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Chapter 1

Introduction and objectives

1.1 Preface

In the late 19th century the quantum theory was born. Physicists like
Planck and Einstein introduced the idea of quantisation, which was later
formalised and justified by other scientists like Heisenberg, Schrodinger and
Dirac. This new theory explained the non-intuitive results that were ob-
tained from experiments at the time, like the famous Stern-Gerlach exper-
iment. Arguments based on Newton’s classical mechanics were not able to
describe them, and quantum mechanics was the theory created to explain
them. The application of this theory to fields led to the development of
quantum field theories, which are the ones physicists use at present.

Here we present two formulations of quantum mechanics. An axiomatic
one, where we will compute an elemental example and motivate this thesis,
and the Feynman formulation, which will be useful for our calculations.

1.2 Quantum mechanics

A popular way to introduce quantum mechanics is with the following pos-
tulates.

Postulate 1 (States)

The state of a quantum mechanical system is given by a vector (which
we will call ket) in a complex vector space H with hermitian inner product
< |- >. H may be finite or infinite dimensional; in the latter, it is required
to be a separable Hilbert space. All the information of the physical system is
contained in the state vector.

Postulate 2 (Observables)

The observables of a quantum mechanical system correspond to self-
adjoint linear operators on H. Its eigenvectors define a base in the Hilbert
space.
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Let us recall here that all eigenvalues of a self-adjoint operator are real,
and also that in this case eigenvectors corresponding to different eigenvalues
are orthogonal. We denote by |a;) the eigenvectors with eigenvalue a; of an
operator A.

Postulate 3 (Measurements)

- Given a self-adjoint operator (an observable) A, states which are eigen-
vectors of A are the ones which the value of the observable is a well-
defined number. The result obtained by measuring an observable in
such a state can only be a real number a;, eigenvalue of A. The prob-
ability to obtain a certain a; is

Py (ai) = | (aily) [°

or, defining the projector g, := |a;) (ai,
Py (ai) = g, [4) [,

- Given an observable A and states |y1), |te) eigenvectors of A with
etgenvalues a1 and ao respectively, the result of the measure of a state
|®) = aq |¢1) + g |12) will be a;, with probability

So, our initial state, if normalised to 1, will turn to |¢;) with a prob-
ability | (;|®) |? after a filtering measure.

Postulate 4 (Dynamics)
Between measurements, the time evolution of a state |1 (t)) € H is given

by P
ih [0(8) = H[(1))

where H is the Hamiltonian operator.

Now we will solve explicitly a typical problem: the harmonic oscillator.

1.2.1 Harmonic oscillator

The Hamiltonian for the harmonic oscillator is

P2 1
H=— + -mw?’X?, 1.1
2m = 2 (1.1)
where X and P are the position and momentum operators, which satisfy
the commutation relation [X, P] = ¢h. In the position representation, the

momentum operator is given by —ihdiX. We will use this later on.
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To solve the problem, i.e. to find the eigenvectors and eigenvalues of H
(that is, the energy for each state) we introduce following operators,

mw P
= — (X Fi— ).
a4+ on ( F1 >

which are called creation and annihilation operators, respectively. We will
see why in a moment. The following properties can easily be checked,

+ 1 1

ay =ax, la_,ay]=1, ara_=-—H — —

+ | +] + e 5
It is usual to denote these operators by a! (creation) and @ (annihilation).
For compactness we will stick with the a1 notation for the moment, though.
Using these operators, we can solve the problem without choosing a repre-
sentation. We can write the Hamiltonian in terms of the new operators,

1 1
it (oot d) =no (v 1),

where N := aja_ is the number operator. Since H is a linear function of
N, we can diagonalize them simultaneously. Let |n) be the eigenvectors of
N with eigenvalue n. We have

Hn) = (mé)mym — B, - (mé)m}

So, we have the energy eigenvalues. Now, it is straightforward to see that
[N;a_]=—a—, [N,ay]=ay = Nayln)=(n=x1)as|n),

becoming clear the notation for the a4 operators. From the last equation,
we set
a_|n) =c|n—1)

where ¢ is a constant, real and positive by convention. Since N = aja_ is
the number operator, we have

n = (n|aya_|n) =|c|*> > 0. (1.2)

Then,
a_|n)=+vnn—1), ar|n)=vVn+1ln+1).

Applying repeatedly a_ to a state |n), equation (1.2)) leads to n € N; oth-
erwise we would obtain negative values for n. Therefore, our system has a
ground state energy, which is

Eo = ~hw.
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Applying successively as to the ground state, we obtain the orthonormal
eigenvectors of H,

In) = \;m(aJr)" |0) , with eigenvalues FE,, = (n + ;) hw, n € N.

In this case we were able to find an exact solution. However, in general
the interesting problems can not be solved exactly. That is why we usually
resort to perturbation theory: if Hy is an exactly solvable problem, we
consider a small dimensionless parameter A such that the Hamiltonian H =
Hy + AH; describes our model, and we calculate the results as a power
series in A. A typical method in quantum mechanics to calculate them is
the Rayleigh-Schrédinger theory, a time independent perturbation theory.
It is presented in many quantum mechanics books. [I], for example. We
will now present this method, and apply it to the anharmonic oscillator,
that is, to the harmonic oscillator with a quartic perturbation term in its
Hamiltonian, which was first studied by Bender and Wu [2].

1.2.2 Rayleigh-Schrodinger theory
Consider a time-independent Hamiltonian H that can be written as
H = Hy+ \V,

where Hy (H with A=0) is a Hamiltonian which can be exactly solved and
AV is the small perturbation. Let |n(?)) be the energy eigenvectors of H

and ET(ZO) the eigenvalues, i.e.
Hy [n©) = B |n() .

We want the eigenvectors and eigenvalues of the full Hamiltonian. So, we
have to solve

(Hy+ V) |n) = E, |n).
We will assume that the energy spectrum is non-degenerate. Let A, :=
E, — ET(LO) be the energy shift. Plugging it in the equation, it reads

(B = Hy) [n) = (AV = Ap) [n) . (1.3)
If we multiply both sides by (n(9)] on the left, we see that (A\V — A, |n) has
no component along [n(?)). So, we can define
By = 1 n®) (1) = 37 KO (k)
k#n

and consider the inverse operator of ( ©) —Hy). Let us denote it by 1/ (ET(LO)—
Hy). We have just seen that it is well defined when multiplies ®,, on the

right,
1 1
-, = — kO &)
EY — Hy ;; EY - B
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Since

AV —Ap) |n) = &,(AV — A,) |n),
and taking into account that for A\ — 0, |n) — |[n(?)) we write, from (L.3)),
1

n) = (A [nY) + ———
QO _ Hy

O, ( AV —A,)|n), with lim¢,(A) = 1.
A—=0

We notice that ¢,(\) = (n(®|n). We can set ¢,(\) = 1 to simplify the

notation. If we want normalised vectors as a result, we can always normalise

them at the end. Then, our ket reads

Py,

) = [n0) +
EY - Hy

AV —=Ay)|n), (1.4)

where we have written ®,, in the numerator for notation compactness. We
can write

because (A\V — A,)|n) has no component along |n(?)), as we mentioned
earlier. Now we will expand |n) and A,, in powers of X and match the terms
of the same power. So, we write

n) = (@) + An®) + X2 [Py + .5 Ay =240 + 224D +
First we substitute it in equation (1.5)) and match the terms;

AL: A = (@) |n()
A2 AR = (nO) vV |p)

AV AN = (O] v [p(v-D)

We see that to calculate the energy shift of order N we only need |n) up to
order N — 1. So, we already have the expression for Ag). Doing the same

with (1.4) to obtain the states,
@) 4+ X [nMy 4 A2 |n @y =

@,
= n@) + —57— OV =2aD — ) (In”) + AlnD) + ..).
EY _ m,
Matching terms (we just write the first one now),
Nt ) = 2 (V= AD) ) = — Py ).
With this expression, we can obtain Ag),
AR = Oy Py 0y

EY — Hy
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Now we can compute |n(2)>, and so on. Therefore, with this method we can
compute the perturbation series and solve the problem.

Let us now apply this method to the anharmonic oscillator. Before we
do that though, we notice that we can use a compact notation for A, and
write, denoting by V' the perturbation term,

|Vnk|2

An = ANan + A ) —5 ... with Vi := (0O V).
E —

0
k#n En E;(C )

Example (Anharmonic oscillator)
Let Hy be the harmonic oscillator Hamiltonian, and let us consider the
Hamiltonian of the anharmonic oscillator,

w3m?

AX4
h

s PP 1
H=Hy+)X" = —+ -mw" X"+
2m 2

where )\ is dimensionless, as we introduced before. As we have seen in the
previous section, B\ = fuww(n + 1/2). We will compute E(()l) and E(()z). To
simplify the calculations, we will write X* in terms of the creation and
annihilation operators. Now we will denote by a' the creation operator, and
thus a will be the annihilation one. Recalling that N = afa,

x4 s

= (a* + a®a'® + a®2N + a® + a™a® + o™ + a2 (2N + 1) 4+ 2Na*+
4m2w?

+2Na™ +4N? +a® + a'? + 4N +1).

The point of writing all the expression is to notice that to compute E(()l)
we need (000] X400, and since a |0(?) = 0 and the states are orthogonal,
only two terms contribute, a?a’? and (2N + 1)2. If we compute them, since
aa' = N + 1 we obtain

0] gaata’ 0@y =2, (O] 2N +1)2]0©®)) = 1.

