.2. If Tis distributive then Py is distributive
We now prove the backward direction of Theorem B. The following strengthen Proposition 3.18.

Proposition 5.23. For a distributive interval hypergraph I, an acyclic orientation A of 1, and | € T such
that j := A(J) # min(J), there exists i such that

min(J) <i < max{max(I) | I € I, min(/) = min(J), max(I) < j}

and the orientation obtained from A by flipping j to i is acyclic.

Proof. Let ] € I be maximal such that min(I) = min(J) and max(I) < j, and let i := A(I). Let O be the
orientation obtained from A by flipping j to i as in Definition 2.6. If O is cyclic, there exists K, K’ € T
such that O(K) € K’, O(K’) € K, and O(K) # O(K’). As A is acyclic, we have either A(K) # O(K)
or A(K’) # O(K’), but not both since O(K) # O(K’). We can thus assume that A(K) = O(K) while
A(K') =jand O(K’) = i. If j € K, then we have A(K) # j = A(K’) (otherwise, O(K) = i = O(K")),
and A(K) = O(K) € K’ and A(K’") = j € K, contradicting the acyclicity of A. Asi € K and j ¢ K, we
obtain that max(K) < j. As A(I) =i € K and A(K) = O(K) # O(K’') = i = A(I), we have K Z I by
acyclicity of A. If min(I) < min(K), then ! € K andI 2 K and I N K > i, and K is neither initial
nor final in J, contradicting the distributivity of I. If min(K) < min(J) and min(K’) < min(J), then
we have ]  Kand ] 2 K and J N K 3 i, and J N K is neither initial nor final in K’, contradicting
the distributivity of I. As T is closed under intersection and we have A(K) = O(K) € K’, we can thus
assume that min(I) = min(K). We thus obtain that K C I. As A(K) = O(K) # O(K’) = i = A(I), this
contradicts the acyclicity of A. We conclude that O is acyclic, which proves the statement. O

Remark 5.24. Proposition 5.23 fails when T is not distributive. For instance, for the interval
hypergraph I = {1, 2, 3, 12, 23, 123} of Example 5.11 and Fig. 5 (left), for the interval ] = 23 and
for the acyclic orientation

Proposition 5.25. If1is a distributive interval hypergraph, then the map j — A; is a poset isomorphism
from (71, <) to the subposet of join irreducibles of Py.

Proof. We have already seen in Corollary 5.19 that j — A; is an injective poset morphism. We thus
just need to show that the distributivity of I implies the surjectivity of this morphism. Consider an
increasing flip A—i— B. If there is J € I such that B(J) ¢ {min(J), j}, then A(J) = B(J) and Proposition
3.18 ensures that B admits a decreasing flip flipping B(J) to some k < B(J) = A(J). If there is ] € T
such that B(J) = j and min(J) < w;, then the distributivity of I implies that max(I) < u; forany I € I
such that min(I) = min(J) and max(I) < j (otherwise,I € JjandI 2 J;and uj e INJ; CJ,and I NJ;
is neither initial nor final in J, contradicting the distributivity of I). Hence, Proposition 5.23 ensures
that B admits a decreasing flip flipping j to some k < u;. As B is acyclic, there is no J € I such
that B(J) = min(J) = u; and j € J. We conclude that if B admits a single decreasing flip, then B(J) = j
if j € J and min(J) = w;, and B(J) = min(J) otherwise, so that B=A;. O
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Remark 5.26. We will see in Lemma 5.30 that the surjectivity in Proposition 5.25 systematically
fails when I is not distributive. See Example 5.31 for an example.

Proposition 5.27. If 1 is a distributive interval hypergraph, then the maps
DA {jeq A <Al and WX \/A
xeX

are inverse bijections between the acyclic orientations of T and the lower sets of (1, <). Hence Py is a
distributive lattice.

Proof. In a finite lattice, any element can always be written as the join of the join irreducible
elements below it. Proposition 5.25 thus implies that ¥(®(A)) = A. The statement follows since ¥
is injective by Proposition 5.20. O

Corollary 5.28. If 1 is a distributive hypergraph, then P; is a Cartesian product of chains.

Proof. The poset (71, <) is a disjoint union of chains, hence its lattice of lower sets is a Cartesian
product of chains. O

Remark 5.29. It immediately follows from Corollary 5.28 that the f-polynomial and the h-
polynomial of P are given by

(X+ 1)5i+1 -1 xti+tl — 1
=[] ad =[]~
ie[k] ie[k]
where ¢4, ..., ¢ denote the length (number of elements) of the chains of (71, <).

5.3. If Py is distributive then T is distributive

We now prove the forward direction of Theorem B. We first show that the surjectivity in
Proposition 5.25 systematically fails when I is not distributive.

Lemma 5.30. If an interval hypergraph 1 is closed under intersection but not distributive, there is a
join irreducible acyclic orientation A such that A £ A; for all j € 7.

