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Abstract

Letr > 2 and £ be primes. In this paper we study the mod ¢ Galois representations attached
to curves of the form y" = f(x) where f is monic and has coefficients belonging to the
rth cyclotomic field. We provide conditions on the coefficients (and degree) of f which
allow one to verify the mod ¢ image is large outside of a (typically small) finite explicit set of
primes. We allow all values of r for which the rth cyclotomic field has odd class number. This
appears to be the first explicit result for abelian varieties of dimension greater than two and
not of GLy-type which allows the ground field to have unramified extensions. To determine
the exact image we study the “endomorphism character”, a certain algebraic Hecke character
which generalises the CM character. This is achieved in entirety when r = 3. To the author’s
knowledge, this is the first accurate description of the full image in the literature. Finally, we
give several examples with genus ranging from 10 to 36. Applications to the Inverse Galois
Problem are also included.
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1 Introduction

Let r be a prime number and ¢, a primitive r-th root of unity. In this paper we study mod ¢
Galois representations attached to superelliptic curves

C:y" = f(x) € QIx].

We produce criteria for the mod ¢ image to be “large” outside a small finite explicit set for
r > 3 and Q(¢&,) with odd class number. Our methods allow us to produce explicit examples
with small coefficients; for example for d € {12, 18, 24} the curves

y3 —§3271y2—;°32y =x? 4 x4! +7x3+14x2—|—45§371 (1.1

where m = 1 — ¢3 have large image outside of a finite set of primes listed in Sect. 7.1. Note
that here we have taken a translation of the usual model, the corresponding curves listed in
Sect. 7.1 have the standard superelliptic model as do the other examples listed there.

In recent years there has been much work on finding explicit examples of abelian varieties
over Q with trivial endomorphism ring and large mod ¢ images. This has seen considerable
success for those of low dimension. For example, [10] provides an algorithm which for
such abelian surfaces returns finitely many ¢ where the representation is not surjective. The
paper [2] gives a genus 3 hyperelliptic curve with the images of the mod ¢ representations
being as large as possible for all £. Their methods require the curve to have everywhere
semistable reduction. This is in contrast to our approach and that of [1] where primes of bad
potentially good reduction play a crucial role.

In [1], the theory of clusters [12] is employed to determine the images of certain inertia
subgroups. The authors of [1] then construct a genus 6 hyperelliptic curve with mod ¢ images
as large as possible for all primes £. To do this the Chinese Remainder Theorem is applied
which in turn leads to the coefficients of the resulting hyperelliptic curve being large. Our
method, however, uses A,—regular curves [11]. This has a significant advantage in that the
coefficients may be taken to be relatively small which allows the verification of large genus
examples.

We also note the above references all require the ground field of their curves to have no
unramified extensions, whereas we allow Q(¢,) with odd class number.

The image of a mod £ representation attached to the jacobian of a hyperelliptic curve
is well-known to lie inside GSp,,(¢), where g is the genus of the curve. Indeed, for any
principally polarised abelian variety A/K the Weil pairing (, ) : A[€] x A[£] — F; provides
a non-degenerate symplectic pairing, which G, the absolute Galois group of the ground
field, preserves up to similitude. The similitude factor is given by x, the mod £ cyclotomic
character, that is, for P, Q € A[¢] and 0 € G the relation (o (P), o (Q)) = (P, 0)*t(®) ig
satisfied.

Furthermore, for £ # 2 there are no additional restrictions for a hyperelliptic curve with
trivial endomorphism ring. Thus, as the cyclotomic character is surjective (over QQ), it suffices
to show the mod £ image contains the isometry group Sp,, (¢) to conclude the representation
is surjective.
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The situation is radically different when A/K has non-trivial endomorphism ring. First,
G g must normalise the endomorphisms of A and further commute with those that are defined
over K. Second, and more subtly, the action of the endomorphism ring on the space of regular
differentials ©2' (A) comes into play. This is discussed at length in Sect. 6.

Let us expand upon what the above conditions mean in our situation, where J = Jac(C)
is a superelliptic jacobian J /Q(¢,) with endomorphism ring End(J) = End@(J ) EZ[¢ ]

First, End(J) is generated by the automorphism [¢,]: J — J which arises from the
automorphism on the curve sending (x, y) — (x, {-y). This map preserves the Weil pairing
(see Lemma 3.7). It follows that the image of Gg,) is contained in the centraliser of [¢;]
inside GSp,, (€). The structure of this group is discussed in Sect. 3.2.

We say the image of p¢: Gq,) — Aut(J[£]) is large if it contains the largest perfect
subgroup of the centraliser of [¢] in GSp,, (¢), or equivalently, the limit of its derived series.
In the case of hyperelliptic curves (defined over Q), this means exactly that p¢(Gg) contains
Spy, (£). We give a similar down to earth description for superelliptic curves in Sect. 3.3.

In fact, we prove the following theorem (see Sect.7 for a more detailed statement). We
note the class number of Q(¢,) is non-trivial precisely when r > 19 [24]. Our notation for
the various groups listed in the theorem below is detailed in Sect. 3.1. The powers on the
groups refer to direct products.

Theorem 1.2 (C Theorem 7.2). Let d > 12 be a natural number divisible by 2r which is also
the sum of two distinct primes q1 < q2.

Suppose there exists a prime qy < q3 < d. If r > 23 assume the class number of Q(¢,)
isodd and d = q3 + 1.

Letn = rzfgl. Then given a polynomial f € Q(¢,)[x] of degree d whose coefficients satisfy
certain congruence conditions, the image of the representation pg: G,y — Aut (J[£])
contains

e SL, (Zi)% if i the inertia degree of € in Q(¢,) is odd; and
. r—1
o SU, (61127 ifi the inertia degree of £ in Q(,) is even

for all £ outside of a finite explicit set.

Identifying the exact image of p, is a more arduous task. We do this completely forr = 3
using the endomorphism character studied in Sect. 6 (see also Theorem 7.5). As far as the
author is aware, this is the first time images of such representations have been correctly
identified.! The images of the mod ¢ representations coming from the examples in (1.1) are
(outside the finite set of £ listed in Sect. 7.1):

pe(GQy)) = GLd_z(E)%‘6 X (x¢) for£ =1 mod 3, and
pe(Goy)) = GU(JZ,Z(E)%’6 X (xe¢) for£ =2 mod 3.
The notation here is as follows
GL,(0)*" = {0 € GL,(¢)| det(o) € (a’, b)}
where a generates I} and b € I} has order ¢; and
GU,(0)*" = {0 € GU,(¢)| det(o) € (a’, b)}

where a generates (IE‘Z?Z)K_1 and b € Fy, has order 1.

! Upton considers curves of the form y3 = f(x) with f € Q[¢3] of degree 4 [36]. However an oversight
when taking the determinant leads to the wrong image being stated.
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In Sect.2 we define representations p; of Gg,) for A|¢. For £ = 1 mod r, the maximal
image of the p;(Gqy,)) is GL, (£), where n = r2_gl and g is the genus of C. Whenever the
image of py is large, p; surjects (Proposition 6.11, see also Theorem 7.3). The examples in

(1.1) thus also satisfy

p2(Ges)) = GLg_2(£) for £ =1 mod 3.

For £ = —1 mod r, the maximal image of the py(Gq(,)) is AU, (£), the similitude
group of a non-degenerate unitary pairing. However this upper bound is not achieved for all
£, though we can list values of £ for which it is (Proposition 6.12, see also Theorem 7.4). The
examples in (1.1) satisfy

p1(Gey)) = AUg_2(€) for £ = 5,29 mod 36.

In Sect.3 we give the relevant background on group theory. Including a discussion of
centralisers in the symplectic group and the restrictions they impose on the Galois images,
the classification of maximal subgroups of certain classical groups and products of classical
groups. The classification of maximal subgroups uses modern tools from group theory. We
believe these tools may be of significant use to number theorists studying questions related
to images of Galois representations.

Section 4 gives local conditions on f which in turn provides a reasonably comprehensive
description of possible inertia subgroups.

In Sect. 5, we use local Galois groups to rule out the images of the p; being contained in
maximal subgroups.

Section 6 reviews well-known results on algebraic Hecke characters and explains their
relevance to our setting in identifying the exact image of Galois. Several examples are given.

The last section ties together results from the previous sections and gives a method for
constructing superelliptic jacobians with large images outside a finite explicit set of primes.
We then finish by giving a number of examples.

2 A-adic representations

Fix distinct primes r, £. Let f € Q(¢,)[x] be a polynomial of degree d > 5 without repeated
roots. The jacobian J of the superelliptic curve

C:y =fx)

has a natural endomorphism [¢,]: J — J which arises from the map on C defined by
(x,y) — (x, & y). This endomorphism realises Z[{,] as a subring of End(J). For the ease
of exposition, let us assume the endomorphism ring End(J) is isomorphic to Z[¢,]. In order
to study the representation of the absolute Galois group G¢,) on J[£], the £-torsion of J,
we first study A-adic representations of Gqc,) associated to J, where A|£ is a prime above £
in Q(¢&,). Let us introduce these now.

The Galois group G,) acts continuously on the Tate module 7;(J), which gives rise to
a Qg-representation,

peeo s G,y — Aut (Vp)

where Vo (J) = T;(J) ® Q. The action of the endomorphism algebra End®(J) = Q(¢&) on
Ve(J) is compatible with that of Qy, allowing us to view V;(J) as a Q(&-)¢ = Q&) ® Qq-
module. The idempotents giving rise to the decomposition Q(¢,), = ]_[)L| ¢ Q(&); thus
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induce a decomposition V, = HM ¢ V. As the endomorphisms of J are defined over Q(¢,),
the idempotents commute with the action of Ggc,) on V¢(J), leading to representations

Pt G,y = Autge,), (Va),

one for each A|€. We call these A-adic representations.

The dimension of each of the vector spaces V), over Q(¢,); isequal ton = rzfgl, [28, Thm
2.1.1]. This entails that V; is a free Q(&,),-module of rank n. In order to prove our main
results, one may assume n > 10 throughout. However, many of the results presented here
hold for smaller values of n and we indicate these as we go along.

As with V;, we may view Ty as a Z[{,] ® Zg-module. Since Z[¢,1,:=Z[¢] @ Zy is a
product of discrete valuation rings it follows from the above that 7 is a free Z[{,],-module
of rank n [28, Prop 2.2.1]. The module Ty = T¢ ®z(¢,1, ZI&:], is then a lattice in V), and
setting J[A] = Ty ®zj¢,], ki, where k; is the residue field, we obtain a representation

P : GQ(Q) — Aut (J[A]).

The image of this representation will be of central interest to us. In fact, the subgroup G, =
0,.(GQ(z,,)) of the image will be of even greater importance.

Work of Shimura [32, §11.10], [28, Thm 2.1.2] shows the system of representations
(pp), 1is a strictly compatible system of Q(¢,)-rational representations. Let us recall what
this means.

Definition 2.1 We say that a collection of representations py: Gg,) — GL,(Q();)
(one for each prime A of Q(¢,)) forms a strictly compatible system if there exists a finite set
S of primes of Q(¢,) such that

e any p;c is unramified outside of S U S; (where £ is the rational prime below A, and S,
contains the primes above £ in Q(¢&));

e foreach p ¢ S, there is a monic polynomial P, € Z[,][x] whose image in Q(g,); [x]
coincides with the characteristic polynomial of pyc (Froby) for any A whenever p ¢
SUS,.

The set S in our case is taken to be the primes of bad reduction for J/Q(¢;).

It is clear from the above definition that the system of representations (det opy); is also
strictly compatible. Each representation in this family is abelian, and so by [29, §1.1, Prop
1.4] (see also [28, Thm 2.13], [17, Main Thm]) there is an algebraic Hecke character 2 of
Q(¢r) with values in Q(¢,) such that for every prime A of Q(¢;), the A-adic avatar (see §6.1,
or [29, §0.5]) 2, equals det op;oc. We call Q2 the endomorphism character. In Sect. 6, we
shall study €2 in detail and describe the mod X images of its A-adic avatars.

Finally, the following proposition will be useful in understanding the action of the inertia
groups.

Proposition 2.2 Let G be a group, E/Q a finite Galois extension, n > 1 an integer and V
an (E @ Qp)[G1-module such that the underlying E ® Qg-module structure is free of rank
n. Let 0 denote the corresponding representation 0 : G — Aut(V). Decompose V as above
into ]_[)\| ¢ Va where )\ runs through the primes above € in E and label the corresponding
Ej.-representations of G by 6*.

Suppose that 6 may be realised over E C E ® Qg (where the inclusion is given by
o +— o ® 1). Then for each A, there is an embedding t: E — E; such that for any g € G,
we have 0*(g) = 07(g). That is, after fixing appropriate bases, the matrix 0 (g) is equal to
the matrix obtained from applying T to the entries of 0(g).

In particular, for A, X' primes above £ we have 6" = 6*)Y for some y € Gal(E/Q).
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Proof Let us begin by fixing an isomorphism ¢: E ®qg Q¢ 5 ]_[,\| ¢ E.. By the Primitive
Element Theorem, we may write E = Q(«) for some o with minimal polynomial f. Writ-
ing f(x) = fi(x)--- fr(x) for the factorisation of f(x) over Qg, we have p(a¢ ® 1) =
(a1, ..., ar) where «; is aroot of f;(x) in @[ [25, pp. 163].

Now, by assumption, there is a basis vy, ..., v, of V with respect to which 6 takes values
in E. Let e, denote the idempotent which cuts out V;, from V. Itis easy to see ey vy, ..., €xVy,
form a basis of V,. Let t: E — E, be the embedding satisfying t () = e, (o ® 1).

Letg € G.Wehave g-v; = ) ¢(Bi,; ® )v; for some §; ; € E. The claim now follows
by considering

g () =el(g v)=e. Z(ﬂ(ﬂi,]’ ® Dv; = Zf(ﬁi,j)ewj-

3 Group Theory
3.1 Classical groups and their automorphisms

Let i € N5¢ be a natural number and V be an n-dimensional vector space over F,. We
denote the group of I -semilinear invertible transformations of V by 'L, (£").

Let (,): V x V — I, be either identically zero, a non-degenerate symplectic pairing or
a non-degenerate unitary pairing. We note the last case may only occur if i is even.

We call a semisimilarity any element t € I'L, (€% for which there exists x(t) € F i
o € Aut(F,i) such that

(tv, Tw) = x (V) (v, w)?

for all v, w € V. The set of semisimilarities forms a group I". The similitude group A < I'is
the subgroup for which o is the identity. This group coincides with ' N GL,, (¢') [18, Lemma
2.1.2 (iv)]. The isometry group I < A is the subgroup which preserves (, ); thatis the T € A
for which x(r) = 1. We denote the kernel of det: I — F, by S. If (,) is identically zero,
let A = I'(t) where ¢ is the inverse-transpose map u —> u~ ! . Else let A = T.

When (, ) is a unitary pairing, AU, (£1/2) denotes the similitude group, GU,, (€172 the
isometry group, and SU, (£/2) the kernel of the determinant map det: GU, 0 2y > F i If
(,) is identically zero, the similitude and isometry group coincide with GL,, (¢/). When {, )
is symplectic the similitude group is denoted by GSp,,(¢'). In this case the isometry group
Sp, (£%) consists of determinant one matrices.

