WEIGHTED BMO AND HANKEL OPERATORS
BETWEEN BERGMAN SPACES

JORDI PAU, RUHAN ZHAO, AND KEHE ZHU

ABSTRACT. We introduce a family of weighted BMO spaces in the
Bergman metric on the unit ball of C™ and use them to characterize
complex functions f such that the big Hankel operators Hy and H ¢
are both bounded or compact from a weighted Bergman space into
a weighted Lesbegue space with possibly different exponents and
different weights. As a consequence, when the symbol function
f is holomorphic, we characterize bounded and compact Hankel
operators Hy between weighted Bergman spaces. In particular,
this resolves two questions left open in [7, 12].

1. INTRODUCTION

Let B,, be the open unit ball in C™ and dv the usual Lebesgue volume
measure on B,,, normalized so that the volume of B,, is one. Given a
parameter a > —1 we write

dva(2) = ca (1= [22)do(2),

where ¢, is a positive constant such that v,(B,) = 1.

Denote by H(B,) the space of holomorphic functions on B,,. For
0 < p < oo the weighted Bergman space A? := AP(B,) consists of
functions f € H(B,) that are in the Lebesgue space L? := LP(B,,, dv,).
The corresponding norm is given by

1= ([ |f<z>|pdva<z>)l/p.

When p = 2, the space A2 is a reproducing kernel Hilbert space: for
each z € B, there is a function K* € A? such that f(z) = (f, K%),
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whenever f € A%. Here

<f:g>a: fgdva

B

is the natural inner product in L?. K¢ is called the reproducing kernel
of the Bergman space A%. Tt is explicitly given by the formula

o 1
K (w) = 1= (w2 z,w € B,.

We also let k¢ denote the normalized reproducing kernel at z. Thus
1 _ |Z’ ) (n+1+a)/2

ka( - /V Ka >)n+1+oc'

The orthogonal projection P, : L2 — Ai is an integral operator
given by

Paf(2>=/m (1{%"3’?;;}2%, f € L*(B,, dva).

The (big) Hankel operator H ? with symbol f is defined by
H{g= (I - Ps)(fg).

We are interested in the mapping properties of H ? between different
Lebesgue spaces.

Hankel operators are closely related to Toeplitz operators and have
been extensively studied by many authors in recent decades. For ana-
lytic f, Axler [3] first characterized the boundedness and compactness
of Hf on the unweighted Bergman space of the unit disk. Later on,
Axler’s result was generalized in [1, 2] to weighted Bergman spaces of
the unit ball in C". For general symbol functions, Zhu [15] first estab-
lished the connection between size estimates of Hankel operators and
the mean oscillation of the symbols in the Bergman metric. This idea
was further investigated in a series of papers [5], [6], and [4] in the
context of bounded symmetric domains, and in [8, 9] in the context of
strongly pseudo convex domains.

The main purpose of this paper is to characterize real-valued func-
tions f € L such that H ? is bounded or compact from A%, to L§ with
1 < p < q < oo. This is equivalent to characterizing complex-valued
functions f € Lqﬁ such that both H ? and H j’? are bounded or compact
between the above spaces. As a consequence, we will characterize holo-
morphic symbols f € Aé such that H ? is bounded or compact from

AP to L% with 1 < p < ¢ < co. Our characterizations are based on a
family of weighted BMO spaces in the Bergman metric.
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Most previous results of this type are for bounded and compact Han-
kel operators from AP to LP. When f is holomorphic, Janson [7] and
Wallstén [12] characterized bounded and compact Hankel operators
between weighted Bergman spaces (in the Hilbert space case) with dif-
ferent weights on the unit disk and the unit ball, respectively. Our
results generalize theirs and solve two cases left open by them.

In the following, the notation A < B means that there is a positive
constant C' such that A < CB, and the notation A < B means that
both A < B and B < A hold.

2. PRELIMINARIES AND AUXILIARY RESULTS

In this section we collect some preliminary results that are needed
for the proof of the main theorems. We begin with notation for the rest
of the paper. For any two points z = (z1,...,2,) and w = (wy, ..., w,)
in C", we write

(z,w) = 21wy + + -+ + 2,Wp,
and

2l = V{z.2) = VIaP + -+ el
For any a € B,, with a # 0 we denote by ¢,(z) the M&bius trans-
formation on B, that interchanges the points 0 and a. It is known

that

a— Pa(z) — SaQa(z)
1—{(z,a) ’
where s, = 1 — |a|* , P, is the orthogonal projection from C" onto the
one dimensional subspace [a] generated by a, and @, is the orthogonal
projection from C™ onto the orthogonal complement of [a]. When a =
0, a(2) = —z. It is known that ¢, satisfies the following properties:

N ¢ Bl [ [ S E1 )
Pa 9011( ) ) 1 |90a( )’ |1—<z,a>|2 . (2.1)

va(2) = z €B,,

For z,w € B, the distance between z and w induced by the Bergman
metric is given by
1+ | (w)]
1- |90z<w)|
For z € B, and r > 0, the Bergman metric ball at z is given by
D(z,r)={w€B,: B(z,w) <r}.

We refer to [17] for more information about automorphisms and the
Bergman metric on B,,.

A sequence {ay} of points in B, is called a separated sequence (in
the Bergman metric) if there exists a positive constant § > 0 such that

Bz, w) = % log
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B(a;,a;) > 0 for any ¢ # j. The following result is Theorem 2.23 in
[17].

Lemma 2.1. There exists a positive integer N such that for any 0 <
r <1 we can find a sequence {ay} in B,, with the following properties:
(i) B, = UpD(a,r).
(ii) The sets D(ax,r/4) are mutually disjoint.
(iii) Each point z € B, belongs to at most N of the sets D(ay,4r).

Any sequence {ay} satisfying the conditions of the above lemma will
be called an r-lattice in the Bergman metric. Obviously any r-lattice
is separated. The following integral estimate is well known and can be
found in [17, Theorem 1.12] for example.

Lemma 2.2. Lett > —1 and s > 0. There is a positive constant C

such that
(1 — |w|*) dv(w) o
< 1— s
/IB%n 11— (2, w)|rHitt+s = el =P

for all z € B,,.
We also need a well-known variant of the previous lemma.

Lemma 2.3. Let {z;} be a separated sequence in B, and letn <t < s.
Then

e 1 — 2\t
Z—( [2+) <C(1—|z)7°, z€eB,.

Lemma 2.3 above can be deduced from Lemma 2.2 after noticing
that, if a sequence {z} is separated, then there is a constant r > 0
such that the Bergman metric balls D(z,r) are pairwise disjoint. The
following result is from [13].

Lemma 2.4. Given real numbers b and c, consider the integral operator
on B, defined by

(w)(1 — [w]?)" dv(w)
B, 11— (z,w)|° .
Letl<p<qg<oo,a>—-1,08>—1, and
n+1+p8 n+l+a
¢ p
Then the operator Sy . is bounded from LP to L% if and only if

Sb,cf(z) -

A:

a+1<pb+1), c<n+1+b+ A\
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We show that, under the same conditions, with an extra (unbounded)
factor B(z,w) in the integrand, the modified operator is still bounded
from L%, to Lj. Thus we consider the operator

(w) B(z, w)

B, |1 — (z,w)|¢ (1 = [w|?)” dv(w).