Proof. As I is closed under intersection but not distributive, there are I,J,K € T with I £ ],
I 2 J,9 # INJ] C K, and I N J is neither initial nor final in K. By symmetry, we can
assume that min(I) < min(J) < max(I) < max(J). As I NJ is neither initial nor final in K, we
have min(K) < min(J) < max(I) < max(K). As I is closed under intersection, we can even assume
that min(I) = min(K) and max(J) = max(K). Let i := min(I) = min(K) and j := min(J \ I).
Let A := Oy _._j be the acyclic orientation of I obtained as the image by the surjection map O of
Definition 2.13 of the cycle permutation (i, ...,j) = 12---(i — 1)ji---(j — 1) + 1)- - - n. In other
words,

j ifj € J and min(J) > i
min(J) otherwise.

AK) = l

We claim that the flip of j to i is the only decreasing flip from A. Let B be an acyclic orientation of I
obtained by a decreasing flip from A. Let H € I be such that B(H) < A(H). Since A(H) € {min(H), j},
we have A(H) = j, so that i < min(H) < B(H) < A(H) = j. If B(H) # i, then B(K) = B(H) € I
(since B(H) € K and A(K) = j) and B(I) < A(I) = min(I) = i € K (since j ¢ I), contradicting the
acyclicity of B. We conclude that B(H) = i, so that B is indeed obtained from A by flipping j to i.

Finally, as A(K) = j while A;j(K) = min(K) < j, we have A £ A; for all j € 7 by Proposition
3.14. O
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Example 5.31. Following on Remark 5.24, the join irreducible acyclic orientations of the interval
hypergraph T = {1, 2, 3, 12, 23, 123} of Example 5.11 and Fig. 5 (left) are

—e—i — —e
A= o A3 = oy and A= o
1 2 3 1 2 3 1 2 3

Proposition 5.32. IfTis an interval hypergraph such that Py is a distributive lattice, then 1 is distributive.

Proof. If I is not closed under intersection, then P; is not even a lattice by Proposition 4.6. If T is
closed under intersection but not distributive, consider the join irreducible acyclic orientation A of
Lemma 5.30. As A £ A; for all j € 7, and max(P;) = \/jc Aj = AV V. Aj, we obtain that Py is
not distributive. O

Corollary 5.33. For an internal hypergraph 1, the poset Py is a distributive lattice if and only if it is a
Cartesian product of chains.

5.4. Schroder hypergraphs

As an illustration of this section, we now consider a special family of distributive hypergraphs
which were already considered in [27, Sect. 7.2] and [15].

Definition 5.34. A hypergraph H is laminar if any two hyperedges G, H € H are either disjoint
(GNH = @) or nested (G H or G 2 H).

Definition 5.35. Let S be a Schréder tree (i.e. a rooted plane tree where each internal node has at
least two children) with n leaves labeled by [n] from left to right. Label each node of S by the set of
leaves of its subtree. We say that the hypergraph Is formed by all singletons and the labels of the
nodes of S is a Schréder hypergraph.

Example 5.36. All but the top left interval hypergraphs of Fig. 6 are Schréder hypergraphs. The
corresponding Schroder trees are given by:

1234
PN
1234 1234 123
S N PN AN
123 12 34 12
ST VANEVAN /N
Is | {1,2,3,4,123, 1234} {1,2,3,4,12,34,1234} {1,2,3,4,12,123,1234}

Example 5.37. For instance, for the left comb C, the Schroder hypergraph I consists of all singletons
and all initial intervals. The hypergraphic polytope A is the Pitman-Stanley polytope [34].

Proposition 5.38. The Schrider hypergraphs are precisely the laminar interval hypergraphs.

Proof. Consider first two nodes i and j of a Schroder tree S, and let I and J be the corresponding
labels. Then I C J if i is a descendant of j, I D J if i is a ancestor of j, and I N] = @ otherwise. Hence,
any Schroder hypergraph is a laminar interval hypergraph.

Conversely, consider a laminal interval hypergraph I. Then the inclusion poset on I is a Schréder
tree S withIy =1. O

Remark 5.39. Proposition 5.38 implies that Schroder hypergraphs are building sets, so that Schroder
hypergraphic polytopes are specific nestohedra [17,26]. In fact, they were already considered in [27,
Sect. 7.2] and [15].
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—_— —_—
— —1

—_— —e
1 2 3 4 1 2 3 4
’—: ’—; —_—
*— —e —e

-—
12 3 4 12 3 4 12 3 4

—_——

—— —_—

— *— — *— —1 —1
—_— —e *— —e
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 12 3 4

- N >< ><

*-— ——

*—i —e *— *— *— —e
—— [ 2 [ 2 *— — *—
12 3 4 2 3 4 12 3 4 12 3 4 12 3 4 12 3 4

\ /
-— -—
*— *—

*— *—

12 3 4 12 3 4
{1,2,3,4,123,23,234,1234} {1,2,3,4,23,34,1234}
semidistributive lattice, semidistributive lattice,

but not distributive but not distributive

Fig. 7. Two interval hypergraphic lattices which are semidistributive but not distributive.

Corollary 5.40. Any Schrider hypergraph is a distributive interval hypergraph, hence the Schréder
hypergraphic posets are distributive lattices.