The above defines a natural chain of groups

S<I<A<T <A

This chain is A invariant, that is, each group is normalised by A.
The group of scalar matrices isomorphic to ¥, is a normal subgroup of A. This allows us

define X the reduction modulo scalars for any group X in the chain above.
For simplicity suppose £ > 5 and n > 4. Then we have the following.

Theorem 3.1 [18, Theorems 2.1.3 and 2.1.4] S is a non-abelian simple group and its auto-
morphism group Aut(S) equals A.

References to both original and modern proofs of the above may be found on page 16
of [18].
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Combining the above theorem with the well-known lemma below gives us a corollary of
great importance for Sect. 3.5.

Lemma 3.2 Let S be a non-abelian simple group. Let S < H < Aut(S) where § is identified
with its inner automorphism group. Then

Naws) (H) = Aut(H)
via the canonical map.
Corollary 3.3 Let § < H < Aut(S), n > 4. Then if

e S = PSL,(¢), every automorphism of H is of the form u — (MuM~")% or u
(Mu="M~1)7 where M € PGL, (¢') and o € Aut(F ).

e S = PSU,({!/?), every automorphism of H is of the form u +— (MuM=1° where
M e PGL, (¢") normalises S and o € Aut(F:).

We will make use of the following lemma in Sect. 5.3.

Lemma3.4 Ler M € GSp,, (£9), then ¢, the minimal polynomial of M, satisfies

_ox® X (M)
¢(x)_x(M>g¢( x )

Proof Wehave MT BM = x(M)B, where B represents (, ) with respect to some basis. Using
this we obtain the following:

det(M — xI,) = det(BMB~! — x1I,)
=detM T x(M) — xI,)

= x28 det(M)~" det(M — wln).
X

The determinant of M is equal to x (M)# [18, Lemma 2.4.5], so the result follows. ]

When necessary we shall write a subscript on the determinant map det,: to emphasise the
determinant is being taken with the underlying vector space viewed over F;.

3.2 Centralisers in the symplectic group

In the next subsection, we will see that the automorphism [{] of J preserves the Weil pairing
and commutes with the action of the Galois group Gg,). Recall that in Sect. 2, we defined
subrepresentations

pi: Goe,) = Aut(J[AD)
in order to help study the representation attached to the £-torsion
pe: Goe,) = Aut(J[€]).

In this subsection we will lay the purely group theoretic foundations needed to give a rough
“upper bound” for the images of the above representations. That is, we shall now describe
the centraliser of an element of prime order r # £ and trivial determinant in GSp,, (£).
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The description of these centralisers is due to Wall [37], see also [5, Chapter 3.4.1]. Giving
this description will rely upon various other facts about the classical groups and we will recall
these as we go along, our main reference for these is [18].

Let § € Sp,,(¢) be an element of prime order r # £ which fixes no non-zero vector. Let i
be the least positive integer such that IF,; contains r-th roots of unity, equivalently, the inertia
degree of £ in Q(¢,).

If i is odd, the characteristic polynomial of ¢ is of the form

@16 ... (i)™

where each ¢; is irreducible of degree i and ) ; is the polynomial whose roots are the
multiplicative inverses of the roots of ¢;.
If i is even then the characteristic polynomial of ¢ is of the form

aj a
P

and each ¢; is irreducible of degree i and has coefficients fixed by the involutory automor-
phism of ;.

In the following we let G.n denote some extension of a group G by a cyclic group of order
n. We note also that as 1 is not an eigenvalue of ¢, there is no Sp, (¢) factor as appears in [5]
(See [5, Prop. 3.4.3]).

Theorem 3.5 [5, Remark 3.4.4], [37, Page 36] The centraliser of ¢ in Gszg (0) satisfies

Casp,, () (§) = Csp,, () (E)(X) = Csp,,(0y(8).(€ = 1)

where x acts as a similarity on each factor in an orthogonal decomposition fixed by ¢.
Furthermore if i is odd, then

CSPQg([)(C) = GLa] (E’) X +oe X GLa,(Ei),
if i is even, then

Csp,(0(8) = GU,, (€7%) x - -+ x GU,, (£'/?).

We will need to switch between the mod ¢ and mod X representations. Doing this amounts
to understanding how the centralisers embed in GSp,, (£).

Let us first consider i odd. In this case, using the characteristic polynomial, one can show
¢ fixes an orthogonal decomposition of the form

U1 @UF DL LUt @ Uiy ) L LU @ U DL - LUsg @ US,)

where each {Uj x, Ujf &) 1s a pair of totally isotropic (¢ )-irreducible spaces of dimension i
such that U; @ Ujfk’ « 1s non-degenerate [5, Prop. 3.4.3]. Furthermore

U; = Uj,1J_---J_Uj,aj
is equal to the sum of eigenspaces of ¢ with eigenvalues the roots of ¢ ;. Likewise
* __ prk *
U; = Uj’lJ_n-J_Uj,aj

is equal to the sum of eigenspaces of ¢ with eigenvalues the roots of ¢ e
An element in the centraliser of ¢ must preserve each of the U; and U. In fact, viewing
U; and UJ*.‘ as aj-dimensional spaces over I, an element of Csng @ (¢), the centraliser of
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g in szg (£), has, with respect to a suitable basis, a matrix on U; ® Uj’." of the form

A . ;
(0 A(ET) with A € GLg, (¢').
This describes an embedding GLaj 0y — Sp2a/_(€i ) < Gszaj (¢1), which may be fol-
lowed by embedding Gszai 0 — GSPzia, (¢). Running over all j we find Csng(g)({) <
GLyg, (£7) x - x GLg, ().

To correctly identify the image of Galois we need to go one step further and describe the
centraliser of ¢ in GSp,,(€). AsU = Uy @ --- @ U; and U* = Uy @ --- @ U;" are both
totally isotropic and U @ U* is non-degenerate, an element which acts as a scalar on U and
the identity on U* belongs to the similitude group GSp,, (£). In particular, if (1) = F7, then

ulg O
0 I,

together with Sp,, (¢) generate GSp,, (£).

The similitude factor x of GSp,,, (¢') agrees with that of GSp,; a; (£) on elements whose
image lie in Iy [18, Lemma 4.3.5]. Thus by restricting the action of the above element to

Uj @ U7, we find
,LLIuj 0 A 0 . i
( 0 Iaj> and <0 A-T with A € GL,; (¢')

belong to the centraliser of ¢ on U; & U;f‘. Ranging over j, we deduce CGsng(g)(;“ ) =

Csp, (&) > (X)-
Recall that when i is even, the characteristic polynomial of ¢ is of the form

o7 ..
and each ¢; is irreducible of degree i and has coefficients fixed by the involutory automor-
phism of ;. In this case, ¢ fixes an orthogonal decomposition of the form

Uil 1Upg Lo LU LUy

where each U x is a non-degenerate (¢ )-irreducible space of dimension i [5, Prop. 3.4.3].
Furthermore

Ui=Ujil---LUjq

is equal to the sum of eigenspaces of ¢ with eigenvalues the roots of ¢;.

An element in the centraliser of { must preserve each Uj;. In fact, viewing U; as an
a j-dimensional space over Fi, an element of Csng ) (¢), the centraliser of ¢ in Sp2g ),
preserves, when restricted to U, a non-degenerate unitary pairing. Thus there is a clear
containment

Cpyy(6(¢) < GUq, (E/7) x - x GU,, (£7).

Let us describe the structure of CGSng (¢)(¢) and give an indication of how the GU, 01/
factors are embedded into Sp,, (£). This will be useful later when studying the image of our

Galois representations in the quotient GU, (¢//2)/ SU, (¢/?).
Let(, )z: U;xU; — F, denote the unitary pairing from above. Let u € F%; be an element

sent to zero under the trace map T: F,i — /2. Then the map T (/L(, ):) :UjxUj — Fyip
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is a symplectic pairing [18, pp. 117-118]. This provides us with an embedding of isometry
groups GUy;, €12y — szaj (¢/2). In fact, as the image of the similitude group AU, €1/ of
{, )¢ under the multiplier lands in IFi /> [18, pp.23], we also obtain an embedding of similitude
groups AU, (£1/%) < GSpZaj(e"/z) [18, pp.118]. Finally one embeds GSpy,, (€1/%) into
GSp; a (£) < GSp, (¢) in the usual way. As the multiplier x; of AU, (012 agrees with that
of GSPzaj (€1/%), we have that if o € AUa/(Ei/z) satisfies xy(0) € Fy, then xz(0) = x (o),

where x 1s the multiplier of GSPia; (¢) (and GSp,,(€)) [18, Lemma 4.3.5].

The following corollary of Theorem 3.5 is of particular interest to us. We note that by H'
for H a group and ¢ > 1 a natural number, we mean the direct product of ¢ copies of H.

Corollary 3.6 Letn = 28 Suppose the characteristic polynomial of { € GSp,, () is

=1
G D
If i the inertia degree of € in Q(¢,) is odd, then
Cspa(0) () = GL (€)'

where 2t is the number of distinct primes above £ in Q(¢,).
If i is even, then

Cspy,(0)(§) = GU, (£
where t is the number of distinct primes above £ in Q(¢,).

Proof Immediate by Dedekind-Kummer and Theorem 3.5. O

3.3 Restrictions on the image of p,

We shall now use results of the previous subsection to describe restrictions on the image of py.

Further restrictions will be analysed in Sect. 6. Throughout this subsection we set n = rzfgl.

Lemma 3.7 The linear map induced by [¢] on J[L] is invertible and preserves the Weil
pairing.

Proof The inverse of [¢] is given by taking its complex conjugate [Z,]. Indeed, as the eigen-
values of each of these maps are units they always induce non-singular linear maps modulo
any given prime.

Standard properties of the Rosati involution [23, pgs. 189, 192] along with Albert’s Clas-
sification [23, Thm. 2, pg. 201] give us the following equality:

(1P, [£1Q) = (P, [&11£1Q) = (P, Q) for P, Q € J[{]

where (, ) denotes the Weil pairing in the above equality. O
Lemma 3.8 The characteristic polynomial of [,] acting on J[€] equals T x+ )M

Proof The characteristic polynomial of [¢,] on Ty (J) equals (x" 4.4 x + )" Indeed,
by [19, Thm. 3.6] and [33, §5 Lemma 1, pg. 35] the representation of EndO(J) onVy(J)isa
sum of a multiple of the reduced representation of Q[¢,] = End®(J) and a O-representation.
However, as 1 € Q[¢-] = End®(J) does not kill any torsion points, we see there is no
O-representation. The claim for 7,(J) then follows by restricting to [¢-] and for J[{] by
reducing modulo £. O

@ Springer



Superelliptic curves with large Galois images Page 110f46 56

Recall that we use y, to denote the mod £ cyclotomic character.

Theorem 3.9 Ifi, the inertia degree of £ in Q(&,), is odd, then the image of py: Gg(,) —>
Aut (J[£)) is contained in a group isomorphic to

GL, (€ (xe)

where 2t is the number of distinct primes above £ in Q(¢,).
Ifi is even, then the image of pe: G,y — Aut (J[£]) is contained in a group isomorphic
to

GU, (€% (xe)
where t is the number of distinct primes above £ in Q(¢,).

Proof Immediate from Theorem 3.5, Corollary 3.6 and Lemmas 3.7 and 3.8. O

We note that there are further restrictions on the image of the mod ¢ representation, as
will be discussed in Sect. 6.

Theorem 3.10 The image of pe: Gqq,) — Aut (J[£]) is contained in GL, (€Y if i is odd
and AU, (¢1/%) ifi is even.

Moreover, the subgroup G = IO)»(GQ(CNZ)) is contained in GL((Zi) ifi is odd and GU,, (@i/z)
if i is even.

Proof By Dedekind-Kummer, we may write > = (£, ¢(¢,)) for ¢ some irreducible factor of
@, modulo ¢. Thus the action of [£,] on J[A] = T) /AT, satisfies ¢ ([£-]) = O (recall that
by abuse of notation we use [¢,] to denote both the endomorphism of J and the linear map
it induces on J[A]). As ¢ is irreducible, it coincides with the minimal polynomial of [¢,] on
JA].

Let )| be a prime above £. Write ' = (£, ¢’). If ¢ has a root in common with ¢’, then
by irreducibility ¢ = ¢’ and so A = A’. Thus by a dimension count, it is easy to see that the
sum of eigenspaces (over Fy) of [¢,] with eigenvalues roots of ¢ is J[A].

Hence, the discussion in Sect. 3.2 implies that p (G,)) is contained in GL,, (e ifiis
odd, and in AU, (£/%) if i is even. Moreover, it shows p1(GQ,,)) is contained in GL, hH
if i is odd, and in GU,,(£/%) if i is even. O

Since the image of the mod ¢ cyclotomic character sits diagonally in the action of
pe(GQ,)) on the J[A], we see the task of determining p¢(Gqy,)) is really to determine
the G;,. We break this down into two parts: first showing G;, contains SL,, (¢/) for i odd (resp.
SU, (¢//?) for i even), and then identifying det,i (G3,).

Since SL, (¢') (resp. SU, (¢/?)) is perfect for n > 3 and £ > 5, it suffices to prove
01(GQ(¢,)) contains SL, ) (resp. SU, (£1/2y) for i odd (resp. even) to accomplish the first
part.

To achieve this we study the maximal subgroups of GL, (¢') and AU, (¢//?) in Sect. 3.4.
The image of inertia subgroups are then used to rule out the containment of py (Gg,)) in
any maximal subgroup which does not contain SL, (¢') when i is odd and SU,, (¢!/?) when
i is even. Our method for proving primitivity is dependent on unramified extensions of the
base field, see Sect. 5.2. For this reason we work with o (Gq,)) rather than G, directly.

Let us now return to the definition of large used in Sect. 1. There we said the group
pe(GQ(,)) was large if it contained the limit of the derived series of C GSpag (O) (&r). It follows
from Corollary 3.6 that this definition is equivalent to the following:
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Definition 3.11 When i is odd, we say the image of p): Gg(,) — Aut(J[£]) is large if
pe(GQ(,)) contains SL, (€)' where 2f is the number of distinct primes above £ in Q(¢;).

When i is even, we say the image is large if p;(Gg,)) contains SU,, (12" where ¢ is
the number of distinct primes above £ in Q(¢;,).

For convenience, we make the definition:

Definition 3.12 We say G, is large when i is odd if G, contains SL,(¢'). When i is even
we say G, is large if it contains SU,, (0172,

3.4 Maximal subgroups of classical groups

In this section we will prove the necessary results concerning maximal subgroups of classical
groups. For our applications in Sect. 7, we could, strictly speaking, get away with using
results of Zalesskii and Serezkin [40] which concern maximal subgroups of classical groups
containing transvections. However, we prefer to give a classification of maximal subgroups
containing a broader class of elements using techniques from modern group theory.

Our main reason for doing this is to provide the reader with alternative ways of constructing
superelliptic curves with large Galois images should they desire it. Indeed, the reader will
see that the tools provided by modern group theory allow one to easily classify maximal
subgroups containing certain classes of elements.

Let S be one of SL, (¢'), SU, (¢//?), Sp,(¢/) where n > 4, and G be a group satisfying
S < G < A (where A is as in Sect. 3.1). For T € G, we define

v(7) to be the codimension of the largest eigenspace of 7.

