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BIFURCATION OF SPATIAL CENTRAL CONFIGURATIONS FROM
PLANAR ONES*

RICHARD MOECKELt AND CARLES SIM
Abstract. Central configurations are important special solutions of the Newtonian N-body

problem of celestial mechanics. In this paper a highly symmetrical case is studied. As the masses
are varied, spatial central configurations appear through bifurcation from planar ones. In particular,
spatial configurations can be found which are arbitrarily close to being planar.
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1. Introduction. This paper is concerned with certain highly symmetrical cen-
tral configurations of the Newtonian N-body problem. It is shown that under certain
conditions, spatial central configurations (that is, nonplanar ones) bifurcate from pla-
nar ones as the masses are varied. Moreover, the bifurcation is described in detail.

Recall that the N-body problem concerns the motion of N point particles with
masses rnj E R+ and positions qj E R3, where j 1,..., N. The motion is governed
by Newton’s law

OU
mqj Oqj"

Here U(q) is the Newtonian potential

mimjU(q)-- Iq

Let q (ql,...,qN)T R3N and M diag(ml,ml,ml,...,mN,mN,mN). Then
the equation of motion can be written as follows:

In studying this problem, there is no loss of generality in assuming that the center
of mass of the particles is at the origin: mlql +.. "-t-mNqN 0. Because the potential
is singular when two particles have the same position, it is natural to assume that the
configuration avoids the set A {q. q qj for some 7 j}.

DEFINITION 1. A configuration q Ra\A is called a central configuration if
there is some constant such that
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