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Abstract

Hopf Galois theory is a generalization of Galois theory. Galois theory gives a bijec-
tive correspondence between intermediate fields of a Galois field extension (normal
and separable) and subgroups of the Galois group. Hopf Galois theory substitutes
the Galois group by a Hopf algebra. In the case of separable extensions it has a
characterization of the Hopf Galois character in terms of groups. Thus, we use
Magma in order to obtain all Hopf Galois structures of extensions of degree 8.
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1 Introduction

Project

Galois theory, named after Evariste Galois, provides a connection between field
theory and group theory. Using Galois theory, certain problems in field theory can
be reduced to group theory, which is, in some sense, simpler and better understood.
Galois theory classifies intermediate fields of a Galois field extension L|K by means
of the subgroups of G = Gal(L|K) of K-automorphisms of L.

The Galois action of the Galois group G on L induces an action of the group
algebra K[G] on L. Replacing K[G] with an appropriate algebra we can generalize
Galois theory. Chase and Sweedler introduced in the sixties the Hopf Galois theory
in which the action of G is replaced by the action of a Hopf algebra, and they ap-
plied it to inseparable extensions. Later on, Greither and Pareigis studied the Hopf
Galois theory of separable field extensions and stated the Hopf Galois character of
a field extension in terms of groups. Hopf Galois theory has applications in number
theory in the study of integral normal basis and ramification.

In this dissertation, we introduce the notions of Hopf algebra and Hopf Galois
extension, and discuss some results of Hopf Galois theory in the case of separable
extensions. The characterization of the Hopf Galois character in terms of groups
allows us to use the computational algebra system Magma to obtain explicit calcu-
lations. We focus on separable extensions of degree 8.

Memory structure

In order to reach to the concept of Hopf algebra, we need some previous knowledge.
We start defining tensor product of modules over a ring. It leads us to construct
the first important structure, called algebra, as a vector space endowed with two
linear maps satisfying certain properties which may be presented via commutative
diagrams. We define coalgebras as co-objects to algebras formed by reversing the
arrows in the diagrams for algebras. Afterwards, we define bialgebras as vector
spaces which are both algebras and coalgebras. Finally, we construct Hopf algebras
as bialgebras with an additional map.

We consider the action of a bialgebra over an algebra and define Hopf Galois
extensions by means of the action of a Hopf algebra on the extension field. Moreover,
in the case of separable field extensions, there is a characterization of Hopf Galois
extensions in terms of groups which allows us to obtain explicit results using Magma.
We focus on separable extensions of degree 8 and discuss an example in detail.



2 Algebras and coalgebras

In this first chapter, we introduce algebras and coalgebras. We begin by construct-
ing the tensor product of a finite collection of R-modules, where R is a commu-
tative ring with unity. We specialize to tensor products over a field K and give
the diagram-theoretic definition of a K-algebra. We then define coalgebras as co-
objects to algebras formed by reversing the arrows in the diagrams for algebras.

We next consider the linear dual. We show that if C' is a coalgebra, then C*
is an algebra. But the converse of this statement is not true in general. In order
to have the reciprocal result, we need to replace the dual space A* with a certain
subspace A° called the finite dual. Now, if A is an algebra, then A° is a coalgebra.
As an application, we show that the finite dual K[z]° can be identified with the
collection of linearly recursive sequences of all orders over K.

2.1 Multilinear maps and tensor products

In this section, we define R-n-linear maps in order to construct the tensor product
of a set of R-modules My, ..., M, as the solution to a universal mapping problem.

Let R be a commutative ring with unity. Let n > 2 be an integer. Let M, ..., M,
be a collection of R-modules, and let A be an R-module.

Definition 2.1.1. A map f : My x --- x M,, — A is R-n-linear if for all r € R,
a;,a; € M;, where i € {1,...,n}, it satisfies

1. flar,...,a;+a,...;a,) = flar,...,ap ... an) + flag,...,a, ... a,),
2. flay,...,rag,....a,) =71f(ay, ..., a¢;...,a,).
For instance, an R-bilinear map is an R-2-linear map.

Definition 2.1.2. A tensor product of M, ..., M, over R is an R-module T toge-
ther with an R-n-linear map f : My x --- X M,, — T so that for every R-module A
and R-n-linear map h : My x --- x M, — A there exists a unique R-module map

h:T — A for which hf = h.

Equivalently, the following diagram commutes:

My x --- x M, A



Remark 2.1.3. From the definition, we deduce the uniqueness of the tensor pro-
duct up to isomorphism. Let T}, T, be tensor products of My, ..., M, over R, that
is, T}, T, are respectively endowed with R-n-linear maps f; : My x --- x M,, — T,
fo: My x --- x M, — T, which satisfy the tensor product property. Since T}
is a tensor product and we have f,, there exists a unique 711 : Ty — T, for which
iLl o fi = fo. Similarly, since T5 is a tensor product and we have f;, there exists a
unique ilg : Ty — T for which BQ o fy = f1.

We need to prove that hyohy = I7,. Note that hy o (711 ofi)= hoo fy = f1, that
is, (52 o ﬁl) o fi = f1. Since T7 is a tensor product and we have f;, there exists a
unique h T, — T for which ho f1 = f1. Thus, since both l~12 o le and I, satisfy
the property of h and it is unique, we conclude hyohy = I7,. Analogously, one has
iLl o iLQ =Ip,.

Therefore, from now on, we will note M; ®p --- ®g M, the tensor product of
My, ..., M, over R, or just My ® ---® M,.

We construct a tensor product as follows. Let F(M; X --- x M,) be the free R-
module on My X -+ x M,: {f: My x --- x M,, = R such that f(my,...,m,) =0,
up to a finite number of elements}, with operations given pointwise

(f+g)<m1a--->mn>:f(m1>"'7mn)+g(m17"'7mn)a
Af)(my,...,my) = Af(ma,...,my),
for all (mq,...,m,) € My x---xM, and XA € R. Its basis is { fi, }mem, x..xum, , Where

g fm' =m

m My x - x M, — R, f,(m')=
/ ! Jm{m') {0 it m'#m

so every f € F(M; x --- x M,) can be written as f = Z f(m) fm. From

meMq XX My,
now on, we will note f,, simply as m.

Let J be the submodule of F'(M; x - - - x M,) generated by quantities of the form
(ar, . a5+ an) — (a1, .. a5, .., a,) = (a1, ..., d), ... an),
(a1, ...,1ra5,...,0,) —7(1,..., 05, ..., a),

for aj,a} € My, r€ R, j€{1,...,n}. Leti: My x - x My, < F(M; x - x M)
be the natural inclusion map and let 7 : F(M; X - x M) — F(My x --- X M,)/J
be the canonical surjection. Set f := mo4. Then, the following diagram commutes:

My % % My, —— F(M; x -+ x M,)

F(M; x -+ x M)/ J



Then the quotient space F(M; X --- x M,)/J together with the map f (which
is clearly R-n-linear due to the definition of J) is a tensor product. It solves the
universal mapping problem described in Definition 2.1.2.

Proposition 2.1.4. The quotient space F(M; X ---x M,)/J together with the map
f is a tensor product of My, ..., M, over R.

Proof. We need to show that the conditions of Definition 2.1.2 are satisfied. Let A
be an R-module and let h : My x---x M,, — A be an R-n-linear map. The following
diagram illustrates the idea of the proof:

My x---x M, A
¢ ~
[ ;

FM; % -+ x M) —— F(M; x -+ x M,)/J

Indeed, there exists an R-module map ¢ : F(M; x ---x M,) — A determined by
o(my,...,my) = h(my,...,my,). Since h is R-n-linear, by the definition of J and ¢,
one has J C Ker(¢). Thus, by the universal property of the quotient module,
there exists a unique R-module map h : F(M; x --- x M,)/J — A defined as
h([my,...,mp)y) = ¢(ma,...,my). Finally, horoi=ho f=h. O

Consequently, we write
F(Myx- - xM)/J=M & M,.

with the class [(my,...,m,)]; now written as the tensor m; ® - -- ® m,,.

Proposition 2.1.5. Let My, My be R-modules and let Ny, Ny be R-submodules of
My, My, respectively. Then there is an isomorphism of R-modules

My /Ny ® My/Ny = (My @ Ms)/(Ny @ My + My @ Ny).
Proof. The following diagrams illustrate the idea of the proof:

bili
My x My L M, ® M,

hl / lﬁ

M /Ny @ Ms/Ny < (M @ Ms) /(N7 @ My + My ® Ny)

>~

(0%

bilin
M, /Ny x My/N, M, /N1 ® My /N,

~]=q!
(Ml ®M2)/(N1 ®M2 + M1 ® NQ)




First note that there is an R-bilinear map h : My x My — M; /Ny @ My/Ny
defined by h(mi,ma) = [mi]n, ® [ma]n,. Since M; ® M, is a tensor product,
there exists a unique R-module map h : M; ® My — M;/N; @ Msy/Ny defined by

h(my ® ma) = [ma]n, ® [Mman,.

Then, note that Ny ® My + M; ® Ny C ker(h). Now, we consider the canonical
surjection 7 : My @ My — (My ® M) /Ny ® My + My ® Ny). Thus, by the universal
property of the quotient module, there exists a unique R-module map

a (Ml & Mg)/(Nl & M2 —+ M1 X NQ) — Ml/Nl (39 MQ/NQ
(M1 @ ma](memtinen,) = [Ma]n, @ [maln,

Next, we define the following map

l: (MI/NI X MQ/NQ) — (M1 & Mg)/(Nl ®Q My + My ® NQ)
([ml]NU[mQ]Nz) = [m1®m2](N1®M2+M1®N2)

We see that [ is a well-defined map. Let [my]n, = [m}]n, and [ma|n, = [mb]n,-
There exist n; € Ny,ny € Ny such that m| = my + ny, my, = mg 4+ ny. Therefore,

my @mbh = (my+n1) ® (Mg +ng) =my @mag+m; @ng +n1 @mo+ny Qng =
=m; @mg+n1 @mg~+ (M1 +n1) @ng €My @ma+ Ny & My+ My @ Ny =
= [m1 ® Ma] N @2 eN, = M1 @ Mo NyedatMieN, = 1] @ MY N @M+ M @ N, -

Hence, [ is well-defined. It is easy to show that [ is R-bilinear and so, since
M;/N; ® My/Ns is a tensor product, there exists a unique R-module map

[+ (M;/N,® My/Ny) — (M, ® M,)/(Ny @ My + M; @ N,)
[ma]n, @ [ma)n, + M1 @ ma)(Ner+anen,)

Clearly, a~* = [, and thus [ is an isomorphism. O

Proposition 2.1.6. Let My, My, M3 be R-modules. Then there is an R-module
isomorphism My @ (My ® M3) = (M; @ My) ® Ms (that is, the associative property
for tensor products holds).

Proof. The following diagram illustrates the idea of the proof:

h
M1XM2XM3%<M1®M2>®M3

3-lin ///éf
M1®M2®M3 gqﬁzﬁog_l
=g
3-lin \\\\\
g

M1XM2XM3%M1®(M2®M3)



Let h : My x My x M3 — (M;® Ms)® Mjs be the map defined by h(my, mg, m3) =
(m1 ® my) ® mz. We see that h is R-3-linear: for r,7" € R, my,m} € My, ms € My,
ms € Mg,

h(rmy + r'm/, mg, m3) = ((rmy + r'm}) @ my) @ m3 =
= (r(my ® my) +1'(m} x my)) ® mz =
=r((my ® mg) ® mz) +r'((M}) @ my) @ m3) =

= Th(mb ma, mS) + r,h(mlh ma, m3)

So, h is R-linear in the first component. Similar calculations show that h
is R-linear in the other components. Thus, h is an R-3-linear map, and since
M; ® My ® Mj is a tensor product, there exists a unique map of R-modules
h: M1®M2®M3 — (Ml ®M2)®M3 defined by h(m1 ®m2®m3) = (ml ®m2)®m3.
Clearly, h is an isomorphism.

In a similar manner, one constructs another isomorphism g : My} ® My @ M3 —
M; ® (My ® Ms) defined by g(m; ® ma ® ms) = my ® (mg ® ms). Finally, we define
¢ My @ (My® Ms) — (My ® M) ® Ms as the composition ¢ = ho §~!. Then ¢ is
an isomorphism of R-modules. O

By an “iterated tensor product in some association” we mean a tensor
product whose factors themselves may be tensor products or tensor products of
tensor products, and so on. As we have seen in the previous proposition, there is a
natural isomorphism between tensor products and iterated tensor products in some
association.

Proposition 2.1.7. Let My, ..., M, be R-modules and let S be an iterated tensor
product of My, ..., M, in some association. Then there is a natural isomorphism
Mi®---®M,=S.

Proof. We proceed by induction on n. The trivial case n = 2 clearly holds. Assume
the result holds for any collection of less than n R-modules, and we are going to see
that it holds for My, ..., M,. There exists an integer r € {1,...,n — 1} for which
S =T ® U, where T is an iterated tensor product of My,..., M, in some associa-
tion and U is an iterated tensor product of M,,,..., M, in some association. By
the induction hypothesis, T'= M; ® ---® M, and U = M, ® --- ® M,, and so,
SE(M @ @M) R (Myy1 ®--- @ M,).

Let h: Myx---xM, = (Mi®- - @M,)®(M,11®---®M,) be the map defined
as h(my,...,mpy,Mpsq,....my) = (M Q- @m,) ® (Myyq @ -+ ®my,), which is
n-linear. Since M; ® --- ® M, is a tensor product, there exists a unique map of
R-modules h : M, @ --- @ M, — (M@ @M,)® (M4 &+ ® M,) given by

Mm@ @My @My @+ @my) = (M1 @+ @my) @ (Myyy @+ - - @my,). Clearly,

h is an isomorphism. Therefore we conclude S = M; ® --- ® M,,. O



In view of this proposition, we will ignore the parentheses from now on and con-
sider tensor products and iterated tensor products in some association as the same
objects through the natural isomorphism.

We close this section with two remarks about maps.

Proposition 2.1.8. Let My, ..., M,, M;,..., M} be R-modules and fori € {1,... ,n},
let fi : M; — M) be R-module maps. Then there exists a unique map of R-modules

f1®...®fn; M1®...®Mn - M{@...@MJL

Proof. There exists an R-n-linear map h = f; X --- X f, : My X -+ X M,, —
M| ® ---® M) defined as (fi X -+ X fp)(m1,...,my) = fi(m1) @ -+ @ fr(my).
Since M; ® --- ® M, is a tensor product, there exists a unique R-module map
h=fix--Xfo: M@ - @M, = M @---@ M defined as h(m, @ --- @m,,) =
filmy) @ -+ @ fr(ma). O

Corollary 2.1.9. Let K be a field and let Vi, ..., V, be a finite set of vector spaces
over K. Then V¥ ®@--- @V C (V1 ®---®V,)*.

Proof. Let f; € V¥, where i € {1,...,n}, be a set of K-linear forms, that is to say,
fi Vi = K,¥i € {1,...,n}. By the previous proposition, there exists a unique
K-linear map fi ® - ® f,, € V" ® --- ® V. defined as:

i@ ®f: V®--- 0V, - K@ - ®K
M@y = fiv) ® @ fu(vn)

Since K @ K = K through the map r ® s — rs, then fi(v1) ® -+ ® fn(v,) =
fitv1) ... falvp) € K, and so f1 ® -+ - ® f, € (V1 ® --- ® V,)*. Consequently,
Vi@ @VycWVie---aV,)" O

We remark that we have the equality in the previous corollary if, and only if,
each V; is finite dimensional.

2.2 Algebras and coalgebras

In this section, we present the diagram-theoretic definition of a K-algebra and prove
its equivalence with the usual definition. Afterwards, we see some basic examples
and discuss quotient algebras and algebra homomorphisms. Next, we define coal-
gebras as co-objects to algebras formed by reversing the arrows in the diagrams for
algebras, and give some examples. We introduce Sweedler notation to write the
image of the comultiplication map and we show how it works to simplify computa-
tions. We define coideals, quotient algebras and algebra homomorphisms.

Let K be a field.



Definition 2.2.1. A K-algebra is a triple (A, mu, A4) consisting of a K-vector
space and K-linear maps my : A® A — A and A4 : K — A that satisfy the
following conditions:

1. The diagram commutes
IA ® m
ARARA— ARA

ma ® Iy ma

AR A A
where the map 4 : A — A is the identity map on A.

Equivalently, we have for all a,b,c € A,

ma(la@ma)(a®@b®@c) =ma(ma®@I4)(a®@bR c) (2.1)

The map my is called the multiplication map and Condition (2.1) is the
associative property.

2. The diagram commutes
® A
AR K ——— AR A

S9 A @ 1y
ma

A K®A

S1

where the map s; : K ® A — A is defined by r ® a — ra and the map
S$9: A® K — A is defined by a ® r — ra.

Equivalently, we have for all r € K,a € A,
ma(la @ Aa)(a@71) =ra=mu(ma® 14)(r®a) (2.2)
The map A4 is called the unit map and Condition (2.2) is the unit property.