For example, a transvection t satisfies v(t) = 1. Indeed, the condition v(7) = 1 is equivalent
to there being a constant i € Iy such that T — w1, has rank one, and for a transvection we
may simply take i = 1. In this section we shall give a description of maximal subgroups of
G which contain an element t of odd prime order with v(7) = 1.

To accomplish this task, we make use of the seminal work of Aschbacher [3], that of
Kleidman and Liebeck [18], and of various other group theorists in recent times. Indeed,
the maximal subgroups of G have been shown to belong to one of eight natural geometric
collections Cy, ..., Cg or an exceptional set S.

Our first lemma will show any subgroup H < G containing an element of the above form
cannot lie in C3, C4, Cg or C7. For this reason we do not give a description of these families.
On the other hand we now give a rough description of the groups belonging to C1, C2, C5 and
Cg along with the geometric structure they stabilise.

Cj Structure stabilised Rough description in GL, «h
Cy Non-degenerate or totally singular subspace Maximal parabolic
Cy Decompositions of the form V = @]]‘»:1 Vi, dmV; =a GL, (Z’.) LSk, n =ka
1
Cs Subfields of F; of prime index b GL, (£ E.)’ b prime
Cg Non-degenerate classical forms GSp, (£"), n even

GO, (£), £ odd
GU, (£1/%), i even
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These families are referred to in the following way: C; reducible subgroups; C2 imprimitive
subgroups; Cs subfield subgroups; Cg classical subgroups.

Lemma 3.13 Let G be as above, with n > 4 and suppose T € H < G has odd prime order
and v(t) = 1. Then H is contained in a maximal subgroup of type C1, C2, Cs, Cg or S.

Proof We shall work through the subgroups of type Cs, C4, Cs, C7 successively showing ©
cannot be contained in any of them.

We start with Cs, the field extension subgroups. As v(t) = 1, the Jordan normal form of
T cannot be that of a field extension subgroup [20, Lemma 4.2]. Hence H ¢ Cs3.

For C4 subgroups we use [20, Lemma 3.7] which tells us that an element with v(t) = 1
cannot preserve a non-trivial tensor decomposition. Thus H ¢ Cs.

Subgroups of type C¢ may be dealt with using [6, Lemma 6.3], which states that any
element o belonging to a Cg type group must have v(c) > n/4. Asn > 4,and v(7) = 1, we
deduce immediately that H ¢ Cs.

Finally, we deal with subgroups of type C; by appealing to [6, Lemma 7.1]. Here, again,
the fact that v(t) = 1 would force n = 1, but n > 4 so this is not possible. Hence H ¢ C7.0

The groups belonging to S are known to be, modulo scalars, almost simple and act abso-
lutely irreducibly on the underlying vector space. However a full list of possible groups in S
is unknown. Nevertheless, results of Guralnick and Saxl [16] allow us to discount all groups
appearing in S.

Lemma3.14 Let £ > 5 and G be as above withn > 8 (and n # 10 if S = Sp,(£)). Suppose
t € H < G has odd prime order and t — I, has rank one. Then H belongs to a subgroup
of type Ci, C2, Cs, or Cs.

Proof By Lemma 3.13 and Theorem 7.1 of [16] (see also [7, Table 2.3] for the exception
when n = 10) it suffices to show H is not the alternating or symmetric group of degree either
dim V + 1 or dim V 4 2 with V, the underlying vector space, isomorphic to the fully deleted
permutation module.

Let us argue by the contrapositive. Then any element o of order £ in H has v(o) > € — 3.
Indeed, let F[2] be the corresponding permutation module (from which one obtains V). As
a member of Sym(£2), our element ¢ is a product of £-cycles, and thus as (o )-modules, we
have

F[Q] = Flo]* & F?

for some a, b with a # 0. The only eigenvalue of ¢ is 1 and the above description of F[£2]
shows the codimension of the 1-eigenspace is a({ — 1) > £ — 1. It follows that codimension
of the 1-eigenspace of ¢ on V has dimension at least £ — 3. Thus H does not contain
transvections.

Furthermore, as the symmetric group has only two linear representations, det(V) C {£1}.
It follows that H cannot contain such an element 7. This completes our proof by contrapos-
itive, and hence the lemma. O

The following well-known lemma allows us to translate between the maximal subgroups
of our groups § < G < A and that of their projectivisations.

Lemma 3.15 Let M be a maximal subgroup of G such that MZ(G) = G. Then M contains
S.

In particular, every maximal subgroup M of G not containing S, contains Z(G) and hence
gives rise to a maximal subgroup M of G not containing S.
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As the proof of this lemma is very short, we shall provide it for the reader’s convenience.

Proof We have M > [M,M] = [MZ(G), MZ(G)] = [G,G] > [S,S8] = S, as Sis
perfect [15, Thm. 1.7, Prop. 3.7, Thm. 11.22]. m}

The next two theorems now follow directly from the above and the main theorem of [18].

Theorem 3.16 Let H be a proper irreducible subgroup of G where S = SU, (£/2), ¢ > 5,
n > 8. Suppose v € H has odd prime order and v — I, has rank one. Then one of the
following holds

1. H preserves a (transitive) imprimitivity decomposition of V ;
2. H is contained in a subfield subgroup; or
3. H contains SU, (£/?).

Theorem 3.17 Let H be a proper irreducible subgroup of G where S = SL,(£%), £ > 5,
n > 8. Suppose T € H has odd prime order and t — I, has rank one. Then one of the
Sfollowing holds

1. H preserves a (transitive) imprimitivity decomposition of V;
2. H is contained in a subfield subgroup;

3. H is contained in a classical subgroup; or

4. H contains SL, (¢1).

3.5 Generating products of classical groups

Once we have shown G:=p(Gq,,)) is large, we will need to argue p¢(Gq,,)) is also
large. To do this, we adapt a method pioneered by Serre and Ribet. Our starting point is
Goursat’s Lemma.

Lemma 3.18 (Goursat’s Lemma) Suppose H is a subgroup of a product of groups G1 x G3
such that each projection map surjects H — Gy, Ga. Let Ny (resp. Ny) be the kernel of the
projection onto G1 (resp. G3).

Then, viewing N (resp. Na) as a subgroup of G1 (resp. G2), the image of H in G1/N1 x
G2/ Ny is the graph of an isomorphism ¢: G1/N1 — G2/ Ns.

As we will, in general, have more than two factors to deal with, Ribet’s Lemma will prove
indispensable.

Lemma 3.19 (Ribet’s Lemma [28, Lemma 5.2.1]) Let Sy, . . ., Sk be finite perfect groups. Let
G be a subgroup of S1 X --- X Sg such that each projection G — §; x §; (1 <i < j <k)
is surjective. Then G = S1 x - -+ X Sk.

Lemma3.20 Let S < H be groups satisfying S =[S, S] = [H, H] and writing Z = Z(H)
suppose that S = SZ/Z is a non-abelian simple group and the socle of H = H/Z.
Let N be a normal subgroup of H not containing S. Then N < Z and Z(H/N) = Z/N.

Proof Since N <1 H, the quotient group N = NZ/Z is normal in H. As § is the unique
minimal normal subgroup of H, we have either S <« N,or N =1.If N = 1,then N < Z.
So suppose otherwise, so that NZ > SZ > S. Now, [N, N] =[NZ,NZ] > [S,S] = S.
ButS=[H,H],soS >[N,N].Hence N > [N,N]=S.
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Let us now show the statement about Z(H/N). As Z(H/N) is a normal subgroup of
H/N, its inverse image under the quotient map H — H/N is a normal subgroup of H
containing N. Let us call this normal subgroup K.

If K © §, then K/N would be non-abelian as NS/N is non-abelian. Thus K ;é S
and we may apply the part of the lemma we have already proved to find K < Z. Hence
Z/N D Z(H/N).

The other inclusion is obvious, thus Z/N = Z(H /N) as claimed. O

Recall from Corollary 3.6 that Csng(g)({r) =Gy x --- x Gy where each G; = GL, ()

or GU, ((i/z). In the following, we assume ¢ > 5,n > 4.

Proposition 3.21 Let H be a subgroup of G = Csng(g)(g’,) = Gy x -+ X Gy such that
each projection H; of H onto G contains the commutator subgroup S;. Suppose there
is an element T € H such that its projection onto each G; has exactly one non-trivial
eigenvalue of order r, and when viewed as an element of Sp,,(£) its non-trivial eigenvalues

are ¢y, 4,2, ..., &7V and all of multiplicity one. Then the image of H — G x Gy, j #k,

> Sr
contains Sj X S.

Proof Denote the image of H — G; x Gy by Hji. Let N; denote the kernel of Hj; — Hj
and Ny the kernel of Hj; — H;. We may view N; (resp. Ni) as a subgroup of H; (resp.
Hy). If either N contains Sy (s = j, k), then we are done.

Let us suppose this is not the case. As £ > 5,n > 4 by Theorem 1.2 and [15, Thm. 1.7,
Thm. 11.22], (note Theorem 1.2 also implies Sy is the socle of Hy) we may apply Lemma
3.20. Thus Ny is contained in the centre Z; of H;.

Goursat’s Lemma tells us the image of Hjx in H; /N x Hy /Ny is the graph of an isomor-
phism ¢: Hj/N; — Hy/Ny. As ¢ maps the centre of H;/N; to the centre of Hy /Ny, there
is an induced isomorphism ¢ : H;/Z; — Hi/Z; (by Lemma 3.20 the centre of H/Nj is
Z,/Ny).

Now either G; = Gy = GL, (£") or G, =G = GU,(£/%). Let us suppose for now
we are in the first case. Then by Corollary 3.6 we see that for (h;, hy) € Hji, we have
either by = x(h;))(Mh;M~")7 or hy = x(hj)(Mh;" M~")° where M € GL,(£)), o €
Aut(F,; /Fy) and x: GL, H - [, is a linear character.

Let 7y denote the projection of T to G and & be its non-trivial eigenvalue. The embeddings
described in §3.2 show that when Gy is viewed as a subgroup of Gszg (¢), then, on the
corresponding subspace, T has eigenvalues af , o as o varies over all of Aut(IF,i /Fy). As
the non-trivial eigenvalues of t, when viewed as an element of Sng () are distinct, we see
ay # a;.’, aj_“ for any o € Aut(F,i /Fy).

As t € H, we have by the above that either 7; = X(rj)(MtjM_l)" or T =
X(rj)(Mt;TM_l)“. In either case, we must have x(z;) = 1, because 7; and 7; have

only one non-trivial eigenvalue. These equalities now imply oy = a}’ or aj_“ for some
o € Aut(IF,i /Fy), but this contradicts the above. We conclude Hj; 2 §; x S.

Let us now assume G; = Gy = GU, (€1/2). As above, Corollary 3.3 combined with
Goursat’s Lemma shows that for (2}, hy) € Hj, we have hy = X(hj)(thM_l)”. The
above reasoning also applies to show the non-trivial eigenvalues of 7; and 7 cannot be Galois
conjugate. These statements contradict, proving Hj; 2 S; x S. O

Applying Ribet’s Lemma gives the following:
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Theorem 3.22 Let H be a subgroup Oszng(() (&) E Gy x---x Gy suchthat each projection
Hj of H onto G j contains the commutator subgroup S ;. Suppose there is an element T € H
such that its projection onto each G j has exactly one non-trivial eigenvalue of order r, and
when viewed as an element of Sp,, (£) its non-trivial eigenvalues are &, ;rz, ey rr_l, all of
multiplicity one. Then H 2 S1 X --- x S;.

Proof Let S = S; x --- x S;. Proposition 3.21 shows the image of the projection H N S —
G x Gy equals §; x S for any j # k. Applying Ribet’s Lemma (Lemma 3.19) to H N S
yields the result. O

4 Controlling inertia groups

In this section we continue to let £, p, r be distinct primes. Let F'/Q, be a finite extension
with ring of integers OFr. Denote the discrete valuation of F by v, a uniformiser by 7, and
by Ir < Gal(F/F) the inertia subgroup.

For the convenience of the reader we recall the necessary notation from [11] for the below
theorem.

Let f = Zi’j a,-l,-x"yj € F[x, y] be a non-zero polynomial, which is not a monomial.
The following are Newton polytopes of f:

A = convex hull( ()] | ajj # 0) c R?,
A, = lower convex hull( (i, j, vr(aij))| aij #0) C R* x R.

with A being the ordinary Newton polygon of f. For every point P = (i, j) € A, we have
a corresponding point vp(a;;) € R. This gives us a piecewise affine map v: A — R which
breaks A into 2-dimensional v-faces and 1-dimensional v-edges, the images of faces and
edges of the polytope A, under the homeomorphic projection to A.

Let us write A(Z) for the integer points lying inside A, that is A(Z) = interior(A) N 72,
We write A(Z)” C A(Z) for points that are in the interiors of v-faces, and A(Z)* for those
lying on the v-edges (note AL = A@\AZ)T). For any of the above sets, we write Zj,
as a subscript to indicate the subset of points for which v(P) € Z,.

We shall later state conditions which imply A, —regularity, but we will not define it here.
Instead, we refer the reader to [11, Definition 3.9].

Theorem 4.1 [11, Thm 6.4] Suppose C/F is a Ay—regular curve, and £ # p. For P €
A(Z)Zp define a tame character

Xp: Ir — {roots of unity}, o o (TP v

Let Vt‘zl,’ne, V/9ric pe the unique continuous £-adic representations of I that decompose

over Qg as
Ve =s, P (XP ® X;Tl) . Viee=s @ xe
PeA(Z)pr PeAD),
Then there are isomorphisms of Ir-modules,
Hj, (C Q)i = V(J(C)) it = Vil @ Vil @ Sp(2)

where Sp(2) denotes the 2-dimensional special £-adic representation (see [35,4.1.4,4.2.1]).
In particular, J(C) is wildly ramified <= A(Z)z, & A(Z).

=
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Remark 4.2 The representations V%2 . V/I0i¢ are rational, that is they may be realised over

Q, see the proof of [11, Thm. 6.4].

Remark 4.3 Let us briefly define the representation Sp(2): Ir — GL2(Qy) and give a sub-
group with respect to which it is rational.
For every natural number n fix an £”-th root of unity ¢y such that ;“él +1 = &en. Define the

{-adic tame character t;: [r — Z¢ by 0 — a(nl/zn) = ;éf,(a)nl/[n. Then Sp(2): Ir —
GL>(Qy) is given by
L t(o)
~(o7)-
Clearly the preimage of matrices of the form ( (1) & ), where m € Z, forms a subgroup of I

whose image is rational.

Although we could get away with a less general version of the theorem below, we prove
it in this form for its versatility, and afterwards deduce all cases we actually use as examples.

Theorem 4.4 Suppose C/F is a Ay—regular curve, p # r, £ with Newton polytope A, of
the form:

0,r,0)
Fi Fi
(1,0,1) = (x2,0,h2) = = = = = = = - - - - - - - - (1, 0, hy) ————— (X141, 0, By 11)
where
® g1, ...,q; is an increasing sequence of primes distinct from r and p;
e hy,...,h:, hiy1 astrictly decreasing sequence of natural numbers with h; 1 = 0; and

® X1 =)y qj, inparticular x; = 0.

