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Introduction

The weak and strong Lefschetz properties on graded artinian algebras have been an object
of study along the last few decades. Precisely, let be A a graded artinian algebra. We say
that A has the Strong Lefschetz property (SLP) if the multiplication by a dth power of a
general linear form have maximal rank (i.e. XL A; — Ajyq is injective or surjective
for every i). We say that A has the Weak Lefschetz property (WLP) if occurs the same
with d = 1. These properties have connections among different areas such as algebraic
geometry, commutative algebra and combinatorics. Sometimes quite surprising, these
connections give new approaches and relate problems, a priori, very distant.

It is worth to mention that the study of the Lefschetz properties started with a work
due to R. Stanley in 1980 [13] and then continued by J. Watanabe in 1987 [16], which
connected them to the Sperner theory in combinatorics. Later there have been discovered
more connections between the Lefschetz properties and vector bundles, line arrangements
on the plane and the Froberg conjecture (see [10], [11]). The study of these subjects require
several tools out of reach for an undergraduate student.

The aim of this work is to study and contribute to another connection given by E.
Mezzetti, R. M. Mir6-Roig and G. Ottaviani in [9] which relates the failure of the weak
Lefschetz property of artinian ideals to the existence of projective varieties satisfying at
least one the Laplace equation. We first start introducing the notation that we will use
and the two concepts that we need to state this connection via Macaulay-Matlis duality.
Then, in the next chapter we define properly the Lefschetz properties and give several
examples and results describing them. At the final of this second chapter, we will focus
our attention on artinian ideals I C k[xo,...,x,] = R generated by forms of the same
degree d, and the artinian graded algebra A = R/I. While A is expected to have the WLP,
there are few cases in which A does not hold the WLP in a certain degree (i.e. there is
i > 1 such that XL : A; = Aj;1 is neither injective nor surjective for any linear form L).

Notice that, since for i < d — 1 there is no difference between A; and R;, the first pos-
sible degree where A can fail the WLP is at degree d — 1. Using Macaulay-Matlis duality,
we can relate these artinian ideals I failing the WLP in degree d — 1, with suitable projec-
tions of the Veronese variety V(n,d) satisfying one Laplace equation of order d — 1. The
study and classification of rational varieties satisfying one Laplace equation of order s is
a long-standing problem in mathematics. Hence, this result shows once more how the
Lefschetz properties can be useful to study problems, a priori, far away one each other.
We name the ideals generated by forms of degree d and failing the WLP in degree d — 1
Togliatti systems (see Definition 2.1.6). The name is in honor to E. Togliatti who proved
that in k[x, v, z], the only smooth monomial Togliatti system of cubics is (x, 3,23, xyz) or,
equivalently, there is only one rational surface in P> parametrized by cubics and satisfy-
ing a Laplace equation. It is the rational surface obtained projecting the third Veronese
embedding V(2,3) in IP? from four points (see [14], [15]).

Once introduced what are Togliatti systems and their geometric significance, in chapter
3 we focus on the study and classification of minimal (smooth) monomial Togliatti systems
(see In this case, we can view the monomials generating I as integer points in the
lattice Z"*! and we can associate to them a toric variety following [4]. This approach



iv Introduction

allows us to apply combinatoric techniques and make the study much more easier. We
also present a smoothness criterion due to Perkinson to see whether this toric variety is
smooth by solely observing the relation with the points and the lattice.

Next we recall the classification of minimal smooth monomial Togliatti systems of
quadrics and cubics, as given in [7]. This classification uses graph theory and other com-
binatoric tools in its proof, and cannot be easily generalized to classify all minimal smooth
monomial Togliatti systems of degree d > 4. The classification of smooth minimal Togli-
atti systems of degree d > 4 seems out of reach. Therefore, in order to achieve new results
on the problem of classifying minimal smooth monomial Togliatti systems of arbitrary
degree d > 4, we have to change the strategy and find other invariants, as the number of
generators of a minimal (smooth) monomial Togliatti system.

Continuing in the third chapter, we study minimal(smooth) monomial Togliatti sys-
tems I from this new perspective, following [8]. First of all give upper and lower bounds
on the number of generators (). Actually, we get that, if I is a minimal monomial Togli-
atti system in k[x, ..., x,| of forms of degree d > 4, then 2n+1 < u(I) < (”+Z_1) where
n > 2 and d > 4. The second step it to classify all smooth Togliatti systems which reach
the lower bound or exceed it by one and we obtain that, except a few cases when n = 2,
they have a very particular form. Finally, we study whether there exist minimal (smooth)
monomial Togliatti systems in the range comprised between the lower and upper bound.
We obtain in particular that there is no minimal smooth monomial Togliatti system in
n + 1 variables with 2n + 3 generators for n > 3 and d > 4, but what happens when
n=2?

The last chapter give new results on this topic and answer this last question. Actually,
we have classified all minimal monomial Togliatti systems in C k[x,y,z] with u(I) = 7.
Finally, joining the results of third chapter and these new results, we give a complete
classification of minimal smooth monomial Togliatti systems in k[xy, ..., x,] generated by
2n + 3 monomials of degree d > 4. We want to point out that all results of this chapter are
new and they will be published as part of the results in [12].
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Chapter 1

Preliminaries

1.1 Notation

Let k be an algebraically closed field of characteristic 0. For n > 2, let R be the polynomial
ring k[xo,...,x,] with its standard graduation R = @,>oR;. We note ny; = ("j;d) =
dimy Rz and P" = P(k"*1) the n—dimensional projective space. For every homogeneous
ideal I C R, V(I) C IP" stands for the projective variety associated to I, i.e. V(I) = {a €
P*"|VF € I, F(a) = 0}. We say I C R is an artinian ideal if V(I) = @. If F,...,F, are
homogeneous polynomials in R, (Fj,...,F,) C R stands for the ideal generated by these
forms, while (Fj, ..., F) stands for the correspondent k—vector space.

Finally, we define the Veronese map to be v, ; : P" — P! sending (to : - : )
to (tg" - 14" )ag+-+a,—d- The image V(n,d) := v, 4(P") C P! is a projective variety,
which is called the Veronese variety.

1.2 Laplace equations

Definition 1.2.1: Let X C IPY be a rational variety of dimension 1 with parametrization
Y:P"--> X st (to:...:ty) = (Folto, ..., tn) : ... EN(to, ..., tn))

We call sth osculating vector space on x = ¥(t( : ... : t;) the vector space

k
X <a"oa Y (ts s ta)lko+ o 4k :S>

Finally, we call sth osculating projective space on x € X the projectivization of the
vector space above: TSCS)X =P (T,ES)X)

Remark 1.2.2: Since we have n; — 1 vectors (ko, ..., k,) which satisfy ko +--- +k, = s

the dimension in a general point x € X of TJES)X is, at most, n; — 1 (we call it expected di-
mension). However, if there are linear dependencies among partial derivatives of order s,

1



2 Preliminaries

this bound is not reached and we are given a linear equation involving partial derivatives
of order s of ¥.

Definition 1.2.3: Let X C PN be a rational projective variety of dimension . We say that
X satisfy 6 Laplace equations of order s if, and only if

(1) for all smooth point x € X we have dim TJES)X < ng and

(2) for general x € X, dim T,ES)X =n;—1—9.

Remark 1.2.4: If N < ng; — 1, then T,ES)X is spanned by more vectors than the ambiance
space. So, X must satisfy at least one Laplace equation of order s.

1.3 Macaulay inverse system
Let R = k[xo,...,xs) and D = k[yo, ..., xu]. We define an action of R over D:

R; x Dj = Dj_; such that (F,G) |—>F~G::F(%,...,%) G

which structures D as a graded R—module.

Definition 1.3.1: With notations above, let I C R be a homogeneous ideal. The Macaulay
inverse system of [ is [ ! := {D € D|VF € I, F-D = 0}, which is a graded R—submodule
of D.

Remark 1.3.2: If I is a homogeneous ideal generated by monomials of degree d, then
[171] ; 18 generated by all the monomials of degree d which are not generators of I.

Recall that if I is a homogeneous ideal of R, then R/I is a graded module where
(R/1)4 = Raq/(INRyg).

Lemma 1.3.3: Let I C R be a homogeneous ideal. Then, for every i € Z, dim(R/I); =
dimk(I_l)i.

Finally we have the Macaulay-Matlis duality

Proposition 1.3.4: There is a bijection

¢ :  {homogeneous ideals of R} <> {graded R — submodules of S}
I — It
Anng (M) Al M

For more details on this subject see [9].



Chapter 2

Lefschetz properties

The main purpose of this chapter is to provide the definitions, examples and basic results
on the weak Lefschetz property of artinian homogeneous ideals I C R = k[xy, ..., x,] and
see how they are codified in the Hilbert function of I.

Let us start considering the following statement, which was firstly proved by R. Stanley
[13] in 1980 and which has motivated the so called Lefschetz properties:

Proposition 2.0.1: Let [ = (xgo, <o, Xy") be an artinian monomial complete intersection. Let
L € Ry be a general linear form. Then, for any positive integers d and i, the homomorphism
x L% : [R/1); — [R/1]i4q (induced by multiplication by L?) has maximal rank.

Definition 2.0.2: Let I C R be an artinian ideal and let us consider A = R/I with the

p
standard graduation A = @ A;. Let L € Rq be a general linear form. Then:
i=0
(1) A has the Strong Lefschetz Property (SLP) if, for all positive integer d and for all
1 <i <r—d, the homomorphism xL? : [A]; — [A];,4 has maximal rank.

(2) A has the Weak Lefschetz Property (WLP) if, for all 1 < i < r — 1, the homomor-
phism XL : [A]; — [A];11 has maximal rank.

Notation 2.0.3: (1) By abuse of notation we say that the ideal I has the SLP (resp. WLP).
(2) In the case above, the linear form L is called a Strong Lefschetz element (resp. Weak
Lefschetz element or simply Lefschetz element) of R/ 1.

(3) If for a general form L € [R/I], thereisd > 1and 1 < i < r — d such that the map x L*
has not maximal rank, we say that R/ fails the SLP (resp. the WLP if d = 1) in degrees
(d,i) (resp. in degree i).

We will now establish the failure of SLP (resp. WLP) by only comparing two Hilbert
functions.

Lemma 2.0.4: Let I C R be an artinian ideal and let L € Ry be a general linear form. Then, for
each integer d > 1 and for all 1 < i < r — d we have the following exact sequence:

3



4 Lefschetz properties

[R/1; = [R/Tyq = R+ (L)) o0,
Moreover, I fails the SLP in degrees (d, i) if, and only if one of these two cases holds:

(1) dimy [R/1]i < dimy [R/I] and

i+d
dimy [R/(1+ (Ld))]ier > dimy [R/1);, 4 — dimy [R/T];., -

In this case we can say that SLP fails in degrees (d, i) because of injectivity.

(2) dimy [R/1]i > dimy [R/I] and

i+d

dimy [R/(H— (Ld))Ler > 0.

In this case we can say that SLP fails in degrees (d, i) because of surjectivity.

Remark 2.0.5: (1) Recall that if I C R is an ideal, HF(R/I,i) = dimy [R/I];. Then, with
the notations above, I fails the SLP in degrees (d, i) if, and only if,

HF(R/(I+ (L%)),i+d) > max {0, HF(R/I,i) — HF(R/L,i +d)}.
(2) This Lemma gives us a tool to see whether an ideal I C R fails the SLP (resp. the WLP)
in degrees (d, i), but to use it, it is necessary to know which are the appropriate degrees
(d,i) to look at. Examples below show some ideals failing the WLP. The first three have
been tested with the computer implementing the Lemma to Macaulay?2 [3].

Remark 2.0.6: It is clear that having the SLP implies having the WLP, however, the con-
verse is not true. For instance, using Lemma one can see that [ = (x%, x:i", xg, X0X1,
xox%, X1 x%, x%x%) has the WLP but fails the SLP in degrees (2,1) and also that I = (xg, ‘;’, x%,
(x0 + x1 + x2)3) has the WLP but fails the SLP in degrees (3,1).

Example 2.0.7: (1) I = (x,y?,23, xyz) fails the WLP in degree 2.
2) 1= (x4 y4 z4, 14, xyzt) fails the WLP in degree 5.
) I = (x°,y°,2°, 1, w’, xyztw) fails the WLP in degree 8 and in degree 9.

€
(4) By [6] (Theorem 4.3), the ideals I = (xj™', ..., x*1, xq...x,) fail the WLP in degree
(n+1)

Remark 2.0.8: Notice that the first ideal fails the WLP in the first non trivial place while
the others fail later. This particularity will be studied in the following in more detail.

2.1 The Weak Lefschetz Property

In this section, we will focus our attention on artinian ideals I C R generated by r forms of
a fixed degree d and failing the WLP in the first non trivial place. In this case, [R/I]; = R;
forall 0 < i < d—1. Hence, the first non trivial place where I can fail the WLP is from
degree d — 1 to d.

If we restrict sufficiently the number of generators of I to get dimy [R/I]; > dimy Ry

(for instance, r < (”;f{d)) the WLP can only fail in degree d — 1 because of injectivity.
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Moreover, we have the next useful lemma:

Lemma 2.1.1: Let I = (Fy,..., F) C R be an artinian ideal generated by r < (”;ird) forms of
degree d. Let L be a linear form, set R = R/ (L) and let I (resp. F;) be the image of I (resp. F;) in
R. Then I fails the WLP in degree d — 1 if, and only if Fy, ..., F, are k—linearly dependent.

Proof: First notice that
(1) For1 <i<r, deg(F;) =d = [R/I];_; = Ry.

(2) dimkﬁd _ (n;rd) B (njirf;l) _ (n+d)! ,ﬁ,(;—i—d nHr n(n—rll—!tiﬂ—l)! _ (n;riIl)

(3) I = (F,...,F) and deg(F;) = d = dim; [R/I], = ("}%) —r.
And let us write ¢ : [R/I];_; — [R/I]; the multiplication map in degree d — 1. Now,
(n—l-d 1)

using remarks above and since r < by hypothesis, we have that

(") = (I H (D = (95T + 1= dimy [R/1); > dimg [R/ 1],y
Thus, we have proved that ¢ is not surjective in degree d — 1 unless r = ("+d 1) (in such
case, ¢ is surjective if, and only if it is injective). Hence, ¢ does not have maximal rank
if, and only if is not injective if, and only if dimy(Ker ¢) > 0 if, and only if dim(Im ¢) =
dimy [R/1];_; — dimy (Ker ¢)4_1 < ("5%71).

On the other hand, Coker¢ = [R/I];/Im¢ = [R/I];/L[R/I];_; = (R/(I,L))4
dimy(R/(I,L)); = dimy [R/I]; — dimy(Im ¢) and replacing dimy(Im ¢) = ("+d) r—
dimg(R/(I,L)); we get ¢ is not injective < (";d) —r—dimg(R/(I,L))4 ("+d h o
dimg(R/(I,L))a > ("3 = (35 — .

