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Abstract

In this project we study the pointwise convergence of Fourier series. Our main goal is
the proof of Carleson’s theorem, which states, roughly speaking, that the Fourier series of
any periodic and square integrable function converges to the function almost everywhere.
The proof will be based on that presented in the article Pointwise convergence of Fourier
series, by Charles Fefferman (see [4]). The structure and the notations will be similar to
those of the article, but the proofs and the concepts will be explained in much more detail.

In Chapter 1 we revise the history of Fourier series until the proof of Carleson’s theorem
by Fefferman [I] [3]. We also explain the structure of the project in detail. In Chapter
2 we relate the convergence problem of Fourier series to the boundedness of an operator.
In the third chapter, using dyadic grids, we decompose the mentioned operator in simpler
operators. In the fourth chapter we handle some technicalities concerning the dyadic grids
chosen. In Chapter 5 we give the intuition for the proof of Carleson’s theorem and we
specify the main goal. In the sixth chapter the main lemmas of the project are proved,
which give as a consequence the proof of Carleson’s theorem in the seventh chapter.

Keywords: Fourier series, pointwise convergence, Carleson’s theorem.
Mathematics Subject Classification: 42A20.






Chapter 1

Introduction

In the first quarter of the 19th century, Joseph Fourier published works on the heat
diffusion equation. He solved the problem of the temperature distribution at any given
time from the distribution at the starting time. To that end, he invented the separation
of variables method. In order to describe the solution, he needed to write the function
given by the initial data as a sum of a trigonometric series. In general, if f is the function,
which is assumed to be 2m-periodic, the problem consists on finding a trigonometric series

o0
% + ;(ak cos(kx) + by sin(kz)) (1.1)
such that its sum coincides with f(z) at each x. Fourier correctly stated that

™ s
a = — f(z)cos(kx)dx, by = 1 f(z)sin(kx) dx. (1.2)
™ J_rx ™ J—x
The trigonometric series with coefficients is called the Fourier series of f.
Fourier was convinced that always converged to f. However, in his time, the concept
of function was not even well-defined: for instance, Fourier considered that every function
could be expressed as a power series. Moreover, he never asked himself the possibility of
defining the coefficients from (1.2)), since for him every function was always integrable, in
the sense that there is always an area between the function and the abscissa axis. Thus,
Fourier did not give a result on the convergence of , but left a problem about the
representation of a function as a trigonometric series.

The trials to solve the problem immediately appeared. In 1829, Dirichlet gave the first
correct result on the convergence of : if a bounded function is piecewise continuous
and piecewise monotone, then its Fourier series converges at each point to the midpoint of
the lateral limits of the function. Dirichlet did not try to find a general result, but suffi-
cient conditions that guarantee the convergence of the series. He started the convergence
criteria.

A great portion of the mathematics developed from that time went towards the proof
of convergence criteria: for instance, the Riemann integral (1855) or the Lebesgue integral
(1902) owed part of their success to the application to Fourier series.

At the beginning of the 20th century, Hilbert spaces were born: the concept of ortho-
gonality, the ¢2 and L? spaces, etc. Frigyes Riesz and Ernst Fischer, in 1907, proved that
the Fourier series of a function in L?([—,7]) converges in the L?-norm to it. Thus, the
space L? represented the correct setting to study Fourier series.



Then, new questions on convergence in the LP spaces and a.e. convergence began
to arise. In 1913, Nikolai Lusin conjectured that every function in L?([—m,7]) had an
a.e. convergent Fourier series. Banach and Steinhauss proved in 1918 that there is no
convergence in the L'-norm, and Marcel Riesz (the younger brother of Frigyes Riesz)
showed that there is convergence in the LP-norm for 1 < p < co. Kolmogorov, in 1923,
gave an example of a function in L!([—n,7]) with an a.e. divergent Fourier series. Soon
after, in 1926, he proved the divergence at every point.

From that moment, Lusin’s conjecture was trying to be proved or refuted. In 1959,
Calderon showed that, if the Fourier series of every function in L?([—, 71]) converged a.e.,
then

17112

{z: sup |Snf(z)| >y} < O?

Then many people started to think that Lusin’s conjecture should be false. This is why
Lennart Carleson started looking for a counterexample to Lusin’s conjecture. However, he
realized that no counterexample could exist, and that he should make every effort to prove
the convergence. In 1966, Carleson managed to prove what was an authentic surprise for
everybody: Lusin’s conjecture is true [2]. From that moment, the fact that the Fourier
series of a function in L?([—7,n1]) converges a.e. was known as Carleson’s theorem.

The next year, Richard Hunt extended the a.e. convergence to LP([—m,7]) for 1 < p <
oo [5]. This supposed the culmination of a problem that had started a century and a half
before. In some way, the big questions about the convergence of Fourier series had been
solved.

The proof of Carleson was difficult to understand. Charles Fefferman, in 1973, proved
Carleson’s theorem again [4]. His methods were distinct to those of Carleson, but again
difficult. There is a recent proof of Carleson’s theorem (from 2000) by Lacey and Thiele,
based on the ideas of Fefferman [6].

In this work, our goal is to study the proof done by Fefferman in 1973 [4]. The work
is structured in six more chapters.

In the second chapter, we will relate the problem of convergence to the boundedness
of an operator T°, defined as

0 T GiN(2)y
1°f(@) = | fla—y)dy, @< [0,27)
- Y
where the integral is understood in the principal value sense and N is a bounded and
measurable function with constant sign on [0, 27].

In Chapter 3, we will consider dyadic grids in [0,27] and R and we will define pairs
of intervals of the form p = |w, I], where w and I are dyadic intervals in R and [0, 27]
respectively, such that the length of w is the inverse of the length of I. In this way, we

will decompose
r-y1,
p

where T}, will be constructed using the dyadic grids and will be bounded in L?. The key
will be to arrange the pairs in the correct way to transfer the boundedness of the T},’s to
T°.

In Chapter 4, we will deal with some technicalities concerning the dyadic intervals w
in R. We will consider only central dyadic intervals w (the dyadic intervals that verify



that their double is contained in their grandfather), and the corresponding pairs will be
called admissible. Using admissible pairs we will construct another operator T' = Zp 1),
where p runs through the admissible pairs. We will see that the boundedness of T implies
the boundedness of T°.

In Chapter 5, we will sketch the proof of the boundedness of T', rearranging the ad-
missible pairs in a suitable way. The idea will be to define an order relation between
the pairs and to build larger and larger sets of admissible pairs P such that ZpeP T, is
bounded. Also, in this Chapter 5 we will prove the Orthogonality Lemma, which will have
its application at the end of the work.

In Chapter 6 we will prove lemmas concerning the boundedness of ZpEP T, for sets of
pairs P with a determined structure: no two pairs in P are comparable, P is a tree, it is
a row, it is a forest, etc.

In Chapter 7 we will obtain, as a consequence of the lemmas, that 7" is bounded from
L? to LP™, 0 < p < 2, and by interpolation this will result in the boundedness of T' from
L? to L'. This will prove Carleson’s theorem.






Chapter 2

Preliminaries

We start by recalling some basic definitions. Given f € L!(T), we define the n-th Fourier
coefficient of f as

fo =5 [ e

We define the N-th partial sum of the Fourier series of f as
N ~ .
Snf(z)= ) fln)e™.
n=—N

We say that f is the sum of its Fourier series at a point xq if imy_,o0 Sy f(z0) = f(x0).

Our goal is to prove Carleson’s theorem:

Theorem 2.1 (Carleson’s theorem) Let f € L?(T). Then
lim Syf(z) = f(z) a.e (2.1)
N—o0

Remark 2.1 In this work all integrals will be computed with respect to the Lebesgue mea-
sure.

Let f € L*(T). Suppose that there is a constant C' > 0 so that

< C|flly (2.2)
1

for all f € L?(T). Let € > 0. Since C*°(T) is dense in L?(T), there exists ¢ € C*°(T) such
that ||f — ¢|l2 < €. Now use the following trivial bounds:

sup [Snf(+)]
N>1

lim:up |Snf(-) = f()]

— lim:up 1Snf(-) = Sne(s) + Snp() — () + () — ()]

1 1

< |[limsup (|Snf — Sneol + [Snep — | + | — 1)
" 1
< ||[limsup |Sp f — Spe| + limsup [Sne — ¢| + [¢ — f]
n n 1
< |[limsup |S,.(f — @)||| + |[limsup [Snp — ||| + o — fll1-

1 1



Since ¢ € C*(T),

=0.

lim sup [Sp — ¢
n 1

On the other hand, by Cauchy-Schwarz inequality,
1 1
If =l < @m)2[|f — pll2 < (27)2e.

Finally, by assumption (2.2,

<
1

< COIf = ¢ll2 < Ce.
1

limsup | Sy (f — )| Sup 1Sn(f = ¢)]
Therefore, as € > 0 is arbitrary,

:O’
1

limnsup [Suf () = f()I

which is equivalent to (2.1)). Thus, our goal will be to show (2.2) for every f € L?(T).
Notice that, although we have given a direct proof of the implication

@2 vre (1) = @I VS e LX (1),

this fact is easily deduced from the theory of maximal operators. Consider the linear
operators

T,, : L*(T) — {measurable functions on T}
f = Suf.

Consider the maximal operator

T f(x) := sup Tn f ()]

Inequality (2.2)) is equivalent to the fact that
T* : L*(T) — LY(T)

is bounded. By theory from the course of Harmonic Analysis, this implies that T is
continuous in measure at zero, therefore the set

E = {f € L*(T) : f satisfies (2.1)}
is closed, so E = L?(T) because (2.1]) holds for functions that belong to the dense space
C>=(T).
To sum up, we need to show (2.2)) for every f € L?(T). Take a large and arbitrary
M € N. Suppose we prove that, for some C > 0 independent of M,

<Ol (2.3)
1

sup [Snf()]
1<SN<M

for all f € L*(T). Since

{ sup !SNf(-)I}
I<N<M

M=1
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is an increasing sequence of nonnegative measurable functions, the Monotone Convergence
Theorem applies:

= lim
1 M —oc0

sup [Snf()[|| =

li S S .
p T sup (S f()

—00 I<N<M

< C[fll2,

sup [Snf(")]
M 1

1<N<

1

S0 holds for all f € L%(T). Thus, our objective will be to prove that there exists
C > 0 such that for any M € N holds for all f € L*(T).

Fix a large M* € N for the rest of this work. Given z € [0,27], choose n(z) € N as
the least number such that

sup  [Snf()] = [Sh) f(2)]-
I<N<ZM*

Our goal becomes

[1Sn@y f Ol < ClIfll2, (2.4)

where C' does not depend either on M* or f.
Notice that, for (2.4)) to make sense, we need to assure the measurability of n : [0, 27] —
{1,...,M*}. This is what we proceed to show in the following lines. Consider the sets

B, = {SE €[0,2n]: sup |Snf(z)]= |S1f(ﬂf)},

I<N<M*

B= {x € 0.20\Ey: sup |Sf(a)| = ISzf(x)} ,

1<N

Ey- = {x el0,2r\(E1U...UEpy~_1): sup |Snf(x)|= ]S’M*f(x)|} .
1<N<M*

Each |Sy f| is measurable, so sup{|Snyf| : 1 < N < M*} is also measurable. Then we
can use the following result: “if A is measurable in R and F,G : A — R are measurable
functions, then the set {z € A : F(z) = G(z)} is measurable”. From this it follows that
the previous sets Ejy,..., EFy~+ are measurable. To finish, note that the function n can
be written as a linear combination of the characteristic functions 1g,: if z € Ej, then
n(x) = j, and since {Ej}j]‘i1 is a partition of [0, 27],

M*
n(z) = Zj 1g, ().

This equality shows that n is measurable, as wanted E

To demonstrate (2.4)), we express S,.)f(:) in an alternative way, making use of the
representation of the partial Fourier sums by means of a convolution with the Dirichlet

1 posted and answered a question on the Internet site MathOverflow con-
cerning the measurability of n: http://mathoverflow.net/questions/229415/
pointwise-convergence-of-fourier-series-feffermans-article


http://mathoverflow.net/questions/229415/pointwise-convergence-of-fourier-series-feffermans-article
http://mathoverflow.net/questions/229415/pointwise-convergence-of-fourier-series-feffermans-article

kernel. We start by estimating the difference
)sin(n(ff)y) J
Yy
1 (7 sin ((n(z) + 1)y sin(n(z)y
:%/ m_y)( (n@ +3)) _psinm@w)) 5y

sin (%) Y

Sn(:p)f(x)_% B f(:c—y Y

hn(m) (y)

Now we will show that, in terms of || - |1, the right-hand side term in (2.5)) is negligible.
For that purpose, we demonstrate that h, ;) is bounded with a bound independent of n.
Start by making the following bounds:

sin ((n(z) + %) Y) B 2sin(n(1:)y)
sin (%) Y

sin(n(z)y) cos (4) + cos(n(z)y) sin (§) B 2sin(n($)y)
sin (4) y

COS (%) 1

sin (%) y/2

=) || ﬂ
sin(y/2)

sin (%) y/2 y}2 (COS <%> B Slryl/(22)>

Note that this last bound does not depend on n(z). By means of Taylor developments or
I’Hopital’s rule, one can check that

sin (¥
s (o (5) -5 ) o

s (= () - %52

IN

| sin(n(z)y)] + | cos(n(z)y)]

+ 1.

Then

€ C([_W?W])a

sin(y/2)

80 |hy ()| < K, for some constant K independent of n. Now it is easy to check that the
right-hand side term of (2.5)) does not contribute anything when estimating ||.S;,.)(-)|1:

Hsn(.)f(')Hl < % /_ﬂf(._y)Sin(ny(')y)dy 1+2177/_7r /_Wf(x—y)hn(z)(y)dy dx
= f<.y>sm<z('m ayl| + K1l
<[ s -2 g 4 oot gl

Hence, ([2.4) will follow if we prove that there exists C' > 0 independent of n so that

|[ =™ g <y, (2:6)

1
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for all f € L*(T). Actually, it is sufficient to demonstrate (2.6) for f € C°°(T). Let us
show it. Assume that holds for all functions in C*°(T). Let f € L?(T). We want to
show that ( is also satlsﬁed by f. Take {f,}>>; € C°*°(T) with lim, || f — full2 = 0.
We have that

[
// (x—y) = fale — )|
<[ (/ﬂlf( )—fn(l“—y)dy) n(e)| da

<2 M*(|f = fully < 20M*(27)3||f = fullo-

sin(n(z)y)‘ dy di
Yy

Then

| syt

< 2 (2m)3 | f ~ Fullo + H "t

1 1

* 1 n—oo
<2 M*(2m)2(|f = full2 + Cll fall2 =5 C|If ]2

and (2.6 holds for f € L*(T).
Thus, it is sufficient to demonstrate (2.6) for f € C*°(T).
Fix f € C*°(T). We can decompose the integral of (2.6]) using principal values:

sin(n(x)y)
Yy

- dy = lim f(xy)sm(z(m)” dy

e=0F Je<ly|<n

y 1 / ein(@)y £ d / e—in(@)y £ \d
= lim — T — - r—= :
e—0+ 21 e<lyl<e Y e e<|y|<m Y e

Does the limit of each of those integrals exist? Yes, due to the fact that f € C°°(T). For
instance, for the first integral, note that

/ N - ) / Y o y)d
r—=y = T+ ,
e<lyl<r Y i e<lyl<r Y e

Y-y

SO

in(x)y 1 in(x)y _ _ —in(z)y +

(& e x (& Jlx

/ flx—y)dy = 5 / fe~y) (@+y) dy
<Jyl<m Y <ly|<m Yy

1 / 6in(z)y _ e—in(a:)y
== T — d
2 ) <o flx—vy) " y

_1/ i @Y~ fle—y)
<ly|<m y

Y. (2.7)

2

The integrands appearing in belong to L!([—m, 7], dy). Indeed, for the first one
n(x)y )‘

)

< 2n(z)||f(z — y)| < 2M*|f(z — y)| € L' ([, 7], dy), (2.8)

ein(a:)y _ efin(x)y

flz—y) "




and for the second one the key is the existence of

. flety) - fle—y) 1,

which gives

—in@y I +Y) . =9 ¢ P (), ). (2.9)
Then there exists the principal value
lin -
=0t Je<yl<n Y
_ ;/: fo—y) ein(@)y _yem(x)y dy - ;/: e—m(w)yf(x +9) ; flz—y) dy.
Thus, we conclude that
’ flz— y)M dy
_1 < lim / ) dy — lim ) dy> . (2.10)
20 \e=0t Jecpyi<n Y 0 Je<lyl<n Y

From ([2.10)), it follows that to prove (2.6) it suffices to demonstrate that

. etn(@)y

lim / Flz—y)dyl| <ClIfllas

=0t Je<ly|<n Y 1

lim / Fx—y)dyl| <ClIfll2 (2.11)
=0t Je<ly|<n Y 1

for all f € C*°(T). Let N : [0,27] — R be any bounded measurable function that is either
negative on [0, 27] or positive on [0,27]. Then (2.11]) will follow if we prove that there
exists C' > 0 independent of N such that

< C[fl]2 (2.12)

N (2)y
lim / flz—y)dy
e<lyl<m .

e—0t Yy

for every f € C*>(T).
This is our last reduction to prove (2.1)). We will refer to the left-hand side of ([2.12))

as a new operator:

T° : (C*°(T), || - ||l2) — {measurable functions on [0, 27}

f—

TO(f) : [0,27] = C, T°(f)(z) = lim / e e fle—y)dy|.
e<|y|<m

e—0t Yy

Equivalently to (2.12]), our objective will be to show that there is a C' > 0 independent
of N such that

1Tl < ClIfl2 (2.13)

for all f € C*°(T). Notice that in this case T° will be defined in a more “natural” way,
in the sense that 79 : L2(T) — L([0, 27]) will be well-defined. Indeed, if g € L?(T), take

10



{gn}3>; € C°°(T) such that lim,, ||g — gn|l2 = 0. Then {g,}°2; is a Cauchy sequence in
L?(T), therefore {T"g,, }°°; is a Cauchy sequence in L'([0,27]) by , and it is possible
to set

T0(g) = |- | ~ m T°(g,).

This definition is well-set, in the sense that T°(g) does not depend on the sequence chosen:
if lim,, ||g — g7(11)||2 =0 and lim, ||g — gg)Hg =0, then
IT%(gM)) = T0(g$N) I = 179" — gl < Cllg — 9]l =5 0.
In summary, our goal will be to prove (2.13) for all f € C*°(T).

