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Entangled vs non-entangled states

e A non-entangled pure state (slide 1.97):
U(1,2) = (1) @62) = (A)yqa = (¢1)]A0) $(1))

We can assign an individual pure state to 1 (or 2).

® An entangled pure state (slide 1.97):
W(1,2) = D¢ (1) ® 9i(2)

(A Yoy = D P{W7 (D TAM) [977(D) )

We can’t assign an individual pure state to 1 (or 2), but we can
assign it a mixed state. Which is its density operator?
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1-particle expected values

o Let{...yi(1) ...} and {... $;(2) ...} be orthonormal basis sets.

<mnnﬂ(&mmaﬁ23@mwmnf9munmm@@w

= > @U@ AW S [ (Dn(2) (9 (1)61(2)|p(1,2) (1) (2)
1] kl .

= 305 (w01 A (1)) T652) [612)) e (Dn()] 71, 2) (1) (2))
jij(eﬁn'f'lon of the matrix representation of /(1) — (i (1)|FT(1)]9+ (1))

= 33 (AW 3 (15 (2) 1.2 a(1)65(2)

= > @i A (1) (1) = Tr (A7 ()
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1-particle or 1%t-order reduced d. o.

o Definition: |p1(1) = ($;(2)[p(1,2) ¢;(2)) = Tr2p(1,2)
J
Taking the partial trace over particle 2 of the density operator can be

interpreted as averaging it over the degrees of freedom of particle 2.

® Matrix representation:

(Wr(1)| (D] (1)) = rZ ¢; (2 ;(2)) [4:(1))

(Wl1, m1) (m1 X myp, mi X 1712)

‘P, = Tryp —Z vi(1) 652121, 2)[¢i(1) ¢;(2))

2 2
® Example: 2 spin-1/2 particles. (P1)as = Pac.pa T PaB,Bp

\ 1
/paa’aa 10\05(1,045 /00404,504 aa’ﬁﬁ\ (1) T (1 2) ((pl)a (8 (pl)a IB)
. o r ; — ’ ’
p(1,2) = | PaBae—LaB.aB] PapBo—LaBpb P1 2P (p1)s.a  (p1)a.p
PBoa,aca—LPBa,cx PBa,Bo o, BB 5 )

,0[35,0404 65,045 pﬁﬁ% BB, BB) (IOQ)Q B8 — ,Oozclx_lozﬁ _|_ /05(;‘_‘55
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Exercise 3.1

Show that, for the entangled pure state considered in the slide 3.2

(where {yi(1)} and {®$i(2)} are orthonormal), the reduced density
operator describing the subsystem 1 is (with the notation of slide

1.97): (1) = 3 po ol (D) ! (1)]
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Exercise 3.1

Show that, for the entangled pure state considered in the slide 3.2
(where {yi(1)} and {®$i(2)} are orthonormal), the reduced density
operator describing the subsystem 1 is (with the notation of slide

1.97): (1) = 3 po ol (D) ! (1)]

Solution: let us verify that p;(1) allows to calculate the expected value of any

observable of subsystem 1:

T (g(l)ﬁl@)) — Ty (2(1) Zprlwé’(l)ﬂwé’(l)\)
= > pTr (AL W) (1))
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e For an N-particle compound system:

PAl(l) — T7°2...N,5(1>2> . --N)
= Y {05,(2) ... i (N)[P(1,2,...N) ¢5,(2) ... dj (N))

Jj2...JN

2-particle or 2nd-order reduced d. o.

® [f we are interested in properties of particle 1, particle 2 or joint
properties of both (e.g., their coulombic repulsion) of an N-particle
system we need the 2-particle (or 2" order) reduced density operator:

10/13(172) — TTS...Nﬁ(lazv . N)
= ) (0ju(3) ... iy (N)[B(1,2,...N) ¢5,(3) ... 5, (N))

J3.-.JN
® cfc.
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Exercise 3.2

Let us consider a two-particle system in the pure state described by the vector W(1,
2) = P(1) ® $(2), where Y(1) and ¢p(2) are normalized vectors of the Hilbert spaces of
particles 1 and 2 respectively. Show that

p1(1) = [¥(1)) (b(1)]
p2(2) = [9(2)) (#(2)
p(1,2) = p1(1) ® p2(2)

Hint: To calculate the partial traces use basis sets containing (1) or ¢(2). To prove
the third equation show that its two members give the same result when applied to

any basis vector ;(1)®®;(2) of the compound Hilbert space.