Therefore,
3,2
AP = (0@ 2 ;;” AX0©) = zm. (1.6)
Analogously,
1 (0] wim? \ x4 k0 2
IVCVEDD 0 =
k£0 £y - B
w3m2 w3m2
_LOOPEREAXO) 2| (0O Lptaxt 40) 2
E(()O) B E§0) E(go) — Eio)
A(Q) _ 21 2
P = = hwa (1.7)

8
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Remark In chapter |3 we will study the anharmonic oscillator. In order to
avoid cumbersome expressions due to the units, we can consider a dimen-
sionless Hamiltonian with the following change: if we set X = nY, with
n* = h/mw, and divide the Hamiltonian by mn?/h?, we obtain the dimen-
sionless expression we are looking for,

1d2 1
H = ——— 4+ Y244

2dY? + 2 +

The new energy is indeed the same, but without units,
2

mn E

E =F— =_—.

h? hw

If we keep computing terms, we obtain
1 3 21 333 30885
Eo=hw(=+A—- A2+ 03 - )\ > 1.
0 <2+4 sV T 16 21 T (18)

We should worry about the behaviour of the coefficients; the series we obtain
for the ground state energy of the perturbed oscillator is not convergent!
However, we should expect this divergence. As we said before, in quantum
mechanics and quantum field theory we obtain results as a power series of
a parameter \. But, as Dyson argued in [3], for A negative the system is
unstable and so the radius of convergence of the series must be 0.

Even if the series do not converge, they behave in a specific way, which
we can describe analytically; they are asymptotic series. We will focus our
efforts on the study of this kind of series, starting next chapter. Now we
will present the path integral formulation of quantum mechanics, which we
will need to reproduce the asymptotic behaviour of the series .

1.3 Path integral formulation

The general idea of this formulation is that, in contrast to classical mechan-
ics, where there exists a unique path which the particles follow (the path
given by Hamilton’s principle, that is, the one which minimizes the action),
in quantum mechanics we have to take into account all possible paths that
connect our initial and final states to obtain the evolution of the system. So,
our goal now is to obtain from this idea a formulation of quantum mechan-
ics equivalent to the one presented in section (1.2 which is the usual one.
We present this method because it is the one that we will use in chapter
since it will allow us to use methods which can be easily generalised to
quantum field theory. We will just give a brief introduction, an idea of this
formulation, just as we did in the previous section. We will follow Sakurai’s
introduction of this formulation [IJ.

We will work with real time so the idea underneath is clear, and at the
end we will give the expressions for imaginary time, because they are the
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ones that we will use. We will also comment some results concerning the
partition function, which we will need afterwards.

First, let us notice that we can interpret (xy,tyx|x1,t1) as the transfor-
mation function that connects the two sets of base kets at different times.
Since we can insert the identity operator, written as

/d%/ ) (@ ¢ = 1
wherever we need, we can write
<$N,tN’.CL‘1,t1> = /diL‘N_l/d.%'N_Q.../dl'Q <£L'N,tN’.CCN_1,tN_1> X

X(ry_1,tN—1|TN_2,tN_2) ... (T2, 2|1, t1).

From this expression, it is clear that we have to take into account the sum
over all possible paths that connect our initial and final states in the space-
time plane.

Let us use, for now, the following notation for the classical action,

tn
S(n, n— 1) = /t dthlassical(xa CC)

n—1
When writing this, we understand that the integration is along a definite
path. Consider a definite path connecting (z1,¢1) and (zn,tn). If we focus
on a small segment of the path, between (z,_1,t,-1) and (z,,t,), let us
associate exp[iS(n,n — 1)/h] with that segment. Going along the whole
path,

N

i i N . S(N,1)
H 6gS(n,n—l) — ek Zn:QS(n,n—l) — 7
n=2

We are considering just a specific path, but in some way we should take all
possible paths into account. That is, we should integrate over xo, ..., xN_1,
and this should correspond to (xy, tn|z1,t1). Before we do that, though, let
us check if the expressions we are dealing with make sense in the classical
limit.

If we consider the i — 0 limit, the oscillations of exp[iS(N,1)/h] are
huge, and so, close paths will cancel with each other and will not contribute.
We see that only the path given by Hamilton’s principle will survive. Indeed,
as it satisfies 0S(IN, 1) = 0, paths close to this one won’t oscillate that much,
and so constructive interference will be possible. Therefore, only paths very
close to the classical one will contribute, and in the A — 0 limit only the
classical path will contribute, as it should be.

So, let us introduce a weight factor to the expressions,

1 ig
<$n7tn|xn_17tn_l> = w(At)ehS(TL,TL 1)7
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and let us assume that the weight factor is independent of the potential
V' (which is part of the Lagrangian). To obtain it, we have to calculate
S(n,n — 1) for At — 0 (so, we can approximate our path of integration by
a straight line). As we are assuming the weight factor to be independent of
the potential, we can set V' = 0 and obtain it using the orthonormality of
the position eigenvectors at the same time. Doing this, we obtain

1 _ m
w(At) V 2mihAt
— L iS(n,n—l)
<xn>tn|xnflatn71> A/ 27TihAteh s

(xN,ty|xr, t1) =

— 1; S(n,n—1)
]\}—mo <27TzhAt> /dmN l/dmN 2 /dxg Heh

with z and ty fixed. If we define

TN
/ [dz(t)] := A}gn (2772hAt> /dﬂsN 1/de 9.. /dxg,
X1 o0

then we can write

Therefore,

and so

TN PON

classical (T,%)

(anstwlon ) = [ sl I (1.9)

1
This is a path integral, which we can easily identify by the [dx(¢)] notation.
To see that this is equivalent to the previous section, and for a more detailed
process see, for instance, [1].

Now, as we said, we will use the partition function, and will work with
imaginary time. Let us give some ideas about that, without going into too
much detail. For a more comprehensive description see, for instance, [4], [5].

1.3.1 Partition function

We know that in statistical mechanics, the partition function can be written

as
Z:Ze_BES, 8=
S

where the sum is over all the states, and T is the temperature. Now, it can
be easily seen (as is shown by Sakurai, [1]) that the time evolution of a wave
function can be written as

W(x,t) = / B K (2, 62/, o) (2!, to),

1
KgpT
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where
—q Ea(t—tg)
e h

K(z,t;2' o) (2’ to) = ) (z]a) (al2’)

a

is known as the propagator, which can also be written as

CH(t—tg)

K(x, t;2' ) = (z|e™— 7 |2). (1.10)

In fact, it is the Green function for the time dependent wave equation,

(= (4) V2 + V(@) — ihfy ) K(x,t;2' t0) = —ihd*(z — 2')5(t — to)

K(l‘,t; x’,to) =0, t<tp

So, if we are given the wave function at the initial time, multiplying by the
propagator and integrating over all space we solve the problem. But let
us not discuss this any further, and instead let us go back to . We
see that if we set x = 2/ and integrate, we obtain the trace of the time-
evolution operator in the z-representation. As the trace is independent
of the representation we choose, we can calculate it in a basis where the
operator is diagonal.
Now, we notice that if we write it,

/d?’x’K(a:', t;2’,0) = Ze_”%lt
a

what we obtain is just a sum over all states, just like the partition function
in statistical mechanics was. It can be seen that an analytic continuation of
time t to a purely imaginary time can connect the two, with 5+ it/h.

In chapter [3]we will work with imaginary time and the partition function,
as we will understand quantum mechanics as a 0+1 quantum field theory
(that is, with fields that only depend on time). Even if the process we just
mentioned is beyond our reach, the idea of the partition function is familiar,
since we know it from statistical mechanics. Let us give some results on the
quantum partition function that we will use afterwards.

As we just said, Z(B) = Tre #H describes evolution in imaginary time.
If H is bounded from below, as in our case, then the ground state energy is
given by

Ey = lim <—1lnTre_f8H) .
B—o0 /B
This expression should not surprise us: cooling the system (considering the
B-infinite limit) we leave no energy for the excited states, and so the term
corresponding to the ground state energy becomes more important in the
series.
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Now that we work with imaginary time, let us denote by ¢ the positions.
Then, the expression for the path integral that we obtained, equation (|1.9)),

looks like
q(t//):q/l _M
[ date .
q(t')=¢

Then, it can be seen, for example as shown in [4] that

S(a)

2(8) = T = [laq(e)e "+,

We will use the expression for the partition function of the harmonic oscilla-
tor, Zy. The calculation is not difficult, but it is long and does not provide
any useful knowledge for the sake of this thesis. So, we give directly its
result:

_ Bhw
(& 2

Zy(B) = 1= oo

1.4 Structure of the thesis

We have just given a brief introduction to quantum mechanics. Chapter
deals with the study of a 0+0 quantum field theory, as a first example where
we can compute everything explicitly. We introduce there the steepest de-
scent method for approximating integrals and the formalism for asymptotic
series. We also introduce the Borel sum, as a method to sum some diver-
gent series. In chapter 3] we study the anharmonic oscillator. First we obtain
the perturbative series for the ground state energy using Mathematica (the
script is included in appendix , and then we obtain the behaviour at large
order of the coefficients using instantons. Chapter [4 summarises the work,
points out the limitations and hints at future related lectures.

1.5 Objectives

- Learn some methods used in quantum field theory and use them on
an example (the anharmonic oscillator).

- Give a mathematical introduction to asymptotic series, that is, to
Gevrey asymptotics.

- Study the steepest descent method for approximating some integrals
on the complex plane.