Proof. The distributivity condition of Definition 5.1 is clearly fulfilled as any I € JorI 2 J
orINJ=gforall,Jel O

Proposition 5.41. Given a Schrider tree S, the poset of join irreducible acyclic orientations on Is is
isomorphic to a disjoint union of chains. More precisely, it has one chain for each node I of S, whose
elements are the leaves of I and the leftmost leaves of the children of I, except the leftmost leaf below I.

Proof. This description is a specialization of the description of the join irreducible poset of
distributive interval hypergraphic posets from Section 5.1. O

Remark 5.42. Similarly to Remark 5.29, Proposition 5.41 implies that the f-polynomial and the
h-polynomial of Py are given by

(X + l)deg(l) -1 Xdeg(l) -1
fP]IS (X) = 1_[ - and gp]: (X) = 1_[ -

X s x—1
IeS IeS

where I runs over the nodes of S and deg(I) denotes its degree in S.
6. Semidistributive interval hypergraphic lattices

In this section, we prove Theorem C which we first introduce properly:
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—_—
—1
—e
12 3 4
. . . .
— —— —_—1 —
—e —e —e *—
*— —e *— —e
12 3 4 12 3 4 12 3 4 12 3 4
—e *— —— —_— —_—
—1 —1 —1 — *—
*— *— *— *— *—
12 3 4 12 3 4 12 3 4 12 3 4 12 3 4
. . . . . .
*— —e *— —— *-— —_—
—e *— *— —e *—i *—
*— *— —e *— —e *—
12 3 4 12 3 4 12 3 4 12 3 4 12 3 4 1 2 3
>~ >~
*— *——
*— *—
*— *—
12 3 4 12 3 4
{1,2,3,4,12,23,34,1234} {1,2,3,4,12,23,234,1234}
lattice but neither join meet semidistributive lattice,
nor meet semidistributive but not join semidistributive

Fig. 8. Two interval hypergraphic lattices which are not semidistributive.

Definition 6.1. We say that an interval hypergraph I is join semidistributive if it is closed under
intersection and for all [r,r'], [s,s'], [t,t'],[u,u’] € Isuchthatr <s<r' <s,r <t <s < t/,
u < min(s, t) and s’ < v/, there is [v, v'] e I such thatv <sands < v <t

Definition 6.2. A lattice (L, <, Vv, A) is join semidistributive if
avb=avc implies av(bAac)=avh

for all a, b, c € L. Equivalently, L is join semidistributive if and only if for any cover relation a < b
in L, the set {c € L | a vV ¢ = b} admits a unique minimal element k,.,. The meet semidistributivity
is defined dually. A lattice L is semidistributive if it is both meet and join semidistributive.

Remark 6.3. In general, the set {c € L | a vV ¢ = b} might have more than one minimal element.
Note however that any minimal element of {c € L | a vV ¢ = b} is always join irreducible. Indeed,
Assume thatavc =bandc =dve.Thena #avdora#avesincea<b=avc=av(dve)=
(avd)Vv(ave). Moreover,avVd <bandaVve <bsincca<bandd <c <bande <c <bh.
As a < b is a cover relation of L, we conclude that a\vvd = b or a v e = b so that c is not minimal.

Remark 6.4. Although we will not insist on this aspect in this paper, the join semidistributivity
is equivalent to the existence of canonical join representations. A join representation of b € L is a
subset ] € L such that b = \/J. Such a representation is irredundant if b # \/J’ for any strict
subset J C J. The irredundant join representations of b € L are ordered by J < J’ if and only if for
any j € J there isj’ € J' with j < j'. The canonical join representation of b is the minimal irredundant
join representation of b for this order when it exists. The lattice L is semidistributive if and only if
any element of L admits a canonical join representation. Moreover, the canonical join representation

of b is given by b = \/,,_, ka<b, where a ranges over all elements of L covered by b.
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Theorem C. For an interval hypergraph T on [n] (with our convention that {i} € I for all i € [n]), the
poset Py is a join semidistributive lattice if and only if 1 is join semidistributive. Under the symmetry of
Proposition 2.12, a dual characterization holds for meet semidistributive.

Example 6.5. Fig. 6 shows four distributive (hence semidistributive) interval hypergraphic lattices.
Fig. 7 shows two interval hypergraphic lattices which are semidistributive but not distributive. Fig.
8 shows two interval hypergraphic lattices which are not semidistributive.

Example 6.6. The hypergraphic poset of {1, 2, 3, 12, 23, 123} is a semidistributive (but not dis-
tributive) lattice (it is a pentagon). In general, the hypergraphic poset of all intervals is the Tamari
lattice, which is semidistributive but not distributive. See Fig. 5.

6.1. All join irreducible acyclic orientations

In this section, we assume that I is an interval hypergraph closed under intersection so that the
hypergraph poset P; is a lattice by Proposition 4.10, and we describe all the join irreducible elements
of Pp. The following notations are illustrated in Examples 6.12-6.17 below.