For technical reasons, instead of working with functions defined on T (that is, with
2m-periodic functions on the whole real line), we will work with (1 < ¢ < o0)

LI ={f:R — C: support(f) C [—4m,6n], f € LI([—4m,67])}

and
CrX={p:R—C: p € C°(R), support(yp) C [—4m, 67]}

(the subscript r stands for restricted). These technical reasons refer to the fact that we
will multiply by five intervals contained in [0, 27], and it will be convenient to have them
contained in support(f), with support(f) being an interval of finite Lebesgue measure.
Note that L is a Banach space with norm || f||; = [g [f|9, which is equal to the norm in
Li(R).

Thus, for the rest of this work our goal will be to prove for all f € O (T° is
well-defined on C£°, and the proof of this fact is the same as that for C*°(T)).

11
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Chapter 3

Decomposition of the operator 7"

We need to reduce and make simpler our problem . What we will do is to decompose
our operator 77 in simpler operators.

For that purpose, we first decompose the 1/y term that appears in the integral ex-
pression of T%(f). Let us see that there exists an odd C*(R) function 4(?), supported in
] — 2m, 27|\ [-7/2,7/2], such that [pO] < 1, @ |p+ >0, pO|p- <0 and

% =3 w(2), Vz € [-ma\{0}, (3.1)
=0

where t;(z) = 279 (272). The infinity smoothness and the bounded support makes
us think on a Uryshon function. Consider an even Uryshon function ¢ € C*°(R) with
support(v) C] —2m,27[, 0 < ¢ < 1 and p(z) = 1 for all z € [—m,7]. Let ¢(x) =
o(x) — p(2z). Note that 0 < ¢ < 1, support(¢) C| — 27, 2n[\ [-7/2,7/2], ¥ € C°(R)
and 1) is even. In addition, for all z € [, 7]

> p(2kx) = vl@) =1L

k=0 telescopic
sum

Since we would like something as 1/x, we consider

0,ifz=0
(()) _ ) 9
Vo) {wgp if 2 £ 0.

Then ¥(© is C*, because 1 is 0 around 0. Moreover, it is odd (because 1) is even), it has
support in | — 2, 27\ [-7/2,7/2] and || < 1/(7/2) = 2/7 < 1. Finally, (3.1) holds:

> . (2 1 . 1
vz € [-m, 7)\{0} Zosz<0><2ﬂz> = ZOQ”MQJ;) = Zowzfz) =
J= J= J=

Once we have decomposed the 1/y term that appears in the integral expression of
T°(f), we decompose the domain [0,27] by means of dyadic intervals. Given P € Z, a
dyadic interval of order m € Z is defined as

27-P-2m 27 (P+1)-2™.

13



A dyadic grid of order m € Z is the family of dyadic intervals
{2n-P-2" 21 - (P+1)-2™[}pez.

Here we present some examples of dyadic grids:

—4m 0 47

Notice that, if I and J are dyadic intervals of orders m and [ respectively, with m # [,
then either I C J, or J C I or INJ = (). This property is one of the key facts concerning
dyadic intervals.

Given dyadic intervals w C R and I C [0, 27|, we will say that |w, I] is a pair if

< Wl 2m
2 |

(|| represents the length of the interval computed with respect to the Lebesgue measure).

Example of a pair [w, I]

I =[n/2,7)
—
o7
w = [8, 167) 2
8m 16m

We will denote the set of all pairs by B. Given [w, I] € B, we define
Ew,I)={zel: N(z) e w} CI0,2n].
Let, for k € NU {0},
By ={[w,I] € B: |I| =2r-27% and |w| = 27 - 2*}.
For each k € NU {0} we have a partition

{E(w,I): |w,I] € By}

14



of [0,27]. The partition is finite, because N is bounded.
Thus, we can proceed to decompose T°. Given [w, I] € By, define a new operator

Toon f(z) = / N () (@ — ) dy - Lpn ()

for z € R. With this new operator T}, 7 there is no need to go down until C7°, since it is
well-defined from L2 to L2. Indeed, let f € L? and denote by p = [w, I]. At a first step,
we bound

15@) < [ W@ Fa = 9l dy- L o).
Now we distinguish two cases, depending on whether £k = 0 or k£ > 0:

e Case k= 0. We have ¢, = 9(©), I =[0,2x[ and
T f ()] < / WO f(z—y)ldy - Lpg)(x) = / f(z —y)|dy - Lpgy (@)

—T —T

[ ]<1

< /R\f(x —yYldy - Lge) (@) = [|flli - 1eg () =P 107 fll2 - 1) ().

Cauchy-Schwarz

Now apply || - ||2:

12,12 < vaor (E21)

e Case k > 0. Recall that support(yy) C] — 2m/2% 27/2F[C [~7,7]. Then we can

write
s (=) < /k @IS (@ =)l dy - Lp(z) < zk/k [f(@ = y)ldy - Ly ()
= o<t
x+§—z
=2 [ U@l dy ey (@) <2 [ 15 dy- L @) (3.2)
r—=% I3

ok

where I3 is formed by adding I to the left and to the right of 1. Apply || - ||2:

2 1 2w 1 1
[Tpfll2 < / [f(W)ldy - |E(p)|2 < 21 P12 [ B ()2
: 1] Jrs <
Cauchy-Schwarz
1
[E(p)\?
= -2 .
N , \/g Q0 < ‘I‘ Hf||2
|13]=3|1]
Thus,
T,:L?— L?
is well-defined, linear and continuous, with norm
1
E(p)|\2
il < ¢ () (33

15



In connection with this expression, we will denote

_ |E()]
AO(p) - |[‘ : (3'4)

For k € NU {0}, denote

T eiN(x)y r— . -
Tof(z) =Y Tpf(x)= {f—w Ur(y)f(z —y)dy, x€][0,2n],

vCB, 0, x ¢ [0,2n7]
(remember that {E(p) : p € Bg} is a partition of [0,2n]). The sum > 5 is finite
independently on x and f, because N is bounded.
Notice that
Ty : L? — L2 (3.5)

is well-defined, linear and continuous, because

T f ()] < / [okWIIf (= )l dy < 28 fllh < C- 2" | fll2 = [Tufllz < C- 2 || fl2.

Now we compute
o0
> Tif(x).
k=0

Intuitively, one should be able to interchange » .~ , and ffﬂ and, using 1' arrive at

S Tf(2) = T (a) (3.6)
k=0

for all f € C® and x € R (remember: every time we work with 70 we need to go down to
C>; TV f is understood to be 0 outside of [0,27]). We prove (3.6) formally. Let f € C°
and = € R. By ({2.7)), the principal value defining T°f can be expressed as an integral:

1 T ezN(m)y _ e—iN(z)y 1 ™ —iN(x T+ _ xr —
T°f(z) = 3 flz—vy) dy — 5/ e "Ny faty) = fle—y) dy. (3.7)
—r y —T y
By (3.1),

™

Tf(@) =5 [ flo—y) (@ N (Z wy)) dy
k=0

—T

1 /7r e IN@Y(Fla 1 y) — flz — 1)) ZW(y) dy.
2 k=0

—Tr

By Lebesgue’s theorems, in order to interchange » 7, and ffﬁ, we have to check

=3 / " f (= ) (@@ V@Y )] dy
k=0""T

= [ Dl — ey )y <o

known T k=0 to
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and

=3 [ )~ eyt

Zle (@ +y) = flo = y)nly) dy <_o.

known to
check

From (3.1)) and the fact that 1/(0|g+ > 0 and |- < 0, we have

T if0<y<nm 1
=—, Vy€ [, 0}.
Zwk { i rey<o T WEERAO
Then
(1) = / |f(@ = y)|[eN DY — 7N @) <Z !d}k(y)!) dy
- k=0
T eiN(:t)y _ efiN(:J:)y J
= [ i) : v
E9
as well as
" "ty - fl@z—y)
(1) S/_Wf(ﬂfﬂ/ (ZW)k ) dy:/_7r " dy < o0
This justifies the interchange of )7, and ffﬂ Then
1 s " ! —iN(z
Tf(z) = 5 Yo Sl =)@V — e Ny (y) dy
k=0""T
1 & .
32 [+ y) - fa - p))
k=0""T
L= [T :
=53 [ (=¥ ) VO ) dy
k=0""T
=X [ Ot i dy = YT @) (38)
'k k=0""T k=0
and is proved.
Could we express in a natural way as

peEB

for f € C2° and x € R? To answer this question, we need to study some sort of uncondi-
tional convergence.
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Remark 3.1 Given an integer k > 0, let Ay be a finite set. Denote A = U2 Ay.
Consider complex numbers ap,, p € A. Suppose that

o

Z Z la,| < oo.

k=0 pGAk

D

neA

Then

does not depend on the ordering of A and
oo
S 03 Y
neA k=0pcAy
In the notation of the remark, take Ay = By, A =B and a, = T}, f(x). Since

i Y ITf(@)] = i

k=0 pEBy

e st = nts) dy'

k
1 — " iN(z —iN(z)
o> [ 1=l — Ny )] dy

§3.8)
453 [ 14w~ S )t dy
k=0T
T iN(z)y _ ,—iN(z)y
= [ -l
-7 Y
+/’; f(w+y);f(x—y)’ dy < oo, (3.10)
the remark applies:
ZTpf(x)

peB

does not depend on the ordering of B, converges absolutely and

Y Tf() =Y Tif(x) =T f(a),
pEB k=0 peB;.

so ([3.9) is justified. This is the decomposition of T° we were looking for.

Now we are going to make a small change on the decomposition of 7°. Remember
that we are working with ;’s, K > 0. We do not like the case k = 0. Why? Because this
is a special case (look at the bound of ||T}||2), in the sense that support(yy) C [—m, 7] for
k > 1 but support (i) = support(1)()) € [—7, 7]. If we do not act, this will cause future
problems. What we are going to do then is to delete in some way y. By , we have

TOf(z) = Tof(x) + Y Tif (),
k=1

18



and since by (3.5) Tp : L2 — L? is bounded, what we just have to do is to bound

> Tif
k=1

by C||f|l2 for all f € C2°. With some abuse of notation, we will denote

1

TOf(x) =Y Tif(x)
k=1

and

TOf(x) =Y Tpf(x),

peB

where B stands for all the pairs [w, I] with |I| = 27-27% & > 1. To sum up, we will always
assume k£ > 1 and the case k = 0 will not have to be considered.
In this case, the T),’s will have a more easy and adequate form to handle:

Ty f () = (N () * £)(2) - Ly (@),

where * stands for the convolution in R.
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Chapter 4

Unfortunate technicalities

For any dyadic interval w C R, let @ be the next larger dyadic interval containing w (& is
called the father of w) and let w* be the double of w (that is, w* is the interval with the

same center as w but twice its length). We would like to say that w* C & (& is called the
grandfather of w), but that is not true in general:

w

L ]
r 1
0 8
w
f {
0 47
w
]
0 2w
* Lk =
- 3T

We will say that w is central if w* C @. We will say that [w, ] € B is admissible if w
is central. Since we are interested on central intervals, we define a new operator

Tfx)= Y  Tf(x)
peEB
p admissible
for f € C>° and x € [0,2n]. That is, T is as T but just considering the admissible pairs.
Notice that the sum defining 7' is unconditionally convergent because Epe B is.
We will see that, in order for to hold, it suffices to show that there exists C' > 0
independent of IV such that

ITfllr < Cllfll2 (4.1)

for all f € CF°.

Which should be the problem when trying to prove that implies (2.13)? The
problem should rely on the fact that we do not control the non-admissible pairs when
working with 7. However, this may have a solution. When we have the dyadic grid on R,
there are central and non-central intervals. Our dyadic grid is centered around 0. If we
translate our dyadic grid, there will be new central and non-central intervals. We hope
that the central intervals of the new translated dyadic grids will give information about
the non-central intervals of our usual dyadic grid centered at 0. Let us put this intuition
into practice.
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Denote our usual dyadic grid on R centered at 0 as Gg. We translate it by £ € R, in
order to have a new dyadic grid on R called G¢. We have w € G¢ if and only if 0 = w + &,
w € Gop. Now, in order to construct a new “interesting” operator T¢ on the new dyadic
grid, we follow the same procedure as in the decomposition of T9. Denote by

B(&) = {[®,1] : @ € G¢,|w| = 2m - 2%, |I| = 27 - 27F}

(note that B (0) is our usual By). If p = [w, I] € Bi(§), we define

1,0 = [ " V@ () f(— g dy - L (@),

where

E(p)={zel: Nx)ew}={zrel: Nx)—¢£ecw}
Thus, we are considering the same operators as usual but with a translated dyadic grid in
R. For k > 0, define an operator

™

Toef(@) = S Tpf(x) = / V@, () f(z — ) dy.

pEBL(€) -

Now focus on admissible pairs:

™

S L) = ax(N(@),€) / V@Y () — ) dy,
) -
p admissible

where

1, if the unique dyadic interval @ in G¢ of length 27 - 2% containing
N (x) is central,
@9 ={ N

0, if the unique dyadic interval @ in G¢ of length 27 - 2% containing

N(x) is not central.

Notice that
ap(N(2),§) = ag(N(z) — £ 0) = ag(N(z) = §). (4.2)

Hence, ai(N(z),-) is like an infinite step function on R, more concretely, it is an infinite
sum of characteristic functions over intervals.
Let

B(&) = | Br(©)
k=0

(note that B(0) is our usual B). This is the set of pairs in the new dyadic grid Ge.
From all this we have the new operator T¢ on the dyadic grid Gg:

e us
Tf@)i= > Tl =Y axN@)6) [ V)i -y
pEB(E) k=0 -
p admissible
The fact that the sum is unconditionally convergent is proved exactly equal as in the case

of B = B(0).
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As we explained previously, we can assume without loss of generality that B(§) does
not contain the pairs corresponding to k = 0 and then denote (abusing of notation)

> ™
Tf@)i= Y Tl =Y aN@)€) [ V) - )y
pEB(E) k=1 o
p admissible

Once we have the operators created on the new dyadic grid G for all £ € R, do these
operators provide any kind of information about TP, that is, about the non-admissible
pairs of B? The answer is yes, and, more specifically, 70 f(x) is some sort of average of the
T f(x)’s. This will be due to the fact that half of the dyadic intervals in Gy are central.

Lemma 4.1 For all f € C*° and for all x € R we have

M

) 1
Tf(x) = ]\/}gnooﬂ 7MT5f(x) de.

Proof. We first need to proof the measurability of T f(z) on R. Write

™

Tef () = S an(N(@) - &) [ M) - ) dy.
k=1

—T

Only oy (N (x)—&) depends on £. Since oy, is an infinite sum of characteristic functions over
intervals, it is measurable on R, and since ay (N (z)—-) is just a translation of a measurable
function, it is measurable on R. Then T f(x) is a pointwise limit of measurable functions,
therefore it is measurable on the real line.

Now act intuitively:

M
lim /_M Ty f(x) de

M—oo M

M 0 ™
= lm / [Zak(N(:L‘)—f) / N () — 1) dy] it

Moo M k=1 -
o0 M i
- [(MIE%O W / ar(N(@) = ¢) d§> / ) ) dy} |

If half of the dyadic intervals on Gy were central, then in [—M, M] there would be M
central dyadic intervals, therefore we could demonstrate that

M
Jim % /_ an(N(z) — €)dé = 1. (4.3)

Then we would have

M—o0

lim / N Tef(x) dé = i [ / " N () f(w — y) dy| = T (2)
M)t k=1 1/ ’

which is what we want.
This is the intuition, but there are several things to prove. We have to show that, for
any M € RT, we can interchange Y 7, and fiVIM We also have to prove that we can
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interchange limp/ o and > "2 ,. Finally, we will need to check by analyzing the
structure of the central dyadic intervals on Gy.

Let us see that, for any M € R, we can interchange Y 5 ; and fi\/lM Apply Lebesgue’s
theorems:

Then the swap between > ;2 ; and f_MM is justified.
Let us check that we can exchange limp/ o and "2 ,. We apply the Dominated
Convergence Theorem for series. Since for all M > 0

1| M T
il e =g de [ O s - )y

— M S——— -7
<1

<» ' [ e -y dy‘

and

/ NV () (o — y) dy

—T

< 00,
~—

00
k=1

the swap between limps_,oo and >_77; is fully justified.

Finally, we require a proof for (4.3). We first plot the graph of ax(+), that is, we first
do a study on the location of the central dyadic intervals on Gy. Consider a dyadic interval
on Gy of the form

w=1[2r-2 - m,2n- 2% . (m +1)[,

for an integer m. We want to analyze if oy is 0 or 1 on w. Write
O =2m -2 o 2 2MFL L (4 1)
Note that w C @ if and only if 2m < m < 2m + 1. Write
&= [2m- 282 o, 2m - 2K (4 1)

We need again 2 <m< 2 + 1, that is, Am <m< 4m + 3. We have

1
w* = {277-2]“‘<m—2>,27r.2k.<m+2>[_

Then w* C @ if and only if m € {4ﬁ1 +1,4m + 2}, that is, if and only if m is congruent
with 1 or 2 modulo 4. Since there are four classes modulo 4, half of the dyadic intervals
on Gy are central. The graph of ay for a fixed k € NU {0} is the following:
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k + + + + + + +
0
—2r.2F .9 —2n .2k .7 —27.2F .5 —2r.2F .3 —27 . 2k | 27 - 20 27 -2k .3 27 -2k .5 2m .2k .7 2r -2k .9

Once we know the shape of ay(-), we can prove (4.3). We will start by estimating

M
i | e

Let m = m(M) be the unique integer with 27 - 28 - m < M < 27-2%. (m + 1) (that is,
we are locating M in a dyadic interval). We distinguish cases depending on whether m
is congruent with 1 or 2 modulo 4 or is congruent with 0 or 3 modulo 4, that is to say,
we distinguish cases depending on whether the dyadic interval containing M is central or
not:

e Case m € {4a+3,4a+4} for some a € Z (that is, M belongs to a non-central dyadic
interval):

—2m-2k .9 —2m -2k .7 —2m- 2k .5 —2m-2F .3 —2m -2k

There are 4a + 4 squares of basis 27 - 2% and height 1 in [~M, M] (in the above
example there are 8 squares). Then

M
/ ok(€) de = (da + 4) - 27 - 2%,

-M
which gives the following estimation for (1/M) fin a(§) dE:

m (4a+4)-2m-28 1 (7 (4a +4)-2m-28  m+1
< — de < < .
m+1~" 27-2k-(m+1) M _ﬂak(g) &< 20-2k-m T m

e Case m € {4a + 1,4a + 2} for some a € Z (that is, M belongs to a central dyadic
interval):

I + + + + 5 + + +
2728 .9 —2r .2k .7 —2r-2F.5 —27 .28 .3 —2r - 2k | 2m - 2k 27 2% .3 2m 2% .5 2m -2k .7 2m -2k .9

M

25



Then the area fin ai(€)dE is greater or equal than the area of 4a squares of basis

27 - 2% and height 1 and less or equal than the area of 4a + 4 squares of basis 27 - 2%
and height 1. That is,

1 M
4a-27r-2k</ an(E)de < (da+4) - 2 - 2F.
My

This gives the desired estimation on (1/M) fin a(&)dE:

m—2 4k - 27 - 2k (4k:+4)-27r-2k m+3
< < )
m+1~" 2r-2F. (m+1) M/ - 2r-2km T m
Hence, for all M > 0 we have established
mM)-2 1 (M m(M) + 3
Write (1/M) [ ar(N(z) — €)d¢ as
M+N(z
€)de =
M/ Jdt = M/M+N %
= de - —— 4 — de.
M — N(z) /(MN(m)) R R 7 M )y N ()t
From and 0 < a, < 1 one has
m(M — N(z))—2\ /(M — N(z M+N(@ m(M — N(z))+3  2N(z)
(ror=~ere) (57 2) < /wa V=T —N@) M

If M — oo (which is equivalent to m(M — N(z)) — o), then
M+N (z
£)d¢ — 1,
M /M+N

and (4.3) holds, as wanted. This completes the proof of the lemma.