The K-algebra A is commutative if ma7 = m4, where 7 (or, if necessary, Taga)
denotes the twist map defined as 7(a ® b) = b ® a.

8



Here is the usual definition of K-algebra.

Definition 2.2.2. A K-algebra is a set A endowed with a sum, a multiplication
and a scalar multiplication by elements in K such that

1. A is a unitary ring with the sum and the multiplication,
2. A is a K-vector space with the sum and the scalar multiplication,

3. The following relation between the multiplication (of the ring) and scalar
multiplication (of the vector space) is satisfied

r(ab) = (ra)b = a(rb),¥v r € K, a,b € A. (2.3)

Our first task is to show that we really do not have a new definition of K-algebra.

Proposition 2.2.3. Both definitions of K-algebras are equivalent.

Proof. Let A be a K-algebra as in Definition 2.2.2. We already have that A is a
K-vector space. We will first show that there exists a K-linear map m 4 satisfying
the associative property. We consider the multiplication in the ring: A x A — A,
(a,b) — ab, which is K-bilinear (due to (2.3) and the distributive properties of
multiplication on A). Since A ® A is a tensor product, there exists a unique K-
linear map my : A® A — A defined as ma(D>_a®b) = > my(a®b) = > ab. Thus,
the associative property of the multiplication on A implies that (2.1) holds:

ma(la@ma)(a®@b®@c) =ma(ma®@I4)(aRbRc) <
& ma(la(a) @ ma(b @ c)) = ma(mala @b) @ La(c)) &
& mala® (be)) = ma((ab) ® ¢) < a(be) = (ab)c = abe.

Then, we have obtained

ma(la@ma)(a®@b®c) =ma(ma®I4)(a®@b® c) < albc) = abe = (ab)e (2.4)

We next show that there exists a K-linear map A4 satisfying the unit property.
We define Ay : K — A as A\s(r) = rla. Since scalar multiplication is distributive
with respect to scalar addition, A4 preserves addition, and since scalar multiplica-
tion is associative, it preserves scalar multiplication. Thus A4 is linear. Finally, the
formula (2.3) implies that Condition (2.2) holds:

{mA(IA ®RA)(a®@71) =mala®@Aa(r)) = ara(r) = a(rla) =r(als) = ra,
ma(Aa @ Ia)(r @ a) = ma(Aa(r) @ a) = Aa(r)a = (rlg)a =r(laa) = ra,

We conclude that (A, ma, A4) is a K-algebra.

Conversely, suppose that (A, m4, A4) is a K-algebra as in Definition 2.2.1. We
already have that A is a K-vector space. We see that it is a ring with unity, with



addition given by vector addition. We define multiplication on A as ab = m4(a®Db).
It is associative by (2.1) and it is distributive with respect to addition by linearity.
From (2.2) we obtain the unity: 14 = Aa(1x), and so, A is a ring with unity.

Finally, we show that the relation between multiplication and scalar multiplica-
tion holds by linearity of m: for a,b € A,;r € K,

r(ab) = rma(a ®b) = ma(ra ® b) = (ra)b,
r(ab) = rma(a ® b) = ma(a ® rb) = a(rb),

We conclude that A is a K-algebra in the sense of Definition 2.2.2. O

We do some remarks about maps of algebras. Let (A, ma, Aa) be a K-algebra.

Remark 2.2.4. From now on, we will write m4(a ® b) = ab, for all a,b € A, and
Aa(r) =rly, for all r € K.

Remark 2.2.5. Since K is a field and A4 maps 1x to 14, it is injective, and so
ker(A4) = 0. Therefore, by the isomorphism theorem, K/ker(Aa) = Aa(K). Hence,
the image A4(K) is isomorphic to K. Thus, A contains a copy of K through the
identification 7 = r1. The unit map can be given by As(r) = 7.

Example 2.2.6. The field K as a vector space over itself is a commutative K-
algebra with multiplication map mg : K @ K — K given by mg(r ® s) = rs, and
unit map A\g : K — K defined as Ak (r) = r. It is called the trivial K-algebra.

Example 2.2.7. The polynomial ring K[z] is a commutative K-algebra with mul-
tiplication map mgi,) : Kz] ® K[z] — K[z]| given by the usual polynomial multi-
plication and unit map Agpy) : K — K(z] defined as Agpy(r) = rl.

Example 2.2.8. Let G be a finite group with identity element 1. The group ring
K[G] = {ngg LTy € K} is a K-algebra called the group algebra.

geG
Multiplication map mgiq : K[G] ® K[G] — K[G] is given by mgg(9 ® h) = gh,
and unit map Ak : K — K[G] is defined as Agig(r) = rl. Clearly, K[G] is
commutative if, and only if, G is abelian.

Example 2.2.9. Let L = K(«a) be a simple algebraic extension of K. Then L
is a commutative K-algebra with multiplication map my : L ® L — L given by
multiplication in the field L and unit map Ay : K — L defined as A (r) = r.

Example 2.2.10. We generalise the previous example. Let K be a subfield of a field
L. Then L is a commutative K-algebra with multiplication map my : L® L — L
given by multiplication in the field L and unit map Ay, : K — L defined as A (r) = r.

Definition 2.2.11. Let A, B be K-algebras. The tensor product of algebras
A ® B has the structure of a K-algebra with multiplication map given by

magp: (ARB)®(A®B) - A®B
(a®b)@(c®d) — (ma@mp)Ia®@7RIp)(a® (b®c)®d)

10



that is,

Magp((a@b) @ (c®d)) =(ma@mp)Ia@T7RI)(a® (bRc)@d) =
=(ma@mp)(a® (c®b)®d) = ac® bd,

and unit map defined as

Msp: K — A®B
r o= r)®l1p

Proposition 2.2.12. Let A be a K-algebra and let I be an ideal of A. Then the
quotient space A/I is a K-algebra.

Proof. We need to define a multiplication map my4,; and a unit map A4,;. We will
start with multiplication. The following diagram illustrates the idea of the proof:

Ao A A A—T s Ayr
[0 ~
' mar=aof
(AA)/(I0A+AR]) S ATl

Let m : A — A/I denote the canonical surjection. The composition m o m4
is a K-linear map (since m and my4 are also linear) defined as (m o mu)(a ® b) =
7(ab) = [ab];. Note that I ® A+ A® I is a subspace of A® A. Since I is an ideal,
ma(l @a+b®j)=ma(i®@a)+ma(b®j) =ia+bjel,Vijelabe A and
s0, @ A+ A® 1 Cker(momyu). Let 7 : ARA - (A®RA)/IRA+ARI)
denote the canonical surjection. By the universal property of the quotient module,
there exists a unique K-linear map a: (A® A)/(I @ A+ AR I) — A/I defined as

a(la ® b]rga+asr) = [ablr.

By Proposition 2.1.5, there is a K-linear isomorphism 3 between A J/I® A/I and
(A®A)/(I ® A+ A® ), defined as B([a]; @ [b];) = [a ® bligatraer- Therefore, let
mayr = aof3

man: AJT@AJT — AT
[al; @ [b]r = [ab];

It is easy to check that m,/; satisfies the associative property since my4 does.

Finally, we define the unit map as the composition of the unit map of A and the
canonical surjection: A4 = ™o A4. It is easy to check that it satisfies the unit
property since A4 does. Il

11



Definition 2.2.13. Let A be a K-algebra and let I be an ideal of A. The K-algebra
A/I of the previous proposition is the quotient algebra of A by I.

Definition 2.2.14. Let (A, ma, As), (B, mp,\g) be K-algebras. A K-algebra
homomorphism from A to B is a map ¢ : A — B that verifies:

1. ¢(a+0b) = ¢(a) + ¢(b), for all a,b € A,
2. p(ma(a®b)) =mp(d(a) ® ¢(b)) & ¢(ab) = ¢(a)p(b), for all a,b € A,
3. d(Aa(r)) = Ap(r) & ¢(rly) =rlp, forall r € K.

The first condition means that ¢ is a group homomorphism and, with the last
two ones, it implies that it is a K-linear map: indeed, for all a € A,r € K,

6(r0) = 6(rLaa) = 0(r1a)0(a) = rlsd(a) = ro(a).

A K-algebra homomorphism that is injective and surjective is a K-algebra
isomorphism.

We will now describe objects that are dual (in some sense) to algebras; essentially
forming them by reversing the arrows in the structure maps for algebras. These
objects are called coalgebras.

Let C' be a K-vector space.

Definition 2.2.15. A K-coalgebra is a triple (C, A¢, £¢) consisting of a K-vector
space and K-linear maps A¢ : C — C®C and e¢ : C' — K that satisfy the following
conditions:

1. The diagram commutes

A
C CeC
Ac Ie ® Ac

Ac®](;
CRC——>(CCxC

where the map Io : C' — C is the identity map on C.
Equivalently, we have for all ¢ € C,
(IC X Ac)Ac(C) = (AC (%9 Ic)Ac<C) (25)

The map Ac is called the comultiplication map and Condition (2.4) is the
coassociative property.

12



2. The diagram commutes

g ® —

KeC

Ac
—® 1k EC®IC

CRIKe—(CxC
Ic ®ec

where the map 1x ® — : C = K ® C is defined by ¢ — 1x ® ¢ and the map
—®1g:C = C® K is defined by ¢ — c® 1.

Equivalently, we have for all ¢ € C,

(60 X Ic)Ac(C> = 1]{ X C, (IC X €C)Ac(c) =c® 1K (26)

The map e¢ is called the counit map and Condition (2.5) is the counit
property.

The K-coalgebra C' is cocommutative if TAqc = Ac.

We will now introduce Sweedler notation to write the image of comultiplica-
tion map. Sweedler notation is a special notation for discussion of operations in
coalgebras. Let C' be a K-coalgebra. For ¢ € C'; A¢ maps ¢ to an element in C® C,

n

which is a sum of the form Z a; P b;.
i=1
Sweedler suggests not to make up new symbols like a and b, but rather use com-
posed symbols ¢(1) and c(9). Therefore Ax(c) = Z cyi ® C(2yi-
i=1

Sweedler notation means that for certain manipulations involving just generic
linear operations we actually do not need to think of the summation symbol i, so

we can just write Ag(c) = Z cy ® ¢(2)-
(o)
We write the coassociative property using this notation. On the one hand,

(Ic ® Ac)Ac(c) = (Ic ® Ac) ( e ® 0(2)) =Y e ®Aclep) =
(o) (c)

= Z c1) @ €2), ® €2) ) (2.7)
(ese2))
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On the other hand,

(Ac ® Ic)Ac(c) = (Ac ® Io) <201)®02)) ZAC’
(o)

= Z C1)y @ C(1)) @ C(2) (2.8)
(eseq1y)

By the coassociative property, (Ic @ Ac)Ac = (Ac®1c)Ac. So, the expressions
in (2.7) and (2.8) are equal. This common value is denoted as Z cay ® ¢(2) @ €(3).
()

Likewise, we write the counit property using this notation. Note first that the
scalar multiplication on C defines two maps s; : K ® C' = C' with r ® ¢ — rc and
$9:CRK — Cwithe®@r—re,VeeCire K. Since s1(1®¢) =c=s(c®1),
the counit property (2.6) implies

s1(ec @ Io)Ac(c) = ¢ = s3(le ® ec)Ac(c),V ¢ € C, (2.9)

that is to say,

¢ = s1(c0 ® Ie)Ac(c) :sl(s(;@IC)(Z ) ©® ) (ch ) ®c(2) _
= Zeo c(1))c),

= s9(lc ®@ec)Ac(c) = sa(le @ ec) ( Z ¢y ® C(?)) = 8 < Y @ 50(0(2))) =
() (e)
= cwecler) = Y colee)eq)
(©)

(c)

All in all, we have obtained:
> ecleayee ==Y eolee)ey (2.10)
(c) (c)

Example 2.2.16. The field K as a vector space over itself is a cocommutative K-
coalgebra with comultiplication map Ag : K — K® K given by Ag(r) =r®1, and
counit map £ : K — K defined as ex(r) = r. It is called the trivial K-coalgebra.

In the next examples of a coalgebra C', A¢ and ¢ are defined on basic elements
and extended by linearity to the whole C.

Example 2.2.17. Let x be an indeterminate and let C' = K & Kz be the direct
sum of vector spaces, where Kz = {rz : r € K}. The canonical basis is {1, z}.
Then C' is a K-coalgebra with comultiplication map A¢s @ ¢ — C ® C given
by Ac(l) = 1® 1, Ac(z) = = ® x, and counit map ¢ : C — K defined as
6(;(1) = 80(:13) =1.

14



Example 2.2.18. Let x be an indeterminate and we consider C' = K & Kx, where
the canonical basis is {1,2}. Then C is a K-coalgebra with comultiplication map
Ac:C—-C®Cgivenby Ac(1) =1®1, Ag(z) =1®2x+2® 1, and counit map
ec : C — K defined as (1) =1, ec(x) = 0.

Example 2.2.19. Let V denote an n-dimensional K-vector space with basis B =
{b1,...,b,}. Then V is a cocommutative K-coalgebra with comultiplication map
Ay :V = V@V given by Ay(b;) = b; ® b;, and counit map ey : V — K defined
as ey(b;) =1, foralli € {1,... ,n}.

Example 2.2.20. Let G be a finite group. The group ring K[G] (defined as in
Example 2.2.8) is a cocommutative K-coalgebra called the group coalgebra. Co-
multiplication map Agq : K[G] = K[G]® K|G] is given by Agq(g) = 9® g, and
counit map egq : K[G] = K is defined as exg)(g9) = 1.

Example 2.2.21. Let K[z]| be the K-vector space of polynomials in the indetermi-
nate x, where the canonical basis is {1, 2,27, ... }. Then K[z] is a cocommutative
K-coalgebra with comultiplication map Agpy @ Klz] — Klz] ® K[z] given by
Agpp)(x™) = 2™ @ 2™, and counit map ek @ K[z] = K defined as ey (2™) = 1.
Example 2.2.22. Let K|z] be the K-vector space of polynomials in the indeter-

minate z, where the canonical basis is {1,z,2?,...}. Then K[z] is a cocommu-
tative K-coalgebra with comultiplication map Agp @ K[zr] = K[z] ® Kx] given

by Agp(a™) = Z (m) z' ® 2™, and counit map exp, : K[z] — K defined as
i
i=1
£k (2™) = bo,m- It is called the divided power coalgebra.

Definition 2.2.23. Let C, D be K-coalgebras. The tensor product of coalge-
bras C'® D has the structure of a K-coalgebra with comultiplication map given by

Acgp: C®D — (C®D)®(C® D)
c®d = (Ie®T®Ip)(Ac® Ap)(c®d)

that is,

AC®D(C® d) = (IO RTR [D)(AC & AD)(C® d) = ([C RT X ID)(Ac(C) & AD(CZ)) =

={c®T®Ip) ( Yoy ®ee@dy© d(2>) =Y ey @ dp) @ (¢ @ diw)),
(e,d) (c,d)

and counit map defined as

ccgp: C®D — K
c®d — (€C®€D)(C®d):€c(c)€p(d)

We next discuss the analog of an ideal in a ring for a coalgebra.

Definition 2.2.24. Let C' be a K-coalgebra. A subspace I C C'is a coideal of C'
fAc(I) CI®C+C®I and ec(I) =0 (that is, I C ker(ec)).
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Proposition 2.2.25. Let C be a K-coalgebra and let I be a coideal of C'. Then the
quotient space C'/I is a K-coalgebra.

Proof. We need to define a comultiplication A,/; and a unit €4,;. We will start
with comultiplication. The following diagram illustrates the idea of the proof:

T

C c/I
Ac
CoC - Acjr=aop
ﬂJ ~
~ 3 v

(Ce0)/(IeC+Ce]) —— C/Ie )]

Let 7w : C'— C/I denote the canonical surjection. Note that I @ C+C ® [ is a
subspace of C®C. Let 7' : C@C — (C®(C)/(I®C+C®I) denote the canonical
surjection, and consider the composition 7’ o A¢, which is a K-linear map (since 7/
and Aq are also linear).

Since [ is a coideal, A¢(I) CI®C+ C® I, and so I C ker(n’ o Ag). By the
universal property of the quotient module, there exists a unique K-linear map
Qv C/I — (C & O)/(I ® Cc+C & ]) defined as Oé([Ch) = [Ac(c)]]®c+0®[.

By Proposition 2.1.5, there is a K-linear isomorphism B between the space
(C®C)/IC+CxI)and C/I®C/I, defined as ([c@d]1gcycer) = [clr@[d]r.
Therefore, let Ag/r = o3

clr Z[C(l)]l®[c(2)]l

(c)

It is easy to check that A¢/; satisfies the coassociative property since A¢ does.

Finally, since [ is a coideal of A, I C ker(e). Moreover, since 7 is the canonical
surjection, by the universal property of the module quocient, there exists a unique
K-linear map e¢y; : C/1 — K defined as ec/;([c]1) = ec(c). It is easy to check that
it satisfies the counit property since ¢ does. U

Definition 2.2.26. Let C' be a K-coalgebra and let I be a coideal of C'. The
K-coalgebra C'/I of the previous proposition is the quotient coalgebra of C' by I.