Notation 6.7. For 1 <i < j < n such that there exists I € T with {i,j} C I, we let

Ji= {1
Iel

(ij)ct

(note that J; € 1 since 1 is closed under intersection), and we set p;; :== min(J;) and v; := max(J;). By
definition min(I) < uj <i <j < vy <max(l) for any I € I such that {i,j} € L

Notation 6.8. Define Z.7; to be the set of pairs (i, j) where 1 < i < j < n are such that there exists | € 1
with {i, j} C I and (i, j) satisfies the relation

i=max(fug.Jl ~ |J 0~ (ming))).
Jel
It

Notation 6.9. For (i, j) € ZJ, consider the acyclic orientation Aj := O u;+1,...j), Obtained as the
image by the surjection map O of Definition 2.13 of the cycle permutation

(i g+ 1o ) = 120 (g = Wi G = DG+ D+
obtained from the identity permutation by placing j just before ju;;. Note that for all ] € 1

J ifj €] and min(J) > pg,
min(J) otherwise.

Ai(J) = {

Remark 6.10. In Notations 5.7 and 5.8, we defined the interval J;, the index wj;, and the join
irreducible A; for j € J1. The set

Xi = [, jl ~ U (J ~ {min())})
Jel
J< it
is nonempty as it contains at least u;. Let u; < i; := maxX;. Then we have
wij=p and - Jy;=]j.

Furthermore, the pair (ij, j) € ZJ; since it satisfies all the conditions of Notation 6.8. Comparing
Notation 5.8 and Notation 6.9 we see that A; = Ajj. Moreover, for all (k,j) € ZJ;, we must
have k < i;. See Examples 6.12-6.17 below.
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Notation 6.11. For (i, j), (k, £) € Z.71, we write (i, j) < (k, £) ifand only j < £ and £ € J;j and pij > ke
Note in particular that i > k and j = ¢ implies (i, j) < (k, £).

Example 6.12. For the hypergraph I := {1, 2, 3, 12, 23, 123} of Examples 5.11 and 5.31 and Fig.
5 (left), we have 771 = {(1, 2), (2, 3), (1, 3)}, and the join irreducible acyclic orientations are

—e— *—i —e
—i —e —e

Ap=~A= , o A=Az = o and Az = ¢
12 3 1 2 3 1 2 3

and we have A;3 < Aj3. Note that Aj; = Ay, A3 = Az from Section 5.1, while Aj3 = A is the join
irreducible acyclic orientation not covered by the description of Section 5.1.

Example 6.13. For the hypergraph I = {1, 2,3,
and Fig. 5 (right), we have ZJ; = {(1, 2), (2, 3), (3, 4),
acyclic orientations are

12,23, 34, 123, 234, 1234} of Example 5.12
(1,3),(2,4),(1,4)}, and the join irreducible

*—
«— —e— ——i
Ap = ¢ Ap= ¢ Ay = *
12 = *— 23 — *—i 34 — —e
— —e o—
—e o— *—
1 2 3 4 1 2 3 4 1 2 3 4
—e—i *— —e
—e—i —e —e
Ar= H——° Ay = & Ay= &
13 — o— 24 — —e 14 — —e
—e o— —
o— *— o—
1 2 3 4 1 2 3 4 1 2 3 4

and we have A23 < A13 and A34 < A24 < A14.

Example 6.14. For the hypergraph I := {1, 2, 3, 4, 123, 23, 234, 1234} illustrated in Fig. 7 (left),
we have 771 = {(1, 2), (2, 3), (2, 4), (1, 4)}, and the join irreducible acyclic orientations are

—— ————— ———— —_—
Ap = : Ay = Ay = ‘ Ais = ‘
12 — *—i 23 — — 24 — *— 14 = *—
—e—i — — ——
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

and we have A4 < Aqa.

Example 6.15. For the hypergraph I := {1, 2, 3, 4, 23, 34, 1234} illustrated in Fig. 7 (right), we
have 771 = {(1, 2), (2, 3), (3, 4), (2, 4)}, and the join irreducible acyclic orientations are

—— >~ *r—d —_—

Ap = — Az = — Asy = —e Ay = —e
*— — *— *—

1 2 3 4 12 3 a4 1 2 3 a4 1 2 3 4

and we have Ay < Ays and Asy < Ayg.

Example 6.16. For the hypergraph I := {1, 2, 3, 4, 12, 23, 34, 1234} illustrated in Fig. 8 (left), we
have 771 = {(1, 2), (2, 3), (3, 4), (1, 3), (1, 4)}, and the join irreducible acyclic orientations are

— *r— L |

Ap = ? Ay = . Asq = *
12 — o— 23 — —e 34 — o—

—e ~— —

1 2 3 4 1 2 3 4 1 2 3 4

—_—— —_—

o— —e

Az = —e Ay = o—

~— o—

1 2 3 4 1 2 3 4

and we have Ay; < A3 and A3y < Aqg.
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Example 6.17. For the hypergraph I := {1, 2, 3, 4, 12, 23, 234, 1234} illustrated in Fig. 8 (right),
we have 71 = {(1, 2), (2, 3), (3, 4), (1, 3), (1, 4)}, and the join irreducible acyclic orientations are

—— i —_——
Ap = . Ay = . A .
12 — 23 — 13 —
—e *— *—
1 2 3 4 1 2 3 4 1 2 3 4
i —_—
Ay = . * Ay = . *
24 — 14 —
*— *—
1 2 3 4 1 2 3 4

and we have A23 < A13 and Axy < A1s.

