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Taylor expansion of E.r

» Static electric field F = —6‘/(77) ;

a detailed information about the charge distribution is needed
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Electric multipoles

» Static electric field F = —6‘/(77) ;

a detailed information about the charge distribution is needed
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Electric multipole moments

p Static electric field:
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-th order electri t -
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first-order electric moment
(electric dipole)

second-order electric moment
(electric quadrupole)
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Continuous charge distributions

d = Z riq; — rdqg — rog(r)dr
P R3 R3
> (g — | (L )og(F)dF
j=1 R

Exemple: hydrogen atom last eq. of slide 3.12 with f(7) = —ex = d,

d, = /R 20, (F)dr = / (—ex)a(f)dfi<dx>

R3 =~
f(7)

which 1s equivalent to the more familiar expression:

(@)= (o[deo) = [ o @dorrar= [ (—ex)o(irdr

The classical calculation for a continuous charge density leads to the correct quantum result

for spin-independent monoelectronic observables diagonal in position representation.
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Magnetic multipoles

p Moving charges in a time-dependent EM field:

= > 1| /0F, ]
Ep_n(t) =Voq— Fy-d+ = T
O =Voa—Fo-d} 5| (F2) Quotoe

Dipole approximation — 2me 2m,

fo= g+ fg+fhy+ A
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PLM electromagnetic waves

A 4
~~

Particular) solution of Maxwell equations in vacuum (PLM):

F=iu,Feos(wt —kz+¢) | _w F—¢B c= — 2,99792458 x 10%ms™~?
B = i, B cos(wt — kz + @) k VE0Hg
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k
1 k
V) = — — ——
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Dipole approximation

e Dipole approximation (A >> r):

= > o . Fo(t
Em_r(t) :Vo(t)q—Fo(t)'d—B()(t)',u—§ 833( ) o T +
0
N 2
F ;qﬂ'%
/ /O_H
H Z
A2
® [.orentz: F = ¢B
/

q(ﬁ+17>< E) = —eB (cuy + U X Uy) cos(wt — kz + )

magnetic force - —eBvcos(wt—kz+¢) v
c

electric force — —eBccos(wt—kz+ )
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Evolution of a stationary state

H
HO+H (1)
W(x;0) = (I)i()C) P(x:t) = Z—zEkt/h(I) (X)) ! IIJ(X f) = Zk(x)
: P (By) =||esilt) e B3 = Jegitr)
\IJ(ZIJ;t) — ;aki(t) (I)k(il?) 54 | -
/ W) = et ()
ars (£) = cps (£) e HERE/R
mesura de I'energia
: / amb resultat £,
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Evolution of a stationary state

» During irradiation (0, #):

U(ast) =Y cpi(t) e PF M Oy ()
O ’w k

ih—r = (HO + Hm_r(t)) U

dCfi(t) B 1 iw it S
i = e (@ [Ham )| te0n)
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Time-dependent perturbation meth.

P 1st order: Cks (t) ~ Ck; (O) = 5,lm \s

del)(t) 1
dt zh

plwrit <(I)f‘Hm r )(I)z> t € (O,tl)

t
(1) 1 i pit! T p For any ®r# ®; (cii(f) can be
(t) = = /0 e <(I)f ‘Hm—r(t ) @i > at obtained by normalizing W)

» Dipole approximation:

Hyp—r(t) = Vo(t)g — F cos(wt)d, — Beos(wt)ir,  (ona PML)

S n AN
> > o~ —e3
= E qiT [y = L etc.
— 7 2Me
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1-photon transitions

P, (Ef) = P(s ¢+ i) = — <<I>3 (dm + —uy) <I>z->| S [(wsi Zw)ta /2] pMLY
& c (Wi — w)
absorption: <+ = —~— ull
mduced emission: — Selection rules
A ' (dipolar and 1st order ES — Ez ~ hw = hr
(LASERs!) or monophotonic)
P(f<=i)

—~ Es /

hv

(monophotonic) absorption: 1

(monophotonic) induced emission: |

T

Lesson 4



Juan C. Paniagua - Departament de Ciencia de Materials i Quimica Fisica & Institut de Quimica Teorica i Computacional (IQTC-UB) - Universitat de Barcelona - 2007-2018