Definition 2.2.27. Let C' be a K-coalgebra. A non-zero element ¢ € C' for which
Ac(c) = ¢ ® cis a grouplike element of C'.
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Proposition 2.2.28. Let ¢ be a grouplike element of a K-coalgebra C'. Then it
satisfies ec(c) = 1.

Proof. Since c is grouplike,
le=c o) s1(ec ®@ Io)Ac(c) = s1(ec @ Io)(c @ ¢) = s1(ec(c) ® ¢) = ec(c)c =
= ec(c)e=1le= (ec(c) —1)c=0.

Moreover, since K is a field and ¢ # 0 (as it is a grouplike element), ec(c)—1 = 0,
and hence e¢(c) = 1. O

For instance, in Example 2.2.19, the grouplike elements of V' are precisely those
in the basis B, and in Example 2.2.21, the grouplike elements of K[z] are 1, x, 22, .. ..

Proposition 2.2.29. Let K[z| be the divided power coalgebra. Then 1 is the only
grouplike element.

Proof. Recall that K|z| is the coalgebra of Example 2.2.22, with comultiplication
given by Agp(z™) = Z (m) ' @ 2™ ¢, and counit defined as €2 (™) = Som-

7
i=1
Suppose ag + a1x + - - - + a,x™ is grouplike. By Proposition 2.2.28, we have
1 = egp(aor’ + a1z + -+ a,a™) = ag expp)(2°) + a1 e (@) + -+ ay exp(a™) =
=ayl4+a1 0+ ---4+a, 0=a9 = ag=1.

On the one hand, since 1 + a1z + - - - 4+ a,x™ is a grouplike element,
Agp(l+az+ -+ a2") = (1 +ar+ -+ a,2") @ (L + a1z + -+ - + a,2").
On the other hand, since Ay, is K-linear,
Agp(12° 4+ a1z + -+ + anz™) = Ak (2°) + a1 Agpy (@) + - + ap Ag(2”) =

=1®1+a1(1®x+x®1)+~~+anz(7):#@3:”i.

- 1
=0

Note that {2’ ® 27 }o<i j<n is a linearly independent subset of K[z]® K[x]. Deve-
loping the first equality, there is the term a,2" ® a,2" = a2 (z" @ ™). If we define
the degree of a term 2' ® 2/ as i + j, then our term has degree 2n. As there is no
term of degree bigger than n in the second equality, thus a? = 0, and so a, = 0.
Therefore, we have Agp(1 + a1z + -+ 4+ a,2") = (1 + a1z + - + ap 12" 1)@
(1+ a1z + -+ ap,_12"1). Repeating the argument, we obtain a? = 0, and hence
a; =0, forall i € {1,...,n}. O

Proposition 2.2.30. Let C' be a K-coalgebra and let G(C) denote the set of grou-
plike elements of C. Then G(C) is a linearly independent subset of C.
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Proof. If G(C) = (), then G(C) is clearly linearly independent. If G(C') contains
exactly one grouplike element, then this element is non-zero, and so G(C') is linearly
independent. Thus, we assume that G(C') contains at least two elements.

Reduction to absurdity. Suppose that G(C') is linearly dependent. Let m > 1
be the largest integer for which S = {g1, ..., gn} is a linearly independent subset of
G(C). Then G(C)\ S # 0 (else G(C) is linearly independent). Let g € G(C) \ S.
There exist scalars r; € K such that g = r1g1 + - -+ + 7ngm- Since g is grouplike,
g # 0, and so, there exists at least one i € {1,...,m} for which r; # 0.

On the one hand, since g is a grouplike element,

Aclg) =g®@g=>> rrilg:®g;).

i=1 j=1

On the other hand, since A¢ is K-linear and g; are grouplike elements,

Ac(g) = AC(ZH%) = ZTiAC(gi) = Zrigi ® gi-

i=1 i=1 =1

m

All in all, we have obtained Z ZTiTj(gi ® gj) = ani & g;.

i=1 j=1 i=1

Note that {g; ® g;}1<ij<m is a linearly independent subset of C'® C. Since at
the right side of the last equality there are no terms of the form g; ® g;, with 7 # 7,
then r;r; = 0,V ¢ # 5. Thus

m m

S g @g) =Y rilgi®g)=ri=rVie{l,...,m}

i=1 =1

For any r; # 0, one has r; = 0,V j # i (since K is a field and 7;7; = 0), and hence

r; # 0 for exactly one i. For this i, r? = r; implies r; = 1. Therefore, g = g;, which

i

contradicts our choice of g. We conclude that G(C) is linearly independent. U

Definition 2.2.31. Let (C, A¢,e¢), (D, Ap,ep) be K-coalgebras. A K-coalgebra
homomorphism from C to D is a map ¢ : A — B that verifies:

1. ¢ is K-linear,
2. (p® @d)Ac(c) = Ap(o(c)), for all ¢ € C,
3. ec(c) =ep(op(c)), for all c € C.

A K-coalgebra homomorphism that is injective and surjective is a K-coalgebra
isomorphism.
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Proposition 2.2.32. Let C be a K-coalgebra. Then the counit map ec : C' — K
1s a K -coalgebra homomorphism.

Proof. Recall that in Example 2.2.16, we have seen that K is the trivial coalge-
bra with comultiplication given by Ag(r) = r ® 1, and counit defined as ek (r) =
Ik (r) = r. Moreover, note that ec ® ¢ = (¢ ® Ix)(Ic ® e¢) trivially holds.

Let ¢ € C'. We need to prove that ¢ satifies the two properties of the definition
of coalgebra homomorphism. On the one hand, we have

(ec ®ec)Ac(c) = (ec ® Ik)(Ic ® ec)Ac(c) oo (ec ® Ik)(c®1) =
= 80(0) ®1= AK<€C(C)).

On the other hand, we have ec(c) = Ix(ec(c)) = ex(ec(c)). Therefore, we
conclude that ¢ is a K-coalgebra homomorphism. O

Proposition 2.2.33. Let ¢ : C — D be a homomorphism of K -coalgebras. If c € C
is a grouplike element, then ¢(c) € D is a grouplike element.

Proof. Since ¢ is a coalgebra homomorphism, (¢ ® ¢)Ac(a) = Ap(¢(a)) holds for
every a € C. Since ¢ is a grouplike element of C it satisfies Ax(c) = ¢ ® ¢. Thus,

Ap(9(c)) = (¢ @ p)Ac(c) = (¢ ® 9)(c ® ¢) = ¢(c) ® p(c).

Hence, ¢(c) is a grouplike element of D. O

2.3 Duality

We next consider the linear duals of algebras and coalgebras. There are two main
results. The first one, which is easier to prove, is that if C' is a coalgebra, then C* is
an algebra, where multiplication and unit maps are induced from the transpose of
comultiplication and counit maps, respectively. But the converse of this statement
is not true in general. In order to have the reciprocal result, we need to replace the
dual space A* with a certain subspace A° called the finite dual. Thus, the second
important result is that if A is an algebra, then A° is coalgebra. Finally, as an
application, we show that the finite dual K [x]° can be identified with the collection
of linearly recursive sequences of all orders over K.

Let C' be a K-coalgebra and let C* be its linear dual.

Remark 2.3.1. For every field E and every E-vector space V', there exists the
following K-vector space isomorphism

EQpV =V (2VQgE) (2.11)

given by r@ v — rv, and v — lg®uv, forallv eV, r € E.
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Theorem 2.3.2. If C is a K-coalgebra, then C* is a K-algebra.

Proof. Recall that C'is a triple (C, A¢,e¢), where Ag : C — C®C'is K-linear and
satisfies the coassociative property and ¢ : C' — K is K-linear and satisfies the
counit property. We need to define a multiplication map mg+ and a unit map Ac-.

We start considering the transpose of Aq, Af @ (C ® C)* — C*, which is a
K-linear map defined as A} (¢)) =1 oA¢. Since C* @ C* C (C® C)* (by Corollary
2.1.9), A restricts to a K-linear map

me«: C*C* — C*
f®g = me-(f®g)=AL(f®g)

Now, we consider the transpose of e¢, €5 : K* = K — C*, which is a K-linear
map given by 5 (r) = rec. Set Ao« = €. Observe that if we dualize the commu-
tative diagrams of the definition of the coalgebra C', we obtain the commutative
diagrams of the definition of the algebra C*

C Mo C ®C C 51 K®C
mes« IC* &® meo ) S9 mes )\C* (] [C*
CrQC e R R C” Cok ——“scecC
mc* ®]C*

It remains to show that (1x ® —)* = 57 and (— ® 1x)* = sq: indeed, for f € C*,
ce C,r e K, we have

(1 © =) (r® f)(e) = (re f)(1x ® =)() = (r & )ik © ) =
= 1O @) = 1f0) = ()(e) = (@ o)

(K=K

Similarly, one has (— ® 1x)* = so. Hence, (C*, me+, Ao+) is a K-algebra. O

We have just seen that if C' is a coalgebra, then C* is an algebra. Then if A is
an algebra, we may wonder if A* is a coalgebra. It is not true in general because
the transpose of the multiplication map my : A® A — Ais m¥ : A* — (A® A)*,
where A* @ A* is a proper subset of (A ® A)* if A is infinite dimensional over K.
Therefore, m* may not induce the required comultiplication map in A*. In order
for the transpose m -« to serve as a comultiplication map we need to replace A*
with a certain subspace of A* called the finite dual.

Definition 2.3.3. Let A be a K-algebra. We already know that A is a vector space
over K and a ring. An ideal I of A is cofinite if the quotient space A/I is finite
dimensional.
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Definition 2.3.4. Let A be a K-algebra. The finite dual A° of A is the following
subspace of A: A°={f € A*: f(I) =0 for some ideal I C A cofinite}.

Example 2.3.5. Let ¢; € K[z|* be defined as ¢;(z7) = ¢&;;, for 4,57 > 0. Since
@; clearly vanishes on the ideal (z'*') and dim(K[z]/(z"™')) = i + 1 (because
{1,z,...,2'} is a basis), then p; € K[z]°.

Proposition 2.3.6. If A is finite dimensional as a K-vector space, then A° = A*.

Proof. Since always A° C A*, it suffices to prove that A* C A°. Let f € A*, and
we consider the ideal 0. It satisfies that 0 C A, A/0 = A is finite dimensional (by
hypothesis) and f(0) = 0 (since f is linear). Thus f € A°. Consequently, A* C A°,
and we conclude that A° = A*. 0

In order to prove that if A is an algebra, A° is a coalgebra, we need three results.

Lemma 2.3.7. Let I be an ideal of A and let m : A — A/l be the canonical
surjection of vector spaces. Let m* : (A/I)* — A* be the transpose defined as
7(f) = fom, forall f € (A/I)*. Then * is an injection.

Proof. Let f,g € (A/I)*. Then for a € A, we have

7 (f)(a) =7(g)(a) = f(m(a)) = g(n(a)) = f(la];) = g([a]lr) = [ =g
Therefore, we conclude that 7* is injective. O

Proposition 2.3.8. Let f € A° and suppose that f vanishes on the ideal I of A.
Then there ezists a unique element f € (A/I)* for which ©(f) = f.

Proof. Since f € A° C A*, then f € A*, and so f : A — K is a K-linear map.
Moreover, since f(I) = 0, then I C kerf. Now, we consider the canonical surjection
m: A — A/I. Thus, by the universal property of the quotient vector space,
there exists a unique K-linear map f : A/l — K such that f(a) = f(7(a)) =
7*(f(a)), for all a € A. Therefore, since 7* is an injection (by the previous lemma),
we conclude that f is the unique element in (A/I)* for which 7*(f) = f. O

Remark 2.3.9. If F' is a finite dimensional K-vector space, £* ® E* = (F ® E)*.
Indeed, let {ey,...,e,} be a base of £ and let {w,...,w,} be its dual base, which
is given by w;(e;) = 6;;, for alli,j € {1,...,n}. Thus {e; ® e;}1<i j<n is a base of
E ® E. Let {n;;}1<ij<n be its dual base, which is defined as

1 ifi=k j=1
nij(ex @ er) = { 0 n J }: k0.

otherwise

Therefore, we conclude that there is a K-vector space isomorphism between
E*® E* and (E ® E)* given by w; ® w; — n;;.
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Proposition 2.3.10. [t is satisfied that m*(A°) C A° ® A°.

Proof. Let f € A°. Then f vanishes on some cofinite ideal / C A. By the previous
proposition, there exists a unique f € (A/I)* such that 7*(f) = f.

Recall that, by Proposition 2.2.12, A/I is a K-algebra with multiplication map
mA/] A/l @ AJI — AJI defined as my/([a]; ® [b];) = [ab];. Its transpose
myp: (A/I)" = (A/T ® AJI)" is given by m7y ,(f) = f o may;. Since A/I is finite
dimensional, by the previous remark one has that (A/I)*® (A/I)* = (A/I®A/I)*,
and so my ; : (A/I)* — (A/1)" ® (A/I)".

Thus, for a,b € A, we have

mi(f)(a®b) = miy(*(f))(a @ b) = 7*(f)(mala @ b)) = 7*(f)(ab) =
= f(m(ab)) = f([ablr) = f(mar(lalr @ [B]1)) = m3y,, (f)(lalr ® [b]r) =

- <Z7T*(7(1)) ® W*(T(z))) (a®b).

(f)
All in all, we have obtained m* (f) (Z ™ (fuy) @ 7 (f2 ))( ®Db).

It remains to show that w*(f(l)),ﬂ*(f(z)) € A°. Since 7(1),T(2) € (A/I)*, then
™ (fy) (f(g)) € A*. Since I is a cofinite ideal, for ¢ € I,i € {1,2}, we have

(f(z))( ¢) = f(m(c)) = Fudi) = fu([0lr) = 0. Thus @ (f ), 7" (fo) € A°.
Consequently, we conclude that m4(A°) C A° ® A°. O

Theorem 2.3.11. If A is a K-algebra, then A° is a K-coalgebra.

Proof. Recall that A is a triple (A, ma, Aa), wheremy : AQA — A, ma(a®b) = ab,
is K-linear and satisfies the associative property and Ay : K — A, Aa(r) = rly, is
K-linear and satisfies the unit property. We need to define a comultiplication map
A 4o and a counit map € go.

We start considering the transpose of my, m% : A* — (A ® A)*, which is a
K-linear map defined as m*(f) = f omy. Since A° C A* and m%(A°) C A°® A°
(by Proposition 2.3.10), mf restricts to a K-linear map

Ago: A° — AR A°
o= Aae(f) = mi(f)

22



Now, we consider the transpose of A4, A% : A* — K* = K| which is a K-linear
map given by N (f) = f oAa. Since A° C A*, N\ restricts to a K-linear map
€40 A - K
[ ea(f) = Nalf)

Observe that if we dualize the commutative diagrams of the definition of the
algebra A, we obtain the commutative diagrams of the definition of the coalgebra A°

A°® A° @ A° ¢ A°® A° AQK ¢——— A°® A°
Tyo @ Ago T40 ® € 40

A go

Apo @ Lpo A o — Eae ® g

1 _
A° @ A° A° A° K& K @ A°
Ao

By Theorem 2.3.2, we know that (1x ® —)* = s; and (— ® 1x)* = s9. Thus,
(Ig®@—)"*" =1k ® — = s} and (— ® 1g)* = — ® 1x = s5. Therefore, we conclude
that (A°, Ao, e40) is a K-coalgebra. O

Proposition 2.3.12. If (A, ma, A4) is a commutative algebra, then (A°, Ao, € 40)
is a cocommutative colgebra, and if (C,A¢,ec) is a cocommutative coalgebra, then
(C*, Ags,ec+) is a commutative algebra.

Proof. We will start with the first statement. Since A is an algebra, by Theorem
2.3.11, A° is a coalgebra. Now, we consider the twist map of A® A, which is defined
as Taga(a®b) =b®a. Since A°® A° C A*® A* C (A® A)* (by Corollary 2.1.9),
its transpose restricted to A° ® A° is

ThsA : AR A° — A°® A°
f®g = (f®g)oTaga

Note that for a,b € A, f,g € A°,

Thea(f ® g)a®b) = (f ® g)(Tagala @ b)) = (f @ g)(b@a) = f(b)g(a) =
=g(a)f() =(g@ f)a®@b) = Thoa(f®R9) =g @ [.

In other words, 7} 4 is the twist map of A° ® A°
Thga = TAS@A° (2.12)

Since the commutative diagrams of the definition of an algebra and a coalgebra
are mutually dual, we conclude that A° is a cocommutative coalgebra.

Analogously, one has the second statement. O
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We end this chapter with an application. Let K[z] be the algebra of polynomials
over the field K as in Example 2.2.7.

Definition 2.3.13. A sequence {s,},cn is called kth-order linearly recursive
over K if there exists a natural & and coefficients ag, . ..,ar_1 € K such that for
all n > 0, the following recurrence relation is satisfied

Stk = Qk—18n+k—1 + Qp—25n+k—2 + ** + A1Sp41 + AoSp. (2.13)
The characteristic polynomial associated to the previous recurrence is

P(x) =2 —ap_ 12"t — - —ayz — ay.

