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Introduction

The Seifert-Van Kampen theorem describes a way of computing the fundamen-
tal group of a space X from the fundamental groups of two open subspaces that
cover X, and the fundamental group of their intersection. The classical proof of
this result is done by analyzing the loops in the space X and deforming them into
loops in the subspaces. For all the details of such proof see [1, Chapter I].

The aim of this work is to provide an alternative proof of this theorem using
covering spaces, sets with actions of groups and category theory. On this version
of the theorem we are going to ask more conditions on the topological space
than in the 'classical’ proof. Nevertheless, the spaces which do not follow those
requirements are a bit ‘pathological'.

First, we are going to introduce category theory, and all the concepts which
will be needed to follow the proof. Then we are going to talk about group actions,
focusing on its categorical implications. After we recall the basics of homotopy
theory, we are going to see covering spaces and how do they relate with the fun-
damental group. Finally, we are going to prove the theorem of Seifert-van Kampen
using covering spaces.

Acknowledgments

I would like to thank Professor Gutierrez for his advice and time given along
the making of this paper.

I would like also to thank Professors Casacuberta and Vicente Navarro, who
were my professors of the topology courses taken in the University of Barcelona,
and whose passion and knowledge introduced me to topology.

And last but not least, I would like to thank my parents for supporting me
everyday with their love and patience.



Chapter 1

Category theory

In short, category theory studies mathematical structures and its relations in
an abstract way. Here we are going to see some basic concepts, but we recommend
to read [2] to learn about its logical foundations and [3] for its first steps.

1.1 Basic terminology

Definition 1.1. A category € consists of the following:
1) a class Ob(€), whose elements will be called "objects of the category”;

2) for every pair A, B of objects, a set €(A, B), whose elements will be called "morphisms”
or "arrows” from A to B;

3) for every triple A, B, C of objects, a composition law
€(A,B) x €(B,C) — €(A,C);
the composite of the pair (f,g) will be written g o f or just gf;
4) for every object A, a morphism 14 € €(A, A) called the identity on A.
These data are subject to the following axioms:

1) Associativity axiom: given morphisms f € €(A,B), g € €(B,C), h € €(C,D) the
following equality holds:
ho(gof)=(hog)of.

2) Identity axiom: given morphisms f € €(A,B),g € €(B,C) the following equalities
hold:

lpof=f, golp=g.

1



2 Category theory

Examples 1.2. Here is a list of some obvious examples of categories and the cor-
responding notation, when it is classical:

1. Sets and functions: Set.

2. Topological spaces and continuous maps: Top.

3. Groups and groups homomorphisms: Gr.

4. Abelian groups and groups homomorphisms: Ab.

5. Commutative rings with unit and ring homomorphisms: Rng.

6. If R is a commutative ring, R-modules and R-lineal maps: Modg.
Definition 1.3. A functor F from a category A to a category B consists of the following:

1) a function
Ob(A) — Ob(*B)

between the classes of objects of A and B; the image of A € Ob(2l) is written F(A) or
just FA;

2) for every pair of objects A, A" of A, a map
A(A,A") — B(FA,FA);
the image of f € A(A, A") is written F(f) or just Ff.
These data are subject to the following axioms:

1) for every pair of morphisms f € A(A, A’),g € A(A’, A”)
F(go f) = F(g) o F(f);

2) for every object A € A
F(1a) = 1fa.

Remark 1.4. Given two functors F : 2l — B and G : B — ¢, a pointwise composi-
tion immediately produces a new functor G o F : 2 — €. This composition law is
obviously associative.

Examples 1.5. Some examples of functors include:

1. For any category €, the identity functor 1¢ : € — € that maps each object
and morphism of € to itself.
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2. The "forgetful functor" U : Ab — Set that maps a group (G, +) to the un-
derlying set G and a group homomorphism f to the corresponding map

f.

3. Let R be a commutative ring. Tensoring with R produces a functor from the
category Ab of abelian groups to Modg:

— ® R : Ab — Modk.

An abelian group A is mapped to the group A ®z R provided with the scalar
multiplication induced by the formula

(a@r) =ax (rr)
A group homomorphism f : A — B is mapped to the R-linear mapping
f ® idg.

4. We obtain a functor P : Set — Set from the category of sets to itself by
sending a set A to its power set P(A) and a map f : A — B to the "direct
image map" from P(A) to P(B).

Definition 1.6. A morphism f : A — B in a category € is called an isomorphism when
there exists a morphism g : B — A of € which satisfies the relations

fog=1p gof=1la
Proposition 1.7. Every functor preserves isomorphisms.

Proof. Let F : A — B be a functor and f : A — B an isomorphism in 2. Let ¢ be a
morphism such that fog =15, g0 f = 14. Then

1pa = F(1a) = F(go f) = F(g) o F(f),
Irp = F(1g) = F(fog) = F(f) o F(g)-
O

Definition 1.8. Consider two functors F,G : 2 = B from a category 2 to a cate-
gory B. A natural transformation o : F = G from F to G is a class of morphisms
(a4 : FA — GA) 49 of B indexed by the objects of 2 and such that for every morphism
f:A— Ain ¥, the following diagram commutes

FA— 2 _ca
Ff Gf
FA! GA’,

LYY



4 Category theory

that is a0 F(f) = G(f) oOlAa.
A natural isomorphism is a natural transformation « : F = G in which every arrow « 4
is an isomorphism. In this case, the natural isomorphism may be depicted as « : F = G.

Definition 1.9. An equivalence of categories consists of functors F : A <= B : G together
with natural isomorphisms « : 1y = GF, B : FG = 1g. Two categories A and B are
equivalent, written A = B, if there exists and equivalence between them.

Proposition 1.10. Consider two functors F,G : A = B such that « : F = G. If F is an
equivalence of categories, then so is G.

Proof. Using the notations of 1.8 we have a commutative diagram

FA— %4 A
Ff Gf

/ /

FA' ——~GA',

where the a4 are isomorphisms. Denote H the functor such that g : 19 = HF
and v : FH = 1. Composing the above diagram with H and considering the one
given by B gives the following commutative diagram

A_Pr_ppa P pea
lof = f HFf HGf
Al HFA/ HGA’,
IBA/ LYY

with B4, Ba, Hay and Ha 4 isomorphisms. So, by the outer square of the diagram
we see B : 1g = HG. We show in a similar way that 7/ : GH = 1. O

Definition 1.11. Consider a functor F : 2 — B and for every pair of objects A, A’ €
Ob(), the map
A(A, A"y — B(FA,FA"), f+— Ff.