Tb,cf(z) =

Proposition 2.5. Let b and ¢ be real numbers. Let 1 < p < q < 00,
a>-—1,3>—-1, and
n+1+5 n+l+a

q P

Ifa+1<pb+1)andc<n+1+b+ A, then Ty, is bounded from L?,
to LY.
B

A\ =

Proof. Pick e > 0so that a+1 <p(b+1—¢) and f — ge > —1. Since
B(z,w) grows logarithmically, we have

Blz,w) = B0, px(w)) < C(1 — | (w)[*) "
It follows from (2.1) that
(L —fw]?)"

Thcf () < 00 = P [ S 1w doto)

Thus 7}, is bounded from L? to Lqﬁ if the operator Sy_. 9. is bounded

from Lf to Lj _.. The desired result then follows from the previous

lemma. O

In a similar manner, the following version of Lemma 2.2 can be
obtained. The proof is left to the interested reader.

Lemma 2.6. Lett > —1, s > 0, and d > 0. There is a positive
constant C' such that

/ (1 — |w‘2)t 5(27w)ddv(w> < C(l o |z’2)fs

|1 _ <Z7w>’n+l+t+s —

for all z € B,,.

The rest of this section is devoted to the proof of Theorem 2.8, which
can be interpreted as some sort of tangential maximum principle. We
begin with the following elementary fact.

Lemma 2.7. Suppose F' and G are holomorphic functions on By. If
F(’Zlu 22) = G(Zlv 22)7 Rl = (u/\/ﬁ)ewka (22)

where 0 are arbitrary real numbers and w is arbitrary from the unit
disk D, then F'= G on Bs.
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Proof. Suppose

F(z1, 29) E a2, G(z1, 22) g bz 2h.

k,l=0 k,l=0

Then we have

00 U k+1 k+l1
E Al (ﬂ) 1k91 1192 o E : bkl ( ) ezkelezleg

k,1=0 k,1=0

for all v € D and all real #; and 6,. By the uniqueness of Fourier

coefficients on the torus, we must have ay; = by, for all £ and [. This
shows that F' = G on B,. L]

Forn > 1, f € H(B,), and z € B,, — {0} we will write

Ml = tue

and call it the complex tangential gradient of f at z.

V(2] —sup{]—

Theorem 2.8. Letn > 1 and f € H(B,). If|[V.f(2)] = 0as|z| = 17,
then f is constant.

Proof. We will first prove the case n = 2. In this case, the condition

IVif(2)| =0, |z =17, (2.3)
is equivalent to
) af af
1 =0.
\Z|H>I11_ ( 821< ) 822( )) 0
Let
21 i 7391’ Z9 i 7:027

where v € D and 6 are arbitrary real numbers. Since
|21 4 [22]* = [uf?,

we see that |z| — 17 if and only if |u| — 17. Thus condition (2.3)
implies that

im —i62 af ( i91 u i92) _ it af ( iel ‘9 ):| =
- [e VAo ’ V2 \/_ "

For any fixed 6 the expression inside the brackets above is an analytic
function F'(u) on the unit disk. By the classical maximum principle
for analytic functions on the unit disk, we conclude that the condition
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in (2.3) implies that F(u) is identically zero on D. Therefore, the
condition in (2.3) implies that

ewla_f (iewl iei6’2> _ ewza_f (ieiﬁ ieiez)
01 \vV2 V2 022 \vV2 V2

for all u € D. Multiply the above equation by u/v/2, we conclude that

0 0
218—2{;(21, 22) = Zga—i(zl, 22) (24)
whenever "
2 = —=e'%, k=12

V2
By Lemma 2.7, we see that the condition in (2.3) implies that the
identity in (2.4) must hold for all z = (21, 22) in the unit ball.
Write

f2) =) ayzi7
i.j=0
and assume that the identity in (2.4) holds for all z = (21, 25) € Bo.
Then

oo oo
1,7=0 1,7=0

This gives ta;; = ja,; for all < and j, which implies that a;; = 0 whenever
© # j. Writing a; = a;;, we obtain

f(z) = Zaj(zlzz)j-

In this case, we have

0 0 > A
2o () = Bige(2) = (1l — ) > intar)!
Consider the case in which

z1 = usinf, 29 = u cos b,

where u € D is arbitrary and 0 < 6 < /4 is fixed. Then
0 0 > .
Ega—‘zfl(z) - ila—i(z) = |u|? cos(26) jzljaj(u2 sin @ cos 0)7 1.
Let |u| — 1~ and apply the classical maximum principle on the unit
disk, we must have a; = 0 for all j > 1, namely, f is constant. This
completes the proof of the theorem in the case n = 2.
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Next let us assume that n > 3 and |V,f(z)] — 0 as |z| — 1~ for
some f € H(B,). We want to show that f is constant. For any z =
(21, 22,23, -+ , 2n) € B, the vector (23, —21,0,---,0) is perpendicular

to z. Therefore,
. (_ Of of
i (a—< ) =76 )) 0.

We proceed to show that this implies that f is independent of the first
two variables.
Fix z = (21,209,253, ,2n) € B, (we specifically mention that it is
OK if some of the z; are 0) and write
1—72 = |z’ + -+ |zl
where 0 < r < 1. Consider the function

g(wi,wa) = f(rwr, rwa, 23, -+, 2n),
where w = (wy,ws) € By. It is clear that |w| — 17 if and only if
[rwy | 4 [rws)® + |23 + - 4 |z0)* = 17,

So we also have

(w) — wlﬁ(w) = 0.

2
a'LU2

|lw]—1— 8w1

By the n = 2 case that we have already proved, g must be constant. If
we choose w € By such that rw, = 2z, for £ = 1,2. Then

f(ZhZZyZ?n e 7Zn) = g(w17w2) = g(O’ O) = f(oaoa 23y 7Zn)~
Repeat the argument for the first and kth variable, where k£ > 3, and
let k& run from 3 to n. The result is

f(ZlazQaZSa”' 7271) :f(Oa())O) aO)

Since z = (z1,-+-,2,) € B, is arbitrary, we have shown that f is
constant. U
For f € H(B,) we write

Vo= (gt o). seB,

and call |V f(z)| the complex gradient of f at z. As a consequence of
Theorem 2.8, we obtain the following maximum principle in terms of
the invariant gradient Vf(z) = V(f o ¢,)(0).

Corollary 2.9. Let n > 1 and f € H(B,). If (1—|z]2)" 2|V f(z)| — 0
as |z| = 17, then f is constant.

Proof. This follows from [17, Theorem 7.22] and Theorem 2.8. O
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3. A FAMILY OF WEIGHTED BMO SPACES

Let v € R. For any positive radius r and every exponent p with
1 < p < oo, the space BMO?_ consists of those functions f € Lj, (B,)

loc

(the space of locally L? integrable functions on B,,) such that
| fllBaror., = sup {(1=12)"MO,,(f)(2) : z € By} < o0,

where

1 1/p

ve(D(z,7))
is the p-mean oscillation of f at z in the Bergman metric. Here

~ 1
76 = =5 /D  Jw)dnw)

is the averaging function of f and dv,(z) = (1 — |2]*)7 dv(z). At first
glance, the function MO,,(f) seems to depend on the real parameter
o, but the weight factor (1 — |z]?)? in dv, is essentially canceled out
by the extra factor (1 — |2]?)7 in v,(D(z,7)) < (1 — |2]?)"T1T7. As a
consequence, the space BMO? | is actually independent of the weight
parameter o. In particular, this independence on ¢ is a consequence of
the following lemma.