Using that dim; R/ (I, L) = dimy R — dimy I because R/(I,L) = (R/(L))/(I/(L)) we
r.

get ¢ is not injective < dimy R — dimy, I > ("} — ("1 — r & dimy (F, ..., F) <

Hence, ¢ is not injective if, and only if {FT, .. ,fr} are k—linearly dependent. O

Remark 2.1.2: Suppose that I = (Fy,..., F) with deg(F;) =dforl1 <i<r < (”+§_1)
fails the WLP in degree d — 1. This is equivalent that Fj, ..., F are k—linearly dependent
in R/ (L) for a general L € R;. Then, forany r < t < (”HI l) and also any {F,;1,...,F} C
R; we have that the enlarged ideal | = (Fy,...,F, F.11,..., F) also fails the WLP.

This easy observation allows us to study only those ideals I=(F,...,F) CR failing

the WLP because of injectivity such that for any 1 <s <r —1, the ideals I = (F;,...,F;)
have the WLP in degree d — 1.
Remark 2.1.3: As we have said above, Lemma is useless if r > (”+d 1. In that case,
I fails the WLP in degree d — 1 because of sur]ect1V1ty Although we will not study this
case here, we will give a example: I = (xg, x%, xg, x%xl, x%xz) is generated by 5 > 4 = (ZJ{Z)
and we cannot apply Lemma but by Lemma we can see it fails the WLP in
degree d — 1 = 2 because of surjectivity.

The next step will be to relate the failure of the WLP on this type of ideals to suitable
projections of the Veronese variety V(n,d) satisfying at least one equation of Laplace of
order d — 1. Let us start with a definition:



6 Lefschetz properties

Definition 2.1.4: Let I = (F,...,F,) C R be an artinian ideal generated by r forms of
degree d. Let I~! C D be its inverse Macaulay system (as seen in Section [1.3). Then, we
consider

P, P IP"a~"~1 js the rational map associated to [I7'],

¢1, : P" — P"! is the morphism (I is artinian) associated to I
We define
(1) Xn,[lfl]d = Im((f’[rl]d)' which is the projection of V(n,d) from (Fy, ..., F)

(2) X1, := Im (¢y,), which is the projection of V (n,d) from ([I7] ).
Next proposition, gives us the relation we were searching;:

Proposition 2.1.5 ([9]; Theorem 3.2): Let I C R be an artinian ideal generated by r forms
F,...,F ofdegreed. If r < (”Zi{l), then the following conditions are equivalent:

(1) the ideal I fails the WLP in degree d — 1.
(2) the forms Fy, ..., F, become k—linearly dependent on a general hyperplane H C IP".

(3) the n dimensional variety X n[11], satisfies at least one Laplace equation of order d — 1.

The above result has motivated the following definition:

Definition 2.1.6: With the notations above, we will say that I ~1 (or I) defines a Togliatti
system if it satisfies the three equivalent conditions in Proposition[2.1.5

The name is in honor to E. Togliatti who proved that the only smooth Togliatti system
of cubicsis [ = (xg, x?, xg, xpx1%2) (see for instance, [7],[8],[9],[2],[14] or [15]).

Remark 2.1.7: Let us notice that being I not a Togliatti system does not imply that I has
the WLP. As showed in example (4), I can hold the WLP in the first non trivial place
but fail it later. Hence it is important to remark that Togliatti systems are those ideals
satisfying hypothesis of such that fail the WLP in the first non trivial place because
of injectivity.

The Example (1) gives us a Togliatti system generated by monomials. These
types of Togliatti systems will be the object of the study in the next chapters because we
can associate to them a toric variety and apply combinatorial tools. However, there are
also Togliatti systems generated by other forms than monomials.

Example 2.1.8: Letn > 3 and d > 3. Let L € R be a linear form, F,...,F; € Ry
be general forms of degree d — 1, and Gy,...,G, € R; general forms of degree 4. If
("2 41 <t < ("H97Y) — n, then I is artinian and fails the WLP in degree d — 1.
Indeed: since t > ("F972) 41, when we restrict {LF;} to a general hyperplane, they
become k—linearly dependent. On the other hand I is generated by r = t +n < (”Zi;l)
forms of degree d and, hence we can apply Proposition and conclude that I is a

Togliatti system.



Chapter 3

Monomial Togliatti systems

In this chapter we will restrict the study to Togliatti systems generated by monomials.

Definition 3.0.1: Let I = (Fy,...,F,) C R be an artinian ideal generated by r < ("iﬁ;l)
forms of degree d. Let us assume that [ is a Togliatti system (i.e. it fails WLP in degree

d —1). We say

(1) Iis a minimal Togliatti system if for any 1 <s <rand {F;,..., F, } C {F,..., F}
we have that I’ = (F; F;,) is not a Togliatti system.

IAREY:

(2) Iis a monomial Togliatti system if I can be generated by monomials.

(3) I is a smooth Togliatti system if Xn/[ -], is a smooth variety.

Remark 3.0.2: We cannot forget the assumption of I being artinian. Indeed, I = (xé, x‘ll,
x3, x%) + xg(x1,x2, x3) C k[xp,x1,x2,x3] is a minimal monomial Togliatti system. If we

consider | = (x8,x},x3) 4+ x3(x1,x2), then we can say that | C I and that ] is also a

minimal monomial Togliatti system. We have committed an abuse of notation:

When we say ] C I we are seeing | as an ideal of k[xg, X1, X, x3], but in this case ] is not
a Togliatti system because it is not artinian ((0:0:0: 1) € V(])). Therefore, when we are
saying that | is a monomial Togliatti system we are referring | as an ideal of k[xg, x1, x2]
and, since [ ;(_ k[xo, x1, x2] there is no sense in saying | C I.

In order to make the study easier, in the next section we will give some tools to test
the WLP of monomial ideals and the smoothness of the associated varieties. Then we will
apply these tools to classify smooth monomial Togliatti systems generated by quadrics
and cubics. The classification of smooth monomial Togliatti systems of forms of degree
d > 4 is still open. We will discuss it.

3.1 Preliminaries
We start with a very useful result for testing the WLP in the monomial case.

7



8 Monomial Togliatti systems

Proposition 3.1.1: Let I C R be an artinian monomial ideal. Then R/I has the WLP if, and
only if xo + - - - + xy, is a Lefschetz element for R/ 1.

Proof: Take I = (my,...,m,) with m; = Xé(i’o) e x;(im € Rfori =1,...,r. By definition,

I has the WLP if, and only if there is a general linear form L € R; such that for every
d € Z, the map XL : (R/I); — (R/I)441 either is surjective or injective, and we call L a
Lefschetz element. By Lemma we know that L is a Lefschetz element if R/ (I + (L))
and R/(I+ (xo + - -+ + x,)) have the same Hilbert function.

We write L = agxg + - - - +a,_1x,-1 + X, with ag - - - a,_1 # 0 by generality of L. Now,

let | .= (m,...,my) C S := k[xp,...,X,_1] where m; := xé(i’o) . -qu(i_"'fl)(aoxo + -+

ay_1%,_1)/@m fori=1,...,r. Thus, we have R/(I+ (L)) = S/] (%). Since ag - - -a,_1 # 0,

we can replace each 77; by 71; = (aoxo)/00 - - - (a,_12,_1)/0n=D (—agxg — - -+ — ay_12, 1)/
!

for i = 1,...,r without changing the ideal. Furthermore, by the isomorphism y; — a;x;
between S and S’ := k[yy, ..., yn| we have S/] = S'/] .

Finally, we have J' = (7iy/,...,7;)) with ;' = yé(i’o) . ~yil("j’1’1) (=yo— - — Yu_1)/@m. So,
by means of the analogous isomorphism we used in (x) we have §'/]" = R/(I + (xo +
-+++xy,)). Therefore, we have seen that R/ (I + (L)) and R/(I+ (xp+ - - - + x5, )) have the
same Hilbert functions, and so we have finished the proof. 0

Now we study one example of monomial Togliatti system of degree 3 in IP".

Example 3.1.2: Letn > 2and I ! := {x?xj}o<izj<n C k[0, ..., xs]. By simply counting
there are 7(n + 1) monomials so dim ! = n(n +1) — 1.
We also let 1] be the rational map associated with I~!, which is not defined in
d

n 41 points. As we saw in Definition [2.1.4} the closure of its image X := Im((p[l,l] ) is
d

projectively equivalent to the projection of the Veronese variety V(1n,3) from the linear
subspace I := ({x7}o<i<n U {xixjxx fo<icjcrzn)-

We want to check that X satisfies a Laplace equation of order 2, and hence I will be a
Togliatti system of cubics. Observe that ("}°) —n(n+1) < ("/371) if, and only if n > 2.
Thus, by Propositions and X satisfies a Laplace equation of order 2 if, and only if
the cubics {x?}ogign U {xix;xk }o<i<j<k<n become k—linearly dependent when we restrict
them to the hyperplane xo + - - - + x,, = 0, which it is easy to check.

When we are dealing with monomial ideals I, I~ is also a monomial ideal and the
variety X := Im ¢, -1 is a toric variety. In the following we will define, construct and
~d

study these varieties.

3.1.1 Toric varieties
Let {my,...,mny} C k[xo,...,x,] a set of monomials of degree d. Each of them can be
remembered as a (1 + 1) —uple of nonnegative integers (its exponents). That is:

i

w i . . )
m; = xy° - Xy = m o wl) = (wh,...,wh) € Z"H1.
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Therefore A := {w(o), .. .,w(N)} is a finite subset of Z"*!. For any x = (xq,...,xn) €
(k*)"*! and w = (wy, ..., wy) € Z" we set x 1= x;° - - - x;;". Define

0 N
X0 = {(x” o x9Y)x = (x0,..., %) € (K¥)"H1} C PN,
Its closure defines a projective variety X4 := Xif)q. We will see that X9 is a Toric variety.

Definition 3.1.3: A toric variety is a pair (X, «) where
(1) X is a quasi-projective variety, and
(2) a: (k*)" x X — X is an action with a dense orbit, i.e. there is x € X such that

Ou(x) ={a-xla € (k*)*} = X.

Proposition 3.1.4: Let A = {w"),...,wN)} be a finite subset of Z"*'. Then XY is a toric
variety.

Proof: Letbe a : (k*)"t1 x PN — PN such that x- (z9: - -+ : zy) = (x“’(o)zo HERR x“’(N)zN).
By definition X4 = {(x¢” : .- : x™)|x € (k*)"1} = Oy((1 : --- : 1)). Then X4 =
Ox((1:---:1)) is a toric variety together with a : (k*)"+1 x X9 — X0 O

Notation 3.1.5: By abuse of notation, when talking about toric varieties of the kind X4
we will omit the action a.

The following results and definitions will describe the properties of these varieties. We
fix a finite subset A = {w(?),...,w(N)} of Z"+! and X, the toric variety associate to it.

Definition 3.1.6: We call the affine sublattice generated by A the set

Affz(A) = { Y new|Vw e A, ny €Z; Yy w e Ang = 1} cz',
weA

We call polytope generated by A the set

Py = {Y e dww|Vw € A, ay € Ry; Ypep dw = 1} C RML
and the dimension of P4 to be the dimension of the smallest affine space containing P4.

We want to give a criterion to know whether a toric variety of the type X, is smooth.
To do it we need to fix some notation:

Let S be the subsemigroup of Z"*! generated by A and 0. Pick up a face of Py, F,
and let us define Ling (F) as the vector R—subspace spanned by F in R"*!. Observe that
dimp Ling (F) = dim F 4 1. Indeed, by definition of polytope dimension, F is contained in
an affine subvariety of dimension dim F, let us name it V. As long as F does not contain
0 € R"*!, we have Ling(F) = V V0 and dimp Ling (F) = dim(F) + 1.

Consider now the quotient Z"*1/F := Z"+1 /(Z"*! N Ling (F)) which is a quotient of
free abelian groups, and hence it is a free abelian group. Let us define S/F as the image
of Sin Z"*1/F. Since S is a subsemigroup of Z"*1, S/F is a subsemigroup of Z"*!/F.
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Finally we define Linz(A N F) as the abelian subgroup generated by A N F in Z"*+1.
Observe that Lingz (A N F) is a subgroup of Z"*! N Ling (F), in particular we have an index

i(F,A) := [Z""' N Ling (F) : Linz (AN F)].

Proposition 3.1.7: Let A C Z"*! be a finite set generating Z* as an affine lattice and let P4
the polytope generated by A. Then, X 4 is smooth if, and only if for each non-empty face F of Pa
the following conditions hold:

a) The semigroup S/ F is free.
b) The index i(F,A) = 1.

To see whether these conditions hold we can understand them by means of the poly-
tope P4 and its relation to the lattice Z"*!. In particular it can be proved

Proposition 3.1.8: In the context of proposition conditions a) and b) are respectively equiv-
alent to

a’) For every vertex v of Py let us consider vy, ..., vy the first integral points on the edges going
from v. Then {v; — v}1<j<y spans Z"T1.

b’) For every non empty face F of Py, Af fr(F)NZ" = Affz(ANF).

Also, when n = 2, condition b’) is equivalent to b”) For every edge F of Pa, FNZ3 C A.

Example 3.1.9: Consider [7! = {x%x]‘}ogi#jgg and the corresponding Togliatti system
I = {3}, U {xixjxx}o<icj<k<n (see Example . The smoothness criterion tells us
that X = Im(go[l,l] ) is smooth.

d

The next proposition will be a very important tool to see whether a toric variety X4
satisfies one Laplace equation of order two:

Proposition 3.1.10: Let A C Z"*! be a finite subset, and let X, C " be the toric variety
associated with A. Then ¥ : P" — X s.t. (fg: -+t ty) > (£70 -+« 2 "N is a parametrization
where:

(1) mj = (mjp, - -+ ,my) € A
(2) t=(to,... tn) = M = g0 .. g

If there is a hypersurface of degree d in IP" which contains all points of A, then X 4 satisfies one
Laplace equation of order d.

