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Abstract: A mathematical characterization of topological defects is provided, with a discussion
of topological stability and the necessary conditions for stable defects to appear. Defect formation
in symmetry-breaking phase transitions of the Universe is discussed, and a simple model for the
formation of cosmic strings is given. Geodesics in a cosmic string spacetime are calculated for the

study of gravitational lensing phenomena.

I. INTRODUCTION

When a physical system undergoes a symmetry-
breaking phase transition, it might be left with topo-
logical defects. Their study started in the mid-1970’s,
in both condensed matter physics [1] and cosmological
phase transitions [2]. As we shall see, topology, and in
particular, homotopy theory, provides a very natural for-
mulation of the theory of defects. It enables us to classify
configurations of a physical system in terms of topological
invariants, with interesting physical implications. Differ-
ent physical systems can be related if their topology is the
same. For example, cosmic strings in the Universe are re-
lated to disclinations in solids. This way, different areas
of physics can be described by the same mathematical
structures, and experiments in one area can be related to
the other. A mathematical description of topological de-
fects is given in sec. II. Applications to phase transitions
in the Universe, and the relationship between topological
defects and symmetry-breaking, in sec. III. In sec. IV, a
taste of interesting physics due to defects is given by the
study of cosmic strings, with emphasis on gravitational
lensing phenomena that could lead to observations.

II. TOPOLOGICAL DEFECTS
A. Ordered media

Let us first give some definitions based on [1]. An
ordered medium is a region of physical space with a func-
tion f(r), the order-parameter field, that assigns to ev-
ery point of the medium an order parameter. The or-
der parameter is an element of some topological space,
the order-parameter space, that depends on the physical
problem. In general, the lowest energy configuration will
be such that f(r) is continuous. However, we will be
most interested in those cases where f(r) is continuous
everywhere except in a lower dimensional subregion of
the ordered medium, like a point, line or surface. We
will call this subregion a topological defect.
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If it is possible to eliminate the defect by making purely
local changes to the order-parameter field, the defect is
considered to be topologically unstable. In other words,
we only need to change the definition of f(r) in an ar-
bitrarily small neighborhood of the unstable defect to
eliminate it. On the contrary, some defects can only
be eliminated by altering the order-parameter field in a
large region, even the entire ordered medium. These de-
fects are called topologically stable. However, to study
the physical stability of a defect, it is also necessary to
make the relevant energy considerations [1].

B. An example: planar spins

In the following example, the ordered medium is the
two-dimensional plane and the order-parameter space is
the unit circle S*. The order-parameter field f(x,y) now
assigns to every point on the plane a two-dimensional
unit vector of S, as in fig. 1. Let us consider a point P
and a circular contour C'(A) on the plane, centered at P,
parametrized by A. We assume that f(z,y) is continuous
everywhere, except maybe at P. If we move along the
entire contour C, once we get back to the starting point,
f(C(N)) will have turned a certain angle 27n along the
unit circle S*. n is the winding number, and has to be an
integer if f(x,y) is continuous along C, as we assumed.
We consider n positive if f(C(\)) turns around the unit
circle in the same manner (clockwise or counterclockwise)
as C'(A\) around P, and negative in the opposite case.

If we now take the circular contour C' and enlarge (or
shrink) its radius, the winding number n must remain
the same, because being an integer, it can only change
discontinuously. This means that if n # 0, f(x,y) must
be singular at P, because for any arbitrarily small radius,
n is the same. In other words, there is a topological
defect at P. Further, for any arbitrarily large radius, n
is also the same. Since we just pointed out that only a
configuration with n = 0 can be continuous at P, the
defect is stable, because we would need to make changes
arbitrarily far from P to eliminate it.

n is an example of topological charge, a discrete quan-
tity associated to a particular order-parameter field con-
figuration. Topological charges are invariant under con-
tinuous local transformations of the order-parameter
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FIG. 1: (a) Configuration of planar spins with a defect of
winding number n = 1 (black dot). (b) Configuration with
n = 0 and no defects.

field. In this sense, it can also be proven that any sin-
gularity with n = 0 is topologically unstable, and that
one defect can be replaced by another one of the same
n making only local changes [1]. Also, in a configura-
tion with two defects, the winding number of a contour
encircling them both is the sum of the winding numbers
for each defect. This implies that two defects of opposite
winding number can annihilate each other, meaning that
if they are close together, we can eliminate them mak-
ing changes only in a neighborhood that contains them
both. The planar spins example can be expanded to a
3-dimensional ordered medium, and then the defects are
not points, but lines.