Lemma 6.18. For (i, j) # (k, £) € ZJ1, we have Aj; # A,.

Proof. Assume that Aj = Ay. Asj = Ai(y) = AwlUy) € {£, uy} and i < j, we obtain
thatj=¢ = Akg(],j) hence that u; > ptke. By symmetry, we have pj = pge. As j = £ and wij = ke,
we obtain that i = k by definition of Z.7;. We conclude that (i,j) = (k, £). O

Lemma 6.19. For (i, j), (k, £) € Z.J1, we have Aj < Ay <= (i, ]) < (k, €). In particular j = £ implies
that A and Ay, are comparable in Py.

Proof. By Proposition 3.14 we have Aj < Ay if and only if A;j(I) < Age(I) for all I € IL.

For the forward direction, assume that A; < Age. As j = Aj(Jij) < Axe(Jy) € (£, wyj} and py < j, we
obtain that j < € and Ak (J;j) = £, hence ¢ € J; and pj > pige.

For the backward direction, assume that j < ¢, £ € J; and w; > k. Assume by means of
contradiction that there is I € I such that A;(I) > Axc(I). As Ai(I) € {j, min(I)} and Ay, € {€, min(I)},
and j < ¢, we must have Ay(I) = j and Ay, (I) = min(I). As A;(I) = j, we have j € I and p; < min(I),
hence {i,j} € [uij,jl S I so that £ € J; € I by minimality of J;. As Ak(I) # ¢ and £ € I, we
obtain that min(I) < uk. We thus obtain that p; < min(I) < ug contradicting our assumption
that p;; > pge. O

Proposition 6.20. If I is an interval hypergraph closed under intersection, then the acyclic orienta-
tion Ay is join irreducible for any (i, j) € Z.J1.

Proof. As A; # min(P;), we just need to prove that it covers a single acyclic orientation in P;. We
consider a cover relation A— k¢ - Ay in Py and prove that i =k and j = £.

By definition, there is I € 1T such that {k,¢} < I and A(I) = k while A;(I) = £. Since
Ai(I) € {j, min(I)} and Ay(I) = £ > k > min(I), we obtain that j = £.

Assume now that i < k. Then there is ] € T with J C [uy,j[ and k € J ~ {min(J)}. We obtain
that A(J) = A;j(J) = min(J) € [y, jIS I and A(I) = k € ] and A(J) # A(I), contradicting the acyclicity
of A.

Assume now that k < i. Since (1)—13-(3) is a cover relation, the decreasing analogue of
Proposition 3.20 implies that

Ik, £[ € U U~ 1A400).

A,-,-U)e[k,z[

As i e ]k, L[, there is | € T with Aj(J) € [k, €[ = [k, j[ and i € ] ~ {A;(J)}. As A;(J) € {j, min(])} by
definition of Aj, we obtain that A;(J) = min(J). If j < max(J), then A;(I) = ¢ € ] and Ai(J) €
[k, €[ < I and A;(I) # Aj(J) contradict the acyclicity of A;. As I is closed under intersection,
we can thus assume that | € [u, j[, up to intersecting J with J;. We conclude that ] € [u, j[
and i € ] ~ {A;(J)} =] ~ {min(J)}, contradicting the definition of i in Notation 6.8. O

Proposition 6.21. If 1 is an interval hypergraph closed under intersection, then the map (i, j) — Aj is
a bijection from Z.77 to the join irreducible acyclic orientations of 1.
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Proof. Consider a join irreducible acyclic orientation B of T and let (1)—13-+(3) be the only
increasing flip which ends at B. Let [ € T be such that A(I) = i and B(I) = j. Observe that B(J) €
{min(J), j} for any J € I by Proposition 3.18.

We first prove that (i, j) € ZJ1. Let

X = lpgjl~ |J 0~ (minQ)}).
Jel
J< il
Since B(I) = j and min(I) < p;j, Proposition 3.17 ensures that there is no J € I such
thati e J ~ {B(J)} and B(J) € [, j[, which yields i € X (using that B(J) € {min(J), j}). Moreover, for
any k € 1i, j[, Proposition 3.20 ensures that there is ] € I such that B(J) € [i,j[ and k € J ~ {B(J)}.
Since [i,j[ € [uy,jl and B(J) = min(J), we obtain that k ¢ X. We conclude that i = max(X), so
that (i,j) € ZJ1.