1) The functor F is faithful when the above-mentioned maps are injective for all A, A’.
2) The functor F is full when the above-mentioned maps are surjective for all A, A’.

3) The functor F is essentially surjective (on objects) when each object B € Ob(‘B) is
isomorphic to an object of the form FA, A € Ob().
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Theorem 1.12. Assuming the axiom of choice, given a functor F : 2 — ‘B the following
conditions are equivalent:

1) F is full, faithful and essentially surjective.

2) F is an equivalence of categories, i.e., there exist a functor G : ‘B — 2 and two natural
isomorphisms o : 19 = GF, B : FG = 1.

Proof. See [3, Theorem 1.5.9]. O
Proposition 1.13. Consider two functors F : A — B and G : B — ¢&:
1) If F and G are equivalences of cateogries, then so is GF.
2) If G and GF are equivalences of categories, then so is F.
3) If F and GF are equivalences of categories, then so is G.
Proof.
1) Consider for every pair of objects A, A’ € Ob(2) the map

A(A,A") — B(FA FA') — C€(GFA,GFA)

f — Ff — GFf

It is injective and surjective because it is the composition of two injective and
surjective maps, so GF is full and faithful. Now for each object C € Ob(€), we
have C is isomorphic to an object of the form GB with B € Ob(B), and B is
isomorphic of an object of the form FA with A € Ob(2l), so by Proposition 1.7
C is isomorphic to GFA, i.e. GF is essentially surjective.

2) For every pair of objects A, A" € Ob(2l) consider the maps
A(A, A') —s B(FA,EA'), frs Ef

A(A,A') —> ¢(GFA,GFA"), f+— GEf

Fix A and A’ and consider f1, fo € A(A, A") such that Ff; = Ff,. Then GFf; =
GFf,. Since GF is an equivalence of categories we have f; = f5, so the first map
is injective. Now let g € B(FA, FA’). We have Gg € €(GFA, GFA’). Again since
GF is an equivalence of categories we know there exists f € (A, A’) such that
Gg = GFf, and since G is an equivalence of categories we have ¢ = Ff. Thus
the first map is surjective. Finally, if B € Ob(‘B), then there exists A € Ob(2)
such that GB € Ob(€) is isomorphic to GFA. Denote as ¢ : GB — GFA such
isomorphism. Since G is an equivalence of categories, G"!¢p : B — FA is an
isomorphism, and so F is essentially surjective.
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3) The fully faithfulness of G is shown in the same way as in 2). For essential
surjectivity, consider C € Ob(€). We know there exists A € Ob(2() such that
C = GFA, and B € Ob(B8) such that B = FA. Thus GB = GFA = C.

O]

Corollary 1.14. Consider the following commutative diagram of functors:

o

2 B
gl p
¢ D

with a, 7y and y equivalences of categories. Then [ is an equivalence of categories.

Proof. By Proposition 1.13.1 the functor u< is an equivalence of categories. If
B = u7y, then by 1.13.3 the functor f is an equivalence of categories. O

1.2 Coproducts

Definition 1.15. Let I be a set and (C;)ic a family of objects in a given category €. A
coproduct of that family is a pair (P, (s;)ic1) where

1) P is an object of €,

2) foreveryi € 1,s;: C; — P is a morphism of €,

and this pair is such that for every other pair (Q, (t;)icr) where
1) Q is an object of €,

2) foreveryic I, t;: C; — Q is a morphism of €,

there exists a unique morphism u : P — Q such that for every index i, t; = u os;.

»
5 ~3
| Y
/s
=

O
],
@)

The following proposition guarantees that the coproduct is well defined:

Proposition 1.16. When the coproduct of a family of objects exists in a category, it is
unique up to an isomorphism.
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Proof. See [2, Proposition 2.2.2]. O

Example 1.17. In the category of groups Gr the coproduct of a family of groups
(Gj)ies exists and it is the free product [T;c; *G;.

Proof. See [5, Theorem 4.2] . O

1.3 Pushouts

Definition 1.18. Consider two morphisms f : C — A, § : C — B in a category €. A
pushout of (f, ) is a triple (P, i1,ip) where

1) P is an object of €,

2) iy: A — P,ip: B— P are morphisms of € such thatiyo f =iy0g,

and for every other triple (Q, j1, jo) where
1) Q is an object of €,
2) 1: A= Q, j2: B — Qaremorphisms of € such that jio f =jp0g,

there exists a unique morphism u : P — Q such that jy = uoijand j =uoi

As with the coproduct we have:

Proposition 1.19. When the pushout exists in a category, it is unique up to an isomor-
phism.

Proof. See [2, Metatheorem 1.10.2, Proposition 2.5.2 and page 52] O
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Example 1.20. In the category of groups Gr, given two morphisms f : H — Gy, g :
H — G; the pushout of (f, g) exists and it is the free product with amalgamation
G] *H Gz.

Proof. Consider the coproduct of G and Gy, (G * Gp,51,52). Let ¢ =s10f,¢p =
S20¢

Recall that the free product with amalgamation is the quotient group

G1*HG2:G1*G2/N,

where N = {¢(h)yp(h)~!; h € H}. Consider the projection maps 7 : Gy * Gy —
Gixg Gy, m1 = mos1 : G = G1xg Gy, mp = mosy : Gy = Gy xy Gy. For all
h € H we have, by definition, 71y o f(h) = mosjo f(h) = mo¢p(h) = moyp(h) =
mosyog(h) = rmog(h),ie. the following diagram

G1 Xy Gz G2
m 8
G H
f

commutes. Now let (Q, ji, j2) be another triple such that Q is a group and

jiof =jpog. (1.1)

Given that G; * Gy is the coproduct of G; and G, we know that there exists a
unique morphism 7 : Gy * G — Q such that

j1:7’051, j2:1’082 (1.2)

LN

Gl *> G1 * Gz <7 Gz
Using (1.1) and (1.2) we get that, for every h € H,

rosyof(h) =rosyog(h) = ro¢(h) =roy(h)
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= r(p(myp(h)™) =r1) =1
so N C Ker(r) and thus by the fundamental homomorphism theorem there exists
aunique 7 : Gy g G — Q such thatr =7om

G1* G ! Q

-
-
-

T ~

-
~
~ r

-

Gl*chzGl*Gz/N-

We have now j; =rosy =fomosy =fomand jp =rosy =fomosy; = 7o .
So u = 7 is the unique morphism we were looking for. O

1.4 Pullbacks

Definition 1.21. Consider two morphisms f : A — C, g : B — C in a category €. A
pushout of (f,g) is a triple (P,11,1i3) where

1) P is an object of €,
2) iy: P — A, iy : P — B are morphisms of € such that f oiy = g o,

p_=
ili
A

J—————

and for every other triple (Q, j1, jo) where
1) Q is an object of €,
2) j1:Q— A, jo: Q — Bare morphisms of € such that f oj; = goja,

there exists a unique morphism u : Q — P such that jy = ijouand j =iou
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Remark 1.22. Abusing notation, we denote the pullback as A x¢ B.
Again we have:

Proposition 1.23. When the pullback exists in a category, it is unique up to an isomor-
phism.