O
Thus, from the T¢’s, we can recover 7.
Suppose that (4.1]) holds for all f € C2°. Then for the same C of (4.1)) it holds
[Tefll < Cllfll2 (4.5)

for all f € C° and for every £ € R. Why? Because 1" and T are really the same operator,
but on different (translated) grids. For the skeptic reader, substitute in all the future
proofs T' by T¢ and G by G¢ and check that everything is completely equal. From (4.5)) it
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is easy to show (2.13):

2m 2m
sl = [ rswiar o [ (g | [ e de) s

Lemma
E9w1]
21
< liminf —
N~ M- M 0
Fatou

M . . 1 27 M
| Tera) ds' do<tipint 32 [ [ Tep) deas

1 M
< liminf — T < 2 .
< limin M/_Mu SOl de < 201112
|i

Thus, from now on we will work with 7', that is, with admissible pairs, and our objective
will be to prove (4.1)). Henceforth, “pair” will mean “admissible pair” and B will refer to
the set of admissible pairs.

Remark 4.1 There is a fact concerning T which will be extremely useful for the future
proofs. The sum defining T takes into account the admissible pairs. On the other hand,
the function |N| is bounded by an M* > 0. Assume N > 0 (the case N < 0 is analogous).
Take K* as the least natural number verifying M* < 27 - 25", Suppose x € E(p), where
p = |w,I] € B is an admissible pair with |w| = 27 - 28 and k > K*. Then it holds
w = [0,27 - 2F[, which is non central. Hence, all pairs p = [w,I] € B with x € E(p) for
some x verify |w| < 2m - 25", This shows that the sum defining T is finite, independently
on the evaluated f and x (however, the number of terms in the sum obviously depends on
the bound for N, but this will not cause any problem,).

From now on, our set of pairs B will be our latest B but having deleted all the pairs
that do not contribute in ZpEBT We have then a finite B. This will be very useful to
interchange operators concerning sums and integrals without applying Lebesgue’s conver-
gence results. Moreover, T is then well-defined on L2, and we will not have to deal with
Cr° anymore. Our goal will be to prove for every f € L2.

Note also that we can assume that w C [0, 00| for all [w,-] € B (if N > 0) orw C]—o0,0[
for all [w, ] € B (if N <0). Otherwise, the characteristic function 1, .y appearing in the
sum defining T would be 0. This assumption on B will be essential for the future Lemma

6.7

We state and prove a property of nested central dyadic intervals which will be essential
in the proof of the future Main Lemma

Lemma 4.2 Suppose that wo G w1 G ... G wyry1, with wo,...,war1 central, M > 1.
Then "
d(Ownrs1,wo) > 22 Z|wpl.

Proof. By centrality, wgj C o C wa, wy C Wy C wy, ete. Hence,

Lorn/2))
Wo C wpm1-
Then
d@nrsnsw0) 2 2004 ] 4 2] 4+ ... 4+ 2O/ 2)

2
_ ( L(M+1)/2)— 1) lwo| = <2L(M+1)/2j—1 N ;) o).
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If M is odd, then 2LM+1)/21=1 _ 1 /9 — o(M+1)/2=1 _ 1 /9 — 9(M=1)/2 _ 1 /9 > oM/2=2 for
M > 1. If M is even, then 2LM+1)/21=1 _ 7 /9 — oM/2=1 _ 1 /9 > 9M/2=2 o1 every M > 2.
]
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Chapter 5

Sketch of the proof of the basic
estimate (4.1))

We know that, for all f € L? and a.e. z € R,

Tie) =3 Y i)=Y S Tf@

k>1 peBy k>1 n>0 pEB)
27"l Ap(p) <27

(3~ indicates that 3 is finite). The a.e. comes from the fact that, if Ag(p) = 0, then
|[E(p)| = 0, s0 1gpy = 0 ae. and T,,f = 0 a.e.. As we are dealing with norms in the
Lebesgue spaces, this a.e. will not have any significance. Thus, from now on, the “a.e.”
will be omitted.

We can interchange the sums:

T =3 Y i@ (5.1)

n>0 k>1 pEB,
27"l Ag(p)<2™

Define ,
Po=|J{peBr: 27" < Ay(p) <27}

k>1
(again, U’ represents a finite union). Then

S @)=Y 3 T,f(x). (5.2)

PEPn k>1 pEB
2=l Ag(p)<2 "

Thus, using (5.1]) and (5.2)), we can express T' as

Ti)=3 3 T,f (), (5.3)

’H,ZO pGPn

for any f € L? and = € R.
Given a subset of pairs P C B, denote

TP f(z) = Tpf(x),

peP

29



which is a finite sum independently on f € L? and x € R. With this new notation, we
have a compact expression for T

Tf(@) = > T f(a). (5.4)

n>0
Let us see why this decomposition of T is useful. We know, by (3.3)), that for all p € P,
I Tyll2 < CAo(p)"/2.
More or less, the idea would be to transmit this bound to T

R C;E%XAo(p)l/Q <C27%.

In this case,

27 27 ’ 2 ’
1Tfl = [ ri@lde = [T 1 @) o< [ S @) | do

n>0 0 n>0
) 2 ’ ’ > "
=) / TP ()| de = TP flh <CY ITPflla<CY 272,
n>0 Y0 n>0 n>0 n=0

so (4.1]) would hold.

In the next chapter, we will make a systematic study of the sets P C B for which, if
Ap(p) < 0 for all p € P, then
172 < C8/2 (5.5)

(that is, we transmit the bound of ||T,|2, p € P, to || T7]2). We will start with small
subsets of B verifying and we will construct larger and larger P’s satisfying .
For that purpose, we need to specify what we mean by a “small” pair and a “large” pair,
that is to say, we need to establish an order relation in B. The order relation is the
following: given [w, I], [, I'] € B, we will write

[w, I < [, I']
if and only if I C I’ and o’ C w.

dyadic intervals
in [0, 27]

W', 1)

|[w7[]

dyadic
intervals
in R

In the following chapter we will build up the P’s verifying (5.5)).

Remark 5.1 Pictures as the last one will be very common through the rest of the project.
A pair w,I] is represented with a rectangle: the horizontal lines represent w and the
vertical lines 1. This type of pictures allow representing the order relation between the
pairs, without paying attention on lengths, scales or admissibility (unless we want to put
a specific example).
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We prove here a lemma that will be used in the future Main Lemma

Lemma 5.1 (Orthogonality Lemma) Let {A4;}" ,, n € N, be bounded operators on a
Hilbert space H. Assume:
(a) A7A; =0 fori#j,
* 2
(6) A7) < 202
Then

where C = (m coth w)1/2,
Proof. Call T = Y | A;. As ||T||? = |T*T||, one has by induction that ||T|*™ =
I(T*T)™||. We have T*T = 37, >0, AT Aj, so

(T = Y A Ay AL, Ak

1
1<iy,.igm<n

Hence,

TP < Y AL A - (A7, A

1<iy, . iom<n

(a) 1<j1, 0 jm<n

Now we use || A7 || < M, [|4;,,|| < M and hypothesis (b):

1 1
HT”Qm : M2m 1§j1§m§n (]1 - j2)2 +1 o (.jm—l - ]m)2 + i
Now make the change of variables ji1 —j2 = t1,j2—J3 = t2, ..., Jm—1—Jm = tm—1,Jm = tm-
Then
" m—1
1 1 1
ITI*™ < M _nStl,-Znythn B+l 2 1 A j:zn 2+1

Then

o STy
1
T < (2n)zm - M —_
I7]] < (2n) P
j=-n
Let m — oo: )
=TT

oo 1

=00 AT = mcoth.

where we use )
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Chapter 6

Main sequence of lemmas

In the following lemmas we will build up P’s verifying (5.5). These lemmas are rather
technical and of substantial difficulty, so we advise the reader to study them with patience.

We will start in the first two lemmas by considering subsets P with the property that
no two of its pairs are comparable under <. The key of this assumption is that it implies
that the E(p)’s are pairwise disjoint for p’s in P. Indeed, assume that E(p)NE(p’) # () for
some distinct pairs p = [w, I],p' = [/, I'] € P. Then INI' # () and w Nw’ # (. Assume
without loss of generality that |I| < |I'|. This gives |w'| < |w|. Since the intervals are
dyadic, I C I’ and w’ C w, so p < p/, which is a contradiction.

dyadic intervals
in [0, 27]

Example of a set of pairs
, P={p,p’,p"'} with

I:I P no two pairs comparable.

| p

dyadic
intervals
in

Instead of working with the Ay expression defined in (3.4]), we will work with

E®)| [d(w,w') + |w| 2%
Mot = sy LB ()11
p'=[w’,I']eB |I| |w‘
cr

for technical reasons.

Remark 6.1 Throughout the lemmas we will make use of maximal operators in order
to prove the boundedness of our operators. In concrete, we will deal with two maximal
operators:

o Let {Ij}jzl be a partition of [0,27]. Define the maximal operator

Mof(z) =) <Sup G /1 ()] dy) 17 (x).

o \nct
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As it happens with the Hardy-Littlewood mazimal operator, My : L} — LY and
My : LY — LI, 1 < q < oo, where LY = {h : R — C : support(h) C
[—4m,67], sup;sotl{z € R: |h(z)| > t}] < oo}.

e The second maximal operator is

* — q
s =sm (o)

for x €[0,27] (and 0 outside). It holds || fyll2 < Cyllfll2 for all 1 < q < 2.
When q = 1, we will denote f* = f7.

Remark 6.2 We will use the mazimal operators to bound convolutions: if f € Lj, (R)
and 0 < ¢ € LY(R) is radially decreasing, then

z+h
(0@ < ol (s 0 [~ @)l dy) < Cllela (@)

Indeed,

/ oW\ — 4| dy = Z/ oW)|f (@ — ) dy

{2m<fyl<2mtt}

m=—0o0
> o0 2m+2 gm+1
< Y e | fe-wldr< > e [ e yldy
mz—:oo {2mS|y‘S2'm+1} mz_:oo 2m+2 _2'm+1
> 2m+2 z+2m 1 :Jc+h +2
< ©(2™) / |f(y)| dy < <sup / \dy> 2M T2 p(2M)
mz—:oo amt2 z—2m+l h>0 2h Jy_p, mz_oo
(s [ i) 3 )
< 8| sup o / dy) / o(y) dy
h>0 20 Jo m=—oo {2 <IyI<2m}

1 z+h
= slolh (s 0 [ )l dy) < Slelf @)

In general, we will deal with a ¢ of the form
a

SO(Z') = m, a > 0.

In this case, ||@|l1 = 7 does not depend on a.

In fact, this procedure of relating a convolution with a maximal operator is more or less
a particular case of the following theorem (or better said, of the idea of its proof): “Let f €
L} (R™) and 0 < ¢ € LY(R™). Denote pi(z) = (1/t")p(z/t), t > 0, and define T, f(x) =
(f *)(x). If ¢ is radially decreasing, then T* f(z) = sup;q |11 f(z)] < Cyllelhi M f(x),
where M denotes the Hardy-Littlewood mazximal operator”. To bound convolutions, use

this theorem with t = 1.

Lemma 6.1 Let P be a set of pairs, no two of which are comparable under <. Let
0<n<1/41% ng e R and0 < e < 1/5000. Suppose that A(p) < n and d(ng,w) < n~¢|w|
for all p=[w,I] € P. Then T? : L} — L} has norm

1—5000e
IT7|g < Cqn @, Vg>1.
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Proof. We start with some technicalities. Call § = 42902, Then for all p = [w,I] € P
we have d(ng,w) < n ¢w| = (1/n)fw| = 42092¢6|w| < §72¢w| (because (429025)¢
(4400477)6 < 1).

The idea to prove the lemma is to bound 77 by a suitable maximal operator. Let
{Ij}jzl be a partition of [0, 27]. Consider {Ej}jzl such that E; C I forall j =1,...,J,
with

1B

< 251 50006
151

Define

I;CI

J
Mf(z) = Z (sup |}‘/l\f(y)\cly> 1g, ()

1
for x € [0,27] (and outside of [0, 27] is 0). Define the maximal operator

J
Mof(x) =) (Sup |}| /Ilf(y)ldy) Ly, (x)

o \nct

for z € [0,27] (and outside of [0, 27] is 0). By Remark [6.1] M : L{ — L{ for ¢ > 1, so we
can estimate || M f||4:

J

1
Mfllq = sup/ dy | | B,
1M fllq ;(fjg 7l 1|f(y)| y)\ il
J
< 21/[]61 5000€ Z (sup |I‘ /‘f \dy) I ‘1/q — 21/115
Jj=

<, 42002/(]

Mol

Hf”q = Cq” 4 Hf”q (6.1)

Thus, to prove the lemma, it suffices to dominate |77 f(z)| by | M f(z)| for all = € [0, 27]
and f € L¥, with the E;’s and I;’s to be constructed.

We make a partition {I;}7_;, J € N, as follows. We will say that a dyadic interval
I C 0,27 is good if

Jj=b

{zel:[N(@)—mnol <57 -2-4m> - |I|71}] < §1-5000¢
1 |

Since N(-) is bounded by an M > 0 in [0,27], we have |N(xz) — ng| < M + |ng| for all
x € [0,27], so if the length of I satisfies M + |ng| < §72¢- 2. 4x%/|I|, then {x € I :
|N(z) —ng| < 072¢-2-4x-|I|~} = I. Thus, for any sufficiently small I (more specifically,
[I] < §72¢.2-47% /(M + |ngl)), I is good. To construct the partition, start with [0, 27].
If it is good, our partition is {[0,27]}. Otherwise, subdivide it into two halves: [0, 7] and
[7,27]. If any of them is good, keep it for the partition; if not, subdivide it again into
two halves. This process will end up in a finite number of steps (since once we consider
intervals of length less than §72¢- 2. 472/(M + |ngl|), we will have surely a good dyadic
interval), and we obtain a partition {; }}]:1 of maximal dyadic intervals (in the sense that
if we take an interval I; of the partition and we then take the smallest bigger dyadic
interval T j containing it, then I ; will not be good).

Define Ej = {z € I; : |[N(z) — no| < 672 -2-4x% - |[;|~'} (we will show in part
(a) below that I; is never the whole [0,2x], therefore I; C [0,27] for all j = 1,...,J
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and the definition of Ej makes sense). By maximality, fj is not good, therefore LE]\ <
51—50005’[],‘ = 2(51_50006|Ij’.~ Define Ej = {a: S Ij : \N(w) — n[)‘ < §72€. 2. 472 . ‘Ij|_1}.
Then E; C I; and |Ej| < |E;| < 26'75000¢| 15,

Consider the corresponding

J
Mf(x)=>" <Sup ﬁ/jlf(y)ldy> L, ().

o\t

We show that there is a C' > 0 such that |T7 f(x)| < C|M f(x)| for all z € [0,27] and
f € L, since in this case the lemma will be a consequence of (6.1). This amounts to
proving that

1
TP ()| < C sup — / |f(y)ldy, vz e Ej, (6.2)
rcr | Jr

TP f(x) =0, Yz € I\E;. (6.3)

Recall that T f(z) = ZpEP Tpf(z). As p £ p for all distinct p, p’ € P, it follows that
the E(p)’s are pairwise disjoint. Then, for each = € [0, 27|, the sum ZpeP T, f(z) contains
a single term:

2
TF = T < - / dy. 6.4
T f(z)] p:r[gfi]?ep! pf(@)] < p:fgg?ep 1] I3|f(y)| Yy (6.4)
zeE(p) reE(p)

We will show:

(a) [w, I eP, INI;#0=1; CI.

(b) [w, I] € P, Ini; £ 0 = I; NE(w,I)C E;.

Notice that, from (a), if some I} is [0, 27, then for any pair (w, I] € P it holds INI; # 0,
so I; € I C [0,2x], and we arrive at a contradiction. Hence, none of the I,’s is [0, 2], as
we stated previously when defining the Ej’s.

Using (a) and (b), both and easily follow. Let = € [0,2n]. We distinguish

two cases:

e Case x € I;\E;. Suppose by contradiction that x € E(p) for some p = [w,I] € P.
Then z € I, so INI; # 0. By (b), I; N E(p) C Ej, which implies x € Ej;, which is a
contradiction. Hence, 2 does not lie in any of the E(p)’s, so T f(x) = 0 and (6.3))
follows.

e Casex € Ej. Ifx € E(p), p= [w,I] €P, then x € INI;, s0oby (a) ; CI. In
particular, I; C I 3_ therefore

i [ @ldy < M5 (z).

Then by (6.4) |T7 f(x)| < 67 M f(x), and (6.2)) holds with C = 6.

Thus, to finish the proof of the lemma, we just need to verify (a) and (b).