Proposition 2.3.14. The collection of kth-order linearly recursive sequences over
K of all orders k > 0 can be identified with the finite dual K|x]°.

Proof. Let {s,} be a kth-order linearly recursive sequence over K with recursive

relation S, 1 = Gp_1Spik-1 + Ap_2Snsk—2 + -+ + a1Sp11 + agSy, for all n > 0, and

characteristic polynomial P(z) = 2% —ay_12* ' —- - —a1x—aq, for ag, ..., a1 € K.

Note that we can identify {s,} with the element s = Z Sppn € Kz]*. Thus,

n=0

s(P()) = (f% Sngon) (25 — ap 1" — e — agp — ag) =

=S — Qp_1Sk—1 — * - — a1S1 — apSg = 0.
(2.13)

It follows that s(Q(z)P(z)) = 0, for all Q(z) = Zbixi € Klx]:
i=0

Q@)P(x) = 3" b Pa) = s(@Q()P(a)) = 3 bis(a'P(x) =

n

_ bi(CEH_k _ ak_lxz—i-k—l L all,z—l—l o aox’) —
i=0
n n
= > bi(Sitk — Qp_18iyp—1 — * — Q18541 — ApS;) 13 E b; 0=0.
i=0 ’ i=0

Hence s vanishes on the principal ideal I = (P(x)) of K|z|. Clearly dim(K[z|/I) =
k. We conclude that s € K[z]°.

Conversely, let s =) 5,0, € K[z]°. Then s vanishes on a coideal I C K[z].
Since K[z] is a principal ideal domain, there exists a polynomial P(x) € K[x] of
degree k such that I = (P(z)). It is easy to check that s is a kth-order linearly
recursive sequence over K with characteristic polynomial P(z). u
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3 Bialgebras and module algebras

In this chapter, we introduce bialgebras. Then, we show how a bialgebra B can act
on an algebra giving it the structure of a left or right B-module algebra, and also
how the bialgebra can act on a coalgebra endowing it with the structure of right or
left B-module coalgebra. Finally, we prove the main result, which states that if B
is a bialgebra, its finite dual B° is a bialgebra too.

3.1 Bialgebras

In this section, we introduce bialgebras, which are vector spaces that are both
algebras and coalgebras such that comultiplication and counit maps are algebra
homomorphisms, and give some basic examples. We show that K[x] is a bialgebra
in exactly two distinct ways. Afterwards, we define biideals and discuss quotient
bialgebras and bialgebra homomorphisms.

Definition 3.1.1. A K-bialgebra is K-vector space B together with maps mp, Ap,
Ap, ep that satisfy that (B, mp, \g) is a K-algebra, (B, Ap,cp) is a K-coalgebra
and Ap, eg are K-algebra homomorphisms.

A K-bialgebra B is commutative if it is a commutative algebra; B is cocom-
mutative if it is a cocommutative coalgebra.

Remark 3.1.2. The requirement that Ag : B — B ® B is an algebra homomor-
phism implies that

1. Ap(mp(a®b)) =mpgp(Ap(a) ® Ap(b)) & Ap(ab) = Ap(a)Ap(b), that is,
> _(ab)y® (ab)) = ( > _an ®a(2)) ( > _bay ®b<2>) = _amba) ®aebe),
(a,b) (a) (b) (a,b)

2. Ap(Ag(r)) = Aper(r) = Ap(r) ® 13 =r 15 ® 15, and so, in particular,
Ap(Ap(1lk)) = Ap(lp) = 15 ® 1.

and the requirement that eg : B — K is an algebra homomorphism implies that

1. eg(mp(a®b)) =mg(ep(a) ®ep(b)) < ep(ab) = ep(a)ep(b),

2. eg(AB(r)) = Ak (r) = Ix(r) = r, and so, in particular, ep(1p) = 1k.

Definition 3.1.3. Let B be a bialgebra. A primitive element of B is an element
b € B such that Ag(b) =1®b+b® 1.

Example 3.1.4. The field K as a vector space over itself is a commutative and
cocommutative K -bialgebra (see Examples 2.2.6 and 2.2.16). It is called the trivial
K-bialgebra.
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Example 3.1.5. Let G be a finite group. From Example 2.2.8 and Example
2.2.20, K[G] has the structure of an algebra and a cocommutative coalgebra, re-
spectively. It is easy to check that comultiplication and counit maps are algebra
homomorphisms, and so K[G] is a cocommutative bialgebra. It is called the group
bialgebra. It is commutative if, and only if, G is abelian.

Example 3.1.6. Let K[z] be the K-vector space of polynomials in the indeter-
minate . From Example 2.2.7 and Example 2.2.21, K[z]| has the structure of a
commutative algebra and a cocommutative coalgebra, respectively. It is easy to
check that Ak, and e, are algebra homomorphisms, and so K[z] is a commu-
tative and cocommutative bialgebra. One has that Agp,)(z) = 2 ® . Hence it is
called the polynomial bialgebra with = grouplike.

Example 3.1.7. Let K[z] be the K-vector space of polynomials in the indeter-
minate . From Example 2.2.7 and Example 2.2.22, K[z]| has the structure of a
commutative algebra and a cocommutative coalgebra, respectively. It is easy to
check that Ak, and ek, are algebra homomorphisms, and so K|[z] is a commuta-
tive and cocommutative bialgebra. One has that Ag;)(r) = 1® 2 + 2 ® 1. Hence
it is called the polynomial bialgebra with x primitive.

Definition 3.1.8. Let B, B’ be K- bialgebras. Since B and B’ are algebras and
coalgebras, B ® B’ is an algebra and a coalgebra (Definitions 2.2.11 and 2.2.23). It
is easy to show that Aggp and epgp are algebra homomorphisms, and hence the
tensor product of bialgebras B ® B’ has the structure of a K-bialgebra.

Definition 3.1.9. Let B be a K-bialgebra. A subspace I C B is a biideal of B if
it is both an ideal and a coideal.

Proposition 3.1.10. Let B be a K-bialgebra and let I be a biideal of B. Then the
quotient space is B/I is a K-bialgebra.

Proof. By Proposition 2.2.12, B/I is a K-algebra, and by Proposition 2.2.25, B/I is
a K-coalgebra. It is easy to show that Ag,; and £p/; are algebra homomorphisms
since Ag and ep are also algebra homomorphisms. Therefore, we conclude that
B/I is a K-bialgebra. O

Definition 3.1.11. Let B be a K-bialgebra and let I be a biideal of B. The
K-bialgebra B/I of the previous proposition is the quotient bialgebra B by I.

Definition 3.1.12. Let B, B’ be bialgebras. A K-bialgebra homomorphism
from B to B’ is a ¢ : B — B’ which is both an algebra and a coalgebra homo-
morphism. A K-bialgebra homomorphism that is injective and surjective is a K-
bialgebra isomorphism.

Surprisingly, the bialgebras structures on K[z] given in the previous examples
are the only bialgebra structures on K[z| up to algebra isomorphism.

Proposition 3.1.13. Suppose the polynomial algebra K|x| is given the structure of
a K-bialgebra. Then, there ezists z € K[z]| for which K[z] = K[x] and z is either
grouplike or z is primitive.
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Proof. Let X := Agpy), A = Agpy), € = kg and [ 1= Igp). Recall {z' ® 27} jen
is a basis of K[z] ® K|z]. Then, we write

= ZZ()W» ' @1l € K] ® K[z, for b;; € K.
=0 j=0

Let [ denote the highest degree of x that occurs in the left factors of the tensors
in the sum A(z). Then, b, ; # 0 for some j € {0,...,n}; let j* denote the maximal j
for which b, ; # 0. On the one hand,

(I®A)A chx®xﬂ1®xﬂ2€K[]®K[x]®K[x].

=0 75=0

Note that [ is the highest degree of = that occurs in the left-most factors of the
tensors in the sum (I ® A)A(x). On the other hand,

(A A(x) = A@I(ZZbux@mJ):ZwaA )@ =

=0 j=0 i=0 j=0
:Z bz‘,j( ®x] ZZ()M (ZZbaﬁx ®x) ® ) =
=0 7=0 =0 7=0 a=0 =0

2 -/ -/
= bﬁJ;,l @2V @) + T,

where T is a sum of tensors in K[ | ® K[x] ® K[| of the form ¢ 2' ® 27 ® z* with
i < [?, and, since by ;» # 0, b§+,1 2 @ 2" @ 27" is the term with the highest degree
of x that occurs in the left-most factors of the tensors in (A ® I)A(z) (that is, it
comes from making i = a = [ and j = 8 = j'). In other words, {? is the highest
degree of x that occurs in the left-most factors of the tensors in this sum. By the
coassociative property of A, we have [?> = [, and hence, either [ =0 or [ = 1.

Now, let r denote the highest degree of x that occurs in the right factors of the
tensors in the sum A(x). Repeating the argument above, one has that either r = 0
or r = 1. Consequently, A(z) =boo(l1® 1) +bo1(l®z)+bio(x ® 1)+ b11(z ® x).

Let y =z — e(x). We see that e(y) = 0:

e(y) =ce(x —e(x) =e(x —e(x)lg) = (@ — e(x) 1)) = e(x) — e(v)e(1kp) =
=¢e(z) —e(x)e(M1k)) = e(x) —e(x)1lg = e(z) — e(x) = 0.

Let A(y) Z a;; y'®y’ . By comparing the leading coefficients in (A ® I)A(y)
=0 7=0
and (I ® A)A(y) as above, we conclude that a;; = 0 if ¢ > 1 or j > 1. Thus,
Aly) =ap0 1®1+ap1 1®y+a10y®1+a; y®y. Since £(y) = 0, we also have
that app = 0 and ag; = a1 = 1. Indeed,
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1 = (I®a)A(y) =
y® (2.6)( ®e)A(y)

=ap0 1 ®@e(1)+ap1 1@e(y) +a10 y®@e(l) +ar11 y @ e(y) &
N ~~ N~

~—~
=1 =0 =1

=0
<:>y®1:a0701®1+a1,0 y®1<:>a07020,a1,0:1.

Similarly, one has ag; = 1. Therefore, A(y) =1 y+y®1+ay®y, for some
a € K. If a =0, then z = y is primitive and K|[z] = K|[z] (since y = x —e(x), where
e(z) € K). If a # 0, we define z = 1 + ay, and so z is grouplike and K|z] = K]|z].

Indeed, at the one hand, we have

@z=(1+ay)®@(1+ay) =101+a(l®y)+aly®l)+a’(y@y).
At the other hand, since A is K-linear and a K-algebra homomorphism, we have
Az)=Al+ay) =A1)+aA(y) =101 +a(1®y) +aly® 1)+ a*(y @ y).

g

Remark 3.1.14. As we have seen in Proposition 2.3.14, K[z]° is the collection of
linearly recursive sequences over K. We have shown that K[z] is a bialgebra in
exactly two distinct ways, and so K[z]|° has two different structures as a bialgebra
(by Theorem 3.3.3). Hence, there are just two distinct ways of multiplying sequences
in K[z]|°, which are called the Hadamard product and the Hurwitz product.
However, we are not going to discuss these topics.

3.2 Module algebras and module coalgebras

In this section, we show how a bialgebra B can act on an algebra or a coalgebra
endowing it with the structure of a right or left B-module algebra or coalgebra,
respectively. That leads us to define a certain right or left action on the dual alge-
bra B*, so that B* has the structure of a right or left B-module algebra, respectively.

Let B be a K-bialgebra.

Definition 3.2.1. Let A be a K-algebra and a left (resp. right) B-module with
action denoted by “”. Then A is a left (resp. right) B-module K-algebra if for
be B, a,a € A, it satisfies

b-(aa’) =Y (bay-a)(be)-d’) and b-14=cp(b)la
(b)

(resp. (ad’)-b= Z(a -bay)(a' - b)) and 14-b=1aep(b) = lacp(h)).
(0)

Let A, A’ be K-algebras. A left (resp. right) B-module K-algebra homo-
morphism from A to A’ is a K-linear map ¢ : A — A’ which is both an algebra
and a left (resp. right) B-module homomorphism.

28



Definition 3.2.2. Let C be a K-coalgebra and a right (resp. left) B-module with
action denoted by “”. Then C' is a right (resp. left) B-module K-coalgebra if
for b € B, c € C, it satisfies

Ac(e-b) = (cay-bu) @ (¢ - b)) and eo(c-b) = eo()ep(b) = ep(b)ec(c)
(e;b)

(resp. Ac(b-c) =Y (bay - ca) ® (b - cz) and ec(b-c) = ep(b)ec(c)).
(bye)

Let C,C" be K-coalgebras. A right (resp. left) B-module K-coalgebra
homomorphism from C to C’ is a K-linear map ¢ : C' — C’ which is both a
coalgebra and a right (resp. left) B-module homomorphism.

Definition 3.2.3. Note that there is a right (resp. left) B-module structure on B*
defined as (f < a)(b) = f(ab) (resp. (a — f)(b) = f(ba)), for a,b € B, f € B*.
The action < is called the right (resp. left) translate action. For a € B, f € B*,

the element f < a is the right (resp. left) B-translate of f by a. Moreover,
f~=B={f~<b:beB}(resp. B— f={b— f : be B})is asubspace of B*.
Proposition 3.2.4. The right (resp. left) translate action endows B* with the
structure of a right (resp. left) B-module algebra.

Proof. In order to prove that B* is a right B-module algebra, we need to show three
things. Firstly, we see that B* is a K-algebra. Indeed, since B is a bialgebra, it is a
coalgebra, and by Theorem 2.3.2, B* is an algebra. Secondly, we show that B* is a
right B-module. Indeed, B* is a right B-module with vector addition given by the
vector addition as a dual vector space and scalar multiplication given by the right
translate action .

Finally, we see that the right translate action satisfies
(fg = a)(b) = (Z(f —am)(g — a(2))> (b) and (1p- < a)(b) = (1p-ep(a))(b).
(a)
On the one hand, for f,g € B*, a,b € B, we have

(fg = a)(b) = (fg)(ab) = mp-(f ® g)(ab) = AR(f © g)(ab) = (f @ g)Ap(ab) =

= (f ® 9)Ap(a)Ap() = (f®g) ( Y am® a(z)) (Z ba) ® b(z)) =
(a) (®)
=(f® 9)(2(1(1)5(1) ® a(z)b(z)) = flambay)gla@be) =
(a,b) (a,b)
=Y (f = a@)b)(g = a@)(bey) = > ((f — am) ® (9 = ag)) (o) ® b)) =

(a,b) (a,b)

— (Z(f —am) ® (g a(2))> <%:b(1) ® b(2)) _

(a)
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= (Z(f —ag) ® (g CL(z))) Ap(b) =

(a)

= AE(Z(f —aq)) @ (g — a(z))) (b) = (ZA*B((f —am)) ® (9 a<2)))) (b) =

(a) (a)

(me (F = aw) @ (9 aw) ) 0) = ( 20 = a)ls = aw) ) ),

(a)

On the other hand, recall that multiplication map on B* is a K-linear map
Ap« : K* =2 K — B* defined as

r1p+(D) (Def. multiplication map)
Ap«(r)(b) =
e5(r)(b) = rep(b) (Theorem 2.3.2)
Thus, we have that
Ap(lx) = 1p = €5 (3.1)

Hence, for a,b € B, we have

(g — a)(b) = 1p-(ab) = ep(ab) = ep(a)ep(d) = 1p-(a)ep(d) = (1p-(a)ep)(D).

(3.1) (3.1)

We conclude that B* is a right B-module algebra. U

3.3 Duality

Finally, we prove the main result of this chapter, which sets that if B is a bialgebra,
then its finite dual B° is also a bialgebra. In order to do it, we need the next lemma
(we are not going to prove it) and the following remark.

Lemma 3.3.1. Let B be a K-bialgebra and let f € B*. Then the following state-
ments are equivalent:

1. dim(f — B) < o0
2. f e B°.

Remark 3.3.2. Let A be a K-algebra. For f € A* the following equation holds
Na(f) = f(1a) (3.2)
Indeed, for r € K, f € A*, we have

Ma(F)(r) = fQa(r)) = f(rla) = rf(1a) = f(Aa) r = (f(1a))(r).
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Theorem 3.3.3. If B is a K-bialgebra, then B° is a bialgebra.

Proof. Recall that B is a K-vector space with maps mpg, A\g, Ap, €p satisfying
that (B, mp, Ag) is a K-algebra, (B, Ap,ep) is a K-coalgebra, and Ap, e are K-
algebra homomorphisms.