Proof. See [2, Proposition 2.5.2] O

Examples 1.24.

1. In the category Set the pullback givenby f: A — C,¢g: B — Cis
AxcB=A{(ab),ac AbeB, f(a)=g()}, ii(ab)=a, iyab)="0.

Obviously A x¢ B is an object of Set and foi; = goip. If (Q,j1,/2) is
another triple as above then we can define for all 4§ € Q the morphism
u:Q — AxcB, u(q) = (ji(q),j2(q)), which is trivially well defined and
j1 = if1ou, jp = ipou. If we have another morphism u' : Q — A x¢ B,
u'(q) = (u}(q),u5(q)) verifying the condition, then since ji(q) = i1 ou'(q) =
ui(q) and jo(q) =i ot/ (q) = u(q) for every g € Q we get u = u'.

2. We can define the pullback in Top in a similar way as in Set.

1.5 Strict comma category

Definition 1.25. Consider two functors F : A — € and G : B — &. The "strict comma
category” A X ¢ B is defined in the following way:

1) The objects of 2 x ¢ B are the triples (A, B, f) where A € Ob(2(), B € Ob(B) and
f : FA — GB is an isomorphism in €.

2) A morphism of A x¢ B from (A, B, f) to (A’, B, f') is a pair (a,b), wherea : A — A’
is a morphism of A, b : B — B’ is a morphism of B, and f' o F(a) = G(b) o f, i.e.,
the following diagram commutes

FA f GB
Fa Gb
FA’ GB'.

/
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3) The composition law in A X ¢ B is that induced by the composition laws of A and ‘B,
thus

(a',b")o(a,b) = (a'0a,b' ob).

Theorem 1.26. Consider two strict comma categories A X ¢ B and A x ¢ B’ defined by
the pair of functors (F,G) and (F', G') respectively. Suppose that there exists ®1 : A —
A, ;B — B and ¢ : € — & three equivalences of categories such that the following
diagram commutes

P
A ! A’
\i \p\/\
¢ 14 ¢’
G
GI
B B/
D,

Then A X B = A X g B’

Proof. Consider the functor @ : A x¢ B — A X B/, defined by ®(A,B, f) =
(P1(A), P2(B), (f)). We are going to check that this functor is well defined.
Obviously ®1(A) € Ob(') and ®,(B) € Ob(B’). By hypotesis

@(FA) = F'®;(A) and ¢(GB) = G'®,(B) (1.3)

so ¢(f) : F®1(A) — G'®y(B) is well defined and it is an isomorphism of ¢’ by
Proposition 1.7, therefore (®1(A), P2(B), ¢(f)) € Ob(A x ¢ B).
Now for any objects (A1, By, f1), (A2, Bz, f2) € Ob(2 x¢ B) consider the map

A Xe %((Al, Bl/fl)/ (AQ,Bz,fz)) 2) Q[/ Xt %/(Q)(AL Bl,fl),q)(Az, BZ/fZ))
(a,D) — ((a,b)) = (P1(a), P2(D))

Recall that f, o F(a) = G(b) o f1, so by composing with ¢ we get ¢(f2) o ¢(Fa) =
¢(faoF(a)) = p(G(b)o f1) = ¢(G(b)) o ¢(f1), i.e. the following diagram

o(FA) 2. o(cBy) (14)

lq)(Gb)

¢(GBy)

¢(Fa)

¢(FA2)

¢(f2)



12 Category theory

commutes. Again by hypotesis we have F'®(a) = ¢(Fa) and G'®,(b) = ¢(Gb),
so together with (1.3) and (1.4) we get that the diagram

raoyA) PV ey

P,CDl (a) qu)g(b)

F'®q(Ay)

/
oG C )
is well defined and commutes, thus (®1(a), P2(b)) € A’ X B'(P(A1, By, f1), P(A2, By, f2))-
Checking the rest of the axioms is trivial as ®; and ®; are both functors.
Since @1 and ®; are equivalences of categories we can clearly see that ® is full
and faithfull. Essential surjectivity is obvious since ®1, @, and ¢ are equivalences
of categories. O

1.6 Initial objects

Definition 1.27. An object 0 of a category is initial when every object C is provided with
exactly one arrow from 0 to C.

Examples 1.28.

1. In the category Set, the empty set is the initial object. The same holds in the
category Top.

2. In the categories Gr and Ab, (0) is the initial object.
3. In the category Rng, Z is the initial object.
Proposition 1.29. An initial object 0 is unique up to isomorphism.

Proof. Let 0 and 0” be two initial objects in a category. Then there exists exactly one
arrow ¢ : 0 — 0" and another ¢ : 0" — 0. Consider the compositions po ¢ : 0 — 0,
pot : 0° — 0. Since 0 is an initial object, the identity morphism 1o : 0 — 0 is
the only one that maps from 0 to 0, so 1 = 1 o . We show in a similar way that
ly = @o. ]



Chapter 2

Groups actions

2.1 Groups acting on sets

Definition 2.1. Let S be a set and G a group. A left group action of G on the set S is a
map from G x S into S, the image of (g,s) being denoted by g - s, such that

1) e-s = s for e the identity of G and for all s € S,
2) (8182) -s=g1-(g2-5s) forall g1,¢2 € G and forall s € S.

In this situation, we also say that G acts on S or that S is a G-set. We can define
a right group action of G on the set S in a similar way:

Definition 2.2. Let S be a set and G a group. A right group action of G on the set S is a
map from S x G into S, the image of (s, g) being denoted by s - g, such that

1) s-e = s for e the identity of G and for all s € S,
2) s-(g182) = (s-81) g forall g1,82 € Gand forall s € S.

Example 2.3. Let G be an arbitrary group and let S be an arbitrary set. Let G act
on S by letting g-s = s for all g € G and s € S. This is known as the trivial action
of GonS.