Proof of (a). We have INI; # (), where both I and I; are dyadic intervals. Then either
I C1Ijor I ; I, that is to say, either I C I; or fj C I. Assume by contradiction that
I C I;. Consider the dyadic intervals w satisfying |w| = 472 /|I;| and d(ng,w) < 26 2¢|w|.
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As d(ng,w) < 2672 - 472 /|I;|, there is a finite number of such w’s, call it K;. Let w’ with
| = 472 /|L;|, d(no,w’) < 2672 - 472 /|I;| and

4 2 4 2
|E((JJ’,IJ’)| = max{|E(w,Ij)| : |w| — i7 d(no,w) S 26—2671-} )
|Ij| |IJ|
Then
F L] < o € Iy N () ol £ 207 4x L1 < K, 1)

which gives
\E(w’,fj)] - 51—50006
|11 K;
We can, in fact, bound K; < 2(2572¢ + 1) < 1652, therefore

\E(w’,lj)| - 61749986
|15 16

By hypothesis, we have
d(w,ng)

@l

d(w',no)

—2
<572 7

< 257%,

|w
where [w, I] € P. Since I C I, then |I| < |I;], and taking inverses |w'| < |w|. We have
<d(w,w’) + |w])_2000 (d(w,no) +d(w',ng) + w|>_2000

@l @l

B <d(w,n0) |o'| d(w', n0) 1>_2000
|w] w[ o]
> (357°2¢ 4 1)~2000 - 4—200054000¢

Then, since I C I;,

Alw,I) >

|E(W, ;)] [ d(w,w) + |w]| —2000 N §1-998¢ 5
-4

3002~ q2002 b
|w] 4 4

and this is a contradiction.
Proof of (b). We have that I; N E(w,I) = {z € I; : N(x) € w}, since by (a) I; C I. If
N(x) € w, then

[N (2) = no| < IN() = &nol + [€ny — mo| < |w] +67*w| = (1 +07*)|w| < 267 *|w]
—_———
d(w,ng)
(&, 1s the nearest endpoint of w to ng). Thus,
LNEw ) C{zel: |N(®)—no <20 %|w|}.
By (a), I; C I, so |I;| < |I|, that is, |w| = 47%/|I| < 47%/|I;|. This implies
LNE(w,I)C{ze€l: |N(z)—no| <2672 472 |[;|7'} = Ej,

so (b) is proved.
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Remark 6.3 We know that T, : L? — L2 is a bounded operator, so we can compute its
adjoint operator Ty : L? = L2. Let f,g € L. Then

(Tof.9) = / T, f(2)9(@) da

-/ ( [ e -) dy> 15 ()9 i

= /R</R eiN(a:)(fE*y)qpk(:U—y)f(y) dy> ]’LE(p)(x)g(x) dr
_ /R ( /R ENEE Dy (@ — )1 (2)g () dm) ) dy

— / ( / e—iN@)(x—y)wk(:c—y)g(fﬁ)dw> f(y) dy.
R \JE(p)

Suppose y ¢ I3. If, given x € E(p), we had x —y € [—2m-27% 27 - 2¥], then it would hold
y € [x—2m-27F x4+2m-27%] C I3, which is a contradiction. Then, x—y ¢ [—2m-27% 27.2F],
which implies Y (x —y) = 0. Then

(Tpf.9) = / / e N@ @y (z — y)g(x) dz | 113 (y) f(y) dy.
R E(p)
Thus,
Trg(y) = [E " e N@E Wy (2 — y)g(a) do - 11a(y),

or, with our usual variables,
T = [Ny () dy 1@ (6.5)
p

for all f € L? and x € R.
A wuseful inequality for the adjoint operator, using the fact that || < 2%, is

. C
T 5@ < g /E Wy @) (6.6)

(here C = 2m ).

Lemma 6.2 Let P be a set of pairs, no two of which are comparable under <. Assume
that A(p) <6 forallp€P (0<d<1). Then T? : L? — L? has norm

ITP ||y < Cuoi", ¥ > 0. (6.7)

Proof. We will deal with the case 0 < § < 1/4%0% until further notice. This bound will
allow us to apply Lemma [6.1
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Fix f € L2. We have

ITZfI5 = IT7 £113 =

Y Tif

(ZT;f,ZT;f) Z/T 2)T7, f(x) do

peEP 9 pEP p'EP p,p'EP
< > /T[wl Tiy m f() da| + >, / Tenf (@) [’I’]f( z) dx).
(w,I],[w’,I"eP [w,I],[w' I eP
<[r| e

We want to estimate both terms. Let us look at the first:

Z /T[w nf(@) /If]f( z)dr = Z / o, 1/]f Z Ty f(z)| dx

[w, 1], [, I']eP p'=[w’,I'] p=[w,]]
171<| [11<1']
=> / T f > Tpf(a)| da (6.8)
p'EP pEA(p’)
+Z/T* N T f(w)| da, (6.9)
p'EP | PEB(p’)

where

1
Alp) = {p =[w, I eP, |I| <|I'|: d(w,u) < 5(5_6|w| and I C (I’)5},

B() = {p = WD € P, 1] < |1 dw,o) > 5] or I € (I')f’} .

We estimate both and . We start with the terms of :

. f dz| < | [T, f(
’ / |:p€A () ] /
C
— d T
71 L y> [, PR

C *
\S’_, <|(I’)5| E(p/)|f(y)|dy> /(I,)5 Z T, f(z)

T;f(a:) dx

pEA(p )

dx

dx

pEA(P)

C \5 %
@ If(y)ldy> iy ( /.

1
_C</E(p/)|f(y)ldy> (K 771 Do |
SC(/E@')W )( 1) I/
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dx)
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Z T; f (=)

A(p')

pEA(P’)



Notice that, by definition of T, we have T f = T;(1gq)f) for all f € L2, and since
E(p) CIC (I')if pe A(p'), it holds that Ty f = T (115 f), so

(/ Y T qx)q (/ S T ) )qu)q

peA(p') pEA(p’)

_ </R‘TA(1)’)*(]1(1,)5f)(x)‘q dw)é

= sup / A (1 s ) (2)g(2) da| . (6.10)
l-{-%:l QELZ R
T gl =1

Take 1 < ¢ < 2. This implies ¢ > 2, so if g € ry , then g € L?
adjoint operator on g:

<, so we can evaluate the

(6.10) = sup ’/ (rys (@ TA®) g(z) dx
gGLq
llgllgr=1

1
q

< sup / f(x)|?dx TA(p/)g '

S ((mg @fda ) T4y,

Holder 9ELTF
llgll =1

Note that the set of pairs A(p') satisfies the hypotheses of Lemma Indeed, let ng
midpoint of w’. Then for all p = [w, I] € A(p') we have d(ng,w) = d(w,w’) + |w'|/2
(1/2) - 0 €|w| + |w|/2 = (1/2) - (67¢ + 1)|w| < 6~€|w| (6 < 1). Thus, by Lemma[6.1]

IA

—50005

ITA®g)ly < Oy

(recall that ||g||ss = 1). This gives

1

7 1
. ! ! 1-5000¢ a
/ S T@)| de| <G8 7 //5 f()edz | .
* lpeaq) &)
Hence, we have an estimate for (6.8)):
‘/T* T;f(:r) dx
PEA(p')

Q|

1-5000¢ 1
<Cpb ( / » !f(y)!dy> (|(I,)5| /(I,)Slf(wﬂqdw)

Consider the maximal operator



for € [0,27] (and 0 outside). By Remark. 6.1} [|f7ll2 < Cyllfll2 for all 1 < ¢ < 2.
Using this maximal operator, we can make a new bound for the terms of (/6.8 .

/R e { S T ()

€A(P")

5 O()e

dz <C’6

/ FWIF ) dy, (6.11)
E(p')

for 1 < g < 2.
To estimate the addends of the second term , we write

‘ / i@ | 2 Gf@| de|=|| > AL = 2 (GAT])
pEB(p’) pEB(p’) PEB(p’)
= | . @I H|=|| D Tt ! /f > TyTyf(x)| dxl.
pEB(p’) pEB(P') pEB(p’)

As support(Tyy (T, f)) € E(p') by definition of T}y, the last expression is

= /E(p/)f(x) Z T,Trf dx S/E(pl)\f(x) Z T, T f(2) do. (6.12)

peB(p’) pEB(P’)

It would be good to estimate |1,y T, f(x)| for p € B(p'). In fact, let us see that

T,Trf=0if I1Z(I')°, (6.13)
C.510 _ N et
T, T* fl)] < T /., )|f(y)|dy if d(w,w")>0"2|w|. (6.14)
p

We have
T, T; f(x) = /R N () Ty f = y) dy - L ()
= / e Ny (y) (/ em NEETT Wy (2 — 2+ y) f(2) dZ) dy - 1) (z)
R E(p)

_ f(z)eiN(z)(z—z) </ (N (z)—N(z yﬂ)k’( )1/%(2 —x+y) dy) dz - ]]-E'(p’)(x)'
E(p) R
(6.15)

Call ¢, (y) = Yw (y)¥r(z — x +y). Bound

T < [ 1| [ O s ) dy| s 1 o),
E(p) R

and note that the inside integral is a Fourier transforrrﬂ

F2(N(2) - N(z)) = /R NN, () dy

Hf F e LY(R), we define its Fourier transform as F'(£) = Jz F(z)e™*** dz. The inverse Fourier transform

theorem says that if F' is Schwartz on R or F, F € L'(R), then F(z) = 1/(2n) Ja F(€)e™™ de. We stress
this definition because there are some others accepted.
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Suppose d(w,w’) > (1/2)0~¢|w|. Let z € E(p) and 2z € E(p). Then N(z) € ' and
N(z) € w. Therefore,

IN(z) = N(2)| > d(w,w) > %5_E|w] = %5_6 2 - 2,

We want to estimate |g/Z):(N(z) — N(z))|. Can we use the previous estimation of |N(z) —
N(x)|? Yes, because the Fourier transform of the derivative relates a point  with its

image ¢,(§) (m € N):

@)1= [ e dy =i [ oD we S dy = = ()56
R R

parts

which implies

6 @1 _ 6™
e = e

We center on the estimation of Hgi),(zm) |l1 in order to bound g/b:(N(z) — N(z)). By Leibniz’s
rule,

16-(6)| =

o) =3 (") el -+

§=0
Then

3

¢(m Z < >2k (G+1)gk(m— ]Jrl)’(w(O))(j)(Qk/y)"<w(0))(m7j)(2k(z sty

7=0
< Cp-2¥ 2% Z?’“?kmﬂ D@ )| ) (2 (z — 2+ y))]
Now integrate:
6™ [l < Cp - 28 - 2 22“2‘““ 7 / (@)D (2F )] (@)D (2 (2 — & + )| dy
< G2 zzk'nkmf/\ )2z — w4 ) dy
derivatives
of 3(0)
S O 2¥ 2 Z/| oD 2z — 2 4 )] dy
1<’y
so k/<k
:Cm'Qk/'ka Z/| )‘du S Cm'2k/'2km-
derivatives
of (0
Thus,
. 2k’2km ,
GV G) - V@) < 60 g2 2 oo

(2) = N(z)[™ —
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Choose m € N such that em > 10 and take the corresponding C,,, = C¢ (m depends on ).
Then

62(N(2) — N(z))| < C.502%".
Then

. , 510
1,7 (@) < 52 [ Gz (@) = Cepp [ 1@ = L (),
P
and (6.14) follows. It remains to see (6.13) under the assumption of I ¢ (I’)°. Let
x € E(p') CI' and z € E(p) C I. By the properties of dyadic intervals, I N (I')> = (), so
there are two intervals I’ between z and z:

+ (II)S +

1
—

Then |z — z| > 2\I’| = 27 - 27F"*1 In the inside integral of -, we have y €
support(¢y) C [—27-27%,21-27%], so |y| < 27w-27F. Therefore |z—z+y| > |z —2z|—|y| >
o - 27K+ _op 27K — op . 97K > 9p .97k (recall |I| < |I’|). This means that
z —x 4y ¢ support(¢y), so the inside integral of is 0 and is proved.

With (6.13)) and (6.14) we can continue bounding from (6.12)):

. 510
| @l Y mred= < [ @i / ) dy d
E(p) peB(p') by E(p) pEB
onc ey
510
= C. |f (@)l sy |f(y)|dy dx
oo JEen NI ogme): pese), ey
< 06510/ / )| d
N o )’ ( )] y)ldy
E(p)CI
<C [ |f@lfila)da
E(p)

This last expression gives the bound for the addends of :

*f “fx T 10 x)|fi (x) dx. .
> [55@ | X e e [ @ifiwd 610

p'EP pEB(p’)

Thus, using (6.11)) and (6.16]),

‘/T* T, f(z)| dx

PEP, \I|<\I’|

[ 1twiswds+ca® [ i@l
E(p") E(p")

1—-5000e
7

< Cyd

We want to mix in some way these two last addends. Regarding the §’s, note that 60 <
§(1-50009)/¢" hecause (1 — 5000¢)/¢’ < 10. Concerning the maximal operators, it is trivial
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that f(z) < fy(z). Therefore,

' / T f T f(x)| do

peP, |1\<\1’\

1—5000€¢ "
<y 7 / F@)IF () d.
E(p’)

Hence, summing over p’ € P,

Z/T* S 1) de

p'EP pEP, [I|<|1]

< Z/ S )| de

p'€P peEP, T[]

1—-5000¢e

< Cpos i / FWIF () dy
U{E(p'):p'€P}

9005 27 .

: /O PO () dy

<Cq 65 HfH ”f H2 < qu’65 ||f||2

proved

1—
< Cq/7€5

The estimation of the second term

> [ )T e
[w,I],[w,I'eP
1<
is analogous, interchanging the roles of I and I'.

Thus,
Z/T* 2)T f T f(@)de < Cpyed
p,p'€EP

2

Let 7 > 0. Choose ¢ = ¢(n) and € = €(n) so that

1 o < 1 — 5000¢
9 4 qg

Indeed, if n > 1/4, the left-hand side of the inequality is nonpositive and there is nothing

todo. If 0 < n < 1/4, write ¢ = 2/(1 —v), 0 < v < 1, and the problem reduces to

finding v and € with v/2 + 5000¢/q’ < 27, which is obviously possible by first taking

0 < v < 1 with v/2 < 7, then taking the corresponding ¢’ and finally choosing 0 < € <

min{1/5000, ¢’ /5000}. For those ¢, ¢’ and ¢, let C;, = Cy 4 . Then

> [T T i < ek g1

p,p'€P

and since 1 > 0 is arbitrary, this holds for all > 0, as wanted.

Now we deal with the case 1/ 44004 < § < 1. This is by far the easiest case. We will
just show that there is a C' > 0 such that for any set of pairs P for which no two pairs
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are comparable it holds |77 ||z < C. This is enough, as in such a case there is a constant
D > 0 for which | T7 ||y < D/4%0% < D(1/4%04)1/4=n < D§L/4=1 for all 5 > 0.

Thus, our goal is to prove that |77y < C. Let p = [w,I] € P. By and the fact
that the F(-)’s are disjoint, for all z € E(p)

17 @) = 11,0 @) < 7 [ 1) d
Use the maximal operator

T ( )| d
flx Sup’J’/|f |y

zeJ

to conclude that |77 f(z)| < C - ff(x). This inequality holds for all x € [0, 27], therefore
TP fllz2 < [ffll2 < CIIf|l2, as desired.
O

We keep dealing with larger sets:

Definition 6.1 A tree P with top p° = [w°, I°] is a set of pairs with the properties:
(a) if p<p < p", with p' admissible and p,p"” € P, then p' € P;
(b) p < p° for every p € P.

Example of a tree P:

w1 I11 wa 121
4 [[87,127), [x,2m)] > [[8, 167), [, 37/2) ]
P:
~ [[87,127),[0,7) ] > [[87,167),[0,7/2)]
[CUl, -[171] N—— S—_—— ——
w1 Iy 2 w2 Iz 2
| [wa, I2.1]
w1, 11,2] | [wa, I29]

Lemma 6.3 Let P be a tree with top p® = [w", I°]. Suppose that A(p) < for all p € P
(0<6<1). Then |TF||2 < C63 (as usual, the norm || - ||2 is understood in L?).

Proof. Let us see how T7 really looks like. We are going to prove that

Pia) = 3. (@)« f(@)
Ko(x)%gfﬁ(w)

or TP f(x) = 0, depending on x. Ko(z) and K;(z) are finite functions of x and J is a set
of positive integers.

Pick & € w® Let I C [0,2n] with |[I| = 27 -27% Let w; = w(k) be the dyadic
interval in R of length 27 - 2% containing &. If [w,I] € P, then [w,I] < [w° I, so
o € W C w, therefore w = wy. Thus, P consists entirely of pairs [wy, I]. Let J = {k > 1:
w(k) is central}. Let

Alx)={k>1: [w, e P,z el |I|=2r-27%}
={keJ: |w,I]eP,zel, |[I|=2r-27%)
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(P consists of admissible pairs) and
B(x)={k>1: N(z) € w(k)}.

Then
TP = 3 (@YD) f(@)
keA(z)NB(x)

(it could be A(x) N B(x) = (). Fixed z, all the pairs [wy, I] with 2 € I can be comparable,
so by definition (a) of tree A(x) = {k € J: K(z) < k < K'(x)}. Since B(z) clearly has
the form {k > K"(z)} (because if N(z) and & are in a dyadic interval, they will be in all
larger dyadic intervals containing the previous one), it follows that A(x) N B(z) has the
form {k € J: Ko(z) <k < Ky(x)} or (). This gives the stated form for 77 .

If & > 0 and N < 0, then E(wy, I) = for all [wy,I] € P, so TP f =0 for all f € L2.
Thus, we can assume that either {g < 0and N <0 or & > 0 and N > 0. In this case, if 1
is any dyadic interval in [0, 27| which is large enough, w; will be of the form [a,0[ (a < 0)
if § < 0 (and N < 0) and [0,a[ (a > 0) if & > 0 (and N > 0), with |a| large, and since
N is bounded, E(wy, ) = I. Thus, we can consider a partition of I°, {Ij}}‘]:p defined by
means of the maximal dyadic subintervals of I' for which

|E(wr, 1]

>0
1]

(start with I°; if it does not satisfy the bound, divide it into two halves; if some of the
halves satisfies the bound, keep it for the partition, otherwise divide it again into two
new halves; etc. The process is finite since for every sufficiently small interval I it holds
E(wr,I) = I by the reasoning above).
Set ) 3 .
E; = E(wfj,lj) ={zxelj: Nx)e wfj}
and
Ej={zelj: N(z) e wfj}.

By () below, I; C I°, and by maximality |E;|/|I;| < 6, therefore |E;| < |E;| < d|I;| =
26|1;|. Let us see that:
(@)p=[wIeP, INL#0=1,CT,
B)p=w I eP, INI;#0 = E(p)NI; CEj.