C. Homotopy theory

We will now introduce some more mathematics, favor-
ing intuition over rigor. A more formal treatment is found
in [3]. Our ordered medium is now R3, with some arbi-
trary order-parameter space V and an order-parameter
field f : R?® = V. Let S™ be the n-dimensional sphere,
with n < 2. This way S2 is the ordinary sphere, S! a
circle and S° a set of two points with |x| = 1. We will
take freedom in choosing the origin of coordinates. The
restriction of f to S™ provides a mapping of the n-sphere
to order-parameter space f|gn(x) : S™ — V. If we con-
sider two different configurations f,g (order-parameter
fields to the same V'), then we have two such mappings
A= flsn, 0 = g|sn. A and o are said to be homotopic if
there exists another mapping H(t,x) : [0,1] x S™ — V,
that is continuous in x € S™ and ¢ € [0,1], and such
that H(0,x) = A(x) and H(1,x) = o(x). H is then
called an homotopy. t has to be regarded as a parame-
ter (not to be confused with the order-parameter nor the
parametrization of S™). The property of two mappings
being homotopic defines an equivalence relation.

We denote by 7, (V) the set of all equivalence classes
of homotopic maps from S™ to V, also called homotopy
classes. An element of 7, (V) is therefore a family (ho-
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motopy class) of mappings that are all homotopic among
each other, and not homotopic to any mapping from a
different class. m, (V') has a group structure for n > 1 and
is called the nth-homotopy group, but this is not impor-
tant for our purposes. The particular structure of 7, (V),
for each n, depends on the topology of V. If m,(V), for
some n, contains only one homotopy class, then it is said
that “the nth-homotopy group of V is trivial” and de-
noted by 7, (V) = 0. When this is the case, all mappings
from S™ to V are homotopic to each other.

Now we can provide a theorem that states a necessary
condition for the existence of stable topological defects of
different dimensionality. We will call them point-, line-
and wall defects if their dimensionality is 1, 2, and 3
respectively. The theorem states that there can be stable:

1. Point defects only if mo (V') # 0.
2. Line defects only if 71 (V') # 0.
3. Wall defects only if mo(V') # 0.

A rigorous proof is provided by [3]. We will see a brief
sketch of the proof for the case of point defects. Let
us consider a point defect at P and a 2-sphere Sf) of
arbitrarily small radius p, centered at P. If mo(V) = 0,
whatever mapping f |sz; provides, it will be homotopic to
a constant map. Therefore a homotopy H (t,x) exists,
with H(1,x) = fls2(x) and H(0,x) = C. This way,
we can redefine the order-parameter field inside Sg as
f'(r,0,0) = H(7,(6,¢)). Here we have used spherical
coordinates, and associate the homotopy-parameter with
the radial coordinate to ensure continuity as we approach
the origin. This new order-parameter field is continuous
everywhere, and we only had to make changes inside a
region of arbitrarily small radius p, so the point defect at
P had to be unstable.

This classification of defects in R® can be expanded
to include a fourth type, called texture [3] [4], associated
with non-trivial w3(V'). However, textures are not defects
according to our definition, because the order-parameter
field need not be singular anywhere. Instead, they appear
when the entire order-parameter field (in all of R?), is not
homotopic to a constant order-parameter field (which is
regarded as the lowest energy configuration).

III. DEFECT FORMATION IN THE EARLY
UNIVERSE

A. Spontaneous symmetry breaking

It is a typical feature of modern cosmological theories
to describe the evolution of the universe through various
phase transitions, that occur as the universe cools down
after the Big Bang [4]. These phase transitions are gov-
erned by some set of scalar fields ¢ = {¢*}. They obey
a Lagrangian density of the form [5]

L =K(0"p) = V() (1)
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with a kinetic term K that depends on the field deriva-
tives and a (classical or effective) potential V' that de-
pends on the fields. The phase transition has an asso-
ciated critical temperature 7T,. For T" > T,, V has an
absolute minimum at ¢ = 0, so in the vacuum state, the
expectation value is (¢) = 0. However, for T' < T, there
is a manifold of degenerate minima, the vacuum manifold
M. The field will then have a vacuum expectation value
(vev) (¢) = ¢, € M that is chosen randomly, so there
is a spontaneous symmetry breaking.

The correlation length for the vev cannot be greater
than the causal horizon. Therefore, causally discon-
nected regions (domains) of space generally have differ-
ent values of the vev. When these domains come into
causal contact, the kinetic term in (1) will make the
field “smooth out” to lower its derivatives. Ideally, the
field will end up settling to a uniform value, so that
K(0*y) = 0. However, if some homotopy group of M
is non-trivial, it can happen that the field reaches a con-
figuration with stable topological defects (IIC). These
defects cannot be eliminated by thermal fluctuations, so
they will remain. This is the Kibble mechanism for defect
formation [2]. Here, M plays the role of order-parameter
space. A simple example is provided in sec. IV A.