Definition 2.4. A group G acts transitively on a set S if S = G - s for some s € S.

2.2 The category of G-sets

Definition 2.5. Let G be a group and Sy, Sy two G-sets. A morphism of G-sets from Sy
to Sy isamap f : Sy — Sy such that f(g-s) =g - f(s), forany g € Gand s € S;.

13



14 Groups actions

Proposition 2.6. Let G be a group and S1, Sy and Sz three G-sets. Let f : S — S»,
f': Sp — S be two morphisms of G-sets. Then the composition map f' o f is a morphism
of G-sets.

Proof. Lets € S; and g € G, then, since f and f’ are morphisms of G-sets,

(frof)g-s)=f(f(g:9) =f(g-f(s) =g f(f(s)) =8 (fof)(s)
O

Given a group G, the last proposition allows us to define what it is known as
the category of G-sets, denoted by G-Sets, whose objects are G-sets and whose
morphisms are morphisms of G-sets.

Let G; and G, be two groups and f : Go — G; be a group homomorphism.
For every S € G;-Sets we denote f*(S) the G,-set we get by considering for every
s € Sand g € Gy the (left) action

§-s=f(g) s
We therefore obtain a functor f* : Gi-Sets — G,-Sets.

Proposition 2.7. The functor f* is an equivalence of categories if and only if f is an
isomorphism of groups.

Proof. If f is an isomorphism, then we can consider (f~1)*, which is the inverse
of f*. We are going to see the converse (recall by Theorem 1.12 that, since f* is an
equivalence of categories, it is full, faithful and essentially surjective):

1) f* essentially surjective = f injective. If f(g) = e, then the element g acts trivially
over each Gy-set of the form f*(S), thus on every G-set because f* is essentially
surjective. In particular, it acts trivially over G, by left translation, so g = e.

2) f*is full and faithfull = f surjective. For any two objects S,S’ € G;-Sets, every
morphism of Gy-sets from S to S’ is a morphism of Gj-sets. Take S = {s}
with the trivial action of G; and S’ = Gl/f(Gz) with a Gp action given by
g1-[s'] = [g1-5] for g1 € Gy, [s'] € S'. The map ¢ : S — S’ such that ¢(S) is
the class of e the identity element is a morphism of Gy-sets: if g2 € G,

P(82-5) = ¢(f(82) -5) = @(s) = [e] = [e] - [e] = [f(82)] - p(s)-

Then ¢ is a morphism of Gi-sets and e is left fixed by G;. Since G; acts transi-
tively over Gl/f(Gz) we get

CVt(Gy) = (e} = £(G2) = Gu.



Chapter 3

Homotopy theory

In this chapter we will recall the basics of homotopy theory. From now on we
will consider X to be a topological space and I = [0,1].

3.1 Homotopy of spaces

Definition 3.1. A path in X is a continuous map f : I — X.

Definition 3.2. A homotopy of paths in X is a family f; : I — X, 0 <t <1, such that
1) the endpoints f;(0) = xo and f;(1) = x1 are independent of t,

2) the associated map F : I x I — X defined by F(s,t) = f;(s) is continuous.

3.2 The fundamental group
Definition 3.3. When two paths fo and f are connected in the above way by a homotopy
ft, they are said to be homotopic. The notation for this is fo >~ fi.

Proposition 3.4. The relation of homotopy on paths with fixed endpoints in any space is
an equivalence relation.

Proof. See [1, Proposition 1.2]. O

Definition 3.5. The equivalence class of a path f under the equivalence relation of homo-
topy will be denoted [f] and called the homotopy class of f.

Given two paths f,¢ : I — X such that f(1) = g(0), there is a composition or
product path f x g that traverses first f and then g, defined by the formula
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This product operation respects homotopy classes since fo ~ f; and go ~ g1 via
homotopies f; and g, and if fo(1) = go(0) so that fy * go is defined, then f; * g; is
defined and provides a homotopy fo * go ~ f1 * &1.

Definition 3.6. Suppose we restrict attention to paths f : I — X with the same starting
and ending point f(0) = f(1) = xo € X. Such paths are called loops, and the common
starting and ending point xg is referred to as the basepoint. The set of all homotopy classes
[f] of loops f : I — X at the basepoint xo is denoted 71(X, xo) and it is called the
fundamental group of X at the basepoint x.

Proposition 3.7. 711(X, x¢) is a group with respect to the product [f] [g] = [f * |-
Proof. See [1, Proposition 1.3]. O

Definition 3.8. We say that X is path-connnected if any two points xo, x1 € X may be
joined by a path f.

Proposition 3.9. If X is path-connected, then for any two points xo,x1 € X we have
m (X, x0) = m (X, x1).

Proof. See [1, Proposition 1.5]. O

Thus if X is path-connected, the group 71(X, xo) is, up to isomorphism, inde-
pendent of the choice of the basepoint x(. It is usual then to denote the funda-
mental group of a path-connected space X without taking any point 711 (X). We
can then state the notion of simply connectedness:

Definition 3.10. We say that X is simply connected if it is path-connected and its funda-
mental group is trivial.



Chapter 4

Covering spaces

4.1 Definition and basic properties

Definition 4.1. A covering space of X is a topological space Y together with a continuous
map p 1 Y — X such that for every x € X there exists a neighbourhood U of x in
X, a discrete space F (i.e. a space with the discrete topology) and a homeomorphism
@ : p~Y(U) — U x F such that the diagram

commutes (where 711 denotes the first projection).

Remark 4.2. In the literature the terms 'covering’” and 'cover’ are also used for
what we call a covering space. Abusing notation, when we refer to a covering
space (Y, p) we will just write Y.

Example 4.3. The exponential function p : R — S, p(t) = ¢ is a covering with
discrete space F = Z. For each t € R and p(t) = z we have a homeomorphism

pHSN\2) = Unez(t+nt+n+1) 2 (tt+1) x Z.

Remark 4.4. Some authors define a covering space as a topological space Y to-
gether with a continuous map p : Y — X subject to the following condition: each
point in X has an open neighbourhood U for which p~!(U) decomposes as a
disjoint union of open subsets U; of Y such that the restriction of p to each U;
induces a homeomorphism of U; with U. This definition and the one used above
are equivalent, as it is shown in [7, Proposition 2.1.3]. Note thatif p: Y — X is a
cover, then p is surjective.