MO, (f)(2) = [ / ) = FP o)

Lemma 3.1. Let 1 < p < oo, f € L} (B,), andr > 0. Then f €

loc

BMOE_ if and only if there exists some constant C' > 0 such that for
any z € B,,, there is a constant A\, satisfying

u—y g
| f(w) = A.fP dvs (w) < C. (3.1)
UU(D(Z7T)) D(z,r)
Proof. If f € BMO?_, then (3.1) holds with C' = || f| saor, and A, =

ﬁ,(z) Conversely, if (3.1) is satisfied, then by the triangle inequality
for the LP-norm, MO, .(f)(z) is less than or equal to

— |f<w>—AZ|pdvg<w>r+|ﬁ<z>—xz|.
D(z,r)

[m

By Holder’s inequality,

fr(2) = A =

DT g /) 00)

e B )

IN
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It follows that
(1—[2[)"MO,.(f)(z) < 2C"P
for all z € B, so that f € BMO?._ . O

For a continuous function f on B, let

w(f)(2) = sup {|f(2) — f(w)| : w € D(z,7)}.
The function w,(f)(2) is called the oscillation of f at the point z in the
Bergman metric. For any r > 0 and v € R, let BO, ., denote the space
of continuous functions f on B, such that
1fll8o,,, = sup (1 — |2[*) w,(f)(z) < oc.

ZEBn

Lemma 3.2. Letr > 0, vy € R, and f be a continuous function on B,,.
If v >0, then f € BO,, if and only if there is a constant C' > 0 such

that B )1
Z,w
‘f(Z) - f(’LU)’ S Omln(l _ ’Z’, 1 — |U}D7

for all z and w in B,. If v <0, then f € BO,, if and only if there is
a constant C > 0 such that

[f(z) = flw)| <C

B(z,w) + 1

1 — (z,w)|™
[max(1—|z],1— ]w])]_7 | (2wl

for all z and w in B,.

Proof. Assume that f € BO,,. If (z,w) < r, the result is clear,
because then

11— (z,w)| <1—|z| <1—|w|.
Fix any z,w € B, with g(z,w) > r. Let A(t), 0 < t < 1, be the
geodesic in the Bergman metric from z to w. Let N = [8(z,w)/r] + 1
and t; = i/N, 0 < i < N, where [z] denotes the largest integer less
than or equal to x. Set z; = A(¢;), 0 <i < N. Then

Bz, w)
N

B(zi zig1) = <r

Therefore,

IN
=
—~
K
L
—
—~
&8
IN
[]=
(S
S
=
33‘

£(z) = f(w)]

< |fllson, D _ (1 =1z

i=1
If v > 0, it follows from the obvious inequality
(1 —lz]) = min(1 — |z], 1 — |w])
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that
N
B(z,w)/r+1
= Wleon i = Tel, 1= ey

Bz w) +1
min(1 — |z], 1 — [w[)"

< max(1,1/7) | fllzo,,

If v < 0, the result is proved in the same way once the inequality
21 — (z,w)|?
max(1 — [z[2, 1 — |wl|?)
is established. To prove this, simply note that the Mébius transforma-
tion ¢, sends the geodesic joining z and w to the geodesic joining 0

and @, (w). This gives
L= lp:(w)]* <1 lps(2)]".
Developing this inequality using (2.1), we get
1 — |wl|? < 1—|z)? < 2
1=Cw) ~ 1=(zx)P 7 1= (]

1— |z < (3.2)

which gives

2[1 — (z,w)|”
1— (2, 2)] < 22—\ W0
| <Z7Z>|— 1_’“}’2
Interchanging the roles of z and w, we get (3.2).
The converse implication is obvious. O

A consequence of the above lemma is that the space BO, , is in-
dependent of the choice of r. So we will simply write BO, = BO, ,
and

I£l5o, = I fllo,,, = sup (L — |2|*)"wi(f)(2).

z€By
Let 0 < p < o0, v € R, and r > 0. We say that f € BA?_ if
felLl (B,) and

loc
2\y [T 7P 1/p
I7llmsz, = sup (1 = |=P)7 [[F(2)] " < oo

z€DBn

We proceed to show that the space BAL_ is also independent of r.
For o > —1 and ¢ > 0 the generalized Berezin transform B.,(¢) of
a function ¢ € L*(B,, dv,) is defined as

Bus)2) = (1= 1P [ e Ee i)
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In the case when ¢ = n+1+ 0, this coincides with the ordinary Berezin
transform B,p(z) = (pk?, k7),.

z7r 'z

Lemma 3.3. Let 0 <p<g<oo, o, >—1, and f € L} (B,). Set

v=m+1+8)/q-(n+1+a)/p,  dugp=|[f|"dvg.
The following conditions are equivalent:
(i) The embedding i : A2, — LB, duyss) is bounded.
(ii) f € BAZ, for some (or all) r > 0.
(iii) (1 — |2/ B, (|f]?) € L>®(B,) for all 0 > —1 + vq and all
¢ > max(0, —yq).

Proof. By [14, Theorem 50], condition (i) is equivalent to
nps(D(z,1)) < O(1 = [z?)nrreela
for some (or all) r > 0. Since

() = pr.5(D(2,7))

- ( | ‘2)n+1+ﬁ’

it follows that (i) and (ii) are equivalent.
Since |1 — (z,w)| =< (1 — |z|?) for w € D(z,r), we have

Beallf0(e) = (1= oty [ el
we [ 1F)1duy ()
> (1_ |Z| ) \/D(z,r) |1_ <Z’w>|n+1+c+g
= |fli(z).

This proves that (iii) implies (ii).
To finish the proof, let {a;} be an r-lattice. Then

Ballf)) = (=1ePy [ (g)iii‘ﬁfﬁ

w)|? dvy (w)
< |Z| Z/ ‘1 — Z w)’n+1+c+a

By the estimate in (2.20) on page 63 of [17], we have
|1_<Z7w>’x|1_<zaaj>|7 UJGD(CL]',T).

Thus

) a o—B
B (1) (2) ) e s npaDla )
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So condition (ii) implies that

1_ |CL | n+1+<7 Yq

q —
Bw(|f| )( ) 1 | | Z |1_ 2, a, |n+1+c+0'
Since 0 > —1+ g, or n+ 1+ o — yqg > n, an application of Lemma
2.3 shows that condition (ii) implies (iii). O

As a consequence of the previous result, we see that the space BAL
is independent of the choice of r. Thus we will simply call it BAL.

Lemma 3.4. Let f € L;,.(B,) and r > 0. Then f» is continuous.
Proof. The proof is elementary and we omit the details here. ([l

Theorem 3.5. Supposer >0,y € R, 1 <p < oo, and f € L} (B,).
The following conditions are equwalent
(a) f e BMOE,.
(b) f=fi+ f2 with f; € BO, and f, € BA?.
(c) For some (or all) 0 > max(—1,—1 + vp) and for each ¢ >
max (0, —2vp) we have

e (L e
_ p
e A e i

dvg(w) < oc.

(d) For some (or all) o > max(—1,—1 + yp) and for each ¢ >
max(0, —2vyp) there is a function A, such that
(1 — |z[)P
1 — <Z, w>|n+1+c+a

sup |f(w) — A|P dv, (w) < oo.