Proof of (o). As INI; # ), either I C I; or I; C I. Suppose by contradiction that
I C I;. We have, by construction of the partition, |E(wy;, I;)|/|I;| > 6. On the other hand,
w = wr, 80 § € wy, Nw, and since |I| < |I;], necessarily w;, C w, therefore d(wy,,w) = 0.
This gives (using I C I;)

|E(wy, 1) <d<w,wzj> + \w|>‘2°°°
1] w]

>0 =1

A(p) > >4,

which is a contradiction.
Proof of (5). By (o), E(p)NIj={z €l : N(z) cw=wr}. As§ €w Nwj , we have

wrNwNw; 7 0. Since I; C I by (), wr C wy,- Then E(p)NnI; C{xel;j: N(z) € wij} =
E; and () is proved.
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Write
o= Y w)d@+( X @ On0-w) . o)

Ko(z)<k<Ki(x) Ko(z)<k<Ki(x)
keJ keJ

Suppose that the sum is nonempty. Recall

A(x)NB(z)={ke J: w,I]€P,z €I, Nx)€wy, |I| =21-27%}
={keJ: Ko(z) <k < Ki(z)}.
Then = € E(wy,, I,;) for some [wy,, I] € P with |I,| = 2 - 2750 As N(z),& € wy,, we

have |N(x) — &l < |wy,| = 27 - 250(*) With this, we can bound the second sum of the
right-hand side of (6.17)): call g(t) = et f(¢) € L2, then

‘< Z (€ N@ g () — 7/%)) v f(2)

Ko(x)<k<Ki(z)
keJ

_ ‘(K ( Z (!N @) =€)y (1) — W)) * g(z)

z)<k<Ki(x)
keJ

< SO )« fl)

<~
| f1=lgl KO(x)%ngl(x)
sin (S0 43) < 1)

) 2(Ko( )Z

@) <k<K ()
keJ
= Wa-all( 2wl
|sinz|<|a| T Fo@sk<k ()
< IN() - & |-( 3 |¢k<->|)]*|f|<x>
- k:Ko(x)
1
<IN - &l (11 |1[ sramro ana-rotey (1)) # 111@)
2 Q_KO(x) 2.9~ Ko(z)
& / (2 — )| dy < 27 - 20) / o —y)ldy
22— Kol Z> —27.2—Ko(=)
272~ Ko@)
dy < C— / d
!I\/zﬂz Kom —y)ldy | Iz | vl dy.

On the hand, if x € I;, then z € I; N I, and by («) above Ij C I,. Let, as in Lemma

J
Mof(x) =) (sup }| /I!f(y)!dy> Ly, (x)-

o \uct

If z € Ij, then I; C I, C (I,)3, so

e wldy=Crr

L] S0 (1 ) | !f(y)!dySCMof(x).
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Thus, the final bound for the second sum of the right-hand side of ((6.17)) is the following:

‘(K ( )Z (€N @y () = 1/%)) « f(z)

@) <k<K(z)
keJ

We go on the estimation of the first sum of the right-hand side of (6.17)).
Let

R(z,y) = Z Yr(y), z,y €R,

1<K<K (@)
Rly)= Y (y), yeR,
1<k<K*

where K* (see Remark depends only on the function N and satisfies |w| < 27 - 2K~
for all [-,w] € B (don’t worry, the constants that will appear will not depend on K*).

It will be convenient not to have J on the sum, since we will need at some moment to
have consecutive numbers in the subscript of the sum. Then we apply some sort of trick:

‘(KOZ w)r @) =| 3 /w dy

(2)<k<Kj(x) Ko(z)<k<Ki(z

keJ keJ
< Y[ ) -l
Ko@) Zh K@ ™ g (y)sien(y)
< > /@bk y)sign(y)|f(z —y)| dy
1<k’<K1

- /R R, y)sign(y)| F(z — )| dy.
Then, if we define g(z,y) = sign(z — y)|f(y)],

‘(Ko(x > 1/Jk> * f(x)

)<k<Ki(z)
keJ
Let us see that
or-2—K1(2) 9—Ki(z)
‘R(ﬂ?, y) — 2K1(93)*1 /277.21(1(1) R(.’L’, y -+ Z) dZ S Cm (618)

for all y € R. We distinguish two cases:
e Case 167 - 27 51(*) < |y|. We start with the trivial bound

272~ K1 (z)

‘R(w, y) — 2f1(@)—1 / R(z,y+z)dz
—2m-2~ K1(z)
272~ K1(®)
<ot | ST lly) — ey + ) e,
—ox.2—Kiy(2)
1<k<Ki()
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It is important to demonstrate that the number of terms in the sum does not depend
on Ki(z), and this will be done using the bound 167 - 2-51(®) < |y| and the fact
that support(¢y) C {n/2-27% < |t| < 27 -27F}.

We have 167-2-51(®) = 97.2-K1(#)+3 < || There is a natural number kg such that
7/2 .27k < |y| < 2w - 275, By the definition of the support of the 1/;’s, it holds
Yr(y) =0 for all k ¢ {ko — 1, ko, ko + 1}.

On the other hand, 27 - 2~ K143 < |y| < 27 . 27H0 50 kg < K (z) — 3.

Let |2| < 27-2751®) Then |z| < 27-27%073 that is, 2 € [-27-27%0=3 27 . 2= ko=3],
Thus,

ify>0= y+ze F oo 9. 2*’%} 4 [—2m -2 k03 op . g—ho=3)

2
— E.Q—ko 9£.2—k0 .
4 "4 ’

ify<0=y+ze [—27r : 2—’%,—% : 2—’““0} + [<27m - 27F0=3 27 . 97ho=)

97T —k T —k
= |- gk T gk
i

We want to analyze for which k’s it is verified

9 9
support () N <[—I : 2"“0,—% : 2"“0] U [Z : 2"“&% : 2"“°]> # 0.

This last condition implies 7/2-27% < 97 /4-27%0 and 27 - 27% > 7/4 - 270 which
are equivalent to 27k < 9/2 - 27ko and 27k < 8.27F = 27k+3 The first condition
implies 2% < 8.27%0 = 27ko+3 that is, kg — 3 < k. The second one is equivalent
to k — 3 < kg. We conclude that ky — 3 < k < ko + 3. Hence, ¥ (y + z) = 0 for all
k¢ {k0—3,...,k0+3}.

Thus,

212 K1(@)

‘R(w, y) — 2f1@)=1 / R(z,y+ z)dz

—_ox.9—Ki(z)

212~ K1 (=)
<ot | S kly) — vily + 2l dz

—or.2—Ki(z)

1<k<Ki(z)
K« . on-2—K1(z)  ko+3
— 2k S [rly) — vy + )| dz
—2m2~K1(@) | O o
=Fo
K 1 2m2 ) Rl k k k k
= oKi(@)- / D Oty - 0@y + 202 da
—9o5.9—K1(z) k—ko—3

By the mean value theorem, (0 (2Fy) — () (2Fy 4 2k 2) = (1&(0))’(2%%2)2’“2, where
€y» € [y,y + 2]. We have [§y.| > min{|y|, |y + 2|} > min{|y|, [y| — |2[} = [y| — [2| >
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ly|—2m-2=5K1@) > |y| —(2/3)|y| = |y|/3. Since () is Schwartz, there is a constant
C > 0 with |(¢(©)(t)] < C/t? for all t € R. Then

C
WO@ty) =@y +2%)] < 5522 = sl
Hence,
272~ K1(x)
’R(:):, y) — 2f1(@)—1 / R(z,y +2)dz
—_ox.2—Ki(z)
or-2—K1(z)  ko+3 C
< 2K1(”)1/ ok < ]z\) dz
—2r-2-K1(2) k%:_3 2ky?
272 K1(2) ko+3 —Ki(x)
2 1
= ofi@=1( 9 22 )€ Y 1)<c :
0 y? y?
g k=ko—3
22 @) —

Finally, use the fact that

9—Ki(z) 1 9—Ki(z)
2 < (1 + 1627T2> y2 + 9—2K1 ()

(this is equivalent to 167 - 27 K1) < |y).
e Case 0 < |y| < 167 -2~ K1(*) We have

22— K1(@)

‘R(:c, y) — 2f@)-1 / R(xz,y+z)dz
—2m-2—K1(2)
275.2—K1(x)
< Y mmle20@ [0 Y ] s
1<k<Ki(z) —2m27 @\ | K (@)
< Y Fen Yo
1<k<K() 1<k<K) ()
S 2K1(1‘)+1 + 27T . 2K1($)+1 S C . 2K1(I)
Finally, use the fact that
2—K1(x)

2 < (1+16%r )—y2 o2Ki(a)

(this is a consequence of |y| < 167 - 2_K1($)),

Decompose

[(R(x,-) * g(z,-))(2)| <

/ R(z,y)g(x,x —y)dy
{lyl<2m-2= K1)y

_l’_

/ R(z,y)g9(x,x —y)dy|.
{lyl>2m-2-K1(=)}
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To estimate the first integral, note that |g(s,t)| = |f(¢)|. Thus, the module allows us to
avoid the dependence on z. We have

/ Rz, y)g(a, —y) dy| < / Rz, 9)||f (@ — y)| dy
{ly|<2r-2-K1(=)} {ly|<2m-2-K1(=)}

< i@t / )l dy.
{|J:—y|§27r~2_K1(x)}

Suppose that z € I;. By definition of K1(x), z € E(wy(y), I(a{)) for some [w{(x), I(z)] € P,
[I(x)] = 2 - 2751@) Since 2 € I(z) N I;, by () it holds I; C I(z), so |I;| < |I(z)] =
2m - 27 K1(#) Then I; Cle—2m- 2-K1(@) 3 4 27 . 27K1(®)] 50 by definition of the operator
M()a

gfa(m+t / |f(y)| dy < CMof(z).
{lz—y|<2m-2- K1)}
Thus,

< OMof(z).

| / R(z,y)g(x.z — y) dy
{lyl<2r2-K1@)

To estimate |(R(z,-) * g(x,-))(x)|, it remains to bound
/ Ra.9)g(e,o — ) dy = [ Rlay)Glo.o = y)dy = (Rle.) + Gla,))(a),
{ly|>2m-2~ K1)} R

where
G(l’, y) = g(l’, y) : ]]-}_oo,m_Qﬂ—.Q*Kl(m)[U]m+27r.2*K1($)’oo[(y)'
We will use the result given in (6.18). Write

272~ K1(x)

’(R(m Y% Gz, ) (z) — 2K @)1 / [R(z,-) * Gz, )] (x + 2) dz

—or.2—K1(=)

272~ K1(2)

—| [ Gla,z — y)R(z,y) dy — 251@1 /

—2m.2—K1(2)

/ R(z,y+ 2)G(z,z —y)dydz
R

’
R
S /

R

2_K1(1) 2—K1(x)
< e —— —_— = —_— J—
= /Ryg + 22K () |G(z, 7 —y)|dy /{y|>2ﬂ‘2K1(r)} y2 + 2-2K1(2) lg(z,x —y)| dy

2—K1(1})
=/{ e @ =)l dy

yl>2m2- K@y Y2 + 272

2.2~ Ki(x)

Ra.y) - 20 R,y +2) ds

—or.2—Ki(x)

G2,z —y)|dy

1 [k 1 ("
< Csup/ flz—y)[1 oK@ (y)dy=C  sup = — flz—y)ldy
< Csuboy 7h| ( Ny > 2m2-K103 () ) 7h| ( )l
Rrk -

< CMyf(z).
as
before
On the other hand, using the fact that

[Rz,y)l = > @< D )l =I[R)

1<k<K;(z) 1<k<K*
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(remember that ¥ (y) = sign(y)|vx(y)|), we obtain

or-2—Ki(z)
‘QKl(m)_l/ [R(z,-) * G(x,")|(x + 2)dz

—or.2—Ki(x)

2.2~ K1(z)
<2K1<x)—1/2 s (B D@+ 2)dz < OMo(IR]* |f1)(@).
be%csnre

To sum up,

first sum in (6.17)) = ’( Z 1/%) x f(x)
Ko(zx)

<k<Ki(z)
keJ

< CMo(|R| * | f])(x) + Mo(f) ().

Combining our estimates for the sums in (6.17)), we obtain

77 f(2)| < OMof(z) + CMo(|R| + | £]) ().
On the other hand, T7 f is supported in

J J

Uew=U|UEwnL | clE,

peEP j=1 j=1
where the last inclusion is reasoned as follows: given j € {1,...,J} and p = [w,I] € P,
either I NI; = 0, in which case E(p) N I; = 0 C Ej, or I NI; # 0, which implies
E(p)N1; C Ej by (B).

Thus, TP f(x) =0 for all x € [;\Fj and j = 1,...,J, so
77 f(z)| < OM f(x) + CM(|R| * | f|)(z)

for all z. Hence,

1
IT7 fll2 < CIM fllz + CIM (R + [ fD)ll2 < C82(Ifll2 + B * | f]l2)
Lenail?ni:;l
1 1 ~
< Cox(([fllz+ RIS = Co2(Ifll2 + I Rl20£11)
Young Plancherel
1 =~ 1 ~
< Coz([[fll2 + ClIRllsollf111) < Coz([|fll2 + ClI R[]l fll2)-
compact Holder
support

To finish the proof of the lemma, it remains to demonstrate that R is bounded. We have
- ~ i (&
Ro= Y m©= Y 00 (2,€ |
1<k<K* 1<k<K*

Now, in the notation of the construction of (%), we can write

0O () = p(z) — p(22)

X
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—_—

We would like to apply transforms, put (¢/x)(§) and (¢(22)/x)(£) and in some way obtain
a telescoping sum to compute fi({) However, things are not so easy, because ¢/ ¢ L'
(because ¢ = 1 in [—m, 7]). However, we can turn to principal values, which allow splitting
the integral that defines the transform:

~(0) — (2 . — (2 '
IZ)(O) (5) = / Me—zrg dr = lim Me—mg dx
R z e—0+ |-’E|ZE €T
= lim Me_mg dx — lim Me—w& do.
e—0+ lz|>e T e—0+ lz[>e T

Note that, if a € {1, 2},

[ g [0 g [ o) e,
|z|>e € -

x x o X
_ /OO QO(G.TJ) e—i:L’E dr — /OO QO(G,.’L') eixf dx
@ even € r € r
o
= — 22/ p(ax) sin(a¢) dx
. x

Hence,

TOIGE _21'/00080(55)8111(;0d:c+2i/ooo<,o(2x)sm($£)d:c

sin(z§)

T

dx

~2i [ " (p(22) — pla))

(these integrals exist as Lebesgue integrals). This gives

0 (%) =2 [ oton - otan ) 4,

X

= 2 - oFFLyy — p(2k Mcz.
= /O ((2H1y) = p(2) T P dy

We have achieved our telescopic sum:

K*
5 (& [ K*41 sin(y¢)
= (O iy 7 + — 727 .
R(¢) 3211#0 (2k> 2/0 (2% Ty) — o(2y)) y dy
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To bound uniformly R\, we use the following trick: given any a > 0 and £ € R,

> sin(yé) . > sin(yl§]) | sign(§) sin(y|¢])
/0 w(ay)T dy—Slgn(ﬁ)/O w(ay)T dy = 2/]Rszﬁ(ay)y dy

= Sgg@ /R p(ay) /0 : cos(yt) dt dy = Sigg(g) /0 : ( /R p(ay) cos(yt) dy> dt
_ Sigg(ﬁ) /0 €l < /R o(ay) e“ﬁ+2 e Wl dy> "
_ sign(¢ /0 ; ( /R p(ay)e™" dy + /R p(ay)e™™ dy> dt

~—

W

= Sigz(g) /0 : é ( /R ply)ee dy + /R ply)e e dy> dt

i 112 59 -8 [
- sigg(ﬁ) /0"5'/“ a(t) dt.
o oven

Define, for s > 0, F(s) = [, @(t) dt. Since F is continuous on [0, co[ and

lim F(s):/oooa(t)dt:l/Ra(t)dtzw(O)zi,

S—»00 2

F' is bounded: there exists C' > 0 such that |F(s)| < C for all s > 0. Then
ee sin(y&
[ o™ o) <0

for all @ > 0 and ¢ € R. We conclude that |[R(£)| < 4C for all £ € R, and the lemma is
proved.

]
Corollary 6.1 If P is a tree, then [T ||y < C (C does not depend on the tree P).

Proof. The proof is more or less a consequence of the above proof. We just need to simplify
it. In the previous proof, we essentially bound 77 by means of a maximal operator. Then
one needs to construct a partition {Ij}}'le of I° and {Ej}}]:l verifying («) and (8) above.
For the Ej’s, just take E; = I; and E; = I;. As (j) is trivial (because E; = I;), it
just remains to construct {I; }3]:1 such that («) holds. Since P is finite, we may consider
d = min{|I| : [w,I] € P}. Take {Ij}}]:1 as the dyadic partition of I° with |I;| = d/2 for
all j=1,...,J. if p=[w,I] € P and I NI; # (), then either I; C I or I C I;, and since
1I;| = d/2 < d < ||, necessarily I; C I, so (a) holds. With this partition {Ij}}‘]:p just
copy the proof of Lemma [6.3]
Notice that we do not use A(p) < 1, because A(p) < 1 always holds by definition of
A(p). Thus, this corollary is Lemma with § = 1.
O

Remark 6.4 From Lemma we see that holds for trees.
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Fix 0 < § <1 and K > 0 large (for instance, a good choice is K > 10).

Definition 6.2 A tree P with top p° = [w° IY] is normal if for [w,I] € P we have
1] < (6"999/K2)|I° and d(I,01°) > 3(6*%0/K?)|1°|.

To make an intuitive idea of what a normal tree is, it is a tree such that the I’s are
small compared to I° and are contained far from the endpoints of IV.

Example of a normal tree P with § =1/2 and K = 100:

P: >
>[[2- 92000 97 3. 92000 o7y (91950 , 97 /92000 (91950 4 1) . o7 /92000) 1>

w1 Iy

> [ [22[][)1 . 27_{_7 2. 22(][)1 . 27{_)’ [21951 A 271_/22[)()11 (21951 + 1) ) 27],/22()()1)}

w2 Iy

[wi, 11]

| [wo, I2]

We have |I1|=27/22000<(1/21000.10000)|1°| and d(I1,01°)=27/250>3.-27/(21°°.10000).
Also |I2|=27/22001 <(1/21000.10000)|I°| and d(I2,01°)=27/250>3.27/(21°0.10000).

An example of a non-normal tree is given in the picture immediately
after the definition of tree: with that same notation, d(I1,1,91°) = 0.