17
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Definition 4.5. A morphism between two covers p; : Y; — X (i = 1,2) over X is given
by a continuous map f : Y1 — Y, making the diagram

Y1 —Y5
A lpz
X

commute. We say that f is an isomorphism of covers if f is a homeomorphism and its
inverse is compatible with the above diagram.

Proposition 4.6. Consider three covers p; : Y; — X, i = 1,2,3, and two morphisms
between them f; : Y; — Yjy1,j = 1,2. Then f; o f1 is a morphism of covers.

Y1 f Y> f2 Y3
N P2 %]
X

Proof. As f, o fi is a composition of two continuous maps, it is a continuous map.
Now we have to see p1 = p3 o (f2 0 f1). By hypotesis p; = pao fi1 and p2 = p3 o fo,
therefore p1 = pro fi = (pac fi) o fa=pso fao fi = pso(f20 f1). O

Definition 4.7. We say that Y is a trivial cover of X if it is isomorphic to a cover of
the form X x F, with F a discrete space. An isomorphism ¢ : Y — X x F is called a
trivialisation of Y.

Lemma 4.8. Consider the following commutative diagram of continuous maps:
Y
g
X
SN

Y,

then we get the commutative diagram:

'xx Y @.1)

\ /
| \

X' 'xxYs

B
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If ¢ is a homeomorphism, then so is ¢* as well.

Proof. Consider the pullbacks X’ xx Y7 and X' xx Y»:

!

/ iy / 1
X Xxy1*>Y1 X XXy2*>Y2
ilj« lgl zii lgz
X/ X X/ X.

By hypotesis g1 = g2 © ¢, so the following diagram

o1
X xx Y P22y,

i 2

X' X

commutes. By definition of pullback (in Top) we have a (unique) continuous
morphism ¢* : X' xx Y] = X' xxYs, ¢*(x',y1) = (¥, ¢(y1)) which gives the
commutative diagram (4.1).

Now if ¢ is a homeomorphism then g» = g1 0 ¢! and we can build the inverse
of ¢* as above. It is trivial to check that ¢* is both injective and surjective. O

Lemma 4.9. Let X and X' be two topological spaces, f : X' — X a continuous map and
p:Y — Xacover. Thenq:Y =X xxY — X', q(x',y) = x" is a cover of X'.

Proof. Consider for every f(x') € X with ¥’ € X’ the commutative diagram of the
definition of covering space

u
We have the commutative diagram
P (U)
%
i) Leu 0
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with f~}(U) a neighbourhood of x’ (f is continuous). Apply last lemma to get the
commutative diagram

FHU) xup ) 2 piu)
=9 p
) \ " f /
FHU) xy (U x F G \I x F

with ¢* a homeomorphism. Consider the map 7w : f~1(U) xy (U x F) — f~1(U) x
F, (v, (f(v),d)) = (v,d). Clearly 7t is a homeomorphism, and so we get the com-
mutative diagram

LI W) = FU) s p (W) 2L 1)« F

with 77 o ¢* a homeomorphism. O

Definition 4.10. Under the conditions of the above lemma, we say that (X', f) trivialises
Y if the cover Y' is trivial.
4.2 The category of covering spaces

With Proposition 4.6 we can define the category of covers of X, denoted by
Cov(X), whose objects are covers of X and its morphisms are morphisms of cov-
ers.

4.3 Universal covering spaces

Definition 4.11. Let f : Y — X be a map. The fiber of an element xo € X by f, denoted
by f~Y(xo), is defined as

fHxo) ={yeY:f(y) =x0}.

Given a cover p : Y — X and a point xg € X we will denote the fiber of xo by
the cover Y as Y (x).
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Definition 4.12. A pointed cover of a pointed topological space (X, x¢) is a cover Y of X
and a point yo € Y (xo).

Definition 4.13. Let (X, xo) be a pointed space. If the functor Y — Y (xo) from Cov(X)
to Set is representable by a pointed cover (X, %), then we say that (X, Xy) is a universal
pointed cover of (X, xp).

Remark 4.14. Fixed a point xg € X we may define the category of covers of the
pointed space (X, xg), denoted by Cov(X, x), whose objects are pointed covers
(Y, y0) and its morphisms are morphisms of pointed covers (which are defined in
the obvious way).

We can then define a universal pointed cover as the initial object of Cov(Y, yo) for
any object Y € Cov(X) and any point yg € Y(x), i.e. as a pointed cover (X, %)
such that for every cover Y and for any yy € Y(x¢) there exists a unique morphism
of pointed covers f : X — Y, f(%) = yo.

Definition 4.15. We say that X is locally connected if each point has a basis of neigh-
bourhoods consisting of connected open subsets.

We are going to see a statement which will help us notice universal pointed
covers if the space is locally connected:

Proposition 4.16. Let X be locally connected. In order for a pointed cover (X, %) of
(X, x0) to be universal, it is necessary and sufficient for X to be connected and to trivialise
every cover of X.

We need to introduce a few concepts before we prove last proposition:

Definition 4.17. Consider two topological spaces X and Y and a continuous map f :
Y — X. We say that Y is Hausdorff over X if for every point xo € X and any two
different points y1,y> € Y (xo) there exists two neighbourhoods Vy of y1 and Vo of yo in' Y
such that VNV, = @.

Lemma 4.18. Any cover p : Y — X is Hausdorff over X.

Proof. Fix xo € X and consider the commutative diagram of the definition of
cover. We claim that U x F is Hausdorff over U: if we have two different points
(u1, f1), (U2, f2) € (U x F)(xp), then u; = up = xp and thus f1 # fo. The sets of
the form U x {f} with f € F are openin U x F, so U x {f1} is a neighbourhood
of (u1, f1) and U x {f>} is a neighbourhood of (uy, f2) such that U x {f1} N U x
{f2} =@

Now for any two different points i1, € Y(xo) consider two disjoint neigh-
bourhoods V; of ¢(y1) and V; of ¢(y2). As ¢ is a homeomorphism ¢~ 1 (V; N V,) =
¢ 1 (V1) N @~ 1(V4), and so we get two disjoint neighbourhoods ¢~1(V;) of y; and
¢ 1 (V2) of ya. O
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Proposition 4.19. Consider two covers p : Y — X, q : Y' — X and two morphisms of
covers f,g:Y = Y'. Theset A= {yeY:f(y)=g(y)} is open and closed in Y. In
particular, if Y is connected and if there exists y € Y such that f(y) = g(y), then f = g.

Proof.