Proof. That (c) implies (d) is obvious, and the implication (d) = (a)
is a consequence of Lemma 3.1 and the inequality

e o 1)

(1 — [2[%)=r
B |f(UJ) - Azlp‘l _ <Z’w>’n+1+c+adva<w)’

which follows from the well-known facts that
11— (z,w)| < (1= |2*), v (D(z,r)) = (1 — |z},

for all z € B,, and w € D(z,7).
The proof of (a) = (b) can be done as in [16, Theorem 5]. Indeed,

since r is arbitrary, it suffices to show that

BMO}, C BO, + BA?.

2ryy
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Given f € BMO? _ and points z,w € B, with §(z,w) < r, we have

17(2) = Fr(w)] < 1Fo(2) = Far(2)| + | for(2) = Frl(w)]
1 .
< I /D(z,r)|f(u) — for(2)] dvy(u)

1 ~
(D( r)) / wr)|f(u) — for(2)| dvg(u).
)

Since v, (D(w,r)) < v,(D(z,1)) for w € D(z,r), and since D(z,r)
and D(w,r) are both contalned in D(z,2r), it follows from Hoélder’s
inequality that the two integral summands above are both bounded by
constant times (1 — |z|2)*'y||f||BMogm. This together with Lemma 3.4

proves that ﬁ belongs to BO, ., = BO,. On the other hand, we can

prove that the function g = f — fr is in BA? whenever f € BMOj
In fact, it is rather easy to see that f € B]\/[ O2m
BM qu. By the triangle inequality for LP integrals,

2ryy
implies that f €

1
1 ~ P

/\pzl/p _— w) — fr(2)|P du,(u w,,A,,z.
P < |y o M0 = P )]+ T2

Since ]?T € BO,, and f € BMO?_, we deduce that g belongs to BAL.
To show that (b) implies (c), first observe that it follows from Lemma
2.2 that the integral appearing in part (c) is dominated by

(1= =3 (Buo (1£1)(2) + 11 ()P,

and by Holder’s inequality, we have \ﬁ(z) P < W(z). Thus Lemma 3.3
shows that f € BAP implies condition (c). On the other hand, if
f € BO,, we write

~ 1
F0) = F2) = 5 /D ) = F0) )

and use Lemma 3.2 and the triangle inequality to obtain

~ 1
£0) = £ < Clllno, gt e, 2o
and
Y _ —2
) = Fi(2)] < Cllf o, L) E DR = w77

(1—lz)) ’
In both cases, the integral estimates in Lemmas 2.2 and 2.6 show that
(c) holds if f € BO,. This shows that condition (b) implies (c) and

O

completes the proof of the theorem.
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One of the consequences of the above result is that the space BMO?_
is also independent of 7. So from now on it will simply be denoted by
BMO?.

Next we are going to identify the space of all holomorphic functions
in BMO? with certain Bloch-type spaces. Recall that for o > 0, the
Bloch type space B* = B%(B,,) consists of holomorphic functions f in
B,, for which

£l = 1FO)] + sup (1 = P9 £(2)] < o0,
Note that the complex gradient V f(z) can be replaced by the radial
derivative Rf(z). We will simply obtain equivalent norms. When a >
1/2, a description can also be obtained using the invariant gradient
Vf(z) = V(f 0.)(0). That is, for a > 1/2, a holomorphic function f
belongs to B if and only if

£ (0)] + Squ(l — 2PV (2)] < o0,
z€DBn

and this quantity defines an equivalent norm in B®. Note that when
n = 1, this is true for all @ > 0, because in this case we actually have
Vi(z) = (1= [z*)f(2).

When 0 < o < 1, the Bloch type space B* coincides (with equiv-
alent norms) with the holomorphic Lipschitz space A, = A;_o(B,)
consisting of all holomorphic functions f in B,, such that

£ (2) = f(w)|

Iflas-e = L)+ sup {EE LN e 2 wf < o
Note that when o = 0, the space B consists of holomorphic functions
f with bounded partial derivatives. Equivalently, B° consists of all

holomorphic functions f such that

o { L) I

|2 = wl

:z#w}<oo.

This space is not what is usually called the Lipschitz space A;. We
refer to [17, Chapter 7] for all these properties of Bloch and Lipschitz
type spaces.

Proposition 3.6. Let v € R, 1 < p < oo, and f € H(B,). Then
J € BMO? if and only if

1fllye = sup (1 = [V £(2)] < oo.

ZEBn
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Proof. We will show that condition (d) of Theorem 3.5 is satisfied with
A, = f(2) if || f||l4,« < oco. To this end, let 0 > max(—1,—1 + py) and
¢ > max(0, —yp). By [11, Lemma 7] and Lemma 2.2, we have

N (e s
[ 17) = P e e ()

(1 — Jz[)r

|1 — (z,w)|rtitete o(w)

< C | Vi)
By

dvy—p(W)

< C’ p 1 — 2 C+'Yp/
< iz -y [
< C.

Thus || f||,« < co implies that f € BMO?.

To prove the other implication, we use the inequality

—1 Pdy (w
QMD@J»Z¥Mva—ﬂ@|dA),

ViEP S

which appears on page 182 of [17]. By the triangle inequality for L
spaces,

V()] < MOy, (f)(2) +1f(2) = [ (2)].

Applying Lemma 2.24 of [17] to the function g(w) = f(w) — /() and
the point z, we find a constant C' such that

F(2) = £r(2)] < C MOy, (f)(2)
for all z € B,. Thus f € BMO? implies || f],. < oo. O
Corollary 3.7. Let y € R and 1 < p < 0o. Then

(a) If n =1, we have

Bl—i-’y’ Y 2 _17

H(Bn)mBMogz{C -
) Y 4

(b) If n > 1, we have

B oy > —1/2,

H(B,) N BMO? = {C < _1/2

(c) If n > 1 and v = —3, the space H(B,) N BMO? consists of
those holomorphic functions f on B, with

sup (1 — |2[*)7*[V ()] < oo.

ZGBn
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Proof. Parts (a) and (b) are consequence of Proposition 3.6, the re-
marks preceding it, and Corollary 2.9. Part (c) is just a restatement of
Proposition 3.6. U

According to [17, Theorem 7.2], the space BMO” , contains non-

2
constant functions. In fact, any function in B* with 0 < o < 1/2 is in
BMOP” ,. However, this space differs from B'/2. See Corollary 2.9.

2
In the next theorem we record some characterizations obtained for
Bloch type spaces, which are of some independent interest.

Theorem 3.8. Suppose r > 0,1 <p<oo, o> —1, and f € H(B,).
Let v > =1 ifn =1; and v > —1/2 if n > 1. Then the following
statements are equivalent.

(i) feB™.

(ii) There is a constant C' > 0 such that

(L= =)
vo(D(2,7))

for all z € B,.
(iii) There is a constant C > 0 such that

/D ) = S (w) < €

(L= =)
vo(D(2,7))

for all z € B,.
(iv) For each z € B,, there exists a complex number \, such that

(1— ]z
sup ——————
2eB,, Vo (D(2,7))

/D ) = F P ) <0

/ |f(w) — A|P dvs (w) < oo.
D(z,r)

(v) For some (or all) n > max(—1,—1 + vp) and for each ¢ >
max (0, —2vp) we have

1— 2\c+vyp
sup [ 17() = PP o ) < o0

Proof. In the proof of Proposition 3.6, we proved the implications
(i)=(v)=-(ii)=-(i). The other equivalences are obtained from Theo-
rem 3.5 and Lemma 3.1. O

When v = 0, the equivalences of (i)-(iv) in Theorem 3.8 is just [17,
Theorem 5.22], and the equivalence with (v) appears in [10].