Proof: Let1 = (ly,...,Iy) and a = (ag,...,a,) be two (n + 1)—uples of nonnegative
integers. Then we consider

il_l olalt! _ (b I f-a
o2 alath...9ttm  \ g an
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We can group all dth order partial derivatives of ¥ at a general point in a matrix:

dgmgy — dymy - dympy -
aattdo (t) aattdl (t) U aattd (t)
adt%o — a"’t'9’1 — adtr(t]ln —
a1y (t) Ty ONE Ty (t)
Hy(H)®) = _ - . ' o
R e O () BT ()
dm.f dm.f . ,;zm:,
aaiﬁo (t) aattgl DN aattgn (t)

Observe that dim; P (Téd()z)X A) = rgH(Y)(t) — 1. Then, X, satisfies one Laplace

equation of order d if, and only if for general t € P" there is a k—linear dependence

among all columns of H('¥)(f). As t is general, we can assume f = (1:---: 1), and using
the partial derivative expression above, each column of H;(‘¥)(1: --- : 1) can be written
as

o n / Jaezr+l st |a|=d

Then a null linear combination of these columns corresponds to a hypersurface of
degree d going through every point of A. O
Let us notice that if all monomials corresponding to the set A have the same degree d,
we can see them as a subset of dA;, where A, is the standard simplex with n 4- 1 vertices.
The next figure shows visually how to represent all monomials of degree 4 in 3 variables:

4
*0
x%xl x8X2
2,2 2 2,2
XpX7 XpX1X2 XpX3
xox% xox%xz xoxlxg xox%
4 3 2,2 3 4
Xq X1Xx2 X1X5 X1X5 Xy

For simplicity we will consider the monomials as dots:

Therefore, when considering a monomial artinian ideal I of k[xo,...,x,]| generated
by forms of degree d, and its inverse system (also a monomial ideal) we can consider
A1 C dA, consisting in all integer points of dA; minus the points corresponding to the
minimal generators of I. Since I is artinian and monomial, Aj is dA, minus the n + 1
vertices and other points. Let us see a visual example:
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If I = (x3,x3,x3, xox1x2) C k[xg, x1, x2], then

A=

Where the empty circles represent the removed monomials from 3A;. Let us also
notice that this visual representation allows us to see easily how is P4, which we will
write shortly as P;.

Finally, let us consider a corollary of Proposition
Proposition 3.1.11: Let I C R be an artinian monomial ideal generated by r < (”ﬁ]l) forms
of degree d. Then I is a (monomial) Togliatti system if, and only if there exists a hypersurface of
degree d — 1 passing through all points of Aj.

Moreover, I is a minimal monomial Togliatti system if, and only if such a hypersurface F does
not contain any point of dA, except, eventually, some vertex.

With these tools we address the problem of classifying all smooth monomial Togli-
atti systems of forms of degree d (equivalently, the classification of projections of V(n,d)
satisfying at least one Laplace equation of order d — 1).

3.2 Quadratic case

In this subsection we classify all monomial smooth Togliatti systems of quadrics in R =
k[xo, ..., xn] following [7]. To do this, we will use combinatorial techniques and graph
theory.

Notation 3.2.1: Let I C R be an ideal. We associate a graph G with vertex set V =
{vo,...,vn} and edges E(G) = {(v;, vj)|x;x; € I}.

The main result we want to prove is

Proposition 3.2.2: Let I be a minimal smooth monomial Togliatti system of quadrics in R =
k[xo,...,xn] with n > 3. Then, there are n —1 > a1 > ap > 2 such that n + 1 = a1 + a and,
up to permutation of the coordinates, we have

I = (XO,. . .,xul_l)z + (Xal,. . .,Xn)2.

Proof: First we check that (xo, . ..,xﬂl_l)2 + (Xay, - ., xn)?

system for all a1, a5 in the hypothesis.

are minimal smooth Togliatti

Now we fix a minimal smooth Togliatti system of quadrics S and let P be its inverse
system. Then, we consider the graph G associated to P. We may regard P as a subset of
integral points of 2A, where A is the standard simplex with n + 1 vertices. Observe that
there is a correspondence between edges of G and vertices of P.
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By Proposition X, p satisfies at least one Laplace equation of degree one. Then,
its tangent space at a general point has dimension less than the expected one (which is
n + 1). Finally, Proposition [3.1.11{implies that the set of points P lies in a hyperplane.

To continue with the proof we need some lemmas describing the graph G.
Lemma 3.2.2.1:  Each path (vj,vr,v;,0s) in G is a part of a four cycle (i.e. (vs,v;) is an edge).

Proof: We can rewrite the hypothesis of the lemma as p; := x;xi, p2 1= x¢x; and p3 := x;X;
are points of P. It is clear that py := xs¥; is coplanar with py, p2 and p3. On the other hand,
as we said before, the points of P lie in a hyperplane which contains all linear subvarieties
spanned by subsets of P. Then py must lie in the same hyperplane and consequently
ps € P. O

Lemma 3.2.2.2:  Each connected component of G is either a complete or a complete bipartite graph.

Proof: Let C be a connected component of G with more than one vertex. If C does not
contain odd cycles, then C is bipartite. Therefore, the minimal path joining two vertices of
different parts must be of odd length, and by Lemma must be of length one. Thus
C is a complete bipartite graph.

On the other hand suppose that C contains an odd cycle. By Lemma 3.2.2.T|the shortest
odd cycle of C is a triangle. Let us now consider C’ be the largest complete subgraph of
C, and let v be a vertex of C — C’. Since C is connected, v must be joined to C’ with at
least one edge ¢ = (v, vg). Since C’ is at least a triangle it has at least three vertices and we
can choose 3—paths ending at vy: (v;, vk, vg). Then we can apply Lemma and there
must be another edge connecting v with v;. As long as C’ is complete and we can change
v; for any vertex of C’, v must be joined with every vertex of C’. Thus, v is a vertex of C’
and C = C' is a complete graph.

Finally, if C is one isolated vertex, P is smooth if, and only if n = 3. Butif n = 3 and G
has an isolated vertex, P has at most 3 points which contradicts the cardinality assumption
of || < ("}21). for Togliatti systems of quadrics. O

Now we have all ingredients for the proof, and we start supposing that none of the
components of G is bipartite. By the previous lemma, G is a disjoint union of r 41
complete graphs and then we can write

P = {xox1, x0X2, - -+, Xj; 2% —1} U{Xj Xj, 41, -+, Xjp2Xj 1} U - U{X, X401, -+, Xpo1Xn }

That set of points does not fit in a single hyperplane. Indeed, the set of hyperplanes
such that every hyperplane contains all points in 7 first sets above does not intersect with
the set of hyperplane such that every hyperplane contains all points in the last set above.

On the other hand, if two components of G were bipartite graphs, then we could write
I = I + I + ] were I; would be ideals of the same type as in the text in the proposition. As
we have seen these ideals are minimal smooth monomial Togliatti systems, then I would
not be minimal.

Hence, we can assume that exactly one component is a bipartite graph and none of
the components is an isolated vertex. If G is connected I must be as in the proposition.
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Otherwise, by the minimality and the smoothness, we can assume that G has exactly two
components: a triangle and a complete bipartite graph with one part consisting in a single
vertex. However, this implies that |P| = 3+ (n —3) = n < n + 1 and does not satisfy the
cardinality assumption.

3.3 Cubic case

As we have mentioned above, in three variables there is only one monomial Togliatti
system of cubics: I = (x3,13,2% xyz). Now, we want to classify all monomial Togliatti

systems of cubics in #n + 1 variables.

3.3.1 Four variables

Next proposition classifies all monomial Togliatti systems of cubics in k[xg, x1, x2, x3]. It
can be proved using Macaulay?2.

Proposition 3.3.1 ([9]; Theorem 4.11): Let I C k[xo, X1, x2, x3] be a monomial artinian ideal
of degree 3. Let X = X,-1 the variety associated to I=1. If X is a smooth threefold satisfying a
Laplace equation of degree 2, then (up to a permutation of the coordinates) we have the following
three options:

(1) 171 = (x3x1, X3x2, X3x3, X0 X3, X0 X3, X0 X3, X2 X2, X2 X3, X1 X3, X1 X3, X3X3, X2 X3)
-1 _ 2 2 2 2 .2 2 2 2,2 2
(2) I = (xoxlxz,xoxlxg,,xoxz,xoxg,,xoxz,x0x3,x1x2,x1x3,xlxz,x1x3,x2x3,x2x3)
(3) 171 = (xoxle, Xp0X1X3,X0X2X3,X1X2X3, X%XQ, xox§, X%X3, xoxg, x%xz, Xlx%, x%xg, xlx%)
Moreover, if we delete smoothness hypothesis we have the further cases
(1) I7' = (xpx2x3, xlxzxg,,xgxz, X%X3, xoxg, x%xz, X%Xg,, x1x3, X%X3,XZX§)

(2) A projection of case ii removing one or both of the monomials xgx1x2, XoX1X3 Or a projec-
tion of case iii removing a subset of the monomials (xyx1X2, X9X1X3, X0X2X3, X1X2X3) OF 4
projection of case iv removing one or both of the monomials (xoxX3, X1X2X3).

3.3.2 General case

We will study the general case also following [7]. We begin with a family of examples of
smooth Togliatti systems of cubics.

Example 3.3.2: Let us consider a partitionof n+1 = a1 +... 445, withn+1 > a7 >
... > g, >1and the ideal S = (xo,...,xa1_1)3 4+ -+ (xn+1_,15,...,xn)3 + ], where | =
(xixjxeli <j<k; V1 <A <s, #({i,j,k} N 1)) < 1) with L={Y4<r_14a,..., Ta<r da — 1}
Then S is a minimal monomial Togliatti system of cubics.

Proof: First of all let us observe that ] is generated by } o<;j<r<s 4i2;ax monomials, and
consequently S is generated by
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5 2
Haq,....as = kzl (ak;— ) + Z a;a;ay monomials

0<i<j<k<s

Also we can observe that its inverse system is P = (x%x]-, xisz\i <j Vi< AL
S, #({l,]} N I/\) < 1) +(x1~xjxk|i <j;, V1< A<s, {Z,]} Cly, k¢ L\)

ThequadricQ=2 Y -5 Y xxj+9 Y, xxi+e+ Y xl-xj>
0<i<n 0<i<j<n 0<i<j<a;—1 n+l—as<i<j<n
go through every integral point of P and every other quadric Q' going through every
integral point of P, Q' is projectively equivalent to Q. In fact,
n

Let Q' = Z uix? + Z Hijx;x; be a quadric going through all integral points of P.
i=0 0<i<j<n

As we can see above, P is a union of two sets of points. These two sets will restrict the

values of y; and p;; and that will give us the proof. From every point of the form xlzxj and

x,'x]z such thati < jand V1 < A <s, #({i,j} NI)) <1 we are given two equations:

2ui
5

{ Api + i+ 2p45
‘ui-l-4]/l]'—|-2]4i]‘ = 0

and we get |p; = p;j =

Finally, from every point of the second set, i.e. XiXjXg such that i < j, and V1 < A <

s, {i,j} C Iy and k ¢ I) we are given the equation p; + p;j + pg + pij + i + pjx = 0.

Since {i,k} and {j, k} satisfy the first set condition we get y; = p = pj = —2?" = —zgﬂ.
4y
Replacing it in the above equation we have | p;; = 2u; = — ;;’k . In short we have that:
{ pij=—3ui,  i<jVI<A<s #({ij}nl) <1
yij = 2]’11'1 i< j; {1/]} - I/\

Therefore, we can write

5
Q= Y wxi- 5 Y mixixE2 ) b 42 Y. HiXiXj =
0<i<n 0<i<j<n | 0<i<j<m—1 n+1—as<i<j<n
#({ij}nn)<1
> 5 9 9
= ), Hixi - 5 ) Hixixj + 5 Y PixiXj =+t 5 Y. HiXiX;
0<i<n 0<i<j<n 0<i<j<a;—1 n+1—a;<i<j<n
which is projectively equivalent (by a change of variables) to Q. Using proposition (3.1.11
this fact proves that S is a minimal Togliatti system. g

Actually, it can be proved that the systems presented in this example are all the smooth
Togliatti systems of cubics:

Proposition 3.3.3 ([7]; Theorem 3.4): Let P be a minimal smooth monomial Togliatti system of
cubics, and let S be its inverse system. Then, up to permutation of coordinates, either P or S is one
of the examples above for some partition of n + 1.
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3.4 Number of generators of monomial Togliatti systems

In the previous sections we classified all smooth monomial Togliatti systems of cubics
and quadrics. The classification of smooth monomial Togliatti systems of forms of degree
d > 4 seems out of reach. In this section we study monomial Togliatti systems of forms
of arbitrary degree. The results of [8], though not classify all monomial Togliatti systems,
give us upper and lower bounds on their number of generators.

First of all, let us fix some notation:

Definition 3.4.1: For every n,d € IN, we denote by 7 (n,d) the set of all minimal mono-
mial Togliatti systems, and by 7°(n,d) the set of all minimal smooth monomial Togliatti
systems. Furthermore, we write

() (n,d) = min{p(D)|I € T(n,d)}
@ w(n,d) = min{u(1)|I € T*(n,d)}
(3) p(n,d) = max{p(D)|L € T(n,d)}
@) p*(n,d) = max{p(D)|1 € T*(n,d)}

where () stands for the minimal number of generators of an ideal I C k[x, ..., xy].

Since every monomial artinian ideal I C k[xo, ..., x,] generated by forms of degree d
contains the ideal (xg, .., xfl), and such ideal has the WLP (Proposition , we have
n+2 < plnd) < p(n,d) < p(n,d) < p(n,d) < ("17)
We can analyze the cases d = 2, 3 using the results we have shown before:

Proposition 3.4.2: Using the above notation. For d = 2 it holds:
(1) 7°(2,2) =0

A2 4+20 41 ifn=2A
A24+3A+2 ifn=2A+1

(2) For n > 3, we have yu(n,2) = {

(3) Forn >3, p°(n,2) = (3) + 3.
For d = 3, we have:

(1) 15(2,3) = p°(2,3) = 4.

(2) 145(3,3) = p°(3,3) = 8.

(3) 13 = u%(4,3) < p°(4,3) = 15.

(4) For all n > 4, we have
() +205) ifn =2

s n+1 s
- 1 -
p°(n,3) = ("3") +n+1and p°(n,3) { 20443 Fn—2)+1

The goal of this section is to find bounds for the general case when n > 2 and d > 4
and to classify monomial Togliatti systems reaching the lower bounds or close to them.
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3.4.1 Lower bounds

First of all we introduce a type of Togliatti systems that we will often find along this part.

Definition 3.4.3: A Togliatti system I C k[xp,...,x,] of forms of degree d is said to be
trivial if there exists a form F of degree d — 1 such that (xoF,...,x,F) C L.

Remark 3.4.4: (1) If we restrict Fxo, ..., Fx, to the hyperplane xo + --- + x, = 0 they
become (trivially) dependent.

(2) If d = 3, and F is a monomial, then Xn,[ 1] is not smooth (see Proposition [3.4.7).

d
In the next proposition we will give a lower bound and we will see that the Togliatti
systems which reach the bound are mainly the trivial ones.

Proposition 3.4.5: For any integers n > 2 and d > 4 we have y’(n,d) = u(n,d) = 2n+ 1.
Furthermore, all minimal monomial Togliatti systems of forms of degree d > 4 with p(I1) = 2n+1
are trivial unless one of the following cases holds:

(1) (n,d) = (2,5) and, up to a permutation of the coordinates, I = (xg, x{’, xg, xgxlxz, xox%xg).