Let Dg:=hg — hsy for 1 < s < t. Define the symbol y to be 0 if r|xs and 1 otherwise.
Define s = 0 if gshs + Dsxg =0 mod r and 1 otherwise. Then as Ir-modules,

t
Ve e =g, P@iIC, 17 © Q) ® (QIC1* © Qr) @ (QIC,T* © Q)&+t~

s=1
t
Viewe =g, D@l Cr1" © Q&I
s=2

where Q¢[Cy]* means we raise each individual irreducible constituent of Q¢[Cy] to the
power of a.
Moreover, Ir acts tamely on Vy(J(C)) and as Ir-modules,

Ve(J(C) = VL @ VIoriC @ Sp(2).
Note diim V20 4+ 2dim Vi€ = (r — 1)(xp41 — 2 + vi41) =2 8-
Proof Let us begin by looking at the contribution of one face at a time. To simplify notation,
let us work with the face F as labelled below.
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©,r,0)

(x,0,h) (x+4¢,0,h— D)

The points on F satisfy the equation rDX + (gh + Dx)(Y —r) +rqZ = 0. To apply
Theorem 4.1, it will be easier to work with the following extension of F,

(O,r,O)\\ (q,r,—D)

- F

(x. 0. h) (x+¢,0,h— D)

We denote by F the parallelogram obtained by joining F and F'. We shall call an integral
point of Fa point (X, Y, Z) lying on the interior of F (in particular, not on its boundary)
with integral X, ¥ values. There are (g — 1)(r — 1) many integral points on F if r divides x
and g(r — 1) otherwise. If r|x + ¢, then r — 1 of these points lie on the line L connecting
0,r,0) to (x + g, 0, h — D). We call the denominator of an integral point the denominator
of Z expressed in lowest terms. Note the denominator of an integral point divides rq and so
by assumption is never divisible by p. Thus A(Z)z, = A(Z) and J(C) is tamely ramified
by Theorem 4.1.
There is a bijection between integral points on F and F’ given by

(X,Y,Z) < (X,Y,Z) =(x+q—X,r—Y,h— D — Z).

In the notation of Theorem 4.1, for a point P on F, the associated character satisfies xpr =

. Thus to determine the contribution of F towards V%% it suffices to determine the
equlvalences classes of r¢Z modulo rq as (X, Y, Z) ranges over the integral points on F
not lying on L.

Let Z(X,Y) = (gh+ Dx)(r — Y) —rDX. Note Z(X,Y) is an integer if X and Y are,
and (X,7Y, %Z(X, Y)) is a point on F. Suppose X and Y are integers. Then Z(X,Y) =
—(gh + Dx)Y mod r. As Y takes values strictly between O and r, we see Z(X,Y) =0
mod r if and only if —(gh + Dx) =0 mod r and furthermore if —(gh + Dx) 20 mod r
then the equivalence class Z(X, Y) mod r only depends on Y.

Letusnow study Z(X,Y) = (gh+Dx)(r—Y)—rDX modulog.If g|D,then Z(X,Y) =
0 mod ¢ always holds. Suppose ¢ 1 D, then Z(X,Y) = Dx(r —Y) —rDX mod q. As
r D is invertible modulo g, we see for fixed Y value and X ranged over this line on F that the
quantity Z(X, Y) mod ¢ runs over all equivalences classes if r 1 x and all non-zero classes
if r|x.

The line L contains integral points in Fif and only if r|x 4+ g. These points contribute
towards V/9"i¢ if and only if they belong to A(Z), equivalently, x + ¢ 7& Xp+1- The equation
of the line L connecting (0, r, 0) to (x + ¢, 0, h — D) is given by = X+ =Y — [;Eh
Thus we see that if (X, Y, Z) is an integral point on L, then Z(X,Y) = q(Y — r)(D h)
is always divisible by g and Z(X,Y) = qY(D —h) =0 mod r ifandonlyif h — D =0
mod r.

Applying the Chinese Remainder Theorem and Theorem 4.1 concludes the proof. O
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Corollary 4.5 Suppose C/F isa Ay—regular curve determined by the affine chart y" = f(x),
with potentially good reduction and Newton polytope A, of the form given in Theorem 4.4.
Then as Q(&); [IF]-modules,

t qs—1
V(J (O = V(1) =P P @ 1)) @ (ki) Pretren!

s=1 j=I1
where the X, j, X5 (resp. xq,) are primitive characters of order r (resp. gqy).

In particular, if r # £ and no qs equals £, then

t gs—1

j Ds 3 s s s+1—
prlir =D P (g @ x.") & (2Bt~
s=1 j=1

where by abuse of notation, we use the same symbols to denote the reductions of Xs. i, Xs» Xg,-

Proof Theorem 4.4 gives us the isomorphism
Ve(J(C)) it = Vy(J(C)) Z VL, & Vioric @ Sp(2)

where V/9i¢ — () as C/F has potentially good reduction and

tame

t
Vi e =g, P@eIC,1™ © Qo) ® (QIC1* © Qr) & (QICT* © Q)&+ ~!

s=1

(mote y1 = 0and 5 = 1 for2 < s < t). As Vt‘ffr’n . 18 a rational representation (see
Remark 4.2), the corresponding E ®g Q¢ representation V¢ (J(C)) of Ir, may be realised
over E, so we may apply Proposition 2.2 to see that the entries of the matrix representations
of Ir onany two Vy, V;, with A, /|£ differ by applying an element of Gal(Q(¢,)/Q). Sorting
the characters appearing in p¢|;, accordingly gives the required result.

The eigenvalues of p; (o) on T) are the same as those on V;, = T) ® Qy, thus the result
for p; |1 follows by reducing py (o) modulo A and noting p; |, is semisimple as ¢ does
not divide the order of p) (IF). ]

Proposition 4.6 Suppose C/F is a Ay—regular curve, d, h positive integers, p t reh, £ 1 rh,
with Newton polytope A, of the form:

©,r,0)

0,0,h) — (r,0,0) d,0,0)

Then py: Ir — Aut (J(C)[A]) factors through 13¥™. The r-th power of a generator T of
01 (IF) is a transvection. Furthermore, if r { h then t has exactly r —2 non-trivial eigenvalues
all of which are primitive r-th roots of unity, else all of its eigenvalues are trivial.

Proof Let v’ be the extension of v to FY/":=F(x /"), normalised so that v/(x) = r. The
curve C has semistable reduction reduction over F1/” and is A —regular, as can be seen
from the Newton polygon: all points of A(Z) have integer value under v’.

Theorem 3.13 of [11] provides us with a (proper, flat) regular model C/ O’;’l , of C x
(FY/rynr with strict normal crossings. In the notation of this theorem, the inner v’-edge L has
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slopes le = h, sg‘ = 0, and the denominator of every v’-edge and v'-face equals one. The
theorem thus shows the special fibre of C consists of exactly two irreducible components with
positive genus linked by r chains of Pl’s of length & — 1. Furthermore, all components have
multiplicity one. In particular the special fibre C; , is geometrically reduced. The dual graph
of C,;v/ is thus given by two vertices joined by r arcs each consisting of & edges. Proposition
9.6.10 of [4] now applies to show | (ky)| = rh" L.

Applying Theorem 4.1, we obtain an isomorphism of tame Iz1,--modules Vy(J(C)) =
Q;Bz(g AR QP! ® Sp(2). Thus, by Proposition 2.2 applied to an appropriate subgroup
of I/ (see Remark 4.3), we see that for each A, the group p; < (If1/-) contains a transvec-
tion. As £ does not divide |<I>(lzv/)| = rh"!, it follows from [31, Lemmas 1 & 2] that
2 g — dimp, J(C)[Z]IF'/’ =r — 1, thus we see each p) (I1/-) also contains a transvection.

Theorem 4.1 applies to show that as tame Ir-modules Vy (J (C)) = V,‘;l;ne @ V/oricxSp(2)
where V2 = (Q[C,]" © Q)® 2 and V2 = QP ' If r|h, then the claim follows
immediately. Thus suppose r 1 &.

Recall that the action of I on Vy(J(C)) factors through 7 f,‘””e =T1] PEp Z, 126, pp.

410]. Furthermore, the action of 7;*™¢ on Vel factors through a group isomorphic to Z,

. tame
and its action on V/2"¢ ® Sp(2) through a group isomorphic to Z;. In particular, we can
find a subgroup I of I}#™¢ which acts faithfully (and rationally) on vab . rationally on

Vt’;,fl’ef ® Sp(2) and whose image pyoo (1) in pyoo (IF) is dense (see Remarks 4.2, 4.3). Thus
Proposition 2.2 applies to the (E ® Q¢)[/]-module V,(J(C)), and moreover there exist
generators T € pyoo (Ig) and T/ € pyoo (1) with the same eigenvalues.

It follows that the non-trivial eigenvalues of t are primitive r-th roots of unity and are
r — 2 in number. As the eigenvalues of T on 7, are equal to those on V,, we see the reduction
modulo X also has exactly » — 2 non-trivial eigenvalues which are all primitive r-th roots of

unity. Observing that py (Ir)" = py(Ip1/r) completes the proof. O

Remark 4.7 Suppose C’: y" = g(x) defines a A,—regular superelliptic curve with g(x) €
F[x] monic and degree coprime to r. Let h(x) € F[x] be both coprime to g modulo 7 and
separable modulo.LetC: y" = g(x)h(x), then C defines a A, —regular superelliptic curve.
Furthermore, by considering the Newton polytopes of C and C’, we see that as /-modules,

Hélt(CF’ QZ)IMM = Hélt(C%, QZ)Ide ® @?m

for some appropriate value of m. The analogous statement carries through for V; (J(C)) and
Vi(J(C).

The restriction and reduction of a polynomial, along with their relation to A, —regularity,
are defined on pages 2533 and 2534 of [11].

Remark 4.8 Suppose the Newton polytope of the superelliptic curve C: y* = f(x) with
f(0) # 0, is of the form required in either Theorem 4.4 or Proposition 4.6. To check C is
A, —regular, it suffices to check f| is squarefree modulo 7 for each horizontal v-edge L of
A.

Indeed, if L is a non-horizontal v-edge of A, then (y" — f)|r is of the form X + a
or X" + a where 7 { a and so is square free as r # p. Likewise, for a v-face F, either
OV =N =Y+GX)or (" — f)lr =Y + G(X) where G(X) is some function of
X. As we work in G%l, taking the partial derivative with respect to Y shows the associated
scheme X = (see Definition 3.7 [11]) is smooth in both cases.

The point in the Newton polygon corresponding to y" does not belong to L(Z)z for any
horizontal v-edge of A. Thus (f — y")|z = flr.

@ Springer



Superelliptic curves with large Galois images Page 210f46 56

Definition 4.9 We shall say that a polynomial f € F[x]has v-degree (q1, ..., q;) and height
(hi, ..., hy),if

e f has no repeated roots over F[x];

e there exists some a € O such that f(x — a) can be factored into monic polynomials
g, h over an algebraic closure such that g(x) = x9€&) mod 7, & is separable modulo
7,h(0) #0 mod &, r|deg(g) <= h =1;and

e cither C: y* = f(x — a) defines a superelliptic curve satisfying the hypotheses of
Proposition 4.6, or C: y" = g(x) defines a superelliptic curve satisfying Theorem 4.4
with g1, ...,q; and hy, ..., h; as given.

In particular this means p, ¢, q1, ..., g; are not equal to r, unless t = 1 and C satisfies
Proposition 4.6.

If hy = hgy1 + 1 and by = 1, then we shorten the above and simply say f € F[x] has
v-degree (q1, ..., q:).

Remark 4.10 Let f € F[x]havev-degree (q1, ..., q;) andheight (hy, ..., h;) withhg—hgyg

. . hj—h; —
coprime to g, where we take 1,11 = 0, as in Theorem 4.4. Suppose that ’T/“ # hkq#

for j # k. Then C: y" = f(x — a) is A,—regular. Indeed, let f,(x):=f(x — a), then for
every horizontal line L in the Newton polytope, f,|r is either linear or f,|; = h and hence
squarefree modulo 7 in either case.

Example 4.11 Let p, g, r be distinct primes, and #; € N5 not divisible by g. Let f € F[x]
have v-degree g and height %;. For example, if v(p) = 1, we can take h(x) € F[x] monic,
separable modulo 7 with v (h(0)) = 0 and f(x) = (x? — p’“)h(x). The above implies
C:y" = f(x)is Ay—regular and has Newton polygon

0, r,0)

™~

(0,0,hl)i(q,o, 0) (degf507 0)

and as /r-modules,

Ve(J () Zg, QF" @ (QlC41" © Q) ® (QuIC/1" © Qp)

with wild inertia acting trivially and m some integer divisible by r — 1. This in turn carries
over to give

q—1
N O ih h
Vi =Q, (@(é‘r))L ! @®Xt; : ®Xj1
j=1

where the x; are primitive characters of order r and yx, is a primitive character of order g.
The representation modulo A then satisfies

q—1

O Jhi h

(o =F, " o@Px" ®x)'
j=1

where again by abuse of notation, we use the same symbols to denote the reductions of
X] ’ Xq .
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In particular, if ¢ = 2 and h; = 1, thatis, f has v-degree 2, then p;(IFr) is generated by
a semisimple element T with exactly r — 1 non-trivial eigenvalues which are all distinct and
have common order equal to 2r.

Furthermore, the restriction ), of T to J[A] has exactly one non-trivial eigenvalue when
J[A] is viewed as a vector space over ;.

Example 4.12 Let p # qi, g2 be primes not equal to r, with g1 < ¢» and gq1 + g2 # 0
mod r. Let f € F[x] have v-degree (q1, g2) and height (3, 1). For example, if v(p) = 1,
we may take 2(x) € F[x] monic, separable mod 7 with v (k(0)) = 0 and then set f(x) =
@7 — p)(x?2 — p*)h(x). The above implies C: y" = f(x) is A,—regular with Newton
polygon

©,r,0)
(01 07 3) - (QI’ 07 1) - (41 + q2, 05 0) - (deg f? 07 O)

and as /r-modules,

Ve(J(0)) =g, QF" ® (QulCyy 1> © Qo) ® (QIC, T © Q)
B (QulCy, 10 Qo) ® (QIC, 122 6 Q)

with wild inertia acting trivially and m being some integer divisible by » — 1. This in turn
carries over to give

q1—1 q—1
~ e 2j 3 k q1+2q
Vi 25, Q) T @ P xgl @ xj @ P xl @ xTE
=1 k=1

where the x;, xx are primitive characters of order r and the x,, are primitive characters of
order g;.
The representation modulo A then satisfies

q1—1 g2—1
O 2 o 3 +2
o =F, " o@D xsi ®x; & P xj, @ 1"
j=1 k=1

where again by abuse of notation, we use the same symbols to denote the reductions of
Xjs Xks Xqy+

Example 4.13 Let p, q1, q2, r be distinct primes withg; < g2 andg;+¢2 =0 mod r.Let f

have w-degree (q1, q2). For example, if v(p) = 1, we may take f(x) = (x?' — p)(x92 — p).
The above implies C: y" = f(x) is A,—regular and has Newton polygon

.