- Reproduce the results for the anharmonic oscillator found in the pa-
pers.

- Learn a way to interpret some of the divergent series that are obtained
in quantum field theory.
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- Get familiar with specific physics papers in an area of personal interest.



Chapter 2

O-dimensional example

In this chapter we introduce a simple model of a quantum field theory, so we
get used to the methods and definitions of asymptotic series and approximation
of integrals.

2.1 The model

In quantum field theory we deal with fields that depend on spatial and
temporal coordinates, ®(Z,¢). In this sense, we can understand quantum
mechanics as a 0+1 QFT, because the states are fields which depend only
on time, ®(t). Going one step further, we can consider a theory where the
fields are constants of the space time. In this section we consider a model
described by an integral where ® does not depend on any coordinate,

Z(\) = /_O:o d@\/%e—(%qﬂ%@“). (2.1)

2.2 Analyticity

First we prove that is analytic on the cut plane, that is, on the complex
A-plane minus the negative real axis. Let us first consider A € R. The
integrals converges for A > 0 and diverges for A < 0. It’s easy to see this.
Differentiating cases: for A > 0,

oo 1 o
/ do —(z@*+40%) </ dde 1 < +o00 = converges
—00 —00

e
V2T
for A =0,

o0 1 &2
/ dP——e 2 =1 <400 = converges

—0o0 vV 2
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and for A < 0,
1 2 A 4
3k, k] C Rk EN:VE ¢ [k, K], 0%+ 201 <0 —
o0 1
= VP ¢ [7]{:’]{]76—(%(}2-{-%(}4) >1 :>/ d@*B_(%qﬂ—‘r%qﬂ) diverges
—00 vV 2T

Now we want to show that the function is analytic on the cut plane.
The proof of this result is not as straightforward as the previous one. In
fact, we will follow [4] to obtain this. However, before that we will present
the steepest descent method (or saddle-point method) for approximating an
integral, which we will use from now on.

2.2.1 Steepest descent method

Our goal is to estimate the value of an integral of the form
10) = [ f@)e¥ @z,
C

where C' is a contour on the real plane, and f(x) and S(z) are analytic
functions such that S(z) has a single maximum at x = . The idea is that
the main contribution to the integral will be given by the neighbourhood
of xg. As [0] shows, under some assumptions we can obtain the following
estimate using Watson’s lemma,

I(\) ~ e 860 3o (Z i O‘) S G

ita )
i=0 1% I

where p,a are constants such that u € R*, Re(a) > 0, and the coefficients
¢; are related to the ones that we obtain considering the expansion at first
order of f(z) and S(x) around zy. However, we do not need such a general
result, as we are only interested in the behaviour at leading order. The
formula we are looking for is known as the Laplace approximation. Let us
now give an heuristic argument for this approximation.

Keeping in mind that the major contribution comes from the maximum
xg of S(x), let us consider the leading terms of the Taylor series for S(z)
and f(x) around zg, and let a - —o0, b — 400. Then,

/bf(l')e)\s($)d$ ~ f(xo)eAS(zo) /OO e%S”(a}O)(m_aEOPdJI ~

—00

27
~ AS(zo) [ 27y
~ f(xg)e , — 400. 2.2
f( 0) _)\S”(x[)) ( )
This is the approximation that we need. However, as we will encounter
integrals on the complex plane, what we will prove is an extension of this

result known as the steepest descent method.



2.2 Analyticity 15

Let us consider the previous integral on the complex plane,

= / f(z)e/\s(z)dz.
C

As before, C'is a contour on the complex plane, and f(z) and S(z) are ana-
lytic functions. The idea of the method is that we apply Cauchy’s theorem
to deform the contour C so that it passes through the point of major contri-
bution, and follows the path which makes decrease the value of the function
S more rapidly (that is why we call it steepest descent method). This way,
we can approximate the function by the values around that point. Let us
now show that the point of major contribution corresponds to a saddle point
of Re[S(z)].

Let S(z) = u(x,y) + iv(x,y), where z = x + iy and u, v are real, and let
20 = o + iyo be a non-degenerate critical point of S(z). Then, we can write

O:S'(z):du dv  Qudr  Oudy (81}&% c%ay)

&' T owes Toyo: T \ara: Taya-
Using the Cauchy-Riemann equations, we obtain

_ Ou 8u ou

= Oz 8y = oz

ou

= — =0.
(zo0) Oy

(z0,%0)

Therefore, (xg,yo) is a critical point of u. Since w is an harmonic function
(i.e. Au=0), (x0,y0) must be a saddle point of u(z,y) = Re(S(z)), as we
said before. Now we are motivated to define the saddle point of S(z).

Definition 2.2.1 Let S : C — C be a holomorphic function. zg € C is
called a non-degenerate saddle point of S(z) if
ds d2s

— =0 d
dz z2=20 an dZ2 2=20

£0.

We will use Morse’s lemma to construct the asymptotic expansion of
integrals in the case of non-degenerate saddle points. Before that, we need
a previous result.

Lemma 2.2.2 Let f: C — C be a holomorphic function in a neighbourhood
of the origin, and f(0) = 0. Then, in some neighbourhood there exists
a function g C — C such that f(z) = zg(z), with g holomorphic and

g(0) = 4

Proof From the identity

i)

o dy ‘y=t2dt’

/ —ftzdt—z



16 0-dimensional example

we obtain

0

Now we are ready to prove Morse’s lemma. We will give the proof for the
one-dimensional case, but the lemma also holds for higher dimensions. See,
for instance, [7].

Theorem 2.2.3 (Morse lemma) Let S be a holomorphic function on a do-
main U C C, and let z9 € U be a non-degenerate saddle point of S. Then,
there exists a local biholomorphism ¢ : W — V', where W C C and V C U
are neighbourhoods of w = 0 and zy respectively, such that S(p(w)) —S(z0)
is quadratic in terms of w.

Proof Without loss of generality, we translate the origin to zg, i.e., zg = 0,
S(0) = 0. Using the previous lemma, S(z) = zg(z). We can also apply the
lemma to g(z), since the origin is a saddle point for S(z), and so g(0) =
d51,_y = 0. Therefore, g(z) = zh(z) and S(z) = 22h(z). We see that

_ S”(O)

h(0) =

So, we consider the change of coordinates z = ¢(w) defined by

w= 2y 4E)
7(0)
Then,
S(p(w) =uw? >0,

as we wanted. To see that it is a valid change of variables, we use the inverse
function theorem. We }%ave to see that the derivative does not vanish at 0.
Since S’(0) = 0, and %Lﬂ:o = 5"(0) from the previous expression,
we obtain, applying the chain rule,

d?S(e(w))

qu? ’wzo =5"0)(¢'(0)* = |¢0)=1

Now we are ready to give the asymptotic expansion of the integral.
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Theorem 2.2.4 (Steepest descent method) Let f(z) and S(z) be holomor-
phic functions in an open, bounded and simply connected set ), C C such
that I, = Q, N R is connected. Assume that zg € §2, is a non-degenerate
saddle point of S(z) and that the integral I(\) converges absolutely for A € R
large enough. Then,

or  e*S(20)
A V/=5"(z0)

Proof Let us recall our integral,

IO\ = / F(2)eM Pz,

z

i F(2)eM@dz ~ (f(z0) + O(™H), A= +oo. (23)

First of all, we change the contour of integration. We deform I, to a new
contour I, C €2, in a way that it passes through the saddle point zp, shares
the endpoints with I, and satisfies that Im[S(z)] is constant along the path.
By Cauchy’s integral theorem, the value of the integral does not change with
this new contour because they share the endpoints. The last condition is
required so the new path is indeed a path of steepest descent. Let us see it
explicitly.

As we did at the beginning of this section, let S(z) = u(z,y) + iv(x,y).
Now, let v be a differentiable curve with parametric equations z = z(s),
y = y(s), where s is the arc length parameter of the curve in the zy plane.
If we consider u as a third axis, orthogonal to x and y, u = u(x,y) defines
a surface ¥ in the (z,y,u) space. If we now consider

y; y(s) (2.4)
u=u(z(s),y(s)),

they form a set of parametric equations of a curve on the surface 3. Since
s is the arc length parameter of the xy curve, we can write

dz . dy
cosf = s sinf = 15

and so u changes along ~ like

du Oudzr OJudy .
= s a—y&—@wucosﬁ—i—@yusmﬁ.

The steepness of 2.4 is given by the angle « it forms with the u-axis. If we
calculate the tangent vectors, we see that this angle is

du
ds

1+ ()

Cosx =



18 0-dimensional example

We want the path of steepest descent, so we have to find a maximum of this
function. Applying the chain rule, it is straightforward to see that

—0zusin 0 + dyu cos 0

3
2\ 2
d
So the derivative is 0 when the numerator is 0, and applying the Cauchy-

Riemann equations we see that this is the condition we required at the
beginning of the proof,

— COS ¥ =

dé

dv

ds

—0yusin® + dyucosf = —(9yvsinf + dyvcosf) = —— = 0.

When this condition holds, we see that

a2 ds 2N
(1 + () >
Therefore, the condition allows us to obtain the path of steepest descent (or
ascent) that we need.

So, with this new contour I, we can assume that Re[S(z)] has a maximum
at zg. Let U C €, be a neighbourhood of zg. We can split the integral into
two parts, one over a neighbourhood U N I, of zy, which we will denote by
Iy(N), and the other over the remaining path. We will now show that the
second one is exponentially smaller than Ip(A), and so can be ignored.