(2) (n,d) = (2,4) and, up to a permutation of the coordinates, I = (xé, x‘ll, x‘21, xoxlx%, x%x%).

Proof: First of all we will see that p(n,d) > 2n + 1, which is equivalent to see that
any monomial artinian ideal I = (xg, . ,xﬁ, mi, ..., my_1) has the WLP. We write m; =

x86 - x™ with ah+---+al, =dfor1 <i<n-—1. By Proposition3.1.11]it is enough to
see that there is no hypersurface of degree d — 1 containing all points of A; (where A; is
as subsection [3.1.1). To show this we will slice the set A; into the following d + 1 sets:

For 0 < i < d we define H; := {(ag,ay,...,an) € Z""|ag = i}, and A} :== A; N H,.

We have that A; = Uf:OA§ and A? = {xd}. Next figures give a visualization of these
sets choosing, for example I = (x3, x3, X3, x3x1x2, Xx7x3)

o] o)
[ ) [} o) ]
[ ) ] [ ) [ ) o) [ ]
Al = = A} =
[ ) [ ) [ ] [ ) o o) o] ()
[ ] [ ] 0] [ ] [ ] (o] (@] ] (o] (@]
o [ ) [ ) [} [ ) o o] (o) o) o] (o) o)
o (o]
o (o) o] (o)
o] (o) o) o) o (o)
A%: andA}:
[ ) [} [ ) [ ) o) ] () o)
[e) O () [e) O [ ) [ ) () [ ) [ )
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Now we will proceed the proof by induction on #, starting with the case n = 2:
- dood od (80,00 1 1 ]

In this case we have I = (x{, x{, x5, x,’x;' x,*) with ag + a; +a; = d > 4. Hence we can
assume without loss of generality that a} > 2. Let us assume that there is a plane curve
F; 1 of degree d — 1 containing all points of A; and we will get a contradiction.

Since a} > 2 there are exactly d — 1 points in A? and d points in A}. Now, since F;_; is
a curve of degree d — 1 containing all d points of A} there must be a linear form L; such
that F;_1 = L1F;_». Since F;_; has degree d — 2 and contains all 4 — 1 points of A(I) there
is also a linear form Ly such that F;_, = LyF;_3. We have now that F;_1 = LoL1F;_3 with
F; 5 of degree d — 3.

In case that a} = 2, A? has exactly d — 2 points. Otherwise, if a} > 2, A? has exactly
d — 1 points. In both cases A% contains more points than the degree of F; 3. Since F; 3
contains all points of A? we have that F; 3 = LyF; 4, and by the minimality of I, aj > 0.

Repeating the argument, we get that F; 1 = LoL;---Lj_», so F;_1 does not contain
the points of A‘}*l which is non empty and it contradicts the existence of a plane curve of
degree d — 1 containing the integral points of Aj.

Let now n > 3 and assume, inductively that the claim is true for n — 1. We want to
prove that there is no hypersurface of degree d — 1 containing all integral points of Ay,
where

I= (x4 d A= x®™ o with Y ol —d >4, 1<i<n—1
= (xg,...,xy,my, ..., my_1) and m; = x,° - - - x," Wi Zak— >4, <i<n-1.
k=0

By reenumerating if necessary, we can assume that a(lJ > a% > e 2> a}l > 0, and also
that a(l) > a% > 0. Therefore, a(l) > 0, and we can see A? as the integer points of dA,_1
minus the n vertices and, at most, minus n — 2 vertices more. By inductive assumption,
there is no hypersurface of degree d — 1 in IP"~! containing all points of AY. Hence, F; 4
factorizes as F;_1 = LoF;_, where F;_, is a hypersurface of degree d — 2 containing all
points of A\ AY.

Now, suppose that a} = ... = ag_l =1, then A? = (d —Z)An_l,...,A‘Ii_l = Ay 1.
Since there is no hypersurface of degree d — j in IP"~! containing all integer points of
(d—j)Ay_q forj=2,...,d—1, F;_, factorizes as Lp - - - L;_1. This gives a contradiction
because F; 1 does not contain any point of A} which is non empty.

Otherwise, suppose that aj > 2. Then, Al is equal to (d — 1)A,_1 minus at most
n — 2 points. By inductive assumption, there is no hypersurface of degree d — 2 in IP"~2
containing all points of A}. Therefore, F;_, = F;_3L1, and we repeat the argument until
we find that F;_1 = Lo - - - Ly_, which gives us a contradiction.

Once seen that u(I) > 2n+1 for every I € T (n,d) we will classify all monomial
Togliatti systems in 7 (1,d) such that they are generated by exactly 2n + 1 monomials.

We will start with the case n = 2. Let us take I = (xg, xf, xg, my,my) € T(2,d), where
m; = xgbxqﬁl xglz and a) + a} + a}, = d. Let us suppose that there exists 0 < i < 2 such that

al,a? > 2. We can suppose without loss of generality, that i = 0. Then, the plane curve

F;_1 containing all points of A factorizes as F;_1 = LoL1F;_3. Now,
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d—1, a},a3>2
#(Fy3NHy) =4 d—2, a}>a}=2
d—3, a(l):a%:2

In the first case we get F;_3 = LpF; 4. In the second case we obtain a contradiction with
minimality. The last case is possible, a priori. Hence, a} = a3 = s > 2, and using above
argument we can see that F; | = LoL;---Ls_1F; s 1. Now we can see that #(F; ¢ 1 N
Hgy1) =d —s > d —s— 1. Therefore we have the factorization F; s | = Ls11F; 5 5. Ap-
plying this argument recursively we obtain that F;_y = LoL;...Ls_1Ls+1 -+ Lgj_1. Using
the minimality of I we obtain that this is only possible when s = d — 1 and, therefore I is
trivial.

Now, let us assume that for any 0 < i < 2, there is 1 < j < 2 such that af < 1. Since
there are 3 variables and 2 monomials, by reenumerating the indices we can assume that
aé,a%,a% < 1. Therefore it must be:

my € {xoxlngz, xongl,xlxg”} and mj € {xgx’fflf”‘,xgxf*“\o <a<d-1}
When replacing xy by x; 4 x2 in the above possible monomials, then xg, xf, xg, my, Mo
remain linearly independent except when

(1) d =4 and (my, mp) = (x3x1x2, x3x%)

(2) d =5and (my,mp) = (xoxlx%, x%x%xz)

Let us now suppose that n > 3 and d > 4. Let I = (xg,...,xz,ml,...,mn) be a

minimal Togliatti system where m; = x36 e xZ; and 2;‘:0 a;- = d > 4. Since we have
n + 1 variables and n monomials, there must be a variable x; appearing in more than two
monomials. We can assume without loss of generality that j = 0 and a(l),a% > 1. Let us
now consider the hypersurface F; ;1 of degree d — 1 containing all integral points of Aj
given by Proposition Let us consider its restriction G;_1 to the hyperplane Hy.
G,_1 vanishes to all points of A? which is equal to dA,,_; minus the 7 vertices and at most
n — 2 other points. Let us consider now I’ the ideal generated by those 1 vertices and the
monomials not containing xo among {m; }.

If G;_1 is not a hyperplane, we have a hypersurface in n variables containing Aj.
Therefore I’ would be a minimal Togliatti system with p(I') < 2n—2 = 2(n —1). In the
first part of the proof we have seen this cannot happen. Hence G;_; is a hyperplane and
F;_1 = LoF;_,. Since I is minimal, we have that 11(1) > a% > >ap > 1

Since [ is a Togliatti system, when we restrict xg, ey xﬁ, my,..., mptoxg+---+x, =0
they become linearly dependent. In such a linear combination, the coefficient of (xo+. ..+
X1 )d must be null because, for example, the monomial x‘li_lxz cannot be canceled by any
of the other monomials. Then, the coefficients of the monomials x‘li,. .., xzfl must be zero
in this linear combination. Therefore, we can divide the monomials m; by x¢ and obtain
new monomials m; of degree d — 1. These new monomials, together with ngl,. .y xﬁ’l
must form a new Togliatti system. We can repeat this procedure until 4 = 4 and obtain
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that m; = Mm] where m] is a monomial of degree 4 and I’ = (x§,...,xp,my, ... ,m))isa

minimal Togliatti system.

We can use the same argumentation as above to show that these monomials m all
contain x;. Then, if F; is the hypercubic containing Ay, it must factorize as F; = LyF; with
F} containing Ap ~ A(IJ,. With only n points we can remove, the only possibility is that

these points are next to x;.}, and then (mj,...,m;) = x?(xo,. e Xn).
Finally, since pu(I) = 2n+1, M = xg*‘1 and j = 0. Hence, I = (xg,...,xﬁ) +
ngl(xl,...,xn). O

Arguing as above we can classify all smooth minimal Togliatti systems which are gen-
erated by 2n + 2 monomials and we get

Proposition 3.4.6 ([8]; Theorem 3.17): Let I C k[xy,...,xu] be a smooth minimal monomial
Togliatti system of forms of degree d > 4 with u(I) = 2n + 2. Then I is trivial unless n = 2 and,
up to a permutations of the variables, one of the following cases hold:
(1) d =5and

(@) = (xg3,x7,%3) + xox1x2(x0, 1)

(b) T = (xg,x7,%3) + xox1x2(x§, 4, 3)

(c) I = (x3,x3,x3) + xox1x2(x0X1, X0X2, X1X2)
(2)d =7 and

(a) I = (x0,x],x5) + xox122 (x3x%, x3x3, x3x3)

(b) I = (x0,x],x5) + xox122(x3, x7, x3)

(c) I = (x3,x7,x3) 4+ xox1x2(x3x2, x0x1 %3, X5)

The next proposition finishes the classification of smooth monomial Togliatti systems
I'with2n +1 < u(I) <2n+2.

Proposition 3.4.7: Let I = (x,...,x%) +m(xo,...,xn) be a trivial Togliatti system of degree
d where m is a monomial of degree d — 1. Then I is smooth if, and only if (up to permutation of
variables) one of the following cases hold:

(1) d=2andn=2o0rn=3.

(2) d =3, n=2and m = x3. In this case 5 = u(I) > p(2,3) = 4, but we consider it to have
a complete picture.

(3) d24,n:2andm:xg*1 orm:xgjx?xéz with iy > i1 > i, > 0.
(4) d24,n23andm:xg*10rm:xg]x§1~~x£{’withio21’1Z---ziHZOandi2>0.

Proof: We will study cases d = 2,3 > 4 separately:
(1) Assume d = 2. We can assume without loss of generality that m = xj. If n = 2, then
X is a point corresponding to x1xp, and it is smooth.
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Suppose now that n > 3, then to get A; we have to remove all points of 2A, except
those corresponding to the monomials x;x; with 0 < i < j < n. Therefore, A; = AY and
it is equal to 2A,,_1 minus the n vertices. Hence, there are 2(n — 2) edges emanating from
each vertex of P;. By the smoothness criterion we have that X is smooth if, and only
if2(n—-2)=n—-1<n=3.

(2) Assume d = 3. In this case we can assume m to be x3 or xox1. If n = 2, the first case is
smooth because Pj corresponds to a trapezium, and the second case is singular:

If m = xpx1, in order to obtain A; we have to remove all vertices of 3A; together
with x3x1, xox? and x0x1x;. Hence x2x; x2x; is an edge of P; which contains

Xpx1X2. This contradicts the smoothness criterion

If n > 3 both cases are singular:

If m = x3, then there are more than 2(n — 1) edges emanating from the vertex corre-
sponding to xox}. Since n > 3, then 2(n — 1) > n — 1 and the smoothness criterion
does not hold. Otherwise, if m = xpx; we can use the same argument than the case n =2
and get that X is singular.

(3) Assume d >4 and n = 2. If m = x ! then P; corresponds to a truncated simplex and
X is smooth. If m = ngle, then it is singular:

In particular we are removing the points corresponding to x4, nglxl and
ngzx%. Also, the points corresponding to nglxz and xg*3x~;’ belongs to Aj.

Hence nglxz xg*3x‘;’ is an edge of P; and the smoothness criterion does
no hold.

Ifm= xg*ix§*1 with 3 <i < d -2, then xg*1x1 and xox’lj*l belong to A;. Therefore,
xg*lxl xox’f*l is an edge of P; which contains xofixif1 ¢ Aj. Hence, the smoothness
criterion implies X is not smooth.

Finally, if m = xéo xil xéz with ig > i; > ip > 0, then X is smooth because P is a truncated
simplex and all points different from vertices removed are located in the interior of P;.
(4) Assumed >4 and n > 3. If m = xg_l, the system is smooth because Py is a truncated
simplex with all integer points belonging to Aj. If m = xg*ingl with i > 3 X is singular
because P; has a 2—face where we can apply the same argument as in the case n = 2.

Finally, if m contains at least 3 different variables, then X is smooth: P; is a truncated
simplex such that all integer points on its edges belong to Aj, and on each k—face F (k > 2)

ifpc FNAjthenp e E O

Remark 3.4.8: Without the smoothness hypothesis there are more monomial Togliatti
systems I with u(I) = 2n + 2. For instance, I = (xg, x?, xg, xox‘ll, xox%xg, xoxé) € T(2,5 ~

7°(2,5) and u(I) =6.

3.4.2 Study in the range

In this subsection we will study whether there exists, for each p(n,d) <r < p(n,d) (resp.
w(n,d) <r<p°(n,d)),any I € T(n,d) (resp. T°(n,d)) with u(I) = r . The case n = 2 is
easily solved as next proposition shows:
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Proposition 3.4.9: If n = 2 then for any d > 4 we have:
(1) p*(2,d) =u(2,d) =5.
(2) p°(2,d) =p(2,d) =d +1.
(3) Forany5 <r <d+1, there exists I € T°(2,d) such that u(I) =r.

Proof: (1) It follows from Proposition [3.4.5|

(2) By definition of Togliatti system we have that p(2,d) < d + 1. The existence of
I € T5(2,d) such that u(I) = d + 1 will follow (3) (by choosing r = d + 1).