0,0,2) (91,0, 1) (91 +¢2,0,0)

©,r,0)
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and as /r-modules,

Ve(J () Zg, (QulCqy10 Qp) ® (QeICr1* © Qp) & (QulCy10 Qo) @ (QeIC,191 242 6 Q)

with wild inertia acting trivially and m some integer divisible by r — 1. This in turn carries
over to give

q1—1 qr—1
~ J 2 k q1+292
Vi Qe @qu ®Xj ® @th@xk
j=1 k=1

where the x;, xx are primitive characters of order r and the x,, are primitive characters of
order ¢;.
The representation modulo A then satisfies

q1—1 q2—1
j 2 +2
i =D xa © 17 & D xg @ 1"
j=1 k=1

where again by abuse of notation, we use the same symbols to denote the reductions of
X j ’ Xk ’ qu N

Example 4.14 Let p # r be primes, and i; € N- ¢ not divisible by r. Let f € F[x] have p-
degree r and height /1. For example, if v(p) = 1, we can take 4 (x) € F[x] monic, separable
mod 7 with v(2(0)) = 0 and set f(x) = (x” — p")h(x). The above implies C: y" = f(x)
is A, —regular and has Newton polygon

0, r,0) \
0,0,h1) — (r,0,0) (deg £, 0,0)

and as /r-modules,
Ve(J(0)) =g, QF" @ (QIC1" 0 Q)® * @ Sp2) @ QP

with wild inertia acting trivially and m some integer divisible by r — 1.
Furthermore the action of py (Ir) and p;, (IF) is as given by Proposition 4.6.

A theorem of Silverberg [34, Thm 4.1] shows Q(¢,) must be contained in the £-torsion
field of J for any odd prime €. As a consequence, the criterion of Néron-Ogg-Shafarevich
tells us that if F/Q, is a finite extension and J/F has good reduction then F' must contain
primitive r-th roots of unity. The below lemma not only shows we may find superelliptic
curves J/Qy (&) with good reduction, but also tells us how to produce them.

Lemma 4.15 Let F be a finite extension of Q,(¢,) and w a uniformiser in Q,(¢,). Set
F) =x" +ap1 x4 faix +ag € Flxl.
If either

1) ag — (%)r € Or,ars—1 € Oy andaj € Op for1 < j <rs —2, or
i) ap = bax"™"~Y mod 7”5, where b =1 mod 7", a,_1 = uwr mod 72 withu € O%,

anda; =0 mod n’s_jforl <j<rs—2
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then C | F has good reduction. In particular I acts trivially on J[€] for £ # r.

Proof The second assertion follows from the first by taking x = 7w X and y = 7°Y. It thus
suffices to prove the first assertion, which we shall now do.
The substitution y > Y + %, provides us with the model

1\’ 1\ 1\
T s T

The leading coefficient on the left hand side is non-zero modulo 7. Likewise the coefficient
of Y is a unit, since by the binomial expansion this equals —— and Q,(,)/Q; is a totally
ramified extension of degree r — 1. As the binomial coefficient (f) is divisible by r for
1 <i <r — 1, we see the coefficient of Y' is zero modulo 7 for2 <i <r — 1.

It follows the left hand side of (4.16) taken modulo 7 is congruent to Y + uY reduced
modulo 7 where u is a unit in Z,[{,]. Our assumptions on the coefficients of f(x) allow us
to reduce our affine model (4.16) modulo . As the partial derivative with respect to Y is
non-zero modulo 77, we find all points on this chart are smooth.

Making the substitution V. = 1/x, W = Y /x* in (4.16) we obtain a chart containing the
points at infinity:

<W+ 1Vs>r - <]>V v =vr (f(l/V) - (])’) .
b1 b1 b1

Any point at infinity has V = 0, so the above simplifies to W = 1 giving r distinct points.
The partial derivative with respect to V at V = 0 is a unit since the coefficient of V on the
right hand side is a,5—1 € O*F. It follows that our curve has good reduction. Hence, by the
criterion of Néron-Ogg-Shafarevich I acts trivially on J[£] for £ # r. O

5 Image of inertia

Let ¢ be a prime, m a positive integer and r a prime. Let K be a number field. For primes
p, pj in K we let p, p; denote the rational primes below. Let V' denote a finite dimensional
vector space over Fy.

We allow subscripts on representations to denote restrictions to subgroups.

The following definition along with Proposition 5.5 were inspired by [1, Proposition 3.1].

Definition 5.1 Let p, g1, ..., g: be primes distinct from £. We say p: Gx — GL (V) has
p-system (q1, . .., q;) if neither £ nor p divide |p(1p)| and

t gs—1

p1, =5, v © P P x..j ® X4,

s=1 j=1

where the y;, ; are either trivial characters or have order dividing some m so that the residue
field ky, satisfies |kp| = 1 mod m, the x,, are primitive characters of order gy and ¥ is some
F¢-representation of I,. When it is necessary to be explicit about m, we will say the p-system
is twisted by m. '

If furthermore, the subvector space of V corresponding to @?Sz ]1 Xs,j ® chx is an irre-
ducible Dy module for every s, then we say the p-system (q1, ..., g;) is irreducible.

We say a p-system is strict if i is zero or is a direct sum of copies of the trivial represen-
tation.
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If the restriction may be written in the form

t
pr, =5, ¥ © @ xs ® FelCyl ©Fe)

s=1

where the x; are characters of order dividing m, we say the p-system (q1, ..., q;) is tidy.

Remark 5.2 By definition of a p-system, p { #p(I,) and thus I, acts tamely, so p(Ip) is
cyclic.

Remark 5.3 Suppose f € Q(&,)[x] has p-degree (q1, . . ., ) and p is a prime of potentially
good reduction for the jacobian J/Q(¢,) of the superelliptic curve y* = f(x). Then the
representation p; : Gq(,) — Aut(J[A]) has p-system (g1, ..., g;) twisted by r. Indeed by
Corollary 4.5, the only condition to check is that |[kp| = 1 mod r (the D; in the statement
of Corollary 4.5 is always one by definition of such polynomials). This condition is implied
by the well-known result that the inertia degree of p over p is equal to the order of p modulo
r.

Remark 5.4 Let f and p be as in the previous remark. If f has p-degree ¢ (# r) and height
h coprime to g, then by Example 4.11 the p-system associated to p, is strict and twisted by
r.

Likewise, if r| deg f = g1 + g2 where q1, g2 (% r) are prime and f has p-degree (g1, q2),
then by Example 4.13 the p-system associated to p; is strict.

5.1 Irreducibility

In this subsection we relate the decomposition of Vp, into irreducible subspaces to their
corresponding p-systems. We then use this to give a criterion for irreducibility and will use
it also in the next subsection to help prove results about primitivity.

Recall that if / <1 D are finite groups and V is a D-module, and W < Vj is an I-
submodule, then ¢ W, where ¢ € D, is also an /-submodule. Moreover, if x is the character
corresponding to W, then the character corresponding to @ W is x, where ® x (v):=x (¢ "' t¢)
fort e 1.

Proposition 5.5 Suppose p: Gk — GL (V) has a p-system (q1, - .., q;) and the size of the
residue field |ky| is a primitive root modulo each gj.

Then the p-system is irreducible and tidy. In particular, the socle of V, when viewed as
a Dy-module, contains EBS Wy, where each Wy is an irreducible Dy-module of dimension
gs — 1.
Proof By assumption the inertia group 7, acts tamely and so p (I} ) is cyclic. It follows that the
action of Dy, factors through the finite group D = p(Dyp) = (7, ¢), where p(Ip) = (7) < D
is the inertia subgroup and ¢ is a lift of Frobenius.

Let x5, ® qus be one of the characters appearing in oy, . Using that et~ = tlkel 26,
7.5.3], we have

-1 ; i\ kpl ik |
(Xs,j ® XJS) = (Xs,j ® XJ_V) =X ® x5 "

Set W; to be the orbit of x; ; ® X'qis under D. Clearly this is an irreducible F;[D]-submodule
of V. Furthermore, its dimension is g — 1 since |k | is a primitive root modulo g;. Finally,

as the action of D on x; ; ® qus fixes xs,; the p-system is tidy. O
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Proposition 5.6 Suppose there are odd primes q1 < q2 < g3 coprime to m{ such that
g3 — 1 < dim(V) = q1 + g2 — 2. Suppose also there are primes p1, po with residue
characteristics different from € such that |ky,| is a primitive root modulo both q1, g2 and
|kp, | is a primitive root modulo q3.

Suppose p: Gx — GL(V) has a (strict) pi-system (q1, q2) and a strict pr-system (g3).
Then V is irreducible.

Proof Proposition 5.5 tells us the socle of PDy, contains a direct sum of irreducible submod-
ules of dimensions ¢; — 1 and ¢ — 1. Hence either p is irreducible or its semisimplification
is a direct sum of exactly two modules with dimensions g; — 1 and ¢» — 1.

Likewise the socle of p Dy, contains an irreducible submodule of dimension at least g3 — 1.
As gy — 1 < g3 — 1, we see V is irreducible. O

5.2 Primitivity

Recall that V denotes a finite dimensional vector space over Fy. We shall say that a group
G acts imprimitively on V if it preserves a decomposition V = @?:1 V; with k > 1 and
permutes the subspaces V; transitively. '

In this subsection we give criteria to prove that a group does not act imprimitively. To help
the reader navigate themselves through this subsection, let us explain the basic idea of how
to deal with this case.

Suppose the absolute Galois group G g of some field K acts transitively on an imprimitivity
decomposition V = EB];:l V;, then we obtain a homomorphism G — S and thus some
finite extension L /K. If L = K, then G acts trivially, but also transitively by assumption,
sok=1.

If K is known to have no unramified extensions, then one can achieve this by showing the
action of G g on the imprimitivity decomposition is unramified. See Lemma 5.12.

If K has unramified extensions, then in favourable circumstances, one might be able to
obtain information on these unramified extensions. For example, if it has odd class number,
or maybe even obtain information on a maximal unramified extension (if such an extension
exists). See Lemmas 5.15 and 5.16.

On the other hand, the description of the action of the decomposition groups Dy, on V
given in Proposition 5.5 can be used to gain information on the cycle types of elements in
the image of Gxg — Sk.

Combining these two pieces of information allows one to give criteria for primitivity. See
Proposition 5.13 and Theorem 5.18.

Lemma5.7 [1, Lemma 4.15] Let V = @I;:l V; be a finite dimensional vector space over

Fy. Suppose © € GL(V) permutes the subspaces V; cyclically. If the eigenvalues of * on
Vi are ay, ..., ag (with multiplicity), then the eigenvalues of T on 'V (with multiplicity) are

s 1/k
Gy

fort=1,...,dands =0,...,k—1.
In particular, if T has order k, then each k-th root of 1 is an eigenvalue of Tt and has
multiplicity d = dim V.

Lemma5.8 LetV = @I;zl Vi, k > 1 be a finite dimensional vector space over Fy. Suppose

1 € GL(V) satisfies (t — 1)2 = 0 and preserves the above decomposition. If T does not fix
the subspaces V;, then £ = 2.
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In particular, if G < GL(V) both preserves an imprimitivity decomposition
V= @];-:] V;withdim V; = 1 and contains a non-identity element t satisfying (=12 =0,
then £ = 2.

Proof The first assertion is [1, Lemma 4.16]. We now prove the second. All the eigenvalues
of an element t € GL(V) satistying (v — 1)2 =0 are equal to 1, thus if T were to fix the V;,
then 7 would be the identity element. Applying the first assertion now proves the result. 0O

Corollary 5.9 Suppose p: Gk — GL (V) be a representation whose image preserves an
imprimitivity decomposition V = P =1 V.

Suppose p(Iy) is generated by an element which has at most 2r — 1 non-trivial eigenvalues
all being r-th roots of unity, and whose r-th power is a transvection. Then p(ly) fixes each
V.

Proof Let T be a generator of p(Iy). By the preceding lemma t” fixes each V;. As T has at
most 2r — 1 non-trivial eigenvalues, Lemma 5.7 implies that either t fixes each V; or each
V; has dimension one. The latter possibility is ruled out by Lemma 5.8. O

Proposition 5.10 Suppose £ > 2. Let p: Gx — GL (V) be a representation whose image
both preserves an imprimitivity decomposition V. = @/]‘: 1 V; and contains a transvection.
Let q1, ..., q: be distinct primes different from € and coprime to m.

Suppose p has a strict p-system (q1, .. ., q;) twisted by m. Then p(ly) fixes each V.

Proof Let T be a generator of p(I,). As m is coprime to ¢4, ..., gs Which are distinct, no
subset of the eigenvalues of 7 is fixed by multiplication by a non-trivial m-th root of 1. Thus
by Lemma 5.7 there are no cycles of length dividing m in the action of T on {V1, ..., Vi}.
For ease, we may now suppose each x; is trivial. All non-trivial eigenvalues of T have
prime order and multiplicity 1, thus if = does not fix the V; then by Lemma 5.7 the dimension
of each V; is one (take all o; = 1). But this possibility is ruled out by Lemma 5.8. O

Recall that we write n = ’_ZTgl where g is the dimension of our jacobian J /Q(¢,). We also
only require n > 10 for our main results, but everything in this section holds for n > 3.

Proposition 5.11 Let A|¢ # r be a prime of semistable reduction for J/Q(¢,), with £ >
max (3, 3).

Let 1 be some Galois conjugate of A If py.: G,y — Aut (J[A]) preserves an imprim-
itivity decomposition J[A] = @];zl V; and contains a transvection, then py (1) fixes each
V.

Proof As p;(Gq(,)) contains a transvection and £ > 2, there are at most 5 subspaces in
the imprimitivity decomposition. We may view J[A] € J[£] as an Fy-vector space. The
imprimitivity decomposition V1, ..., Vi of J[A] (viewed with the structure of an I, -vector
space) induces an imprimitivity decomposition Wy, ..., Wi of J[A] as an [Fy-vector space. It
therefore suffices to show 1 fixes each W;. The argument used in [1, Prop.4.12] now carries
over verbatim to achieve this. o

Let G be a group acting on a vector space V. Suppose G preserves an imprimitivity

decomposition V = @1;:1 V. This corresponds to an action of G on the set { V1, ..., Vi},
which in turn gives us a natural homomorphism G — Sk.
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Lemma5.12 Let ¢ > max(%, 3) be a prime of semistable reduction for J /Q(¢,).

Suppose  p;.: Go,) — Aut (J[A]) preserves an imprimitivity decomposition
V = @];-:1 Vi, its image contains a transvection, and for any place p of residue char-
acteristic different to £ either J /Q(¢,) is semistable at p, pj has a strict p-system, or py (Ip)
is as in Corollary 5.9. Then the induced homomorphism 0 : Gq(,) — Sk is unramified.

In particular, if Q(¢,) has no unramified extensions contained in Q(¢,)(J[A]), thenk = 1.

Proof Ttsuffices to show p;. (1) fixes each V; for each place v of Q(¢,-). For v|/, this is achieved
by Proposition 5.11. If v is a place of semistable reduction for J /Q(¢,), then Grothendieck’s
semistable reduction theorem implies that for any t € p([,), we have (t — D2 = 17[14,
Proposition 3.5] [4, Page 184, Thm 6]. By Lemma 5.8, such a 7 stabilises each V;. Finally,
if p, has a strict v-system (or p, ([,) is as in Corollary 5.9), then by Proposition 5.10 (resp.
Corollary 5.9), p; (1) preserves each V;. ]

Proposition 5.13 Let K be a field with odd class number. Suppose p: Gg — GL (V)
preserves an imprimitivity decomposition V. = @];:1 V; and the induced homomorphism
0: Gx — Sk is unramified. The following hold:

1. If p has an irreducible p-system (q1, q2) where q1 + q» — 2 = dim V, then either k is
evenork = 1.
2. If p has an irreducible p-system (q) where ¢ — 1 = dim V, then k is odd.