Using Lie groups allows us to get a deeper understand-
ing of spontaneous symmetry breaking and its relation to
the vacuum manifold M. Let G be the symmetry group
of our model. An element g € G acts through a repre-
sentation D of G as ¢ — D(g)g, in a way that leaves (1)
invariant. When T > T, the expectation value () =0
is also invariant, because it is zero. However, ¢ is only
invariant under the action of a subgroup H C G. If we
take an arbitrary vev ¢, all other possible vevs can be
constructed as D(gh)p,, for some g € G and Vh € H.
This is because D(gh) = D(g)D(h) and D(h)p, = @y,
and allows us to establish

M =G/H 2)

where G/H is the coset space. This is important for two
reasons. First, it allows us to relate M to the symmetry
breaking we are dealing with. Second, calculating homo-
topy groups of coset spaces can be made easier by the
use of universal covers and exact sequences [5].

B. Physical implications

Taking another look at the Lagrangian density (1) re-
veals that topological defects will have an associated en-
ergy. Near a defect, the field derivatives ideally grow
without bound. Consider, for example, the planar spins
of ITB, where the unit vector has to turn “faster” around
the unit circle as we consider circular contours closer
to the defect. This gives the defect a “kinetic” energy
through K (9*¢p). Also, we do not expect the field to be
truly singular at the defect, as this would be unphysical.
Instead, close to the defect, the field takes values that
are not on the vacuum-manifold, thus having a higher
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FIG. 2: In blue, the Mexican hat potential, with its vacuum
manifold in red. In orange, the potential for the phase of
unbroken symmetry.

potential energy. This energy justifies regarding defects
as real physical entities, rather than just mathematical
features of a particular model.

In the cosmological context, point defects are called
monopoles and line defects cosmic strings. Monopoles are
expected to have a net magnetic charge. Their existence
would justify the quantization of electric (and magnetic)
charge, as pointed out by Dirac. Cosmic strings are a
candidate for the explanation of structure formation in
the universe and CMB fluctuations [4]. Wall defects and
textures are also possible in some models, but their phys-
ical relevance is somewhat more controversial [6]. The
impact of defects on the universe, and the possibility of
observing them today, depends on their dynamics and
interactions (see [5] for a detailed study). As of yet, no
observations have been made.

IV. COSMIC STRINGS
A. A simple model of string formation

We will now consider a very crude, classical model with
one complex scalar field ¢, that is nevertheless enough
to illustrate cosmic string formation [5]. In the broken
symmetry phase (T' < T.), the Lagrangian density is

2= 0,000 - J@ o @)

where \, 7 are positive constants, and the potential has a
Mexican hat shape (fig. 2). It is invariant under the U (1)
group of global phase transformations ¢(z) — e*“¢(x)
(global in the sense that « is the same V). However,
the minima of the potential lie on the circle ¢*¢ = n?.
Therefore we have a vev (¢) = ne'?, so the ground state
is not invariant under U(1) and the symmetry is spon-
taneously broken. We assume here that for T > T,, the
potential has a shape that is also invariant under U(1),
and a single absolute minimum at ¢ = 0.

Since there are no elements other than the identity
in U(1) that leave ne’ invariant, the symmetry is com-
pletely broken and M = U(1). U(1) has the topology
of the St circle, and 7(S') = Z [3], so line defects can
appear. In fact, the first homotopy group is the integers
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because each homotopy class can be characterized by its
winding number, as in sec. IIB.

B. The straight string metric

The simplest type of cosmic string is a straight string
that extends along the z-axis. It can be described by the
energy-momentum tensor

T = o(r)diag(1,0,0,1) (4)

The simplest model is to consider o(r) = wpd(z)d(y),
where p is the mass per unit length, as in [5]. Gott
solves a slightly more sophisticated case in [7], where the
energy-momentum tensor is non-zero inside a small ra-
dius around the string. Both in this case and for the
delta distribution, the (outside) metric is

ds* = dt* — d2* — dr* — B*ridy? (5)

where 3 can be related to the mass per unit length p© and
gravitational constant G, as = 1 — 4Gu. Redefining
the angular coordinate as ¢ = B¢, the metric takes the
Minkowski form locally

ds* = dt* — dz* — dr® — r*d¢? (6)

but not globally, because now —7m + A < ¢ < 7 — A,
where we have defined the angle deficit

A=(1-p)r=47Gpu (7)

C. Geodesics

In this subsection we calculate the trajectories (the
spatial images of geodesics) of light and particles around
a straight cosmic string. We will ignore the z-coordinate,
considering only the trajectories that lie in a plane per-
pendicular to the string, which has the geometry of a
cone. This is equivalent to considering a point-mass in
2+1-dimensional gravity [8].