(3) Let us consider the ideals

I5 := (x8, xﬁi, xd) + ngl(xl,xz)

For6 <r<d+1 I := (x&x¢x4) +x3 7 3x1x [(x0, 1) + (x2)" 7]

The first ideal is a smooth monomial Togliatti system as seen in Proposition [3.4.7} For
r=61I = (xg, x‘f, xg) + xg_3x1x2(x0, x1,X) is also a smooth monomial Togliatti system
again by Proposition

Let us consider L;, L! and L} the linear forms in k[xo, x1,x5] corresponding to the
affine hyperplanes {ap = i}, {13 = i} and {ap = i} respectively, where 0 < i < d
and (ag,a1,a;) are the coordinates in Z3. With this notation, for each 7 < r < d + 1,
Fj_1=1Lo---Ly_poLy LY --- L 5L{ is a hypersurface of degree d — 1 containing all points
of Ay . Finally, this system is smooth because Pj, is a truncated simplex and every integer
point in its edges belongs to Aj, 0

However, we cannot generalize this proposition to the case n > 3. In that case we will
see that there is no I € 7°(n,d) with u(I) = 2n + 3. We will study this separating the
cases d = 3 and d > 4, but before we will prove a useful lemma:

Lemma 3.4.10: Let [ = (xg,...,xﬁ,ml,...,mh) € T(n,d) withh >mn,d > 3and m; =

1 1
xgo---xznforizl,...,h. Wecanassumethata(l) > ... Zag.
Ifag‘_"+2 >0, then al) > 0fori=1,...,h

Proof: Since I is a Togliatti system there is a form F;_; of degree d — 1 in P” which
contains all points of A;. By the hypothesis assumption, AY is equal to dA,_; minus the
n vertices and at most 1 — (h — n +2) = n — 2 other points.

Let us consider the ideal I’ generated by xf, . ,xﬁ and {m;|lh—n+3 <i<h, a6 =0}.
Note that A C dA,_;. If the restriction of F;_; to the hyperplane Hy is F(0,x1,...,x,) #
0, then we have a hypersurface of degree d — 1, G;_1 := Fd_l\HO in P"~! such that it
contains all points of Ap. Then I’ is a Togliatti system in n variables, generated at most
by n+n —2 = 2(n — 1) monomials, this is a contradiction by Proposition Hence
G4_1 = 0 and F;_ factorizes as F;_1 = LoF;_».

Since Ly contains all integer points of dA, N Hy and [ is a minimal Togliatti system, by
Propositionwe conclude that A9 = @ and then a) > 0, V1 <i < h. O
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Lemma 3.4.11: Assume n > 4 and let [ be a minimal Togliatti system of cubics. Then u(I) >
2n + 1 and one of the following holds: (1) u(I) = 2n + 1 if, and only if (up to permutation of
coordinates) I = (x3,...,x3) + x3(x1, ..., Xn).

(2) u(I) = 2n+2 if, and only if (up to permutation of coordinates) I = (x3,...,x3) +
xl-x]-(xo, oo, Xp), With i # |

(3) u(I) #2n+3.

Proof: Let us notice that we cannot use Proposition [3.4.5 because d < 4.

We will start proving that there is no monomial ideal I generated by 2n cubics failing
the WLP from degree 2 to 3. We proceed by induction and with Macaulay2 we see that
u(I) > 9 for any I € T (4,3). Assume now that n > 5 and the result is true for n — 1.

. . at at . .
Let us consider I = (xg,. ) .,x%,ml,. o My_q) withm; = x - - x," and af + - - - +a;, = 3.

We will suppose that there is a hyperquadric F, containing all points of A;. Without loss
of generality we can suppose that aé > 0, and then A(I) is equal to 3A,_; minus the n
vertices and at most n — 2 other points. By induction hypothesis, the restriction of F, to
the hyperplane Hy must be of degree one, and therefore F, = LgF; with F; a hyperplane
containing all points of A; . AJ. This is impossible, since at least one point of 3A, N Hp

belongs to Aj.

Suppose now that u(I) = 2n+ 1. With Macaulay2 we can see that for n = 4 I as
(1). Let us assume that n > 5 and that the proposition is true for n — 1. We can write
I = (xg, eeey xﬁ, my, ..., my) with the same notation as above and let F, be a hyperquadric
containing all points of A;. Since at least one variable appears in to different monomials ;
and mj, we can assume without loss of generality that a}, a3 > 1. Therefore, argumenting
as before it must be F, = LoF; with F; a hyperplane containing all points in A; . AY. The
only possibility is that A2 = @ and m; = x3x;, and hence I is as (1).

Let us see what happens when p(I) = 2n + 2. With Macaulay2 we can see that for
n = 4 (2) is verified. Let us assume that n > 5 and that the proposition is true for
n — 1. We can write [ = (xg, . ..,x%,ml, ...,Myy1) with the same notation as above and
reenumerating the indices if necessary, we can suppose that aj > a3 > - -QSH > 0 and
aj > 0. If ag > 0, then by Lemma a6‘+1 > 0. Therefore, F, = LyF; with F; a
hyperplane containing all points of A ~\ A. The only way to remove #n + 1 points from

3A, ~\ Hy different from the vertices is as follows:

First choose an edge x3 x? and consider every 2—face of 3A, emanating from
this edge. There are in total n — 1 of these 2—faces.

Now, the inner integer point of each face, together with the two inner integer
points of the edge we have chosen, they correspond to 7 + 1 monomials of
degree 3.

Precisely they are: {x§x;, xox7} U {xox;x;}jg0,i-
This allows us to choose F; corresponding to the affine hyperplane {a; = 0}.

Now suppose that a3 = 0. Then, the restriction of I to the hyperplane {x; = 0} is
a Togliatti system I in n variables with u(I) = 2n—1 = 2(n—1)+1 or u(I) = 2n =



24 Monomial Togliatti systems

2(n — 1) + 2. Using the induction hypothesis we get that I is trivial and can be write as
T=(x3,...,x3) +x3(x,...,xp) or I = (x3,...,x3) + x;xj(x1,...,xy) with1 < i <j<m

In the first case, applying the smoothness Criterion Aj must contain the point x3xg
and therefore I contains the trivial Togliatti system (xo,. ., xi) + x%(xo, X2, ...,%y) which
contradicts the minimality.

On the other hand, in the second case I = (x3,...,%;) + %;xj(x1,...,X,) + (m7). Since
my contains xg, there is 1 < k < n with k # i, such that xz-zxk and szxk are vertices of Pj
such that xlzxk x]zxk is an edge of P;. Since the point x;x;x; lies over the edge and does not
belong to Aj, we get a contradiction with the smoothness criterion 3.1.8|

Finally, let us suppose that y(I) = 2n 4 3. With Macaulay2 we can see it is not possible
for n = 4. Suppose now that n > 5 and let [ = (xg, e, X3,mM,. .., My ) With the same
notation as above. As we did before, we can suppose without loss of generality that
a(l) > > agH >0, and aé > 0. If aé > 0, then we can apply Lemma and get that
agﬂ > 0. Therefore F; = LoF; with F; a hyperplane passing through all points of A; . AY
and no other point of 3A, apart from the vertices. Since we have to remove 7 + 2 points
this is impossible.

Otherwise, if aé = 0, we can restrict xS, .. ,xﬁ,mh ..., My to the hyperplane xg = 0
and get a new ideal IcC k[x1,...,xn] generated by x?, s, xf’l and those m; such that do not
contain x¢. Since a} > 0 we have that u(I) < 2(n — 1) + 2. Hence we can apply induction
hypothesis and get that I is one of the following cases:

M) IT=(x3,...,x0) +x3(x,...,xn)
2 I=(x3,...,x3) +xixj(x1, ..., %) with 1 <i < j<n

We can apply the argumentation we used just before and see that in any of these cases
we cannot get a smooth Togliatti system 1. O

Proposition 3.4.12: Let n > 3 and d > 4. Then, there is no I € T°(n,d) with u(I) = 2n + 3.

Proof: We can write I = (xg,...,x‘fl, mi, ..., mMyyq) with the usual notation. Now, we

distinguish two cases:

(1) Forall 0 < j <mn, #{i |a§ > 1} < 3, which is equivalent to say that each variable
appears in at most three monomials.

Any monomial contains all the variables. Indeed, if one monomial contained all the
variables, then the other n 4+ 1 monomials would contain two variables each. This cannot
occur as we have seen in the proof of Proposition [3.4.6]

Furthermore, at least two variables appear in three monomials. We can assume with-
out loss of generality that x; appears in three monomials. Therefore, A is equal to dA,,_1
minus the vertices and n — 1 other points. Let us consider the restriction of the hypersur-
face of degree d — 1, given by Proposition [3.1.11} to the hyperplane Hy. Then the removed
n — 1 points and the n vertices of dA,_; form a Togliatti system [ in #n variables with
u(I) = 2(n — 1) + 1. By Proposition there are two possibilities:

(a) n =3 and I is one of the two special Togliatti systems of degree 4 or 5 of Proposition
Any of them gives us a Togliatti system I.
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b)) I= (x‘li, ... ,xﬁ) + xffl(xz,. .., Xn). Since x1 appears in n — 1 monomials, it can only
ben=3o0rn =4.

In both cases, we can restrict out attention to the 2—face F := <x8, x%, x2> If xoxf lea I

then it is a vertex of P;. On F N P, there are two edges adjacent to this point. One of them
has to be xoxf 1 d 2x2, and this contradicts the smoothness Crlterlon

(2) There ex1sts 0 < j < n such that #{i |a > 1} > 4. We can assumej = 0 and
a) > a3 > aj > a} > 0. Applying Lemma [3.4.10| we get that "' > 0. Then we can
consider m/} := m;/xp for 1 < i < n+2 and as in the proof of Proposition we get
that mf, ..., m,_ , together with ngl, ..., x4=1 form a Togliatti system I; of degree d — 1.
There are two possibilities:

(a) at least one of the monomials m is the (d — 1)th power of a variable, and then
]/1(11) <2n+3.

(b) u(h) = (1) = 20 +3.
In the first case, if d > 4, then I} must be trivial. Hence, I would contain a Togliatti system
and this would contradict the minimality of I. If d = 4 then pu(l) < 2n +2.

In the second case, we can apply the above argument. We can do this procedure until
arrive to d = 4. Now we have a Togliatti system I; of degree d —1 = 3 with y(I;) < 2n+3.
If n = 3 Macaulay2 gives us the result. Otherwise, we can apply Lemma and get
that I; is trivial and therefore I is not minimal. O

To finish this section we will delete the smoothness condition and we will generalize

Proposition [3.4.12

Proposition 3.4.13: For any > 4, we have: (1) For any n > 3, u(n,d) =2n + 1.
(2) Foranyn >3, p(n,d) = (" jl' b

(3) For any integer r with u(3,d) =7 <r < (’%2) = p(3,d), there exists I € T (3,d) with
u(l)=r.

Proof: (1) It follows from Proposition
(2) By definition we have that p(n,d) <
X1 (1, n) T xp (g, x) T o (X2, X1, X)) T+ X (1, X

(n+d 1) Let us consider I = (XS,--.,xfl) +

)d—3.

u(l) = (nZﬁfl) and by restricting to the hyperplane xyp + --- + x, = 0 we get that
1€ 7T (nd).

(3) Now we assume n = 3. We have to prove that for any 7 < r < (dzz)
[ €T(3,d) with u(I) =

there exists

r=7 1= xo,xl,xz,x3)+xo Y(x1, x2, x3).

d—2

(
r=8 1= (xo,xl,x2,x3) + x5 “x1(x0, X1, X2, X3).
(

. d—2
r=9: 1= xo,xl,xz,x3)+xo (x2, x1x2, X3, x2X3, x3).

It only remains to prove the result for 10 < r < (d’gz). We will proceed by induction
over d > 4. In the case d = 4 we can give an explicit example for 10 < r < 13 thanks to

Macaulay?2:
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r=10: I = (XO, X1)4 + (Xz, X3)4

r=11: I = (xo,x1)* + (x3, x3x3, x3x3, X3, X0x2X3, X1X2%3).

r=12: I = (xq,x1)* + (x3, x3x3, x2x3, X3, x3x3, x0x1 %3, x7x3).
r=13: I = (x,x1)* + (x3, x3x3, x2x3, X3, x3x3, X321 X3, X0 X3 X3, X3X3).

For r = 14 we consider I = (xé, x‘ll, x%, xé, x%xlxz, x%xlxg,, x%xzxg, xox%xz, xox%xg,, xoxlx%,

xoxzxg, X2x2X3, X1X5X3, X1 xzxg)
and the case r = 15 is covered by (2).

Let us suppose now that d > 4 and that the result is true for d — 1.

Forany 7 <s < (dgl) let us consider, thanks to induction hypothesis, ] € 7(3,d — 1)
such that y1(]) = s. Now, we define I = (xd,x{,x4) + x3]. Let us notice that y(I) = s + 3,
and also that I € 7/(3,d). Hence, we have proved the result for 10 < r < (31) + 3.

Observe now that I = (xd, x4, x4, x4) + xo(x1, %2, %3)%1 € T(3,d) and (1) = (*}1) + 4.

Finally let us consider, for any 3 <i < d — 1, the ideal

I=(xd,x4,x3,x%) + (xilxézxéfﬁl t+iyt+iz=d, 1<ip <d—1)+x(xx3)%".

First of all let us observe that u(I;) = 4+ ((d+z) —(d-1)- 3) +d—-i+1)= (’”2) +

3 —i. Therefore, when i ranges from i = 3 to i = d — 1 we have u(I;) ranges from (d+1) +5
to (d;rZ). It only remains to prove that I; € 7(3,d). By Proposition it is enough
to prove that there is a surface F;_; passing through all points of A;. As usual, since
A}i =(d—-1)A,y,.. .,Ai__l = (d —i+1)A;, we have the factorization F; y = Ly ---L; 1F; ;
where F;_; is a surface of degree d — i containing all points of A}, \ (U?;%A]Il_).

On one hand, forms of degree d — i in 4 variables are parametrized by a k—vector space
of dimension (d_§+3) On the other hand, we are imposing some restrictions to F;_;:

Let us notice that A? is a set of d — 1 aligned points. Precisely A(I) ={(0,0,k,d — k)
Containing such a set of points imposes d — i + 1 conditions to these forms. In add1t10n

containing the points of Al+1 . Ad Limposes (“7J*1),...,3 conditions, respectively. Fi-

nally, to say that F;_; contams Al j; imposes (d_éﬁ) — (d — i+ 1) more conditions. If we
sum up, we get in total “ é+3) 1 conditions we are imposing. Then there exists at least
one surface of degree d — i satisfying all these restrictions and hence we have found the

surface F;_1 we were looking for. (]



Chapter 4

New results on the classification
of Togliatti systems

All results of this chapter are new and they will appear in [12].

In this chapter we will use the combinatoric machinery that we have shown in the pre-
vious chapter to classify all smooth monomial minimal Togliatti systems I C k[xo, ..., x;]
of forms of degree d > 4 with p(I) = 2n+ 3 and n > 2, as well as all monomial minimal
Togliatti systems in three variables generated by 7 monomials. Therefore, our contribu-
tions are a natural continuation of the results in [8] and classify the first case left open
there.