1) A is closed. We are going to see that Y\ A is open. Consider any point y €
Y\A. Since Y’ is Hausdorff over X by last lemma, there exists two disjoint
neighbourhoods V; of f(y), and Vg of g(y). We have W = f~1(Vy) ng (V) is
a neighbourhood of y and W C Y\ A: if w € W then f(w) € Vy and g(w) € Vg,
and as Vy NV, = @ we get f(w) # g(w), thus w € Y\ A.

2) Aisopen. Let y € A. By definition we have go f(y) = p(y) = go g(y). The
map g is locally injective (easy to check using Remark 4.4), so there exists a
neighbourhood V of f(y) = g(y) such that q|,, is injective. We have f~1(V) is
a neighbourhood of y, and f~1(V) C A:if § € f~1(V) thengo f(§) = p(§) =
qog(f), butas g € f~1(V) we get f(7) = g(7), thus 7 € A.

O

Corollary 4.20. With the same notations, if X is connected and if there exists x € X such
thatf‘y(x) = g‘y(x), then f = g.

Proof. Each connected component of Y has a point of Y (x). O

Lemma 4.21. Let X be connected, Y,Y' be two trivial covers of X and f : Y — Y a
morphism. Then (Y, f) is a cover of Y, trivial over each connected component of Y.

Proof. We can suppose Y/ = X x F and Y = X x G, where F and G are discrete.
Then f is of the form (x,u) — (x,a(x,u)), where a : X x G — F is a continuous
map. Since X is connected and F is discrete, a(x, u) does not depend of x, so we
can write a(x,u) = ¢(u), where ¢(u) is an application from G to F. For t € F we
have f~1(X x {t}) = X x ¢~(t), and this space is a trivial cover of X x {t}. O

Corollary 4.22. Let Y, Y’ be two covers of a locally connected space X and f : Y — Y a
morphism of covers. Then (Y, f) is a cover of Y'.

Proof. Cover X with connected open sets trivialising both Y and Y’. O

Definition 4.23. Given a cover p : Y — X, a continuous section (or just a section) of Y
is a continuous map ¢ : X — Y such that p o 0 = 1x. We say that o goes through a point

yeYifo(p(y)) =y.
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Definition 4.24. Given a cover p : Y — X and x € X, the degree of Y in x, denoted by
deg. (Y), is the cardinality of the fibre Y (x). If X # @ and deg,.(Y') does not depend on x
(for example, if X is connected) then we will just write deg(Y) or degy(Y).

Proposition 4.25. Let X be connected and locally connected, and let Y be a cover of X. If
it exists xo € X such that for all y € Y(xo) there exists a continuous section, then Y is
trivial.

Proof. Let I' be the set of the continuous sections of Y with the discrete topology.
The map € : X x I' — Y defined by €(x,s) = s(x) is a morphism of covers and
(X xT,e) is a cover of Y by 4.22. We are going to see that ¢ is an isomorphism. We
just need to show that for every connected component V of Y we have deg,, (X x
I',e) = 1. Let V be a connected component of Y, which is a cover of X, its projection
over X is open and closed so it is equal to X. In particular V N Y(x) is non empty:
let v € VNY(x), we have deg (X xT,¢) = deg, (X xT,e) > 0. If s and s’ are
two continuous sections of Y going through v, they coincide by Corollary 4.20, so
deg, (X xT,e) = 1. O

Proof (of Proposition 4.16).

1) If (X, Xo) is universal, then X is connected. Let F be a closed open set of X con-
taining %p. Define f,¢ : X — X x {0,1} by f(¥) = (p(%),0) for all ¥ € X
and ¢(¥) = (p(x),1) for all ¥ ¢ F and g(x¥) = (p(x),0) for all x € F. We
have f(xo) = g(xo) from which we conclude that f = g by uniqueness of the
universal property (see Remark 4.14). So F = X and thus X is connected.

2) If (X, Xo) is universal, then X trivializes every cover of X. Let Y be a cover of X. We
are going to show that X x x Y is trivial. By Proposition 4.25 it is enough to see
that for every y € Y(xo) there exists a continuous section X — X xx Y going
through (%5, y). From the universal property of X there exists a morphism of
covers f : X — Y such that f(X5) = y, so ¥ — (X, f(X)) is the section we were
looking for.

3) Converse. Let Y be a cover of X and y € Y(xg) Since X trivialise Y, for (%o, y)
there exists a continuous section X — X xx Y going through (%,y). This
section is unique as X is connected. This section corresponds to a unique
morphism of covers f : X — Y such that f(%p) = v.

O]

Remark 4.26. The hypothesis "X be locally connected” was only used at the neces-
sity part of the proof. The sufficiency part is true without this hypothesis.
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Corollary 4.27. Let (X, %) be a universal pointed cover of a locally connected pointed
space (X,x). Let x € X and ¥ € X(x). Then (X, %) is a universal pointed cover of
(X, x).

Proof. The characterisation given in last proposition does not use base points. [

Definition 4.28. Let X be a cover of X. We say that X is a universal cover of X if there
exists a point xo € X and a point xo € X(xo) such that (X, xo) is a universal pointed
cover of (X, x).

Using last corollary we see that a universal cover is a universal pointed cover
for any pair (x, X) such that ¥ € X(x). We are going to see some conditions on X
for which we can guarantee the existence of a universal cover.

Definition 4.29. We say that X is semi-locally simply connected if each point x € X has
a neighbourhood U such that the inclusion induced map 1t1(U, x) — 11(X, x) is trivial.

In other words, X is semi-locally simply connected if every loop in such neigh-
bourhood U is homotopic in X to a constant path.

The spaces one generally meets are semi-locally simply connected: any open
set in the plane or in R", or any manifold, or any finite graph, is semi-locally
simply connected. An example of a space that is not semi-locally simply con-
nected is the shrinking wedge of circles or Hawaiian earring, the subspace X C R?
consisting of the circles of radius % centred at the point ( %,O) forn=1,2,...

Theorem 4.30. If X is connected, locally path connected and semi-locally simply con-
nected then there exists a universal cover of X.

Before proving the above theorem we need to prove some preliminary con-
cepts:

Proposition 4.31. If X is connected, locally path connected and semi-locally simply con-
nected, then there exists a cover of X which is simply connected.

Proof. See [1, pages 63-65] for its construction (note that if X is connected and
locally path connected, then it is path connected). O

Lemma 4.32. Let X be a locally path connected space. Then any cover p : Y — X is
locally path connected.