Firstly, we see that B° is an algebra. We need to construct a multiplication
map mpo and a unit map Ag.. Since B is a coalgebra, by Theorem 2.3.2, B* is an
algebra with multiplication mp« = A%|p+ep+ and unit Ag« = eh|p-. We start with
multiplication. Since B° C B*, mpg-« restricts to a K-linear map

mpge : B°® B° — B*
f®g = mp(f®g)=mp(f®g)=fg

We show that mp.(B° ® B°) C B°. Since B is a bialgebra, by Proposition 3.2.4
the right translate action < endows B* with the structure of a right B-module
algebra, and so, the following equation is satisfied

(fg = a)(b) = (Z(f —am)(g — a(g))> (b), ¥V f,g € B, a,b€ B.
(a)

In particular, it holds for f,g € B°. Thus fg — B C span((f — B)(g — B)),
for all f,g € B°. By the previous lemma, we have

f,g € B° = dim(f «— B) < co,dim(g — B) < 00 =
= dim(span((f < B)(g — B))) < oo = dim(fg <~ B) < 0o = fg € B°.
Therefore, mp. (B°® B°) C B°. Moreover, mpo satisfies the associative property
since mp+ does.
We continue with unit. Set Ago = Ag+, which is K-linear

Ago: K — B*
r = Age(r) = Ap«(r) =el(r) =rep

We show that Ago (K) C B°. Since Ags(r) = rep, for all r € K, it remains to see
that ep vanishes on some cofinite ideal. Indeed, since eg : B — K is a K-linear,
ker(ep) is an ideal of B. ep clearly vanishes on ker(eg) and ker(ep) is cofinite

B/ker(ep) =2 im(ep) C K = dim(B/ker(eg)) < dimg(K) =1 < 0.
Hence, Ago(K) C B°. Moreover, Ag. satisfies the unit property since Ag+ does.

Secondly, we show that B° is a coalgebra. Indeed, since B is an algebra, by
Theorem 2.3.11, B° is a coalgebra with multiplication map Ag. = mj|p. and
counit map ego = Ay pe.
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Finally, we see that Ag. and eg. are K-algebra homomorphisms. We have to
check that they both satisfy the two conditions of Remark 3.1.2. We start with
comultiplication Ag. : B® — B° ® B°. We need to show that it satisfies

ABo(fg) = ABo(f)ABo(g) and ABO()\BO(T')) =T 1B° X 1B°'

First of all, observe that, since B is a coalgebra, by Definition 2.2.23, B ® B is
also a coalgebra. Moreover, since we have already seen that B° is an algebra, by
Definition 2.2.11, B°® B° is an algebra too. Therefore, the following equation holds

Apep = Mpegpe (3.3)
Indeed,
Mpegpe = (Mpe @ Mpe)(Ige @ Tpegpe @ Ipo) =

o) (mp @ mp-)(Ip+ @ Thep ® Ip) = (A @ AR) (I} @ Thep @ I) =
= (Ap® Ap)*(Ip® e @ Ip)" = ((Ip ® Tpep ® Ip)(Ap ® Ap))" = Ajgp.
On the one hand, for f,g € B°, a,b € B, Apo(fg) = Apo(f)Ap-(g) holds:

Ape(£9)(a @) = Apo(me(f @ 9))(a @) = m(mp-(f © g))(a® b) =

= mpe(f @ g)mp(a ®b) = mpe(f ® g)(ab) = Ap(f @ g)(ab) = (f © g)Ap(ab) =

— (f © 9)As(0)As(b) = (f & ) (Za ® g )(Zb Db -
=(f® 9)(2%)5(1) ® a(2)b(2)) =" flambw) glapbe) =

(a,b) (a,b)

= Z f(mp(aq) ® b)) g(mp(ap) @ b)) =
= mp(f)an) @ ba)) my(9)(ae) @ be) =

= Z Ape(f)(ap) @ bay) Ape(g)(a@) @ be) =

— (ABo(f> X ABO (g))(IB RTXR IB)(ZG/(I) & CL(Q) & b(l) (29 6(2)) =
(a,b)

— (A5 () © Ape(9))(I5 © 7 ® ) [(Z @ ap )(Zb Sho)| =

= (Apo(f) ® Apo(9)(Ip ® T ® Ip)(Ag(a) ® Ag(h)) =
= (Ape(f) ® Ape(9))(Up @ 7@ Ip)(Ap ® Ap)(a®b) =
= (Ape(f) ® Ape(9))Apep(a ®b) = Apyp(Ape(f) ® Ape(g))(a ® ) =

=, eene (B () ® Ape(9)) (0 ©15) = (Ap:(/)Ape(9))(a 0 b).
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On the other hand, for r € K, a,b € B, Ages(Apo(r)) =7 1po ® 1po holds:

Ape(Ape(r))(a®b) = mp(Ape(r))(a ®b) = (Ape(r))mpla ®b) =
= Apo(r)(ab) = Ap«(r)(ab) = ei(r)(ab) = rep(ab) = reg(a) ep(b) =

o rlp«(a)lp-(b) = rlpe(a)lpe(b) = r(lpe @ 1po)(a @ D).

We finish with counit ego : B® — K. We need to show that it satisfies

epo(f9) = epo(f)epo(g9) and epo(Ape(r)) =r.
On the one hand, for f,g € B°, r € K, ep-(fg) = €p-(f)ep-(g) holds:

epe(f9)(r) = epe(mpe(f ® g))(r) = Ap(mp-(f ® 9))(r) =
= (mpe(f ® g))Ag(r) = (mp-(f ® 9))(rlp) = r(mp-(f @ 9))(1) =
=r(mp-(f®g))(1p) =r(A(f @ 9))(18) = 7(f ® 9)(As(15)) =
=r(f®g)(lp®@ 1) =rf(1p)g(lp) = rAL(f)As(9) =

(32

=repe(fepl9) | 5. (e (e (9))(r).
On the other hand, for r,s € K, ego(Ag-(r)) = 7 holds:
e (Ape(r))(s) = Ap(Ase(r))(s) = (Ape(r))Ap(s) =
( o(r))(s15) = 5(Ape(r)) (1) = s(Ap-(r))(15)

= s(e(r))(1g) = srep(lp) = srlx =rs (K§ r(s).

Therefore, we conclude that B° is a K-bialgebra.
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4 Hopf algebras and Hopf Galois extensions

In this chapter, we introduce the notion of Hopf algebra. We prove an important
result, which states that if H is a finite dimensional vector space, it is a Hopf algebra
if, and only if, its linear dual is a Hopf algebra too. Then, we see that there is a Hopf
algebra isomorphism between the dual of the group algebra K|[G| and the algebra
of functions O(G). Afterwards, we give a characterization of Galois extensions in
terms of K |G| and use it to define Hopf Galois extensions. Finally, we discuss a
basic example.

4.1 Hopf algebras

In this section, we introduce Hopf algebras, which are bialgebras with an additional
map called the coinverse, and give some initial examples. We define convolution, a
binary operation on linear transformations, and use it to show that the coinverse is
an algebra anti-homomorphism and a coalgebra anti-homomorphism. Afterwards,
we define Hopf ideals and discuss quotient Hopf algebras and Hopf algebra homo-
morphisms. We also prove that if H is finite dimensional, it is a Hopf algebra if,
and only if, H* is also a Hopf algebra. Ultimately, we see that the Hopf algebras
K[G]* and O(G) are mutually dual.

Definition 4.1.1. A K-Hopf algebra is a K-bialgebra H = (H,mpg, Ay, Ay, en)
together with a K-linear map oy : H — H that satisfies the following condition:
forall h € H,

that is, using Sweedler notation,

> haoulhe) = Cuen)(h) = en(h)ln =Y oulha)hp) (4.2)
() (h)

Equivalently, the following diagram commutes

IR0
HoH P  HeH
€ A
H il K il H
og X1
H®H H= " HeH

The map oy is called the coinverse (or antipode) and Condition (4.1) is the
coinverse (or antipode) property.

34



A K-Hopf algebra H is commutative if it is a commutative algebra; H is
cocommutative if it is a cocommutative coalgebra. A K-Hopf algebra that is
neither commutative nor cocommutative is a quantum group.

Example 4.1.2. The field K is a commutative and cocommutative K-Hopf algebra
with coinverse map oy : K — K defined as ox(r) = r = Ix(r). It is called the
trivial K-Hopf algebra.

Example 4.1.3. Let G be a finite group. From Example 3.1.5, K[G] has the
structure of a cocommutative bialgebra. Hence, K[G] is a cocommutative K-Hopf
algebra with coinverse map ogg : K[G] — K|G] determined by oxg(g) = g~ It
is called the group Hopf algebra. It is commutative if, and only if, G is abelian.

Example 4.1.4. Let K[z] be the polynomial bialgebra with z primitive (Example
3.1.7), which is commutative and cocommutative. Hence, K[z] is a commutative
and cocommutative K-Hopf algebra with coinverse map ok, : K[r] = K[z] deter-
mined by oy (2') = (=), for i > 0.

Remark 4.1.5. The polynomial bialgebra with x grouplike (Example 3.1.6) can
not be endowed with the structure of a K-Hopf algebra.

In many ways, the group ring K[G| of Example 4.1.3 is the canonical exam-
ple that is generalized to the concept of Hopf algebra. Clearly, one has that
oK) © 0k[q) = IKk[q), so the coinverse of K[G] has order 2. We wonder whether we
can generalize this result (we can not). However, we will see that there are some
properties of Hopf algebras that guarantee that its coinverse map has order 2.

Definition 4.1.6. Let C be a K-coalgebra and A be a K-algebra. Let Homg (C, A)
denote the collection of K-linear maps ¢ : C' — A. We can define a multiplication
on Homg (C, A) called convolution: for f, g € Homg(C, A), c € C,

(f*9)(c) = (ma(f @ g)Ac)(c Zf cw)g(ce) (4.3)

Proposition 4.1.7. Let C' be a K-coalgebra and let A be a K-algebra. Then
Homg (C, A) together with * is a monoid.

Proof. We show that the three axioms for a monoid hold. Firstly, we see that * is an
internal binary operation. Indeed, clearly fxg=mao(f®g)oAc € Homg(C, A).
Secondly, we see that x is associative: for f,g,h € Homg(C, A), ¢ € C, we have

(f*(g*h)) (4 g Z fleay)(g = h)(c) bt Z Flew) D aleoyy)hlem) q) =

(C(z))

Z fle)gle@g))h Zf )h(ce)) o)

(eyeq2y)

=Y S cwy )9 ZZ fle ) hle) =

(e,e1y) () (ey)

b Z «g)(cay)hle@) = ((f *g) *h)(c).
()

(4.3)
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Finally, we show that A 4o0e¢ is the left and right identity element in Homg (C, A):
for ¢ € Homg (C, A), ¢ € C, we have

(Aagc * ¢)(c) 5 %( agc)(c))d(ce) Z a(ec(e)) dler)
= ec(emy)Aa(l ec(emy)l c €

> ecleay)rall) = ecleay)la o (2) Z c(c

() (©) eA €K

= QS(Z&?C(C(D)C(Q)) ( = ¢(C) = gb ¥ \gec = gb
(c)

2.10)

A similar calculation yields Ajec * @ = ¢. Thus, we have obtained that
L (Hom (C,A),x) = A4 © EC (4.4)

Therefore, we conclude that (Homg (C, A), *) is a monoid. 0

Proposition 4.1.8. Let H be a K-Hopf algebra and let Homy (H, H) be the monoid
under convolution x. Then oy x Iy = Ageg = Iy *xoy. In other words, o s a left
and right inverse of Iy under *.

Proof. Since H is a K-Hopf algebra, H is both an algebra and a coalgebra. Thus,
by the previous proposition, one has that 1(gom (#,m),«) = Anen (4.4).

We see that oy is a left and right inverse of Iy under *: for h € H, we have:

(4:3) ([H*O'H)(h) = og* g = Ageg = Ig *xopg.

Therefore, we conclude that o is a left and right inverse of Iy under . ]

Convolution can be used to show that the coinverse map is an algebra antihomo-
morphism and so to set that the coinverse is an algebra homomorphism whenever
the Hopf algebra is commutative.

Proposition 4.1.9. Let H be a K-Hopf algebra with coinverse map op. Then the
following properties hold:

1. og(ab) = ogy(b)oy(a), for all a,b € H,

Proof. Firstly, we see that og(ab) = og(b)og(a). Since H is a Hopf algebra, it is a
coalgebra, and so H® H is also a coalgebra (Definition 2.2.23), with comultiplication
Apen = (In®@7@1)(Ap®@Ay) given by Apen(a®b) =37, ) aq)®ba)@a(2) @b
and counit epgy defined as eggu(a ® b) = ey(a)ey(b). Moreover, since H is
a Hopf algebra, it is an algebra, so we consider Homy(H ® H, H). Recall that
AaEreH = L(Homy (HaH,H)«) (4.4). Note that my € Homg(H ® H, H).
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We define two additional elements of Homy(H ® H, H) as follows:

ogmepg H®H — H
a®b +— oy(ab)

¢p=mylocg@oyg)T: HRH — H
a®b — O'H(b>O'H(CL)

Note that, if we prove ¢ = ogmpy, we have already finished. In order to show it,
we will see that the following equations hold

My * ¢ = AgEngn = ¢ * my (4.5)
My * OgMmyg = A\HEHoH = OHME * My (4.6)

On the one hand, we prove (4.5): for a,b € H, we have

(mu * ¢)(a®Db) i mu(my ® ¢)Apgr(a®b) =

:mH(mH®¢)(Z ) ® b1y ® ag) ®b>

(a,b)

- ( > mp(ap) @ b)) @ dlap) @ b(z)))

(a.b)

—mH(ZG 1) ® on( <))0H(a<2))) =
= ambmyou(be))on(ae) = a 1)(Zb<1>UH )UH(CL@)):
(a:b)

(a)
Q) €H(b) ]-H O'H<a(2)) = €H(b> Z (1)O'H(CL(2)) —2 €H(b) EH((I) 1H =

(4.2) N~~~
(a) eK cH (a) eK €K

= €H(CL)€H(b)1H = €H®H(CL &® b)lH = )\H(5H®H(a &® b)) = ()\H&TH@H)(CL X b)

(1.2)

A similar calculation yields ¢ x my = Ageggn, and so (4.5) holds.

On the other hand, we prove (4.6): for a,b € H, we have

(my *ogmpy)(a ® b) o my(mu @ ogmy)Agew(a

(a,b)

= mH(ZmH(a(l) ® b(l)) ® (O'HmH

(a,b)
—mH(Za 1) ®ou(a > Za a@ybe) = en(ab)ly =

=en(a ) (b)lH =cengn(a®@b)ly = AH(€H®H( ®b)) = (Auenen)(a D).

= mu(my ® ocgmpy) (Zau) ® by ® a) @ b) >

A similar calculation yields cympy * my = Agepgm, and so (4.6) holds.
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Now, from (4.5) and (4.6), we obtain
mpy * ¢ =my*xogmyg = ¢* (Mg *x¢) = ¢* (my xogmpy) =
= (pxmy)*xp=(pxmy)*xogmy (ﬁ) AHEHGH * @ = NHEHoH * OgMy =

(i) L(Homy (HoH,H) %) ¥ @ = L(Homg (HoH,H)x) ¥ OHME = ¢ = oM.

Finally, we show that oy (1y) = 1g. Indeed,

ly=1lyp =exg(lp)ly (421) mu(Iy @ og)Au(ly) =

=mpg(lg®@og)lyg@1y) =my(lg ®og(ly)) =lgpou(ly) = og(ly).

Therefore, we conclude that oy is an algebra antihomomorphism. U

Corollary 4.1.10. Let H be a K-Hopf algebra with coinverse map og. If H is
cocommutative, then % = Iy (that is, og has order 2).

Proof. Since H is cocommutative, the equation TAy = Apg holds. We consider
Homy (H, H) endowed with convolution *. Note that oy, 0%, I and Agey are all
elements of Homy (H, H). Thus, for h € H, we have

(og * 0%)(h) b my(og @ o?)Ax(h) = my(og ® o%)TAg(h) =

=myg(og ® G%I)T<Z h1) ® h(2)) = my(on ® o) ( Z h2) ® h(1)> =
(h) (h)

= mH(Z ou(hz) @ UH(UH(h(l)))) = oulhe)on(on(hay)) =
(h) (h)

Prop 11 1)ZUH(UH( W)he) m(%):cm( m) (2>>

(h)

i oH(&J(/@ ly) =en(h)on(ln) (Prop 109, 2) eg(h) 1y =
K €K
= Au(en(h)) = (Amen)(h) = on x 0f = Agen i L(Hom e (11,1) %)

On the one hand,
Iy (o % o) = T % Loy (51,10),%) = Tn-
On the other hand,

In*(og*xo) = (Igxoy)*oy Frosi1s) (Auew) * 0% b L (Hom e (H,H) ) * T4 = 05

Therefore, we conclude that Iy = o%. U
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Analogously, convolution can be used to show that the coinverse map is a coalge-
bra antihomomorphism and hence to state that the coinverse is a coalgebra homo-
morphism whenever the Hopf algebra is cocommutative (we are not going to prove
this because the proofs are very similar to the previous ones).

Proposition 4.1.11. Let H be a K-Hopf algebra with coinverse map og. Then the
following properties hold:

1. 7(og ®og)Auy = Agoy,

2. EHOH — €H.

Corollary 4.1.12. Let H be a K-Hopf algebra with coinverse map og. If H 1is
commutative, then 0% = Iy (that is, oy has order 2).