Lesson 3



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computacional (IQTC-UB) - Universitat de Barcelona - 2007-2018

Exercise 3.2

Let us consider a two-particle system in the pure state described by the vector W(1,

2) = P(1) ® $(2), where Y(1) and ¢p(2) are normalized vectors of the Hilbert spaces of
particles 1 and 2 respectively. Show that

p1(1) = [¥(1)) (b(1)]
p2(2) = [9(2)) (#(2)
p(1,2) = p1(1) ® p2(2)

Hint: To calculate the partial traces use basis sets containing (1) or ¢(2). To prove
the third equation show that its two members give the same result when applied to

any basis vector ;(1)®®;(2) of the compound Hilbert space.

Solution: let us choose basis sets for the Hilbert spaces of subsystems 1 and 2 that contain,
as their first element, P1(1)= P(1) and P1(2)=P(2) respectively:

~ N - M — \ —— ‘
(A2 N\ — /::’ A \.' \) \,// (ALY ]
ra /\ N 7 . = - o _ \ 2 \ y .
p —— ’ " p - ? R . , M ) , [ ~ | l § omx TN , ' A
YN = Tvr D) = )  ZA() ¢ (1)4 (NSNS e (2 S = |y (1) ) L Eyl
\ ! s - \ —s / ; \ i) : \ J ) J \/ ?\..) { | L) g —— | A / \
\ /A Z \ \\r/. i A / ﬁ \ NN / ‘ Z’ J | k-ll)_'
\ ‘ —— ) /) |
.I ' J i e
) —_— <
o BN O\ A
7~ p— ' ~ \ }
2 ) =" N\ = b o>Ih @
. /:’ F.A S //. Vv — _,{/4 / \ \-.JA ( ll‘
~
' ‘\\ —\
7~ ” . | { N D) Q) 1 = (A~
= <~ = T~ N A \) 7 A l A o | \ f \ '
il ventiliedd by oPplans bl dvmums S0 ey baols elevatai e (n) P V) fuee eI 1.33)
" a LA |1 e Lt | a 47 ~"‘- 1% ‘ ! . N \
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Entanglement again

Exercise 3.3

As in exercise 1.17 (slide 1.99), we consider two spin-1/2 particles in the pure
spin-state described by the singlet state vector Ws = (1/v2) {a(1) B(2) — B(1) a(2)}.
The particles separate without interacting with any other system.

a) Calculate de first-order reduced density operator of particle 1 and explain the
physical meaning of the result: what do we know about s,(1)?

b) Consider the symmetry of the state vector to write the first-order reduced
density operator of particle 2 without performing additional calculations. Does
the direct product of the two reduced density operators coincide with the
density operator for the whole system? Can we obtain information about the
joint observable s.(1)s(2) from the reduced density operators?

Results: (1) = la()) ()] + 51BONED)] = 510)
1 1 1

b)p2(2) = 5 le@Na2)] + 518282 = 51(2)

%“wﬂw! + [aB){aB] +1Ba)(Bal + 86)(86]) = 71(1,2)
p(l,2) = 5<\aﬂ><a6\ — aB)(Bal — |Ba)(ab] + |Ba){Bal)

Lesson 3 10
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Solution of the

exercise 3.3

Lesson 3

a) 9 - f’f = {— [am()m-(&n)o{h)> <0(/ﬁ)(‘3/7)-(0)//*)0({’2)'

53“: T f”'“) = Pl + <C’("') 1P @) =

/
_ i(<d ,L)lm/‘)c,(q) (5(A)O((‘L)><d(ﬁ)(o(‘l) ((A)o( ﬁ)'o/(z)>+<k:a(ﬂ'd(‘» ('-»7«><°<( aoﬂ)r('l)>)
2