A key fact of normal trees is that, for any f € L2, T7" f lives in I°. An intuition for
this is that, as we said, the I’s are small and contained in I° far from 0I°, therefore I3,
which is the support of 7)) f (p = [w, I]), will be contained in I 0. We prove this formally.
The finite sum of the adjoints is the adjoint of the sum:

) = Y / NGy (y — 1) fly) dy - 1o

=[w,I]€P
|1| 2727k
Then
support( TP U I3
[w IeP
Since
510 §51000 5100 5100 5100
d(I°,01%) = d(I,0I°) — 2|I| > 3 110\ —2 —|1°) > 3 =110 - 2 =110 = |10|

this gives support(T7" f) C I°, as desired.

In fact, more can be said about support(T%" f): support(T%" f) C {x € I°: d(x,d1°) >
(6190/K2)|I°]}. That is, the support of 77" f is not only contained in I°, it is a set of
points in I° far from its endpoints.

The choice of I° when computing d(I°,91°) will be necessary to prove Lemma
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Definition 6.3 Two trees, P with top [w°, I°], and P’ with top [w',I'], are separated if
either I°'N T =0 or:

(a) w, I € P, ICI' = dw,w') > }|w|,

B) W, I'NeP,I'CI®= duw,w’) > |

This condition is stronger than saying that no two p € P and p’ € P’ are comparable
under <.

Example of two separated trees P and P’ with § = 1/2:

w1 In 1 wo Iz 1
4 [[87,127), [x,27w) ] > [[87, 16m), [r,37/2) ]
P: top= “11)7412:).7[).2:‘)}
S [[87,127),[0,m)] > [[8,167),[0,7/2)]
[Wl,fl,l] top —_— —— N AN
w1 Iy,2 w2 Iz,2
| [W2712,1]
wi, I1 2] | w2, I22]
P’: top= 7{327.307).{7,2:)} > [ [487, 567), [, 271')]
- N——— ——
wi I
[wi, 1]

top

In the following lemma we study condition (b) of the Orthogonality lemma for two
separated trees.

Lemma 6.4 Let P and P’ be separated trees with tops [w°, I°] and [w!, I°]. Then
ITP' TP ||y < Cord™, VM > 0.
Proof. First of all, note that the statement of the lemma is equivalent to
(TP 1,777 g) < Cars™ I f 1 llg 2 (6.19)

for all f,g € L2. Indeed, | TP TP" |y < Cy0M if and only if |77 TP f|la < Crrd™| £l
for every f € L2, but

’ * / * * 1% |(T7D* f’ TP/*g)|
TP TP fllo = sup [(T7'T" f,g)| = sup [(T7 f, 77" g)| = sup
g€eL? g€eL? geL? gl
llgll2=1 llgll2=1 970

Then |TP'TP" flla < Cyd™M| fl2 if and only if (6.19) holds for all g € L3, as desired.
Then the proof of (6.19) for all f, g € L2 will be our goal in the rest of the demonstration
of this lemma.

o6



Let d = min{|I| : [w,I] € P} and d’' = min{|I'| : [/, I'] € P'}. Consider ¢ € C°(R)
such that
(i) support(p) C{zx e R: |z| < (ﬁd} and |lp|l1 < Cu.
(ii) |@(&)| < C’M((S%d|£ —&|)72M for all £ € R (& is the midpoint of w?).
(iif) [£(€) — 1] < Cr(82dl€ — &|)*M for all € € R.

To construct such a ¢, look at the coming Remark Analogously, pick a ¢’ corre-
sponding to P’ (& = midpoint of w?).

Let us see that from the fact that P and P’ are separated, one can deduce that
2(&)@'(—€)| < Curd™, VE€R. (6.20)

Take [w, I] € P such that |I| = d. By definition of top, I C I°, therefore by () in the
definition of separated tress we have d(w,w') > 472/(6d). By definition of top again,
W C w, so dw?wl) > d(w,w!) > (472)/(6d). Taking [, I'] € P’ such that |I'| = d',
we obtain as before that d(w’ w!) > 472/(6d'). To sum up, d(w° w!) > 472/(5d"),
d’ = min{d,d'}. On the other hand, note that, if ¢ € R, then | — &]| > 4n2%/(25d")
or |& — &1 > 47w?/(28d") (indeed, if there is & € R satisfying |€ — &| < 472/(20d”) and
€ — 1] < 4n2/(260"), then d(w®, ) < € — &) < € — o] + € — &1] < 4n>/(5d"), which
is not true).

Suppose that our function N is positive (the case N < 0 is analogous). Then &y, &; > 0
by the last part of Remark (if N <0, then &y, &1 < 0). Suppose that & < &; (the case
&1 < & is completely analogous). Let

Ag = [ —4n?/(20d"), & + 4 [ (26d")],

Ay = [& — 4n?/(26d"), & + 4n?/(26d")].

Pick & ¢ Ao, that is, |¢ — &| > 47%/(26d") > 1/(26d). By (i), [3(¢)] < Car(s"/2dl¢ —
€ol)2M < Cur(6Y/2/(28))2M = CoyoM. By (i), |9(~€)| < [/lls < Car. Then

2(6)¢' (—6)| < Cruo™.

Now take £ € Ag. By (i), [#(§)| < ll¢ll < Cn. Note that —€ ¢ Aj, which is a direct
consequence of the fact that 0 < o < &i. Indeed, call A9 = ApN] — 00, 0[ (which could be

empty) and let Ag = Ag\Ag. As —Ay C] — 00,0] and | — 00, 0] N A; = (), we just have to
deal with Aj. As &o is the midpoint of Ay and & ¢ 1210, then — A, C flo, so —AgnN Ay = 0.
Then we have proved that —Ay N A; = 0, therefore —¢ ¢ A;, as claimed.
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AO 1210 Al

As & ¢ Ay, | — & —&| > 4n?/(20d") > 1/(26d"). By (ii),
|0/ (=€)] < Car(6Y2d| — € — &1])7M < C(8/2/(20)) M = Cr6™.
This gives |<ﬁ(§)gg’(—§)] < Cp6M. Thus, is true.

Now define, for f € L2,
(N=T"f-¢=(T7])
and . 3 .
() =T f—¢ (T ),
where @(z) := p(—z), ¢'(x) := ¢/(—z) and * stands for the convolution on R. We want
to show that

el < Crr6™ (6.21)
and

l€'ll2 < Card™. (6.22)
where the norm || - ||2 is taken, as usual, in the sense of L? (¢ and ¢ have their image with

support contained in [—4m, 67]). We will prove (6.21)), and (6.22)) will follow by analogy.
Notice that, given g € L2,

5% (TP" = 5% (TP 2)a(x) dx = o(x — P q(z) dx
@+ (T f).g) /R“” (TP ) (@)g(x) d /R/Rw )T f(y) dyg(z) d

- /R (/R oz — y)g(:c)d:c) T f(y) dy = /R (/R p(y — x)g(z) diﬂ) 7" f(y) dy

= (T" f,oxg9) = (£, T" (¢ *g)).
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Hence, by duality,

le(Hllz = sup (TP f =@+ (T7" f),9) = sup {(T7 f,9) = (@ (T7"f), 9)}

geL? geL?
lglla=1 lglla=1
= sup {(T" f,9) — (£, T" (px9g)) = sup (f, TPg— T (¢ g))
geLz geLz
lglla=1 llglla=1

<|fllz sup [|TPg—T7 (¢ *g)ll2-
geL?
llgll2=1

Thus, it suffices to show that for all f € L? we have
IT7f = TP (o f)ll2 < Card™ | f2- (6.23)
Write, using convolutions,

T7 f(2) = TP (0 £)(2)|

:‘ S (@)@ - 3 (@)« (o D)a)
p=[w,I|€P p=[w,I|€P

|I|=27-2"% xc E(p) |I|=27-2"% xc E(p)

< Y N« f@) - [ DG x ) # fl()

p=[w,I|€P

|I|=27-2"% zc E(p)

S (
p=|w,I]€P
|I|=27-2"% zcE(p)

Ny () = (€N () x

) #1416

If p=[w,I] € P and x € E(p), then N(x) € w, and since & € w’ C w, we have
IN(z) — &l < |w| =27 - 2%, (6.24)

This bound will be essential to deal with [V (@) ¢y (-) — (&N @) ¢y (-)) * ¢|. Indeed, call
h(t) = N @ty (t). Then

|h(y) — (h*)(y)| =C

[ (ite) - @preens df'
R
< [ 1hie) - 3@ de = € [ i@l - o] de.

By (iii), |1 — @(€)] < Cpr(6Y/2d|¢€ — &])?M. On the other hand,

5—21kv<x>> ‘ |

R(€)] = |dn(E — N(2))| = ’@ (
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Then

)~ (b )] < Caulara™ [ e o2 |50 (E=FED) g

Cn@Rae [ 2+ Nw) - 650 2) dz

_ Cr(52d)™M ¥ ( [ ING) — & 0 )z 22 zQM@(z)mz)
(a+b)"<2" 1 (@™ +b7), * b
a,b>0

< Cur (5%d)2M2k (22kM + 22kM)
~—
70
Schwartz,
16.24)

= Cp(67 - 2Fa)*M . 2k,
We can be sharper in the estimate of |h(y) — (h * ¢)(y)| by studying its support. As
support(h) C [—27 - 2%, 27 - 27¥] and support(p) C [-0'/2d, §'/2d] C [-27-27% 27w 27F],
we have
support(h — hx ) C [-2m - 27F+L o7 . 9=k+L)

therefore

|h(y) — (hxp)(y)| < CM((S% ) 2kd)2M -2k ]]'[—27r-2*k+1,27r-2*k+1}(y)'
This gives

sup Y N () — (N () * ol )] < R,

z€eR

p=[w,I|EP
|I|=27-2"% € E(p)

where )

Ry)= > Cu(62-2°0)*M - 28 1y p it pnisn) (1),

k>1,d<2r-2-k

therefore

T f(z) = TP (p = f)(@)] < (R * | f])(2).
In order for (6.23) to hold, we need |R|1 < Cpr6M, because |R * |f||l2 < |R|1]|f]l2- We
have

|logs (27/d) | M([logy (2 /d) | +1)
k=1
2M gM ﬂ 2M [log, (27/d) |
< Cpd“™ 6 g 12 7

and since @?M22Mlog2(27/d)] — (g . gllog2(2m/d) 1\ 2M < (27)2M it follows ||R||; < CproM.

As a consequence, ((6.23)) is true and so are (6.21]) and (6.22)), as wanted.
From both (6.21]) and (6.22)) the proof of (6.19)) is easy. Write

(TP £, T7"g) = (e(f) + @+ (T7" ) + (€ (9) + ¢+ (T7"g))
= (@* (T 1), = (T7"9) + (e(f), '+ (T"" g))
H@ = (TP f),€(9) + (e(f), €' (9)).
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We have

‘(6(]‘),@’ * (TP/*g))‘ < lle(Dlzlle” * (@7 )ll2 < eIzl 11T gllz < Cars™ | £12llg]l2.

‘(@* (Tp*f)»E’(g))’ <@+ (@ Pllzlle @)llz < NGINT" fllzll€ (9)ll2 < Card™ (I 12llgll2,

() €' ()] < le(ll2ll€' (9)ll2 < Cara* I fll2llgllz < Cara™ I f112]lgll2

(we have used Lemma [6.3| with 6 = 1). For the remaining term we will make use of (6.20).
First write

(r (@™ s @ ) = [ ( / <x—y>T7”‘f<y>dy) ( / ¢'<x—z>T7>'*g<z>dz) da

z=z+u R
< /R /R /Rsﬁ(z —u—y)¢'(u) dU> % f(y) dy) TP g(z) dz

Then
(@ % (TP f), ¢ % (TP g))| < (@' @)+ (TP P2TF gll2
~—~
c-S
= =T flllT™" g2
Plancherel
<@’ * @lloo TP Fll2I T gll2 < Card™ TP fll2lIT7 gl
M || P P M
pu— < .
= OmdTT fl0T™ gl < Cud™ || fl2llgll2

Plancherel Corollary @

It follows (6.19)), and we are done.
]

Remark 6.5 The idea to construct the function ¢ from Lemma[6.]] is the following: for
(i) and (i1) to hold, it suffices to take a bump function, and (ii) will hold because the
Fourier transform of a Schwartz function is Schwartz. In order to have (iii), the idea will
be to have (&) = 1 (which is achieved by having [ ¢ = 1 plus a modulation) and the

Taylor development of @ of order 2M , which is achieved by imposing the first 2M moments
of © to be zero.

We start the formal construction of . Suppose for the moment that there is ¢ €
C°(R) with support C [—1,1], [p ¢(x)dx =1 and f_ll 2k p(x)dx =0 forallk =1,...,2M—
1. Calla=62d > 0. Let »

erreo x
o) =0 (%),

a a
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Then ¢ € C°(R) and support(p) C [—a,al, so (i) holds. For (i), use the fact that
¢ € C°(R) € S (S is the Schwartz space on R) implies ¢ € S, so by definition of S there
exists Cpy > 0 such that |¢(t)] < Cyt=2M for allt € R. As

2O =1 [0(2) e @ = [ pla)e € da = ale — )

a

we have directly (i1). Finally, for (iii), use the Taylor development of b: since
39 = [ (-izyota)e = da,
R

we have $(0) = 1 and ¢ (0) =0 forn =1,...,2M — 1, and since ¢*™) is bounded on
R, |¢(€) — 1| < Cy€*M. Changing to ¢, |p(&) — 1| < Car(a(€ — &)™, which is (iii).
Hence, to have ¢, we need to construct the assumed ¢. The condition on the moments
of ¢ makes us think on some sort of orthogonality in the Hilbert space L*>. If M =
1, just take a usual bump function ¢ € C°(R) with support(¢) C [—1,1], ¢ even and
Jg d(x)dx = 1 (since ¢ is even, the required condition for the 2M — 1 = 1 moment
holds). Suppose M > 2. Take 0 # g € L*([1/4,1/2]) such that [, x*g(z)dz = 0 for
all k = 0,...,2M — 2 and [y g(x)/(x + 1/4)dx # 0. We can find such a function g
because (1,x,...,x*M=2) < (1/(z +1/4),1,z,...,2*M=2) < L2([1/4,1/2]) and because of
the property saying “let F < H, H Hilbert, then F is dense if and only if F+ = {0}”. Take
any h € C°(R) with support(h) C [1/4,1/2]. Let G = gxh. Then for allk =0,...,2M —2

/kaG(ﬂc) dx:/Rﬂf’“ </Rg(w—y)h(y) dy) dw = /Rh(y) </Rﬂ:k9(fv—y) d$> dy
= /Rh(y) </R(:B+y)'€g(w) d:v> dy = zk: (llc) /Ryk‘lh(y) </R 'g(x) dw) dy = 0.

=0

Also, G € CX(R) and support(G) C support(g) + support(h) C |1 / 1]. Let ¢(x) =
G(z)/x € CX(R), with support(¢) C [1/2,1]. Then for all k = 1,...,2M — 1 the
k-th moments of ¢ are 0: [, aF¢(z)dr = [p2F'G(z)dx = 0. It remaz'ns to see that
fR x)dx # 0. We will use our freedom when choosing h. Suppose that for all h € C>°(R)
with support( ) € [1/4,1/2] we have [ ¢(x)dx =0 for the corresponding ¢. Then

0= / (g*h // dy da
R
g(@) 12 12 g(x)
= hy</dac>dy:/ h(y dx | dy
/]R @) RT+TY 1/4 (@) /4 T+Y
for all h € C°(R) with support in [1/4,1/2]. Note that

12
>
Y //4 JU‘HJ

is C*([1/4,1/2]). Consider {h,}5°; C C°(R) with support contained in [1/4,1/2] and

1/2
lim Ay, (y) :/ 9(x) dx
n 14 T+Y
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for ally € (1/4,1/2) (for each n, take a Uryshon function p, € C°(R ) with 0 < p, <1,
Pnli1/a41/n,1/2—1/n) = 1 and support in (1/4,1/2), and define hy, = py- f1/4 g(x)/(z+y)dx).

By dominated convergence,
12 [ r1/2 2
0 —/ / 9(x) dx | dy,
1/4 /4 THY

/1/2 9@

1/4 T+Y
for ally € [1/4,1/2]. Puty = 1/4:

1/2
0= / 9() d.
1/4 T + 1/4
which is a contradiction by the construction of g. Thus, there exists h € C°(R) with
support(h) C [1/4,1/2] so that the ¢ constructed is C°(R), with support in [1/2,1],

fR x)dz # 0 and fR zhp(x)dx = 0 for all k =1,...,2M — 1. Now change ¢ by gb/quS
to have the sought ¢. Then the existence of o is fully justified.

which gives

Definition 6.4 A row is a union P = UpP* of normal trees P* with tops [wlg,l(l)‘“], where
the 1y ’s are pairwise disjoint.

Note that the union is finite, because we are considering B finite.
In the following lemma we extend Lemma [6.4] to a union of normal trees.

Lemma 6.5 Let P be a row as above, let P be a normal tree with top [w(,I)], and
suppose that, for each k, I(’f C I} and PE P are separated. Then HTPITP* 5 < COproM
(any M > 0).

Proof. We will prove

ST g, TP )] < Card™ || fl2 gl (6.25)
k

We examine each term (T g, TP"" f). Write the tree P’ as P’ = PLUP{ UP}’, where
P = (I, 1) € P+ 1| > (5199 K2) ),
PL= (W, T € P - 1| < (6 /KA)|IE|, I' € I, d((1),018) > (5% k)| 1k},
P, = {all other p’ € P'}.

Let us see that, if P is a normal tree with top [-, I}], then
P 75* o 2
support(T”* g) Nsupport(T” f) =0, Vf,ge L.

Pick p”" = [W", 1" € P} and p' = [w,I'] € P. By definition of the adjoint operator, it
suffices to see that (I")3N(I')3 = ). Let us write first what 1" and I’ verify. By definition

of P/,
51000 100

1)
|Io\ & | I" g IF ord((I'"),0IF) < ﬁll(?l

|I///| <
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The definition of normal tree implies

I'c Ik, a(Ihs,ork ﬂ1"“@
= 10> (()7 0)>K2‘0"

Suppose that d((I")5, 01F) < (619°/K?)|I%|. This gives directly (I')°N(I")> = (). Suppose
that d((1")%,01F) > (6'°°/K?)|1%|. Then I" ¢ I%. Since I§ € I" (because |I"| < |I}),
we have I N 1" = . In fact, I¥ N (I")5 = 0: as d((I")® 310) > (S10/ K| 1k > 0, it
is not possible for (I"")® to intersect I¥. On the other hand, as P is normal, we saw that
(I')® C If. Hence, (I')° N (I") = () again, and we are done (we have proved the stronger
fact (I')° N (I")5 = () rather than (I")3 N (I')? = () because we will need it later on).