Proof. Let y € Y and consider an open neighbourhood V of y in Y. Recall by
Remark 4.4 that there exists an open neighbourhood U of p(y) and an open set
U, C Y such that y € U, and p, : U, — U is a homeomorphism. Then V N U,
is homeomorphic to p,(V N U, ). This is an open set of p(y), so it has a path con-
nected neighbourhood W. Thus p, (W) C V is a path connected neighbourhood
of y. O
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Lemma 4.33. A cover of a simply connected and locally path-connected space is trivial.
Proof. See [7, Lemma 2.4.4]. O
Remark 4.34. If X is locally path connected, then it is locally connected.

Proof (of Theorem 4.30). We have seen in Proposition 4.31 that there exists a simply
connected cover X of X. In particular, X is connected. From Lemma 4.32 we see
that X is locally path connected. Then by Lemma 4.33 every cover of X is trivial,
so X trivialises any cover of X. Thus by Proposition 4.16 we get X is universal. []

4.4 Galois covering spaces

Given a cover p : Y — X we can define the set Aut(Y|X) given by all the
morphisms of covers f : Y — Y such that f is a homeomorphism. It is trivial to
check that Aut(Y|X) is a group with respect to composition. This group is called
the group of automorphisms of Y over X.

Definition 4.35. We say that a cover p : Y — X is Galois if Aut(Y|X) acts transitively
over each fibre of Y.

Theorem 4.36. Let X be connected and Y be a connected cover of X. The following
conditions are equivalent:

1) Y is Galois.

2) Y trivialises itself (i.e., Y xx Y with 711 : Y Xx Y — Y the first projection is a trivial
cover of Y).

We need a lemma before proving the above theorem:

Lemma 4.37. Let X be connected and p : Y — X a cover. Then Y is a trivial cover of
X if and only if for all y € Y there exists a continuous section s : X — Y such that

s(p(y)) =y

Proof. The “only if” part is clear. We are going to see the 'if” one. Let I' be the
set of the sections X — Y with the discrete topology. Consider the application
e: X xI' — Y defined by ¢(x,s) = s(x). The application ¢ is obviously continuous.
It is a local homeomorphism as X x I' and Y are locally homeomorphic to X, and
it is surjective by hypothesis. The map is also injective: if s(x) = s'(x’) we have
x = x' = p(s(x)), and the set of points where s and s’ coincide is closed as Y
is Hausdorff over X, open because p is locally injective and non-empty as it has
x, so it is equal to X since X is connected. Therefore, ¢ is bijective and a local
homeomorphism, so it is a homeomorphism. O
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Proof (of Theorem 4.36). By Lemma 4.37 condition 2) is equivalent to:
2') For every point of Y xx Y there exists a continuous section going through it.
This condition is equivalent to:

2") Forall (y,y') € Y xx Y there exists a morphism of covers f : Y — Y such that
fy) =y

It is trivial to see that 1) = 2'). We are going to see the converse. If 2”) is true, then
for y and ' of the same fibre there exist two morphisms of covers f, ' : Y — Y
such that f(y) = ¥y and f'(y') = y. Thus fo f’ and f’ o f have a fixed point, so
fof' = fof =1y by Corollary 4.20. O

Corollary 4.38. Let X be connected, locally path connected and semi-locally simply con-
nected. The universal cover constructed in Theorem 4.30 is Galois.

Proof. Since such universal cover trivialises every cover of X, it trivialises itself. []

Let X be connected and locally connected. Suppose that there exists a Ga-
lois cover Y of X and consider the category Aut(Y|X)-Sets. Denote by € the
category of covers of X trivialised by Y. For every object Y in ¢ denote S(Y)
the set Homx(Y,Y) of homomorphisms f : ¥ — Y on which Aut(Y|X) acts by
(¢, f) + fog ! This assignment defines a functor S : ¢ — Aut(Y|X)-Sets.

Theorem 4.39. The above functor S is an equivalence of categories.

Proof. See [8, Theorem 4.5.3]. O

4.5 A relation between covering spaces and the fundamen-
tal group

Given a cover p : Y — X, the fibre p~!(x() over a point xo € X carries a natural
action by the group 711 (X, x¢). This will be a consequence of the following lemma
on 'lifting paths and homotopies”:

Lemma 4.40. Let p : Y — X be a cover, yq a point of Y and xo = p(yo).

1) Given a path f : [0,1] — X with f(0) = xo, there is a unique path f : [0,1] — Y

with f(0) =yoand po f = f.
2) Assume moreover given a second path g : [0,1] — X homotopic to f. Then the unique
g :[0,1] = Y with g(0) = yo and p o § = g has the same endpoint as f, i.e., we have

that (1) = (1).
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Proof. See [7, Lemma 2.3.2]. O

We can now construct the left action of 711(X, x9) on the fibre p~!(xp). Given
y € p~1(x0) and & € 711(X, x0) represented by a path f : [0,1] — X with f(0) =
£(1) = xo, we define ay := f(1), where f is the unique lifting f to Y with f(0) =y
given by part 1) of the lemma above. By part 2) of the lemma ay does not depend
on the coice of f, and it lies in p~!(x() by construction. This is indeed a left action
of m1(X,x0) on p~1(xp): (a*B)y = a(By) for a, € m (X, x0). It is called the
monodromy action on the fibre p~1(x).

Theorem 4.41. Let X be connected, locally path connected and semi-locally simply con-
nected. For any xo € X the functor @ : Y — Y(xg) from Cov(X) to 11(X, x0)-Sets is
an equivalence of categories.

We need a proposition before proving the above theorem:

Proposition 4.42. If p : Y — X is a cover with Y simply connected and X locally path
connected then 7t1(X, x9) = Aut(Y|X)

Proof. See [6, Corollary 13.15]. O

Proof (of Theorem 4.41). Consider X the universal cover constructed in 4.30. Since
X is a Galois cover of X (see Corollary 4.38) and it trivialises every cover of X, the
functor S : Y +— Hom(X,Y) from Cov(X) to Aut(X|X)-Sets is an equivalence of
categories by Theorem 4.39. Identify 711 (X, xo) and Aut(X|X) by the isomorphism
e of the last proposition. By Proposition 2.7 we get an equivalence of categories
e* : Aut(X|X)-Sets — 711 (X, xo)-Sets. By Proposition 1.13 £* 0 S is an equivalence
of categories. We are going to show that the functors ¢* o S and @ are naturally
isomorphic so we can apply Proposition 1.10. From the universal property of
(X, %), for any cover Y of X the map J, : f +— f(%o) from Hom(X,Y) to Y(x) is
bijective. It is then an isomorphism of 711 (X, xp)-sets. The functoriality is obvious,
o0 g, is a natural isomorphism. O
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Chapter 5

The Seifert—van Kampen theorem

Finally, we state the main theorem of this paper:

Theorem 5.1 (Seifert-van Kampen). Let U; and Uy be two subsets of X, both open
or both closed such that X = U; UUp, V = Uy N Uy, Uy and Uy are connected, locally
path connected and semi-locally simply connected. If xo € V, then 111(X,xo) is the
pushout of (f : 1 (V,v9) — my(Uy, x0),8 : m1(V,v9) — m1(Uy, x0)), ie., m1(X, x0) =
7T1(U1,X0) *7T1(V,x0) 7T1(U2, Xo).