18 J. PAU, R. ZHAO, AND K. ZHU

4. BOUNDED HANKEL OPERATORS

The main result of this section is the following result, which char-
acterizes bounded Hankel operators induced by real-valued symbols
between weighted Bergman spaces.

Theorem 4.1. Let 1l <p<qg<oo,a>—1,> -1, fe L%, and

n+l+8 n+lta
q p
Then H?,H? t AP — Lqﬂ are both bounded if and only if f € BMO1.

We are going to prove Theorem 4.1 with a series of lemmas and
propositions. For ¢ > 0 let

1
Bt _
) = Ty

Also, for f € L} and z € B,,, we consider the function MOpg 4 f defined
by

MO 41 f(2) = || fhL = ()R], 5

where, for z € B,,, the function g, (that depends on f and t) is given
by

Py(fh)(w)
gz(w) = BhtT, w e Bn,
with the function h! defined by
KBt
ht(w) = P (w) = &, w e B,.
’ ’ el
z P,

Clearly, ||h!|p.o = 1. When t = 0, it is easily seen that g.(z) = Bgf(z)
is the Berezin transform of f at the point z. Also, since h%(w) never
vanishes on B,,, the function g, is holomorphic on B,,.

Lemma 4.2. Let 1 < p < q < 0o and o, > —1. Let vy be as in
Theorem 4.1 and t > 0 such that

n+l+p+t>Mn+1+a)/p.
If MOg g, f € L=(B,), then f € BMOZ.

Proof. Since n+ 1+ 8+t > (n+ 1+ «)/p, Lemma 2.2 gives us the
estimate
D s = (1 42 triessn)
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It follows that [MOg4.f(2)]" is comparable to

(1— |Z’2)’YII+("+1+B)(111)+tq/ |f(w) — gz( ) | dUg(’LU),

B, |1 — (2, w)|(n+1+6+0a
which dominates

(A =z e
DL o 1) = ).

This shows that, if MOg,.f € L>(B,,), the condition in Lemma 3.1 is
satisfied with A, = g.(2), so f € BMO1. O

The following result gives the necessity in Theorem 4.1. It general-
izes, in several directions, Proposition 8.19 in [18], where the method
of proof is based on Hilbert space techniques. A different method was
used in [16] to deal with the case &« = § and p = ¢. Our method
here is more flexible and allows us to obtain the result in much more
generality.

Proposition 4.3. Let 1 < p,q < oo, o, > —1, and t > 0. Then for
any f € L} we have

MOgq1f(2) S I|HFRE]|, 5+ N HFRE,

Proof. By the triangle inequality and the definition of Hankel operators,
we have

MOggif(2) = ||fhl—g.(2 htH 4
< |[fhL = Be(fRL)||, 5 + (| P(fR%) = Z)hin,g
= (7R, 5+ 1Po(FRD) = 0:(2) B2l

For any g € A%(IB%,L) it is easy to check that

9(2)h, = Psi(ghs). (4.1)
This together with the boundedness of Pgi; on Lqﬁ yields
1Ps(fh2) = g:(2) Bl 5 = | Po(fB2) = Pasa(@ 2]

= “P,Bth(P/B(fhz) -9 h’i’ Hq,ﬁ
[Pacdly - WEnt7H0) - gAL

IN
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Finally,
|PaCfnl) —gzl]|,, < [lfnt = PaCFRb)||, , + 70t — =il
= [[HFR| 5+ PR = g,
= |\H{RE|, 5+ (17 B = Po(F RO,
= |\ HfRE|,  + [ HFR, 5
This proves the result with constant C' = (1 + HPBHH L%). J

Note that the proposition above does not require p < ¢g. The next
two propositions, which require the condition p < ¢, will establish the
sufficiency of Theorem 4.1.

Proposition 4.4. Let 1 <p<g<oo, a> -1, > —1, and
y=n+1+4+08)/¢—(n+1+a)/p.

If f € BAZ, then H? : AD — LY is bounded.

Proof. Since g > 1, the Bergman projection Pg is bounded on L%. Thus

1E29) 5 < 1£9lls + UPs (D S 1 £9llas = oo o

The result then follows from Lemma 3.3. O

We note that the proof of the previous proposition also works for
1=p < q< 0. In order to show that Hf is bounded if f € BO, with
~v < 0, we need the following result.

Lemma 4.5. Let s > > —1, 1 < ¢ < oo, f € L%, and g € H™.
Then 5
1H59ll, 5 < CllH}gl|, 5

Proof. Since g € H*, we have gf € Lqﬁ. Also,

1#fall, s = 1T =Pa)ah)l,,
< [ =P)ghl], 5+ (P = Ps)gf)]],. 5
= [[Hzall, 5+ [[(Ps = Y@, 5

Since P, is bounded on Lqﬁ, the reproducing formula yields P3Ps(gf) =
Pi(gf). Thus

(Ps — P)(9.f) = (Ps = PsPs)(gf) = Ps(I = Po)(9f) = Ps(Hjg).
This gives
s Patonl, < 123 Izl
so we obtain the desired inequality with C' =1+ || P3]|. O
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Proposition 4.6. Let 1 <p<g<oo, a>—1, 3> —1, and
vy=m+14+08)/¢g—(n+1+a)/p.
If f € BO,, then H]é : AD — LY is bounded.

Proof. We first consider the case v > 0. For g € H*>, which is dense
in AP, we have

|, = / |Hg(2)|7 dus(2)

_ / /(f(Z)—f(w))g(W)d

q

dvg(z)

0= (7wt 0ae)

[ () Bt ) e,
By Lemma 3.2, o

" (14 Bw) lgw) dus(w) Y
riass = [, (et - 1) @
Write

w0 = [ ([ et ) )

and split the inner integral in two parts, I;1(g) over |w| < |z| and
I, 5(g) over |w| > |z|. Since

min(1 — 2], 1 — |w])” = (1 = [2[)"

IN

for |w| < |z|, we have

i = [ (] S

- / 1Sne(191)(2)] g (2),

where Sy . is the integral operator appearing in Theorem 2.4 with b =
and ¢ =n + 1+ . Notice that g — ¢y > —1 is equivalent to

(1 1) 1+«
nl-—--J< ,
q D p

which is automatically satisfied since p < ¢. Applying Theorem 2.4, we
obtain 71 1(g) < ||g/|# ., provided 1+a < p(1+b) and ¢ <n+1+b+ .
Since b = 8 and

)\_n+1+(5—q7)_n+1+a_0
q p ’
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the condition ¢ < n+ 14 b+ A is satisfied with equality. It remains to
check that the condition
l+a<p(l+b)=p(l+p) (4.2)

is satisfied. Since v > 0 and ¢ > p, we have

0<y=(n+1+B8)/g—(n+1+a)/p<(8-a)lp.

This gives o < 3, so(4.2) holds since p > 1.
Similarly, we have

1ag) < / [She(l9D)(2)|" dus (2)

withb=p0—~v,c=n+14p, and A =~. We want to apply Theorem
2.4 to estimate I; 5(g). In this case, the condition ¢ <n+1+b+ X in
Theorem 2.4 holds with equality. The other condition in Theorem 2.4
is a4+ 1< p(1+ 5 — ), which is equivalent to

p(n+—1+ﬂ)<pﬂ+p+n.

