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A tmy part the theore’ucal frame
describing our universe

We will be concerned with
Non-relativistic
quantum mech.
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A tiny part the theoretical frame
describing our universe

Theory of everything (String theory?, M-theory?, ...)

Grand unified theory (?)

Electroweak theory

(Standard||model)
Quantum electrodynamics
Relativistic quantum mech. || Quantum Quantum Quantum
theory of | | | theory of | || CRromo-
Spef:l?ll Non-relativistic elec.ter. el e dynamics
relativity | | quantum mech. radiation eractions
(Spectroscopy)

General relativity (gravity)
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but so useftul...

e T'he basis of the vast majority of phenomena,

taking place on earth

e from physics and chemistry to biology, biomedicine,

geology, technology...
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® C. Cohen-Tannoudji, B. Diu, F. Laloé: Mécanique quantique, Hermann, 1977
(1973)(pedagogical; french, english).

e A. Galindo, P. Pascual: Mecdnica cudntica, Eudema, 1989 (1978)
(mathematically rigorous; spanish, english).

e L. E. Ballentine: Quantum mechanics. A modern development, World Scientific,
1998 (enlightening discussion of subtile points; english).

e |.J. Sakurai: Modern quantum mechanics, University of Bangalore Press, 1985
(english).

e A. Messiah, Mécanique quantigue, 2e ed., Dunod, 1995 (1959) (french, english,
spanish).

e R. Balian: Du Microscopigue au Macroscopique, Ellipses, 1986 (1973)
(connection with statistical mechanics; french, english).

e |J. C. Paniagua: El escenario de la quimica cudntica, 2008 (1990) hdl.handle.net/
2445 /4961 (spanish).
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Diffterent views of NR-
quantum mechanics

Quantum mechanics
State vectprs (Dirac)
Density operators
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First postulate:
system <> Hilbert space
pure state <> unitary ray

To each physical system corresponds a complex separable Hilbert space.
To each pure state of the system corresponds a unitary ray of that space.
Any element of that ray (a state vector or ket) can be used to represent
the state.

Chapter 1
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Hilbert spaces

Quantum Hilbert spaces (Cl-[) are vector spaces over the field C.

e The vectors will be also reterred to as kets and will be represented by
the notations |W), |®), ... or simply W, @, ...

e The dimension of the space can be finite or infinite, depending on the
system (nothing to do with the number of coordinates).

e Hilbert spaces have a scalar product (|¥),|®)) = (¥ |®): that is, for
any vectors W, @, .. and any complex number A:

(V@1 + ®3) = (¥[Dq) + (V] Pg)
(U|AD) = A(V|D)
(V@) = <<I’\‘1’>
(W) >

(U|W) =0 & U =0,

O

e Separable: 3 a denumerable or discrete basis set: ¥ = Z c D,

e Other requirements will not be detailed (see Galindo) =1
Chapter 1
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The dual space

The notation (¥, |5 )can be interpreted in 2 ways from the mathematical

point of view:

e 2as a scalar product of 2 vectors of ’1—[(2 kets |®1) and |®5)); i.e., a map
HxH —C (W, Uy} — (U |Uy)

e as the result of applying a linear functional or linear form (a bra <\I!1\)
to a vector of H (a ket |®5)): (Tq] (|Ty)) = (T; |Ty)

o A linear form is a linear map from a vector space H to its field of scalars C
<\111’ :H — C
Wo) — (U1 [Us)

o The dual space of H (H’) is the space consisting of all linear forms on ‘H.

Chapter 1 9
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Pure vs mixed states

o Aunitary ray: {e'* W)} _, with (U0 =1

Complex numbers: z=x + 1y =t cosa + i r sina. = r ei®

e We say that a system is in a pure state when we have the maximum
“degree” of information about the properties of the system. Each state
vector represents a pure state in the sense that it “contains” all the
physical information characterizing the pure state (the third postulate deals

with the way of extracting this information).

e If we have a lower-than-maximal degree of information about the
system properties then we cannot associate a unitary ray to the system state
and we say that this is a statistical mixture of pure states or, simply, a

mixed state (later on we will introduce a mathematical tool for representing mixed states).

Chapter 1 10
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Pure vs mixed states

Examples:

e If we know that a hydrogen atom has an energy of -1/8 a.u. (E, =
—1/2n?, n=2), a value of L? equal to 2 a.u. ([([+1)=2, I=1), a value of L,
equal to -1 a.u. (m=-1), and a value of S; equal to -1/2 a.u. (m=-1/2)
then we say that it is in the pure state 2p_s.

e If we only know that its energy is —1/8 a.u. then we say that the
atom is in a mixed state. We cannot associate a state vector to this
state, since we would not know with to chose within the set {1\,
P2sp, ... Wop-15). In fact, any linear combination of these 8 vectors
would also correspond to a state with that energy, as we will see.

Chapter 1
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Basis sets

o0
e Denumerable or discrete basis set: W = Z cr P,

Examples: r=1

- For a spin-less particle moving along the x-axis:
the eigenvectors of the hamiltonian of a uni-dimensional harmonic oscillator.

- For a spin-1/2 particle moving along the 3-D space:
the eigenvectors of the hamiltonian of a three-dimensional harmonic oscillator
including the spin state (a or f3).

e A non-denumerable “basis”: Y = Ei Ci W "‘f x Px c(X) dx

Example: Eigenvectors of the hamiltonian of a hydrogen atom.

e The denumerable basis is orthonormal < (®, |®,) = 5,5 Vr,s

Chapter 1 12
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Vector components on an
orthonormal discrete basis set

e The components of a state vector in an orthonormal basis can be
obtained as:

O O O
<(I)s ’\Ij> — <(I)s ZCT(I)T> — ZCT <(I)s ‘(I)r> — ZCT&PS —|Cs
r=1 r=1 r=1
The same as for R%: Y y
. @-7:‘/60&0:%
’A
L ny.
> X
V =Vcosyp

Chapter 1 13



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computacional (IQTC-UB) - Universitat de Barcelona - 2007-2018

Measurements

* An ideal measurement of an observable is one producing a minimal
disturbance on the system. A filtering measurement of A selects systems
with a given value (or interval of values) of A.

Example: 2 ways of measuring px (and y) for a charged particle: px = rgB

¢
g 1 |
| !

detector screen —» small hole

N
®B | o5

non-ideal measurement ideal measurement X
Chapter 1 14
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Sz — —1/2
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Compatible observables

e We say that an observable A of a system is compatible with another
observable B when, for any state in which we know the value of A,
an ideal measurement of B does not affect that value (and vice versa),

so that both observables become known.
e This is always assumed in classical physics, but, as we will see, it is not
generally true in quantum mechanics.

¢ In some cases the measurements of A and B can be made
simultaneously, in which case compatibility is evident: the values of
both observables become known in the same state.

Examples: px and y are compatible, but p, and x are not.

Chapter 1 16
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Incompatible observables

" o |

/ \ Mesura d'x ,
/ \ amb resultat x, |
/ \ > H.
N\ |
0 X 0 X X
(a) (b)
Mesura de p,
L amb resultat Ak
This is independent of
the measurement +
devices actually used. -
N\ | |
(©) \‘v/\‘ [[\ r[\‘t IA | \1 | \'a p L f/
\“\f\/\/\/b“\/“\/ X
0 X

Chapter 1
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Preparation of pure states

® A way of preparing a system in certain pure states consists in
performing ideal, filfering measurements of the observables of a

complete set of compatible observables (CSCO or CCOQ).

e Compatibility is needed in order that the information is accumulated.

e (Complete means maximal and non redundant.

¢ A set of compatible observables of a system is maximal when their values
determine the values of any other observables compatible with them.

® The set is non redundant if none of its observables is determined by the
others for a complete set of state vectors (so it is 1ot a function of the others).

® There are other ways of preparing systems in pure states: cooling,
pulses of radiation, etc.

Chapter 1
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Some examples

e T'=p?/2m is a function of the observables p., p, and p., since if we know the values of
these we can calculate that of T = (p,? + p,? + p:2) / 2m.

e It can be shown that {x, y, z} and {p., p,, p-} are two CSCO of a spin-less particle.
It is non-redundant because, e.g., knowledge of p, and p, does not fix p..
However, {px, vy, pz, T} is a maximal but redundant set.

e Different CSCO of the same system may have different numbers of observables.
So both, {H} and {x, y, z}, are CSCO for a spin-less, three-dimensional asymmetric harmonic
oscillator.

e For the electronic state of a hydrogen atom {H, 2, L.} is a CSCO if we are not interested in
studying phenomena related to the spin. Otherwise we should add s; to obtain a maximal
set, because this is compatible with H, > and I, and cannot be obtained from them.

e Other CSCO for this system are {H, I?, I}, {H, I?, I}, etc. (same “degree” or “quantity” of
information). Different states may require different CSCO to be measured in order to
prepare them (Y2pz, Wopx, YP2py, €tc.).

Chapter 1
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Chapter 1

Pure-state preparation for
a hydrogen atom

Exercise 1.1

Indicate what measurements should be made to obtain a hydrogen

atom in the pure states corresponding to the following state vectors:

a) J2p-1
b) yap.
c) Yo

It is assumed that we have devices for measuring any observable, and

that spin-related observables are not relevant.

Hint: The state y2,, becomes the state y2,. = y2,, by a 90° rotation of

the cartesian axis system.

20
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Solution of the exercise 1. 1 "

' Aw e - A 4 g
a) %2? g”‘@%wco“ov J} POM ) 322’ 3 o "5>
b v /:2 2(@4/):4(44:4):2, (au S )

Z% ) w = -4 ( 3 >

> W OUV\QJ kc@l* o %,; \fl 1\,\% &&gﬁ.\,‘,\j SO S ;-1) m,«»»‘s‘ﬁ. ‘H\Q E‘l:-%

wuw \zvc() am»g /,\{\,\ MACAAAAL m ch wa/’w:o\ OJ ckwv\c 'r\m
and deloct Voe b vdioh She cwidd €,z 2 L,M heem oblaseesd.