Write each term of the sum in ([6.25)) as

kx*

% k* &3 kx* /1% 111 % k*
(I7 g, T7 ) = (T g, T7 f) + (T7% g, T f) + (T7 g, 7" f)
1% kx /1% kx

= (TPC g, TV f) + (I g, T7 f),

where the last term disappears because P* is a normal tree with top [wg, ] On the other
hand, we can substitute f and g by f1 I and g1 It because in the definition of adjoint

operator we integrate over F(pair), which is a subset of the second component of the top.
Thus,

I x

(17" g, T f) = (T (1), TP (f151))
= (TP (g173), T (FL) + (TP (g 1), T (F145))-

We estimate first (77 (gIlIéc),TPk*(f]lIg)). Note that P}, is a tree with top [w}, I}],
for some wj, containing wj. But Py, is also a tree with top [w, Ij]. Notice that P, with
top [wp, I§], and Pk are separated trees (because P’ and P* are separated). The proof of
Lemma also applies in this case (the only problematic step is the proof of (6.20]), since

for it one uses the fact that the second components of the tops are equal, but the proof in
this case is actually the same because [w}, I%] is also a top for P;). Hence,

/% kx*
(TP (g1p3), TP (1) < Car™ [ Fll o 19 -

For each P*, take as in Lemma a @ and an €. Using the definition of €, which
gives TP f = ex(f) + ¢ * (Tpk*f), we obtain:

//* kx kx 1%

(T (1), T 7 (flg)) = (T Pi (g]llk) o * (T7 (f]llk)))+(TPk (917), ex(fLgx))
= (g1, T PE (g # (T7 f]l[k)))+(TP’“ (92 7), ex(fLgx))
(g]lzk TP (g # (T7" f]lﬂv)))+(TP,*(911§),€k(f11§))
—(17 (g]llk) Ek(f]ll(’f)) - (TP’/"”* (9]115)76k(f]11§))-

/II*

Now, (TPx (g]llk) ek(fﬂféc)) = 0. Indeed, to prove this, note that

111 % kx
(TP’“ (g]llg),TP (9]11(’;)):0
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because of the disjoint supports (proved above with P = Pk). On the other hand, if
d, = min{|I| : [w,I] € P*} and p = [w, I] € P*, then

support (¢x * (T, (91p))) S [—6Y2dy, 6V 2dy) + 1% C [—|I|, 1] + I = I°.
As (I")3 N I° =0 for all [-,I"] € P} (look at the above proof), we have
(T'PH/* (gﬂl(’f)’ Ok * (T;(g]]_]g))) =0.

This gives (TPx" (g]lfg), ek(f]llg)) =0, as desired. Then

II*

(TP (L), TP (F1p2)) = (903, TP (pr 5 (TP (FL)))) + (T (92 12), ex(f112)
—(T% (g]lfg)a Gk(f]lfg)) =A+B-C.

Both B and C' are easy to estimate:

1B < |77 (gL llalew(FLig)ll2 < Card™ 11l oo Nl = o

1C1 < 1P (g1 ) lallen(FLip)lle < Card™ 1 ga(agy 9l 2z
where we have used Lemma [6.3| with § = 1 and (6.21)). It remains to bound |A|. We will
show that for every F € L2
(T7E (n + F) ()] < Cau™ (@5, % |F|) (2), (6.26)

where
’I(If |51000/K2

v+ (167 K7

Pr(y) =

Put F = TP" (f]].](l)c) € L2. Note that F lives in I¥, because P* is a normal tree with top
[wk, I5]. Then

AT < (Iglge, IT7% (o (TP (£1,0))) / 19(2) (@ | F]) (2) da
~ [ lota r/ O F s = [ ([ o= ols@ia) 1wl
even O
= C/ v)ldy < Cllg* 2 HTP'“(fﬂMb < Cur™ 1 2 19 L2
Remark

where in the last inequality we have used again Lemma with § = 1.
From the estimates for A, B and C, we get:

//*

’(T F (g]llk) TP (fﬂp«))l < CM5M||f||L2(1k (Ilg" ”LQ([’“ + ”9||L2(1k ),

which also gives the bound for each addend of ([6.25]):

/% kx *
(T g, TP F) < Caad™ || Fll 2y g™ N2 apy + gl 2 )-
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Now, summing over k and using the fact that the I(])‘“s are disjoint,

(17" g, 77" f)] < Cuis™ Zk: 172y (g llzagy + 19l z2ap)

1 1 1
2 2 2
< Cp6M (Z HfH%z(Ig)> <Z H9*||2L2(15)> + (Z ‘QH%Q(I§)>
k k k
< Cus™ | fll2(llgllz + 1lg*[12) < Card™ || fl12llgll2,

where we have used the estimates for the maximal operators done in Lemma [6.2

Thus, it remains to prove (6.26]). Write

|T7% (1, % F) ()] = ’ > (€M) * (o1 # F) ()
[w,I"]€Py such that
CEB(W, 1), |I|=2m.2-9> (51990 / K2)| 1]

It suffices to show that
‘ > (€N ;) * r(2)

[w,I']€Py such that
2€E (W', I'), |I'|=2m-279 > (81990 / K?)| 1|

(6.27)

is bounded by Cj;6M ®(z) for all z € R. We distinguish two cases:

e Case |z| < |I}[0'999/K2. In this case K?2/(§10%0|1F|) < 2®,(z). Using the fact that
5] < 29, support(px) € [~dxd"?, dyd/?] and |gi(t)] < CarltPM 1, we have:

§51/2 §1/2
s Y v G DR IR
] .

_51/2
2 <om— K2 21 <27 o
= 51000|](1)€| = 51000‘1(1)6‘
2
=Cyd™ Y 2= CMaML < Cp oM (2).
51000\I6"| -
. K2
2J§2ﬂ'761000‘[6€‘

e Case |z| > [IF]|6'90/K2. In this case, [I}[0100/(22K?) < 2®4(2). Fix [/, 1] € PV
such that x € E(W', I'), |I'| = 2m - 277 > §'90|1¥| / K2. We have:

N - pdot/? N 2 M — 14000
g0 e <2 [ farldes o [T i g
—dy,61/2 —dy,8'/2
< Cuy | Ié: |2M+4000 §M+20009;

di<|1|

Due to the fact that P’ is normal, we can upper-bound K?: by definition of normal
tree, |I'| < 6190\ 1)|/K?, whence K2 < §1900|10|/|I'| = C27§1909|[]|. On the other
hand, support((e*N (@) 4;(-)) * o) C support(¢);) + support(py). We know that
support(y;) C {t : |t| < 27277} and support(pr) C {t : |t| < dpd'/?}. As
PF is normal, dj, < §'9°°|1%|/K? < 2779, so support((eN @ ;) * ) C {t: |t] <

66



27-277+1}, Thus, we may assume that |z| < C'-277, consequently 2% < C/z2. From
K? < C2761999 1] we obtain K* < C2%§200|[0|2 < C§2000|15]2/22 < 62000 /2
(because |I}| < 27). Therefore K? < 06209 /(22K?). We can conclude:

627 S CM|I(])<;|2M+40005M+2000 Z 2]

52000 1
J
2V<C%m 22K2 51000|1k‘

_ C Ik; 2M+40005M+2000 5 1 C 5M 61000‘]—]{’ < C 5M¢
= Cu L] Z2K251000uk| M 22 k(2).
O
Corollary 6.2 Let P =P UPoU--- and P' = P{UP,U--- be rows, with tops [wy, I}]

for Py and [wk, Il] for Py.. Suppose that each IO is contained in some Ik,, with Py, and Py,

separated. Then
TP TPy < Car6™, VM > 0.

Proof. Let f € L2. By definition of row, the I ;’s are pairwise disjoint, therefore we can
write

k

where fr, = f - ]1[; and F = f — >, fr. Note that ||f]|3 =, I fxll3 + [|F|3-

At a first step, note that, given g € L2, T 7Dllcg has its support contained in I,%, by
definition of TPkg. Since {I}}) are pairwise disjoint, (TPkg, TP g) = 0 for k # I. We can
then apply Pythagoras:

2
TP TP £ = | Y TP TP f

k

= > ITPTP f5.
k

2

Let Qi = U{P; : IJO C I}'}. By hypothesis,
P =)
k

(J denotes disjoint union). Note that, maybe, Qr = () for some k.

If Qp # 0, then TPxTP* = TPTQk* (indeed, if | # k, then, given g € L2, T@g
lives in [, ll by normality and definition of Q);, and TPr g lives in [ ,i by normality, therefore
TPT@* = 0 since I} N I} = §). Note that, if Q = 0, then TP:TP* = 0. We can write

1T TP f15 = > ITPRTP f |5 = Z ITPET @ £13.
k
Now use the definition of the adjoint operator:

s S te S [ O ) dy

PEQk p=[w,I1€Qk
|I|=2m-2-™
= / e MWDy (y — ) f(y) - 1 (y) dy = T .
E(p)CICI} p=[w,1]€Qk —
|I|=2m-2-™ fr(y)
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Hence,
TP TP f(15 = > ITPRTO fi5.

By Lemma (thanks to the construction of @ the hypotheses of Lemma are satis-
fied), HTP’ICTQ’“*kaQ < Cor6M || frll2. Now sum over k:

177 TP 13 < Car®™ S 1 £l3 < Card® 1 £13,
k

and we are done.

0

Corollary 6.3 Let P =Py UP2U--- be a row, with tops [, IY] for Pk If A(p) < 6 for
all p € P, then | TP < C5'/2.

Proof. Write, similarly to the previous corollary, f =", fx + F, where f, = f -1 10 and

F = f =3 fr (we can do this because {I}/}), are pairwise disjoint). As Py is a normal
tree, TP+" f has its support in I,S, so TP+ f and TP f have disjoint supports for k # [,
which implies their orthogonality. Then, by Pythagoras theorem,

177 1= |2 S =Z\\T7’k*f||%.
k
We have
Tpk*f(x): Z / —ZN ) (y— zwj( —:p)f( ) Y
WI]EPk
|]‘ 2mw-2— J
= X [ N0y ) Lyl) dy =T fule).
E(p)CICI? p=[w,1]€Px E(p) VR
1=2m2 fe(w)
Thus,

TP £113 = DI fill3.
k
Now apply Lemma [6.3| and Corollary |TPE" frlla < C3Y2|| fill2. We arrive at

TP £13 < €8 Nfull3 < CollfI3,
k

as wanted.

Remark 6.6 From Corollary we see that holds for rows.

Lemma 6.6 (Main Lemma) Let {P;}; be a family of trees with tops [w ?,IJO] Assume
that [W9, I7] € P; for each j and that:

(a) A(p) <8 for all p € P; and for all j.

(b) Two pairs belonging to two different trees are not comparable.
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(c) No point of [0,27] belongs to more than K529 of the IJQ ’s.
Then there is a set F' C [0,27] with |F| < C6%°/K such that

S 1Py < C,(log K)65 7| £

L2(F°)
for all f € L? and n > 0.
Proof. We will take

F=|J{zel): d(zor)) < 35—\[0;}

-~

Fj

To see that |F| < C6%°/K we will use (c):

F <Y |F <2 30 Z|IO|—65002/2FLO
J

5100 5100 p2m .
KQ/O Z I?(x) x K2/0 (number of I} containing x) dx
5100 580

< 6— Ko P2r <C—

—~ K?

(©)

as desired.

Call P = U;P;. Fix M = log(K10000/§10000) " where log = logy,. We claim that
M < C(log K)§~€ for all 0 < e < 1, where C. = (1/¢) - 10000. Indeed, first of all rewrite
the desired inequality as follows:

log <I§) < %(logK)cS_e & log (;) < (1 (;) - 1> log K < % < gk((5)-1),

Define F(a) = Keo~1 — q. We have F'(a) = ae_l(logK)K%“e_1 — 1 and F"(a) =
(log K)[(e — 1)a5_2K%“6_1 + (a6_1)2(logK)K%“€_1]. Note that F”(a) > 0 if and only if
a‘log K > 1 — ¢, which is true for a > 1. Then F’ is increasing in [1,00[, so F'(a) >
F'(1) = (logK)Kéf1 —1>1log K —1 >0, that is, F' is increasing in [1,00[ and F(a) >
F(1)=K< ' —1>0foralla> 1. Put a=1/§ to have finally M < C.(log K)5~¢.

=

Let
Pt = {p € P: there are no ascending sequences p S p1 S ... S pur, all p; € Pl

Put
PJ{) ={p e P: thereisnop; € P withp < p1},

P(Jg) ={peP: thereareps,...pi1 €EPwithpSp1 S... < pi—1, and for

every such a sequence, p;_1 is not strictly smaller than p for any p € P},
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fori=2,...,M. Then
M
+_|.|pt
P _glp(i),

and, moreover, no two distinct pairs living in P(JZT) are comparable for all ¢ = 1,..., M.
Indeed, suppose that p < p’ for p,p’ € P(Jg). By definition of PJ), there are p),...,p,_, € P
withp SpiS...Spl 1,sopSp Sp)S...Sp,_, contradicts p € P(t).
Since A(p) < 0 for all p € P(J;) (hypothesis (a)), by Lemma
+ ’
770 [la < Cpas

for all ' > 0. Then

M
+ ’ /
TP |2 < 3770 fla < M - Cpoi ™ < CCyp (log K)o,
=1

for all / > 0 and 0 < e < 1. Given any n > 0, choose ' = 1/2 and € < min{1,7/2} to
obtain )
177" |2 < Cy(log K837,

Thus, it is enough to prove the lemma for P° = P\P*. Similarly to P*, define
P~ ={p € P : there are no ascending sequences p1 S ... S py S p, all pj € PO,

As above,
_ 1
177 |2 < Cy(log K)da".

Hence, it is enough to prove the lemma for Pf = PO\P~. Write P* = Uﬂ?]o , where
77]0 = P; NP* is a tree with top [w?, I]Q]. Let us study 77]0. We claim that:

(i) [w, I] € P} implies [I| < (6/K)'0019;

(ii) For j # 7/, 73]0 and PJQ, are separated. In fact, (o) and (8) from the definition of
separated trees hold with § replaced by K —40004.

Proof of (i): if [w,I] € P}, then [w,I] ¢ P*, s0 [w,I] <p1 S ... S pyv = [wur, ]
for certain p; € P. By hypothesis (b), all p;’s have to belong to the same tree, say P;, so
by definition of top [war, In] < [w?,IJQ]. If we denote by [w;, I;] = p; fori=1,..., M, we
have |I] < (1/2)|L] < ... < (1/2M)[17] < (6/K)"%%|17|, as wanted.

Proof of (ii): We will prove condition («) of the definition of separated trees. Suppose
that [w, I] € P?, IC I]Q,. Since [w,I] ¢ P~, we have (w1, 1] =p1 Sp2S ... Spw S [w, ]
for certain p; € P. Again, by hypothesis (b), all p;’s must live in the same tree, and it
has to be P; because 77]0 C Pj. We have I} C 1 C I]Q,. As [wi, I1] € Pj and [w?,,IjQ,] € Py
and no two pairs from distinct trees are comparable, necessarily wy N wjo-, = (). We have

wSGwy G ... G wi, so by Lemma@7 d(w,w?,) > 9M=1)/2=2),) = 9-5/2( ) /§)5000|| >

(K/6)40%|y|, and (ii) is proved.
Decompose PJQ = PJQ U 77;-, where

Pl ={lw,I] € P} : I ¢ F}
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and
P! ={lw.I]€PY: I C Fj}.

Given f € L2, T P; f is supported in F}, therefore
4
7 f=3"T" f on F*,
J
so the lemma reduces to proving

STTP| < Cylog K)o
J 2

for all n > 0.
Note that 77? is a normal tree: given [w, I] € Pjn, by (i) we know |I| < 510000/K10000\I§]|,
and since I Z F}, d(1,0Iy) > 3(5100/K2)|I]Q].

Take Uﬂ?g and decompose it as a union of at most K¢ 20

rows, Ri,..., Rgs—20. Let
us see that this decomposition does exist. Let I',I?,... be the maximal dyadic intervals
among {Ijo}j. For each I*, pick [w?(s),]]o(s)] with ]]Q(S) =1I° Set R = USP]#(S). This R; is
indeed a row: it is a union of normal trees with {I°}s disjoint by maximality. Delete all
the 73?( s)’s from {Pjn}j, and perform the same procedure to construct Rs. The maximal
dyadic intervals taken to form R are contained in the previous I', I, ..., therefore, by (c),
we will not use more than K620 steps to construct the R;’s. Denote R; = Pl(i) UPZi) U...,
where P,gi) is a normal tree with top [w,(:), I ,gl)]
As

)

2

S —‘ZTP%‘
; , 5

we prepare to apply the Orthogonality Lemma to the operators 7%

(A) ||T |y < €62 by hypothesis (a) and Corollary |6.3

(B) ||TR TR ||y < CyK 964 for i > i’ and ¢ > 0 by (ii) and Corollary because
each [ ’gz) is contained in some I, l(l’) by construction via maximal intervals. Since for any
bounded operators H and G on a Hilbert space it holds (G o H)* = H* o G*, we have
|THTE |y < C,K~96% for i # /. Note that |i —¢/|> + 1 < K264 + 1 < 2K2649
so K759 < §/(2K2574%) < §/(]i —i'|* + 1) taking ¢ > 41. Then condition (b) of the
Orthogonality Lemma holds.

(C) TR»*TRs = 0 for i # i, because T f and THg have disjoint supports for
frg € Lg: if pe R; and p' € Ry, then p € 73? C R;and p' € 73]#, C Ry, certain j # j'
(distinct by construction of the Ry’s). By hypothesis (b), p and p’ are not comparable,
therefore E(p) N E(p’) = (). Thus, condition (a) of the Orthogonality Lemma holds.

By the Orthogonality Lemma,

S Sk
7 7

for every n > 0. This finishes the proof of the Main Lemma.

< 62 < 08Vt < C6M 4 log K)o
2

2
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Corollary 6.4 Let P be a set of pairs. Suppose that:

(a) A(p) < for allp € P.

(b) If p,p” € P and p < p' < p”, with p' admissible, then p' € P.

(c) If p,p/,p" € P andp <p', p<p’, thenp' <p” orp” <p.