4 '1. 0

~
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1-particle or 1st-order
reduced density matrices

pl(;ﬁ ;1') = <§1 pl(l)‘;1'>
= <§1 Tr2...N o(l, 2, ... N)\il‘ >

= [0 % i[9, 2, N[ Ko e R s . i

\

e If the state is pure: p(1,2,.N) =[|W(1, 2, ... N)) (¥(1,2, ... N)|

— — — — — * — — — —
(x5 x") = f‘l’(xl, X7, ... XN) ¥ (X1, X9, ... XN) dX» ... dXN

Indistinguishability: p;(X; X) = p,(X; X') = ... py(X; X)
® Definition: Y(X;X') = Zict pi(%: X')
= N pl(i ;')

- N f W Xor o i) W R T o ) A .. Ao

Lesson 3 12
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One-electron

probability density

Probability density of finding the first electron in X (int with spin )

—>

0,(%) = | [V, %y Ko oo X |2 0K,y X . iy
= pl(i 2)

Probability density of finding any electron in X:

0X) = Y 0,X)

N o,(X)
N p1(§§ ;)
Y(X; X) .

Lesson 3
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Other one-electron observables

VS A\

F(1,...N) = Y, )

(FYy = N(W|[f(1) W)

A (F)y=Tr(fy)
= NTr(tp)

[f the operator has a diagonal position representation:
Ey = [ G %) dRlax] — (R]F|x) = f00 dG)
= f f(x) y(X; X) dX .

Lesson 3
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L.ocal one-electron observables

p is a local operator in position representation:

(x|pw) = (py) (x)
= (~ihd/dx) Y(x)

= p(x) (x| ).

For any local one-electron operator: (X'| (1)) = f(X") (X' |y )
Y

®)y = [(Ii[%)ax
)y = f (&) (X | [ X Yz &
= f {f{&) v&'; D)}z 2 dx ,

Lesson 3
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Spin-less 15t-order
reduced density matrix

P(ryr") = Troy(3;2') = / (P Tw)dw = y(Fa; ™ o) + (7B; 7 5)

® Pure states:
P(r;r') = thp(f W, X5, ... Xy) P 0, X,, ... Xy) do dX, ... dxy

One-electron density: o(r) = P(r; 1)

® Spin-independent [ocal one-electron observables:

see this slide /F\‘(;la ;N) = zllil f(Fl)
(F)y = / / F (P (P o) dFdeo / () / (P o) oo dF / (P (7)dF
Lesson 3 P(77) 16
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2-particle or 2nd-order
reduced density matrix

912(1, 2) = TI'3.“N p(l, 2, ... N)
P1(Xp X XL %,") = (X, X [Pl 2) X, X, ) =
= fﬁiz, X3, ... XN | (1, ... N) [ X', X2', X3, ... Xn ) dX ... dXy

e If the state is pure:

—

— — — — — — — * s — — — — —
P (X X0 X', X,') = flp(xl, X2, X3, ... XN) ¥ (X', X2', X3, ... XN) dX3 ... dXN

Definition:

— e.%'%'
I'(X;, X505 X X5')

N(N-1) p (X, X55 X', X,")
= N(N—1)f111(§1, X2, X3, o X)W (X', X2y X3, ... Xn) dX3 ... dXy

Why N(N-1)?

Lesson 3 17
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Two-electron probability density

Probability density of finding electron 1 inX,and electron 2 in X,;

O1p(X(, Xy) = f“P(Xl, X2, X3, ... XN)

plZ(Xla Xz; X19 X2)

2 —> —
‘ dxs ... dxy

Probability density of finding any electrons inx,and x,:
(Z) electron pairs
o(X;, X,) = [N(N-1)/2] 2 0),5(X, X,)
= N(N-1) plz(;la §2§ ;19 ;2)

= I'(X{, X,; X{, X,) .