On Mw% we /WW\AQ/\ M €N 1L L? aud pelecs 'TJV\/G\X W\/l\ L° -@ 2 Bk
measnan Ly ook peleck dhne Wik (=1

- oA
) ‘ha(?‘>=+zpﬁ>=ff; €7 e, 0= iy xe

e -o%ﬂ\hoz x Dhedef e O 7st Lf’zf ("7‘7“‘”““‘"\’7) =
"LX“K‘M\//?? we Ahaald MME e . L sl Lgls

| = / _ -..i'- L = QO
Vo {520 o dorpegon @ e sl fllr 6§ 2
(Ly=2 s wonphied w- M)

b\hf
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AN

(Linear) operators on H " "
P AV =D e X
® Linearity: 2()\11#1 )\leg) — )\121#1 )\212{1#2
Dirac notation (The Principles of ~ von Neumann notation (Mathematische Grundlagen der (A*W \If/)

/
e Adjoint of A: | (U|AY) = (ATU|W) | VI, U € H

Quantum Mechanics, 1930) \ Quantenmechanik, 1932, 1949-1991 Sp, 1955 Eng., 1964 Rus.)

AN

(bra notation: <ET\I!‘ = (U|A = in (U|A]|T) we

can consider that A acts either on the ket or on the bra)

AN

® A self-adjoint “or” hermitian < <\I/\A\\I!’> = @Z\If\\ll’) VU, 0 e H

AN /\} AN AN AN N

® (Commutator: {A, B

Chapter 1 22



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computacional (IQTC-UB) - Universitat de Barcelona - 2007-2018

Second postulate:
observable <> operator

To each observable of a physical system corresponds a linear self-adjoint operator
acting on the elements of the system Hilbert space. The operators corresponding to
the cartesian position coordinates of the system particles (qu, qq, ...q) and to
their conjugate momenta (p1, p2, ...pN) must satisfy the following commutation
relationships:

Q. /=0, pnp=0 y |qpj=iad;l , Vij=12_..N
The operator corresponding to an observable with a classical expression A(... q;...
pj...t) is obtained by substituting in this expression the coordinates and momenta
by their quantum operators and symmetrizing, if needed, the resulting expression.
If there are observables than cannot be expressed in that way their quantum

operators are defined so as to reproduce, according to the third postulate, the

experimental facts that justify their existence.
Chapter 1 23
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Examples

5
. Up Uy, UL
e L=rxp=| o y z |=(yp.—2py)Us+(2ps—xp.)uy+(zp,—Yps) UL

Px Py Pz
Ly = yp. — zpy -+ cyclic permutations of the subscripts

N

— 2 —2 —2

o [f A = qip; then A = (qiDi + Piqi) /2
e Spin: {S’;,g;] = zh@ + cyclic permutations

(arises naturally in relativistic quantum mechanics)

Chapter 1
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Exercise 1.2

Show (without using matrix representations of the operators) that

e) iﬁ, A B+ Azé} — )\ [ﬁ, é} 4 A [ﬁ, 6}

9 ﬁéé _ B AC}+[E,§}6; {AB,O}:ﬁ{E,@}nL{E,@}E

) Lm, L ] — zhLZ, .+ (+ cyclic permutations) (don’t use the specific
representations of the operators; use only d) to f) and the 274 postulate).

h) [Lx,LZ} [Ly,m} _ [LZ,L2 — 0 (use only d) to g))

P e

i) SxSy is not selt-adjoint, while %(S S — S5,5;) is.

Chapter 1
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Solution of the exercise 1.2

pre = o-?{wém WA <ZJ&|, r+> <u'/ \A\+;> VL‘—}"F & ¢

CORLY, :<% +> <A+4+> e e 5 (A
7 ~ ~
ey = (Y IR » CHiRtyy = CA¥ 4y

I\[OIE :

T) 41A¢) = ¥ 1By (o Bilyy=<Bylyy) P4 ek
. js\wwvwmaﬁ pars 1k A b Kb Ay = <b ;@@
g, AwCe ﬂw 76’ fb 7<@ PANE:-H | S—gwe)ym %+

c.

>AL_|,__1’?>LT ‘7/&(/67{ =5 /1-_:{5
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Solution of the exercise 1.2 (cont.)

"'1) [A 1, B2l ) = AXB AN &~ (B A2, 2A) = X[BB)« 2 AC]

1) [" "“:j E,Ul\ C)+[Ap)e

“-\__.__..--""____'_ Ty
Falia

EC

P rara ~ N A ""Aﬂ

= 2 " BCA+A@>C‘ C = 1A
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Solution of the exercise

éa) [L ] 1 ['ﬁ"'%“ %? ’}: 1.2 (cont.)

:[W?w?ﬂ"h@?ﬂ [@ﬂ [%%ﬁ‘?ﬂ B

¥A—\r"’-‘—'—”‘

N\
\

- 7’[?%51;@*“[‘:%]\?1 - 7%[%1&%7h.ﬂw%wﬂ,w \

e
; ~i K
® = eLﬁj + Lk >(’>1 = Lk L% +[¥]]%]R{P€

* N T % N7 | N
[kt s [ e ) e [ BT 5

L[L L)+ [L 1_7}{, T [L Ly )+ [L L)L, = o

\"—““_“\_“‘--_,

.LJF\L% L%\L% -*L}:L ) k’.,

z) B +" C ! = S > > : %’ ' A

| <5,<SQ.T,DW,.» }-55 F 1 [ [Sx,S E_F. >3373M ,%@szwr
fﬂj »! fwﬁygx QW f"“pé‘%«m;—.iej

<‘ W/\«SQ.B A 3 g‘i&i?,&»m;/“ww

(gxsﬁ;;ﬁ)* £ (572 48180) =4 (3,5:45.5)) o self et ot
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The spectrum of an operator

-The spectrum of an operator is is the set of its eigenvalues (in a “wide” sense)
® Discrete spectrum (04): A wi = 1Pi
o Continuous spectrum (o0): AP, =a P,

® An eigenvalue a; has a degeneracy d; if there are d; (and no more)
linearly independent eigenvectors with that eigenvalue:
AV = ;¥ with  j=1,---d;
® T1: Any linear combination ot degenerate eigenvectors of a linear
operator is also an eigenvector with the same eigenvalue. If not all the
combined eigenvectors are degenerate the linear combination is not an

eigenvector.
Corollary: If A\(I)w — aiCI)Z-j with ] = 1, .. d; then {(I)ila T (I)zdz} is the
basis of a d;-dimensional eigenspace of A with eigenvalue a;.

Chapter 1 29
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Eigenspaces in a 3D Hilbert space

Example: A =1, in the spin

“eigen-axis” withleigenvalue a .
S 5 . Hilbert space of a I = 1 nucleus

V=c11P11+c12P12+c21P2

“eigen-plane” with eigenvalue a1

Example: For the hydrogen atom the hamiltonian eigenspaces corresponding

to E1, Eo, ... have dimensions 1, 4,... (disregarding the spin) — complex, real,
hybrid,... AOs can be chosen 1n each eigenspace.
Chapter 1 30
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Exercise 1.3

For each of the following operators say if their spectrum is discrete,
continuous, or partially discrete and partially continuous, as well as the
degeneration of each value of the spectrum (do not try to solve the
eigenvalue equations; use instead your previous knowledge or see the
bibliography).

a) The linear momentum operator of a spin-less particle that moves
along the x axis.

b) The z component of the orbital angular momentum of the electron of
a hydrogen atom.

¢) The hamiltonian of a free, spin-less, particle that moves along the x
axis.

d) The non-relativistic hamiltonian for the internal motion of a
hydrogen atom (spin excluded).

Chapter 1
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Solution of the

exercise 1.3

Chapter 1

~ .Ll(—’( ! L}CX ! | "_‘ y - { /] /(7 - N '. .AA:,“' .
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| DA Wran~ Hr o erale

meN = he whefe Spettn 13 Sricre 1
Qe -~ Fepoine gx%{ (x} ‘f 3
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¥

<) A »kx A e 12
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The spectrum of an operator

® T2: The spectrum of a self-adjoint operator is real.

® T3: Two eigenvectors of a self-adjoint operator with different
eigenvalues are orthogonal.

® T4: The eigenvectors of a self-adjoint operator form a complete set.

Example: for an operator with discrete (04) and continuous (o) spectra

zzl\q)ij =q;P;; j=1---d; with a; € oq4
ECI)GJ- =a®,; j=1---d, with a € o,
d; dqg
U = S: S:cijCIDij + / ch(a)@ajda
ai€oq j=1 aC0oc j—1 N

Chapter 1 a (wave) function of a 33
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Commuting operators

® T5: Two operators commute if and only if there exists a complete
set of eigenvectors common to both.

Corollary: Several operators have a complete set of common eigenvectors if

and only if every two operators commute.
Examples:

e For a hydrogen atom the operators H, L2, L, and S, commute, and
{(Ynimms) is @ complete set of eigenvectors of all of them.

Equivalent notations: Wnimms =11, [, m, ms )

e If two observables do not commute a complete set of common
eigenvectors cannot exist, but there might be some common eigenvectors.

Example: d15is an eigenvector of Ly, L, and L, with eigenvalue O.

Chapter 1
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General angular momentum

[Jx, Jy} = thJ, (+ cyclic perm.)| j2 = J? + Jy2 +J? = [j; ﬁ} — P; ﬁ} — P; ﬁ} — 0

J a complete set of eigenvectors of {j;, ﬁ} , Or {j;, ﬁ} , Or {j; ﬁ}

— 1 3
J20; . = j(j + 1R @ . with  j =0, 51502 - .
j;q)j,mj — mth)j,mj with my; = ],] — 1, e o j
. /\ rising
Ladder or shift operators: Jy = J, £1J, operator
j;q)j,mj — h\/](] + 1) — My (mj mm 1) (I)j,mjzl:l cI)JZ,JZJrh
I,
Particular cases: N ‘>
AL
e orbital angular momentum L: j=1=0, 1, 2, ... ‘>A
. : J_
o spin angular momentum S (electrons) or I (nuclei): o
j (s or I) takes a single value for each particle lowering
among: 0, 1/2, 1, 3/2, ... For electrons s =1/2 and operator
iﬁzhoz g:Loz:O §:Oz:ﬁﬁ g:ﬁ:()
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Projectors

e Let H; and H, be subspaces of a vector space ‘H. We say that H is the
direct sum of ‘Hy and Hy (H = H, @ H,) if every vector | of H admits a

unigue decomposition of the form 1\ = + o with Y1 € ‘H, and y» € ‘H,
@T6: H=H,oH, — H,nH,={0} and dim(H) = dim(H;) + dim(H>)

e The projector onto ‘H; associated to the decomposition H = H, ® H, is an

operator that assigns to each vector of ‘H its component in ‘H,: P¥ = ¥,

e The orthogonal complement (H,*) of H, is the set of the vectors of ‘H
orthogonal to every vector of Hj. It is easily verified that H = ‘H, @ H,*.

e The orthogonal projector onto ‘H is the projector onto ‘H associated to the

decomposition H = ‘H, @ H,* (the qualifier “orthogonal” is often implicit).
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Basis-set expansions of projectors

o [et{Dy,... D,} and {Pny1,... P, be discrete orthonormal basis sets of
H.,and ‘H,* (m and/ or n Could be o). Then

10 = ZCTCD _Zcrcb 4 Z c.®, _P\IJ+(1—P)\IJ

r=1 r=m-+1
Using ¢, = (P, \If> (see this slide):

ﬁm:i@r@ (ZCI) )\If = ﬁ:i\@
r=1 r=1

o Likewise (resolution of the identity or closure relation):

r=1 sz[gﬁ; 1=P,+P,+P,)

e For non-orthonormal discrete basis sets: 1= Z ®,) (S ) (By]; Sps = (] D)
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Projectors

® T7: Alinear combination of projectors projectors onto orthogonal

subspaces is a projector < all the coefficients are 1.