In all this chapter we fix the following notation:

Notation 4.0.1: The ideal T = (13,13, 23, xyz) and the following sets of ideals:

A={(" vz yz %), (xy xzz,y?’ 2%), (xzy,y3,y2z,z3),(xzz,y3,yzzfz3) (xzz,y 3),
(2%, ¥°, v?2,y2%), (%2, y*2,y2%), (xyz, x2%, 4%, y2%), (xy?, 222, y°, y22), (xyz, 222, %, yPz),
(xy?, x22, ¥z, yz%), (2, xy? yzyz)(xzxz,y yz) (x?z,x2%,1° yz)(xy,xy y 23),
(x z, xVZ y3 23) (xzz,xyz,y Y z),(x z,xyz,y 1Yz ) (x y,xzz,y3 yzz) (x y,xz /y 1Yz ),
(¥z,xy%,v°,y2%) },

= {(x3z, xy%z,v*, y2%), (x%yz, x23,v*, y3z2), (x222, xy?z, v, 2*), (Xyz, y*, y?22, z*) }, and

= {(Pyz, 2?22, p°, 2°), (P2, 2’2, 2°) ).

: >1i — a,b.c
Finally, for any d > 1 integer, let be M(d) {x V2 i bre—d

d—1>a,b,c>0 }

Now we can state the main theorem:

Theorem 4.0.2: Let I C k[x,y,z] be a minimal Togliatti system generated by 7 monomials of
degree d > 10. Then, (up to a permutation of the variables) one of the following cases hold

(1) Thereis m € M(d — 2) such that

27
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either (a) I = (x%,y4,2%) +m(x2,y%,xz,yz) or (b)I= (x%,y?,2%) +m(x2,y? xy,2%).
(2) Thereis | € A such that T = (x4,y4,2z%) 4+ x473].
(3) Thereis m € M(d — 3) such that I = (x%,y%,z%) + mT.
(4) Thereis | € B such that I = (x%,y?,2%) + x9=4].

(5) Thereis | € C such that T = (x4,y,2%) 4+ x47°].

Proof: It is easy to check that all of these ideals are minimal Togliatti systems. Let us
prove the reciprocal. As usual, let us write I = (xd,yd, zd,ml,mz, ms, my) where for 1 <
i <4, m; = x%ylizt with a; +b; + ¢; = d. We consider A; C dA, N Z2 and we slice Aj
with planes in three possible manners:
For 0 <j<2and0 <i<d, wedefine H := {(to,t1,t2)|t; =i} and Agl’]) = AN H.
We will divide the proof in two cases:

Cask 1: There exist 1 < i,, iy, ic < 4 such thata;,, b;, ¢;, < 1.
Cask 2: There exists one variable whose square divides all monomials ;.

CAsE 1: None of the squares of the variables divide the four monomials 4, my, m3 and
my. Up to permutation of the variables, we have two possibilities:

Casg 1A: [ = (xd,yd,zd, xely”zd_“_el,xby@zd_b_eZ,xcyd_c_e3ze3,x"‘yﬁzd_"‘_ﬁ) with 0 <
e, e,3<1,d—2—-e;>a>2,d—-2—-e;>a>2,d—2—e >a>2and only one of the
exponents «, 8,d —a — fis < 1.

Cask 1B: I = (x7,y?, 24, xeryazd—e1—e2 yoyd—a—eszes yuyfrd—a=p y7107d=7=0) with 0 <
€1,62,¢63 S 1.

In both cases, a straightforward computation shows that when we restrict to x +y + z
the 7 monomials remain k—linearly independents. Therefore, I is not a Togliatti system.

Cask 2: Without loss of generality we can suppose that x> divides each monomial ;. We
can also assume thatay > a» > a3 > a4 =s > 2.
First of all we will see that a3 = a4 = s > 2. In fact, since s > 2, F;_1 is a plane curve of

degree d — 1 containing all d points in Agl’o). So it factorizes as F;_1 = L?Fd,z. Since F;_,

)

contains all d — 1 points of AgO’O it factorizes as F;_1 = LYLIF; 3. Repeating the process

we arrive to F;_; = L8L(1J e Lg_le,s,l. Suppose a3 > a4 = s. Therefore, AES’O) consist
in d — s points, and F;_,_; must contain them. Hence we have F;_,_; = LIF;_,_, which
contradicts the minimality of I (Proposition [3.1.11).

Once seen this, we have that F;_; = L8 e Lg_le,s,l where F; ;1 is a plane curve
of degree d —s — 1 which contains all integer points of A; := Aj \ (Ui;éA%k’m). Set
Agi'j V= A N Hf . We will distinguish four subcases:

Casg2A:a; =ay) =az =a4 =:5 > 2.

CasE2Biu:=a1 >ay; =az =a4 =:5 > 2.

Case2Cu:=a1 =ap >az =aq =:5 > 2.
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Case2D:u:=a1 >v:i=ap >a3=aq4 =:5 > 2.

Casg 2A: We assume that a1 = a; = a3 = a4 =: s > 2. In this case, it must be F;_; =
Ly-- L9 19 -+ LY |. Therefore, s =d —3and I = (x4,y,27%) + x73(3, y%z, yz2,23),
which is of type (3).

CAsE 2B: We assume that u := a1 > ap, = a3 = a4 =: s > 2. In this case, either u =
s+1oru = s+2 Indeed, if u > s+2 we have, F;_;_ 1 = Lgy1---L,_1F;_, with

F;_, a plane curve of degree d — u which contains in particular Ags’o). By minimality,

#(Fj_, N Ags'o)) =d—s—2 > d— u (Proposition and we have F;_,, = LyFy_,_1,
which is a contradiction. Then, up to permutation of variables, I is as one of the following
cases:
Casebl: u=s+1and I = (x%,y?,29) + x5 (xy?z? 0571, ybgd=b=s yczd—c=s yezd—e=s),
CaseEb2: u =s+2and I = (x,y?,24) + x°(x2y 2807572, ybzd—b=s yezd—c=s yeyd=e=s)

Cask bl: In this case we are removing three points from H? and one from H? 41+ Up to

permutation of the variables ¥ and z, we can suppose thatd —s —1 > a > [d*;;lj, and

also we can assume thatd —s > b > ¢ > ¢ > 0. Let us suppose first that Ld*%lj >e>0.

- — >
In this case #(F;_s_1 N Ago'l)) = { Z_ z 1 Z ~ (1)

If e > 1, then #Ago’l) = d — s and we have the factorization F;_; 1 = L%Fd,s,z. In-
ductively, we have F;_; 1 = Lé e LLle—s—e—l and F;_;_,_1 contains, in particular, the
integer points of Agg’l). Since a > e and b > ¢ > e, we have that #Age’l) =d—-s—eand
it must be F;_,_,_1 = LYF;_,_,_, contradicting the minimality of I. Therefore it must be
e=0,and my = x5z 5 withd —s — 1 > ¢ > 1. Let us consider
d—s ac>2
d—s—1 a=1,¢c>2
d—s—1 a>2,c=1
d—s—2 a=c=1

#(Fj_s_1 N Agl/l)) = and we will study the four possibili-

ties.
If a,c > 2 then we have the factorization F;_;_ = L%Fd_s_z- In particular F;_5 5 is a

plane curve of degree d — s — 2 containing the d — s — 1 points of A&O’l), then we have the
factorization F;_¢_, = L(l)Fd_S_3 which contradicts again the minimality of I. Therefore, if
a>2,thenc=1.

Ifa=1wehaved —2>s>d—3.Ifs=d—2,thenc=1and I = (x, %29, x4 1y,
x972y2, x4=2yz, x?~222) which is not a Togliatti system. Otherwise, s = d — 3, then we have
several possibilities:

(i)c>2and I = (xd,yd,zd) + xd*3(y3,z3, xyz) + (xd*“o’yzz) which is not minimal.
(i) ¢ = 1 and either I = (x%,y%,z%) + x¥73(xyz, >, 2%) + (x4 3yz?) or I = (x4, 44, 2%) +
x73yz(x,y,z) + (x7732%). Both of them are not minimal.

So we can suppose d —s —1 > a > 2 and s < d — 3. We have seen that ¢ = 0 and
¢ = 1. We have (mq,my, m3, my) = (x”ly”zd’”’s’l,xsybzd’b’s, xsyzd’s’l,xszd’s), with
d—s>b> 2. Let us consider
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d—s d—s—1>b,d—s—2>a
d—s—1 a=d—-—s—-1,d—s—-1>b
d—s—1 b=d—s,d—s—2>a
d—s—2 b=d—-s,a=d—-s—1
In the first case, we have the factorization F;_;_; = L%Fd, s—2- As we have seen before,
this implies that F;_;_» = L?Fd,s,3 and once more it contradicts the minimality of I.
Now,ifa=d—s—1andd—s—1 > b, then it mustbe b = d — s — 1. Otherwise, we
would have the factorization F;_;_ 1 = L%Fd,s,z and it would contradict the minimality of
I. Therefore we have I = (xd,yd, zd) + xs(xyd’s’l,yd’s’lz, yzd’s’l,zd’s) with s < d —3.
For s = d — 3 it corresponds to a Togliatti system of type (2), while for s < d — 4 is not
Togliatti because when we restrict to x +y + z = 0 the generators, they remain k—linearly
independent.

#(Fdfsfl n Ago,Z)) =

In the third case, using the same argument, if d —s —2 > g and b = d — s, then it must
bea=d—s—2 Hencewehaves <d—4and I = (x4,y,2z%) + x5 (xy? =52z, y% =5, yz0 71,
z97%) which is never a Togliatti system.

Finally, in the last case we assume b =d —sanda =d —s—1. Thens < d —3 and
I= (x4, y4,2%) + x5 (xy?=71, 4475, yz4=571, 297%), which is never a Togliatti system.

To finish with the case b1, we have to see what happens whend —s—2 > ¢ > Ld_;;lj .
In this case s < d — 3. Let us see that a = e. Otherwise, we can suppose a > e (the other
case is symmetric) and we have the factorization F; (1 = L}---L! ;F; ; , ;. Since

a>eand b >c>e, Af’l) has d — s — e points and we have the factorization F;_;_, 1 =
LIF;__._» which contradicts the minimality of I. Hence a = e and in particular d — s —
1>aandd—s>b>c>a.

Let us consider /il = Ar (Ui;é) in the same spirit as A; and A;. If b=d—s, then

Zgo,z) consists in d — s — e different points. Otherwise, d —s —1 > b, then #ZEO’Z) =d-—

s+ 1 —e. In both cases /ﬁm) have more points than the degree of F;_;_,_1 which passes
through them. Therefore we have the factorization F; 5 . 1 = L%Fd,s,e,z and, since

F; .5 contains all d —s — e — 1 points of de,l) it factorizes as Fy_;_, » = LYFy_¢ . 3

contradicting the minimality of I.

CasE b2: We are removing from dA; to get A;: three points of H? and one from H? - Up
to permutation of the variables y and z, we can suppose thatd —s —2 > a > L‘HT_zJ , and
also we can assume thatd —s > b >c>e > 0.

Let us suppose first that L#J > ¢ > 0. In this case we argue as in the case u = s +1
to prove that e = 0. As we did above, let us consider #(F; ¢ 1 N Agl’l) ). Using the same
argumentation we can prove that if a,c > 2 we get a contradiction. If 4 = 1, then either
s =d —3 or s = d — 4 and we have the following cases:

(i) If s = d — 3, then (my,ma, m3, my) can be x¥=3(x%y,y3,y%z,2%), x*=3(x%y, 3, yz%, 2%) or
x?73(x2y, y?z,yz2,2%). And all of them become Togliatti systems of type (2).

(ii) If s = d — 4, then (my,mo, m3, my) can be x4 (x%yz, y*, 3z, z%), x4 (x%yz, y*, y?22, 2%),
A (2yz,yt vz, 24), 2 (xPyz, 13z, 1222, ), A (yz, Pz, 2B, 24 or x A (xPyz, 22,
yz%,z*%). The only one of them which becomes a minimal Togliatti system is the second
one and it corresponds to a Togliatti system of type (4).
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Now, we can suppose thate =0,c =1and d —s—2 > a > 2. In particular, s < d — 4.
As we did before, we can consider now #(F;_z_1 N Ago,z) ), and see thatifd —s—1>b > 2
and d —s —3 > a > 2, there is a contradiction with the minimality of I. Also as we did
before, if b =d —s (resp. a =d —s —2) thenitmustbea =d —s—3 (resp. b=d —s —1).
Otherwise we would incur again to a contradiction with the minimality of I. So, we have
three possibilities.

)a=d-s-3>2,b=d-s,s<d—-5and [ = (xd,yd,zd) +xs(x2yd’s’3z,yd’s,
yzdfsfllzdfs).
(i)a=d-s—-2,b=d—s—1,s<d—4and ] = (xd,yd,zd) + xs(xzyd’s’z,yd’s’lz,
yzdfsfllzdfs)‘
(ilya =d—s—2,b=d—s,5s <d—4and I = (x%,y,2%) 4+ x5 (x2y? =572, y? =3, yz¢=5-1,2479),

After restricting to x + y +z = 0, we see that none of them corresponds to a Togliatti

system.

To finish with the case b2, we see what happens whend —s —2 > ¢ > L#J With
the same argument that we use before, we can see that 2 = e. The difference with the case
u = s+ 1 is that in this case we can have m; and m, aligned vertically. This condition
can be translated as the case whend —b—-s =d—-a—-s5s—-2 < b = a+ 2. If this does
not happen (i.e. b > a+ 2), then it will contradict the minimality of I. Indeed: let us
suppose that 0 < k :=d —b—s < d —a —s — 2. Inductively we have the factorization
Fi s o1= L% e Li_le—s—e—k—l Fi s ¢_k_1 is a plane curve of degree d —s —e —k —1
which passes through all d —s — e — k points of fi’f Hence, we have the factorization
Fi s o1 = L%Fd,s,e,k,z, contradicting the minimality assumption.

Therefore it must be b = a 42 and, since b > ¢ > a we have ¢ = a + 1. Finally we get:
[ = (xd’ ]/d, Zd) + xs(nyaZd—u—s—2’ yu+22d—a—2—s, yu+1zd—a—1—s, yazd—a—s) — (xd,yd’ Zd) 4
xy*z9707572(x2,2, yz,z%) which is of type (1).

Casg 2C: We assume that u := a7 = ap > a3 = a4 =: s > 2. Arguing as in case 2B we
getu =s+1and I = (x99, 2%) + x5 (xy?z9707571, xybzd=b=s—1, yezd—c=s yezd—c=s) We
can assume d —s—1>a > b > Ldfzﬁj and d —s > ¢ > e > 0. Let us suppose first
that Ld*zﬁj > e > 0. Argumenting as in case 2B, it must be ¢ = 0. Let us consider
d—s b,c>2 cl
d—s—1 ¢c=1,b>2 2
d—s—1 ¢>2,b=1 c3
d—s—2 c¢c=b=1 c4

#(Fy_gy N AV =

Cask cl: We have the factorization F;_; 1 = L%Fd,s,z and then F;_, 1 = L%L%Fd,s,3
which, as usual, contradicts the minimality of I.