Let V' =Q, \ U. We are concerned about the integral along C' = I, NV.
If M =sup,cy Re[S(z)] and A\g € RT is such that

A0S (2)
L lreoe
then, for all A > Ay, since for z € V we have that ‘e(A*AO)(S(z)*M)‘ <1, we
can write
[ 126450z < [ 17)1[e50
C c

- / |F(2)| MM |X5D-MO=0)SE)-) g <
C

d?(cos a) du 1

dz < o0,

dz =

< [ s az =
c

_ <6—/\0M/C’f(z)€)\gs(z)

Therefore, we are only concerned about the integral over the neighbour-
hood of the saddle point, UNI,. Hence we can use Morse’s lemma to change

dz> MM = KM Kconstant. (2.5)
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the variables of integration (notice that the lemma gives a local coordinate).
We have

I(\) ~ To(\) = / F()Odz = X0 [ () AEE-5G) g,
uni; unr,
We will use the notation of the lemma. Let I, be a contour of integration
such that ¢(I,,) = UNI,. Applying the lemma, since we know that Re[S(z)]
has a maximum at zy,

—5"(z0)w?)

To() = 560 [ flp(w))e = 1! (w)ldw,

From the proof of Morse’s lemma, we know that ¢(U) is a neighbourhood
containing the origin, p(0) = zp and also that |¢/(0)] = 1. If we expand
¢(w) in its Taylor series, and just keep the zero-order term, we obtain

_ 8" (2 ) w2
To(N) & f(z0)e5) / JENC NI P,

w

Now, we can change the contour of integration of our integral, and consider
the integral over all R, using again (2.5). The main contribution is the
saddle point (the origin, which is contained by both sets), and at infinity
the function vanishes. So, we obtain a well-known integral, which leads to
the desired result

2m e*5(20)

1=\ s

(f(z0) +O™), A= to0.  (26)

0

Remark If the function S(z) has multiple isolated saddle points, the same
argument holds if we take a path passes through them all. Then, all we have
to do is sum over all saddle points. The contribution of each saddle point

will be given by ((2.6).

Before we continue, we will give a direct application of this formula on
the real plane: Stirling’s approximation for the factorial, which we will use
later on.

Example From the definition of the gamma function, we can write

F(x + 1) = / txe_tdt = / 6*1(%*1nt)dt — xx-l—l / e—x(z—ln Z)dz,
0 0 0

where in the last step we have introduced the change of variables t = xz.
Now, using Laplace’s approximation ([2.2)

D(z+1) ~z e _ﬂ/ =V 2mxxte "

Setting = n and recalling that I'(n + 1) = n!, we obtain
n! ~\2mnn"e™", for n— 4oo. (2.7)
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2.2.2 Analyticity on the cut plane

We have seen that for A > 0 integral converges. Clearly, for small and
positive values of A (remember that A is a small parameter) it is dominated
by the saddle point at the origin. Let A € C. We only have to worry about
Re[A], because the imaginary part is bounded. Also, if Re[A\] > 0 the integral
remains finite, since we are in the same case as before. For Re[A] < 0 the
integral diverges, and so we have to perform the analytic continuation of
the integral. We need Re[A®%] to remain positive, so the integral remains
finite. Hence, we have to rotate the contour of integration as we change the
argument of A\. We choose a contour C' such that arg(®) = —% arg()). Then

Re[AD?] = |\||®*| cos(fy + 405) >0 VA € C.

Depending on the direction in which we rotate in the A-plane, we obtain

_(@2 et
cA=—[AFeir ZON) = [, € (2 i 4!)d(I>
_( 222t
A=A —eit ZO) = [ e (59%) 40
where ¢ < 1, ¢ € R; Cy corresponds to arg® = —7%( mod 7) and C_

corresponds to arg ® = 7( mod 7), as seen in figure The two integrals
remain finite, and for A — 0~ we can evaluate them using steepest descent.
In order to write the integral in the same form as appears in the
theorem, we just have to consider the change ® +— @'/ VA. This way we
have the whole dependence in A in front of the exponent, and identifying
X = A7! we have the parameter that tends to infinity. To find the paths of
steepest descent we just have to consider the constant-phase contours, as we
showed in the proof of the method. A detailed description of the process for
similar cases, and also for higher-order saddle points (when the second and
third derivative at the saddle point also vanish, for example) can be found
in [§].

Therefore, we see that for A — 07 the integrals are still dominated by the
saddle point at the origin. Indeed, the other saddle points, which correspond
to ®2 = —g (S1 and Sy in figure , are negligible, since

6 _(ﬁ_i_)\gﬁ) 3
(I)g:—xje 2 ") —eax <1 because \— 0.

In the next chapter we will need to calculate the discontinuity of the
integral on the cut to obtain the imaginary part of the energy. As a guide,
let us see what is obtained here. We have to compute the difference between
the two integrals;

(22,500
Z()\—i—az')—Z()\—ei):/ o (F0) 4g
CiL—C_
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Figure 2.1: Contours of integration for the analytic continuation

The contour C'y — C_ can be deformed into the sum of the dashed ones in
figure 2.1} So, the contributions from the saddle point at the origin cancel,
and thus the other saddle points now dominate the integral. Therefore,

Slee

Im[Z(\)] ~e

2.3 Perturbative expansion

Now we will write Z(\) as a power series. Here we will be able to obtain an
exact expression, and see its behaviour. This will be an illustrative example
of this kind of series, as for the anharmonic oscillator we will not be able to
obtain an exact analytic expression. So, first we set

Laty (D) e
=2 <4. '

n=0

Then, plugging this expression in (2.1]),

o0 1 age X, 1 [\
20 = [ a0 e 33 n'<4'> .

n=0

We have seen that the integral converges for A > 0, but it can not be
expressed in terms of usual functions. In order to associate an asymptotic
series to it, which is what we expect as we argued in the introduction, let
us we change the order of the sum and the integral.

< (Z1ym Am g1 2
zny=Y &Y W/oodq)\/ﬂq)% e _

|
n—0 n:
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v

2: (2.8)

where (2n — 1)!! = (2n)"

Now we prove that the radius of convergence r of the power series is 0,
as expected. We just have to compute it,

(4n—1)l!
r= lim = lim L CD lim An+1) =
C om0y | mooo AN oo (4n 4 3)(4n 4+ 1)

(i 1)I(a)n+T

As we said, this is an asymptotic series. In section we will formalise
the concept. However, let us now see how it behaves, to get an idea. An
asymptotic series is a divergent series which truncated after a finite number
of terms gives an approximation of a function. We can see this here very
clearly. In figure we present the behaviour of the series up to order
5 and 10, and we compare it with the exact result (integral computed
with Mathematica). As we were just saying, computing more terms of the
series does not assure a better estimate of the function. As [9] discusses, the
best possible estimate of the initial function is usually obtained by optimal
truncation, keeping terms up to the smallest one in the series. However, it
is not a very good approximation. A better approach is Borel resummation,
which we discuss in section 2.6

Before we formalise the concept of asymptotic series, we are going to
evaluate the integral that led us to using Laplace’s method. FEven
though we were able to compute ¢, explicitly, it is worth the effort as a
guide for the anharmonic oscillator.

2.4 Semiclassical method

Here, the simplest version of the approximation will be enough. We will use
that if f(x) is a function with a minimum at x,

Feo —f(x —f(x 27T
(Kmdxeﬂ)%eﬂo)f%%y (2.9)

We have to apply this formula to the following integral

/OO AD—e— 5 Hme™,
—00 vV 2
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2.5

2.0

15

Z()

1.0

—— =
_——
-
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o
o

0.2 0.4 0.6 0.8 1.0
A

Figure 2.2: Values of Z(\) given by power series (2.8)) up to order n = 5
(dashed line), n = 10 (thick line) and computing exactly the integral (2.1]).

The minimum corresponds to ®2 = 4n. Therefore,

oo 1 2 n 1 /2 1
/ d@mef%Jrlnqﬂ ~ Ee—Qn(4n)2n ?ﬂ- _ ﬁ672n(4n)2n.
—00

We computed the exact result of this integral a while ago, and it is (4n—1)!l.
We have to compare both results. We will do it using Stirling’s approxima-
tion (we are concerned about the large n behaviour). Here, we will use
the approximation in a simplified form: for n large, Inn! ~ nlnn —n. Then

—2n 4 2 1
In <(3\/(§Tl)> =In (6*2"> +1In ((4n)2n) —InvV2=—-2n+2nlndn— 3 In2,

and so
(4n)!

4n(2n)!
As we used Stirling’s approximation, we are working with large values of n.
Hence the contribution of In /2 is negligible, and so we have obtained the
same result, as expected.

Now we will formalise the concept of asymptotic series, and we will prove
that the power series is indeed asymptotic. To do so, we will introduce
some basic concepts of Gevrey asymptotics, following [I0] and [II]. One
of the objectives of the thesis is to study asymptotic series, and since it is

In(4n — ! =1n ( ) ~ —2n+ 2nln4n.
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a new concept, we will prove some extra results (than the ones we would
strictly need) to set a solid frame.

2.5 Gevrey asymptotics

First we define the regions where we will consider our functions.
Definition 2.5.1 The set
S(y,p) ={z=re¥cC:0<r<np,lp| <v/2}
is called a sector of radius p > 0 and opening v € (0,27]. A closed sector is
S(y,p)={z=re¥cC:0<r<p|pl <v/2}.

Henceforth, a € (0,1]. Now we define what we mentioned earlier as an
asymptotic series.