® Example:

A\(I)ij — aiq)ij with {(I)zl s (I)zdz} orthonormal

projector onto the eigenspace of A with eigenvalue a;

® T8: Projectors are self- ad]c)mt zdempotent linear,
and vice versa: Pt = P = P2, ||PU| < ¢||¥]

S

=) [®ij) (5

d
/ ]:1

bounded operators,
ha'Y

e Hence <\If ‘]3\If> — <\If ‘IBZ\IJ> <.‘P\If> — HP\IJH

Chapter 1
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Third postulate:
results of measurements

If we measure at a time t an observable A of a system in the pure state described
by the vector state W,

i) the probability of obtaining the value a; of the discrete spectrum of A is
D w |
P(A=a) = (WP, W,
11) the probability density of obtaining the value a of the continuous spectrum of

A s _ N
dPtd(I:_a) — <‘Pt‘ P, 1Pt>

111) the probability density of obtaining a value not belonging to the spectrum of
A 15 zero.

Continuous spectrum: ECI)GJ- = a®,; with {®41--- Pyq, } orthonormal = I/D;

d,
D 1®Pas) (Do
j=1

Chapter 1 39
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Probabilities in terms of coefficients

Any W can be expanded in terms of an orthonormal basis set made of
eigenvectors of A (see T4):

Y S‘ng ij "’/ ZC] a)®qjda

a;€oq 1=1 aEJC] 1

d
dP\I;(A — Qa -
A=ay Z\%\Q 220 3 eyl

j=1

then (see T8)

Exercise 1.4
Indicate which values can be obtained and with what probabilities
when measuring the total energy, L?, L, and S; of the electron of a

hydrogen atom in the state Y, = 3 h 0 + % e G, f3

Chapter 1 40



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computaczonal (IQTC-UB) - Universitat de Barcelona - 2007-2018

. V3 W/q
Solution of the p:‘:%: =5 fx + 4 #)2{

exercise 1./
ghcc C_ﬁmo( Q/W*Q ‘%7‘00 Co =N &VA/WQO’,“T“CK Qs(!\l V‘( W-L‘/[l,\ “x N vt/\en ;/E O/lA—d/
e /A 3 a = - -f‘— -— J— s -
_é’_(,hau.) P ( :"">:/'¥:’ =2 ; (E=-F)=[te |-

o é
D(03N) = 0 awd AlMN)=2  (wmaw)
T . YR AR /)2 o
?'E/LQ:O>: -—J"?‘/ :Z \?(E(L :‘23-—- ‘—e ’ ——T; ) KP,!_\\,}Z)_}O' =l 7,
’ % | W‘/fL\ @v?,@quLV\C O

%v\cc %{O( ’}(’,\ / | (
f‘j’— S also amn @ ans €OV L’g g oy o.= 1| ,fO): 4l
l : l
(e "l'i)/7

S t?éﬂs"( gA ﬁélﬁ’u (5 2nR e fpaVe (S Vd
/ g« A
- 2 d :
> f /]
Ph4)= 2§ Tylse-4)-4
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Probabilities in a 3D Hilbert space

2 —

P(A — ag) = [($21 |¥)] Ady 1 =a1P1 4
) A~

— CQ,l & Aq)l 9 = CL1(I)1 9

D5 ‘ — ’ ’

A(I)z,l — a2q)2,1

v = 61,1(191,1 + 01,2(131,2 - 62,1(1)2,1

H=H, ® H,

\,f. P( A_:’a | )

P(A — a1) = [(D1,1 [0)° + (P12 |W)[" =], + €55
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Spectral decomposition

® Spectral decomposition of an operator: A = E a I/);+ f a P, da
ac0o.

a0y

Demonstration for an operator with discrete spectrum:

d;
U S ST Sb ST o

a;€oq j=1 a;coq =1 a; €04

azEJ /

see this slide

® Resolutions of the identity: 1= E I/’;+ f P, da .
aco.

e Given a function f(x) of a real variable x we define the function f(A) of

an operatorAas: R . N
f(A) = ) f(aj) Py + f f(a) Pada| = [A, f(A)] =0 (T5)
aco.

a0y

If £(x) is analytical: f(A) = £(0) + £(0) A + £'(0) A2/ 2! + £"'(0) A3/ 3! + ...
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f(x) may not have an analytical expression:

Chapter 1

Fzxercise 1.5

When no relativistic effects are included in the hamiltonian of a
poly-electronic atom (7.e., only the kinetic energy and the Coulomb
potential energy are considered) the corresponding energy levels are
known as spectral terms. A usual notation for these includes the
electron configuration and the eigenvalues of L? and S° for the states
of the term; e. g.: the ground spectral term of a carbon atom is
named (1s* 2s* 2p?) *P.

a) It can be shown that that hamiltonian, L?, L,, S* and S, are
mutually compatible observables. Which of the operators ZE, l/';, S2
and :SZ are functions of that hamiltonian? Hint: there are no states

with the same energy and different values for L? or S°.

b) Specify three different CSCO for the system.
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Solution of the exercise 1.5a

%V\ce v/LQ:\{ SVL€ /Vvé]" 3»941'4 Y‘fl'% /i\Q lomnne E Mﬂﬂ( :L Lz 5y S t
Aakmmw\% Ll S z JA«Q}‘ ].& Z /~¢ S e &'«%WW(J”E(\ 1/7 W_J S

wee £ ¢ (o‘\l’ A L = S ¢ i " -

~ELsS

w2y

- A‘U /;‘ELS = L and $ awe ({w\r/‘\-ﬂ/u ﬁ E : L(E)Md(g(g)
Acam%w] rL: /Le ﬂ‘(}“w‘Lm %(’Q> /SL‘“Q‘//L’) ) 1— W"J
B\»ijhwg b oLt (R M S*(h).

""‘OW“&W \5'\\/\ J/Le L\_%O/mw&/\e/, E =2 N ngy\d"@/&’\ W‘:M\ /\e,dmcl J'\)
L& M gg) yeg-cs NOT «&)(LW\)V\Q— M WU MS a,-»\J LZ/ Se Qe

> Ly and sy e necessany g ~dgobler wA E - dekaining o

“/\ = —'-LQ-} g
. ?L e lgEJH,_,WS (L awAS awe Wl _s%lcyﬁ MJJ)
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Solution of the exercise 1.5b

I

'I \ ! 'v’ [ 4 1: ‘—,f/"( _L/ j'ﬁjcp\'),\/(’

|

o) csoc: lu. < L . o) o
4 CSD T 'L%)S%(—] ) jH/LX/>X§ / PH|L7I> ‘

Y \] \ X, 4+ oWr éﬁw\slﬂm\/

J\// ¢ "D va(__

O‘MW CSOC / 3 U "’/I/‘Q \/\,\/\\/‘M..;p-(// (“ {/,,/(. GiW/V‘\ " '|

]

\ ) - io‘\)%\?\—),

; \

{ Xy, 74124, W4 y =7 Xn;j“,%“v)w"‘t‘ ) { ?Ya '/vaj')%nl /F” ‘?’ ) 2 I]

% B o
yF\A (,O'S\QLV»C*A&‘W\

(v //r\m/) )
ov\»»—)
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Addition of angular momenta

e Let I and S be 2 angular momenta of any type such that the
components of one of them are compatible with those of the
other. Then

—

e J=L+§ isalso an angular momentum (in the generalized

sense),

e for any given values of the quantum numbers [ and s
associated to S?and L? the quantum number j associated with J?
can take the values j = [+s, [+s-1, .. |[~s] (non-rigorous

statement).
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Chapter 1

Spectral term
degeneracy breaking

Exercise 1.6

a) Specify a CSCO for a poly-electronic atom including the
spin-orbit interaction in the hamiltonian (FE, J°, and J, are then
compatible, but F is incompatible with L*, §*, L, and S.). Hint:

there are no states with the same energy and different values

for J-.
b) Specify a CSCO for a poly-electronic atom subjected to a

uniform magnetic field, which breaks completely the energy

degeneracy.
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Solution of the exercise 1.6

Q) /A f\es»&ovw\m) LJLQ -/f»a/ M m./» J\”{\Q 3\\0»«‘% Exetrd  Lan 41 Q(IW/L\L,,((
Lo e ey leeh ([, M g,?w,w idosction) & pmdnde  Ihak

JZ 1S WQ%OV\R \ 3 k\ v\/(f\__@ = CS o 0\9%),(} Wweww™
- L
be 4, T, 1.
L) e mopubic held adds do e hand [doidans Jhe Jerm
gg = Zf' (J +>%> {%«wnv\ e qc/}’*)
’_”W— MM u’L \na(w omn.cc-i\m OL J/Le We/vw M /&rh "5.373)
SI \m»\ Caﬁ{]z) E— e,t %MJ‘ V\,\M j: . J(3+1)- I»(L*")*S/S-M)

ZW\( LJ‘(J‘M)

:> J\//{U‘(»«L bnl‘/\,\e,,(j T‘”’j wew m\.ww J'O L/Q"/HQ'\M/"/ 'Q/AQ/LV&‘%
= ﬂ,\( ’(/"‘9‘({") M~ Omwa JQ‘(J(L\N\\'WQ \-‘-Qf‘»'—’\z(—- -S-lcvli'vffé’b‘/