In particular if p has an irreducible pi-system (q1, q2) and an irreducible p-system (q3)
whereq1 +q» —2=q3 — 1 =dim V, then k = 1.

Proof The action of Dy factors through the finite group Dy = p(Dy,) = (T,, ¢5), Where
I; = p(ly,) = (15) < Dy is the inertia subgroup and ¢ is a lift of Frobenius. Let o, be the
image of a Frobenius element at p; under 6.

We first prove 1. Let us assume k > 1. By assumption V is the sum of two irreducible
F[D;]-modules. As I; fixes each V; and there are exactly two irreducible Dj-submodules,
@1 has exactly two orbits on the V;. This implies o is product of two cycles, the sum of
whose lengths is k. If k is odd, then exactly one of these cycles has even length. This implies
o1 is an odd permutation, and so the image of # does not land in Ag. This gives rise to an
unramified degree 2 extension of K, contrary to assumption.

We now prove 2. As I fixes each V;, and V is an irreducible F,[D>]-module, @2 must
permute the V; transitively. Consequently the permutation o7 is a k-cycle. In particular o7 is
an odd permutation if k is even. This again gives us an unramified degree 2 extension of K
contrary to assumption. O

Lemma 5.14 Suppose p: Gx — GL (V) preserves an imprimitivity decomposition V. =
@];zl V; and has an irreducible p-system (q), where g — 1 > % dim V.

Suppose the induced homomorphism 6 : Gx — Sy is unramified and let o be the image
of a Frobenius element at p. Let L /K be the extension cut out by 6.

The following hold:

e ifo has order 2, then k = 2 or 3 and K has an unramified (Galois) extension of degree
2 inert at p;

e if o has order 3, L/K is soluble and K has odd class number then k = 3 or 4 and K
has an unramified Galois extension of degree 3 inert at p.

Proof By assumption V is an E[Dp]-module with an irreducible submodule of dimension
q — 1. Moreover, the action of Dy factors through the finite group D = p(Dy) = (1, ¢),

@ Springer



Superelliptic curves with large Galois images Page 29 of 46 56

where p(Iy) = () < D is the inertia subgroup and ¢ is a lift of Frobenius. Let a € {2, 3}
denote the order of .

As the orbits of the V; under ¢ are D-modules, one of these orbits must contain the
forementioned irreducible module of dimension g — 1 > % dim V. Since the V; have equal
dimension, o has a cycle of length greater than k/2. Having prime order, the cycles in the
decomposition of o all have the same length. This implies o is an a-cycle and k < 2a.

In the case a = 2, we see Gal(L/K) is isomorphic to a subgroup of S3. As S3 has a normal
subgroup of order 3 with quotient isomorphic to C3, the statement follows for a = 2.

Suppose we are in the second case, i.e., a = 3. As L/K is a soluble extension and 2 does
not divide the class number of K, we may rule out £ = 5 since As does not have a proper
subgroup which is both transitive on 5 points and contains an element of order 3. We deduce
k = 3 or 4 and Gal(L/K) is isomorphic to a subgroup of A4 (again using K has odd class
number). As A4 has a normal subgroup of order 4 with quotient isomorphic to C3, the final
statement follows. m}

Lemma5.15 Let L/Q(¢23) be a non-trivial unramified Galois extension. Then either
Gal(L/Q(&23)) = C3 or Ay.

Proof The root discriminant of Q(¢23) is equal to 19.94 to two decimal places. As L/Q(&23)
is an unramified extension, it has equal root discriminant to Q(¢23) [38, Lemma 11.22].
Table 1 in [9] shows any totally imaginary number field of absolute degree greater than or
equal 462 = 21 x 22 has root discriminant at least 19.98. This shows us such an L satisfies
[L:Q(&3)] <21

The class number of Q(¢23) is 3 [38, Tables, Sect. 3]. Thus any abelian quotient
of Gal(L/Q(¢23)) must have order dividing 3. This with the above bound implies
Gal(L/Q(&23)) = C3 or Ag. o

Lemma5.16 Let L/Q(¢31) be a non-trivial unramified Galois extension. Then assuming
GRH cither Gal(L/Q(¢31)) = C3, C3 x C3, or Co.

Proof The root discriminant of Q(¢31) is equal to 27.65 to two decimal places. As L/Q(¢31)
is an unramified extension, it has equal root discriminant to Q(¢31) [38, Lemma 11.22].
The bounds given in Table 1 of [27] show, upon assumption of GRH, any totally imaginary
number field of absolute degree greater than or equal 720 = 24 x 30 has root discriminant
at least 27.98. This shows us such an L satisfies [L : Q(¢31)] < 24.

The class number of Q(¢31) is 9 [38, Tables, Sect. 3]. Thus any abelian quotient
of Gal(L/Q(¢31)) must have order dividing 9. This with the above bound implies
Gal(L/Q(¢&31)) = C3, C3 x C3, Cg, Ag or C7 X C3.

The compositum of two unramified Galois extensions is an unramified Galois extension.
Thus if Gal(L/Q(¢31)) = Ay4 (resp. C7 x C3) then there would be an unramified Galois
extension of Q(¢31) of degree 36 (resp. 63). But these contradict the above bound. We
deduce Gal(L/Q(¢31)) = C3, C3 x C3, or Co. ]

The following lemma shows we may always find a prime ¢ fulfilling the hypothesis of
Theorem 5.18.

Lemma 5.17 For m > 6 there is a prime m + 1 < q < 2m congruent to 2 modulo 3.

Proof For m > 21 this follows from section 4 of [22]. The remaining values of m can easily
be checked by hand. O
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Theorem 5.18 Let r € {23,31}. If r = 31 assume GRH. Suppose p: Gx — GL (V)
preserves an imprimitivity decomposition V. = EB];:] V; and the induced homomorphism
0: GQ,) —> Sk is unramified. Let L/Q(¢,) be the extension cut out by 0.

Let p, q be primes distinct from r and £, with |ky| a primitive root modulo q. If p has a
p-system (q), where g — 1 > %dim Vand g =2 mod 3, then k = 1.

Proof 1f L = Q(¢,), then we are done, so suppose not. By Proposition 5.5, the p-system (g)
is irreducible, and in particular, V' has an irreducible D = p(Dy) submodule of dimension
qg—1> %dim V.

By Lemmas 5.15 and 5.16, either Gal(L/Q(¢,)) = C3, C3 x C3, Cy or Ay. It follows
from Lemma 5.14 that o, the image of the Frobenius element at p, has order dividing 9.
Furthermore, if o has order 3 then k = 3 or 4, and if o has order 9 then Gal(L/Q(¢,)) = Co
giving k = 9 since Gal(L /Q(¢,)) acts transitively.

Let us rule out the case where o is trivial. Here, every V; is a D-module, and some V;
must have an irreducible constituent of dimension at least ¢ — 1, forcing k = 1. Hence we
may suppose the order of o is 3 or 9.

Let ¢ € D be a lift of Frobenius and 7 be a generator of the tame inertia group p (1), so
that D = (t, ¢). Let Uy, ..., U, be the orbits of ¢> on the V;. Then each Uj is a (t, 03)-
module, and as 3 divides the order of o, either # = 3 or 4 by the above. The dimension of
each U; is less than or equal to %dim V. We deduce |kp|3 is not a primitive root modulo
g, else following the proof of Proposition 5.5, we would be able to produce an irreducible
(t, ¢3)-submodule of V with dimension g — 1 > % dim V. It follows that the cubing map
does not induce an automorphism on (Z/gZ)*. Thus ¢ = 1 mod 3, completing the proof.

O

5.3 Subfield subgroups and classical subgroups

The following lemma will come in handy when ruling out the possible containment of G, =
01(GQ(¢,)) in certain maximal subgroups.

We note the only importance of the conditions of this lemma is that there exists an element
in G, which has exactly one eigenvalue of order 2r and the rest equal to 1.

Lemma 5.19 Suppose f(x) € Q(&)[x] has p-degree 2 for some prime p with residue char-
acteristic distinct from r, £. Then

o the image of det: G, — ]FZ,- is not contained in a proper subfield of Fyi;
e G, is not contained in a subfield subgroup;
e G, does not preserve a symplectic pairing up to scalars.

Proof By Example 4.11, I, acts tamely on J[A] and furthermore,
(o)1, = (@ x) @F" !
where ¢, x, are characters of orders 2 and r respectively. Note also that as p # r, £ we have
the containment p; (Ip) < G,.
Let t be a generator of p;, (I). Then det(t?) = x,(¢2) whichisa primitive r-th root. But
[, is the smallest extension of [, containing a primitive r-th root, whence the first statement.
As 72 is not a scalar, the second statement follows.

‘We now show the third statement. Suppose t” is similar to an element of GSp,, (F,i). As
the similitude character x;: GSp,,(F,) — F}; is a homomorphism and 7" has order two,
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we find x;(t") = 1. Using [18, Lemma 2.4.5], we evaluate x;(t")"/? = det(t") = —1.
Thus xz(z") = —1.

The only eigenvalues of 7" are plus and minus one, thus Lemma 3.4 combined with
xz(t") = —1 implies they are equal in number. Since n > 2, this contradicts the description
of (py) I given above. O

6 The endomorphism character
6.1 Algebraic Hecke characters

Here we collect a few facts about algebraic Hecke characters which we shall need later in this
section. Everything in this subsection is well-known and one may consult [29], [8], or [30]
for more details. The reader should, however, be aware that none of these references contain
all the details we require and the conventions and (mathematical) language changes in each
of them.

Let E be a number field and fix an algebraic closure E. Let K be a number field in E
containing all conjugates of E. Let A|€ be a prime above £ in E. Choose a valuation vj, of E
which extends the A-adic valuation of E. The completion E; of E with respect to v;, is then
an algebraic closure of E;. Let k; denote the residue field of E;.

Let I' denote the set of embeddings K < E.Every element o of I" extends by linearity to a
homomorphism K = (K®Qy)* — E;, by abuse of notation we denote this homomorphism
again by o. This extension is trivial on all but one of the K’s in the decomposition K} =
]_[v| ; K, to be precise, the one corresponding to vy o o. We denote by I'(v) the elements
o € I' such that vy, o o is equivalent to v. By the above we have for any embedding o € I'(v)
a canonical embedding o, : Kj — E;.

We write A g for the ideles of K and identify K* with its diagonal embedding in A and
likewise K with its image in Ag.

A Hecke character with values in E is a continuous homomorphism x : Ay — E* trivial
on K*. All such characters may be written as y = x* Xo_ol’ a product of its restriction to
the finite places x*°: [0 K — E* and its restriction to the infinite places x': K% =
l_[U| Ky — E*.

An algebraic Hecke character with values in E is a Hecke character x taking values in E
such that the restriction of x to K ;50, the connected component of 1 in K%, is given by an

vfoo

algebraic homomorphism. That is, there exists T = Y __r- ns0 such that xooc = T on K20,
We call ) nqo the infinity type of x.

Let us now construct the A-adic avatar of y. Let o € Alé, write oo, for the components
of a in K%,. Define x: Ay — E* by y(@) = x(e)T (aso). Note f|x+ = T since x|g=
is trivial. As elements of I' may be extended to homomorphisms K; — E;{, the infinity
type T may also be extended to a homomorphism Ty : Kj = (K ® Q)* — Ej. Let

ap = (e € K = nv\l K. The character x;: Ag — Ej defined by

oel’

x.(@) = (@ T,

is continuous and trivial on K* (here we view ¥ («) € E* — E; under the obvious embed-
ding). We call x, the A-adic avatar of .

Clearly, x; may be viewed as a character on Cx = Ag /K™, the idele class group of K,
furthermore as Ej is totally disconnected, the connected component C IO( of Ck is sentto 1
under ;. Class field theory allows us to view x; as a homomorphism G%’ = CK/C(I){ — Ef
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via the Artin map. In particular for all but finitely many p, the image of the arithmetic
Frobenius is ) (Froby) = X (p)T;.(1) = x (), where 7, € AIX( is a uniformiser at p and
1 in every other component (here equality is viewed under the embedding E* — EJ).

The profinite completion Og of Ok, the ring of integers of K, may be decomposed as a
product [ [,;,, Oy, where O, is the subring of elements in K, having non-negative valuation.

Owing to the fact that x is continuous and (’57{ C Ay is profinite, x(O}) = 1 for all but
finitely many v. When x (O}) # 1, there is some subgroup 1 + p3"" € O} whose image
under x is trivial. We say x is unramified at v if x (O}) = 1, and ramified otherwise. Let
m =[] py where the product is taken over the ramified primes of x.

For p { m define x (p) = x (p), where 7y € AIX{ is a uniformiser at p and 1’s elsewhere.
Note this is independent of the choice of uniformiser as y is unramified at p. This allows us
to extend x°° to a group homomorphism from ideals of K coprime to m to Q*. Let («) be

an ideal of K coprime to m, and suppose « is totally positive, then

v{oo

XZ(@) = xoo(@) = T(@) = [ o (@)™

as x is trivial on K* and @ € K ;ZO. We may extend 7 to a map of ideals satisfying

(x () =T(p).

The above relation gives us a method to determine T, the infinity type of yx, by factorising
(x (p))-

In the introduction we briefly mentioned that knowledge of the infinity type helps deter-
mine the mod ¢ image of Galois. Let us indicate how here. Continue to let m be as above.
We define U, as the connected component of K if v|oco, and otherwise as O} if v { m and
the subgroup 1 + py* € OF if v|m. Finally, we write Un, = [], Uy. By construction of Up,,
we have ¥ (o) = 1 for all @ € Uy,, which leads to the equality

x.(@) = T, ") = Hav(ae_l)”“ fora € Un.
o

The image of y; is compact, and thus lands in O3 , the maximal compact subgroup of
E. This allows to reduce modulo A. Local Class Field Theory associates O} to the inertia
group of the maximal abelian extension of K' and 1 + p, to its wild inertia subgroup. The
multiplicative subgroup & of the residue field of K, thus corresponds to the tame inertia
group. Passing to the residue field, the o € I'(v) induce embeddings k, — k;, which we
denote by &. For v 1 m, the above provides us with following description of j; on the inertia
groups

fora € Uy, v1d,

1) = Moer 3@ " fora € Uy, vl
where @, denotes the reduction of oy modulo p,,.

Using Class Field Theory, the characters a; — 6(&[]) may be viewed as characters on
the inertia group /,. From this viewpoint they turn out to be fundamental characters of level
[ky : F¢], see [30, Prop 3].

One may rewrite the above equation by letting 6 (¢¢y) = 6(07[1) for some o € I'(v) and
then for any t € I"(v) writing

o@)” =7@"
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for some appropriate integer m . This provides us with the following description (for v { m):

2 — {1 fora € Uy, v1e, 6.

[oerq) 0@ fora € Uy, vt

where 6 is some fundamental character of level [k, : F¢].

A fundamental character of level [k, : F,] differs by an automorphism of k, from any
other fundamental character of the same level. As all the automorphisms of k,, are given by
raising its elements to some power of p, we see that the image of U, is independent of 6.

6.2 The endomorphism character

In this subsection let us consider a g-dimensional abelian variety A/K. Suppose we have
an embedding £ — End(}( (A). Then, as in Sect.2, we may attach a system of A-adic
representations to A. These representations form a strictly compatible system (p;) with
exceptional set S equal to the set of places of K where A has bad reduction, see Section II
of [28] for more details.