We now prove that B = Aj. As already observed, we have B(J) € {min(J),j} for any J € L
Assume first that there is ] € I such that j e J and min(J) > puy, but BJ) # j. Then
B(J) = min(J) € [my,jl ST~ {B(I)} and B(I) = j € J, which contradicts the acyclicity of B.
Assume now that there is ] € I such that min(J) < p; but B(J) =j, and consider such a J
with min(J) minimal. For any K € I with A(K) € [min(J), j[, we have j ¢ K by acyclicity of B,
so that A(K) = min(K) > min(J), thus min(J) ¢ K ~ {min(K)}. Proposition 3.17 thus ensures that
the orientation C obtained from B by flipping j to min(J) is acyclic. Moreover, as min(J) < u;, we
have min(J) ¢ Jj;, so that C(J;) = B(J;;) =j > i = A(J;). We obtain that C < Bbut C £ A contradicting
our assumption that B is join irreducible. We conclude that B(J) = j if j € J and min(J) > u,
and B(J) = min(J) otherwise, so that B=A;. O

6.2. If I is semidistributive then Py is semidistributive
We now prove the backward direction of Theorem C.

Proposition 6.22. [f 1 is a join (resp. meet) semidistributive interval hypergraph, then P; is a join
(resp. meet) semidistributive lattice.

Proof. We prove the result for join semidistributivity, the result for meet semidistributivity follows
by the symmetry of Proposition 2.12.

Assume by means of contradiction that I is a semidistributive interval hypergraph for which P;
is not join semidistributive. By Remark 6.3, there exist a cover relation (1)—13-(3) of P; and
some (i,]), (k, €) € ZJy such that A; and Ay, are both minimal in Py with AV Aj = B = AV Ak.
Assume by symmetry that j < £. As A;j £ Ak, We obtain by Lemma 6.19 that j < ¢, and that £ ¢ J;
Oor Wij < fhke-

As Aj £ A but Aj < B, there is U := [u, u] € I such that A(U) < A;(U) < B(U) by Proposition
3.14. Since A and B only differ by the flip of p to g, this implies that A(U) = p while B(U) = q.
Moreover, by definition of A;, we must have A;(U) = j, hence j € U and pu; < u. We conclude
that wj <u<p<j<q<u. Similarly, up <u<p<t<qg=<u'.

Observe that for any V € T such that A(V) € ]p, q], we have

e p < min(V) as otherwise A(U) = p € V ~ {A(V)} while A(V) € ]Ip,q] € U ~ {A(U)} would
contradict the acyclicity of A,
e ifje V, then A(V) =B(V) > A;(V) =j.

Since (1)—13-(3) is a cover relation of P;, Proposition 3.20 implies that there is S := [s,s'] € I
such that A(S) € 1Ip,q] and j € S ~ {A(S)}. From the observation above, we have p < s
and A(S) > j. We claim that we can moreover assume that s’ < £. Indeed, suppose that s > £.
As upy <p<s<j<4€<s, we obtain that k < s < j < £. Hence, there exists I € I such
that j € I C [k, £[. As I is closed under intersection, we can replace S by S NI which proves
the claim. Hence, we have found S .= [s,s'] e Twith p <s <j < A(S) <s’ < £ < q, and we choose
such an S so that s is minimal.
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As A(S) € S C ]p, q[, Proposition 3.20 implies that there is T := [t, t'] € T such that A(T) € ]p, q]
and A(S) € T ~ {A(T)}. We have A(T) > j, as otherwise j € [A(T),A(S)] € T and A(T) < j would
contradict the observation above. We deduce that A(T) > s’ as otherwise A(T) € [j,s'] € S
and A(S) € T ~ {A(T)} would contradict the acyclicity of A. Hence, we have found T := [t,t'] € I
withp <t < < t/, and we choose such a T so that t’ is minimal.

As uj <p <sandj e S, we have i < s, from which we deduce that there is R := [r, r'] € I such
that R C [pij,jlands e R\ {r}. Asr’ <j <s’,wehaver <s <r’ <s’, and we choose such an R
so that r is minimal. Assume for a moment that t < r. Then t < s, which by minimality of s in our
choice of S implies that £ € T. If £ ¢ Jj;, then J; N T contradicts the minimality of ¢’ in our choice
of T. Hence, ¢ € J; which implies that u; < k. We conclude thati <k <j < €,as uge <p <t
and £ € T. As T is closed under intersection, i < k < j < ¢ implies that (i,j) € ZJ1. Asi < k,
we have Aj; < Aj < B. Moreover, Ay(Jij) = j > px = A(j), so that A £ Ay;. Hence, A; VA = B
and A < Aj contradicting the minimality of A;. We conclude that r < t.

We have thus found R :=[r,r'],S :=[s,s', T .= [t,t']and U := [u, v']inIwithr <s <1’ <,
r<t=<s <thandu < p < min(s,t)and s < q < u'. As I is join semidistributive, there
isV = [v,v] € Tsuchthat v < sand s’ < v < t. As I is closed under intersection, it
contains TNV = [max(v, t), v']. But max(v, t) < s’ < v’ < t’ which contradicts the minimality of t’
in our choice of T. O

6.3. If Py is semidistributive then I is semidistributive
We now prove the forward direction of Theorem C.

Proposition 6.23. [f T is an interval hypergraph such that Py is a join (resp. meet) semidistributive
lattice, then T is join (resp. meet) semidistributive.