Definition 2.5.2 We say that a formal power series f Yoot fn2" is -
Gevrey if there exist positive constants C, K such that for every non-negative
integer n,

|fn] < CK"nl®.

The set of all a-Gevrey power series is denoted by C[[z]]q4-

In order to interpret these series, we will regard them as an asymptotic
expansion of a function.

Definition 2.5.3 We say that an analytic function f in a sector S is a-
Gevrey if for every closed subsector S1 C S, there exist positive constants
C, K such that for every non-negative integer n and every z € Sy,

1
=™ (z) < CK™n)®,
n!
The set of all a-Gevrey functions in a sector S is denoted by G(S5).

Definition 2.5.4 We say that an analytzc function f in a sector S is asymp-
totic a-Gevrey to a formal power series f, or that f s the a-Gevrey asymp-
totic expansion of f (in which case we will write f =, f) if for every closed
subsector S; C S there exist positive constants C,K such that for every
non-negative integer n and every z € S,

[ry(z,n)| < CK™n!?,

where 1y is the residue,

n—1
re(z,n) =z"" <f(z) — Z szk> .
k=0

The set of all asymptotic a-Gevrey functions in a sector S is denoted by

Aa(9).
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Now we present some results concerning the definitions we just gave.

Proposition 2.5.5 Let f be an analytzc functwn in a sector S, asymptotic
a-Gevrey to a formal power series f. Then, f is a-Geuvrey.

Proof Let z € S, and let S1 C S be a closed subsector such that z € Sj.
Then,
ry(2am) = ful = |z n+ 1)] < [|CE™ (0 + 1)1

Therefore,

In= ngrg Tf(z n).

Since for any closed subsector we have |r¢(z,n)| < CK"n!®, the same bound
holds when z goes to zero, and so we obtain

=l < CK™n!*™.
ol = | tim s < €

O

Proposition 2.5.6 Let f be an analytic function in a sector S and f =
> >0 [nz" be a formal power series. Then, f is asymptotic a-Gevrey to f
if, and only if, f is a-Gevrey and for every non-negative integer n

ngn—lmf )(2) = nlfp. (2.10)

Proof Let us assume first that f =, f Let f(l) be the term wise [—
derivative formal series of f, that is,

FOE) =S nn—1)(n—1+1)f2" "t =

n>0

:Z(m—i-l) Am+1) frnz2™ Zf
m>0 m>0
and let ryu) be its residue. Let S, C S and Sy C S be closed subsectors

such that S; < Sy. Let § > 0 be small enough so that for every z € S,
B(z,|z]0) C Sy. Let Oy, Ko be the a-Gevrey constants of f in the sector
Sy, z€ 81 and n,l € Zt. We can write

dl

P ( "Hrf(z, n+1)).

2" (2,m) =

From Cauchy’s integral formula, we know

n!
™ (z) = M/C(g;f(;))nﬂdg
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for a circle C'. Therefore, we can write

dl
dzt

il W (w,n +1)
n+ )= — R d

Using this, as well as (n +1)! < 2"*Hnll!, we obtain

1+4\
g (2,m)] < Co <2‘“K2Jg) I (2% (1 + 8) o)l

which in fact proves that fO) 22, f. Then, since r¢(z,0) = f() we have

14+0\!
FOE)] = I (2,0) < Cs (z%g) e

So, f is a-Gevrey. Also,

. (n) T _ (n): |
JAm f(z) = lm 7o (2,0) = fo = nlfn.

Conversely, assume that f is a-Gevrey in the sector S and that the
previous limit holds. Let

n=l r(k)(,,
R¢(z,u,n)=2z"" (f(z) — Z f k'( )(z — u)k>

k=0
be the remainder of the Taylor series. We can write

27"z —u)"

R¢(z,u,n) = =1

1
/ £ (4 Az — w)(1 = A" LdA
0
for every z,u € S and n > 0. Let S1 C S be a closed subsector, and let

C, K be the corresponding a-Gevrey constants in S;. For z,u € S;, we have
|F®) (w4 Az — )] < CK™(nh)! . So,

|R¢(z,u,n)| < |27z —u|"CK"n!“.

Since

re(z,n) = snggo R¢(z,u,n),

we obtain that

Ire(z,n)] < lim |2|7"|z —u["CK"(n!)* = CK"nl%,
Sou—0

which completes the proof. O

From the proof of the proposition, we see that the asymptotic a-Gevrey
expansion f of an asymptotic a-Gevrey function f in a sector S is unique.

The final result we give is the Borel-Ritt Gevrey theorem, which tells
us that in a sector of small opening, every a-Gevrey power series is the
asymptotic expansion of an analytic function.
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Theorem 2.5.7 (Borel-Ritt) Let f € C[[z]]o and let S be a sector of open-
ing B < aw. Then, there exists a function f analytic in S such that f =, f.

Before proving this theorem, it is convenient to introduce the idea of
Laplace and Borel transforms. We will not go into much detail though.

Laplace and Borel transforms

Definition 2.5.8 Let S be a sector of infinite radius, and let f be an ana-
lytic function of exponential size at most k > 0 in S, and continuous at the
origin. We say that the function

o)== [ " fe () dwh)

1s the Laplace transform with index k of the function f, and we denote it by
Lif.

It can be seen that £ f is defined and analytic in a region which contains
a sector S of opening smaller than 3 + 7 /k (where [ is the opening of the
sector S), but arbitrarily close to it.

We will now prove a result for Laplace transforms that we will later use
in the proof of the Borel-Ritt theorem.

Lemma 2.5.9 For f(u) = u”, with A € R,

L.f(2) =T(1 + \Ek)2 .

Proof Let us first recall the definition of the gamma function. For n > 0,

F(n):/ t"letdt.
0

Applying the definition of £ f the result is straightforward,
kX

Luf(z) =2z7F /OOO f(u)ef(%)kd(uk) = /OOO Pk (u>k e (

z

w e

)kd(u’f) -

= 2 T(1 + MNk).
O
Now, since are working with asymptotic series, we would like to define

an operator that transforms them to analytic functions. Roughly speaking,
this is what we will call the Borel transform.
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Definition 2.5.10 Let f(z) = Y n>0 fn2" be a formal power series. We say
that the power series

i fn2"

= T(1+n/k)

is the Borel transform off with index k, and we denote it by %kf(z)

Remark The hat on the operator 98 indicates that we are applying it to a
power series. The Borel transform is an integral transform, and by B we
mean the term wise application of 2B to a power series.

These transforms are usually used to give asymptotic series a physical
meaning, to make them finite. In the next section we will see how.

It can be seen that for suitable function spaces, B, is the inverse operator
of £5. We will discuss this transforms no further though. For a complete
description see, for instance, [11].

We are now prepared to prove the Borel-Ritt Gevrey theorem.

Proof (of theorem D Let f(z) = > on>0 fnz" € C[[2]]a, and let f(u)

be its Borel transform. For |u| sufficiently small f(u) is analytic, because
f € Cl[#]]a- Let d be the bisecting direction of S, and define for sufficiently
small p >0

o)== [ fel 0 awh),

This function g is called the finite Laplace transform of f with index 1/a.
We will see that g(z) Za f(2).

Let us first argue the analyticity of g(z). Since we are considering the
finite Laplace transform, the limits of the integral are finite. Also, we know
that f(u) is analytic, and so is the exponential function, which we can write
as its power series. Since we have a product of two convergent series, and
the exponential is absolutely convergent, the term wise integration of the
product series will also be analytic. Therefore, g(z) is analytic.

Now, we have to see that

Irg(z, N)| = < CKNN1“,

~ o peid i 1 1 N-1 .
z N(z a/o f(u)e (£) d(ua) — anz>

n=0

(2.11)
First, let us write f,, = I'(1 4+ an) f,. Since f(u) is analytic, we can assume
that |f,| < Cy, for all n > 0. Now, if we set u = re'd, with 0 < 7 < p in the
lhs of inequality ([2.11)) we obtain

retd

1

a N-1
o " et () mady S o )|
n=0
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For a given ¢ > 0, take z such that cos(a~![d — argz]) > e. Then, since
we are looking for an upper bound, and we will enter the modulus into the

integral,
(Teid ) 3 ( oid ) 2 1
e # = |e |z|e?ara(2) < e_e(m) k

Using this, and lemma [2.5.9|in the second term, we obtain

N—-1
9(2) = > fal(1+ am)2"| <
n=0
N-1 n
<laih [ lroey = X0 g ()| P o) +
n=0

N1 1 oo r % 1
£ 3 Uallalw [ e () <
n=0 p
p r\&
< palmwonlul™ [T m)a (r7) +
0

Nl 1\V-n 1 [ o (r\& 1
+ Cy () —a/ N () d(ra),
7;) P |z ; rVe ('r )

where in the last inequality we have used that, since f(u) is analytic, there
exist real numbers C'y such that

S CN|u’N7

N-1
n=0

and also that
r N—n
0

for r > p, 0 <n < N — 1. Now, since r = |u|, we can join the two terms
in a single sum up to N, taking into account that since we are integrating
positive functions, the integral over all values of r (that is, from 0 to infinity)
will be an upper bound of the integrals. Therefore, our expression will be
bounded from above by

N o 1
n—N - No=e(E5) " q (rk
E Crp" 2| /0 e VT (r )

n=0

Recalling the definition of the gamma function, this integral is straightfor-
ward if we name y the argument of the exponential,

oo 1 1 1\ Na
/ Ve ()7 () = (\zla) [ ey =
0 € € 0
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B

1
= mr(l +NOZ)‘Z|C¥

Hence, we have obtained that

N-1 N
9(2) = > foal (14 an)z"| < |2/ Ne 1 "NoD(1 + Na) > Cop" .
n=0 n=0
To prove (2.11)), it just remains to see that
N
Wy = "N (1+ Na) Y Cpp" ¥ < CKV NI (2.12)

n=0

for suitable C, K. We can assume that
C, < CK"T(1 + nay)

for 0 < a1 < 400, and so we can take Cy outside of the sum. Let ag :=
a+ aj. Clearly, I'(1 + aN)['(1 + oy N) < I'(1 + aaN). Then, for every p
we can find suitable constants to satisfy the Gevrey condition, because the
sum is finite. We can check it in every case; for p > 1,

N 0
YNy o=t
n=0 n=0

p—1
For p < 1,
3 n_N_leil<<2>N
e P
n=0 p
and for p =1,
N
Y 1=N <2V
n=0

Therefore, we have suitable constants C, K > 0 such that
Wy < CKNT(14 Naw).