Using the coordinates and metric (5), the geodesics are
best calculated using the Hamiltonian 25¢ = g,,¢"¢",
where ¢* are the coordinates and the dot represents dif-
ferentiation with respect to the affine parameter. Hamil-
ton’s equations give us two conserved quantities

t =F
—B%*r%p = L (8)

For light-like geodesics, we have 277 = 0. Using this, we
find

LQ
22 2

This equation is equivalent to a one dimensional Newto-
2
nian mechanics problem with an effective potential #
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identify

FIG. 3: Two distinct geodesics from a single source S to an
observer O behind the cosmic string D. The missing wedge
is the area between the two solid lines, which are identified.
The area between the dashed lines containing the observer is
the double imaging sector. This representation corresponds
to the (r, ¢) coordinates.

There is one turning point
L
=3B

We can now take the square root of (9) and divide by ¢
to find the orbital equation

To (10)

dr 1 1
KLU W N 11
dp pr rd r? (11)

where the square root can take both the positive and the
negative determination. Solving it gives us an equation
for the trajectories

rcos B¢ — po) = 1o (12)

where g is an integration constant and can be inter-
preted as the angle of maximum approach of the geodesic
to the string. This result was already obtained in [8].

For time-like geodesics, 27 = 1, and the whole pro-
cess is analogous, giving us the same equation (12), but
now with

L
GVET -1

The fact that light and massive particles follow the same
trajectories, albeit at different speeds, is even clearer
when using the alternative angular coordinate ¢ = S,
that makes the metric to be Minkowski-like (6). This way
the trajectories are straight lines that live on a plane with
a missing wedge of angle 2A (fig. 3). The two boundaries
of the missing wedge are identified, i.e. they represent the
same physical points in space.

ro = (13)

D. Gravitational lensing

Let us now consider a situation with a light source
at (r1,m) and an observer at (rq,ps). We have to im-
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FIG. 4: A situation with source S, a cosmic string D and two
observers O1, Oz. Each observer sees two distinct images of
S. The area between the dashed lines containing the observers
is the double imaging sector. This representation corresponds
to the (r, p) coordinates.

pose that (12) is valid at both points. This was done
numerically with Maple to generate fig. 4. For a quali-
tative analysis we use the change of coordinates ¢ = Sp.
We see in fig. 3 that there are two distinct trajectories
that connect the source and the observer if and only if
—A < ¢ < A. This region is the double imaging sector;
an observer here will see two distinct images of the source.
This is remarkable because observations of double imag-
ing could indicate the presence of a cosmic string.

In the (r, ) coordinates, the trajectories are given by
(12) and shown in fig. 4. The double imaging sector is
now —(% —Dr<ep< (% — 1)m, having in mind that A
and § are related by (7).

Another interesting situation is to consider a photon
coming in from infinity with a certain impact parameter
a. In this case, the initial conditions can be imposed an-
alytically in the (r,¢) coordinates. If the particle comes
from the 7 direction, its trajectory will tend asymptot-
ically to a straight line with equation a = rcos(¢ — 7).
This allows us to establish

Toiﬂa

po = m(1—-3) (14)

This result is of course also valid for massive particles,
and it is worth mentioning that it is independent on the
energy or velocity of the particle. Cosmic strings do not
cause gravitational attraction [5], and again changing to
the (r,¢) coordinates with metric (6) makes this clear.
Another result derived of (14) is that the deflection an-
gle does not depend on the impact parameter, and it is
simply ¢p = (1 — %)71’ This last result is important for
a more throughout study of gravitational lensing, which
is necessary to make observational predictions.

The results of this section can also be applied to the
study of light propagation in materials with disclinations
[9]. These are line defects that can be described by the
same metric as cosmic strings, also extending to the case
B > 1. This allows to conduct experiments in the lab
that can be related to what happens in the Universe.

V. CONCLUSIONS

We have seen that the possibility of topological defects
being created in a phase transition only depends on the
symmetry being broken. If the right homotopy group is
non-trivial, defect formation by the Kibble mechanism is
practically unavoidable. The study of what impact these
defects can have on the evolution of the Universe, and
whether they might still exist today, is beyond our scope
and depends on the particular model (see [5] for more).
Be that as it may, observations of defects would be of
huge importance not only to cosmology, but also par-
ticle physics, as they would confirm theories that allow
them and disregard those that do not. Gravitational lens-
ing provides one possible means of observation of cosmic
strings.
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