The proof of the above theorem needs some lemmas:

Lemma 5.2. Let X and Y be two topological spaces, f : X — Y an application and (Cy)
a finite family of closed sets of X such that |y Cr = X. If f| c is continuous for all k, then
f is continuous.

Proof. Let D be a closed subset of Y. Forall k, f~}(D)NCy = (f‘ck)_l(D) is closed
in Cy, thus itis in X, and f~1(D) = U((f)1(D) N Cy) is closed. O

Lemma 5.3. Let X be locally connected, Uy and Uy, be two subspaces of X both open or
both closed. We can suppose X = Uy U Uy and we denote V.= Uy N Uy (if the U; are
open, they are locally connected and so is V; if the U; are closed, then it is necessary to
suppose Uy, Uy and V are locally connected).

The functor . : Cov(X) — Cov(U1) X cop(v) Cov(Uy) defined by a(Y) = (Y‘u],Y]uz, 1y|v)
is an equivalence of categories.

Proof.

1) The functor w is full and faithfull. If Y and Z are two covers of X and if f; : Y| u

V4 ’Lh and f> : Y‘uz —Z |uz are two morphisms that coincide over V, then f; and
f» are glued together in a morphism f : Y — Z (the case where U; and U, are
both closed the continuity of f is given by Lemma 5.2).

29
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2) The functor a is essentially surjective. Let (Y1,Y2, f) € Cov(Ui) X cov(vy Cov(L2).
Denote Y the space over X quotient of the disjoint union Y; U Y, by the equiv-
alence relation identifying y with f(y) for y € Y3 }V. The canonical injection
Y1 — Y1 U Y3 is open and closed, and the canonical application Y; UY, — Y is
open if the U; are open and closed if the U; are closed. Therefore, the canonical
injection i; : Y7 — Y is an homeomorphism from Y7 to Y|u1. Same holds for
iz : Yz — Y.

We are going to show that Y is a cover of X. It is obvious if the U; are open.
Suppose the U; are closed and let x € X. If x € X\V, then the point x is in-
terior of one of the U;, and Y is a cover over a neighbourhood of x. Suppose
x € V. Since V is locally connected, we can find a neighbourhood S of x in X
such that T = SNV is connected and such that Y; ‘ 5, and Y, ‘ 5, are trivial, with
S, =SNUuU;. LetT; : Yi‘ s Si x F; be its trivialisations. Since we can identify F

and F, by Tz‘yz(x) Of‘Yl(x) © (Tl‘lfl(x))i1
the diagram

, we can suppose F; = F, = F and that

a ’ﬁ% F © Ya(x)

is commutative. We have then that the diagram

f

P

T x F

Y1‘T YZ‘T

is commutative since T, o f and 7; are two morphisms from Y1]T to T x F that
coincide over x, so in at least one point of each connected component (recall
Corollary 4.20). Consequently, 71 and 1, gather in a trivialisation T : Y5 —
S x F; the continuity of T and its inverse comes from Lemma 5.2. We have

Y € Cov(X) and a(Y) = (Y1, Y2, f).

O]

From now on, we will denote G = m(X,x), G; = m(U;,x9) and H =
m (V, xo).
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Lemma 5.4. Consider the commutative diagram:

G1*H G2 2 Gy

]

G

g

H

Note that if F C H, then f*ifF = g*i3F. The functor v : (Gj g Gp)-Sets —
G1-Sets X y.sets Go-Sets defined by v(F) = (i{F,i3F, 1p+:p) is an equivalence of cat-
egories.

Proof. Consider the functor A : G1-Sets X 1.sets G2-Sets — (Gy g Gy)-Sets defined
by A(A,B,e) = B. It is obvious that v and A are well defined. It is also trivial
to check that there exists a natural isomorphism 7 : 1(g .,c,)-sets = Ay. We are
going to see that there exists a natural isomorphism p : 16, setsx jy.gus Go-Sets = YA
If (A,B,e) € G1-Sets X p.gets G2-Sets, then the isomorphism ¢ yields an isomor-
phisms of sets e, : A — B. So (&4,1p) : (A,B,e) — (B, B,1p) is an isomorphism
of G1-Sets X p1.sets G2-Sets. For every morphism (g1, 42) : (A, B,¢) — (A, B’,¢') we
have the commutative diagram of sets

o ‘g*qz
f*A/ 8/ g* Bl.
Then the diagram
A—" B
7 “72
A B’
£,

commutes, thus the diagram

(8*; 1B)

(A, B,¢) vA(A,B,¢) = (B, B, 1p)
<q1,qz)l lﬂ(v/wz) = (92,92)
(A", B¢') — YA(A',B,¢') = (B, B, 15/)

€yr 13’)
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commutes too. O

Proof (of Theorem 5.1). We have the commutative diagram

0 G-Sets

X

« B (Gy xp G)-Sets

i

Cov(Uy) X coy(v) Cov(Uy) e G1-Sets X .sets Go-Sets,

Cov(X)

where 0(Y) = Y(xo), ®(Y1,Y2,€) = (Yi(x0), Ya(x0),€x,), a(Y) = (Y’ul'Y‘uz’l)’
B(F) = (i{F,i3F,15:p) and y(F) = (i{F,i3F, 1+ip). Since the diagram

P
Cov(U;) — ! G-Sets
~ Cov(V) 4 H-Sets
g*
Cov(U) o, G,-Sets

commutes with ¢, ®; and P, equivalences of categories by Theorem 4.41, by The-
orem 1.26 we have @ is an equivalence of categories. Now a and 6 are equivalences
of categories by Lemma 5.3 and Theorem 4.41 respectively, then so is g by Corol-
lary 1.14. Since <y is an equivalence by Lemma 5.4, then by Proposition 1.13 so is
v*. Therefore, by Proposition 2.7 v : Gy ¥y G2 — G is an isomorphism. O
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