If ¢’ is the conjugate exponent of ¢, the above condition is equivalent

to
1 1 1
q P q

which is automatically satisfied since p < ¢. Hence, by Theorem 2.4,
we have I15(g) < ||lgl|2,- This together with the previous estimate
yields I1(g) < [|gl|] - The remaining estimate I>(g) < ||g[l4, with

wo = [ ([ it o) @9

can be proved in a similar manner, using Proposition 2.5 instead of
Theorem 2.4. The proof of the case v > 0 is now complete.

If vy <0and g € H*®, we use Lemma 4.5, with s > f big enough so
that p(s+v+1) > a+ 1, to obtain

|1 _ <Z, w>‘n+1+s

By Lemma 3.2,
() — fw)| < 02EW L

(1 —fw)=

1= (2, w)| 7.

Therefore,

sl < [ ([ e don ) ),
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and the boundedness of H f : Ab — Lj follows from Theorem 2.4 and
Proposition 2.5 again. U

The proof of Theorem 4.1 is now complete: the necessity of the con-
dition f € BMO1 follows from Lemma 4.2 and Proposition 4.3. Since

J € BMO? if and only if feBM 0%, the sufficiency is a consequence
of Theorem 3.5, Proposition 4.4, and Proposition 4.6.

As an immediate consequence of Theorem 4.1 and Proposition 3.6,
we obtain the following result that characterizes the boundedness of
Hankel operators with conjugate holomorphic symbols.

Corollary 4.7. Let f € AL, 1<p<qg<oo,a>—1,8>—1, and
n+l+p n+ltow
q p

(1) Forn =1 we have
(a) If v > =1, then Hy : Ah, — Lj is bounded if and only if
fe B,
(b) If v < =1, then Hj : AP — Lqﬁ 15 bounded if and only if f
15 constant.
(2) Forn > 1 we have
(a) If v > —1/2, then Hy : AL, — L% is bounded if and only if
fe B,
(b) If v < —=1/2, then Hy : A}, — L is bounded if and only if
f s constant.
(c) If v = —1/2, then Hy : AL — L} is bounded if and only if

sup (1~ [27) (9 £(2)] < oo

z€B,,
Proof. Since f € AL, the Hankel operator H 7 is densely defined. If
Hy: A% — L% is bounded, by testing the boundedness on the function
1 we see that f € A} Since B'*" C A}, the result follows from
Theorem 4.1 and Proposition 3.6. 0

In the case ¢ = p = 2, this recovers the results of Janson and Wallstén
(7, 12], where the case v = —1 for n = 1 and the case v = —1/2 for
n > 1 were left open. Thus we have resolved these open cases.

5. WEIGHTED VMO SPACES

Let v € R. For any positive radius r» and every exponent p with
1 <p < oo, the space VMO consists of those functions f in BMOY
such that
lim (1 — [2]*)"MO,.,.(f)(z) = 0.

|z]—1
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Again, the space VMO?_ is actually independent of the weight param-
eter 0. Similarly as before, for r > 0, we define VO, , as the space of
functions f in BO, , satisfying

lim (1 — |2[*)"w,(f)(2) = 0,

|z]—1
and VAP as the space of functions f in BAL_ satisfying
— 1/p
lim (1 =) [[/[E(z)] " =0,
|z]—1

The following result shows that VAP does not depend on r.

Lemma 5.1. Let 0 <p<g<oo,a>—-1,3> -1, f e L. (B,), and

loc

vy=m+1+06)/q—(n+1+a)/p,  duspg=|[f|"dvs.
The following are equivalent:

(i) If {fx} is a bounded sequence in AP and fr — 0 uniformly on
every compact subset of B,,, then

mﬂé!ﬁ@W@MM@ZQ

k—o0

(ii) f € VAL for some (or all) r > 0.
(iii) The condition

lim (1 — =) B, (|f1)() = 0

|z|—=1
holds for all o > max(—1, —1 + vq) and all ¢ > max(0, —vq).

Proof. By the corresponding little-oh result of Theorem 50 in [14], we
know that (i) is equivalent to

D
i D)
2|1 (1 — |Z\2)(n+1+a)q/p

for some (or all) » > 0. The equivalence of (i) and (ii) is a consequence
of this result and the fact that

Ty (D)
|f|7"( ) - (1 o |Z‘2)n+1+ﬁ‘

That (iii) implies (ii) follows from the fact that

[712(2) < Buo(1£17)(2),

which has been shown in the proof of Lemma 3.3.
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It remains to prove that (ii) implies (iii). Let f € VA _. By defini-
tion, we have

[£12(w) dv, (w)
LT = (2w rrere”

(1= 21 Beo(If[F)(2) = (1 = |Z|2)c+vq/B
For 0 < s <1 let

[F2(w) dv,
]1(8) = (]‘ - |Z|2)C+’Y‘1 /w<s |1 |f‘<il’urll>|z+(12fz+a7

L(s)=(1- ’z|2)0+7q/ | f1F(w) dv, (w)

<|w|<1 |1 - <Z7 w>’n+1+c+o'

Let ¢ be an arbitrary positive number. By (ii), and then by Lemma 2.2,
there exists an s > 0 such that

(1 — w27 do(w)
I(s) < e (1 - |2) /
s<|w|<1 ‘1 - <Z7 w>|n+1+c+a

Since f € VAl C BA?_, we know that

r?’y ’

and

A
™

[fIHw) S (1= |w])™".
Since |1 — (z,w)| 2 (1 — |w|?), we obtain

dvg(w)
2\¢ a
Li(s) < (1—[z%) o /|w|<s (1 — [w[?)rtitetotya

(1= 2y
(1 _ 52)n+1+c+7q'

<

Hence, we can find a § € (0,1) such that I;(s) < € whenever 1 — 4 <
|z] < 1. Combining the above two inequalities for I;(s) and I(s) we
deduce for 1 — ¢ < |z] < 1 that

(1= 2B, (1f1)(2) S e.

Therefore,
lim (1 — [2[*)B., (| f[?)(2) = 0.

|z|]—1

Let dps, = | f|? dv,. Since

[f17(2) < Iiye(2) =
the above equation is equivalent to

lim (1 — [2[*)"Beo (fizo) (2) = 0.

|z]—1

ra(D(z7)
(L= ]ePye
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By [14, Lemma 52], we have
Beo(tiro)(2) S Beo(fiye)(2),

where

dptsq(w)
B, (s =(1—|z]*)° ’ .
o)) = (= ey [ e
Thus we obtain
lim (1 — [2]*) "B, (50)(2) = 0,

|z|—1
which is the same as
lim (1 — |2]*)"B.,(]f|%)(z) = 0.

|z|—1
This proves (ii) implies (iii) and completes the proof of the lemma. [
The next result shows that VO, ., does not depend on r.
Lemma 5.2. Lety € Randry,ro > 0. If f € VO,, , then f € VO,, .