Cast c3 and c4: Assume b = 1. Sinced —s—2>b > Ld—si—lj it must be s = d — 3. Hence,
a=2,b=1,3>c>1and I have three possibilities: (xd,yd,zd) + xd_3(xy2, xyz, y3,z3),
(x4, ¥4, 2%) + x773(xy?, xyz, ¥z, 2%) and (x4, ¥4, 2%) + x¥73(xy?, xyz,yz2, z%). The first one is

not minimal while the remaining two are of type (2).

CasE c2: Assume ¢ =1 and s < d — 4. Let us consider
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#(Fas1 N A d—s—1 a=d—s—1

In the first possibility, we have the factorization F; ;1 = L%Fd,s,z and then the fac-
torization F;_¢ 1 = L% L(l)Fd_s_3 which contradicts the minimality of I. On the other hand,
a = d—s—1 and, arguing in the same manner we can see that b = d —s — 2. There-
fore I = (x%,y,2%) 4+ x5 (xy? =571, xy? 5722, yz475"1,2%7%) which is not Togliatti for any
s<d-—4.

(0,2))_{ds d—s—2>a

To finish case 2C we see what happens when ¢ > L%J Arguing as in case 2B we
can see that b = e. Now we have the factorization F;_;_1 = Lg e Lg,le-e-s-1 and we
can consider A; as we did in case 2B. Let us consider

d—e—s+1 d—s—2>ad—-s—-1>c
(0,2 d—e—s a=d—-—s—1,d—-s—1>c

#(Fd_e_s_lﬂAg )): d—e—s d—s—2>a,c=d—s

d—e—s—1 a=d—-s—1,c=d—s

To second and third cases means to a contradiction with the minimality of I directly.
The last case means to a contradiction as we have seen earlier. Hence, the only viable possi-
bility is the first one and we can apply recursively this argument untilgeta = b+1and c =
e + 2. Therefore I = (xd’ ]/d/ Zd) + xs(xyb+lzd7b7572, xybzdfhfsfl’yh+22dfsfb72’ yhzdfsfb)
which is of type (1).

Caske 2D: We assume that u := a7 > v := a, > a3 = a4 =: s > 2. Recall that we

have the factorization F;_1 = L8L(1] e L2,1Fd—s—1- If v > s+1, then #AESH’O) =d—s.

. . .. a(s+1,0) . .
Since F;_;_1 is a plane curve containing A§S+ ) , it factorizes as F;_;_1 = Lg 1 Fis—2 =

Lg 1 LIF;_,_3, which contradicts the minimality of I. Therefore v = s+ 1 and we can write

I= (x4, y%,2%) + x5 (x"ytz? =057, xybzd=b=s yyczd—c=s yezd=e=s) where u = s +r with d —

s —1>r > 2. As before, we can assume also thatd —s—1>b > L’Fz;lj andd—s>c¢ >

e > 0, and we have thatd —s —r > a > 0 and s < d — 3 Let us suppose first that Ld*;;lj >
d—s e>1l,a>1 (d1)

e > 0, and we can consider #(F;_¢ 1 N Ago’l)) = Z_ j B 1 Z ; (1):2 i (1) EZ;;

(d4)

d—s—2 e=a=0 d4
Cask d1: In this case it must be a = e. Indeed, if we suppose a > e > 1 (the other case
is symmetric) we have the factorization F; ¢ 1 = L(l) e LLle—s—e—lz and #(F; s ., 1N

Age’l)) =d—s—e. Then, Fj_,_, 1 = LIF;_,_,_» which contradicts the minimality of I.

d—s—e b>e+2,c>e+2 (i)

. ie+11)y ) d—s—e—1 b=e+1l,c>e+2 (ii)

Let us now consider #(F;_;_,_1NA; ) = d—s—e—1 b>et2c—et1 (i)
d—s—e—2 b=c=e¢+1 (iv)
Case (i). We have the factorization F;_;_,_1 = LgHFd,s,e,z, and since F;_;_,_, passes

through all d — s — e — 1 points of Age’l) we get a contradiction with the minimality of I.

Case (ii). We assume b = e+ 1. Let us consider A 1 as we did before and we can
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d—s—e+1 d—s—-1>c¢1<d—s—e—vr
) =(0,2 d—s—e c=d—-s5,1<d—-s—e—r
exam1ne#(Fd,s,e,1ﬂA§ )): d—s—e d—s—1>cd—s—e—r=0
d—s—e—1 c=d—-s,d—s—e—r=0
In the second and third possibilities we obtain directly a contradiction with the min-
imality of I. In the last possibility we also obtain a contradiction. In fact, if c = d —s
and s +r = d — e, we do not remove any point of H% and we have #(Fj_s_,_1 N ;lgl’z)) =
d—s—e. Then Fj_,_,_1 = L%Fd—s—e—Zr and this implies F;_5 . » = L%Fd,s,g,g,, which
contradicts the minimality of I.
Therefore if b = e+ 1, it must be d —s—1 > ¢ > e+2and 1 < d—s—e—
r. Iterating this argument we can conclude that either c = e+2and r = 2 or ¢ =
e+3 and r = 3. Therefore, either I = (x%,y?,z%) + x%(x2yczd 57072, xytTlzd—57¢=2,
yet2zdmsme=2 yegd—s—ey — (xd yd 28) 4 xSyez8757¢=2(x2, xy,y?, z%) which is of type (1); or
I = (xd,yd,zd) + xs(x3yezd—s—e—3, xye-&-lzd—s—e—z’ye+3zd—s—e—3,yezd—s—6) — (xd,y"l,zd) 4
x*y°z757¢73 (%3, xyz, 43, z%) which is of type (3).
Case (iii). Arguing as in case (ii) we get that b = e+ 2 and r = 2. Therefore,
I = (xd/yd’zd) + xs(nyezdfsfef% xye+22d757672’yeJrldesfefl’yezdfsfe) — (xd,yd,zd) +
x*y°z8757¢=2(x2,yx,y?,22), which is of type (1).
Case (iv). Arguing as in case (ii) we get that » = 2 and I is of type (1).

Cask d2: In this case we assume ¢ = 0 and 4 > 1. We will separate the case b = 1 from
the case b > 2.
Let us assume b = 1 > |%=5=1| which implies s = d —3 and r = 2. Hence, |

can be (xd,yd,zd) + xd’3(xyz, y3,z3) + (x"l’3x2 ), (xd,yd,zd) + xd’?’(ny, xyz,yzz, 23) or

(x4, y4,2%) + x773(x2y, xyz,yz?,2%). The first one is not minimal and the remaining two
are of type (2).

Now we can assume b > 2. Let us suppose firstd —s —r—1> 0 (i.e. my ¢ Hg-) and

we consider
d—s a>2,c>2 (i

d—s—1 a=1,c>2 (i)
d—s—1 a>2,c=1 (i)
d—s—2 a=c=1 (iv)

Case (i). We get the factorization F; 5 1 = L%Fd,s,z, and hence the factorization
Fi_s 1= LéL%Fd,S,3 which contradicts the minimality of I.

Case (ii). Assume thata = 1 and ¢ > 2. Suppose that d —s —r —1 > 0 and let us
consider

#(Fp_o N AM) =

d—s d—s—2>bd—-—s—1>c
d—s—1 b=d—-s—-1,d—s—1>c¢
d—s—1 d—s—-2>bc=d—s

d—s—2 b=d—s—1,c=d—s

The first possibility means to a contradiction with the minimality of I.

#(Fdfsfl N Ag()’z}) =

Now let us suppose that d —s —r —1 > 1. In this case, the second (resp. the third)
possibility can occur if, and only if b =c=d —s—1 (resp. b=d—s—2and c =d —s).
Therefore I can only be as one of the next types:

I= (x4, y9,2%) + x5 (x"yzd 5771, xyd—s—1, y#=5=17 28=5) which does not correspond to
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a Togliatti system.

I = (x4, y4,2%) + x5 (x"yz? =571, xy?=52z,y775,2975), which is a Togliatti system if,
and only if r =2 and s = d — 5 (resp. of type (5)).

If d —s —r — 1 = 1, then there are no special restrictions for the second and third case.
Therefore I is one of the next types:

I = (x%,y?,24) 4+ x5 (x5 2yz, xy =571, y24757¢,2479), which is a Togliatti system if,
and only if s = d — 4 and ¢ = 3 (of type (4)).

I = (% y 24) 4 x5 (x5 2yz, xybzd—s—b-1,
and only if s = d — 5 and b = 2 (of type (5)).

Finally, the last case gives us I = (x%,y,2z%) + x°(x'yz
which is a Togliatti system if, and only if r =2 and s = d — 3.

1

]/d s/zdfs)

, which is a Togliatti system if,

d—s—r—l/ xyd—s—l’ yd—s’ Zd—s),

Now, let us suppose that d —s — r — 1 = 0. Arguing as usual, we can see it cannot be
d—s—2>candd—s—3>b. Therefored—s>c>d—s—1lord—s—1>b>d—s—2,
and we have the following possibilities:
b=d—-s-2,d—s—2>cand I = (x%,y%,2%) 4+ x5 (x5 1y, xy =572z, yc29757¢,2479),
Which is a Togliatti system if, and only if s = d — 3 and ¢ = d — s — 2 (of type (3)).
d—s—3>bc=d—s—1and I = (x%,y%2%) + x5 (x?=57 1y, xybzd =57, yd=s17 zd=s),
Which is a Togliatti system if, and only if d =3 > s > d -4 and b = d —s — 3 (resp. of
type (3) and (4)).
b=d-s—-2,c=d—-s—1and I = (x d,yd zd) x%(x d—s—1 ,xyd_s_2z,yd_s_1z,zd_s).
Which is a Togliatti system if, and only if s = d — 3 (of type (3)
b=d—-s—1,d-s—1>cand I = (x%,v9,2%) + x5 (x95 7y, xy =571, yoz8—57¢ z47),
Which is a Togliatti system if, and only if s =d —3and d —s—1 > ¢ > d —s — 2 (of type
(3)).
d—s—2>bc=d—sand I = (x%,y?,2z%) + x5 (x5 1y, xyP29 =57, y4=5 ,24-5), Which is
a Togliatti system if, and only if s =d —3and d —s —2 > b > d — s — 3 (of type (3)).
b=d—-s—1,c=d—sand I = (x d,yd zd) (xd’s’ly, xyd’s’l,yd’s,zd’s). Which is a
Togliatti system if, and only if s =d — 3.

Case (iii). Assume ¢ =1 and a > 2, and let us consider as before #(F;_;_1 N Ago,z))' In
this case we obtain that I can only be one of the next types:

I= (x4, y%,2%) + x5 (x"y? =571z, xy? =571, yz97571, 28=9)  which is a Togliatti system if,
andonlyifr=2andd—-3>s>d —4( oftype (3)).

I = (x4, y%,2%) + x5 (T y? =7, xy? =572z, yz47571,2779), which is a Togliatti system if,
and only if r =2 and s = d — 3 (of type (3)).

I = ( d’yd Zd) ( yd s— r d sfl’yzdfsfllzdfs»
#(Fy_s_1N Ag )) =d—sand mductwely we obtain Fy ¢ | = L3-- L}l s_pF1. There-
fore it must be s = d — 3 and [ is of type (3).

Case (iv). Assume a = ¢ = 1. Let us suppose first that d —s —r -1 > 0. If
d—s—2 > b we can factorize F;_;_1 as Fj_;_1 = L%Fd,s,z. As we have seen be-
fore, this contradicts the minimality of I. Therefore, b = d —s —1 and we can fac-
torize Fj_;_1 = L% Ly ¢y oFyq. Since #(F, N Ago,z)) =d—s—1wehaver+1 >
d—s—1and thend —s—r—1 < 1. Therefore, d —s—r—1=1and [ = (x d,yd zd)
X8 (29757 2yz, xy? 571, yz975=1 z8=%). Which is a Togliatti system if, and only if d —3 > s >
d—4.

In this case, let us consider
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Now, if d —s —r —1 = 0, then we can use the same argumentation to prove that
d—s—1>b>d—s—2and then we have two possibilities:
b=d—s—1and I = (x%,y9,2%) + x5 (x?=57 1y, xyd =571, yz4—571 2479)
b=d—s—2and I = (xd,yd,zd) + xs(xd_s_ly, xyd_s_zz, yzd_s_l,zd_s)

Which are Togliatti systems if, and only if s = d — 3 (of type (3)).

Cask d3: Let us assume ¢ > 1 and a = 0. Actually, it must be ¢ = 1. Otherwise, e > 1 and

#(Fj_s—1 N Agl’l)) = d — s, and we have seen that this cannot happen.

Now, let us suppose d —s —r > 1. Arguing as before we can see that there are three
possibilities:
b=d—-s—1,c=d—-s—1land I = (xd,yd,zd) + xs(xrzd_s_r, xyd_s_l, d—s-1, yzd_s_l).
b=d—-s—2,c=d—sand I = (x4, y9,2z%) + x5 (a7 297577, xy =572z, yd =5, yzd—5-1).

Which do not correspond to a Togliatti system.
b=d—-—s—1,¢c=d—-s. It d—2 > s—+r, then we have the factorization F;_;_1 =
L3+ Ly s, 1F and #(F N A}O’Z)) = d —s —2 > r, which contradicts the minimality of
I. Hence we have s +7 =d — 2 and I = (x%,y?,z%) 4 x° (x9757222, xy =571, 8 =5, yz4—571),

Which are Togliatti system if, and only if s = d — 3 (of type (3)).

To finish, assume d —s —r = 1. Arguing in the same manner, we can see that it cannot
occur d —s —3 > b and d —s — 2 > c. Therefore we have the following possibilities:
b=d—s—2,d—s—2>cand I = (x%,y?,z%) + x5 (x¥ 571z, x5 2z, yz4—5¢, yzd 1),
Which is a Togliatti system if, and only if s =d — 3 and ¢ = d — s — 3 (of type (3)).
d—s—3>bc=d—s—1land [I= (xd,yd,zd) + xs(xd‘s‘lz, xybzd‘s‘b_l,yd‘s‘lz, yzd_s‘l).
Which is a Togliatti system if, and only if s =d —3 and b = d — s — 3 (of type (3)).
b=d-s—2c=d—s—1and I = (x%,y7,2%) 4 x5 (x@57 1z, xy? =572z, yd =571z, yzd—s-1),
Which is a Togliatti system if, and only if s = d — 3 (of type (3)).
b=d-s—1,d—s—1>cand I = (x%,y?,z%) + x5 (x@=57 1z, xyd—s—1, yzd=57¢ yzd—s-1),
Which is a Togliatti system if, and only if s =d —3 and ¢ = d — s — 1 (of type (3)).
d—s—2>bc=d-sand I = (x99 2%) + x5 (x857 1z, xybzd—5-0—1 yd=s yyzd—s—1),
Which is a Togliatti system if, and only if s =d —3andd —s -2 > b > d — 5 — 3 (of type
(3)),ors=d—4andb=d—s—2.
b=d—s—1,c=d—sand I = (x4, y9,2z%) + x (x4, xy =722, y%=5, yz=*~1). Which
is a Togliatti system if, and only if s = d — 3.