This is equivalent to . We just need to comment two things to see it:
first, the result holds for a; = 0 (that is, ag = «) because f(u) is analytic.
Second, changing the constants C, K if necessary, we identify I'(1 + N«)
with N!9, in the light of Stirling’s formula . This completes the proof.
O

Remark If we define the homomorphism J : A,(S) — C][z]]n, Borel-Ritt
theorem shows that if the opening of S is at most am, then J is surjective.
However, it is not injective. As seen in [I1], if we consider

1
fz) =",
with ¢ a constant, it is easy to see that f(z) =, 0 in a sector S of opening
at most ma, where 0 stands for the zero power series.
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It can be seen that if f is analytic in a sector S of opening 8 < ma, and
f =, 0, then f is exponentially small in S. In this same direction we have
Watson’s theorem [I2], which we will not prove.

Theorem 2.5.11 (Watson) Let S be a sector of opening > ma, and let
f e Au(S). If f decays exponentially 1/a in S, then f = 0.

To end this section we will see that Z(\) is 1-Gevrey, and asymptotic
1-Gevrey to its power series (and so, using proposition we will
have that power series is also 1-Gevrey).

First, recalling the definition of an a-Gevrey function, we have to find
constants C, K and « such that

1
—|Z2™M0)| < crme.
n!
We have to compute the derivative of Z(\). Recalling (2.1)),
vz d"

S 1 152 A5l
— db—— (322 +59*)
A dan /_oo N

Since the function inside the integral is well behaved, we can enter the
derivative,

0 dD g d' o _agey [ d® e\ (102420t
Lo ) = [ty (4) T

So, taking Re[\] > 0, we recover the integral we computed before,

% 1 [ 4\" (142, Relga
(n) —(302+ 55 0t)
‘Z (A)\S 3 d@m<4!> e (3 1 <

4\" — 1
. /oo de (ot 39 _ LLI‘ (2n+ 1) o2n+3 _ (4n 1)..7
—0o V2m \ 4! V2 (4 2 (4!)n

i.e.

1
n!

n (4n — )N

which, as we can see, are exactly the modulus of the coefficients |c,| of the
power series (2.8]). Let us see now from this expression that Z(\) is 1-Gevrey.
Using Stirling’s formula (2.7)),

I (4n—D1!" 1 (4n)! 1 2\" /nn"e”"
nl @)r T nlan(2n)l ()~ (3> NG

If we multiply and divide by /27 we can apply once again Stirling and
recover an n!. Then, we will have that the power series is 1-Gevrey, and we
can guess that suitable constants C, K (according to (2.5.2) will be 1/7/2
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and 2/3 respectively. However, we will try to find the best bound for C.
Therefore, we will prove the inequality by induction, finding a better bound
for C than 1/7/2. Our assumption will be that

(4n — 1) <2)”
En=1% e (2) 2.1
aaye <9\3) " (2.13)
For n = 1 we have
3 9 3
2 <o o> 2
21-"3 7 ““ 1

setting our constant C' to 3/16 (notice that 3/16 < 1/m/2). Now, our
induction hypothesis is that (2.13]) holds for n — 1, and we have to prove it
for n. Expanding the factorials and using Stirling,

(4n—1)"  (4n—1)(4n—3) (4n—5)!
ni(ahn 24n (n— 1)1 =

< (4n = 12)4(;1" — 3)C(n —1)! (g)n_l < Cn! (;)n —

(4n = )(tn = 3) gng — 1<4n
24n

that holds for every n > 1. Therefore, we have proved that

(4n — 1) <3(2>”n!
nl(4)»  ~ 16 \3

i.e. that Z(\) is 1-Gevrey with C' = 3/16 and K = 2/3.
Now, it is straightforward to see that Z(\) is 1-Gevrey to its power series,
using proposition We have to see that

lim Z™(\) = nley,
A—0

and since we can enter the limit to the integral, this is the exact same
calculation that we just did. Thus, we have obtained that Z(\) is 1-Gevrey,
and asymptotic 1-Gevrey to its power series. Using proposition [2.5.5] we
have that the power series is also 1-Gevrey, and, in fact, the same
proof that we have given for Z(\) holds for its power series (because, as
we mentioned earlier, in this example we are able to compute everything
exactly and so it is expected that we arrive at the exact same result by both
ways), and so is 1-Gevrey with constants C' = 3/16 and K = 2/3.

To end this chapter, we are going to give a method to solve the divergence
of the power series that we encounter: Borel summation.
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2.6 Borel summation

Up to now we have mentioned that asymptotic series appear often in quan-
tum field theory. We have seen their behaviour, and given some results
about them. We have also mentioned optimal truncation as a way to un-
derstand these divergent series, but now we are going to give a much more
powerful way to reproduce the original function.

As we have introduced in the previous section, the Borel transform com-
pensates the divergent behaviour of our series. Additionally, we have intro-
duced the Laplace transform, which as we have commented can be seen as
the inverse operator of the Borel one. Keeping this in mind, along with the
fact that the Laplace transform of an analytic function is analytic in suit-
able regions, as we mentioned earlier, we think about the following process:
given a divergent power series, we can calculate its Borel transform, sum
the resulting series (which we will be able to do for an asymptotic series)
and then apply the Laplace transform to the result of the sum. This way,
we can sum the series and obtain an analytic function as a result, which is
our objective. Therefore, the definition of the Borel sum is now clear.

Definition 2.6.1 Let -
f(w) = Z frnw™
n=0

be a divergent power series, with fn, ~ n!. The Borel sum of f(w) is defined
as

s(f)(z) = LB ]],

understanding that we compute the sum of the Borel transform before apply-
ing Laplace.

We will not write the subindices of the transforms when we talk about Borel
summation; we will directly understand that they are 1.

So now we have a way to sum our asymptotic power series and
obtain a finite result. However, there is an obvious setback in this process:
we have to be able to sum the Borel transform of the series. In some cases
this will be easy, but usually it is going to be a tough job.

In our case, if we denote by Z power series , we have to compute
the following sum:

o
S5 (4n — )N
BZ(w) = (=) ———w™.
nZ::O (4hn(n!)?
This is not an easy task, and so we compute it with Mathematica. The
result involves a complete elliptic integral of the first kind, so we will not
write it. Now we have to calculate its Laplace transform, and compare the
result with the initial integral Z(\) (2.1). We present in figure both
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Figure 2.3: Comparison of the Borel sum of power series ([2.8)) (thick, dashed
line) and the integral Z(\) (2.1) computed exactly with Mathematica.

results. As we can see, they coincide very well. In fact, we can check with
Mathematica that in this case they are equals. In general, the Borel sum of
the series gives a great approximation to the original function.

If we compare this figure with (notice that in both cases we have
represented the same segment of the function), we clearly see that the Borel
summation is a very powerful method to solve the divergence. With this
method we take into account all the terms of the series, and so the result is
better than any truncation.



Chapter 3

Anharmonic Oscillator

In this chapter we focus on the anharmonic oscillator. We compute the per-
turbative series, and using semiclassical methods we reproduce the perturbative
expansion.

3.1 Perturbative series

We will discuss the anharmonic oscillator, that is, a quantum harmonic os-
cillator with a quartic perturbation in its Hamiltonian. We will understand
it as a field theory in a one-dimensional space time, described by the Hamil-
tonian 1 1

H= §¢2 + §g02 + At
Our eigenvalue problem will be defined by

d2
(—& + 102 + L) B(2) = BV @(a),
(3.1)
lim, 1o ®(z) = 0.
This is the coordinate representation of the Hamiltonian, as is rigorously
shown in Appendix A of Bender and Wu’s original paper [2]. We will not
obtain these equations, because we would have to introduce some field theory
concepts, and we would be going too far away from our main goal.
Now we reproduce the first terms in the perturbation series that are

given in [2], following their steps. To do so, let us write the perturbation
series for the ground-state energy as

1 oo
Ey(A) =5 + > AN (3.2)
n=1
Our objective is to calculate the coefficients A,,. Let us write

O(z) = Y N"e” T By(a),
n=0
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where B_1 = 0, By = 1 and B,,(z) are the polynomials to be determined.
If we plug this in (3.1]), we obtain

oo 1 o0 o0
Z A" (xB;L(a:) — B)l(z) + :L'4Bn_1($)) = Z Ap A" Z A" B, (x) ] .
4
n=0 n=1 m=0
(3.3)

We have written a small script with Mathematica that solves this equation.
Since we use Mathematica for some calculations along this thesis, we include
the script for this one, as it is the most relevant. It is presented in Appendix
[Al Let us, however, compute here A; and As, as it will illustrate what
Mathematica does.