Charged harmonic oscillator

® Transition 1 < O:

— > 403\ "* : /4
<<I>1 dxCI)0> _ / ¢7(x) qr Do () dx:/ ( “ ) re” /2 gy (g) e~ /2 dy

— 00 — 00 m

2042 He - 2 —ax? q > >
— <T> 2q /O roe” " dr = T #0 (electric dipole) allowed

If we 1rradiate at v = vio = (E1 — Eo)/h then
U(z;t) = coo(t) e PO dg(2) + cro(t) e PP Dy (x) € (0,t)
{d,)

Fq2 : RETE
(d,) (1) ~ —L ¢ sin 27wyt - v /\
2ha 0 ~__/\ /\

® Transition n <> n’: An = +1
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Gradual evolution

Exercise 4.1
Verify the equation for (d.)(t) in slide 4.13.
Hints:

- Use the expression for the first-order coefficient c41)(t) of slide 11 to calculate
c10M(¢). In the interaction hamiltonian (slide 11) you can neglect the magnetic
dipolar term, since the transition is electric-dipole allowed.

- Take into account that the frequency is >>1 (which applies in all standard
spectroscopic techniques).

- Since we are using first-order time-dependent perturbation theory the
coefficients cs1)(t) should differ little from to their initial values, which allows

to make the approximation coo(t)=1 (of course we cannot take c1o!!)(t)=0 if we
want to find any time-evolution).

Lesson 4
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Solution of the exercise 4.1

= o 41 % v
2) LOA)fo ’ ’ ~N\ ]"
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Solution of the exercise 4.1 (cont)

(1) -
Coo ()C) ~ Coo 5/0) = 1
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Polychromatic isotropic radiation

p ... or rotating molecules:

energy density of radiation with frequency Vs
N[ 2/
dP(s <1 1 L
We; = (dtl ) — 6h250 <(I)S dq)z> U(Vsz') — Bsiu(ysz’)
\_ ,/laﬁ

\ transition rate
2 2 2

g;q>z>‘ + ‘<<I>S ‘C/Z;<D7,>) + KCDS }d:«CI)z>|

—~ 2
(o) -

1 — 5 trans. per dipol magnetic,
Bsi = <(I)s 1P, >’ radiacio 1sotropa o
6h26002 . .
molec. en rotacio

e« Number of molecules passing from ®; to @, per unit time:

Niwg’fs — NiBsiu(Vsi)
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2-photon processes

p 2"order time-dependent perturbation method (F 1):

p 2-photon absorption / emission

E, E, E,
Ey '\
hv F hv hv
A o F \ &
hv hv hv
E E E

) _ [y e

xXr
>h< -
ressonances non-linear spectroscopy
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Multi-photon processes

b Raman » CARS

Ek”
' \
E,
Vo
E, hv, ;
hv, Vo
9 = —
l:jk____v Vo = 2Vog— V1> Vo
v <V
h(v,—v,) VS0

E Y tunable \)

Ef — EZ — hVeacc — hV

Elastic tetraphotonic scattering 1s

/ /1
(Wi |aab (Veze)]; Yain) greatly enhanced at resonances
T (Vo — V1 = Vyib).
dynamic (dipole) polarizability
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Spontaneous emission

p Stationary states: W(x;t) = e Fit/"d,(2)
() = (e By () x (e BB () = |y(a)

P Spontaneous emission?