CaseE d4: Letusassume e = a = 0. If b > 3 and ¢ > 3, then we have the factorization
Fi_s 1= L%L%Fd,s,3 and #(F;_s_3N Ago'l)) = d — s — 2, which means to a contradiction
with the minimality of I. Hence we distinguish three cases: b =1, b =2and b > 3.

Case (i). We assume b = 1. Since b > Ld_%_lj it must be s = d — 3. Therefore I has
three possibilities: (x4, y4,2z%) +x%3(xyz,y3,2%) + (x4 12), (x4, y4, 2%) + x73(x22, xyz, y?2,
z%) and (x4, y9,2%) + x973(x%z, xyz, yz?, z%). The first one is not minimal while the remain-
ing two are of type (1).

Case (ii). We assume b = 2. Since b > Ld;g’lj itmustbed —3>s>d—5.

If s = d — 3, I has three possibilities: (xd,yd,zd) + xd’3(x2z, xyZ,y3,z3), (xd,yd,zd) +
x473(x2z, xy?,y?z,2%) and (x4, y?,z%) + x93 (x?z, xy?, yz%,2%). All of them are of type (2).

If s = d — 4, I has eight possibilities: (xd,yd,zd) + x974 (2%, xy?z, vt 2%, (xd,yd, z%) +

xd_4(x3z, xyzz, ySZ, 24), (xd,yd,zd) 4 xd_4(x3z, XyZZ, yzzz,zz;), (xd,yd,zd) 4 xd_4(x3z, XyZZ,
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y23,24), (xd,yd,zd) 4 xd—4(x2221 xyzz, ]/4, 24), (xd,yd,zd) + xd—4(x222, xyzz, y3z, Z4), (xd,yd,
z9) 4+ 294222, a2, 222, 24), (a7, 2%) 4 x4 (X222, xyz,y2%,2%). And only the fifth
one is a minimal Togliatti system, and it is of type (4).

Finally, if s = d — 5, I has 15 possibilities, but any of them is a minimal Togliatti system.

Case (iii). We assume b > 3. Then, either c =1 or ¢ = 2.

Case ¢ = 1. We will see that it must be b = d —s — 1. Suppose that d —s —2 >
b > 3, then #(Fj_s_1 N Ago,z)) = d — s and we have the factorization F; s 1 = L3F; 5.
First we will see that this implies that m; and m, are aligned vertically (i.e. d —s—b —
1l=d—-s—r & b=r—1). Wecan suppose that d —s —b—1 < d —s —r, and then
b > r —1 (the other case is symmetric). Inductively we obtain that F;_;_; factorizes as

Fi_s 1= L%L% e Lﬁ,s,h,zpb- If b >r—1, then #Agd_s_b_u) = b+ 1 and it would mean
to a contradiction with the minimality of I. Hence, b = r — 1 and we can obtain the
factorization Fy o g = L3L2--- 13, ;I3 - -L; o oF. Since #4771 —p >3

we have a contradiction with the minimality again.

Once we have seen that b = d — s — 1, using the usual argumentation we see that d —
s—r=1<r=d—s— 1 Therefore I = (x4,y,2z%) 4+ x* (x4 1z, xy? =571, yzd =51, z03)
with s < d — 3, which is Togliatti if, and only if s = d — 3 and it is of type (3).

Case ¢ = 2. Since #Agl’l) = d — s we have the factorization F;_; 1 = L%Fd,s,z. Ifd—
§—2>Db > 3, then #g§0,2) =d—s—1and F;_;_; would factorizeas F;_;_1 = L% L%Fd_s_3.
This contradicts the minimality of I because #Zgo’l) = d — s — 2 which would force the
factorization F;_; 1 = L%L% L%)Fd,s,4. Therefore b = d — s — 1 and by minimality again we
can see that d —s —r = 1. Hence, I = (x,y4,2%) 4 x5 (x5 1z, xyd =571 2207572 z-5),
which is Togliatti if, and only if s = d — 3 and in this case it is of type (3)

To finish case 2D we see what happens whend —s > ¢ > e > Ld’gi’lj We can see
using the minimality that eithera > b=e,b>a=core>a="0.

Arguing as before we can see that in the first possibility m; and m3 must be verti-
cally aligned and in particular ¢ = e +2, a = ¢ and r = 2. Therefore I = (x9,y,z%) +
xs(XZyeZd—s—e—Zl xyezd—s—e—l’ye+22d—s—e—ZI yezd—s—e) — (Xd, yd’ Zd) + xsyezd—s—e—Z (XZ, xy,
y?,2%) which is of type (1).

In the second possibility, we assume b > a = e. If b,c > e+ 1, then we have the

factorization Fj_5_, 1 = LgHFd—s—e—z and, since #fﬁe’l) =d—-s—e—1wegetF; 5 ., 1=

L! Lg 41Fia—s—e—3 which contradicts the minimality. Now, suppose b =e¢+1and c > e +2
(resp. b > e+2 and ¢ = e+ 1). As we have seen earlier, m; and mj3 (resp. m;,) must be
aligned. Therefore, we can see using the minimality assumption that r = 2 and c = e + 2
(resp. r =2 and b = e + 2). In both cases I is of type (1).

Finally, let us assume that e > a = b. If e > a + 2, then we will get a contradiction with
the minimality of I. Hence either e = g or e = a + 1. If e = a we can see that it has to be
¢ =a+2and r = 2. Therefore I is of type (1). Otherwise ¢ = a2 + 1 and we can see that

c=a+2andr=2. O
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For any integer d > 3 set M°(d) = {x8x0x$la+b+c=dand a,b,c > 1}.

Theorem 4.0.3: Let I C k[xo,...,x,] be a smooth minimal monomial Togliatti system of forms
of degree d > 10. Assume that pu(I) = 2n+3. Then n = 2 and, up to permutation of the
coordinates, one of the following cases holds:

(1) I = (xd,x4,x3) + m(x2,x2, xx2, x1%2) with m € M°(d — 2).
2) T= (xd,x4,x3) + m(x2,x2, xox1,%3) with m € M°(d — 2).
3) I = (xd,x4,x3) +m(x3, x3, 23, xox1, x2) with m € M(d — 3).

Proof: By [8]; Proposition 4.1, for n > 3 and d > 4 there are no smooth minimal monomials
Togliatti systems I C k[xo, ..., x,] of forms of degree d with u(I) = 2n+3. So, n = 2.
For n = 2, the results follows from Theorem together with the smoothness criterion

(Proposition [3.1.8). O

Remark 4.0.4: For 6 < d < 9 there are other examples of minimal monomial Togliatti
systems I = (x?,y%,2%) 4+ J C k[x,y,z] than those given in Theorern This additional
J’s were computed with the help of Macaulay2 and we give the full list of these extra
possible J's:

d=6": (XS]/, x3z3, x2y3zl ySZ), XSZ, x3]/3, nyZZZ, ]/52), (x323/ x2y4, x2y222, ]/52), (XSZ, XS]/S,
xyz4, ySZ), (x422, x3y3, nyZZZ, ]/422)/ (x3z , x2y4, nyZZZ, ]/422)/ ( 422, x3]/3, xyz4, ]/422)/ (x3]/3,
3.3 +2.,2,2 .33 4 2.2 2 2,2

x°z°, x*y*z%, y°z7), xy (x*, x°y ,xyzZ,y4),xy(x3z, xzyz, xyzz,y3z),xy(x2y , X%z ,xyzZ,yzzz),

xy(x2y?, x222, x23, y?2%), xy (x4, x23, v, y222), xy (x4, 292, vt 24), xy (x4, xy2?, 4, 24), xy (3,
x2y?,y3z,2%), x2(x3z, x22%, xyz?, y*) xz(x%yz, 222, xyz?, y*), xz(x3z, xy?z, xyz2, y*), xz(x3z,
xzyz, xz3, y4), xz(x3z, x222 xz3, y4), xz(x3z, xyzz, xz3, y4), xz(xzyZ, x222, xy3, y3z), xz(xzyz,
X222, xy%z,y3z), xz(x22%, xy®, xy?z, y*z), xz(x2y?, ¥22%, 2y, y*t), xz(x2y?, ¥%22, v, y2),

xz (22, X222y,
x(x*

3 3 4 .32

y222), xz(x3z, X?yz, xy?z, y*), xz(x3z, x2yz, xyz2, y*), x (xy?, xyz3, x24, y322),
2,323, 222, 1), x(xz, xy2®, v, yP22), 2 (2223, xyh, xy?22, v0), x (xz, x2yz2, o, vP2d),
x(x223, xyt, xyz3, y322), x(x%z, 223, xy%2,y°), x(x*z, x2y3, y°, yz*), x (2322, x2y3, x24, °22),
x(xtz, xy?22, y°, yz*), x (2223, xyt, xz%,y322), x (x%y3, x

(

2,2 .5 2.3 432 223,142, yz%), 2 (x4y, 223, 1Pz, ),
x(x?yz2, xy3z,y°, 2°)

d=7: xy(x?z3, xy*, xy?2%,y°), xy (x5, X2z, xyz3, v°), xy (x*y, X3y, xz4,y32%), xy (3y?,
x2y3, x223, y223), xy(x5, xzyzz, y5, 29), xy(x4z, xy4, y5, 25), xy(xS, xyz3,y5, 25), xz(x322, x%28,
xy3z,y°), xz(xtz, x2yz?, xz4, y°), xz(xtz, xy3z, x24, y°), x (02, ¥*y3z, xy?23, ¥0), x (xy°, xy?23,
228, y222), x (52, ¥y, X222, P2R), x (R, 1422, 2222, 328), 2 (PR, 1323, 2yP2, ),
x(xhyz, 22y, 2224, P2), (2, 22222, 1224, PR, x (xtyz, 1P, 125, 1P 2R), x (2222, xyP,
xz°,32%), x(x%z, x%y3z,y°, yz°), x(x°z, xy?23, 0, y2°), x (x°z, x*y?, yPz, y2°), x (x*y?, x*22,
v2z,y2°), x (333, x323, 15z, y2°), x (xtyz, x

2]/2Z2, ]/6/ 26), x(x4yz, ]/6, ]/323, 26)/ x(nyZZZI ]/6/
y3Z3, 26)’ xyz<x2 2 2,2

ye, x°z ,xy3,y4),xyz(x3z, xzyz, xyzz,y4),xyz(x4, x2y2, xyzz,y4),xyz(x z,
x%yz, xyzz, y4), xyz(x3z, x222, xyz2, y4), xyz(x2yz, x222, xyzz, y4), xyz(x3z, xyzz, xyz2, y4 ,
xyz(x3z, xzyz, xz3, y4), xyz(x3z, x222 xz83, y4), xyz(x3y, xy3, xz3, y4), xyz(x3 3,y%),
2
v,

z,xy%z,xz3,
xyz(xzyz, x222, xy3, y3z), xyz(x2y2, x222, xyzz, y3z), xyz(xzz2, xy3, xyzz, y3z), xyz(x3z, X

xyz2,y3z), xyz(x3y, x222, xyz2,y°z), xyz(*y?, 222, 4, y3z), xyz (x4, xy3, 123, y222), xyz (x4,
xz3,y4,yz%).

e oW
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d =8 xy(x*z2, x3y3, xyzt, y*2?), xz (%323, x?y?22%, xytz, y0)

d =9 : xyz(x323, ¥2y?22, xy*z, y0), xyz(x3y3, x323, x2y?22, y323), xyz(x®, x?y?22, P, 2%).



Appendix A

Scripts of Macaulay2

The first script is the implementation of Lemma [2.0.4

--Does I fail the SLP because of multiplication of 1°d
--from degree m to degree m-17
DoesFaillLefschetzDegrees=(I,1,d,m)->(
M=max (hilbertFunction(m+d,I)-hilbertFunction(m,I),0);
if hilbertFunction(m+d,I+ideal(1~d))>M then 1 else 0

The next script is the set of functions that can be used to find all Monomial Togliatti
systems of degree d in n variables up to permutation.

NotInPermIdeal=(J,I,n)->(
Perm=permutations(toList(x_0..x_n));
NumPerm=length (Perm) ;

LengthJ=length J;
if LengthJ==0 then 1 else(
Ban=1;
kO=LengthJ-1;
while ((kO>-1)and(Ban==1)) do(
10=0;
Banl=1;
while ((10<NumPerm)and (Bani==1)) do(
RepList={};
for jO from 0 to n do(
RepList = append(RepList,x_jO0=>Perm_10_jO);
)3
Aux=sub(I,RepList);
if (isSubset(J_kO, Aux)) then (Ban1=0);
10=10+1;
if Banl1==0 then Ban=0;

39
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k0=k0-1;
);
if Ban==1 then 1 else 0;
);

MonomialList=(n,deg)->(
rrd={};
MM=basis (deg, R);
N=numcols MM-1;
for k from 0 to N do(rrd=append(rrd,MM_k_0));
for k from 0 to n do(rrd=delete(x_k~deg,rrd));
rrd

MonTogl=(n,deg) ->(
R=kk[x_0..x_n];
rrdeg=MonomialList(n,deg);
poli=x_1;
for k from 2 to n do(poli=polit+x_k);
N=binomial (n+deg-1,n-1)-n;
A=ideal (x_0"deg) ;
for k from 1 to n do(A=A+ideal(x_k"deg));
j=n;
--Optionally add next line:;
--33={};
--(See comment below);
J={};

--We can change j<N by j<n+r if we;

--want to restrict $\mu(I)\leq 2n+r$ and add;
--to JJ these $I$ with $\mu(I)=2n+r$;

--(See comment below) ;

while(j<N) do(
s4=subsets(rrdeg, j);
Lengths4=(length s4);
i=0;
while(i<Lengths4) do(
Ii=ideal(s4_1i);
H=A+Ii;
if (numcols (mingens(sub(H,x_0=>poli)))<n+j+1) then (
if NotInPermIdeal(J,H,n)==1 then (
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J=append (J,H) ;

B

--To contruct JJ as we said above,;
--introduce the next line:;
-- if(j==n+r) then JJ=append(JJ,i);

--This final function substract the gcd of each $(m_1,...,m_{n+r})$ in JJ;
H={};
i=0;
while(i<length(JJ)) do(
k=JJ_i;
Aux=gcd (s4_k);
Laux={};
j=0;
while(j<length(s4_k)) do(
Laux=append (Laux,s4_k_j/Aux);
j=j+1;
)3
H=append (H, Aux) ;
H=append (H,Laux) ;
i=i+1;
)
toString (H)
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Scripts of Macaulay2
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