As explained in Sect. 2, taking the determinant of these representations leads to the exis-
tence of an algebraic Hecke character €2 such that 2) = det op) for each 1. We call 2 the
endomorphism character.

Fité has recently determined the infinity types of the €2, up to a suitable equivalence when
K /E and E /Q are Galois extensions, that is, viewing €2 as a map on ideals, he determines
the integers n, appearing in the factorisation

(@)= [] @™
0:K—E
up to a certain equivalence, where o € K. Note that for this product to belong to E, we must
be able to rewrite the above as

Q@)= [] @)™
T:E<E

for some integers n,. We now describe the aforementioned equivalence. The Galois group
Gal(E/Q) acts on the tuple (n¢); by h - (nr)r = (n,o,-1); for h € Gal(E/Q). Two such
tuples are then called equivalent if they belong to the same orbit under this action.

The endomorphism algebra End(l)( (A) acts on the regular differentials of A, and by restric-
tion so does E. Enlarging K by a finite extension, we may assume there exists a basis
w1, ..., wg of QI(A) satisfying

o - wp = Yi(@)w;
foralli and« € E, where the 1; are embeddings of E into E. Let m, denote the multiplicity

of Tin {¥1, ... Vgl

Theorem 6.2 [13, Prop. 14] The tuple (n,-1) is equivalent to (mz), the complex conjugate
of the tuple given by the action of E on Q'(A).

The above coupled with the content in Sect. 6.1 provides us with valuable information
about a given €2,. Namely, it gives a description of the images of Frobenius elements outside
the places belonging to S U Sy, (S, being the set of primes above ¢ in K) as well as the
image of inertia at primes above ¢, where A|£. The following proposition places restrictions
on 2, (Iy) forp e S, p L.

@ Springer



56 Page 34 of46 P. Goodman

Proposition 6.3 Let p { £ be a prime of Ok. Then Q. (Iy) is contained in the subgroup of
E* generated by roots of unity. Furthermore, if p is a prime of semistable reduction then
Q. (Ip) = 1.

Proof 1If p is a prime of semistable reduction then [14, Proposition 3.5] [4, Page 184, Thm
6] implies the inertia group I, acts unipotently and therefore 2 (1) = det opyo (Ip) = 1.
By the semistable reduction theorem [14] any prime p is a prime of potential semistable
reduction for A/K. Let T € I,. Then, as A acquires semistable reduction over some finite
extension, there exists n € N such that det op;(7") = 1. Since detop;=: I, — E*isa
homomorphism, we obtain €2, (t) = det opy(7) is a root of unity in E. m]

6.3 Image of the endomorphism character

Let us resume our study of superelliptic jacobians. We decompose
r—1
Q' =Epaju
j=1

into the eigenspaces of [{,]* where we write © } (J) for the eigenspace of {,j . In the following
we write | x| - for the greatest integer strictly less than x.

Lemma 6.4 The dimension on (J) equals {(r J)dJ where d is the degree of f.
<

Proof See Remarks4.2,4.4 and 4.5 of [41] (note that although Zarhin works over an algebraic
closure of the ground field, his calculation suffices as differentials behave well with with
respect to base change [21, Lemma 5.2.26], alternatively one can work directly over the base
field using Baker’s Theorem, see for example [11, Theorem 2.2]). ]

From the discussion in Sect. 6.2, there is a unique infinity type associated to €2, which is
determined up to equivalence by Theorem 6.2. As we are working with the A-adic avatars of
2, it is not important to determine the exact infinity type of 2. Instead, for convenience we
shall fix a representative of the equivalence class and by abuse of language refer to it as the
infinity type of Q2. Thus, let us say

r—1 d
%{ J)J
1 <

j=

is the infinity type of Q, where ¥;: Q(¢,) < @ is the embedding sending ¢, to /. We
denote the reduction of €2, modulo A by Q.

Suppose €2 is unramified at the finite place v of Q(¢&,). By Proposition 6.3 this is the case
if J/Q(¢&r) has semistable reduction at v. If v { ¢, then the restriction of Q; to the inertia
group 1, is trivial. In the case v | £ the infinity type describes the restriction of €2 to I, see
the discussion at the end of Sect. 6.1. Let us now give this description.

Let ¥;: Q) — Qbe an embedding which sends v to A. This embedding i induces a
homomorphism 6 : k, — kj which via Class Field Theory may be viewed as a fundamental
character of level equal to [k : F¢]. Any embedding v/ : Q(¢,) < @ which sends v to A

m(8, j)

may be written as ¥, o ¢ for some integer m (6, j). The fundamental character induced
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by ¥; then equals 9‘3'"(9’j ) We obtain

m(9,j) | r=pd
Qly, = HOZ =]
J
where j runs over all embeddings ¥;: Q(¢,) — Q which send v to A.

Note that the choice of & does not matter since we shall only use information about the
image of I,. Indeed, taking a different fundamental character amounts to composing 6 with
an automorphism of k,, that is, raising it to a p-th power. As the image of I,, has order prime
to p, this is thus also an automorphism of the image of 7.

In the following we shall say J/Q(¢,) has semistable reduction at the rational prime ¢, to
signify J has semistable reduction at every prime above £ in Q(¢,).

Example 6.5 Let £ = 1 mod r be a prime of semistable reduction for J. Then £ is totally
split in Q(¢,). Let A, A’ be primes above £ in Q(¢,) and let 1 < j < r — 1 be such that
¥ (A") = A. Then, as the unique fundamental character of level one is the mod £ cyclotomic
character ¢, we have

L(r—/)dJ
_ =
Qk'I)L/ = X@ .

Let £ = —1 mod r be a prime of good reduction. We have [k, : Fy] = 2 for a prime A
above £ in Q(¢). Let A’ be a prime above £ in Q(¢,) and let 1 < j < r — 1 be such that
¥;j(x) = A. Then

(r—j)d id
Qulr, = ol #).
where 6 is some fundamental character of level 2.

Example 6.6 et r= 7,and £ =2 mod 7 be a prime of semistable reduction for J. There
are two primes A, A above £ in Q(¢7). The decomposition group of each of these is given by
{1, Y2, ¥4} and the map _; sends A to L. The above description then tells us

TR
Qulr, = (9’)HJ<+4¥J<+Z2L%J<

where 6 and 6’ are fundamental characters of level 3. B
Similarly for £ = 4 mod 7, there are two primes A, A above £ in Q(¢7) which are permuted
by ¥_. Carrying out the above computation again, we find

aui =ol ] ¥l
Q)»l[; = (9/)L%J<+ZL¥J<+Z2L¥J<
for some fundamental characters 6, 8’ of level 3.

In the following we write m; = Lw

J<and n = rz_—gl. We recall our notation
01(GQ()) = Ga, which is viewed naturally as a subgroup of GL, (¢')y when i the iner-
tia degree of £ in Q(¢,) is odd and as a subgroup of GU, (¢1/%) when i is even. The kernel
of detypy: G, — F7; is denoted by S,. Finally, note G, is the kernel of the cyclotomic

character on p, (G(z,))-
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Lemma 6.7 Letr = 3. Then
det(Gy) < (@™7"2,b)

where b is an element of order 6, and if i is odd, a is a generator of ¥}, and if i is even then
a is a generator of (IFZQ)@_I.

Proof Let D = (a™!~™2, b). By the Chebotarev Density Theorem, it suffices to show the
images of all but finitely many Frobenius elements of Gg(z;,) belong to D. Let 3 be a prime
in Q(&3¢) such that J /Q(¢3) has semistable reduction at p: =N Z[¢3]. Suppose p # £ is the
rational prime below 3, and let f be its order modulo £. Then we have equality of Frobenius
elements Frobgz = Frob{: .

Proposition 6.3 shows €2, is unramified at p, so we may use the factorisation given by the
infinity type, see Sect. 6.1. Furthermore, as Z[¢3] has class number one,

Q2 (Frobg) = €2 (Froby,)/
= (up™ 7™ ~"2)/ where u € Z[¢3]" and 7 € Z[£3]
=yl g fm=m) mod A,

As Z[{3]* = (—¢3) has order 6, the resuh now follows when i is odd. Let us suppose i
even. To finish the proof, we must show 7/ mod A belongs to (F;fz)[’l. Note that (IFZ‘Z)Z’l

coincides with the kernel of the norm map Nfz : ]FZ‘2 — IF}. Since Nf2 T =pf =1
mod A, the result follows. O

Remark 6.8 An easy calculation shows m| — my = {?‘
Proposition 6.9 Setr = 3. Let £ = 1 mod 3 be a prime of semistable reduction for J /Q(Z3).
Then there is an element o € G;, suchthat det)(0) = a™ ~"2 where a € I} is a generator.
Furthermore, if f has p-degree 2, where p is a prime distinct from both 3 and € then
det(G,) = (a™ ™2, b) where b is an element of order 6.
In particular, if S, = SL,,(£) and f has p-degree 2, then

Gy = {o € GL,(0)| det(o) € (@™ 7", b)}.

Proof To prove the first statement, we look for an element of Gg(¢;) whose image under x¢
is trivial and image by €2; is a generator of I taken to the power of m| — m5.
By Example 6.5 we have for ¢; (1) = A,

- m;
Qlr, =,

Let us denote by I (resp. I’) an inertia group above 1//j_l (M) with j =1 (resp. j = 2). Since
xe © I,1' — T} is surjective, we may take © € I, ¢ € I’ such that x,(r) = xe(o)™!
generates IFZ‘ By choice of t and o we have x;(t0) = 1, so to € G,. The above formula
gives
Qu(to) = xe(r)™ ™",

If f has p-degree 2, then by Example 4.11, the generator of pj (1) has a unique eigenvalue
of order 6, with the others being equal to one. Taking the determinant of this element gives
us b.

Let us show the final statement. Let G be the group we are trying to show G, is isomorphic
to. Corollary 6.7 gives us G, < G. The above combined with the assumption S, = SL, (£)
shows G, contains a group isomorphic to G, and thus completes the proof. O
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Proposition 6.10 Ser r = 3. Let £ = 2 mod 3 be a prime of semistable reduction for
J/Q(&3). Thenthereisanelement o € Gy suchthatdet (o) = a™ =2 wherea € (]F}f)[_l
is a generator.

Furthermore, if f has p-degree 2, where p is a prime distinct from both 3 and {, then
det(G,) = (@™ 72, b) where b is an element of order 6.

In particular, if S) = SU, () and f has p-degree 2, then

G, = {0 € GU,(£)|det(o) € (a™ 7™, b)}.

Proof Recall that as the residual degreei = 2 wehave G, < GU, (¢).Givendet: GU,(£) —
(IFZ})Z_1 is surjective with kernel SU, (¢), we recognise det(G,) as being contained in

S_Z,\(GQ(;,)) N Fﬁ; ! That is, the intersection of S_ZA(G@(;r)) with the kernel of the norm
map Nfzz Fy, — F}.
There is a unique prime A above £ in Q(¢3). Example 6.5 shows

Q)\.lh — 9m2+ém1

for an appropriate choice of a level 2 fundamental character 6 (this choice does not concern
us as they differ by an automorphism of Fy2).
As 6 surjects onto Fzz and hence onto the kernel of the norm map, we may choose t € I

such that 6(t) generates (Fzz)z_l. Note such a T must further be contained in Gg,,) since

xe(T) = Nfz 0 6(t) = 1. The order of 8(z) is £ + 1 and thus (z)"2 0" = g(r)m2—™m
which establishes the first claim.
If f has p-degree 2, then by Example 4.11, the generator of I, has a unique eigenvalue
of order 6, the others being equal to one. Taking the determinant of this element gives us b.
Let us show the final statement. Let G be the group we are trying to show G, is isomorphic
to. Corollary 6.7 gives us G, < G. The above combined with the assumption S, = SU, ({)
shows G contains a group isomorphic to G, and thus completes the proof. O

The above gives us information on G, which is important for our study of the image of
the Galois representation pg: Gq(,) — Aut(J[£]), but if we are interested in the inverse
Galois problem (for the classical groups) over Q(¢,) then we should study py (G, ))-

For i even, there is not much to be said once G, is determined, indeed 0, (Gq(,)) is a
fixed extension of G, not contained in GU,, (Ei/ 2). However, when i is odd P (G s,
like G, contained in GL,, (¢/). This plays to our advantage and allows us to realise GL,, (£)
wheni = 1.

Proposition 6.11 Suppose 2r|d. Let £ = 1 mod r be a prime of semistable reduction for

J/Q&r).
If p3.(Gq¢,)) contains SLy, (£), then py(Gq,)) = GL, (£).

Proof Itsuffices to show Q1 Gg,) — Fj surjects. By Example 6.5 we have fory; (A) = A
il =x,"

As the mod £ cyclotomic character x¢: Gg(,) — I} surjects, it suffices to find two values
J j’ such that m; and m j- are coprime.

Let us write d = 2ra. We evaluate mj = 2a(r — j) — 1. In particular, for j = % (resp.
j= %) we have m; = a(r — 1) — 1 (resp. mj = a(r + 1) — 1). Let us now compute the

greatest common divisor of these two quantities:

ged(a(r — 1) — 1l,a(r+1) —1) = ged(a(r — 1) — 1,2a) = 1.
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This proves det opy, = €y, : Gqq,) — Ty is surjective and thus completes the proof. O

Despite the above, we can still realise AU, (£) as a Galois extension of Q(¢,) for many
values of £ = —1 mod r.

Proposition 6.12 Suppose 2r|d. Let £ = —1 mod r, £ # 2 be a prime of semistable reduc-
tion for J /Q(&,).

Suppose there exists some 8|2r such that gcd(‘ri, %) = gcd(4, e%l) = 1 and f has
p-degree 2 for some prime of Q(¢,) with residue characteristic p # r, L.

If 0. (GQ(¢,)) contains SU, (£), then p; (Gq,)) = AU, (£).

Proof By Theorem 3.10 p;(Ggc,)) is contained in a group isomorphic to AU, (£). Thus it
suffices to show detop; = ; : Gowe) — }F’Zz is surjective. As N fz o Q, coincides with the
cyclotomic character, it suffices to show Q A(Goe) = (Fzz)[_l.

Let §|2r be a positive integer satisfying gcd (4, %) = 1. As f has p-degree 2, S_ZA(Ip) <
(IFZf2 y¢~1 has order 2r. It thus suffices to show €2 (GQ(,)) contains an element of order ZJ{%.

Let A, A’ be primes above £ in Q(¢) be such that ¥ (1) = A. Example 6.5 shows
Quly, = 0"t

for an appropriate choice of a level 2 fundamental character 6 (this choice does not concern
us as they differ by an automorphism of F2).

As ¢ surjects onto ', and hence onto the kernel of the norm map, it suffices to compute
ged(mj + €my_;, £ + 1) to determine the image of /,, under Q; which lands in G

Due to the congruence m ; + €m,_; = m; —m,_; mod £+ 1, we compute

, '_V_j)dJ {de _d(r—2j)
m]_mr—j— - - — = .

r r r

This shows % dividesm j—m, _ ; for all values of j.Infact,for j = % wehavem j—m,_; =
%, so this is the best contribution we will get from an inertia group at a prime above £.