G = 5’5% ) W a CSCU.
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Expected values

e From probability theory:
(A)w = Y a&%l%%hf alw| P, w,)da
acOo.

a0y

(A)g, = (U, | AW,) = (¥, | A | Ty)

o [f A‘Pi =0; ¥V, then A w = ;| quﬁ = (W, | q; W}y = a,{¥;| P;) = a;

e The probability of obtaining a; when measuring A in a pure state W is the

expected value of the dichotomous observable Py that takes the value 1 for
the states of the eigenspace of A with eigenvalue a; and 0 for those of its

orthogonal complement: P(A — Cbi) — <\If|ﬁ; \If> — <Pai>\If

e Any testable physical information about a quantum system is an expected

value.
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Uncertainty, indetermination,
dispersion or standard deviation

Ava=\[(|(A- ()7 @) = \J142), — (),

o If W is an eigenstate of A with eigenvalue a then any measurement of A

must give 4, so that AwA = 0.
® [f AyA =0 then any measurement of A in the state W gives the result

(Ayw which, according to the 3rd postulate, must be an eigenvalue of A.
This can only happen if W is an eigenvector of A with eigenvalue (A)y

since the projection of ¥ into the eigenspace of A with eigenvalue (A)y

must have length 1.
® Therefore AgA=0 < AU = qU

Chapter 1
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¢ Quantum indetermination is not a problem of imperfection of
measurement devices or lack of knowledge: indeterminate
observables are undefined until they are measured (Schrodinger cat!)

Examples: cartesian components of particles with spin 1/2 and 3/2.

Uncertainty relationships

o [sans (s [[A]v)

Exercise 1.7

a) Ax Ap >? Can there be (realizable) states with Ax or Ap =0?
b) AL, AL, > ? Apply this relation to the states 2p1, 2s and 2po of a

hydrogen atom. Can there be states with AL, and/or AL, =07?
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Solution of the exercise 1.7

* p
o) Ax Ap >§(<@l£§,’§]££>} :%}:t Ty (=4
neExs
= newhev Ax e AP e = O
(AL,
b p peayts SN A
) A, Aly > 2 [<ENLLEY| = 2 [(T| LT

T 2«57,, t//% 7%:/’%: = ALX /¢ a—zé

:F—UW 2’) (_.1 %2\0,:'0 =) AL}( AL] >/O ALX Wev A},..(
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Solution of the exercise 1.7 (cont.)

- (#jUa"‘ %%1:@1((( L‘E’ L W& W\‘}/L 9” \AQ QA(Q&\AV‘Q_L&%"‘O®
— -M‘L DDJ-QAV&/(,, =" 9 W‘G VL] éﬁ@l&xm\wa}f‘,«s(

o LF?,P IS <2\~ a%@m vechvy f(j /L ? m% 0;)»»\,@«1\1&& 4””@)52 Z‘t a«zp«ﬂ

V\AM\ &%@V\V&[\AQ 0 /z\MLﬁ>) z(/\}* 15 ) 9 W(l P &r/‘/\bevi{‘y‘y Ej L @

]

5 o

®’7Z»c f{ o &/ . g Zlm—\ <\ manw/(] Cﬁv\(m Laann 4—e nev(l% 641&14%9(
‘ L ~

1’ ! “\
. kramd 1 [/f\,a hdAdor oporefon L, awd )
|'.I ; —
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Density operator

If we know that a system has probabilities p1, p2, ... pn 0f being in the

pure states Y1, Po, ..

2

2

Y.

2

p; { W; |

Pj

. Py then

<A>P1 :2P1<1P1‘A1P1> /

| 9i) (9

(05| A

E <¢J‘Apt¢J>

i) (Wi

Resolution of the identity in any

denumerable orthonormal basis set {¢;}

| Ay, )

P; )

where the statistical operator or density operator or density matrix:

o= > pi | i) (Wi

describes or represents the statistical mixture of pure states (mixed state).

Chapter 1
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Trace of an operator

The trace of an operator B is defined as Tr B = Ej ( b; | B b; )

PN where {¢;} is any denumerable
< A > Pt — Tr (A pt) orthonormal basis set.

® The trace is independent of the chosen denumerable orthonormal basis
set (exercise 2.3).

® The trace of an self-adjoint operator is the sum of its eigenvalues.
o Tr(gl .. .Kn) = Tr(gil . .Kin) (cyclic permutations).
o Tra =1  (normalization)

o Tr(A[W)(W) = (W A|W) (pure states)
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Density operator

Example:

A beam of hydrogen atoms emerges from an isotropic chamber (we neglect
gravitational effects) at a temperature low enough that we can assume that
all of them are in the ground level: E; = —1/2 a.u. If the electronic spin is a
relevant observable, the state is not pure, because we have no information
about S;, which is compatible with E, [? and L, if relativistic effects are
neglected, and is not a function of them. Since there are no preferred
directions, the density operator describing the state of the atoms is

~ 1 1
P = 5 |¢1SO¢> <¢1sa’ =+ 5 ‘¢185> <¢185‘

® A stateispure < its density operator is a projector on a
unidimensional space: {ei* W} <> pure state <= [W)(W|

Chapter 1
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Different statistical mixtures
may be indistinguishable

Exercise 1.8
a) Show that the state vectors {15+ = (Y150 = P1sp) / V2 of a hydrogen atom are
eigenvectors of S, with eigenvalues +1/2 a.u. respectively.
Hint: put S, in terms of ladder operators.
b) Write the density operator describing the atoms emerging from an isotropic
chamber in terms of {1+ and show that it is equal to

,/0\: 0.9 ‘¢180&> <¢1sa’ + 0.9 ’¢186> <¢1sﬁ‘
Comment: When you express the pure vector states of a mixture in terms of an
arbitrary basis set {¢;} you usually obtain cross term operators such as | ¢i)<d;l. They

are called coherences and act in a similar way to the projector operators: (| o <dp;l) |y
= | di<djl ). We won't discuss their physical meaning, but if you are curious about

it have a look the article On the Physical Interpretation of Density Operators at the
Atomic Scale: A Thorough Analysis of Some Simple Cases by Juan C. Paniagua in

Concepts in Magnetic Resonance Part A, Vol. 28 A(6) 384—409 (2006).
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Solutz’on of the exercise 1.8

S 43* o (‘) ’ S'. : ("‘]/hm : fjfﬂs() -

—

- g: ji ’ ‘/}u k‘}mfﬁ><('}/4$xlr L’/'SC)’ + '/i ‘L{/(Sof L[/-"S(’>> <%Sa‘-kbs (3, =
L'/:'" ("*‘/1;.(><L‘}‘l;d| * '4’1%><Lyr”ls(s ’ + ]4’\5@%‘%% "-”’b{',><4 4;(5

. T ) -

A

+

':f I %s’o«> <q77$o<) . _;T ] %5(« ><%5(» \
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Exercise 1.9

Indicate how could we prepare a hydrogen atom that emerged from
an isotropic chamber in the pure state corresponding to the vector
P15+ = (P1sa + P1sp) / V2. Which values could we obtain and with what
probabilities when measuring S; in that state? Which experiments
should we perform to differentiate that pure state from the mixed

state ﬁ\: 0.5 [h15a) (Y1sal +0.5[Y1s6) (1sp/?

This is the only way of describing a non-polarized spin-state.

Exercise 1.10
Show that the probability (or probability density) of obtaining a value
‘a;” in a measurement of an observable ‘A’ in a system that is in the

state described by the density operator p is:
d;

Py(A=a) =Tr (Pup) = 3 (®i]5 @)

j=1
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Solution of the exercise 1.9

3 'e' " TR LA ~-—~— 5( v/l -
_> >.v~ (@ %§+ Pf W'V\\W‘i L’) M’L\M N /{4 -J e U & O I
(//\J‘t%a)? LA, ] M .> A /ZXQVC/\A.C_ A %0_) e Cgv\.g,‘;( F,\vaa/\& /F

-~

[ ﬂMW’L":‘é "l}\’% 2 U'Dr—f/\/‘a?’aﬂ v‘/\»-/( {f-»C'u!/CX\AT J/L\M < 'JQM(’/,
<) S :-—L\- /—:,—— ::.-{— P()g ""21_)
= %S* %SM s (34 2./'/\,5:/ ) =

m(}% %/?Sd
i § T vn"y‘/'\}iu 4_‘_\ R Www t;c, &O-M._J{ A~ ’h\{./\m\:’(eap JJQ/G'{—Q ?’
o e Gl it Aiffeemetale ety b emeomnty woby
obhvneble . Bk L-«I I easm S, We wsnlod o6 dan '/Z wA A cmlaMf;'-j

&g %” awd SO, 41 F«DQQLLQ? ()n _*_’21" Jf\ﬁ f /exaw;;e /.%_1,)

y o ‘s b=t sC L &1
Solution of the exercise 1.10 /"“““’“’“’“‘ apus=tfs. (i )
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Quantum vs classical uncertainties

oA

mixed state has two kinds of uncertainty: one has a quantum origin

and the other is similar to that found in classical statistical mechanics.

Chapter 1

Examples: S. can take the values +1/2 with equal probabilities in the pure state
Pis+ = (P1sa + P1sp) / V2 of a hydrogen atom (exercise 1.9), as well as in the mixed
state p = 0.5 [V150) (V1sa| + 0.5 |Y155) (¥155| , but in the former case we know
which is the state vector (quantum-type uncertainty in S.), while in the latter
there are many states compatible with our (lack of) information about S: it
could be that we have taken the atom from a chamber with many atoms, half of
them in the pure state {1:o and the other half in 1155 (classic type uncertainty in
S.), or (exercise 1.8) half in {15+ = (P1sa + P1sp) / V2 and half in 15— = (P1sa — P1sp) /
V2 (classic + quantum type uncertainties), or many other possibilities that lead
to the same density operator. In fact, it can be shown that the density operator

of that mixed state can be put as a uniform mixture of every possible spin state
(see J. C. Paniagua, Concepts in Magnetic Resonance Part A 28A, 384-409 (2006)).