First we will compute A;. Our initial equation is the one that corre-
sponds to the terms with A'. So, it is

1
B (z) — By () + Zm‘* = A

Writing the B;(z) as the following sum
2 ‘
Bi(y) = > y”Bi;(-1)'
j=1

where 2 = /2y, and computing the derivatives of Bi(z) yields
—4y231,1 — 16y4Bl72 + 23171 + 24y2B172 + y4 = Al-

Matching the terms with the same power of y, we obtain B s = %6, Bi1=
% and A; = 2B = %, in accordance with our initial calculation with
the Rayleigh-Schrédinger theory, (1.6). Analogously, for the A\? terms the

equation we get is

4y2B271 + 16y4B272 + 48y6B273 + 128:{/832’4 — 232?1 — 24y232?2 — 120y4B273—

9 3
—448y°By 4 — 2y°B | — 4y®B1 o = ——y* — —y*
8y°B2a — 2y’ B11 — 4y B2 6Y " 16Y
which leads to Ag = —2By ;1 = —2—81, so we also recover (|1.7)). Now we realise

that A, = 2(—1)""1B,, 1, which in fact can be easily seen by just looking at
the equations.
The asymptotic behaviour of the series was guessed correctly in [2], and
it is )
6\ 2
1
Ay ~ (=) <7r3> T (n+3)38" = un). (3.4)
We present in figure [3.1] the relative difference between the coefficients 4,
computed with Mathematica (up to n = 100) and the asymptotic behaviour
of the series. As expected, the difference goes to 0 for large values of n.
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Figure 3.1: Difference between Rayleigh-Schrodinger coefficients and the
asymptotic behaviour (3.4)).

Our goal now is to obtain the asymptotic behaviour analytically.
This is proved rigorously in [I3]. However, the proof is beyond the reach of
this thesis, as it uses a lot of results demonstrated in [14] and this alone could
be the subject of another thesis. What we will do instead is obtain the result
using semiclassical methods. Before we do that though, we will prove from
the asymptotic behaviour that the power series of the ground state energy
is 1-Gevrey. The computation of the result is analogous to the one we did
on the previous chapter, and so we will skip the details. Remembering that

F(n—i—%) 2(2712_111)”\/7?7

and using Stirling’s formula (2.7)), it is straightforward to see that

[ 3

i.e. that the power series of the ground state energy of the anharmonic
oscillator is 1-Gevrey with constants C' = /3/27? and K = 3. A comment
is in order here. This behaviour is all we will be able to give about the series.
However, by Borel-Ritt theorem we know that there exists an analytic
function function f such that the power series is its asymptotic expansion.
Therefore we can relate the series to an analytic function, giving physical
meaning to it.
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\l/

Figure 3.2: Change of the contour of integration on the complex A’ plane to
obtain the dispersion relation (3.5)).

More results can be obtained using Borel summation. As we have seen
in the previous chapter, we can relate the series to an analytic function, but
we can not talk about uniqueness. However, as Simon et al. prove in [I5], in
this case the Borel summation method sums the power series of the ground
state energy (the coefficients we compute with Mathematica in appendix |Al)
to the exact eigenvalue. We will not reproduce this result here, though.

3.2 Semiclassical Methods

Our objective now is to evaluate the large order behaviour of the perturba-
tion series. To do so, first we will obtain Im[E())] by semiclassical methods,
following once again [4]. Here we are going to use instanton solutions, al-
ternative to the WKB method of quantum mechanics. The calculation of
this result using the WKB approximation can be found in [I6]. Once we
have Im[E())], we will use Cauchy’s formula to reproduce the perturbative
expansion. Let us see how, following Bender and Wu’s argument [16].

We will have an analytic function E()) on the cut plane. By Cauchy’s

theorem, we write
1 EX)
E\) = — !
() 2mi 7{0(1)\ N =)\

where C' is a circle on the complex A’ plane. We can change the contour
CtoD =Dy + D_+ D'+ D?, as shown in figure If we let Ry — 0,
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Ry — 00, the contributions from D7 and Dy vanish. Since

lim[E(N +ig) — E(N — ie)] = 2Im[E(N)],

e—0

the integral is reduced to

0 m /
s =L [ e

Now, if we expand E()) in a power series of \,

E\) =) A\

n>0

and recall that

1 A"
N =\ - 7;) ()\/)n-i—l’

we obtain, comparing both expressions,

10 Im[E(N)]
A== /_oo W (3.5)

So, our goal now is to obtain Im[E(A)] and use (3.5|) to reproduce the asymp-
totic behaviour (3.4)).

We work with the Hamiltonian

1/dN\? 1, A

We want to compute the ground state energy, Fyp(A). To do so, we will use
the path integral representation of the partition function,

Z e PP — Tre AH —

/ da(®)e=S0,  (37)
n>0 q(—B/2)=q(8/2)

where S(q) is the Euclidean action,
B/2 1, 1
S = [ at(Gae7 + 3007 + ha(®)!)

As we said in the introduction, as the temperature becomes lower the term
corresponding to the ground state becomes more important in the series.
Therefore, we obtain the ground state energy from the large § limit,

1
Eo(A) = BETOO 3 In Tre P,

Notice that we impose a periodic motion, and so the path integral is over
periodic trajectories.
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Now, analogous to section we have to calculate the discontinuity on
the cut to obtain the imaginary part of the ground state energy. As before,
we have that is analytic in the half plane Re[\] > 0, and in fact, using
analytic continuation we have analyticity on the cut plane, working now in
the ¢(t) space. This is not surprising, as for A € R~ the Hamiltonian is
unbounded from below, so we expect a singularity at A=0. Thus we will
now essentially follow the previous chapter, but as the path integral is more
complicated, the procedure will be trickier.

We rotate the contour of integration in the ¢(t) space, q(t) — q(t)e™,
where 6 is time independent, in such a way that Re[¢(¢)] remains positive,
because we want paths regular enough, that is, those for which in the e — 0
limit (q(¢+¢) — q(t))?/e remains finite. This way we ensure the existence of
the continuum limit of the discretised path integral, as [4] argues. Therefore,
we need Re[Ag*(t)], Re[¢?(t)] > 0. For X negative,

Re[¢?(t)] > 0 <= cos(20,) >0 <= —% <0< %,

and, taking 6, € (7/2,m),

Re(A\g') >0 <= cos(fy +46,) >0 — g <0< %,

where § = —argq(t), and the same if —7 < 0y < —7/2. For A small, the two
path integrals are dominated by the saddle point at the origin. However, like
in the previous chapter, when we compute the difference between the two
integrals, the contribution cancels. So, as before, we have to find non-trivial
saddle points from the Euclidean classical action. So, we have to solve

—i(t) +q(t) +4M>(t) =0 (A <0) (3.8)
q(=B/2) = q(B/2).

A solution of this equation is

—1
2

) = —.
q-(t) o

However, its contribution to the integral is of order /16 and so is negligible
in the large S limit. We need solutions with an action that remains finite
for B — +oo. These solutions are called instantons.

3.2.1 Instantons

The solutions we are seeking correspond to a periodic motion in real time in
the potential —V (q) = —¢?/2 — Ag*. So, they will exist and be oscillations
around the minima of the potential, ¢ = £1/—1/(4\). We can find the
period of these solutions; integrating equation ,

1 1
iq'Q—ti—)\qu:s, e < 0.
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Since it is a periodic motion, as we just said, let go, ¢ be the two return
points (that is, points with ¢ > 0 and where ¢ vanishes). We have

31 q1 1
/g2 4 _
+ 2Xq* + 2¢ = dt d .
1= V4 9 to w T Zror e

Since it is a periodic motion, the integral over t is half a period. So, we
obtain

B=2

q1 1
dqg .
w G2+ 2Xgt + 2¢
In the infinite 8 limit, €, o — 0. Then, with a little help from Mathematica
to skip long calculations, we can check that the classical solution becomes

/1 1
%(t) =+  2X cosh(t — to)

and the corresponding classical action is

S(a) = 35 + O(e /). (39)
3\
which now remains finite in the limit. Since the classical action is invariant
under time translations, for § finite the classical solution has a free param-
eter tg, 0 < tp < B. So, we now have two one-parameter families of saddle
points. We have to evaluate their contribution at leading order. To do so,
we will use the Gaussian approximation.

We expand the action around the saddle point we just obtained. We set
q(t) = qc(t) + r(t). Then, ¢ = ¢. + 7. If we plug this in the action, take
into account , expand in powers of r staying in order 2 and take the
A — 07, 8 — oo limit, we obtain, writing directly the expression of ,

tmn{Tre 1] = <o [[ar()es [00* iy,
1

We can express it in terms of an operator M, which is just the second
functional derivative of the action,

2 2
M(t1,t2) = m‘qqc = l— <d(;> +14 12)\q2(t1)] St — o).

Then, the integrals reads

Im[TreiBH] — 16$ /[dr(t)]e*%fdtldt27’(t1)M(t1,t2)7‘(t2)'
i

Now, differentiating equation (3.8)) with respect to ¢t we see that, since ¢.(t) is
square integrable, it is an eigenvector of M with eigenvalue 0, M. = 0. This
is not surprising, because the action S does not change under infinitesimal
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variations of ¢(t), which correspond to a variation of ¢, i.e. proportional to
dc since it is a saddle point.