The above shows @, (Gqy,,)) contains (]F;fz)d?(z_l). Now let T € ]Fﬁ{ ! be an element of

order % By assumption gcd(%, eail) = 1 and thus t belongs to (FZz)%“—”, completing

the proof. O

7 Galois images

In this section J denotes the jacobian of a superelliptic curve determined by the affine model
y" = f(x) where f € Z[¢-][x] is a squarefree monic polynomial of degree d > 12 divisible
by 2r. Subsequently n = dimp,, J[] = ;2% =d — 2.

We recall our convention to say J/Q(¢) is semistable at a rational prime ¢, if J/Q(¢,)
is semistable at every prime above £ in Q(¢,). Also recall that for a prime p; of Q(¢,), we
denote the rational prime below by p; (likewise for p and p).

The results proved thus far allow us to give a few different conditions for irreducibility and
primitivity. In order to state Theorem 7.1 concisely with these different conditions available,

we label certain hypotheses below.

(Irred I) There exist primes g1 < g2 < g3 < d such that g1 + g2 = d and there are primes
p1, p2 of Q(¢,), such that |ky, | (resp. |kp,|) is a primitive root modulo both g1, g2
(resp. modulo ¢3). The set Si» = {q1, 92, g3, p1, p2} has cardinality 5.
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(Irred IT) The number d — 1 = g is prime and there is a prime p of Q(¢,), such that |k | is a
primitive root modulo ¢g. Let S;,» = {q, p}.

(Prim I) Either 3 < r < 23 is prime or r = 31. If r = 31, assume GRH. If r € {23, 31},
assume there exists a prime % < ¢qr < d congruent to 2 modulo 3, and let p, be
a prime of QQ(¢,) such that |ky, | is a primitive root modulo ¢,. If r € {23, 31}, let
Sprim = {Qra pr}’ else Sprim =0.

(Prim IT) Assume Q(¢,) has odd class number and there exist primes g; < ¢g» < d such that
q1 + g2 = d and there is a prime p; of Q(¢,), such that |kp, | is a primitive root
modulo both g1, g2. Let Sprim = {q1, 2, p1}.

(A) Hypotheses (Irred I), (Prim I) both hold and S;,» N Syrim # {pr}. If gr € Sipr N
Sprim» then g3 = q, and p> = p,. Moreover, f has pi-degree (q1, g2), p2-degree
g3 and (if §;; N Sprim = () pr-degree g;.

(B) Hypothesis (Irred IT) holds and either (Prim I) or (Prim II) holds. If (Prim I) holds,
then f has p-degree ¢ and if r € {23, 31}, then f has p,-degree g, (if, and only
if, ¢ = g, one may take p = p,). If (Prim II) holds, then f has both p;-degree
(91, q2), p-degree g and p # p;.

The technical looking conditions in (A) amount to saying our choices for the p;’s should be
distinct, though we may choose p, = p; and g, = g3 if we wish to. Note the existence of a
prime g, satisfying the conditions of (Prim I) is guaranteed by Lemma 5.17.

Theorem 7.1 Suppose either (A) or (B) holds true. Set 7 = 1 — ¢,.

Let f(x) = X+ ag_ x4+ aix 4+ ag € 2[5 ][x] satisfy ag = br?" mod n”
where b =1 mod ", aj_| = ur mod 72 with u # 0 mod 7, andaj =0 mod gd=J
for1 < j <d—2;and have

e p3-degree2;
® py-degree r with p3, py distinct and not in Siyr U Sprim.

Furthermore, suppose that for any place v belonging to Sp,q, the set of places dividing the
discriminant of f, one of the following holds

o V=7,

f has prime v-degree of any height;

f has v-degree (q}, q5) of any height where q| + g, = d and both q| and q), are primes;
or

J/Q(¢y) has semistable reduction at v.

Then for any prime A of semistable reduction for J /Q(&,) whose residue characteristic
l > % does not belong to Spaq U Sirr U Sprim, the group p; (Gqc,)) contains SL, (€") ifi is
odd and SU,,(£1/%) if i is even. In particular, G, is large.

Proof By Proposition 4.6, p; (Gg(z,)) contains a transvection. As r|d, the dimension of the
Fyi-vector space J[A] equals d — 2 > 10. Theorem 3.10 shows p; (Gq(,)) is contained
in GL(¢%) if i is odd and AU, (¢/2) if i is even. We may therefore apply Theorems 3.16
and 3.17. Remark 5.4 will be used without comment in the following.

We first prove p; (G q¢,)) is irreducible and not contained in a subfield subgroup. If (A) is
satisfied, then Proposition 5.6 shows p; (G(,)) acts irreducibly on J[A], else this is achieved
directly by Proposition 5.5. Lemma 5.19 implies 05 (Gq(z,)) is not contained in a subfield
subgroup.

Suppose p;(Gq(,)) preserves a decomposition V = EB];-:1 V;. Since p3(Gq(c,)) acts
transitively on the V;, it suffices to show the image of the induced homomorphism 6 :
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Gq(,) —> Sk is trivial to prove primitivity. Proposition 4.6 and Lemmas 4.15, 5.12 imply
0 is everywhere unramified. If 3 < r < 19, then Q(¢,) has no unramified extensions (see
for example [39, Appendix]) and so we are done. If » = 23 or 31, then noting g, — 1 > 7,
we apply Theorem 5.18 to conclude. Else (by assumption) both (Irred IT) and (Prim II) hold.
Proposition 5.13 then applies giving k = 1.

We have now shown p; (Gg(,)) contains SU, (€/2y if i is even. Thus we suppose i is
odd in the following. In this case we need to show p, (G,)) is not contained in a classical
group, in particular it is sufficient to show it does not preserve a symmetric or alternating
form. The first cannot happen since pj (Gq(,)) contains a transvection [15, Prop. 5.7] and
the latter is ruled out by Lemma 5.19. We conclude p; (Gq(,)) contains SL, (¢") when i is
odd.

The final statement follows from the fact that p3 (Gq(,))/Gx is cyclic and the groups
SL,, (¢') and SU,, (¢/%) are perfect. ]

Theorem 7.2 Suppose the conditions of Theorem 7.1 are satisfied. Then the image of
pe 2 Goe,) — Aut(J[£])

is large provided J/Q(¢,) is semistable at £ > 7 and € is distinct from r, q1, q2, 43,
P11, P2, P35 P4; Pr-

Proof We may view H = py(Gqz,,)) as a subgroup of Csng ¢)(¢r). Theorem 7.1 ensures
that the projection onto each factor of Csng (¢) (&) contains the commutator subgroup. As f
has p3-degree 2, Example 4.11 allows us to apply Theorem 3.22 to H, from which we deduce
our representation has large image. O

Theorem 7.3 Suppose the conditions of the Theorem 7.1 hold, and in addition £ =1 mod r.
Then

P:(GQ,)) = GLa(0)

provided J |Q(¢,) is semistable at £ > % andlis distinctfromr, q1, q2, q3, P1, P2, D3> P4, Dr-
Proof This is a direct consequence of Theorem 7.1 and Proposition 6.11. O

Theorem 7.4 Suppose the conditions of Theorem 7.1 hold and let £ = —1 mod r be a prime

n

of semistable reduction for J /Q(¢,) greater than 5 and distinct from r, q1, q2, q3, 1, P2,
D3, p4a, pr. Suppose there exists some §|2r such that gcd(i Zai) = gcd(d, %) = 1. Then

r 9
P (Go)) = AU, (D).
Proof This is a direct consequence of Theorem 7.1 and Proposition 6.12. O
In the below we let
[§]s H
GL, ()31 ={o € GL,(¢)|det(c) € (a! 31, b)}
where a generates I} and b € F has order 6. We also write
] A
GU,(0)!3 1" ={o € GU,({)|det(o) € (al 31,b)}

where a generates (IF;'fz)‘g_1 and b € Fy, has order 6.
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Theorem 7.5 Let r = 3 and suppose the conditions of Theorem 7.1 are satisfied. Then for
£ > 7 distinct from q1, q2, q3, p1, P2, P3,» p4 and semistable for J /Q(¢3), the image of

pe: Goeyy = Aut (J[€])
is fori odd:

(Gt = GLu(@! 51650 ()

and for i even:

pe(GQy) = GUn(Z)Mﬁ.(Xe),

where x; denotes the mod £ cyclotomic character. In particular the image of pg is as large
as possible.

Proof Thisisadirectconsequence of Theorem 7.1, Remark 6.8 and Propositions 6.9 and 6.10.
O

7.1 Examples

We now use the above theorems to construct superelliptic curves

d—1

C:y =f(x)=x4+a_1x "+ a1x +ao

with a; € Q(¢;), for which the mod ¢ representation attached to the jacobian of C is large
for all but a finite explicit set of primes £.

To do this we first find coefficients a; which ensure for each py as in Theorem 7.1 that
the Newton polygons of f € Q(¢),, [x] will have the correct form. We then factorise the
discriminant of f which allows us to verify the conditions stated in Theorem 7.1 on v € Spyq.-

7.1.1 r = 3,deg(f) = 12

Theorem 7.1 allows us to take aj; = 7, a3 = 772, as = 1479, ag = 40672 and every other
aj = 0, up to a condition on the discriminant of f. Indeed, 7 is a primitive root modulo 11
and 406 =2 x 7 x 29 =1 mod 32.

The discriminant of f is a product of primes above 2, 3, 7, 29 and the primes {3 —5, 45¢3+
17, 81397771313 4+ 30568866704, 160690522581570205¢3 — 330535909372465022. The
residue characteristics of these four last primes are 31, 1549, 751887821191463868553, and
188189419441256467739625500157072019 respectively.

It follows that for £ > 7 not equal to 11, 29 or any of the previously mentioned primes
that the image of the mod ¢ representation attached to the jacobian of

y3 = x4 72x" + 7723 + 1471%%2 + 4067°
is equal to

pe(Gqey)) = GL19(0)*° x (x¢) for £ =1 mod 3, and
0e(Gos)) = GU1o(0)>C.(x¢) for £ =2 mod 3.

Let A|¢ with £ as above. If £ =1 mod 3 we have

o1 (GQ(s)) = GL1o(£)
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andif £ =5 mod 12, then
01.(GQ)) = AUpo(0).

7.1.2 r =3,deg(f) =18

The prime 7 is also a primitive root modulo 17, and thus Theorem 7.1 allows us to take
a7 =m, a3 =711, ay = 147'%, ag = 40671 and every other aj = 0, up to a condition
on the discriminant of f.

The discriminant of f is a product of primes above 2,3,7,29 and the primes
3 — 3,13¢3 + 15,7983 + 72,335¢3 + 444, 1888757¢3 + 3108290, 631387512943 —
22078748747, 22017526552863¢3 —3454026061453, and 193191848791723¢3+ 11673689
6365287. The residue characteristics of the last eight primes are 13, 199, 5737, 160621,
7358065233619, 666738627970882050013, 572750882061546018557057917 and 2839797
6581546156385381781597 respectively.

It follows that for £ > 7 not equal to 17, 29 or any of the other previously mentioned
primes that the image of the mod ¢ representation attached to the jacobian of

y3 =x® 4+ 7x!T + 7253 + 14716x2 + 40671
is equal to
0e(Ggey)) = GL16(0)%6 % (x¢) for £ =1 mod 3, and
00(Gos)) = GU16(0)%0.(x¢) for £ =2 mod 3.
Let A|¢ with £ as above. If £ =1 mod 3 we have
Pr(GQg)) = GL16(£)
and if £ = 5,29 mod 36, then

P (GQ)) = AUj(0).
7.1.3 r =3,deg(f) = 24

The primes dividing the discriminant of f(x) = x2* +7x?? 4+ 772 x3 + 14722x2 + 40672
are those above 2,3,7,29 and 7¢3 + 3,73 — 3, 11¢3 + 3,233¢3 + 291, 345482183 +
5114984, and 990700272353375069264170600482740996166905135076413552894471¢3
+676177052735320299803168203356524886996207359914421817393363. Moreover the
last six primes divide the discriminant exactly once and have residue characteristics
37,79,97,71167, 20427495324433 and a 120 digit prime number respectively.

Thus for £ > 11 not equal to 23, 29 or any of the other previously mentioned primes, the
image of the mod £ representation attached to the jacobian of

¥ = x4+ 2xB + 772003 + 1477%x% 4 40672

is equal to

0e(Ggey)) = GLa (036 % (x¢) for £ = 1 mod 3, and
0e(Goey)) = GUa (036, (x¢) for £ =2 mod 3.

Let A|¢ with £ as above. If £ =1 mod 3 we have
P (GQ(z)) = Gl (€)
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andif £ =5 mod 12, then

P:(Gog)) = AUxn (D).

714 r =3, deg(f) =30

The primes dividing the discriminant of f(x) = x%° 4+ 7x2° 4 19727x3 4 38728x2 +
1907?27 are those above 2,3,5,19 and 7¢3 + 3,21¢3 + 8,23¢3 + 57,91969915¢3 +
21624639, 1200258023¢3 + 748167174, 3886224025627¢3 — 3573324917796, and
70201873885476577416120986535507248428567 ¢3 —9852308505193461203726760726
6794508313388. Moreover the last seven primes divide the discriminant exactly once and
have residue characteristics 37, 337, 2467, 6937274066251861, 1102379788888277803,
41758129292412755682598837 and an 83 digit prime number respectively.

Thus for £ > 13 not equal to 19, 29 or any of the other previously mentioned primes, the
image of the mod ¢ representation attached to the jacobian of

y3 = x4+ 7x? + 19777 %3 + 387 8x% 4+ 1907%
is equal to

0e(GQey)) = GLog ()10 5t (x¢) for £ =1 mod 3, and
0e(Gozy)) = GUag ()10 (x¢) for £ =2 mod 3.

Let A€ with £ as above. If £ =1 mod 3 we have
p1(GQ()) = GLag(£)
and if ¢ satisfies both £ =5 mod 12 and £ # —1 mod 5, then

P (GQ(g)) = AUz (D).

7.1.5 r =5,deg(f) = 20

Let f(x) = x20 437 x1% 4 41715 x5 + 827 18x2 435267715, The norm of the discriminant of
f is the product of powers of 2, 5, 41, 43 and a 265 digit prime. It follows from the theorems
in the previous section that the jacobian attached to the superelliptic curve

v = x20 4 37x! + 41755 + 827 18x% + 35267 10
has large mod ¢ image for £ > 7 and £ # 19,41, 43 or the 265 digit prime mentionned
above.
In particular, if A|¢ with £ = 1 mod 5, we have
1. (G(s)) = GL1g(€)
and for £ =9 mod 20

P.(GQs) = AU(L).
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7.1.6 r =7,deg(f) =14

Let f(x) = x4+ 7x3+277x7 + 67 12x% +24677. The norm of the discriminant of f is the
product of powers of 2, 3, 7, 41 and the primes 701, 11039501386253916593179 along with
a 211 digit prime. In particular, the discriminant of f is squarefree away from 2, 3, 7, 41.

It follows from the theorems in the previous section that the jacobian attached to the
superelliptic curve

y7 = x4 7xB 4 277x7 + 671252 + 24677

has large mod ¢ image for £ > 7 and ¢ # 13,41,701, 11039501386253916593179 or the
211 digit prime dividing the norm of the discriminant of f.
In particular, if A|£ with £ =1 mod 7, we have

0:.(Go@r)) = GL12(£)
and for £ = 13 mod 28

03.(Gq(ey) = AU (D).
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