Recall that two pure states, such as Pisa and Pis+ = (P1sa + P1sp) / V2, have the same
“degree” of information: in the former we know E, L2, L, and S;, while in the
latter we know E, L2, L, and S;.
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Fourth postulate:
state collapse

Lets consider a physical system that is, at time t, in the state described by the
density operator Py. If we perform at that time an ideal measurement of an
observable A that provides a set of values A = Ay U Ac, Ag belonging to the discrete

spectrum of A and A. belonging to the continuous one, then the system state

changes to ——
~  Pap¢Pa
PA = — ~
Tt (PA p1)
where Py = EaEAd Py +f aca, Fa da
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Collapse of a pure state

e If the system was in a pure state W:

. T
5. = Py W) <

Tr (P [¥) (¥))

_|Paw | (Paw|
(W|Py|W) -

| paw \/ Paw p > oA¥
P/ \ [P | PAY |

® The resulting state vector is the normalized projection of the previous
state vector onto the subspace corresponding to the values obtained
in the measurement.
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Collapse in a 3D Hilbert space

APy = a1y 4
2@1,2 = a1Pq 9
121\@2,1 = ag9Pa 4
o[f A={a1}

®, A

v

(= C11P11 +c12Pr o+ 2 1Py

Chapter 1

w In both caszes well defined after the
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Some remarks

P N

~ P P
e In general the states changes upon a measurement: | py = — 2 PL24

Tr (P po)

e The resulting density operator is the normalized projection ot the
previous density operator onto the subspace corresponding to the

values obtained in the measurement:

e to apply the projected operator f’;ﬁf’; to a vector W is equivalent to
applying the original operator p to the projected vector PAW and then
projecting again the resulting vector pPAWV — PApPA V.

e a new identical projection does not change the projected operator:

o~ o~ o~ /\2/\/\2 —~
( ) Pn = Pn pPAn = PApPa

N

e PA is normalized: T'r (ﬁ;ﬁﬁ;) = Tr (ﬁ\AﬁAﬁ) = Tr (ﬁ;ﬁ)

Chapter 1
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The measured observable
becomes well defined

T N T

~  PAp¢Pa
pA - P VN
Tr (Pa py)

e The resulting state (not necessarily pure) has probability 1 for the
—~2
PA pAPA

Tr(Papa)

provided values:

P, (AeA)=Tr(Papa) =Tr

= A becomes defined within A.

=1

e IT'his postulates states that measurements are reproducible, in the sense

that a second measurement of A made immediately after the first one

should give the same result.

Chapter 1
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Preparative measurements

e If a measurement provides a unique non-degenerate value the

resulting state is la ) = ‘ P, ) (no mater the system previous state):

P, P P, PA = ———=
< > < > < > Tr (Pa pv)

ﬁa p
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Preparative measurements

e If a measurement provides a unique non-degenerate value the

resulting state is la ) = ‘ P, ) (no mater the system previous state):

) Vol
= a) {a| > ;21 pi [Wi) (V4] |a) (al
’ TE?‘;M@A la) (al > 22, pi|| Vi) (W4 [D5)

_ ’CL> <alzyilp’l’<qj2’a>‘2 _ ‘a> <CL’
> it Pil2_;— (Wl [|25) (@5 ][la) {al [¥5)

AN

1

e If the measurement provides a degenerate value other compatible

observables should be measured in order to prepare a pure state.
Chapter 1 69
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Compatiblility <= commutation

o 110: A and B compatible & {E, E] =0

e & from T5 (slide 37) there

exists a complete set of common
eigenvectors, that can be chosen
orthonormal. Let us express any
state vector ¥ in that basis. A
measurement of A with result a;
projects onto the corresponding
eigenspace. If we then measure
B the new projection must take
place within that eigenspace,
since W,; has no components
along axes orthogonal to it.
Therefore a; is preserved.
Chapter 1

A= a2}cp3 ‘

Y

1* mesura
eigenplane of B with

eigenvalue by

P,
//)\/ wal
eigenplane of A with

2% mesura
eigenvalue a;
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e T10: A and B compatible & [g, E} =0

« = Let us assume that A and B are compatible observables. If we measure A and

obtain a; and then measure B and obtain b;, A should retain its value a;, which can

be verified by measuring again A and repeating many times the whole experiment.

o If after obtaining a; we always obtain b; then the eigenspace of A with eigenvalue q;
must also be an eigenspace of B with eigenvalue b;. Then any basis set of this

eigenspace consists of common eigenvectors of A and B.

e If the measurement of B sometimes leads to b; and sometimes leads to b; then the
eigenspace of A with eigenvalue a;is contained in the direct sum of the eigenspaces
of B with eigenvalues br and b; respectively. By choosing in these eigenspaces of B
basis vector pertaining to the eigenspace of A we obtain a basis set for this made of

common eigenvectors of A and B. This can be repeated for every eigenvalue of A.

e According to T'5 this implies {27 E} =0.
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Incompatible observables

o |f {E, E} + 0 there is not a basis set made of eigenstates of both
operators, so that a measurement of B in an eigenstate of A may
result in a collapsed state that is not an eigenstate of A.

Continuous spectra

T

® Position measurements: P, = f <EA Py dx

(non sharp limits that depend on the measurement device).

Chapter 1
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Fxercise 1.11

a) The classical rotational energy of a two-particle rigid rotor with reduced mass p, interpar-
ticle distance d and orbital angular momentum L is H,,; = 2/6’—2,,2 Find its quantum rotational

energies and their degeneracies. Write the spectral decomposition of the hamiltonian.

b) Write the spectral decomposition of the operator eXp(_ﬁZ?“:t/ kT) and use the Boltzmann law

to show that this is the density operator describing the rotational state of a two-particle rigid
exp(—ﬁ,:t/sz)

rotor taken from a gas of rotors at thermodynamic equilibrium at a temperature 1o = 7
c) Which is the state of one of those rotors after measuring its energy with the result 07

d) Which would be its state after measuring the energy with the result 1/ud* a.u.?

Ezxercise 1.12

A beam of hydrogen atoms with energy Fi passes through an Stern-Gerlach device with the
magnetic field oriented along the z axis that filters the atoms with S, =1/2. These are then
passed through a second Stern-Gerlach device with the magnetic field oriented along the z axis.
The two resulting beams are redirected to a common trajectory and introduced into a third
Stern-Gerlach device oriented along the z axis. Finally a detector screen registers the emerging
atoms. Indicate what will register the screen

a) if we filter the atoms with S, = 1/2 a.u. in the second device,

b) if we filter the atoms with S, = —1/2 a.u. in the second device,

c) if we do not filter the atoms in the second device but we register their trajectories,

d) if we do not filter the atoms in the second device nor register their trajectories.
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Solution of the exercise 1.11
an) L#ﬂf"“é;ri us9~y”“(lﬁv\bi L= ‘“((&@m%P“$mj {e
11\0( ' — D f 2
e oigeivechos Myt L V= LO Yo Y
2 o L(Lﬁﬂ) B L(L+) g
HM/F %,n f YL,W "‘?l o (&)= ;2'/«0(7_ : Q(L, 2L+4

(ia\au)

(Lebor Tis nweslly v\xu(wwkoJ( i L)

'th - Z__ LL(:QZ. 7 (X.m> <\/¢'.n ,
£=0 (7 n=-L -

EL P
E) - t’r’)« ~ e- i—L' 7 I _ gmh

2
Z L=o Z Er

= oo L Qb'T =7§_ Z

7 Porr [ Ven? {Yon | wll, Yin ™ i ﬂ)
T | [BON'B.M-.\«\A)
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Juan C. Paniagua - Departament de Ciéncia
Solution of the exercise 1.11 (cont.)

C) A .":S ?a ,\/oo><7/ ‘ 7 5_ I ‘\/¢.n><\/¢_nuyoo><yoo| ﬁ,\/DGXYGOJ

(=2 n=-L

Y° T (R§ T (%<l P) (i
Aol B Yoo) = Po [pere et dte)

= B Zi ‘\/4n><>'4nl ? Z|y’”><\/"n‘ _@f« T‘Z;AI\/m><7’m) ‘

n _.?o? A
TR Z.r(w,,,xmf) b

e - —j'l;— M, 0< 0] +4§ 'X‘m%@

Mol 4 4 # 3 1 %02
’)_'}’312._?'-1?1 '?4P4 ) f"_
f1 T (;\ Pl ~

T (7, 2p5) 7;(‘8?*) 3

v z."..‘ym><\/-'m| - Z_.. <Y‘°‘\/"ﬂ> =3
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Solution of the exercise 1.12 e ’ 4

: 1.
=_

a) | A o, YAs +
0 : [, LL_I $1s ; L
As_ th (A

= \
OGN [T e yal
Shne L_}h“:—;—%‘d - é— %56'

b) Some WQJ-?I M.gr\uw “/7;;_‘ T s
C) Some cesnld [luk donile of delekions) | puince. dhe mearmroon et
KKS e o Gy ey %S_
5{)) T Hvs case \wwqc%ﬂ\:klah?@a% [/bvo MWWWL
11

QM Hhe 2t %JQMM@M»QSM @ v are &l

(1‘4/9’? JJ'&L( (4Q Mj';a/\,qy\w c, \}/l\e Wﬂ m}/[\Q l b 'S W\)f = Mesu g —
e Sy i e s s WAJV (| dhe gt Johem b cmch o).

to. T ’U/fdmsx
[T 6
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Fifth postulate:
free evolution

A system prepared in a pure state remains in a pure state while
no measurements are made on it. A vector representing the state

of the system evolves during that time according to the (time

dependent) Schréodinger equation:

- AP,

= Ht W
= How,

(the hamiltonian can depend on t for non-isolated systems).
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Free evolution of
expected values

dt dt

ihd(\}ft | At W, |

dA(t)) \
dt P

= <‘Pt | L&(t)» ﬁ(tﬂ lI't>+ih<qjt ‘ ( dt /

Constants of motion: constant expected values in any state.