Proof. We prove the result for join semidistributivity, the result for meet semidistributivity follows
by the symmetry of Proposition 2.12.

First, we can assume that I is closed under intersection, otherwise P; is not even a lattice by
Proposition 4.6. Assume now that there is [r, '], [s,s'], [t, t'], [u,u'] € Isuch thatr <s <71’ <,
r<t<s <t ,u<min(s,t)ands < v/, and thereisno [v, v'] € Isuchthatv <sands < v < t.
Let

j= max([u, t'[~ U U~ {minU)})) and i:= pp =max{min(I) | {j,t'} S e1}.
Jel
JSlut'[

Note thati <j < s < s < t’. We further assume below that i < j, the argument for i = j is similar
and even slightly simpler.
Consider the three permutations
ap=1---(i—1ji---G=—1DG+1D--s=Dt's's--- (S =1 +1)---(t' =)' +1)---n
api=1---(i—=1)s"i--- (S =1)(s +1)---n
ac=1---(i=Dti---(t' =1)({t' +1)---n
(written in one line notation), and let A := Oy,, B := O, and C := O, be the corresponding acyclic
orientations of 1.

Claim 1: AV B=A Vv C. Note that 74 = n/f. Indeed, 74 has only 3 descents ji, t's’ and s's. Let t,
o and p denote the permutations obtained from 74 by exchanging ji, t's’ and s’s, respectively. Then

O:(fjv) =i #j=X(jr), Oa(lt,t'])=5"#1t'=X([t,t']) and Oy([s,s]) =s # " = X([s, 5']).

Hence, 7, is indeed the minimal permutation for A. Similarly, g = n; and 1 = né .
We therefore obtain from Proposition 4.10 that AV B = Og,vx and AV C = Oy,vnc. AS

AV ap =1 (i=1)t'sji- =1+ 1) = 1) + 1) (' = 1) +1)---n
Ve =1-(—Dtji-G=1DG+1)(s—1)s-- (s =1)( +1)--- ' = 1)t +1)---n
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and there is no [v, v'] € I such that v < sand s’ < v’ < s’ by assumption, we have AV B=AV C.
Claim 2: A > B A C. For any interval I, we have

t/ if t’ € I and i < min(I),

B(I) = s if s eI and i < min(I),
o min(I) otherwise

min(l) otherwise

and C(I) = {

Hence, (B A C)(I) = min(I) except maybe if [s', t'] € I and i < min(I). For such I, we actually have
that

e (BAC)I) <jsince B(I) = s and C(J) = min(J) for all J C [u, t'[ and using the definition of j,
e A(I) =jsincej e I and i < min(I).

Hence, we obtain that A(I) > (B A C)(I) for all I € T so that A > B A C by Proposition 3.14.

Claim 3: AVB=AV C # A=AV (BAC). The first equality holds by Claim 1. The last equality
holds by Claim 2. The inequality holds since A(Jj») = j while (B A C)(Jir) > C(Ji) = t’. We conclude
that P; is not semidistributive. O

Example 6.24. For the hypergraph I := {1, 2, 3, 4, 12, 23, 34, 1234} illustrated in Fig. 8 (right), we
have

rlr s s ulu]il]
1‘2‘2‘3‘3‘4‘1‘4‘1‘1
and
*— | ——— —_
A= '_.I—. B = '_:—| C= ._:—0
*— *— *—
1 2 3 4 1 2 3 4 1 2 3 4
so that
o r— *r—
AVB=AVC= — e * #£AC=CvV 1 | =AV(BAOQ).
o— o—
1 2 3 4 1 2 3 4

Example 6.25. For the hypergraph I := {1, 2, 3, 4, 12, 23, 234, 1234} illustrated in Fig. 8 (right), we
have

rlr s s e[t ulu|il]j
1]2]2]3]2[4]1]4]1]1
and
—— —e—i —_—
A= —e B= — C= —
*— *— *—
1 2 3 4 1 2 3 4 1 2 3 4
so that
*r— *r—-
AVB=AVC= . | #A=AvV — * =AV(BACQ).
*— *—
1 2 3 4 1 2 3 4

7. Quotient interval hypergraphic lattices
In this section, we prove Theorem D which we first introduce properly:

Definition 7.1. We say that an interval hypergraph I is closed under initial (resp. final) subintervals
if [i, k] € T implies [i,j] € T (resp. [j, k] € T) forany 1 < i < j < k < n. We say that T is closed
under subintervals if it is closed under both initial and final subintervals, or equivalently if [i, £] € I
implies [j,kl] elforany 1 <i<j<k<{<n
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Remark 7.2. Note that if an interval hypergraph I containing all singletons {i} for i € [n] is
closed under initial (resp. final) subintervals, then it is also closed under intersection. Indeed, for
any 1 <i<j<k< ¢ <nwith [i,k] € Tand [j, £] € I, we have [j, k] € I since it is an initial
(resp. final) interval of [j, £] (resp. of [i, k]). Hence, we do not need to add the closed by intersection
condition.