Definition 4.1.13. Let H, H' be K-Hopf algebras. Since H and H’ are bialge-
bras, H ® H' is a bialgebra (Definition 3.1.8). Therefore, the tensor product of
Hopf algebras H ® H' has the structure of a K-Hopf algebra with coinverse map
defined as

O-H(X)H’: H@Hl — H@H,
a®b — (ocp®oy)(a®b)=ocg(a)® oy (b)
Definition 4.1.14. Let H be a K-Hopf algebra. A subspace I C H is a Hopf ideal
of H if it is a biideal that satisfies oy (1) C I.

Proposition 4.1.15. Let H be a K-Hopf algebra and let I be a Hopf ideal of H.
Then the quotient space H/I is a K-Hopf algebra.

Proof. By Proposition 3.1.10, H/I is a K-bialgebra. Recall that multiplication is
defined as mp/([a]; ® [b]r) = [ab];, unit is given by Ag/r(r) = [Au(r)]r, comul-
tiplication is defined as Agyr([h]r) = > ¢ [hlr ® [h)]r and counit is given by
eny1([hlr) = €m(h). So, we need to define a coinverse map oy which satisfies the
coinverse property. The following diagram illustrates the idea of the proof:

.,

H/I
H/I > H/I

Since [ is a K-Hopf ideal, oy () C I, and considering the canonical surjection
w1 — HJI as K-vector spaces, oy induces a K-linear map oy, : H/I — H/I
defined as op/1([h]1) = [or(h)];. We see that op; satisfies the coinverse property:
for [h]; € H/I, we have

muyr(omr @ Tnyr)Amyr([Rlr) = mu(onr ® Ingr) (Z[hu)]l ® [h(2>]1> =
()

= mH/I(% om/r([haylr) ® IH/J([h(z)]I)) =My ( Z[UH(h(l))]I ® [h(z)]1> =

(h)
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=Y [oulha))helr = oa(hwy)he| = lea(h)lalr =cun(h)[lulr =
(h) {% ]f "2 ek

=ex(P)lur = eayr((P )1 = muyr(omr @ Iar) Au([Rlr) = er([Rlr) Layr.

Similarly, one has my/1(Ig/r @ o) Au/i([h]r) = enyi([R]1)1m . Therefore, we
conclude that H/I is a K-Hopf algebra. O

Definition 4.1.16. Let H be a K-Hopf algebra and let I be a Hopf ideal of H. The
K-Hopf algebra H/I of the previous proposition is the quotient Hopf algebra of
H by I.

Definition 4.1.17. Let H, H' be K-Hopf algebras with coinverse maps oy, og
(resp.). A K-Hopf algebra homomorphism from H to H' isamap ¢ : H — H’
that is a K-bialgebra homomorphism and verifies ¢(oy(h)) = og/(¢(h)), for all
h € H. A K-Hopf algebra homomorphism that is injective and surjective is a
K-Hopf algebra isomorphism.

Now, we prove one of the main results of this section.

Theorem 4.1.18. Let H be a finite dimensional K-vector space. Then H is a
K-Hopf algebra if, and only if, H* s a K-Hopf algebra.

Proof. Since H is finite dimensional, by Proposition 2.3.6, H° = H*. Since H is a
Hopf algebra, it is a bialgebra, and by Theorem 3.3.3, H* is also a bialgebra. So
we need to define a coinverse map oy« which satisfies the coinverse property. We
consider the transpose of oy, o} : H* — H*, which is a K-linear map defined as

oy(f) = foon. Set oy« = o};.

Observe that if we dualize the commutative diagram of the definition of the
Hopf algebra H, we obtain the commutative diagram of the definition of the Hopf
algebra H*

H®H Ho H

[H* ®UH*

m/ \AH*
H K H
/\H* EHx
H®H H® H

Conversely if H* is a K-Hopf algebra, by the argument done before, H** = H is
a K-Hopf algebra. O

Now, we are going to do the scalar extension of a Hopf algebra, which will be
useful later on. But first of all, we need to observe the following things.
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Remark 4.1.19. Let L|K be a field extension and let V' be a vector space over
K. Since L is a K-vector space too, V ®g L is clearly a K-vector space. Moreover,
V®pg L is an L-vector space with scalar multiplication defined as A(v®@ 1) = v@ g Ar,
forall A € L, v®gr € V®g L. Hence, if f : V7 — V5 is a K-linear map, then
fRI,:Vi®k L — Vo ®k L is an L-linear map.

Lemma 4.1.20. Let L|K be a field extension. Let Vi be a K-vector space and let
Vo be an L-vector space. Then there exists a K-vector space isomorphism

(Vi®k L)@ Vo 2 Vi @k (L& Va) (4.7)

Proof. Recall that, by the previous remark, Vi ® ¢ L is an L-vector space. For every
vy € Vi, there is an L-bilinear map f,, : L x Vo — (V} ®k L) ® V5 defined as
fo, (ry09) = (V1 ®K 1) ® va. Thus, by the definition of tensor product, there exists
an L-linear map fv1 as follows

for
L x Vs — Vi®kx L)®L Vs
wn fvl 7
L®r Vs

Furthermore, there is a K-bilinear map h : Vi x L ®p Vo — (V1 ®x L) @1 Vs
given by h(vi,a) = f,,(a). Thus, by the definition of tensor product, there exists

a K-linear map h as follows

Vi x L®r Vs (V1®KL)®LV2

w Y

Vi ®k (L®r Va)

1%
LS

Since the elements of the form v; @k (r ®1 v2) generate Vi @k (L @1, V2) and

the elements of the form (v; @k r) ®, vy generate (V; @ L) &y, Vs, h is a K-vector
space isomorphism, and we conclude that (V} @k L) @ Vo 2 V) @k (L& V). O

Proposition 4.1.21. Let H be a K-Hopf algebra and let L be a field extension of
K. Then H ®k L is an L-Hopf algebra.

Proof. Note that by the associativity of tensor product, we have

(Herg L)®, (Hox L) = Heg (L®, (HRxL))=
L_/—/ (4.7) L_tf_/
—vector space —vector space

(2%11) H®kg(H®k L) = (H®x H)®K L.

By construction, this is a K-vector space isomorphism (Lemma 4.1.20), but
furthermore, it is an L-vector space isomorphism (Remark 4.1.19). Now, we define
multiplication, unit, comultiplication, counit and coinverse maps:
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1. MHQL - <H®K L) (= (H R L) = (H KK H) ®KL — H®KL is defined as
MugrrL = myg ® I,

2. /\H®KL L= (K R L) — H ®p L is given by )\H®KL = /\H ®IL,

3. AH@;{L : H®KL — (H@K L) X (H@K L) = (H@K H) ®KL is defined as
Angir = A ® 11,

4. egg,r : H®x L — L is given by epg,r =en ® I,

5. opgir : H @k L — H Qg L is defined as opg, = o ® I.

By definition, they are K-linear maps, but furthermore, they are L-linear maps
(Remark 4.1.19). It is easy to check that they satisfy multiplication, unit, comul-
tiplication, counit and coinverse properties, respectively, since my, Ay, Ay, €q, 0
do. Hence, we conclude that H ®x L is an L-Hopf algebra. O

We close this section with an example of a dual Hopf algebra.

Proposition 4.1.22. Let G be a finite group. There exists a K-Hopf algebra iso-
morphism between K[G]* and O(G) = K% ={f:G — K}.

Proof. We start considering O(G) with basis {e, : g € G}, where e4(h) 1= dgp.
Note that O(G) is a K-vector space with operations defined from those of K. We
define multiplication, unit, comultiplication, counit and coinverse maps:

L. mo(e) : O(G) ® O(G) = O(G) is determined by mo(e)(eg ® en) = 04164, that
is, mO(G)<€g ® eh)(f) = gJLeg(f) = g,h(sg,fQ

2. o) : K — O(G) is defined as Aog)(r) = Y _ rey, that is, Ao (r)(g) = 7;

geG

3. Ao : O(G) = O(G) ® O(G) is determined by Ao (eq) Z Cu ® €y,

uv=g
that iS, A@( ( h1 & hg Z €u h,l ev hg Z 6u 1 vh2 = ghth;
uv=g uv=g
4. cow  O(G = K* is determined by co)(ey) = 0g1,, that is,

co(c)(eg)(r) = 7"59 las

5. 0o (’)(G) O(G) is determined by oo()(eg) = eg4-1, that is, co)(eg)(h) =

It is easy to check that they satisfy multiplication, unit, comultiplication, counit
and coinverse properties, respectively. Hence, O(G) is a K-Hopf algebra.

Now, we consider the K-Hopf algebra K[G| (Example 4.1.3), with multiplication
defined as mgg) (g ® h) = gh, unit given by Ag(g(r) = rlg, comultiplication de-
fined as Agq(9) = g ® g, counit given by ek(q(g) = 1k, and coinverse defined as
okic)(g) = g~'. Its canonical basis is B = {g: g € G}.
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We consider its linear dual K[G]* = {K[G] — K linear}. The dual basis of B is
{w? : wI(h) = 64p, for g € G}. The map sending e, to w9 is a K-vector space
isomorphism from O(G) onto K[G|*. Thus, from now on, we identify both of them
by means of this isomorphism.

Recall that, since K[G] is finite dimensional as a K-vector space, by Remark
2.3.9, (K[G]®K[G])" = K[G]"®K[G]". So, it remains to show that mj = Ao(q)
)‘;([G] = €0(G)s A;([G] = Mo@a), 5;([G] = Ao and U}}[G] = 0o(q)- Indeed,

L miyq « K[G]" = K[G]" @ K[G]", mjgq)(w9) — w? o myq) satisfies

M (e (@) (h1 ® ha) = w(mgc(h1 ® ha)) = w9 (hihs) =
= Ogmhs = Do) (eg) (h1 © ha);
2. /\;([G] : K[G]* — K= K", /\;([G’] (Wg) = w o )\K[G] satisfies
N (W?)(r) = wI(Ak(e)(r)) = wi(rle) = rwi(le) = rdg1, = co(c)(eg)(r);
3. A;([G] : K[G]*®K[G]* — K[G]*v A;([G} (wg®wh) = (Wg®wh) OAK[G] satisfies
Ak (@ @ W)(f) = (W @ w")(Akig(f) = W @w)(fe f) =
= wI(f) @ W"(f) = 0g,10n,5 = Ogndg,r = Mmo(c)(eg @ en)(f);
4. 5*K[G] ' K — K[G], é‘*K[G] (r) = TEK[G satisfies
exia)(r)(9) = reke(9) = rlx =1 = Ao (r)(9);
S5 Ok K[G]" — K[GT, OKIG] (w9) = w9 o ok satisfies

ki (W) (h) = W (okig(h)) = w(h™") = dgn-1 = 04-1.n = do(c) (€g) (R).

Therefore, the Hopf algebras K[G]* and O(G) are mutually dual. O

4.2 Hopf Galois extensions

In this section, we prove that L is a Galois extension of K with group G if, and
only if, it is a Galois K[G]-extension of K. This leads us to define Hopf Galois
extensions and to give the fundamental theorem of Hopf Galois theory. Finally, we
give a typical example of a Hopf Galois extension which is not Galois.

Let L be a finite field extension of K. Let AutyxL denote the group of field
automorphisms of L that fix K elementwise and let G be a subgroup of AutgL.
Recall that K[G] is a K-Hopf algebra (Example 4.1.3).
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Observe L is a left K[G]-module with scalar multiplication given by

(Zagg) -x:Zagg(x), forall a; € K, x € L.

geG geG
Proposition 4.2.1. Let L|K be a finite extension and let G be a subgroup of Auty L.
Then L is a left K[G]-module algebra.

Proof. Recall that K[G] is a K-Hopf algebra (Example 4.1.3), with comultiplication
defined as A(g) = g ® g, and counit given by £(g) = 1x. Recall also that L is an
algebra (Example 2.2.6) and a left K[G]-module. We need to prove that, for all
h € K|G],z,y € L, it is verified

he(wy) =Y (hay-@)(he-y) and  h-1,=e(h)lp,
(h)

Let h = Z aqzg, x,y € L. Note that
geG

A(h) = A(Z%Q) =Y a,9®g=Y ha)®he = ha) = a9, ho) = g.

ge@ geG (h)

On the one hand,

he(zy) = (Z agg) Say) = agg(ry) = agg(x)g(y) =

9€G geCG geG
=> a,(g-2)(g-y) =D (agg-2)(g-y) =D _(hay - 2)(he) y).
geG geG geqG

On the other hand,

hlp = (Zagg) A=) ag9(1) =) agl, = (Zag> 1, =e(h)1,.

geG geqG geqG geqG

We conclude that L is a left K[G]-module algebra. O

Now, we give a characterization of Galois extensions. First of all, we need the
next lemma.

Lemma 4.2.2. The elements of G form a linearly independent set of vectors over L.

Proof. Since L|K is a finite extension and G < AutgL, then G is finite, so we
write G = {g1,...,9.}. Reduction to absurdity. If {gi,...,g,} is not linearly

independent over L, there exists a smallest positive integer m € {1,...,n}, a set of
distinct integers iy, ...,4, € {1,...,n} and non-zero coefficients ay, ..., a, € L for
which

a9, + -+ angi, =0 (4.8)
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Since ¢;, _, # ¢, , there exists a non-zero element y € L such that g; _ (y) #
g, (y), and so g;, (y) # 0. Now, note that, for any = € L, we have

a19i, (Yyr) + -+ + am-19i,,_, (YT) + amgi,, (yr) =0 =
= a19i, ()96, (%) + -+ am-19ip, 1 (Y) Giro_1 (T) + amGi,,, (¥) i, () = 0 =
= 19, (Y)gi, + -+ @191 (Y)Gir_s + G, (¥) i, = 0,

and so,
a19i,(Y) 9 + - + Wm1Gir, (V) Girn_y + Wi, (Y)Gir, =0 (4.9)

Now, dividing (4.9) by g;,,(y), which is non-zero, one has

AC) Gt s Gim—(Y)
i ()

and substracting (4.8) gives

(CL 9iy (y) . al) i, 4.4 (aml gim_1<y) — am1> Gi1 = 0

1
Gir (Y) , Gir (Y) .
€L €L

Finally, by hypothesis, a,,_1 # 0, and since ¢g;,,_,(y) # g, (v), Jim 1 V) # 1.

Gim ()
Thus, we obtain a,,_1 gl;“zy(;“l) — a,_1 # 0, and so we have a contradiction of the
minimality of m. Therefore, we conclude that G is linearly independent. U

Since the field L is a K-vector space, we consider Endy L = Homg (L, L), which
is a K-vector space with addition defined pointwise as (¢p+v)(x) = ¢(x)+ ¢ (x), and
scalar multiplication given pointwise by (r¢)(x) = r¢(zx), for ¢,v € Homg (L, L),
re K,z € L. Since G < AutgL, GG is a subgroup of Endx L. Hence, there is a
K-linear map

v: L®g K[G] — EndgL
r®g = plr®g): L — L
y = plr®g)(y) =2(9-y) =29(y)

Theorem 4.2.3. Let K be a field of characteristic 0. Let LI K be a finite extension
and let G be a subgroup of AutxL. Then the map ¢ : L ®x K[|G| — EndkL is a
bijection if, and only if, L is a Galois extension of K with group G.

Proof. Let G = {g1,...,9n}. Suppose that G = Gal(L|K). We need to show that
¢ is a bijection. Firstly, we see that it is an injection. It suffices to prove Ker(p) = 0.

Indeed, let Z a;g; € K[G], z,y € L, and suppose

90(56 ® gaigz> (y) = fc(g;aigi : y) = x(gaigi(y)> = Zz;:xaigi(y) =0.
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By Lemma 4.2.2, {g1,...,g,} is linearly independent over L. Thus za; = 0, for
all i € {1,...,n}, and so z = 0 or a; = 0, for all ¢ € {1,...,n}. Consequently

T ® Z a;g; = Z(x ® a;g;) = 0. Therefore Ker(¢) = 0, and so, ¢ is injective.
i=1

i=1

Finally, to see that ¢ is a bijection, it suffices to show that dimy (L @k K[G]) =
dimg (Endg L). Indeed, since G = Gal(L|K), we have |G| = [L : K] = dimgL.

On the one hand, dimg(Endg L) = (dimg L)?. On the other hand,

All in all, dimg (L @k K[G]) = dimg(Endg L), and so, ¢ is a bijection.

Conversely, suppose that ¢ is bijective. We need to show that G = Gal(L|K).
Since ¢ is a bijection,

= |G| =dimgL =[L: K| = |G| =[L: K.

By the primitive element theorem, there exists a € L such that L = K(a),
with P(z) = irr(a, K) of degree [L : K]. We see that L|K is Galois, that is, it
is normal and separable. Since char(K) = 0, L|K is separable. Since L = K(«)
and G < Autg L, the elements of G are determined by the image of . Moreover,
since |G| = [L : K] = deg(P(z)), every root of P(x) is the image of a by some
automorphism of G. Thus, each element of G moves « to some distinct root of
P(z), and so L is the splitting field of P(x) over K. Hence, L|K is normal, and
therefore, it is Galois, that is, Autx L = Gal(L|K).