A, H)| + iR (d At /dt) = 0
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Time evolution operator

dU(t, to)
dt

W) = UGt ty) P(t,) ih = H(® U(t.t)

e ime-independent hamiltonian: U (t,t0) = o—i(t—to)H/h

e Stationary states: (Cohen eq. (61) p. 174)

Hy(to) = Exi(to) =
(I)k(t) _ e—i(t—to)ﬁ/h@k(to) _ 6—i(t—t0)Ek/h(I)k(tO)
e nothing changes with time in a stationary state:
(@r ()| A0y (1)) = (TSR (1) | A= 0B napy (1) )

_ i(t—to)Ex/h —i(t—to) Ex /h <(I)k(t0)’121\q)k(t0)>

= (@4 (to) | APy (to) )

Chapter 1
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Time evolution operator

* Non-stationary states:

\If(t()) — chq)k(t()) —

k
o) =TS ) = Y
k
V3
o Example: for a hydrogen atom in the initial state W(¢y) = —qﬁls - 7¢2p0

1

In a. u.: \Ij( ) — _ez(t to)/2¢18 4 _6z(t to)/8¢2p0 <$> —?

e trivial for time-independent hamiltonians
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Unitary operators

e Unitary operators preserve scalar products and, in particular,

N——"

norms (probability conservation

(@)W ()

<(7(t,to)<1>(to)\ ‘ﬁ(t,to) \If(to)>

<(7Jf(t,t0) (A](t,to)q)(to)| \Ij(tO)>
= (D(t0)|¥(to))

e Parallelism with complex numbers:

Complex numbers Linear operators
real: z* =z self-adjoint (hermitian): AT = A
a real = || =1; (e')* = (')l =@ A self-adjoint = e unitary; (e = (¢i4)~1 = ¢—i4
phase:|z| = 1; z* = 271 unitary: AT = A1
(®[2T) = (* | ) <c1>\2\1;> — <21T<1>y\11>
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Ezxercise 1.13
A sample of sparkling water is put in an NMR spectrometer for obtaining its *C spectrum.
The interaction hamiltonian of a nuclear spin with an applied static field E; — Bou, is
H = —;Aj’- By = —7]:,30 — wl,, where W = — YBy, Y is the gyromagnetic ratio of the nuclide
and [, is its spin angular momentum zcomponent.

a) Obtain the energies of the stationary spin-states of a >C nucleus of the sample (the I
quantum number of this nuclide is 1/2). You can neglect the interactions between the *C
spin and other particles of the sample (their main effects are included in Y).

b) Write the time evolution operator for the spin states of *C.

c) If a *C nucleus were in the pure state P = (1/4/2)(x+B) at t=0, which would be its
state vector as a function of time ¢7 Calculate <I,», <I,» and <l as functions of . What
kind of motion undergoes the vector <f >? Compare it with the classical precession motion.
d) For the initial state considered in e) what are the state vectors at t=2T1/w and t=4T11/
w? Note that the state vector comes back to its initial value after 2 turns of <f >

—_—

AN 'WIz

Results: a) £hw/2; b) U(t,0) = e % *; ¢) % (e7*2fa + €'210);
(I;) = Z coswt; (I,) = Zsinwt; (I,) =0; d) =14+ (0); 91 (0).
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Solution of the a) | wl, w=-%8, ’:‘A = ma e B
exercise 1.13 PN I 24, 2[5
. ;”r.v.au ﬁ‘—/.‘_\/ - ( \
H ) It
-lL=¢ —LW datl
- b ~ = _ -
) Ut) = € S
/u;.. a.u.}
,iw?;é "Cf,ﬁlf L3t
1 7, . / B _L g Y | - - \
—)) o=Lhep) = RE=EC Teep)zile  ore f
~ ~ 2 V'i ;’9_1_ << L=t ;_.:’ic ...L':"‘!«‘:
I :/’\1«(%)/-’-’1$+I_+{4.—>=—— * R+ e }730’*€ P >
< X>E \ Y+ [ 2 ( ) - ) Lr' e (b < F g_?<I>
Lt -t f L ‘ \
..__:_'(/e' <010;>_3._7 <(‘5I{,>>: — OO WL ”/(’,/i/<w%4{{/b
T = o) 1.5 7 J L ~fwk L l / :
E s LIS L) = £ (@72 @™) =L wiwt | 4oz
N " )
KW - - - YL L2 -':).,‘ "‘7{-
T2 = KO T4, 00) =27 EEnr g Tt p e T oanre T 2)p) = 0 _
- (‘,ygl.zw';’)/ MOD |
(|

g . 28y ‘ e B | 4,
Fo(3) (€ o €70) = 1) (o 2hommrcom il

12'7 v‘u\ﬁ{/\ R“M Z ?Kq“rb% WA
l |
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Classical precession motion of a magnetic
moment under a static magnetic field

di/dt = E X ”}/B_)() 1s L to E and g()
T = i X By } By static = L rotates about By

with angular velocity w = —v B
(see J. Chem. Fd. 73, 310 (1996))
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Evolution of mixed states

.}- ,
pe= D pil i) (10| =" pi (U ) wicto) (T, o) wicto |

N N N

pt — U(ta tO) p'[() 6T(t9 tO)

By taking the derivative with respect to ¢t and using

~ o~ ~ N\ T ~ o~
ihdU((; ) _ H(t) U(t,ty) and (AB) — BTAT .
Liouwville - von Neumann eqn. | . d/F;t ~ ~
(= Schrédinger eqn.) ih dt [ H(v), pt}
e An equilibrium macroscopic state does not evolve: p = eXp(_g [FT)
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Exercise 1.14

a) Write the spectral decomposition of the density operator describing the spin state of
any °C nucleus of a sparkling water sample at thermodynamic equilibrium in an NMR
spectrometer of static magnetic field By at a temperature T (see the previous exercise).

b) Calculate the expected value of I, I, and I, for a '*C nucleus of the sample.

c) Use the gyromagnetic ratio of the '*C nuclide (Y = 6,728 x 10" T 's™!) to calculate
hw/(2kT) for By=10T and T = 300K, and justify the “high temperature” approximation:
exp(hw/(2kT)) ~ 1 + hw/(2kT). Use it to justify the Curie law: M « 1/T, where M is the
macroscopic magnetization of the sample (magnetic moment per unit volume: M = N~ <f >)
d) Use the high temperature approximation to write the density operator as %(A S :’)
How does this operator evolve with time?

e) AT / 2 radlo frequency pulse over the y axis changes the equilibrium density operator
to 5 (1 = ) How does this evolve with time? Calculate the magnetization after the
pulse as a function of time. Compare it with the classical precession motion of a magnetic
moment under a static magnetic field. Hint: use the following equation, that can be proved

by Taylor expanding the exponential and trigonometric functions in the lett and right

AN

hand sides: wl*"/hl e ZHIZ/h—I cosf — I, sin 0

Results: a) p = L (6_%—T @) (a] + e |5) <5|); b) (I,) = (I,) = 0; () = 2tanh 395 ¢) 24 ~ 8 x 100, M, ~

Ny Bl ) 5(t) = p(0); e) plt) = 3 (T— w (I, coscut—l—j;sinwt)) (L) = — 2 coswt; (I,) = —2 sinwt; (I,) = 0
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2 Solution of the exercise 1.14
a) 5o 4 T 0 aT - wh w
P = ZQ /] H_ (/\)"%- ?h><o(z-Tl(v><e)
—’\ “‘/'A')z 4-%
- 1 WY 4 2T |
022 €% o]+ £€ ¥ jodcp] (sl i Bblpuusen low)
b A _5&‘.’2‘ ) wt )
) <I" f:—ﬁ /:X)‘) = ".___/1—8 . T \/Tx ]N>-\°<l> ! -:/’i_efm-t T. {(7><(,1> -
(T, T (L,F)=0 <O<i%/1:1>§>=§<g@ 5
f i'%(%—f-) R N 7 N & o
-7 . wh T 2hT
e - T 0 Ae~%ﬁ-‘ 2 ) AT l:\: 7:5€ :"Q.
<l?>§’- AES DAL L IE LIRS sl e L o, o B
2 -%
- A
T2, A“ML\(’;“;?)
C) t:) M ﬂxf\.oﬁ"x :?'x/‘.O_}xAO . ?quaé
26T N4y x 40" x 30D .
\\lxw’i "(4 z’t L% N’b’w%} ) NV Bt
<T>=£ /f‘f‘")j;’v‘.“ +21i2:_ﬁi_ :_> M - — - -—f,"ﬁ-‘
7% Z'A-"ﬁi+4+\‘-¢’:z‘~ LT - - leT Y=
2hT 2KT .
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G y Lt o | Solution of the
K S) ?((A— >J“><"(' +( }'(}? %) exercise 1.14 (cont.)

2kT T . ,\
T;‘//fx*v) - <°é{fxz7o"> -+ <Q>V\I’(:7 (D> ‘:'.: <AI<0( ]/\I_rf(> + <Ix (:’ I7 fj>
ko1 £ 1% " T4 Lo-T_
:<7Fl—§(’>*<g_°‘ ;—\_0/>=O 2 2
A - pa =5 ,;2.
77:;7:7;3 )=3’§: > L= eowt
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Time evolution pictures

Alternative statements of the evolution postulate:

Heisenberg vs Schrodinger pictures <qJH ‘ KH(t) Wy > = <‘P3(t) ‘ gs(t) ‘Ps(t)>

W, = U, t) W(t) ,X,H(t)=ﬁ“r(t, ty) Ks(t) Ut ty)
— ‘Ps(t()) N
dAn(t) dAs®
ih = = [ Ap(), Hu® |+ [250 )

e Constants of motion: dXH(t)/dt =0

e m d?H/dt = ﬁH , Newton law, electromagnetic radiation, ...
o For a mixed state: (A)(t) = Tr{Asps(t)} = Te{AsU(t, t0)ps(to)UT (¢, o)}
= Tr{fff(t, to) AsU (t,to)ps(to)} = Tr{An (t)pm}

e Interaction picture: H(t) ot H'(t) Wo(t) = exp (i(t—to)ﬁo/h) W ()
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Fzxercise 1.15

a) Obtain the operators as functions of time for the three cartesian
components of the nuclear spin angular momentum of a *C nucleus
under a static magnetic field in the Heisenberg picture (see exercise 1.14).
b) Calculate the expected values of those three angular momentum
components for the state g, = (1//2)(a+B) and verify that they coincide
with those obtained in exercise 1.13 for the Schrodinger picture.