Lesson 3 18
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Other two-electron observables

Two-electron observable: (A}(l,... N) = 1111 Eil g(i, ])

N(N-1)/2] (¥ ] g(1, 2) W)
IN(N-1)/2] Tr {g(1, 2) py(1, 2)}

(G)y

(G y = éTr@F)

N

Coordinate representation: (G)y = (1/2) f <§1, Xy | g T'| Xy, §2> dx; dx»

Lesson 3 19
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Spin—less an-order
reduced density matrix

P(rl', rz'; 1‘1, rz) = Tr 001002 F(Xl . X2 . Xl’ X2)

Gy = (112) [ (&1, B2) PGY', 525 F1, £2)iych, 7rciy dy
Diagonal operator in the position representation:

Gy = (12) | 2, By) oG, £y dF, df,

where O(fl, fz) = P(fl, Fz; Fla 1?2)

Lesson 3 20
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Total non-relativistic
electronic energy

Example:
The expected value of the non-relativistic electronic hamiltonian of
a molecule with M nuclei and N electrons:

H = 211\1 (-1/2) Vi# - 2% 211\1 Zptip™ + Eﬁ\; !

can be cast into the form:

E = (—I/Z)f{V'z P(F', F)}?z; d? — zg/l ZAfrlA_l O'(Fl) dfl + (1/2)f1‘12_1 O(;l, ;2) dFl dfz

Much less information than W(1, 2, ... N) is needed!!!

Lesson 3 51



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computacional (IQTC-UB) - Universitat de Barcelona - 2007-2018

Discrete representations of
reduced density operators

e Continuous reduced density matrices are useful for theoretical develop-
ments (they are exact representations of the corresponding operators).

® Discrete representations are useful for computational purposes (the
fidelity of the representation depends on the degree of completeness of
the chosen basis set).

e Orthonormal spin-orbital basis set: {... y. ...}

(Yy)ij = <‘Pi|§/|wj'>
= [ GIEY (R v, faxlax
= [ vG ¥ ) i d

(Cyij = (Wi | Ty )

= TG0 W) TG, K1 X1 %) WidEr) iK2) dy s dXy o
Lesson 3 22
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Reverse transformations
[f the basis set {...1;...} set is orthonormal and complete:

y(X:x) = (X]yx')
2 K Two Cs Ty Cwy %)
\I’(z)'ﬁp P(x') . TR TS ()

<>

LK), X0 X, %) = i WilD Wiy (T Wi (%)) %, (%,)

Lesson 3 23
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Expected values in terms of
discrete reduced density matrices

(F) = Tr(f Yw)

= Eij £ ()
(G) = (1/2) Tr (g T,

= Eijkl &ij, kl Ty, ij

where

g = (Vv g v w)

Lesson 3

24
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Natural spin-orbitals

The eigenvectors of 7: v 1n; = n; n; are called natural spin-orbitals.

> nilni) (mi
N — Z % 7:) (Mi

1

Spectral decomposition of 7y: 7

=) .

p1

= 11;/N represents the probability that one particular electron is in the
pure state ;, and 7; is the probability that any electron is in #;, that is,
the occupation number of 7;.

e Mixed state: the 1-e~ state is not completely determined because of
the (averaged) influences of the other e-s (exact = HF approx.).

® Fustest convergence of CI.

o Singlet diradicals in multiconfig. wf (spin-density = 0 everywhere).
Lesson 3 25
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2nd quantized form

Exercise 3.4

a) Show that, if ¢, and ¢, are orthonormal spin-orbitals, then |¢,.) (¢s| = @) @,
(restricted to Hy).

b) Show that the second quantized form of 7 in an arbitrary
orthonormal spin-orbital basis set is

3 — Z ’V'r'sd;jd;
rs
and, for the natural spin-orbital basis,

AN . /\T/\ _ A
Y = E n;a; a; = i,
i i

Lesson 3 26
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Solution of the exercise 3./

2) Shdervs W= T, Nk (P oo wmal
LY

{ 7 . A\
J ° 2 A | e
y:br> \ 47_5 / pr— Q ( (WA'\‘I‘A Q!rQJ <> ,47,)
Aea}- ‘I_g 96\?;—] KI/I\ ort\&g"\'ﬁﬂ "l) -;Lu_,«‘ LO/M/) vee 416\/ 4’)_ -
L

I&,}@z]&;\) = 0, !Cgp“>
L2, |,y = A S )]y = 5 )

@ Stk 200 +9) = = 20 YA

———

V'S
Soqcm)? )enow\&\ﬁnf\ﬂ«\ (,) (?T:
!Jﬂt“pw\,p%\n z 1 /M/ i?qw}a ‘f
. 7 . pi
zr-gz;hi’nf - )7 >\q | n; f ";f_

Lesson