(d) For any x € [0,27], there are at most K6 2° mutually incomparable [w;, I;] € P
with x € I;.

Then there is a set F C [0,27] with |F| < C6%°/K and

1
177 Fllza(pe) < Cyllog K)o5 || f]l2
for all f € L? and n > 0.

Proof. Let {[w?,ljo]}j be the maximal pairs in P, and let P; = {p e P: p < [w?,ljo]}.

By hypothesis (b), P; is a tree with top [w?,I]Q]. Moreover, [w}), I]O] € P;j.
Note that P = U;P;. Indeed, suppose that there is a p € P with p £ [w?,I]Q] for all

j. Then p is not maximal (if it were, it would be an [w?, I]Q]), therefore there is a p’ € P
with p S p/. This p’ cannot be maximal by supposition, so there is another another p”
with p S p’ S p”. Continuing in this way, and by the finiteness of the number of pairs, we
arrive at p S some maximal pair, which contradicts our supposition.

Suppose that p € P;j and p' € Pjy with j # j and p < p’. Then p < p' < [w?,,ljo,]
and p < [w?, IJQ], so by (c) [w?,, IJQ,] < [w?, IJQ] or [w?, IJQ] < [w?,, I]Q,], which is impossible by
maximality. Hence, no two pairs coming from two distinct trees are comparable.

Thus, the union of trees P satisfies (a) and (b) from the Main Lemma. For (c), suppose
by contradiction that = € [0, 27] belongs to more than K62Y of the Ijo’s. Then {[w?, I]Q]}j
are mutually incomparable and z belongs to more than K620 of the I;)’s. This contradicts
hypothesis (d).

Hence, P satisfies all the hypotheses from the Main Lemma, so as a consequence

. 1_
TP ooy = || D_T7 f < Cy(log K)ai" £l
j LZ(F(,)

for every f € L? and n > 0.

Definition 6.5 A set P satisfying (a)-(d) above is called a forest.

An example of a forest is the tree drawn immediately after the definition of tree with
N =70 in [0,27], § = 1/2 and K = 100. Indeed, (b) and (c) are directly checked, (d)
holds because Kd~20 = 104,857,600 is really big, and (a) also holds because A(p) = 0,
since E(p) = () for every p of our picture due to the fact that N = 70.
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Chapter 7

Proof of the pointwise convergence

Our goal is to prove (4.1): [|T'f]1 < C|/f|l2 for all f € L2. Decompose, more or less as in
Chapter | B = U, P,,, where

P,={peB:27" 1 < A(p) <27}

Then T =3 Tpni(the sum is finite because B is finite).

Let {pr, = [k, Ix]}1 be the set of maximal pairs with
FE(w,I

‘ (Gi )| > 2—n—1. (71)

Denote, similarly to the Main Lemma,
P.7 = {p € P, : there are no ascending chains p S p1 S ... S pnys, all p; € Py}
Similarly to the Main Lemma, we set

Pt = {p € P, : there is no p; € P, with p < p1},

Pt ={p € P,: there are p1,...,pi—1 € P, withp S p1 S ... S pi_1, and for
every such a sequence, p;_1 is not strictly smaller than p for any p € P, },
for i = 2,...,n+ 6. We have P,/ expressed as a disjoint union: P, = 73:[1 U 77,’:2 U
... UPH ) Moreover, as in the Main Lemma, no two pairs from the same 73;{2- are

n(n+6
comparable, for all i =1,...,n+ 6. Since A(p) < 27", by Lemma

1772 < Gy~ = Cp2(577)

for every > 0. Then
N n+6 N )
17752 < 37 1Tl < Cyln 4 6)27 (G0, (7.2)
i=1
Now consider P? = P,\P;F. We claim that every p = [w, I] € P satisfies p < pj for
some j. The proof of the claim is presented in what follows. First, let p = [w, I] € P,,. As
A(p) > 271 by definition of Py, there is a p’ = [, I'] with I C I’ and

|E(w', I')]| (d(w,w’) + M)—zooo |

2—n—1
|7 wl
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Since (d(w,w’) + |w])/|w| > 1, we have

—2000
gn-1 _ |BW, I (dw, o) + || < [BW, )]
1’| w] -

Also,

2000
(Ao )™ e BLD g
o] 7

therefore d(w,w’) < (2(m+1)/2000 _ 1)|,)|. Notice that p’ must satisfy p’ < p; for some j.
Otherwise, in particular p’ # p; for all j, that is, p’ is not a maximal pair verifying ,
so there exists p” satisfying and p’ < p”; if p” is not maximal we can continue and
by finiteness of the set of pairs the process will end up at some moment, which says that
p’ is strictly less than a maximal pair satisfying , and this is a contradiction. We
have I C I’ C I; and @; C w'. This second condition gives us d(w, ;) < d(w,w’) + |o'| <
d(w,w') + |w| < 20+1/200014 - Now let p = [w, I] € PY. This condition says p ¢ P;t, that
is, thereisachainp S p1 S p2 S ... S Pnte = [Wnte, Inte), certain p; € P, Asppie € P,
the same procedure above can be applied to p,1¢ instead of the old p to conclude that
there exists a p; such that I,;6 C 1:3 and d(wn+6,w;) < 2("+1)/2000\wn+6|. Then we have a
chain wpi6 G ... G w1 G w with d(wnie,@j) < 2(n+1)/2000( o] < 245)/2=2, ol (this
is why we work with subscripts until n + 6: to have this last inequality for all n > 0).
There exists & € @; with d(&,wni6) < 2"/272|w,, 1 4]. By Lemma ¢ € w, which
implies that w N @; # 0, and this together with the fact that I C I; yields w; C w. We
have then demonstrated that p < p;, and the claim is done.

The p;’s are not pairwise comparable, which tells us that {E(p;)}; are mutually dis-
joint. Hence,

Z\E )] < 1[0, 2n]| = 2.

Since p; verifies (7.1), we obtain that

2m 2m
/0 (number of I; containing ) dz = /0 Z 17 () | dx
J
Zf < n+1Z’E ’<C2n+1
J

Let
Gn = {x €[0,27] : z is contained in more than K2°" of the I;}.

Since

U{m€027r 21] = K22 + m}

m=1

is measurable, we can express its Lebesgue measure as an integral over the G,,, so
2 _
o2t > / (number of I; containing z) dx
0

> / (number of I; containing x) dz > K22"|G,|.

n
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Hence,
1

< .
Onl < O

We decompose again PO. Write
P ={lw, 11 €PY: I Z Gy}
If [w, I] € PO\PE, Ty f lives on I C G, therefore
TP f(z) = TP f(z), VoeGS Vfe L2 (7.3)

From now on, consider only the p;’s such that I; Z G,,. We have that P% is a set of pairs
for which:

o Alp) <277,
e every p € Pg satisfies p < p; € Pﬁl for some 7,
e 10 z € [0,27] belongs to more than K22" of the I;’s.

We decompose Pi as a disjoint union of at most M = 2n + log K + 1 forests, Ppo U
Pri U ... U Pyar-1), and we will apply the Corollary of the Main Lemma to each of
these forests. Let us see that this decomposition is certainly possible. Let B(p) =
(number of j’s for which p < p;), for each p € Pi. Then 1 < B(p) < 22"K < 2M . Define

Pus = {p € P} : 2° < B(p) < 2°F1},

s =0,...,M — 1. Then Pg = PnoUPn1 U...UPyr—1), and we just need to check
that each P, is a forest. From the second and third previous points, condition (d) of the
definition of forest holds. From the first point, (a) also holds. It remains to check (b)
and (c). Condition (b) is easy. Indeed, suppose that p,p” € Pp, and p < p’ < p” with
P’ being admissible. As p < p’ and p € P4, it follows that p’ € Ph. Also 2¢ < B(p") <
B(p') < B(p) < 24! which gives condition (b). It remains condition (c), which requires
a little bit more work. Suppose that p,p’,p” € Py, with p < p’ and p < p”, but p’ and p”
not comparable. We want to arrive at a contradiction. Write B(p') = s and B(p") = t.
Then p’ < pj,,...,pj, and p”" < Pg,,...,Pk,. Now, pj, # Py, (otherwise we would have
D= [w,I] <p = [w/7]'/] < p" = [w///’I///] and p = [w,I] <pl = [w”,I”] < p" = [w”’,I’”],
where p"”" = pj,, so I C I', 1" and w"” C ', ", therefore I' N 1" # () # ' NW"” and p’ < p”
or p’ < p'). Then p < Pj,,-..,Dj,, Phy»---»Phs» SO B(p) > s+t = B(p') + B(p”), but in
such a case B(p) > B(p') + B(p") > 2%+ 2% = 2+ which contradicts p € Pp,. Thus, (c)
holds.

Since Py is a forest, by the Corollary of the Main Lemma there is a set Fj,s C [0, 27]
with |Fs| < C-278"/K and

_n(i_
TP £l p2(re ) < Collog K)27 G0 £lo.

Then

2n+log K

f (i
TP | 2rey < S0 ITP™ fllr2my) < Cyln + 6)(log K)227(G=) | £z,
s=0
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where
2n+log K

Fn: U Fns
s=0

and ow K
2n+log
(n+6)log K
y (7.3),

1
ITP% Fl 12 (ze) < Cy(n + 6)(log K)?27 G| £ L,
where F,, = F,, UG,, and

(n+6)log K
2nK .

As TPn = TPn 4+ TPi , both estimates li and |D give

(i
ITP" fll (i) < Cln + 6)(log K)22 7G| £,

|En| < [Fu| + ]G] <C

Put n=1/8:
TP fll 12y < C(n+ 6)(log K)*27/5|| £

Sum over n:
1T fllz2(pey < C(log K)?|| ]2,

where
o
E = U E,
n=0

and
log K

|E]<Z|E\<C
n=0

For o > 0, we estimate |{|7'f| > a}| as in the proof of Chebychev’s inequality:

HITf] > a}| = / 1—/ 1dx+/ ldx
{|ITf|>a} {z€E: |Tf(z)|>a} {z€E°: |Tf(z)|>a}

)2 Tf32 e
< [ [ IO 4y gy Py

a2

log K
< et gyt 113 |
< C(log K) 2 +C i

We would like to show that

{ITf > a} < G, <||f||2>

for all 0 < p < 2, that is, T : L? — LY"*° bounded for all 0 < p < 2, and then apply the
result on interpolation of operators given by the following lemma to arrive at 7' : L2 — L%

bounded for every 0 < p < 2, which proves estimate (4.1)) and Carleson’s theorem.
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Lemma 7.1 Let 0 < pg < p < p1 < oo and write p = (1 — a)pg + ap1, for certain
a € (0,1). Then for any measurable function g : @ C R — R we have

1

N .
I9llp < Cppupn (a0 = lglB )

As a consequence, for g =Tf, Q= [—4m,6n] and 0 < pp < p < p1 < 2, we obtain

1 1
1- P 1— P
1T £l < Copman (ITFITZITAE )" < Comn (IF1CUFIE)" = Cppraol I

Proof. We will denote the distribution function of g by Ay : (0,00) — [0,00], where
Ag(t) = {z € Q: [g(x)] > t}].
Call By = ||g||ro-> and By = ||g||zr1.0c. The idea of the proof is to show that

B t t "p,p1,P0
A (1) < Tmin{;, t} , (7.5)
0

1—
( a)B€1Oé

where By, ) po = Bgo , and then conclude by using the equality

wwzgétwvmwt

In order to prove ([7.5)), the trick is to consider the ty satisfying
B _ BY 1'
o'ty

Consider an € > 0 which we will specify later on. Then
Bgo(l—a) i —poe _ Bgo 1—a+e Bgo —€ _ Bgo 1—a+e Bfl —€
tro(l=a) \ ¢, tpo the tpo tht ’
Bfla t p1€ B Bpl a—e€ Bfl €
trie \ ¢ i o)
whence

BPJ)LPO 3 (p1=po)e _ Bgo ot B o l—a+te a—e __
Brmm (1 — (5 = > A ()TN = A1),
if

O<e<a

On the other hand,
) ()G () ()
tro(i=e) \ ¢ tpo to” tpo to' )
By (to pe BRI\t B T
e (1) -(5) ()
whence

BP,PLPO tO (pl_pO)e_ Bgo frae B;fl e l—a—e¢ at+e __
2 (2 = (22 - > A1) Ag(£)2F = Ny (1)

if
0<e<1l—a
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This proves ([7.5)) for 7,5, po = (P1 — po)e for all 0 < € < min{a, 1 — a}.
To conclude, note that

o0 1 ©q1 to t (p1—po)e
gl = p / PN () dt < p- By / tmm{ } i
0 0

t 7t
to 1 t (p1—po)e 1 to (P1—po)e
=»-B . — dt - | — dt
P Dp,pi,po [/O t<t0) +/to t(t)
1 to 1 (p1—po)e [e'e) 1
=D Bpml,Po ) téplipo)e /0 t1—(pP1—po)e dt+p- BP7P17P0 a2 /to t1+(p1—po)e dt
(p1—po)e —(p1—po)e
1 Ly (p1—po)e Lo
e p . B D1, . . + p . B D1, . t =
PR ¢rpole (p1 — po)e pbbo 70 (p1 — po)e
2p
= -——_B .
(p1 — po)e  PPLPO
—_———
Cp.p1.p0
O
Thus, if we demonstrate that
FiA
H{ITf1>a}l < Ce{ = = (7.6)

for all 0 < € < 2, we will be done. For simplicity, call A = [{|Tf| > a}| and B = || f||2/.
We will show that

(log K)*B? + % < C.B*¢ (7.7)
holds for a K > 10 (which will depend on f and «). Inequality is in principle difficult
to show, because on the left-hand side we have a term depending on B and the other one
not. We will see that a good choice is obtained by taking K > 10 such that

log K

log K)*B? =
(log K) 7

(7.8)
because in such a case the two addends from the left-hand side of are equal (note the
similarity of this idea and the choice of ¢y in the proof of the last lemma). Can we obtain
K > 10 satisfying ? Well, if B? < (log10)/(10 - (log 10)4), as limg o (log K)/(K -
(log K)*) = 0, by the Weierstrass intermediate value theorem we can choose such a K.
What about B being big, in the sense that B? > (log 10)/(10- (log 10)*)? Then we merely
notice that A < 27, so we need 27 < C.B%?~¢, which is achieved if 27 < C. - [(log 10) /(10 -
(log 10)4)]2~¢, so just define C, = 27[(log 10)/(10 - (log 10)*)]~(>=€),

Thus, we may assume B2 < (log10)/(10 - (log 10)%). Take K > 10 verifying (7.8)). In
such a case

log K
(log K)*B? + ek

= 2B%(log K)*.
As K(log K)3 = 1/B2, we have K < 1/B?, therefore

log K

1 4
(log K)B? + = 2B%*(log K)* < 2B? <log B2> :
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That is < C.B? - B~ if and only if

1\4
B¢ (10g32> <C,,

and this can be achieved for all € > 0 because B is bounded by the number (log 10)/(10 -
(log 10)*) and

1\4
lim z¢(log— | =0.
z—0t < g$2>
Hence, inequalities ([7.7) and ([7.6)) hold and by previous comments Carleson’s theorem

follows.
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List of notations

N: Set of natural numbers: 1,2,3,....

Z: Set of integers: ..., —3,—2—1,0,1,2,3,....

R: Set of real numbers.

R*: Set of positive real numbers.

C: Set of complex numbers.

(): Empty set.

log, logy: Both mean logarithm in base 2.

a: Conjugate of a € C.

la|: Modulus of a € C.

AU B: Union of the sets A and B.

AU B: Union of the disjoint sets A and B.

U’: Finite union.

AN B: Intersection of the sets A and B.

A\B: Set of points in A but not in B.

A€ Complementary of a set A in R, that is, R\ A.

[a, b]: Closed interval.

[a,b], [a,b): Semiopen interval.

d(a,A), d(A, B): Distance from a point a to a set A, distance between two sets A and B.
A: Closure of the set A in R with the usual distance.

0A: Boundary of the set A in R with the usual distance.

I: Given a dyadic interval, the next larger dyadic interval that contains I.
I*: The double of an interval I: interval with its same center but twice its length.
I3: The triple of an interval I: add I to the right and to the left of I.

I°: Five times an interval I: add twice I to the right and to the left of I.
|I|: Length of an interval, that is, the distance between its endpoints.

[w, I]: A pair of dyadic intervals, that is: w C R, I C [0,27] and |w|/(27) = (27)/|1].
(f1,-.-, fn): Vector space spanned by a set of vectors fi,..., fp.

A < B: The vector space A is a vector subspace of B.

ker f: Kernel of the linear map f.

rangef: Image of f.

A @ B: Direct sum of the vector spaces A and B.

sign: The sign function.

1g: Characteristic function on the set E.

|a]: Integer part of a € R.

>': A finite sum.

C: Any positive constant (its value is not important).

Cy: Any positive constant (its value is not important) depending on a.
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T: Unit circle.

L9(T): Functions from R to C, 2w-periodic, in LI([0, 27]).

C*°(T): Functions from R to C, 2r-periodic, in C*°(R).

C2°: Functions from R to C, with compact support, in C*°(R).

S: Schwartz class in R.

Li: Functions from R to C, with support in [—4m, 67], in LY(R).

C?°: Functions from R to C, with support in [—4m, 67, in C*°(R).

Llloc( "): Space of functions from R™ to C that are integrable over compact sets.
| flloo: Supremum of f

||f||q In Chapter 2, fo | f|%; from Chapter 3, fR\f|q

f: Fourier transform in T: f(k) = 1/(2n) ) ™ f(z)e** dx; or in R: f(é) = Jg [(2)e " da.

Spf: n-th partial sum of the Fourier series: Snf( )= f f(k)etke,

|A|: Lebesgue measure of the set A.

A¢(t): Distribution function of f at t: A\¢(t) = [{|f| > t}|.

L9°°: Weak L7 space: functions f from R to C such that || f||g.c0 := sup;sq tAs(£)/7 < .
(f,9): Inner product between f and g Jr f g; or inner product in a general Hilbert space.
f *g: Convolution in R: (f * g)(x) = [ f( (y) dy.

a.e.: Almost everywhere, almost every (Wlth respect to the Lebesgue measure).
LY(A,dy): Set of functions in L!(A) with respect to the variable .

A 1 B: The sets A and B are orthogonal in a pre-Hilbert space.

AL: Orthogonal of a set A in a pre-Hilbert space.

T*: Adjoint operator of a bounded operator T between two Hilbert spaces.
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