Hint: You can use the equation given in exercise 1.14 together with:
6i9[Z/hIA?Je_iQIZ/h — IAy cos O + j; sin 6

Chapter 1
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Solution of the exercise 1.15

A.L- A "J‘)-’E: ’/\ ’LL\)_'%J: /\\ ] A\ ) )
\ -~ . / ," \ o — 0\ ' 1 ,’/F'_ J o \ 4, f‘_‘ ! » » ‘—.
- Q) «/:_x> \’C\/ el & /r',F.,X, { 1/--\:\ — i | = x "O il — (_,x";o 'J-TS'?/JK/ IV_TVOVJ./\ i
/Y |
N -~ 1 ’2 \ L
(/T\ (£) = (IJ (s WE +(¢y)av~\'/Jt
Gy Y /o
~ ’ '{; :, ~ \ —L‘J./:’\C -~ ) \
/’7- \ 1\ O i '2“' /—,‘b \ < T Vo2 .' ‘,l /: . \
4:—" e | : ‘q { L?‘J’-CW,."/‘ ',‘ (\ )/’\6\
A ~ '
' T 7 ] \' o "\ / ) — // / \ T\' / 5 \ 3 . r
— L) (T, = (abep)]| (), L rp) ot = Cbep|E) o)yt
) » 4/* (= ( )k X o .',-’Z( () ’> \‘:’ -}o "L
-/
A Y
/
, ) /. 1 _ o ~ . — L ) U
"‘i <O(4"(1>i'4“ 0'\4“(5)>/\J\.’/Jl/— 0\4—(33,:——;*(0{ ﬂ)>y-.~\)*~)_ - %‘A)

<I&>‘h - <(I%\o _>q,+ =<
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v, i 1S the time derivative of Ty

Exercise 1.16
Show that:

(a) If [A\S,ES} = CA'S then [A\H,EH} = GH :

(b) For a particle that moves along the x axis with hamiltonian H = ﬁ];é +
V(z),
drpy
m—— =
i ‘H

Is £ a constant of motion?
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Solution of the exercise 1.16

g 1 A :
b) H - ——‘2 ’F 4 \/(x) ) < JﬂuAQ«W\JeOwMJW\k hA !,\9 \\-C/\Wj'\',m{/bﬁ lﬁ
o _ik]
.:> M (f'o) o e /'a\/@ M-\,q \J«QI’Q—QV\ 't,:\) c?/(,‘,a( t\:f’. (u.‘«-)).
TW\C- QU*Q?/A"{\T\«\ V;A- j/wc UCAM g{/\Q A"r’v‘m& (,s,.a&( /] -'33) -
(
c % (t) & ofSS - . W
p Al EACR'NOIEN /j&_xsmj
Ak \ JIC, /
e e
~ A A A_z lt A
%R =[5 ,_wwﬂ] ) (3, = &
N
(“”&C"v”j'\ » ~1 -~ \'—> = o | S’/\J(./“Llf)
)(?_14— 3 ) 9»\71_
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Sixth postulate:
compound systems

The Hilbert space associated to a system made of two or more parts 1is

the direct product of the Hilbert spaces associated to each part.

If two of these parts are identical particles the state vectors of the
compound system (including spin observables) must be symmetric or
antisymmetric with respect to the exchange of the labels of those particles

depending on their spin quantum number being integer or half-odd.

Notes:

- The 2nd part of the postulate is a theorem in relativistic quantum field theory (Spin—
statistics theorem).

- For compound particles (nuclei, atoms, etc.) the term “spin” refers to “total angular

momentum’”.
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Direct, tensorial or Kronecker
product of two spaces

Hi X He — H1 @ Ho
((1),6(2)) — (1) @ $(2) = [p(1)$(2)) s bilinear and
if {¥;(1)} and {¢;(2)} are basis of H; and Hs then
{1:(1) ® ¢;(2)} is a basis of H1 ® Ha :
U(1,2) = ZC’U i (1) ® ¢,(2) (so that Dim(H; ® Ha) = Dim(H1) x Dim(Hz2))
and (¥(1) ® ¢(2)|¢'(1) ® ¢'(2)) = (P(1)[¢'(1)) (#(2)] ¢(2))
Direct product of operators:

{A(1) ® BQ)} w(1) ® 9(2) = {A) p(1)} ® {BQ2) §(2)}
C(1,2) = ;¢ A(l) ® B(2)

ij “ 1

X(l) - A®1(2) BQ) = 1(1)® BQ) [A(1), BQ2)] =0
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Separable operators

A P(1) = (1) y BQ) ¢,2) = b, ¢,(2)
{A(1) + BQ)} (1) ® §:(2) = (a,+b) Y1) ® ¢,(2)
® Fxamples:

® three-dimensional harmonic oscillator of force constants k;, k, and k::

I/_j(p27 ’F) — Hka; (pgm EE\)_l_Hky (pg2/7 @\)_I_sz (pga /Z\) v = wkm,nx ®¢ky,ny ®wkz,nz

® particle in a three-dimensional potential box of sides a4, b and c:

Habc(pzaf)) — Ha(p?m C/B\)_l_Hb(pga :/g\)_I_Hc(pga 2) = V= ¢a,nx ®¢b,ny ®¢C,nz

® hydrogen atom without spin-orbit interaction:

AN
AN —

H(Z;éa?a 5) — ﬁ(ﬁa?) +6(S) — wnlmms — ¢nlm =Y 9m
¢ independent particle model for a poly-electronic system (orbital
approximation): H(1,--- ,N) ~ f(1) + -+ f(N) = ¥(1,---N) = A{y1(1) ® - n(N)}
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Entangled vs non-entangled states

* Non-entangled states:|W(1,2) = p(1) ® ¢p(2)
(P ® p2) 1A ® 1(2) [ (D) @ p(2) ) =

(p(1) TAD) [y(1))

() ® 2 1A ® BR) [y @ ¢(2) ) = (1) 1A [ w(1) ) { ¢(2) I BQ2) | $(2) )

o Entangled states:|W(1,2) = Y. c;i wi(1) ® ¢:(2)

(orthonormal basis sets)

v ~ ~ v
(A Y1) = ( Do & WD ® 0D TAD) ® 12) | Doy g i) @ §(2) ) =
25 (i wMITAM | Yyegu) = X (Wi TAD [vi(D)

Wi = D) ) = /O e P2 py= ke

(A gy = P07 D TAD) [97(1)

Chapter 1
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Entanglement

Let’s have a system with two particles in an entangled state, and let
express it in a basis set {Pi(1) ® ®;(2)} where the P,(1) are
orthonormal eigenvectors of A(1): W(1,2) = Y. c; yi(1) ® ;(2)

Lets assume that its free evolution leads to a large separation distance
between the two particles, so they no longer interact. If we measure
A(1) in particle 1 and we obtain the non-degenerate value a; with

eigenvector Wi the system changes to the non-entangled state:

(D)) (D 1D e i) @ 6i(2) = w(h e > 0

The new state of particle 2 depends on the result obtained for 1, and

the state change of 2 is produced simultaneously with the change

occurred in 1, no matter the distance between them!!! (non-locality).
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s.(7) in singlet and triplet spin-states

The symbol & if usually omitted in quantum physics or chemistry books.

Exercise 1.17

Two particles with s = 1/2 are in the spin state described by the state vector Ws = (1/
V2) {a(1)B(2) —P(1)a(2)} (singlet state). After the particles separate without interacting
with any other system we measure s, in the first one and obtain the result 1/2 a.u.

a) In which state will be left the second particle? Is this state dependent on the result of

the measurement performed on the first particle? Is Ws an entangled state?
b) Answer the same questions as in a) for the initial triplet state W, = a(1)oa(2).

c) Answer the same questions as in a) for the initial triplet state Wr, = (1/4/2) {a(1)p(2)
+B(1)a(2))7
d) What do we know about s,(1), s,(2) and s,(1)s,(2) —this joint observable informs about

the relative orientation of the two s,(7)— in the initial states considered in a), b), ¢) and in
the state with density operator p = 0.5|Wg) (Vg|+ 0.5 |7 ) (Vp, |7

Results: a) B(2), yes, yes; b) a(2), no, no; ¢) B(2), yes, yes; d) in Ws, W, and p we know
that s,(1)s,(2)=—1/4 with certainty, but s,(1) and s,(2) are completely indeterminate (in p
neither we know 5°); in Wr, we know s,(1), s.(2) and s,(1)s.(2) with certainty.
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Solution of the exercise 1.17

—

= A = L s ptr) - pl) &) - .
a’) —3 y’i)o(q)L ) \A) (7)‘ (Z”Y/‘W-S—'O‘ MS—O>
_S"%/ (A) —> %— .- => (J:S, OL&AA’ = CL)

”
. _ S X . 4 g oy B
(-—’p.“-tv - N ,'?‘-L(”:i‘gjs - A/ ,O((’l)><’(£'\)' ‘;_z id/d)(){‘)) 'Pﬁn)d[l)(]> —

C

Mo~ awc)awﬂ?mi Shede ( 2 v b )

= N jam)> »—;’1— (b)) = &) G’C'L)
2z

_L({ _Sv:b(q ).—>‘TZ_ au =) (J:'_‘/k’v:‘. !’)(/ﬂ 0((2) | oy

. o , Lo axoean 2.
I €2/ ann—y Ye’\ }6\«”’«(7 . A Relcivanwio J/Lj Jlol ] L"’
1S @wn *’MI‘“""V(""( KL"L(’

.;5

A
: | . » A L, ol
_b> (‘:_E.T:’:O((A)o(('z) IS = t’«v«\ww\l-k \:/g S w { r~@¢w‘f‘~«["' < = - .
U u«hwﬂrj,wd Mee shalc

—-‘% = (’M"--“‘-\/"\'\ﬂwj" (f S’t (/\) v\rzl/’ V{Vt _:7’; WA
2 5 A &= »;»Jf-vmaﬁwmj T S@) ée“;) mnemicred B W
:‘7 f{ET ‘fS Wo bk &~ fmjﬂw\vz"’{ ﬂ"/"&

1 = =
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Solution of the exercise 1.17 (cont.)