By hypothesis, G < Autx L = Gal(L|K), and since |Gal(L|K)| = [L : K] = |G|,
we conclude that G = Gal(L|K). O

The previous theorem motivates the notion of a Hopf Galois extension. We just
need to replace K[G] with a K-Hopf algebra.

Definition 4.2.4. A Hopf Galois extension with K-Hopf algebra H is a finite
field extension L|K with a K-Hopf algebra H such that L is a left H-module algebra
and ¢ : L @k H — EndgL, defined as ¢(x @ h)(y) = x(h - y), is a K-vector space
isomorphism. The action of H on L is called Hopf action, and the pair of the
Hopf algebra H with the Hopf action is called Hopf Galois structure on L|K.

Remark 4.2.5. If L|K is a Hopf Galois extension of degree n, then the K-Hopf
algebra H has dimension n: indeed, since ¢ is an isomorphism,

dimg (L @ H) = dimg(Endg L) = n dimg H = n* = dimgH = n.

Remark 4.2.6. Whereas a Galois extension determines the Galois group (it is
unique), a field extension may be Hopf Galois with different Hopf Galois structures.
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The fundamental theorem of Hopf Galois theory in its general form says:

Theorem 4.2.7 (|G-P|, Th 5.1, page 256). Let L|K be a Hopf Galois extension
with K-Hopf algebra H and let W be a sub-Hopf algebra of H. We define

FigW):={x € L:w- -z =c¢e(w)x, for alwe W}.

Then the map Fiz : {W C H sub-Hopf algebra} — {E field : K C E C L} is
mjective and inclusion-reversing.

Observe the fundamental theorem of Galois theory is stronger than this one since
it gives a bijective correspondence, whereas the Hopf Galois theorem just gives an
injection. In the next chapter, we will give a bijective correspondence for a parti-
cular type of Hopf Galois extensions.

Finally, we close this chapter with an example of a Hopf Galois extension which
is not Galois.

Example 4.2.8. The extension Q(v/2)|Q.

Let a := /2. We consider the extension Q(c)|Q, which is finite of degree 3,
since irr(a, Q)(z) = 23 — 2. Tts basis is {1, a, @*}. We see that it is Hopf Galois.

We consider the Q-Hopf algebra H = Q|c, s]/(3s*+c*—1, (2c+1)s, (2¢+1)(c—1)).
Its Q-basis is {1, ¢, s}, so it has dimension 3. Since H is a quotient of the polynomial
algebra, it is an algebra with usual quotient operations. Moreover, we can define
comultiplication, counit and coinverse maps so that H is a Hopf algebra:

AD)=1®1, Al)=c®c—35®s, A(s)=c®s+s®c,
(1) =1, g(e) =1, g(s) =0,
= 1’

€
o(1) o(c) =c, o(s) = —s,

Q(«) is a left H-module algebra: indeed, it is clearly an algebra, it is a left
H-module with action defined as follows

c-1=1, c-a=—sq, c-af = —

1
2

aQ, s = —

N[

s-1=0, 5.0 =
and the two conditions of the definition are satisfied: for z,y € Q(«),
¢ (my) = (- )e-y) =35 )5 y), e lgm=c-1=1=c(1,
s-(zy)=(c-x)(s-y)+ (s-z)(c-y), 5-1lga =5-1=0=c¢(s)1.
Finally, ¢ : Q(a) ®9 H — Endg(Q(«)), which is given by p(z @ h)(y) = z(h-y),
is a QQ-vector space isomorphism.
Note that Fiz(H) = Q: indeed, if 2 € Q(«), then

r€Q & crx=x=¢(c)r and s-x=0=c¢e(s)z.
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5 Separable Hopf (GGalois extensions

In this chapter, we introduce first cohomology sets and define a vector space to be
a form of another when they become isomorphic under scalar extension. We show
that forms are classified by a first cohomology set and we apply this theory to Hopf
algebras in order to classify their forms. Next, we characterize the Hopf Galois
character of a separable field extension in terms of groups. Since proofs are beyond
the scope of this dissertation, we do not include them. Finally, we explain how the
Magma program works, summarize the main results and discuss an example.

5.1 Classification of forms

In this section, we consider two groups A and G such that A is a G-module and
introduce 1-cocycles, maps of G into A satisfying a certain condition, which leads
us to define the first cohomology group, if A is abelian, and more generally, the
first cohomology set. Afterwards, we define a tensor z of type (p,q) over a vector
space V' and use it to set when (V) is a form of another one. Then, we classify
forms. Finally, we apply this theory to Hopf algebras in order to classify their forms.

Let A, G be groups such that A is a left G-module with action denoted by “-”.

Definition 5.1.1. A 1-cocycle of G into A is a map f : G — A satisfying the
identity f(gg') = ¢g- f(¢')+ f(g). It is also called a crossed homomorphism. Let
C1(G, A) denote the collection of 1-cocycles of G into A.

Firstly, we consider the case in which A is abelian. In this case, it is easy to check
that C'(G, A) is an abelian group. Moreover, if the action is trivial, the condition
of being cocycle means that f is a group homomorphism.

Definition 5.1.2. Let f be a 1-cocycle of G into A. It is a 1-coboundary of GG
into A if there exists a € A such that f(g) = g-a—a, for all g € G. Let BY(G, A)
denote the collection of 1-coboundaries of GG into A, which is a normal subgroup of

CY(G, A) (since C'(G, A) is abelian).

Definition 5.1.3. The group H'(G, A) is defined as the quotient of C*(G, A) by
BY(G, A). Tt is called the first cohomology group of G with values in A. Note
that if G acts trivially on A, one has H'(G, A) = Hom(G, A).

In other words, B'(G, A) defines the following equivalence relation on C*(G, A):
fi~rfoe fo—fie BH{G,A) & folg) =g-a—a+ fi(g), for some a € A.

Now, we consider the case in which A is not abelian. Write A multiplicatively.
In this case, it has no interest to define B*(G, A), but we can also define H'(G, A).

Definition 5.1.4. The set H'(G, A) is defined as the quotient of C*(G, A) by the
equivalence relation ~ defined as

f1 ~ fo & there exists a € A such that f>(g9) =a ' f1(9)(g - a).

It is called the first cohomology set of G with values in A.
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We define a specific type of tensors.

Definition 5.1.5. Let V' be a vector space over K and let p, ¢ be natural numbers.
A tensor of type (p,q) over V is an element of Q" V @ @ V*.

Let V be a K-vector space provided with a fixed tensor x of type (p, q) over V.

Definition 5.1.6. Let V'’ be a K-vector space provided with a fixed tensor z’ of
type (p,q) over V'. The pairs (V,z) and (V' z’) are K-isomorphic if there exists
a K-linear isomorphism f : V' — V’ such that (@" f ® ®(f™)*)(z) = .

Let L|K be a finite Galois extension with group G. Let Vi, = L ®x V be the
L-vector space obtained by extending scalars. Observe the tensor = defines a tensor
z, = 1@k of type (p, ) over V7, in the following way: since x € Q% Vo Q% V*,
xr € L®K®II){V®K®§(V* %’®ZL)VL®L®%VL*.

Definition 5.1.7. Let V'’ be a K-vector space provided with a fixed tensor z’ of
type (p,q) over V'. The pair (V' 2') is an L|K-form of (V,z) (or just a form) if
(Vi,xr) and (V/,2) are L-isomorphic.

Let Ey,(L|K) denote the collection of K-isomorphism classes of pairs (V' 2/)
which are forms of (V,z). Our goal is to interpret Ey,,(L|K) as a first cohomology
set. In order to do it, we define Ay, = Auty(Vy, ) (it is not necessarily abelian),
and we will define a bijection between Fy,(L|K) and H'(G, Ap).

We start seeing that the group G acts on Ay. First of all, it acts on V}, as follows:
for a fixed g € G,

g®lvi L®Kv — L®KV
rRgv — g(r) kv

Next, given f € A, we define g- f := (¢ ® Iy) o fo (¢! ® Iy), which is an
L-automorphism of V. Thus, G acts on Ay.

Now, we compare By, (L|K) with H' (G, Ar). Let (V',2') € Ey,(L|K) and let
f Vi, = V] be an L-isomorphism. We can generalize the previous action

g-f=(@g®Iy)ofo(g ' ®Iy).

We define the following element of Ay: p, := f~'og- f. Furthermore, it is easy
to show that the following map is a 1-cocycle

p: G=Gal(LIK) — Ap=Aut, (V)
g = pg:filog'f

and that changing f has the effect of replacing p with an equivalent 1-cocycle.
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Hence, [p] € H'(G, Ay) is well-determined, and we have defined a map

0 : EV7$(L|K) — Hl(G,AL)
V", 2") = o]

Theorem 5.1.8. The map 0 just defined is a bijection, that is, L|K-forms of (V,x)
can be identified with 1-cocycles of Gal(L|K) into Aut,(L @k V,1; ®k x).

We can repeat this argument for a K-vector space V provided with a finite
number of tensors over V. In order to apply this result to Hopf algebras, we need
to make the following remark:

Remark 5.1.9. Let V be a finite dimensional vector space over K and let n,m be
naturals. There is a K-linear isomorphism

Homg(@" V. Q" V) =Q"V o "V

given by w1 ® - Qw, @ U1 ® -+ @ v, —> @, where ¢ € Homg(®"V, Q" V) is
defined as p(e1 @ -+ - @ e,) = wi(ey) ... wplen) (V1 @ -+ @ V).

Let (H,my, A\, Ag,eny,0n) be a K-Hopf algebra. Observe we can see multipli-
cation, unit, comultiplication, counit and coinverse maps as tensors: indeed,

1. Multiplication: my € Homg(H ® H,H) = H* ® H* ® H, so it is a tensor of
type (1,2) over H.

2. Unit: Ay € Homg(HY := K, H) = H, so it is a tensor of type (1,0) over H.

3. Comultiplication: Ay € Homg(H,H ® H) = H* ® H ® H, so it is a tensor
of type (2,1) over H.

4. Counit: ey € Homg(H, H®) = H*, so it is a tensor of type (0,1) over H.

5. Coinverse: oy € Homg(H, H) =2 H*® H, so it is a tensor of type (1,1) over H.

Let L|K be a finite Galois extension with group G. We consider Hy, = L ® H,
which is the L-Hopf algebra obtained by extending escalars (Proposition 4.1.21).
Set t := {mpg, Ay, Ay, ey, on}. Observe that (H,t) isomorphisms are Hopf algebra
isomorphisms. Let Ex(L|K) denote the collection of K-isomorphism classes of
pairs (H',t') which are forms of (H,t), and let Ay, = Auty(Hp,t.). Repeating the
previous construction, we define the map

0 : EHyt(L|K) — HI(G,AL)
(H',t)) = [p]

Theorem 5.1.10. The map 0 is a bijection, that is, L|K-forms of Hopf algebras
(H,t) can be identified with 1-cocycles of Gal(L|K) into Autr,(L @k H, 1, Q@ t).
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5.2 Hopf Galois character in terms of groups

In this section, we start reviewing and defining some important notions about
groups. Then, we characterize the Hopf Galois character of a separable field exten-
sion in terms of groups. Finally, we define a special type of Hopf Galois extensions
called almost classical Galois extensions, for which the Galois correspondence is
bijective.

Definition 5.2.1. Let G be a group. A subgroup H C G is normal in G, H <G, if
for every g € G and for every h € H, it is satisfied ghg™' € H, that is, gHg™' C H.

Proposition 5.2.2. H C G is normal if, and only if, gH = Hg, for every g € G.
In other words, H C G is normal if, and only if, left and right cosets coincide.

Definition 5.2.3. Let G be a group and let N C G be a subgroup. We define the
normalizer of N in G as NormgN = {g € G : gng~! € N, for all n € N}.

Let H C G be a subgroup. N is normalized by H if for every h € H and for
every n € N, it is satisfied hnh~' € N. Equivalently, N is normalized by H if, and
only if, H C NormgN.

Definition 5.2.4. Let G be a group and let G’ C G be a subgroup. A subgroup
N C G is a normal complement of G’ in G if N 9G, |[N| = [G : G'] and
NG =G.

Definition 5.2.5. A subgroup N of S,, is transitive if the action of N on {1,...,n}

is transitive, that is, for every i,j € {1,...,n}, there exists m € N such that
m(i) = j. N is also called transitive group of degree n. Moreover, N is regular
if it is transitive and this m is unique for every i,j € {1,...,n}.

Proposition 5.2.6. N C S, is regular if, and only if, N is transitive and |[N| = n.

Let L|K be a finite separable field extension of degree n and let L be its normal
closure. Let G = Gal(L|K) = Autg L and G’ = Gal(L|L). By the primitive element
theorem, there exists @ € L such that L = K(«). Let f = irr(a, K), which has

degree n, and we denote {a; := «, ..., a,} its roots, so that L = K(aq,...,a,).

KZ:K(&l,...,oan)

G L normal closure of L|K
G| L=K() G = Gal(L|K), G' = Gal(L|L)
n G/G" left cosets
~ K

Observe [G : Gl =n. Let S = G/G" = {gG" : g € G} be the left cosets, and we

consider Perm(S) = S,,. Clearly, G acts on G/G’, so there is a group homomorphism

A G — S, =Perm(G/G)
g +— [hG — ghG]
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Next, we show that the action of G on G/G’ is equivalent to the Galois action
of G on {ay,...,a,}. Indeed, for g, g2 € G, we have

gi(a) = ga2(a) & (92" g1) (@) = a & g7'g1 € G' = Autg L & g1 € 3G

Thus, there is an injective map of {conjugates of a} = {roots of irr(a, K)} into
{left cosets G/G"}, given by g(a) — ¢gG’. Since the cardinal of these two sets is the
same, we conclude that it is a bijection.

Since the Galois action of G on {ay,...,q,} is transitive and faithful, G is em-
bedded into S, as a transitive group. Therefore, from now on, we will identify G
with its image by A. Note that changing A\(G) by a conjugated subgroup in S, is
equivalent to renumerate the roots {aq, ..., o}

Now, we characterize the Hopf Galois character of a separable field extension in
terms of groups.

Theorem 5.2.7. Let L|K be a finite separable field extension of degree n and let L
be its normal closure. Let G = Gal(L|K'). The following conditions are equivalent:

1. There exists a K-Hopf algebra H such that L|K is Hopf Galois with Hopf
algebra H,

2. There exists a regular subgroup N of S, normalized by G.
More precisely, there is a bijection
{(H,-) H-G structure on L|K} <> {N regular subgroup of S, normalized by G}.
Moreover, the K-Hopf algebra H is an E|K—f07°m of K[N]|. In other words,
Lok H= Lok K[N] = L[N].

In particular, H is cocommutative, so that by Corollary 4.1.10, its coinverse map
has ordre 2.

Definition 5.2.8. We refer to the isomorphism class of N as the type of the
Hopf Galois structure.

We are going to explain how we can construct a Hopf Galois structure given N.

Let {z; :i € {1,...,[L: K]}} be a K-basis of L as a K-vector space. So, we write
[L:K]
LIN] = { Z A Ay, € L}, where \,,, = Z im i, for pi;, € K.
meN i=1

Note that L[N] is a K-algebra (since it is an L-Hopf algebra) of dimension n[L : K]:

dimg (L[N]) = dimg (L ®x H) = dimg L dimgH = [L : K][L : K] = [L : K]n.
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We can define a sub-K-algebra of L[N] as follows. Observe G acts on L[N] (both
on coefficients \,, and on elements m) as

g( > Amm) = gOm)gmg ™,

meN meN

where g(),,,) is the Galois action and gmg™" € N (since N is normalized by G). So
we define H as the subalgebra of L[N] of fixed elements by the previous action

H :={x € L|N] : g(z) = x, for all g € G}.

Note that, for all g € G, x € H, we have

) = 4( 2 A ) = X aldama™ = 3 a0y smg)im = 3 A =,

meN meN meN meN

so we have obtained the relation satisfied by the coefficients of elements in H
Am = g(Ag-1my), for all g € G.

Finally, we enumerate left cosets of S from 1 until n: idG' = G', .G/, . . ., g.G".
Observe that elements in .S,, can be seen as permutations of left cosets. In particular,
elements in IV can also be seen as permutations of left cosets, so that given m € N,
m~1(1) corresponds to a certain ¢;G’, for i € {1,...,n}. Therefore, we define the
following K-linear map on basic elements and extend it by linearity

¢: L[N] — EndgL
m €N — g;such that m™(1) = ¢;G' = [gi]
rel = [ferf]

Since ¥(h)(z) € L, for all h € H, x € L, v induces by restriction the Hopf action
Yy H— Endg L. Finally, p : L& H — Endg L is a K-vector space isomorphism.

The previous theorem does not tell us whether the subgroup N is contained
in G C S, or not. The case N C G leads to an interesting type of Hopf Galois
extension.