Definition 7.3. A map ¢ between two meet semilattices (L, <, A) and (L', <’, A’) is a meet
semilattice morphism if ¢(a A b) = ¢(a) A’ ¢(b) for all a, b € L. Equivalently, if

e each fiber F of ¢ is order convex (meaning that a < b < c and a, c € F implies b € F) and
admits a unique minimal element,

e the map 7V : L — L sending an element a to the minimal element b with ¢(a) = ¢(b) is order
preserving.

The join semilattice morphisms are defined and characterized dually.

Theorem D. For an interval hypergraph 1 on [n], the poset morphism O from the weak order on &, to
the interval hypergraphic poset Py is a meet (resp. join) semilattice morphism if and only if T is closed
under initial (resp. final) subintervals.

Proof. We only prove the meet semilattice morphism, the result for the join semilattice morphism
follows by the symmetry of Proposition 2.12.

Assume first that I is not closed under initial subintervals, and let 1 < i < j < k < n be such
that [i,j] ¢ T while [i, k] € L. Note that we can assume that k = j + 1. Let o := ijkX, o := jikX,
t = kijX, and p := kjiX, where X is an arbitrary permutation of [n]\ {i, j, k}. Since T is closed under
intersection and contains [i, k] but not [i, j] and k = j+ 1, any J € T containing {i, j} also contains k.
Hence, we have O, = O,, so that a'(t) < p. Moreover, since [i, k] € I, we have O, < O,. By
Proposition 4.10, we obtain that O; A O; = O 4 (o)artr) = Oonp = Os > O = O - Hence, O is
not a meet semilattice morphism.

Conversely, assume that T is closed under initial subintervals. We prove by induction on the
length of T that ¢ < 7 implies 7¥(¢) < 7w¥(7). If T = 7w¥(t), we have 7t¥(0) < 0 < T = 7¥(7).
If there is a permutation p such that ¢ < p < 7, then we have n'¥(¢) < m¥(p) by induction, so
that we just need to show that 7'(p) < 7 ¥(r). We can thus assume that o < t is a cover relation,
with © # w¥(z). Let < 7 be such that O, = O,. Let p, q € [n — 1] be such that o (resp. t’) is
obtained from t by exchanging its entries at positions p and p+ 1 (resp. g and g+ 1). We distinguish
three cases:

If |p—q| > 1. Consider 6’ = o A 7/. As O, = O, we have min(t~'(I)) £ qor t(q+ 1) ¢ I
for any I € L. Since |p — q| > 1, it implies that min(c~'(I)) # q or o(q + 1) ¢ I. Hence we obtain
that O, = O,. Since ¢’ < T’ < 7, we obtain by induction that 7¥(¢’) < 7¥('). As Oy = Oy
and O, = O/, we conclude that V(o) < m¥(1).

If p=q— 1. Then 0 = XjkiY, © = Xkji¥ and t’ = XkijY for some letters 1 <i <j <k <n
and some words X, Y on [n]. Let o’ = XjikY, o” = XijkY and t” := XikjY. If O, # O, then
there exist 1 < u < i < k < v < n such that [u,v] € I and ¢ = min(o~"([u, v])). As I is
closed under final subintervals, we have [u,j] € T and q = min(r’l([u,j])), which contradicts
that O, = Op. If O, # O,r, then there exists 1 < u < i < j < v < nsuch that [u,v] € I
and p = min(o’~([u, v])). This would imply that ¢ = (z~'([u, v])), contradicting that O, = O,.
Since 0” < t’ < 7, we obtain by induction that 74(0”) < ¥(t'). As Oy = Opr = Opr and O, = Oy,
we conclude that 74(o) < 7¥(7).

If p=q+ 1. Then 0 = XkijY, v = XkjiY and v/ = XjkiY for some letters 1 <i<j<k<n
and some words X, Y on [n]. Let ¢’ = XikjY, ¢” := XijkY and t” := XjikY. If O, # O, then
there exist 1 < u <i < k < v < nsuch that [u,v] € Tand q = min(a‘l([u, v])). This would
imply that p = min(r‘l([u, v])), which contradicts that O, = Op. If 05 # O,, then there
exists i < u < j < k < v < nsuch that [u,v] € I and p = min(o’~"([u, v])). This would imply
that ¢ = (z~'([u, v])), contradicting that ©; = O.. Since ¢” < t/ < 7, we obtain by induction
that 7¥(c”) < 7H(1'). As Oy = Oy = Opr and O, = O, we conclude that 7¥(c) < 7¥(r). O
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Corollary 7.4. For an interval hypergraph 1 on [n], the poset morphism O from the weak order on &,
to the interval hypergraphic poset Py is a lattice morphism if and only if T is closed under subintervals.
In this case, P is a Cartesian product of Tamari lattices.

Remark 7.5. It follows from Remark 3.12 that the conditions of Theorem D and Corollary 7.4 also
characterize the interval hypergraphs which are (semi)lattice quotients of the Tamari lattice.
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