A
E | :
» quantum theory of radiation :
(x-p <> E-B) E,=Eq+ 2hv 2-photon state :
1 fotd
Mphot.y = Ephot.v — hv _ Pphot,v E,=Ey+hv 1-photon state
’ ) 2
‘ ‘ ‘ I fot
hv  h Ey=(1/2)hv O-photon state :
Pphot,yv — — = 7
C A 04

Lesson 4
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Quantum theory of radiation

Absorption Emission
T .
mduced
E,—7 E =E,+nhv, E; s Ei=Ey+hvy
| spontaneous
E, Y £ =E,+(n-Dhv, E —Y E,
Lo
matter | : radiation matter radiation
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Spontaneous emission

I

87 V3-/ e .
A = 5t O, |dD, : same selection rules
\ 3718063
b If u(v) — 0 spontaneous emission rate

dN | 1

dt = —N;As;; — Ng(t) = Ns(o)e_ASZt — Tsi = Ag;
Transition ‘<<I>s 3<I>z-> / Cm Vsi Tsi

2p, — 1s 6,3x 1030 | 2467 THz [ 107 s
(25)2S1/2 — (2p)*P1j2| 25x 1030 | 1058 MHz | 20 years

Ratio: /10" x 10'®
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Ground state of radiation

4
E .

n

E,=E,+ 2hv 2-photon state ;

1 foto
E =E,+ hv 1-photon state
1 foto
Ey# 0! E,= (1/2)hv O-photon state :

O..

) )
Evacuum /() thy /RS ( 9 < > 2:“0 < > r
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Physical vs classical vacuum

E = mc? = electron-positron pairs can be created from photons with v > 2m.c?

A T A\IJ.H > h / 2
E | :
: L1
E,=E,+2hv 2-photon state

E, =E,+hv 1-photon state A

I foto - Ay H > hv = 2m.c?
E,= (1/2)hv O-photon state !

O u .

g0 =-2.002 319 304 361 82 (2017)
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Spontaneous vs induced emission

hv
W\ v
hv
 fofons eMmesos fotons inductors fofons emesos

v
WV \»
hv

LASER
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Relaxation

Ns
ES) NS — N | ‘
therm. C U.ll — ——
. _q Ni,eqRS<—z’ — Ns,eq (Asz =+ RS—)’L)
u(vs;) =0
Ei, N; )
Ns,eq _ RS<_i _ e_hysi/kBT
Ni,eq Asi + Rs—)i T
Boltzmann law
. 10* THz | 500 THz | 200 THz | 30 THz 3THz |100 GHz |500 MHz
Vsi Wvy | is)y | WIR) | (MIR) | (FIR) | (MMw) | (RF)
25°C 107699 103> 1014 102 0,6 0,98 0,99992
—150°C ~0 1085 1034 1072 0,3 0,96 0,99989
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Lesson 4

Absorbed energy

N\ - >
AN
> mostra )Y detector
7
4 - >

feix incident

e ~

L . feix emergent
emissio espontania

(radiacio no absorbida
+ emisiO induida)

an .

\

dEa,bs

At NiBsiu(Vsi)(Es _ Ez) _ NsBsiu(Vsi)(Es _ Ez)

(Nz Bl Ns) Bsiu(ysi)hysi
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High f ies (> FIR)
" I
Ni
N s,eq RS <—1

L L —hVSi//{BT
= =e <1 = Asi+Rs—i> Rsey
Ni,eq Asi -+ Rs—)z’ ~ -

p A small increment of N, produced by absorption is quickly

compensated by relaxation (spont. emission half-live < 107%s).

} ]\fza ]\[7,',63(]a N

dEabs
dt

— (N’L _ NS) Bsiu(ysi)hysi ~ @Bsiu(ysi)hysi

p Good sensitivity; good for quantitative analysis (simple relationship
between N and absorption intensity); qualitative analysis, structural

determination, material characterization, etc. (UV-vis, IR...)
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Low frequencies (< FIR)

NS €q RS<—’i —h /k T
2 — — ¢ Wi/ FBL g ] and A, ~ 0
Ni,eq Asi + RS—>i

dE .,

d; © = (N’L — NS) Bsiu(ysz’)hysi
(N; — Ns;) << N and depends on T" = dFEus/dt « N only under controlled
conditions.

p Absorption tends to equate N; and N, (Rs—i = Rs—i) = (Ni— Ny)
and dFq.s/dt decrease with the irradiation time (saturation).

)

P Low sensitivity; quantitative analysis requires careful calibration; good

for qualitative analysis, structural determination, materials

characterization, etc. (ESR, NMR, NQR, MW, ...)
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