We face a problem here, though. Since we have the eigenvalue 0, the
Gaussian integration leads to a solution which is infinite, because it is pro-
portional to (det M)~1/2. To solve this, we will use the method of collective
coordinates.

3.2.2 Collective coordinates

We need a collective coordinate, that is, an integration variable associated
with time translation. The point is to use a set of integration variables in
which the time parameter appears explicitly, so we can integrate exactly
over the parameter that describes the saddle points (the time translation).

Let ty be the time collective coordinate. We will use the following iden-
tity,

It can be verified using the change of variables tg — 7, with

T = /dtqc q(t +to) — qe(t))-

If we put identity (3.10) to the path integral (3.7), the new action is

Udtqc q(t +to) — qc(t))r-

We notice that it no longer is translation invariant. Now, the saddle point
equation will be

@qa( ; ( + e | daoate + 0 —qc<t>>r> -

oS
= — dt'q.(t' —to)(q(t") — qe(t' — t9)) = 0.
e+ gielt—t0) [ AVat —to)at) = 0’ ~10)
For q(t) = q.(t — to) the equation is clearly satisfied. Now, instead of the
operator M, the determinant generated by Gaussian integration around the

saddle point will be

928 1 ‘
det <8qc(t1)6qc(tQ) + EQC(tl —t0)de(ta — t0)> ’

which we obtain from the new action. As the new term is constant, we
see that this new operator has the same eigenvalues as the previous one,
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except for the eigenvalue that corresponds to the eigenvector ¢., which now
is ||gc||?/¢ instead of 0, like we needed.

We have to normalise the path integral now. To do so, we compare it to
the partition function Z(8) of the harmonic oscillator, that is, to its value
at A = 0, which we know that reduces to e #/2 in the large 8 limit. Let M
be the operator M for A = 0,

Mo(t, t2) = l— <d(;>2+ |

As is shown in [4], what can be calculated is det(M +¢) det(Mg+¢)~!, where
€ is an arbitrary constant. Since for € — 0 the last expression vanishes like
e, let

5(t1 — tg).

1
det’' MMy := lim — det(M + e)(My +¢)~ .
e—0 ¢

As we have just seen, if we denote by |1) the unitary eigenvector proportional
to Ge and define p := ||¢.||*/€, what we have to calculate is

det(M + p|1) (1)) My = lim det(M + e + p [1) (1]) (Mo + e)~ L

We can do it using a simple result on determinants, which we present as a
lemma.

Lemma 3.2.1 Let A be a square, invertible matriz, and let @, U be column
vectors. Then,

det(A + a@v") = (1 + 0T A7) det(A).

Proof If A = Id, we obtain the result taking the determinant on both sides
of the following equality,

I o\ (I+aw” a\ (1 o\_(1 @
o 1 0 1 - 1)\ o 1+4Ta

Now the result clearly holds for any invertible matrix A, because

det(A + @w") = det(A) det(I + A~ @) = det(A)(1 + 77 A~ 14a).

Then, since
(MA4e) =Y (M + 1) =11 - MV 4+ M?e2 + ),

M |1) = 0, as we said before, and |1) is unitary, we obtain

det(M + &+ pu[1) (1))(Mo + &) ~* = det(M + &) (Mo + )~} (1 + g) .
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And thus, letting ¢ — 0,

< |12
det(M + u ‘1> <1DM0_1 — det’MMo—l ||QCH .

3
Now we notice that tg can be eliminated from the determinant, because all
functions depend only on t — t5. Then, if we go back to the integral (3.10)),
and we replace q(t + tg) by q.(t) (we just keep the leading order), we see
that the integral does not depend on ¢y, and so its contribution is

1 .12
\/ﬁﬁ\!qc\\ -
If we now plug all expressions to the partition function, recall the expression
for the partition function of the harmonic oscillator (which is e #/2 in the
large 8 limit), take into account that we have two families of saddle points,
that we have to divide by 2¢ to obtain the imaginary part, and we consider
the 8 — 400 limit, we obtain

1
Tn[Tre 2] ~ 2P =872 1 (det/ M A1)~ 1/261 /3 (3.11)

127
Now we have to calculate the determinant. However, this is no easy
task. Jean Zinn-Justin [4] shows a method to obtain the result of this kind
of determinants, but we will not reproduce it here. We just give the result;
it is

1
—T5

We have to take the square root of this expression, and so there is an
ambiguity of sign. It can only be resolved by the analytic continuation from
A positive to A negative, as [4] argues.

If we look at equation (3.11]), only ||Gc|| remains to be calculated. Once
again, with a little help from Mathematica to compute the integral, we

obtain )
) 9.\ 2 -1
c p— dt pr— —_—,
llgel (/qc ) Vo

Writing everything together,

det' MMy ' =

28 e P2
V2r V=

Now, for A = 07, f — 400 we can write

Im[Tre 4] ~ eBA1+ ON). (3.12)
Im[Tre—BH] ~ Im[e—ﬁEo(A)] _ Im[e—B(Re[Eo()\)}+iIm[E0(>\)])]‘

Since the imaginary part of Ey is exponentially small in the A limit,

e FImIEN] — cos(BIm[Ey(N)]) — i sin(BIm[Eo(N)]) &~ 1 — iBIm[Eo (V)]
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and so
Im[Tre 1] ~ —BIm[Ey(\)]e PRFON] © — 8e=8/2Im[Ey (V)]

Therefore, if we plug this expression on the lhs of (3.12) we obtain the
desired result,

1

e3x

v

To reproduce equation (3.4} , the asymptotic behaviour given by the per-
turbative method, we just have to put the result we just obtained in the
dispersion relation, equation , and compute the integral, as we said at
the beginning of the section:

Im[Eo(\)] = (140(N). (3.13)

1

Y 1
d/\’ = / dN =
/ )\l n+1 \/ﬂ\/_i)\/( )n+1

1
6\ 2
= (—1)"*! (ﬁ) r (n + %) 3", (3.14)
The evaluation of this last integral is straightforward, recalling the definition
of the gamma function.
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Chapter 4

Conclusions

Many series that appear in quantum field theory are not convergent. How-
ever, they are asymptotic series, and so they grow in a controlled way which
we can describe and obtain analytically. We have studied their behaviour,
and we have seen that we can understand them as an asymptotic expan-
sion of an analytic function. In this direction we have presented the Borel
summation method. Using adequate transformations, we can compute the
sum and obtain a finite result which, as we have mentioned, converges to
the exact result.

In the process we have learned a useful method to approximate integrals
on the complex plane: the steepest descent method. From the idea that
saddle points dominate the behaviour of the integral, we have been able to
obtain a simple formula.

In chapter [3| we have studied the anharmonic oscillator, understanding
it as a field theory in a one-dimensional space time. We have seen that
classical solutions are related to very large order in perturbation theory: if
we can obtain the imaginary part of the energy using semiclassical methods,
Cauchy’s theorem allows us to obtain the coefficients.

Also, path integral formulation of quantum mechanics has allowed us to
use semiclassical methods which can easily be generalised to field theory,
such as the instanton solutions. We have also encountered typical proce-
dures, like the collective coordinates method.

There are many ways to extend this work. We have just given a brief
description of the partition function. We have skipped some calculations,
and we have introduced the Laplace and Borel transforms, but we have not
studied them in detail. In addition, we have presented just one summation
method, and we have not commented its limitations.

It would also have been interesting to obtain the asymptotic behaviour
for the ground state energy of the anharmonic oscillator using perturbation
theory, as well as study the Stokes phenomenon or use Feynman diagrams
for some computations.
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However, I hope to study many of these things in my near future, as
they will appear in some of next year’s lectures.
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Appendix A

Mathematica script

Here we present the script for Mathematica that calculates the A, terms
of chapter 3, from equation . We have included the result for the first
10 coefficients, which are in complete accordance with the ones presented in
Bender and Wu'’s paper [2].

In[1]:=®(n xy:= 377 exp (—%) A"B(n,x)
In[2):=Pn(n_,x_):=exp (—%) A" B(n, x)
In[3):=Pnml(n_,x_):=exp (—%) A"B(n —1,x)

9 9%n(n,x)

lx4¢nm1(n,x)+i$2¢'n(nvm)_a;,; oz

In[4]:=lhs(n_ ):=Simplify |4 -
HE

In[5:=rhs(n_ ):=A\" (Zg;& A(n —p)B(p, x)) + 3A"B(n, z)

mf6):=B(n_,x_):=>3"(=1)"z*B2i(n,j)/in > 0
In[7:=B(n_,x ):=1/;—-05<n<05
m[g:=B(n_,x_):=0/;n <0

In[9]:=Amax = 10;

In[10:=sols = {};solsA = {};

Do[{temp = Solve[Coefficient[lhs(o)), z, ox] =

Coefficient[rhs(o)), z, ox], If[ox > 0,B2i (oA, %) , A(o)]][[L, 1],
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Iffox > 0, AppendTo[sols, temp/. sols/. solsA],
AppendTo[solsA, temp/. sols]] }, {0, 1, Amax}, {ox, 40), 0, —2}]
In[11):=solsA
160 128 >

Ouli1={ A1) = 3, A(2) » ~ 2 A(3) » 55, A(4) » 3055

7 4 7 467
14(5) — 9%2%?1,14(6) — __65?52401714(7) N 2 233286 37

1030495099053 54626982511455
AB) = — gm0 A9) = g

6417007431590595
A(10) = - 262144 }