Proposition 5.2.9. Let L|K be a finite separable field extension of degree n and
let L be its normal closure. Let G = Gal(L|K) and G’ = Gal(L|L). The following
conditions are equivalent:

1. There exists a normal complement N of G' in G,

2. There exists a reqular subgroup N of S, normalized by G and contained in G.

Definition 5.2.10. If L|K is an extension satisfying the equivalent conditions of
the previous proposition, then L|K is an almost classical Galois extension.

Theorem 5.2.11. If L|K is an almost classical Galois extension, for the Hopf
Galois structure of L|K corresponding to the normal complement N of G' in G, the
Galois correspondence is bijective.
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5.3 Examples of separable extensions of degree 8

In this section, we explain how the Magma program works and sum up the main
results obtained performing it for separable extensions of degree 8 (see Appendix for
the code and more results). Finally, we discuss a concrete example of an extension
of degree 8 of (Q and, using Theorem 5.2.7, we make the construction of the Hopf
Galois structure corresponding to a regular subgroup of Sg given by the Magma
program.

We explain how the program works. Let L|K be a finite separable field extension
of degree 8 and let L be its normal closure. Let G = Gal(L'|K) and G’ = Gal(L'|L).
Recall that G acts transitively and faithfully on G/G’, and so there is a group ho-
momorphism G — Sg = Perm(G/G’). Therefore, considering all possible Galois
groups of L'|K is equivalent to consider all transitive groups of degree 8. We start
counting transitive groups of order ¢ and degree 8. Those of order 8 correspond to
L|K Galois and are the regular subgroups of Sg (by Proposition 5.2.6). Then we
construct a function that finds a normal complement of a subgroup H of a group G
(if there exists any) and go on with the main program.

By Theorem 5.2.7, we determine all Hopf Galois structures looking for all regular
subgroups of Sg normalized by G. Moreover, by Proposition 5.2.9, we distinguish
almost classical Galois extensions looking for a normal complement of G’ in G. We
set G’ = St(1) = St([id]) because, since we have seen that the action of G on G/G’
is equivalent to the Galois action of G on {ay,...,a,}, then

St([id]) = St(a) = {g € G = Autg L' : g(a) = a} = Autg L' = G

([d]=C"a1=a)

The output of the program is the whole list of regular subgroups for every G.

In the following table we show the number of Hopf Galois structures of each type
for a Galois extension L|K.

Table 1: Galois extensions

Hopf Galois structures
Galois group | Cg | Cy x Uy | Cy x Uy x Cy | Doy | Qg
Csg 2 0 0 2 2
Cy x Oy 4 10 4 6 2
CQ X OQ X CQ 0 42 8 42 14
D5 4 2 14 6 6 2
Qs 6 6 2 6 2
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Example 5.3.1. The extension Q(v/2)|Q.

r L=Qe9) o 1= v/2 satisfies o® = 2
2 |G L|Q separable
G| L=Q(«a) L normal closure of L|Q
8 | 2% — 2 [L:Q =16
L k=0 G = Gal(L|Q), G’ = Gal(L|L)

The Q-basis of L is {1,a,...,a", i ia, ..., ia"}. Let f:=irr(a, Q)(z) = 28 — 2,
so that it roots are {a €¥}7_,, where &8 1= ¢& = (%) = (L1)" are the eighth
roots of unity.

Firstly, we determine G. If ¢ € G = Gal(Q(«,7)|Q), g is determined by a
generator system of the extension, for instance, {«,i}. Thus

g(a) € Roots(irr(a, Q)) = Roots(z® — 2) = {a ¥} _,
g(i) € Roots(irr(i, Q)) = Roots(z? + 1) = {i, —i}

Since there are only 8 - 2 = 16 possible ways of defining automorphisms and |G| =
|Gal(L|K')| = 16, each of these 16 assignations actually define an automorphism.
We write

o: a — fa T a — «
T = 1 T = =i

Note that o(§) = —¢ = &5 and 7(£) = £": indeed,
o€ = () = 4tk = = ¢

Observe also that 7 has clearly degree 2 and ¢ has degree 8: indeed,
§ 0 S S 0 e B0 fa D g
Moreover, note that 7o7 = ¢3: indeed,

ra(r(@)) = 7(0(a)) = 7(¢a) = €'a = 0*(a),
ro(r(i) = 7lo(~i)) = 7(~i) = i = #*(i).

Therefore, we conclude G = (0,7 : 0% =id, 72 = id, 707 = 0®). Recall that one has
A G — Sg. We have observed that the transitive subgroup of Sg verifying these
relations is 8T8 = ((1,2,3,4,5,6,7,8), (1,3)(2,6)(5,7)).
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Now, we order the roots in order to identify correctly G as a Galois group with

8T8. We set
_ _ __ ¢6 _ 7 _ _ ¢5 _ 2 _ ¢3
@1—06,062—50&,053—60(,0(4—6CK,O&5——04,046—604,047—€04,048—606.

One has that o gives (1,2,3,4,5,6,7,8) and 7 gives (2,4)(3,7)(6,8). We can check
with Magma that they are well-identified as follows:

H1:=TransitiveGroup(8,8);
H2:=sub<Sym(8)(1,2,3,4,5,6,7,8),(2,4)(3,7)(6,8)>;
IsConjugate(Sym(8) ,H1,H2);//we already know that they are conjugates
true Id

Secondly, we consider a regular subgroup of Sg normalized by G
N =1{(1,2,3,4,5,6,7,8)) = (p) = {id, p, ..., p"} = C,

and we determine the corresponding Hopf algebra

7
= {az = Z)\pkpk € Z[N] :g(x) =z, forall g € G}.
k=0

In order to do it, recall that A» = g(A;-1,x,) holds for every g € G = (o, 7), that is,
for g = 0 and g = 7. We calculate A« for every k € {0,...,7}: since o0 = p, observe

e \ig = g(Ng), for g =0 and g = 7, so that Ay € Q,

o A = 0(Agm1he) = (A1) = (M) = A = 0 (M), 50 that A € L) =
{reLl:o)=2}=Q()={r+si:rseQ},
® /\pk = T()\T—lpk ) 7—()‘7- 1ok ) T(/\(T—lm_)m(T—lgT)) = T(/\Usk) = T(/\psk),

(toT=03)

so that A\x = 7(A ) 2<i>d Ak = T(Apr).

Using these results, we obtain

e Since \ig € Q, we set X := \jq,

e p— p*— p’ =p, sothat \, = a+ bi and Az = 7(a + bi) = a — bi, where
a,beqQ,

o p? 5 p% s p'® = p? so that A2 = ¢+ di and N6 = 7(c + di) = ¢ — di, where
c,d e Q,

o pt P =pt= M€ L = Apt € Lo = [¢ = Q, so that p = A
(Ap4ei<<’>)

o 0’ p? =p" = p?t = pP so that A\ s = e+ fiand \yr = T(e+ fi) = e — fi,
where e, f € Q.
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Hence, x € H can be written as

Sico APt = Nd+ (a+bi)p+ (c+di)p? + (a — bi)p® + pp+
(e + fi)p° + (¢ — di)p° + (e — fi)p
= Ad+a(p+p%) +b(p — p*)i + c(p® + p°)+
d(p* = p°)i + pp* +e(p® + p") + f(p° = p7)i,
so that H is a Q-Hopf algebra with Q-basis
{id, p+ 0% (p—=p%)is P>+ 0% (p* = p%)i, p*, p° + 0", (0° = p")i}.

Finally, we determine the Hopf action 9|y : H — EndgL. In order to do it, we
need to see how ¢ : L[N] — EndgL is defined. Recall that 1(p*) = g; € G such
that (p*)71(1) = ¢;G’. Since G’ = Aut@(a)f fixes a, then G' = (7), and so we can
write and enumerate left cosets as follows G/G' = {[id], [o],...,[c7]}.

172 8

Hence, we have the following K-linear map

¢: L[N] — EndgL
pPeN = o Fsince ((p)1)(1) = (p*)(1) = [07]
rel — [f—rf]

which induces by restriction the Hopf action

Wla H — EndgL = EndgQ(a)
id — id
,0—1—,03 — 0_1+a'—07+05
(=i = (" =0=)i= (o7 = o
PP+t = 02—1—0 = 0% + o2
(p*=p%)i = (072 =07%)i=(c%—0?)i
ot ot =g
PP+p" a5+a =0d+0o
(0 — i) = (07 =0 T)i= (0" o)

and doing simple calculations, one can see that 1|y (H) is actually a subset of EndgL:

id(a) = a, (6" + %) (a) = —a®,
(07 = 0®)i)(e) = (0° +0%)(e) =0,
((0° = 0?)i) () = ot(a) = —a,

(03 4+ 0)(a) = a’, (03 —0)i)(a) = .
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6 Conclusions

This memory shows the constructive theory we have had to develop in order to
reach, on the one hand, to Hopf Galois extensions and, on the other hand, to its
characterization in terms of groups. In the first part, we prove all the results in
detail whereas proofs of the last part are beyond the scope of this dissertation.
However, we came to understand the constructive idea well enough to apply it to
an example.

Since there is a characterization of the Galois character in terms of groups, we
use Magma to obtain all Hopf Galois structures of separable field extensions of de-
gree 8. Due to the degree of difficulty of this theory, we thought it would be more
complex to design computer software, but finally we have found a short and elegant
way to do it. In Appendix we show the whole code of the program.

An important part of the basic knowledge that we have needed to carry out this
project has been achieved in Algebraic Structures and Algebraic Equations, which
are obligatory subjects of the Mathematics Degree.
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A Magma code and some results

//Let LIK be a separable field extension of degree g=[L|K]=8
//Let L’ be its normal closure, G=Gal(L’|K), G’=Gal(L’|L)

g:=8;
S:=Sym(g); Order(S);
n:=NumberOfTransitiveGroups(g); n;

40320
50

//We calculate the number of transitive groups of Sg of order i
m:=1;
for i in [g..0rder(S) by gl do
count:=0;
for j in [m..n] do
if Order(TransitiveGroup(g,j)) eq i then
m:=m+1;
count:=count+1;
elif count ne O then
print "The number of transitive groups of order"; 1i;
print "is"; count;
print "-——-- "
if i eq g then
triv:=count; //triv means that L|K is Galois
end if;
delete(count) ;
break;
end if;
end for; //j
end for; //i
print "The number of transitive groups of order";
Order(S); print "is 1";
delete(count);

The number of transitive groups of order 8 is b

The number of transitive groups of order 16 is 6

The number of transitive groups of order 24 is 3

The number of transitive groups of order 32 is 8

The number of transitive groups of order 48 is 2
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number of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

of transitive

number of transitive

//We calculate subgroups
for i in [1..triv] do
TransitiveGroup(g,i);
pI‘iIlt W __ ",

end for;

groups

groups

groups

groups

groups

groups

groups

groups

groups

groups

groups

groups

groups

groups

of

of

of

of

of

of

of

of

of

of

of

of

of

of

order

order

order

order

order

order

order

order

order

order

order

order

order

order

56 is 1
64 is 6
96 is 3
128 is 1
168 is 2
192 is 4
288 is 1
336 is 1
384 is 1
576 is 2

1162 is 1
1344 is 1
20160 is 1

40320 is 1

G=Gal(L’|K) when L’=L

Permutation group acting on a set of cardinality 8

Order = 8 = 273

(1, 2, 3, 4,5,6,7,

Cc(8)=8

8)

Permutation group acting on a set of cardinality 8

Order = 8 = 273

(1, 2, 3, 8)(4, 5, 6,
(1, 5)(2, 6)(3, 7)(4,

4[x]2

7)
8)
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Permutation group acting on a set of cardinality 8
Order = 8 = 273

(1, 8)(2, 3)(4, 5@, 7)

(1, 3)(2, 8)(4, 6)(5, 7)

(1, 5)(2, 6)(@3, 74, 8)
E(8)=2[x]2[x]2
Permutation group acting on a set of cardinality 8
Order = 8 = 273

(1, 2, 3, 8)(4, 5, 6, 7)

(1, 6)(2, 5)(@3, 47, 8)
D_8(8)=[4]2
Permutation group acting on a set of cardinality 8
Order = 8 = 273

(1, 2, 3, 8)(4, 5, 6, 7)

(1, 7, 3, 5)(2, 6, 8, 4)
Q_8(8)

//FUNCTION that calculates a normal complement
//of a subgroup H of G (if there exists any)
normcomp: =function(G,H)
NS:=NormalSubgroups(G) ;
for i in [1..#NS] do
N:=NS[i] ‘subgroup;
if Index(G,H) eq Order(N) then
//if N=<S> and H=<T>, then NH=<SUT>
SUT:=[x: x in Generators(N) join Generators(H)];
NH:=sub<G|SUT>;
//In order to know if NH=G, it suffices to see
//that both of them have the same order
if Order (NH) eq Order(G) then
return N;
end if;
delete(SUT); delete(NH);
end if;
delete(N);
end for;
//if there is no N, it returns the trivial group
return sub<G|Id(G)>;
end function;
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//MAIN PROGRAM
TG:=[TransitiveGroup(g,i)
NTG:=[Normalizer(S,TG[i]) in [1..triv]];
T:=[Transversal(S,NTG[i]) in [1..trivl];

Trans:=[[x : x in T[i]] :1din [1..triv]];

//Transversal calculates right cosets; since we want the left ones,
//we calculate TGij doing (Trans[i] [j]~-1)*x*Trans[i] [j]

//instead of Trans[i] [jl*x*(Trans[i] [j]1~-1)

in [1..triv]]; //Reg. subg. of Sg

He M e

for k in [1..n] do
G:=TransitiveGroup(g,k); //it is contained in Sg
print "--———-——""-"---"—""""""" "
print "--———mmmm "
print "We are at the tramsitive group"; k; print "which is"; G;
print "--—————1-""°"--0-—-——"1""--—-———-—-—— "
print "--———1-"1""1----——7""" """ - "

//STABILIZER AND NORMAL COMPLEMENT: Almost classical Galois ext.
if k gt triv then
H:=Stabilizer(G,1); //H=G’
N:=normcomp(G,H) ;
if Order(N) gt 1 then //there exists N
print "-———---———— "
print "The stabilizer of 1 is"; H;
print "-———---—— "
print "The normal complement N of H in G is"; N;
print "--——""""——— = "
end if;
end if;

//REGULAR SUBGROUPS OF Sg NORMALIZED BY G
for i in [1..triv] do
count:=0;
for j in [1..#T[i]] do
//#T[i] is the number os conjugacy classes of TG[i]
TGij:=sub<S|{(Trans[i] [j]"-1)*x*Trans[i] [j]:x in Generators(TG[i])}>;
//we see whether TGij is normalized by G
NTGij:=Normalizer(S,TGij);
if G subset NTGij then
print "The regular subgroup"; TGij;
print "is normalized by G";

print "--——————————————- "
count:=count+1;
end if;
delete(TGij); delete(NTGij);
end for; //j
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if count ne O then
if 1 eq 1 then
print "The number
print "normalized

of
by

subgroups
G is";

conjugated to

count; print "------——""7————————————- ",

elif i eq 2 then
print "The number
print "normalized

count; print "--------—-———————————————- ;

elif i eq 3 then
print "The number
print "normalized

of
by

of
by

subgroups
G is";

subgroups
G is";

conjugated to

n

conjugated to

count; print "-------—————————————— "

elif i eq 4 then
print "The number
print "normalized

of
by

subgroups
G is";

conjugated to

count; print "----—————-——————————————— "

elif i eq 5 then
print "The number
print "normalized

of
by

subgroups
G is";

conjugated to

count; print "--------—""7——————————- "

end if;
end if;
delete(count);
end for;//i

delete(G);
if k gt triv then
delete(H); delete(N);
end if;
end for;//k

delete(g); delete(S); delete(n); delete(triv);
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As a sample of the results obtained performing this program, we list in the
following table the number of Hopf Galois structures of each type up to the first
five transitive groups, which are shown in Section 5.3.

Table 2: Non-Galois extensions

Hopf Galois structures

C4><02 CQXCQXCQ
0 0

0

0

S

en) en] fen) fen] fen) en] Jen) en) Jen] K]} \V] oo fen] fen) Hop) Jan) an) Ran) § (V) B \VJ [ V) fen] Ren) an] Rop) lan) Rop) I \C) I NP VI IN

Transitive group
8T6
8T7
8T8
8T9

8T10
8T11
8T12
8T13
8T14
8T15
8T16
8T17
8T18
8T19
8T20
8T22
8T23
8T24
8T25
8T26
8T29
8T32
8T33
8T34
8T36
8T37
8T39
8T40
8T41
8T48

[e ]

—_
)

olojo|o|lo|lojo|o|o|ojo|o|o|lojo|o|lo|o|o|o|v oo o v oo v 2
ololvolololololv olv ool v o o o o] o] o] of o] o] o] of b ro| ro| | D

R OININ R WRINDIN O OININN OO =N NN OO

OO OO0 OO O|OIN OO OO0 OO D

Observe there are some transitive groups which do not give any Hopf Galois
structure; specifically, they are

8Ti, for i € {21,27,28,30,31, 35, 38, 42, 43, 44, 45, 46, 47, 49, 50}.

Note that 8T49 = Ag and 8T50 = Ss.
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