Proof. If r{ > rs, the result is obvious. So we assume that r; < ro and
fix z € B,. It follows from the continuity of f on B, that

wry (f)(2) = sup{|f(2) = F(Q)], ¢ € D(z,72)},

and we can find w € D(z,rs) such that

1/ (z) = f(w)] = wr, (F)(2).
Let A = A(t), 0 <t <1, be the geodesic in the Bergman metric from z

to w. Then A lies entirely in D(z,73). As in the proof of Lemma 3.2,
we let N = [ry/ri]+2 and t; =i/N, 0 < i < N, where [z] denotes the
largest integer less than or equal to z. Set z; = A(¢;), 0 < i < N. Since
N >ry/ri + 1> ry/ry, we have

B(zi—la Zz) = N =N

Because z; is in the closure of D(z,r3), there exists a constant K > 0,
independent of 7, such that

1
(=2 < (1= [f) < K1 = [2F).

Since f € VO,, ,, we know that
lim (1 — |z]*) 7w, (f)(2) = 0.

‘Zi|—>1

But |z;| — 1 as |z| — 1. So for any € > 0 there exists § > 0 such that

(1= [2z*)wr, (f)(2) < K
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whenever 1 — |z| < §. Thus

1f(z) = f(w)] < ZI (zi-1) = (2 |<Zwr1
< - € <£ K
K1 =[x = K (1-[zP)
3
(=[P
Therefore,
€

wry (F)(2) = |f(2) = f(w)| < 7——5
for 1 — ¢ < |z|] < 1, which shows that

lim (1~ [2[2) 7w, ()(2) = 0,

|z]—1

or feVO,,,. O

Because of Lemmas 5.1 and 5.2, we can denote VAP and VO, by
VAL and VO,, respectwely Just as in the big-oh case we have the
followmg result for VMO?

Theorem 5.3. Suppose r >0, v € R, 1 < p < oo, and f € BMO?.
The following conditions are equivalent:
(a) fEVMO?,.
(b) f=fi+ fo with fy € VO, and f, € VAL.
(¢) For some (or all) ¢ > max(—1,—1 + vyp) and for each ¢ >
max(n+ 14+ o,n+ 140 — 27v), we have

i [ 1fw) - F)P el A

2|1 Jp |1 — (z,w)|ntiteto

(d) For some ( or all) o > max(—1,—1+ vp) and for each ¢ >
max(n+1+o,n+ 140 —27v), there is a function \, such that

im [ (f(w) = AP EDT =
im w) — A\, (w) = 0.
|21 Jp,, 11— (z, w)|rtitete

(e) For some (or all) o > —1 there is a function A, such that

im w W) — P du () —
\,];|a1 v (D(z, 1)) /D(Z’r) | f(w) = Az|P dvg(w) = 0.



28 J. PAU, R. ZHAO, AND K. ZHU

Proof. That (c) implies (d) is obvious. That (d) implies (e) follows
from the simple inequality

—f}i&)'(j ))) / ) = A o)

p (L[
5 Bn|f<w) )\Z| |1 o <Z, w>|n+1+c+g UU(w)'
An easy modification of the proof of Lemma 3.1 shows that (e) implies
(a). That (a) implies (b) follows easily from the proof of (a) implying
(b) in Theorem 3.5.

Thus we only need to prove that (b) implies (c¢). Suppose that (b)
holds. As in the proof of Theorem 3.5, from Lemma 5.1 it is not difficult
to see that (c) is satisfied for f € VA?. Now, for f € VO,, it is obvious
that f € BO,. Set

I(z) = ] [f(w) = F(2)P

Making the change of variables w = . (), we obtain

1) = [ 1foen(¢) = Rmp—L D"

B, 1= (z,Q)r+ito—e

In the case v > 0, it follows from the proof of Theorem 3.5 and the
invariance of the Bergman metric that

Fow Q=@ S Ifllno,

(1 |2y
1= (2 w) o

dvg (w).

dvy(C). (5.2)

Blp:((), 2) +1
in(1—|z[,1 = |e.(O)])
B(¢,0) +1
S lIfllso, min(1 — |z],1 — |, (¢)])

Let
E={CeBy,: ()] < |2[}.
For ¢ € E we have 1 — |p,(¢)|> > 1 — |z|* and

Foe(Q) = LEPA- " SBEO+1”. (53)
For ¢ € B, \ E we have 1 — |p,(¢)]? <1 — |2]? and
i e < (B0 1P ey
Fowde) — ap -y 5 PEDTILE
< (BGO)+ 1P —[¢H)™.

Since 0 > —1+vp > —1, we have

/ (B(C,0) + 1) duy(€) < oo,

n
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and
[ 660+ 120 =[P dg(0) < .

Let

(B(C,0) + 1)P(L = [¢[*)™P), CE€B,\E

The above argument shows that H(¢) is in L'(B,, dv,) and, since ¢ >
n+ 1+ o, we have

fo@(Q) = L)L = |2PYP L= (2, Q[ SHE)  (54)

for v > 0 and all z € B,,.
If v < 0, it follows from the proof of Theorem 3.5 again that

(5(5{3);@;? Ui~ ooyl ®
(8(¢,0) + 1)(1 — [¢]*)”
(1= le=(Q)?)
(ﬁ(gO) + 1) |1 B <27<>‘27
(1— =) '

() = {(B(C,O) 1), CeE

1fow.(Q) = F(2) S |fllso,

= || fllo,

= | fllzo,
Since ¢ > n+ 1+ o — 2vp, we also have

[fowa(Q) = FPA =[PP 1= QI ") S GO (55)
for all z € B,,, where G(¢) = (8(¢,0) + 1)? is in L*(B,,, dv,).
Fix any ¢ € B,, and let ¢t = 3({,0). Since B(p.(C),z) = B((,0) =t
and f € VO,, we get

lim | foip.(C) = f(2)[(1=]2*)" < lim (1=[2[*)"wi(f)(2)" = 0. (5.6)

|2|— |2|=1

On the other hand, we have

1fop.(() — FEPSIfopa(Q)— FRIP+1F(2) = f(2)P
< JfowQ) - fFR)P +
1 ® gy
+W D(H)\f(z)—f(tﬂ dvg(t)
S fow(Q) = FR)P +w () ()"

Therefore,

[fow.(Q) = J(2)P(L— |2
S Afoea(Q) = FRIPA = [2)P + we () (2)P(1 = [2[*)™,
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which tends to zero as |z| — 1, because f € VO, and (5.6). Since
c>n+ 14 o, we also have
lim_[fo.(Q) = Fu(2)PP(1 = [2P)7 |1 = (2, Q)"+ =0,

|z]—1

Thus in all cases, due to (5.4) and (5.5), we can apply Lebesgue’s
Dominated Convergence Theorem (bearing in mind the expression for
I(z) given in (5.2)) to obtain I(z) — 0 as |z| — 17, which is (c¢). This
completes the proof of the theorem. O

Since condition (b) in the theorem above is independent of r, we
see that the space VMOY | is actually independent of r. Thus we will
simply use the notation VMO?.

Notice that in (¢) and (d) of Theorem 5.3 we require a somehow
stronger condition ¢ > n + 1 4+ ¢ than ¢ > 0 in Theorem 3.5. It
would be nice to know whether it is possible to replace condition ¢ >
n+ 140 by ¢ > 0 with ¢ > —yp in (c¢) and (d) here. Anyway, for our
main purpose here (to characterize compactness of Hankel operators)
condition ¢ > n + 1 + o is enough.