. dhe sone @ e %)

. c) “’T‘T,., = T’% ;o\(n) {’h) + t(n)d\/’f)(’

—— ﬂt;) Im /g_. owv’( -’g;ro (AVEE Lc-w.¢,

5 o
. i W< Joorne S3) S(?)=-T7
~ , - ( e~ =
S. () Sp0) 4 l)"“")@‘v ks wL) 3 7 i)
- o R ‘lo(m)(’vh)f("é")
=7h 1

- M/( E LGV( }‘\\ FANec "\V\O%\«w‘/s\\f\w- OLIV“’\/\( 5%51), Sz,(’))

o

M Saln) sz 0) L”“} "‘ﬂ“ 74 qk'?"‘”‘r hase v\,(..(,( Xi(}\ncy{ §L Al
He Jx W0 R ?C"’)' N '}‘ ’
’\T Lm AL :vs(:}ﬁwvvé\.ﬁm J‘»% f\Z—,-a /GY ’\-Is ) ;};\ JL( CQR4NLQ_,

Ly

< heve WW\X‘-V’%Q, Lﬂ/\% ’{LQ U ven ge /\«vlo'avv\ﬁ 'k? ‘H’*( X I'fr»'vv")'%'w-\,lr) /e’)( r’."?'}
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s.(i) in singlet and triplet spin-states

Exercise 1.18

Two particles with s = 1/2 are in one of the spin states described by the state vectors
Wros = (1/42){a(1)B(2) = B(1)a(2)}.

a) Show that W, = (1/42){p(1)p(2) — m(1)m(2)} and Ws = (1/y2){m(1)p(2) — p(1)m(2)},
where p/m(7) = (1/4/2){a(7) £ P(¢)} are eigenvectors of s,(7) (see exercise 1.8). What do we
know about s;(1), s:(2) and sz(1)sz(2) in Wross?

b) Put W, = a(1) a(2) in terms of p/m(i). What do we know about s,(1), s:(2) and
$2(1)s4(2) in Wr,?

c) Calculate the probability of obtaining the result 1/2 a.u. in a measurement of s;(1)

and 1/4 a.u. in a measurement of s;(1)s,(2) in the mixed state considered in point d) of
the preceding exercise. What do we know about those observables in this mixed state?

Results: a) s;(1) and s;(2) are completely indeterminate but we know with certainty that
s:(1)sx(2) = 1/4 a.u. for W, and —1/4 a.u. for Ws; b) s,(1), s(2) and s,(1)s,(2) are
completely indeterminate; c) si(1), s:(2) and s,(1)s,(2) are completely indeterminate.

Wr, = a(l)a(2): si(1) // sA2); Wro = (1/¥2){a(1)B(2) + P(1)a(2)}: s:(1) // 8:(2).
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Solution of the exercise 1.18

)
=4 oi((; E;’d Pt £ o= 2 (Pre)
-T/s T vz M:%,O‘"("’) S~ —,’L(P-W‘)
a)

& “}‘V}-" VV\? - 4 P?—J-?m —N—mm>

?TO(S ) S0 —> 1) (ﬁ> - L
1 o : - Do
Plswsm—-+) =AY~ (F) =1 2 Sule)
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Solution of the exercise 1.18 (cont.)

b) b =dex = L (pre)(p+wm) = %(PPWW.WWW)

?(S,{/A)th)—? l-) = P(SKU)S,('L)—D*% ) => S ,5,0) ank Sk/)S. () e

4
C&MYVQRL’W W'QQ)TW\-O—JC .
) )’O\: S |1Z <5 | +0,5 14 YT |
Sx(") ava Sx ('L) @ Wplﬁf'eb‘l W‘Qg}(’z,wwwajt é.q(,a,u.,tg M»f/“( ane A»o o /g/;
g o AL__
bx“)j () 1S L@MX\Q{/L) w\/Q«X(M é‘em J"\e JJ-&C——; VV‘\'/Z\ WZLV\‘(’,_\
a/wap + ‘&' have ag?wo«/() V\J%P/L\Ol'? -/ rwwx*vwe,
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Teleportation

Exercise 1.19

Alice wants to teleport to Bob the spin-quantum-state of a spin-1/2 particle:
P1(1) = cqa(1) + c5B(1), where ¢, and cg are any complex numbers satisfying
[ca|? + |cg|* = 1. She produces a pair of particles in the singlet state

(a)

(b)

Chapter 1

1
V2

What is the state vector (1, 2, 3) describing the three particles if particle
1 is not entangled with particle 2 nor particle 37 (1 could be identical to
2 and/or 3, but far enough from them to be considered distinguishable).

W3(2,3) = —= {a(2)6(3) — B(2)a(3)}

She keeps particle 2 and sends particle 3 to Bob (avoiding interactions
with other particles). Then she measures the total spin of particles 1 and

2 (S7,) and obtains the result 0, so that ¥(1,2,3) is projected onto the
singlet state

V12(1,2) = —=[a(1)5(2) — B(1)a(2)]

What is the state describing the three particles after the measurement?
Has she succeeded in teleporting the state of particle 1 to particle 37
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Solution of the exercise 1.19

a) | /ﬂq 1S ho WJ@a{/M {83‘»1“/\/&/\- A a,\,\,j J/L& r{J’W 2-3 '—‘—’>
’:E(M_lg) _ % (1) @ /«};3 ) = é{caoz/ﬁ)u(z,)(s(s) = Cdo(/A)CD(LD (%) +

)
+ W) = G (W C(L)“(g)g

b) — W //*5-»\-}5’%*“& S lann -

Jq%}a g = f\.%ﬁz.(*@><@,.,,/m)if$/m §)> N =

e

=N %l y(A)()(z)-()a)oz(zD (o) p@) “.Ml\é{%w” ) p() -C, 1) (D el3) +
F Gy bWAR) ()G pU) pIAB)§ )

M J\& T cesunes ‘M’"‘
:M e (D-pANR) Y F— [ —C u(3)=C, (O > = Y
lo(/)(’( N // L (5 > CF@MX@WX» uﬂmc}wﬁ'/i

<N""‘"“58“ i~ 2) 4,,,3\5.,(* | ‘ = \-k’ 3) (kceym}m@.v« *M“"?\/WM(NP)

1 i W /
| = “m ‘e ‘
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Let us consider a system composed of N identical particles

Chapter 1

[dentical particles

e Distinguishable according to classical mechanics (trajectories)

o Indistinguishable according to quantum mechanics (except for very

separated particles)

1

5]

o 2

i)
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Identical bosons

The state vector of a system containing identical bosons (particles with
integer spin quantum number) must be symmetric with respect to the

exchange of any two of those particles.
The Hilbert space # = # (1) ® ... # (N)

has a symmetric subspace }[1®SN = H (1) ®s ... H (N)
with a basis set | (Y ... P),) = Pp(1) ®s ... P (N)
= (1ANT) She) Po {0, (D) ® ... g, (N)}

where {;} is a basis set of []; (permutations are applied to the indices of the N one-

particle states)
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Identical fermions

The state vector of a system containing identical fermions (particles with
half-odd spin quantum number) must be antisymmetric with respect to

the exchange of any two of those particles.

The antisymmetric vectors

(i (1) - (N))_) = bs(1) @* - - -y (N)
= = SR () @ ()
Yi(1) -+ (N)

1
VN (1) (V)

form a basis set of the antisymmetric subspace: # 1®aN = A (1) ®2... H [(N)

(TTa is the number of transpositions or inversions leading from the main
permutation to Py; the parity of Py is the parity of Tiy).
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3 identical particles

Examples:
e An antisymmetrized direct product of 3 mono-fermionic states
(every next permutation is obtained from the previous one by

exchanging the 2 indicated mono-fermionic states, hence the sign

OGNS | 1y, @) = () G0 ) ~ [ 153
W H@H® ) - [On@ ue)
b |0 @) ) - (D)

e An symmetrized direct product of 3 mono-bosonic states
(0 (5 2D 3)) ) = 7 {5 (D (e (3)) + (1) (2055 3)
+ [ (1)1i(2)105(3)) + [¥k(1)1;(2)1i(3))
+ |0 (1)YR(2)1i(3)) + [¥;(1)¥:(2)¢x(3)) }
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Non-interacting bi-electronic states

e He 15° (closed-shell singlet: S$* = 0):

|(¢1sa( )wlsﬁ — —{186 wlsﬁ JP1sal(2 )>}
- |¢1S< D 1B(2) — [61(1) 1B(1)) [61.(2) [a(2)}

— b1 (1)) [615(2)) % (a(1)) 182)) — 1B(1)) |a(2))}

e He 152s open-shell singlet:

5 (|00 W2 @)_) = [W1s(12ca )

1
- {|15(1)) |P25(2)) + |P25(1)) [15(2))}
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Identical particles may
be distinguishable

e

I'he 6th postulate applies to any pair of identical particles, whether or

not they interact. Should we then antisymmetrize the state vector of a
polyelectronic system with respect to every electron of the universe?
o Not necessary for electrons that are far enough (Ha for R = 00)

e except for joint measurements on entangled states!

Molecular vector states have to be (anti)symmetrized with respect to the
interchange of identical nuclei only if these occupy positions that can be
interchanged by means of proper rotations or low-barrier conformational
changes (Ha, CH4, CH3CsHs5, but not in CH2CIBr, except if bond
breaking is possible).
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Polyelectronic systems

N
AN 1 7
A= ¥ E (—=1)™ P, isa projection operator (antisymmetrizer)

V= (W Un)-) = == S Pl (D @ - v (V)
= \/ﬁj{lh(l) Q- Yn(N)}

o If 4y, - n,1], -1y are orthonormal, then
(W W) = (VNTA (g [INTA (] ) )

= g':l (=1)% (), ... q)N\i/’;(lpl' NRTIND

/1 si ;=Y Vi

—

| 0 otherwise
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Slater-Condon rules

W= |(;...0, ... Py ... PN)_) reference state vector (HF, DFT-KS, ...)

r
Yy,
rs
lpab
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— ‘ (11)1 R 1) B 1) T IPN)_> monosubstituted state vector

= ‘ (P | N 1) 1pN)_> disubstituted state vector

ﬁ‘P) — 1;I=1 <1Pa‘fwa> /f\:(l,...N): 11\;1 /f\(l) )
FW;) — <wa‘fq)r> G(1,...N)= liil 2?; Q(I,J)
FWp) =0 |

G‘P> — 1;I:l 2§>a<wawbuwawb>

GWa) = Dbmt (WaWp | W)

G W) = (W | |0, W)
G W)= 0
(W, Wy [T, ) = (o Wy | 8(1,2) W ) = g, gy | 8(1, 2) gy, )
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Hartree-Fock energy

For the state W = | (y, ...y, ... Py, ... Yy)_ ) With ¢ =p®g

NEN N 1
=2i h(1)+2j>i rij
No Ng

(‘P\IA{‘P) Ehaa+z haa+2 E Jb—Kb+Eﬁ EB Jb—Kb+E E Jab

a=1 b>a a=1 b>a a=1 b=
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