For a > 0 let B = B§(B,,) denote the closure of the set of poly-
nomials in B*. The space B consists exactly of those holomorphic
functions f such that

lim (1 — |z])*|Vf(2)] = 0.
|z]—1—

As before, the complex gradient can be replaced by the radial derivative
Rf. Furthermore, for & > 1/2, a function f is in B if and only if the
function (1—|2|2)*~ [V f(2)| belongs to Co(B,). Again, we refer to [17,
Chapter 7] for all these facts. With minor modifications in the proof
of Proposition 3.6 together with Corollary 2.9 we obtain the following
result.

Proposition 5.4. Let vy € R and 1 < p < co. Then H(B,)NVMO? =

Byt forn =1 and v > —1, or forn > 1 and v > —1/2. In all other
cases, the space H(B,) N VMO consists of only constants.

Proof. The details are left to the interested reader. O

6. COMPACT HANKEL OPERATORS

In this section we prove the following characterization of compact
Hankel operators between weighted Bergman spaces.

Theorem 6.1. Let 1 <p<qg<oo, a,8>—1, fe L%, and
n+14+5 n+l+a
q p
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Then both Hf, Hfﬁ i AP — Lqﬁ are compact if and only if f € VMO1.

Again, we are going to prove Theorem 6.1 with several lemmas. We
begin with the necessity.
Lemma 6.2. Let p,q,a, B and v be as in Theorem 6.1. If both Hﬁ,
H? : A — L} are compact, then f € VMO,

Proof. Fix a nonnegative ¢ such that n+1+ 5+t > (n+1+4a)/p. It is
easy to see that h! converges to zero uniformly on compact subsets of
B, as |z| — 17. Since each h! is a unit vector in A2, we conclude that
ht — 0 weakly in AP as |z| — 17. It follows from the compactness of
HY that

1i HPRE||, 5 = 0.
|z\1—I>rll_ || f quﬁ

The same is true if f is replaced by f. By Proposition 4.3 we have
lim MO,s.:(f)(2) =0.

|z| =1~
In other words, we have
—_— dvg(w
Jim (= 1227 [ ) =50 | e e =0
where ¢ = (¢—1)(n+1+ ) +tq. This implies condition (e) in Theorem
5.3 with A, = g.(2), so f € VMO!1. O
The sufficiency will follow from the next two results.

Lemma 6.3. Let p,q,, 3 and vy be as in Theorem 6.1. If f € VAL,
then H? : Ab — L% is compact.

Proof. Let {g,} be a bounded sequence in AP converging to zero uni-
formly on compact subsets of B,,. We must prove that ||H J/f) Gnllqs — 0.
Following the proof of Proposition 4.4, we know that

B

with dugs = |f|9dvg. The desired result then follows from Lemma
5.1 U

Lemma 6.4. Let p,q,«, 3 and v be as in Theorem 6.1. If f € VO,,
then Hf : AP — L is compact.

Proof. Let {g,} be a bounded sequence in AP converging to zero uni-
formly on compact subsets of B,. By Lemma 4.5 and the density of
H*> in AP for any § > /3 we have

|#73ll, 5 < C || Hg

ge AP,

<
g8 — q,8’
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We will be done if we can prove that

lim || Hgnl],

n—oo

for some 0 > f3.

Since 8 > —1, we can find some 1 > 0 satisfying 5 — nmax(q,q') >
—1. We then choose some § > 3 large enough so that c =nqg+ 6 — 3
satisfies

¢>n+ 1+ 0+ max(0, —2vq),
with 0 = 8 — nq. In fact, this is the same as

d >n+14 26+ max(0, —2vq) — 2nq.

So the choice § = n + 1 4 28 4+ max(0, —2vq) works. Let e > 0 be

arbitrary. Since VO, C VMOZ, by part (c) of Theorem 5.3 and with
the above ¢ and o, we may choose t; sufficiently close to 1 so that

_ 1£(z) = Fr(w)]*
(1— |w|2)(nq+5 5)+7q/B 1 (o) 95 dvg_n(2) < € (6.1)
for all t; < |w| < 1.

Fix r > 0. By the definition of V' O,, there exists 5, 0 < t2 < 1, such
that

w(f)w) <e(l=]w*)™, |w| >t
We have

italy < [ ([ LR dus)) st

Let ¢t = max(t1,t2) and split the inner integral above in two parts: one
for |w| <t and the other for |w| > t. The integral on |w| <t can be
made as small as we want because of the uniform convergence to zero
on compact subsets of ¢g,. For the other, we will use our assumption
fevo,.

Since

F(2) = F@)] < [£(2) = ()] + £ (w) = fulw)],

we get two integrals. The first one involves the function

ho - [ M= Ellat )

|1 _ <Z, w) |n+1+6
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we obtain for |w| > ¢ that

-~

|f(w) — fr(w)] < we(f)(w) <e(1—|wf).

Therefore,

Lo / RICRTORE / n < /B n :i’"_(“z)ﬁz’;'ﬁ(fﬁz)qd%(z)

= " [ Sballgnl)(2)" dv(2),

Bn

withd =n+1+4+4d and b = §—~. Now we want to apply Theorem 2.4 to
show that Sy 4 : L — L% is bounded. In the notation of Theorem 2.4
we have A =~ and

n+l1l+b+A=n+1+06=d.
It remains to check the condition

a+1<pb+1)=p(l+0—7),
which is easily seen to be equivalent to

n(1—1)<(1+5)—ﬂ, (6.2)

qa P 4q
By the proof of Proposition 4.6, we have

d(BD) <l g 18
q P q q

where ¢ is the conjugate exponent of g. Since 5 < d, we see that (6.2)
is indeed true. Therefore, by Theorem 2.4, we have

LS el lgnllya < Ce.

It remains to deal with
I ::/ I (2)" dvg(2),

where

ne- [ £G) = ) lgn)]

‘1 _ <Z, w) ’n+1+6
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By Holder’s inequality and Lemma 2.2,

b < [ /| |>t|f(2)—fr(w)\" 9a(w)]" dv5+nq<w>] |

’1 _ <Z, w>yn+1+6
: {/ dvs—ng (w) r/q/
o, T (2wt
< -y ( [ dv5+nq<w>) .

Thus [ is dominated by

/|w|>t ‘gn<w)|q [(1 - ’w|2)7"1/B ||1f£zzzj£|(:|]—)l|+5 dvﬁ—nq(z)] dyé(w)_
By (6.1), we get
e 6/I [>t |gn (w)|* dvg—sq(w) S € Hgn”iﬂ'

For the last inequality we used the fact that A? C A%ﬂq, which can

be obtained from Theorem 69 in [14]. Putting everything together we
conclude that |[H%g,|| , — 0 as n — co. This finishes the proof. [

Hq,ﬁ

To summarize, the necessity of Theorem 6.1 is proved by Lemma 6.2.
Since f € VMO? if and only if fevmMm 01, the sufficiency is a conse-
quence of Theorem 5.3, Lemma 6.3, and Lemma 6.4.

As a direct consequence of Theorem 6.1 and Proposition 5.4, we ob-
tain the following characterization of compactness of Hankel operators
with conjugate holomorphic symbols.

Corollary 6.5. Let fc A, 1<p<qg<oo, a,B > —1, and
n+1+p8 n+l+a

g p
]fnzland'y>—1,0rz'fn>1and7>—1/2,th6nH?:Ag—>Lqﬁ

is compact if and only if f € By, In all other cases, H? DAL — L
15 compact if and only if f is constant.
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